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CHAPTER 6

Trace formula

Let X be a smooth projective curve over F,. As in Chapter @ we fix an
open dense affine subscheme Spec R C X. Its complement consists finitely
many closed points x1,...,2, € X. We denote K the product of the local
fields of X at x1,...,z,. We use the notation and the terminology of Section
3.5|in regard to K. In particular O C K stands for the product of the rings
of integers and myx C Ok denotes the Jacobson radical.

Fix a local field F' containing F,. Let O C F' be the ring of integers and
mp C Op the maximal ideal. In this chapter we mainly work with the scheme
Or x X. We equip it with a 7-structure given by the endomorphism which
acts as the identity on Op and as the absolute g-Frobenius on X.

Let f C mg be an open ideal. We say that a shtuka M on Op x X is
elliptic of conductor § if it has the following properties:

(1) M is locally free,

(2) M(Op/mp ® R) is nilpotent,

(3) M(Op ® O) is an elliptic shtuka of conductor f in the sense of
Definition 5.6.21

Using the theory of Chapter [5| we will construct for every elliptic shtuka M a
natural quasi-isomorphism

pat: RT(M) = RI(VM),

the regulator of M. We will also define a numerical invariant L(M) € Of.
This invariant is given by an infinite product of local factors
1
1;[ L(M(Of @ R/m))

where m runs over the maximal ideals of R.
The main result of this chapter is Theorem [10.4] which states that

Cm = LM) - deto, (pm)
under a certain cohomological condition on M. Here (¢ is the (-isomorphism
of M in the sense of Definition[I.10.2] We call this expression the trace formula
for regulators of elliptic shtukas. Theorem is based on Anderson’s trace
formula [2] in the form given to it by Bockle-Pink [3] and V. Lafforgue [I7].
The statement of Theorem has its roots in the article [I7] of V. Lafforgue
as well.
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126 6. TRACE FORMULA

Besides the 7-scheme Op x X we will use more general 7-schemes S x X
and S ® B where S is a local noetherian ring and B an F;-algebra. In all the
cases the 7-structure is given by the endomorphism which acts as the identity
on S and as the absolute g-Frobenius on the other factor.

1. A lemma on cohomology of locally free sheaves

In this section we prove an auxillary statement on cohomology of locally
free sheaves over S x X where S is a local noetherian ring. We denote mg C S
the maximal ideal.

Lemma 1.1. Let I C O be an open ideal which is different from Ok . Denote
T C Ogxx the unique invertible ideal sheaf such that Z(SpecS @ R) =S ® R
and Z(Spec S @ Ok) =S®I. If € is a locally free sheaf on S x X then for all
n > 0 the following is true:

(1) HO(Z"€) = 0,

(2) HYZ"E) is a free S-module of finite rank.

Proof. The base change theorem for coherent cohomology [07VK] states that
the S-module complex RI'(Z"E) is perfect and

RI(Z"&) ®% S/mg = RI'(S/mg x X,T"E).

In particular RT(Z"€) ®% S/mg is concentrated in degrees [0,1]. By [068V] it
follows that RT'(S x X,Z"€) has Tor amplitude [0,1]. Now [0658] shows that
RT(Z™€) is represented by a two-term complex

[P() # Pl]

of finitely generated free S-modules.
Let Q be the dualizing sheaf of S x X over S. Consider the locally free
sheaf

F(n) =Hom(Z"E, Q)
on S x X. Since the open ideal I C Ok is different from Ok the dual of the

invertible sheaf Z is ample. So the cohomology module H*(F(n)) vanishes for
all n > 0. Furthermore Grothendieck-Serre duality shows that

RHomg (RI'(Z"E), S) = RT'(F(n))[1].
However we know that RI'(Z"E) is represented by a two term complex
[PO L} Pl]

with Py, P, finitely generated free S-modules. So from vanishing of H!(F(n))
we conclude that the S-linear dual of the map d is surjective. This dual is
therefore split, and d itself is a split injection. Whence H°(Z"E) = 0 and
H(Z"€) is a finitely generated free S-module. O


http://stacks.math.columbia.edu/tag/07VK
http://stacks.math.columbia.edu/tag/068V
http://stacks.math.columbia.edu/tag/0658
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2. Euler products in the artinian case

In this section we work with a finite [F,-algebra S which is a local artinian
ring. We denote mg C S the maximal ideal.

Lemma 2.1. Let k be a finite field extension of F,. Let M be a locally free
shtuka on S ® k given by a diagram

My = M.
J
If M(S/mg ® k) is nilpotent then the following holds:
(1) My is a free S-module of finite rank,
(2) i: My — My is an isomorphism,
(3) i~tj: My — My is an S-linear nilpotent endomorphism.
Proof. (1) is clear. The ring S ® k is noetherian and complete with respect to

the nilpotent ideal mg ® R so Proposition implies that M is nilpotent.
(2) and (3) follow by definition of a nilpotent shtuka. O

Definition 2.2. Let k be a finite field extension of F,. Let M be a locally
free shtuka on S ® k given by a diagram

Moy = M.
J

Assuming that M(S/mg ® k) is nilpotent we define
L(M) =dets(1 —i~tj | My) € S*.

Lemma 2.3. Let M be a locally free shtuka on S ® R. If M(S/mg ® R) is
nilpotent then M itself is nilpotent.

Proof. The ring S® R is noetherian and complete with respect to the nilpotent
ideal mg ® R. Whence Proposition [1.9.4] implies that M is nilpotent. O

Lemma 2.4. Let M be a locally free shtuka on S ® R. If M(S/ms ® R) is
nilpotent then for almost all mazimal ideals m C R we have LIM(S®R/m)) =
1.

Proof. Suppose that M is given by a diagram
My %; M.
Let m C R be a maximal ideal. Lemma 8.1.3 in the book of Béckle-Pink [3]
shows that
dets(1—i~'j | Mo/m) = detsgr/m (1 — (i"'5)* | Mo/m)

where d is the degree of the finite field R/m over F,. However i~'j: My — M,
is a nilpotent endomorphism by Lemma Hence (i~'5)? = 0 for d > 0 and
we get the result. (I
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Definition 2.5. Let M be a locally free shtuka on S x X. Assuming that
M(S/mg ® R) is nilpotent we define
1
L(M) = e s
(M) 1;[ LM(S® R/m))

where m C R ranges over the maximal ideals. This product is well-defined by
Lemma [2.4] Note that the closed points in the complement of Spec R in X are
not taken into account.

Lemma 2.6. Let M be a locally free shtuka on S x X such that M(S/ms® R)
is nilpotent. If S is a field then L(M) = 1.

Proof. If V' is a vector space over a field and N a nilpotent endomorphism of
V then det(1—N|V) = 1. Hence for every maximal ideal m C R the invariant
L(M(S ® R/m)) is equal to 1. O

3. Anderson’s trace formula

We continue working with a finite Fj-algebra S which is a local artinian
ring. As before mg C S stands for the maximal ideal.

Our trace formula for the shtuka-theoretic regulator is based on the fol-
lowing narrow variant of Anderson’s trace formula:

Theorem 3.1. Let M be a locally free shtuka on S x X given by a diagram

1
E=E.
J
Suppose that
(1) H°(E) =0 and HY(E) is a free S-module of finite rank,
(2) M is nilpotent,
(3) M(S® Ok /mg) is linear.
Then L(M) = detg(1 — j | HL(E)).
We will deduce it from Proposition 3.2 in the article [I7] of V. Lafforgue.
However our setting differs slightly from Lafforgue’s. In [I7, Section 3] the
coefficient ring (denoted A) is a power series ring while we work with a local

artinian ring S. The next lemma helps to bridge this gap. In the following
T C Ogxx stands for the unique invertible ideal sheaf such that

Z(SpecS® R)=S® R,
Z(Spec S ® Okg) = S @ my.

Lemma 3.2. Let € be a locally free sheaf on S x X. If H'(E) =0 and H'(E)
is a free S-module of finite rank then for every n > 0 the following holds:

(1) HY(Z"E) = 0 and HY(Z"E) is a free S-module of finite rank.
(2) The natural map HY(Z"E) — HY(E) is a split surjection.
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Proof. Consider the short exact sequence of coherent sheaves 0 — ZI"E —
E — E/I"E — 0. Since HY(€) = 0 it follows that H*(Z"€) = 0. Furthermore
E/I"E is supported at a closed affine subscheme of S x X. We thus have a
short exact sequence

0—H(E/TE) — HY(T"E) — HY(E) — 0.

Now S ® Ok /m? is finite flat over S. Since £/Z"E is a locally free sheaf on
Spec(S ® Ok /m?) it follows that H*(£/Z"€) is a free S-module of finite rank.
Hence so is HY(Z"€). The surjection HY(Z"E) — HY(E) is split since H (&) is
free by assumption. O

We also need a lemma on shtukas:
Lemma 3.3. Let M be a locally free shiuka on S x X given by a diagram

1
E=E.
J

Suppose that
(1) H°(&) =0 and HY(E) is a free S-module of finite rank,
(2) M(S® Ok /mg) is linear.
Then for every n > 0 the following holds:
(1) HY(Z"E) is a free S-module
(2) dets(l—j | HY(Z"E)) = dets(1 —j | H'(E)).

Proof. Part (1) is immediate from Lemma The same lemma implies that
the short exact sequence of coherent sheaves

0 =I5 I"E = (IT"E))T — 0
induces a short exact sequence of cohomology modules
0 — HY(Z"€/T) — HY(Z""E) — HY(T"E) — 0
with HY(Z"E/Z) a free S-module of finite rank. As a consequence
detg(1—j | H'(Z"'E) = dets(1 —j | HY(Z"E/T)) - dets (1 — j | H(Z"E)).

By assumption j(€) C ZE. Since 7(Z) C 79 and j is 7-linear we conclude
that j(Z"€) C T9"+1E. Hence j is zero on the quotient Z"€ /T and we get the
result. |

Proof of Theorem Let © be the canonical sheaf of S x X over S. We
define

VY =H(S ® R,Hom(&,Q)),
V, = HY(Hom(Z'€,Q)).

Grothendieck-Serre duality identifies V; with the (—1)-st cohomology module
of the complex
RHomg(RI(Z'€), S).
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However Lemma [3.2] shows that H*(Z!€) = 0 and H(Z!€) is a free S-module
of finite rank. Hence Grothendieck-Serre duality gives a natural isomorphism

Homg (H' (Z%€),S) = V.

In particular every V; is a free S-module of finite rank. By Lemma the
natural maps HY(Z!+1E) — HY(Z'E) are split surjections whence the inclusions
Vi C Vyy1 are split.

The endomorphism j of £ induces for every n > 0 an endomorphism
of HY(Z"E). Grothendieck-Serre duality identifies it with the Cartier-linear
endomorphisms ky: V, — V; which are used in Section 3 of [17].

As we explained above the S-modules V; are free of finite rank and the
inclusions V; C V;41 are split. So the argument of [I7, Proposition 3.2] applies
with only one minor change. Namely, one employs Lemma to ensure that
the auxillary locally free sheaves F on S x X constructed in the course of the
proof have the property that H’(F) = 0 and H!(F) is a free S-module of finite
rank. The rest of the argument works without change. It shows that for t > 0
we have an equality of power series in S[[T1]:

dets(1 — Try | V) = [] dets (1~ Tj | £(S @ R/m)) "

where m C R runs over the maximal ideals.

Now recall the endomorphism j: £ — 7.€ is assumed to be nilpotent.
Furthermore the maximal ideal of S is nilpotent too. As a consequence Lemma
8.1.4 of [3] implies that only finitely many factors in the product on the right
hand side are different from 1. Thus we can evaluate the equality above at
T =1 and conclude that

dets(1 -y [ V) = [J dets(1—j | £(S @ R/m)) " = L(M).

Therefore dets(1—j | HY(Z'€)) = L(M). Lemmal3.3|implies that this equality
holds already for ¢ = 0. (]

4. Artinian regulators
We keep the assumption that S is a finite [F;-algebra which is a local
artinian ring.
Lemma 4.1. Let M be a locally free shtuka on S x X. If M(S/mg ® R) is
nilpotent then the following holds:

(1) The natural map RT'(M) — RT'(S®Ok, M) is a quasi-isomorphism.
(2) The complex RT'(M) is concentrated in degree 1.
(3) HY(M) is a free S-module of finite rank.

Proof. (1) Consider the Cech complex

RE(M) = [Rr(s ® R, M) & RI(S ® Og, M) — RI(S @ K, M)] .
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According to Thoorcm there is a natural quasi-isomorphism RT'(M) =
RI(M). The composition of this quasi-isomorphism with the natural map
RI'(M) — RI(S ® Ok, M) is the pullback map R['(M) — RT(S ® Ok, M).
So to prove that this pullback map is a quasi-isomorphism it is enough to
demonstrate that

RI(S® R, M) =0, RI(S® K, M)=0.

Now the ring S ® R is noetherian and complete with respect to the ideal
mg®R. As the shtuka M(S/mg®R) is nilpotent Proposition [1.9.4]implies that
RI'(S® R, M) = 0. The shtuka M (S/mg ® K) is nilpotent since nilpotence is
preserved under pullbacks. So the same argument shows that RT'(SQ K, M) =
0. Whence the result. In view of (1) the results (2) and (3) follow instantly
from Lemma [5.3.1] O

Lemma 4.2. Let M be a locally free shtuka on S x X given by a diagram
i
My 3 M.
J
If M(S/mg ® R) is nilpotent then i: My(S® R) — Mo(S® R) is an isomor-
phism.

Proof. Indeed M(S ® R) is nilpotent by Lemma and the i-arrow of such
a shtuka is an isomorphism by definition. O

Definition 4.3. Let M be a locally free shtuka on S x X given by a diagram
Moy :i M.
J

Suppose that M(S/mg ® R) is nilpotent. We say that the artinian regulator
is defined for M if the 7-linear endomorphism i~!j of My(S ® K) preserves
the submodule My(S ® Ok). In this case we define the artinian regulator
pm: RI(M) — RI(VM) by the commutative diagram

RI(S x X, M) b RT(S x X, VM)

| I

RIS ® O, M) RI(S ® O, VM)

PM(SROK)

Here paq(swoy) is the artinian regulator of the shtuka M(S ® Ok) as in
Definition It is given by a morphism of complexes

i—j

[Mo(S ® Ok) My(S ® Ok)]
[Mo(S © Ok) : M1 (S ® Ok)]
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Lemma 4.4. Let M be a locally free shtuka on S x X given by the diagram
Moy :i M.
J

Suppose that M(S/mg ® R) is nilpotent. If the artinian regulator is defined
for M then the following holds:

(1) The T-linear endomorphism i~'j of Mo(S ® R) extends uniquely to
a T-linear endomorphism i~ 'j of My.
(2) The endomorphism i~'j of My is nilpotent.

Here we identify the S-module sheaves Mg and 7, M/ using the fact that 7 is
the identity on the underlying topological space of S x X.

Proof of Lemma . (1) Let Spec R" C X be an open affine open subscheme
containing Spec Ok /mg. Shrinking Spec R’ if necessary we can find an element
r’ € R which is a uniformizer of Og. Observe that the following holds:

e S® O is the completion of S ® R at the ideal generated by 1 ® 7.
e The fibre product of Spec(S ® R) and Spec(S @ Ok) over S x X is
Spec(S ® K).

The endomorphism i 15 of Mo(S®K) extends to Mo(S®Of ) by assumption.
Now as M is locally free the Beauville-Laszlo glueing theorem [0BP2] implies
that there exists a unique morphism 7* My — M restricting to the adjoints

(i715)*: T*Mo(S ® R) — Mo(S ® R),

(1) T* Mo (S ® Ok) — Mo(S @ Of).
of the endomorphisms i~!j on S ® R respectively S ® Of. (2) Indeed i~!j
is nilpotent on S ® R and so on S ® K. The natural map My(S ® Og) —

Mo(S ® K) is injective since M is locally free. As a consequence i~1j is
nilpotent on S ® O O

Let M be a shtuka on S x X given by a diagram
My = M.
Theorem provides M with a natural distinguished triangle
RI(M) — RI(Mo) —2Ls RO(M;) — [1].
Lemma 4.5. Let M be a locally free shtuka on S x X given by the diagram

Mo = M.
J


http://stacks.math.columbia.edu/tag/0BP2
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Suppose that M(S/mg ® R) is nilpotent. If the artinian regulator is defined
for M then the diagram

(4.1) RI(M) —= RD(M) ——2= R[(M;) — [1]

o

RI(VM) — RI'(Mg) ——= RI(M;) — [1]

is morphism of distinguished triangles. Here i~'j: My — T.Mg is the mor-
phism described in Lemma [{.4}

Proof. We will control the distinguished triangles in (4.1) through similar
distinguished triangles for Cech cohomology which we constructed in Section

[4.4] (see Definition [£.4.7).

According to Definition the complex RI'(M) is the total complex of
the double complex

j—i

Mp(S® K)

Mi(S®K)
differenceT Tdiﬂerence

Mo(S® R) @ Mo(S ® Ox) —2= My(S ® R) ® M1 (S ® Ok)

Similarly RF(VM) is given by the double complex

—i

Mo(S ® K) M (S ® K)

differenceT Tdiﬂerence

Mo(S®R)® Mo(S® Ok) ——> M1 (S® R) & M1 (S ® Ok)

Let p: RI'(M) — RI'(VM) be the morphism given by 1 —i~!j in the column
of My and by the identity map in the column of M;. Consider the diagram

RI(M) —= RI(Mg) —— RE(M;) — = [1]

el

RI(VM) —— RI'(My) ——= R (M;) —[1]

(

where the rows are the distinguished triangles for Cech cohomology of Defini-
tion Using the explicit discription of the distinguished triangle for the
associated complex functor I, given in Definition [1.5.4]one readily verifies that
the diagram above is a morphism of distinguished triangles.
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Theorem [4.4.11|shows that the natural morphisms from the Cech cohomol-
ogy to the usual cohomology define an isomorphism of distinguished triangles

RI'(M) — > RI(Mo) ——2> RI'(M;) —— [1]
RI'(M) — > RT(Mo) ——> R[(M;) — [1]

and similarly for VM. We thus get a morphism of distinguished triangles

RI'(M) —= RI(M) ——2= R[(M;) — [1]
RI(VM) — RI'(My) ——= R['(M;) — [1]

Here we denote p the map induced by p: RI'(M) — RI(VM). However the
natural square

RI(M) RI'(S ® O, M)

l lpM(S(XJOK)

RI(VM) ——=RI(S ® Og, VM)

(

is commutative by construction of p. Comparing with the definition of the
artinian regulator paq we conclude that p = pag. O

5. Trace formula for artinian regulators

We continue working with a finite F;-algebra S which is a local artinian
ring. As before mg C S denotes the maximal ideal.

Let M be a locally free shtuka on S x X such that M(S/mg ® R) is
nilpotent. Our goal is to compare the artinian regulator pp, with the (-
isomorphism of M. This isomorphism is constructed in the following way (see
Definition . Suppose that M is given by a diagram

MO;;Ml
j

Assume that the S-modules H" (M), H" (M) and H" (M), n > 0, are finitely
generated free. The (-isomorphism
Cm: detg RI'(M) = detg RT'(VM)

is the composition of isomorphisms

detg R['(M) = detg RT' (M) ®g detg' R['(M;) = detg RT'(VM)
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induced by the natural distinguished triangles
RI(M) — RT (M) ——Ls RI(M;) — [1],
RI (VM) — RT(M,) —= RT(M;) — [1].

of Theorem

Even though the the S-module complexes R['(M), RI'(Mj) and RT'(M;)
are perfect the additional hypothesis on the cohomology of M, My and M is
necessary to make this construction work. The reason is that in the theory of
Knudsen-Mumford [16, Corollary 2 after Theorem 2] a distinguished triangle

A— B—C—]l]

of perfect S-module complexes determines a canonical isomorphisms
detg A = detg B ®g dety' C

only if the cohomology modules of the complexes A, B and C are themselves
perfect. A module over the local artinian ring S is perfect if and only if it is free
of finite rank while the cohomology modules of a perfect S-module complex
can be arbitrary finitely generated S-modules.

Now we are finally ready to state the main result of this section.

Theorem 5.1. Let M be a locally free shtuka on S x X given by a diagram
i
Mg 3 M.
J

Assume that

(1) H%(My) = 0 and H'(My) is a free S-module of finite rank,

(2) HY(M;) =0 and H' (M) is a free S-module of finite rank,

(3) M(S/mgs ® R) is nilpotent,

(4) There exists an open ideal I C my such that I -H}(S®@Ok, VM) =0
and M(S ® Ok /1?) is linear.

Then the following holds:

(1) The artinian requlator paq is defined for M.
(2) The (-isomorphism (pq is defined for M.
(3) Cm = L(M) - dets(pm).

Proof. (1) According to Proposition the assumptions (3) and (4) imply
that the artinian regulator is defined for M (S ® Ok). Hence it is defined for
M.

(2) The cohomology modules of the complexes RI'(M) and RI'(M;) are
perfect by assumptions (1) and (2). Since M is locally free and M(S/mg® R)
is nilpotent by assumption (3) Lemma demonstrates that the cohomology
modules of RT'(M) are also perfect. Whence the result.
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(3) According to Lemmathe complex RI'(M) is concentrated in degree
1. So the natural distinguished triangle of Theorem [1.5.6

RI(M) — RT(Mg) —L RT(M,) — [1]
induces a short exact sequence
0 — H' (M) = H' (Mg) —L5 H'(M;) — 0.

Similarly the natural distinguished triangle for RT'(V.M) induces a short exact
sequence

0 — HY(VM) — H (M) - H'(M;) — 0.

Lemma also implies that all the objects in these sequences are free S-
modules of finite rank. So the (-isomorphism

Cam: detg RT'(M) =5 detg RT'(VM)
is the composition of the isomorphisms
detg RT'(M) = detg R['(Mp) ®g detg' RT'(M;) = detg R[(V.M)

determined by the short exact sequences above.
The endomorphism i~1j of My(S ® R) extends to an endomorphism 15
of My by Lemma [£:4] Lemma [{.5 shows that the diagram

0— H' (M) — H' (M) ——2= H'(M;) ——=0

ol

0 ——>H (VM) —= H!(Mg) ——>H'(M;) —>0
is commutative. As a consequence
(v =detg (1—i7'j | H'(My)) - dets(pr)-
We thus need to show that
dets (1 —i~'j | HY(Mp)) = L(M).

Consider a locally free shtuka
1
N = [Mo == M.
i—1j

This shtuka has the following properties:

(i) H%(My) = 0 and H' (M) is a free S-module of finite rank,
(ii) A is nilpotent,
(iii) N (S ® Ok /my) is linear.
Indeed (i) is just the assumption (1) and (ii) holds by Lemmal[4.4] Let us prove
that (iii) also holds. We temporarily denote

M():Mo(S@OK), M1:M1(5®0K).
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According to the assumption (4) we have IM; C i(My). Hence I?M; C
i(IMp). At the same time the assumption (4) implies that j(My) C I?M;. As
a consequence j(My) C i(IMy). We conclude that the shtuka N(S ® Ok /I)
is linear. However I C mg by assumption so we get the property (iii).

We now apply Theorem [3:3] to N and conclude that

dets (1—i7'j | H (My)) = L(N).
To get the result it remains to observe that L(N') = L(M) by construction. [

6. A lemma on determinants

Our aim for the moment is to prove a technical lemma on determinants of
finite-dimensional F-vector spaces. In this section we omit the subscript F' of
det and ® in order to simlify the notation.

In the theory of Knudsen-Mumford [16] a distinguished triangle P — Q —
R — [1] of perfect complexes of finite-dimensional F-vector spaces determines
a natural isomorphism

det P = det Q ® det ™! R.

[16, Corollary 2 after Theorem 2]. In particular a short exact sequence 0 —
P — @ - R — 0 of finite-dimensional F-vector spaces gives rise to such a
natural isomorphism.

Lemma 6.1. Consider a diagram of finite-dimensional F-vector spaces:
B—— 2B

L

0—=A—2BoA —L-~BaoA ——=0

L,

0 A—T o4, A, 0

Assume the following:

(1) The rows are short exact sequences.

(2) The vertical arrows in the second and third column are natural inclu-
stons respectively projections.

(3) The diagram is commutative.

Then the natural square of determinants

det A —"> det(B ® Ap) ® det (B @ A;)

|

det A—" s det Ag @ det ™! A,
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commutes up to the sign (—1)"™ where n = dim A, m = dim B. The right
vertical arrow in this square is induced by the natural isomorphism det B ®

det™' B = F.
Morally this lemma is a special case of [16, Proposition 1 (ii)]. There is,

however, a gap between morality and reality which one has to fill with a sound
argument.

Proof of Lemma[6.1 Let s: Ay — Ao be a section of the surjection g: Ay —
A;. Pick an element a; € det A;. It is easy to show that the natural isomor-
phism det A =5 det Ag ® det ™! Ay sends a € det A to the element

(6.1) (f(a) A s(a1)) @ af

where af: det Ay — F is the unique linear map such that aj(a;) = 1. This
element depends neither on the choice of s nor on the choice of a;. We would
like to obtain a similar explicit formula for the map determined by the short
exact sequence

0A2BaA - Be A —0.

The commutativity of the diagram implies that the map ¢ is given by a matrix

6 3)

where h: Ag — B is a certain map. Similarly

()

where §: A — B is a certain map.
Let s: Ay — Ag be a section of g. A quick computation shows that the
map

t= <(1) _fs) B A, — B® A

is a section of ¢q. Next, fix elements b € det B and a; € det A;. Let m = dim B
and d; = dim A;. By aslight abuse of notation we write bAa; € A"+ (BDA;)
for the element of det(B @ A;) defined by b, a;. For every a € det A we need
to compute
p(a) ANt(b A aq).
Suppose that
a=a'A...ANd", b=Db'A... AW, ap=al A Na.

In this case

tbAar) =bi A AV A (s(a) —hs(a})) A A (s(af") = hs(af")) = bAs(ar).

Furthermore

pla) = (§(a1) + f(al)) A A (§(a") + f(a”))
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so that
pla) ANt(bAar) = f(a) ANbAs(ar) = (=1)"b A f(a) A s(ar).

We conclude that the natural isomorphism det A = det(B @ Ag) @ det ' (B ®
A1) sends the element a € det A to

(-1)"b® (f(a) A s(al)) ®b* ®aj

where 0*: det B — F and aj: det A; — F are the unlque elements such that
b*(b) =1, aj(a1) = 1. Comparing this formula with (6.1)) we get the result. O

7. A functoriality statement for (-isomorphisms

Lemma 7.1. Let M be a shtuka on F x X. If M 1is coherent then the
¢-isomorphism is defined for M.

Proof. Indeed F' is a regular ring so the result is a consequence of Proposition

{91l O

Lemma 7.2. Let 0 = N — M — Q — 0 be a short ezact sequence of
coherent shtukas on F x X. Suppose that N, M and Q are given by diagrams

N = [NO%M], M= [Mo%/\/h}, 0- [90%91].

Assume the following:

(1) RF(M) and RT'(VM) are concentrated in degree 1.
(2) HY(M.) =0 for x € {0,1}.
(3) RI'(Q) =0 and RI'(VQ) = 0.
(4) HY(Q.) =0 for x € {0,1}.
(5) Q is linear.
Then the following holds:
(1) The natural map RT(N) — RI'(M) is a quasi-isomorphism.
(2) The natural map RI'(VN) — RI' (VM) is a quasi-isomorphism.
(3) The natural square

detp RT(N) det RT(M)
Y lz Zl Cm
det RT(VA) —> det RT (VM)
commutes up to the sign (—1)"™ where

n = dimp H* (VM) + dimp HY (M),
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Lemma [7.2] should certainly hold without the conditions (1), (2) and (4).
However to establish it in this generality one should prove a stronger version
of Lemma Unfortunately such a proof appears to be quite messy. We opt
not to do it since the present version of Lemma [7.2]is all we need to prove the
main result of this text, the class number formula.

Proof of Lemma[7.3 In the following we drop the subscript F of det and ®
to improve the legibility. The claims (1) and (2) are immediate consequences
of the assumption (3). Let us now prove (3). Assumptions (1) and (2) imply
that we have a short exact sequence

0 — HY (M) = H (M) —L H (M) — 0.
Assumption (2) also implies that HO(V,) = 0 for x € {0,1}. The natural map

RI'(N) — RI'(M) is a quasi-isomorphism due to assumption (3). We thus
have a short exact sequence

0— H' (W) = H' (W) =L HY (W) — 0.

As HO(N,) = 0 the assumption (4) implies that the cohomology sequence of
the short exact sequence 0 — N, — M, — Q, — 0 has the form

0— H°(Q,) - H'(W.) = HY(M,) = 0.
Altogether we have a commutative diagram

0 0

0 —— H%(Q) —=— H(Q)) ——0
5 5

0— = H'(N) —= H'(N}) — 2= H'(N}) —=0
¢
0 — > H' (M) —> H (M) ——Z H' (M) —= 0

0 0 0

The arrow H°(Qg) — HY(Q;) is labelled i since the shtuka Q is linear by
assumption (5). Let us denote B = H°(Qg). Taking splittings of the maps &
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we replace the diagram above with an isomorphic diagram

(7.1) T T
0 H(A) B & H! (M) ——> Bo H (M;) —> 0

! .

0 — H'(M) — H (M) ———= H} (M) ——> 0

The same argument applied to the shtukas VA, VM, VQ shows that we have
a commutative diagram

(7.2) B B

| |

0 — HY(VN) —= B @® H' (M) ——= B@ H(M;) —=0

; A
0 —= H' (VM) — H(My) H' (M) ——0

Observe that the vertical arrows in the second and third column of can
be chosen to be the same as the corresponding arrows in . Indeed they
only depend on the chosen splittings of the injections H°(Qg) — H!(Ny) and
HY(Q;) — H*(NV7) and on the map i: H°(Qy) — H°(Q;). Here we again use
the assumption (5) that Q is linear.

Applying Lemma to we conclude that the natural square of de-
terminants

(7.3) det HH(N) —= det (B @ HY(M,)) @ det™" (B & H' (M))

| |

det H' (M) = det H' (M) ® det ™" H' (M)

commutes up to the sign (—1)™™ where n; = dimH'(M), m = dim B.
Lemma [6.1] applied to (7.2]) shows that the natural square of determinants

(7.4) det HY(VN) ——— det (B & H}(M,)) @ det ™" (B & HY(M,))

zl lz
det H' (VM) = det H (M) ® det ™ H' (M)

commutes up to (—1)"2™ with ny = dim H}(VM).

Now the composition of the bottom horizontal isomorphisms in and
is the (-isomorphism of M by definition while the composition of the
top horizontal isomorphisms is the (-isomorphism of N by construction of the
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diagrams (|7.1) and (7.2)). As the right vertical isomorphisms in ([7.3)) and ([7.4])
O

are the same we get the result.

8. Elliptic shtukas
Starting from this section we focus on shtukas over Op x X.

Definition 8.1. Throughout the rest of the chapter we fix an open ideal
f C Ok. We call f the conductor.

Definition 8.2. Let M be a shtuka on Op x X. We say that M is an elliptic
shtuka of conductor § if the following holds:
(1) M is locally free.
(2) M(Op/mp ® R) is nilpotent.
(3) M(OF ® Ok) is an elliptic shtuka of conductor f in the sense of
Definition 5.6.21

As the conductor f is fixed, in the following we speak simply of elliptic
shtukas instead of elliptic shtukas of conductor §.

Lemma 8.3. If a shtuka M is elliptic then VM is elliptic.
Proof. Follows immediately from Proposition [5.6.3 O

Lemma 8.4. Let M be a shtuka on Op x X. If M is elliptic then the following
holds:
(1) The natural map RT'(M) — RT(Op & O, M) is a quasi-isomor-
phism.
(2) RI'(M) is concentrated in degree 1.
(3) HY(M) is a free Op-module of finite rank.

Proof. Indeed M(Op/mp ® R) is nilpotent so Theorem shows that
the natural map RT'(M) — RT(Or ® O, M) is a quasi-isomorphism. Now
M(Op ® Ok) is an elliptic shtuka of conductor f by definition. So Theorem
shows that the complex RT(Op & O, M) is concentrated in degree 1
and H'(Op R Ok, M) is a free Op-module of finite rank. O

Definition 8.5. Let M be an elliptic shtuka on Op x X. We define the
requlator ppq by the commutative diagram

RI(M) P RI'(VM)

| !

RI(Op ® O, M) ? RI(Op ® Ok, VM)

where p is the regulator of the elliptic shtuka M(Op & Ok) constructed in
Theorem [5.14.4 The vertical maps are the natural quasi-isomorphisms of
Lemma 84
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Lemma 8.6. The regulator has the following properties:
(1) It is natural.
(2) It is a quasi-isomorphism.

Proof. Follows immediately from Theorem O

Lemma 8.7. If M is a locally free shtuka on O x X then the (-isomorphism
is defined for M.

Proof. Follows from Proposition [£.9.1] since Op is regular and M is coherent.
(I

Our goal is to compare the determinant of the regulator with the (-
isomorphism. To do it we first study how the regulator and the {-isomorphism
of an elliptic shtuka behave under restriction to Op/m}j x X.

Definition 8.8. Let J C Op be a nonzero ideal.

(1) If € is a sheaf of modules on Op x X then £/J denotes its restriction
to the closed subscheme Op/J x X.

(2) If M is a shtuka on Op x X then M/J denotes its restriction to the
closed subscheme Op/J x X.

Let M be a shtuka on Op x X. In Section we introduced a natural
morphism
RI(M) ®%,. Op/J — RT(M/J)
which is induced by the pullback map RI'(M) — RI'(M/J) (see Definition
4.8.2).

Lemma 8.9. Let J C O be a nonzero ideal. If M is a locally free shtuka
on Op x X then the natural map RT'(M) @, Op/J — RT(M/J) is a quasi-
isomorphism.

Proof. Tt is an immediate consequence of Proposition [4.8.4] ]

Lemma 8.10. Let J = m%& C Op be a nonzero ideal. Let M be an elliptic
shtuka. If M(Or @ Ok /§2?) is linear then the following holds:

(1) The artinian regulator prq,; is defined for M/.J.
(2) The natural diagram

RI(M) @5, Op/J P~ RI(VM)®E_ Op/J

| k

RI(M/.J) pas RIO(VM/J)

s commutative.
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Proof. (1) As M(Op ® Ok /f*%) is linear Theorem shows that the
artinian regulator is defined for M(Op/J ® Ok). According to Definition
the artinian regulator then makes sense for the shtuka M/J as well. (2) By
Lemma [8.4] the complexes RT'(M) and RTI'(VM) are quasi-isomorphic to free
Op-modules of finite rank placed in degree 1. Similarly Lemma [4.1] shows
that the complexes RI'(M/J) and RT'(V.M/J) are quasi-isomorphic to free
Opr/J modules of finite rank placed in degree 1. So we need to prove that the
diagram

HY(M)/J P S HY(YM)/JT

red. ll Zl red.

H' (M/J) —2  HY (VM)

is commutative.
Let NV be the restriction of M to Or/J ® Ok. Lemma shows that the
natural reduction maps in the diagram

PM/T

H'(M/J) HY(VM/J)
red. \LZ Z\L red.
H(N) “l H(VN)

are isomorphisms. Here pas is the artinian regulator of A'. The diagram
commutes by definition of px/ ;. Similarly the natural pullback maps in the
diagram

H' (M) o HY (VM)
i !
HY(OF @ O, M) ! HY(Op @ O, VM)

are isomorphisms by Lemma Here p is the regulator of the restriction of
M to Op ® Ok. The diagram commutes by the definition of pr. However
Theorem shows that the natural diagram

HY(Op & Ok, M)/J & HY(Op & Og,VM)/J
- s
H! (V) -l H!(VN)
is commutative. The vertical arrows are isomorphisms by Proposition [5.8.2
We thus get the result. O

Lemma 8.11. Let J C Op be a nonzero ideal. Let M be a locally free shtuka
on Op x X given by a diagram My = M. Assume that

(1) M(Op/mp ® R) is nilpotent,
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(2) H(My) = 0 and HY(My) is a free Op-module of finite rank,
(3) HY(M;) =0 and HY (M) is a free Op-module of finite rank.

Then the following holds:
(1) The ¢-isomorphism is defined for M/J.
(2) The natural diagram

(deto, RT(M))/J —— X+ (deto, RT(VM)) /.

| l

det(/)F/JRP(M/J) det@F/JRF(VM/J)

Cmya

s commutative.

Proof. (1) The base change theorem [07VK] implies that H*(M./J) = 0
and HY(M,/J) is a free Op/J-module of finite rank for * € {0,1}. As
M(Op/mp ® R) is nilpotent Lemma [£.1] implies that HO(M/J) = 0 and
H'(M/J) is a free S-module of finite rank. Hence the (-isomorphism is de-
fined for M/J. (2) Follows immediately from Proposition [£.9.2] O

As in the case of elliptic shtukas on Op @ Ok we will need a twisting
construction for elliptic shtukas on Op x X.

Definition 8.12. Let £ be a quasi-coherent sheaf on Op x X and let n > 0.
We define

freE=1"-&
where Z C Op,. xx is the unique ideal sheaf such that
Z(Spec O ® R) = Of ® R,
Z(Spec Op ® Ok ) = O ®f.
Lemma 8.13. If £ is a locally free sheaf on Op x X then f€ is locally free.
Proof. Indeed the ideal sheaf 7 above is locally free. O
Definition 8.14. Let M be a quasi-coherent shtuka on Op x X given by a

diagram

My = M.
J
Let n > 0. We define the shtuka {*M by the diagram

f"Mo —= "M
J

where f* M, and {*M; are as in Definition We call " M the n-th twist
of M. By construction we have a natural embedding f* M — M.

Lemma 8.15. Let M be a shtuka over Op x X. If M is elliptic then fM is
elliptic.
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Proof. Lemmal[8.13|implies that M is locally free. Furthermore M(Op®R) =
(fM)(Or®R) so that (fM)(Op /mp®R) is nilpotent. Finally (fM)(Or&0Of)
is the twist of M(Or ® Of) by f in the sense of Definition Hence
Proposition shows that (fM)(Op & O ) is an elliptic shtuka in the sense
of Definition O

Lemma 8.16. Let M be an elliptic shtuka and let N' = fM.

(1) F®p, RT(M/N) =0.

(2) The natural map F @p,. RT(N) = F ®o, RI'(M) is a quasi-isomor-

phism.

Proof. (1) Let @ = M/N and let Qp be the pullback of Q to F x X. By
construction Qp is the restriction of the locally free shtuka Mg to the closed
affine subscheme Spec(F ® Ok /f) of F x X. In particular the underlying
sheaves of Q are coherent and flat over Op. So Proposition m shows that
F ®0, RI'(Q) = RI'(QF). Since Qr is nilpotent and supported on a closed
affine subscheme Proposition [I.9.3|demonstrates that RI'(Qr) = 0. (2) follows
from (1). O

Lemma 8.17. If M is an elliptic shtuka and N = fM then the natural square

F®0p, RIT(N) —=— F ®0, R['(M)

PN\LZ ZiPM
F ®o, RI(VN) —= F ®¢, R['(VM)

is commutative.

Proof. The horizontal arrows are quasi-isomorphisms by Lemma [8:16] The
square itself is commutative since the regulators p are natural. O

Lemma 8.18. Let M be an elliptic shtuka and let N' = M. If the underlying
sheaves of M have cohomology concentrated in degree 1 then the natural square

F ®0, deto, RT'(N) — = F ®0, deto, R[(M)

CN\LZ ZlCM
F ®0, detp, RI'(VN) ——= F o, detp, RT['(VM)

s commutative.

Proof. Let @ = MJ/N. Let Mg, N, Qr denote the pullbacks of the re-
spective shtukas to F' x X. By construction we have a short exact sequence
0= Np = Mp — Qp — 0. We would like to apply Lemma [7.2] to this short
exact sequence. To do it we should verify that the following conditions are
met:

(1) RT'(Mp) and RI'(VMp) are concentrated in degree 1.
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(2) The underlying sheaves of M have cohomology concentrated in de-
gree 1.
(3) RI'(Q) =0 and RI'(VQ) = 0.
(4) The underlying sheaves of Qp have cohomology concentrated in de-
gree 0.
(5) Qp is linear.
(1) follows by Lemma and (2) holds by assumption. Lemma implies
(3). By construction Qp is supported at a closed affine subscheme Spec F' ®
Ok /f of F x X. Thus the condition (4) is satisfied. Finally the condition (5)
follows since M is elliptic. Hence Lemma demonstrates that the natural
square

detp RT'(Np) ——— detp RI'(Mp)

Np \L? Z\L CMp

detp RT(VNE) — det R[(VMp)

nm

commutes up to the sign (—1)"" where

n = dimp H*(Mp) + dimp H/(VME).
However dimp H'(Mp) = dimp H' (VM) since the shtuka M is elliptic and

so admits a regulator isomorphism p: HY (M) = HY(VM). Thus the square
above is in fact commutative. Proposition [£.9.2] now implies the result. O

9. Euler products for Op

In this section we will define the Euler products L(M) for shtukas M over
OF x X.

Lemma 9.1. Let k be a finite field extension of F;. Let M be a locally free
shtuka on Op ® k given by a diagram

Mo = M.
j
If M(Op/mp ® k) is nilpotent then the following holds:
(1) My is a free Op-module of finite rank,
(2) i: My — My is an isomorphism,
(3) (1 —i~tj): My — My is an Op-linear isomorphism.

Proof. Indeed the ring O ® k is noetherian and complete with respect to a
T-invariant ideal myr ® k. So Proposition implies that
(i) RT(VM) =0.
(ii) R[(M) = 0.
Now (i) means that i: My — M; is an isomorphism while (ii) implies that the
Op-linear map
(’i — j) My — My
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is an isomorphism. So we get the result. 0

Definition 9.2. Let k be a finite field extension of F,. Let M be a locally
free shtuka on Op ® k given by a diagram

My = M.
J

Assuming that M(Op/mp ® k) is nilpotent we define
L(M) =deto, (1 —i 15| My) € OF.
Lemma 9.3. Let n > 1 be an integer. If M 1is a locally free shtuka on

Or ® R such that M(Op/mp ® R) is nilpotent then for almost all maximal
ideals m C R we have

L(M(Op ® R/m)) =1 (mod m})
Proof. Let m C R be a maximal ideal. By construction
L(M(Op ® R/m)) = L(M(Op/m}p ® R/m)) (mod m})
Applying Lemma [2.4 to M(Op/m% ® R) we get the result. O

Definition 9.4. Let M be a locally free shtuka on Op x X. Assuming that
M(Op/mp ® R) is nilpotent we define
1
L(M) =
(M) 1;[ L(M(OF ® R/m))

X
€ 05

where m C R ranges over the maximal ideals. This product converges by
Lemma[0.3] Note that the closed points in the complement of Spec R in X are
not taken into account.

Lemma 9.5. If M is a locally free shtuka on Op x X such that M(Op /mprQR)
is nilpotent then for every n > 1 we have L(M) = L(M(Op/m x X))
(mod m%). O

Proposition 9.6. If M is a locally free shtuka on Op x X whose restriction
to Spec(OF /mp ® R) is nilpotent then L(M) =1 (mod mp).

Proof. Indeed L(M) = L(M(Op/mp x X)) (mod mp). Since Op/mp is a
field Lemma [2.6] implies that L(M(Op/mp x X)) = 1. O

10. Trace formula

Lemma 10.1. If M is an elliptic shtuka then the invariant L(M) is defined
for M.

Proof. By definition M is locally free and M(Op/mp ® R) is nilpotent. O

Lemma 10.2. Let d > 1. Let M be an elliptic shtuka of conductor §f on
O x X. Suppose that M is given by a diagram

Mo = M.
Assume that the following holds:
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(1) H(My) = 0 and HY(My) is a free Op-module of finite rank,
(2) H(M;) =0 and HY (M) is a free Op-module of finite rank,
(3) M/ is linear.

If the conductor | is contained in my then (y = L(M)-deto, (pa1) (mod mé).

Proof. Set S = Op/m?. Let N' = M /m% and let

No =M

J
be the diagram of /. We claim that the shtuka N has the following properties:

(a) HO(No) = 0 and H(Np) is a free S-module of finite rank,

(b) H°(AV7) = 0 and HY(N;) is a free S-module of finite rank,

(¢) N(Op/mp ® R) is nilpotent,

(d) N(S ® Ok /29) is linear,

(e) f4-HY(S® Ok, VN) =0.
The properties (a) and (b) follow from the assumptions (1) and (2) by the base
change theorem [07VK]. The property (c) hold since M is elliptic and (d) is a
consequence of the assumption (3). Observe that M(Op & Ok) is an elliptic
shtuka in the sense of Definition One thus gets (e) by applying Lemma
to the shtuka M(Or ® O )/m% = N(S @ O).

Now we apply Theorem to N with I = §% and conclude that the

following is true:

(i) The artinian regulator p is defined for .
(ii) The (-isomorphism (y is defined for N.
(i) G = LN - detis(px).

The congruence L(M) = L(N) (mod m%) holds by construction. Moreover

pn = pm (mod md) by Lemma and (v = (m (mod m%) by Lemma
[R11l Whence the result. O

Lemma 10.3. Let M be an elliptic shtuka and let N' = fM. Suppose that the
underlying sheaves of M have cohomology concentrated in degree 1. If « € O
is the unique element such that (yr = a-deto, (pam) then (v = a-deto, (par).

Proof. Lemma implies that the natural square
F ®0, deto, RT'(N) ——— F ®0,. deto, RT'(M)

deto (rw)lz Zldetop (pm)
F®o, deto,. RF(VN) ——=F ®o, deto,. RF(VM)
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is commutative. At the same time Lemma [8.18] shows that the natural square

~

F ®p, deto,. RF(J\/) F ®p, deto,. RF(M)

CN\LZ ZlCM
F ®0, detp, RI'(VN) ——= F o, detp, RT['(VM)

is commutative. So we get the result. (]

Finally we are ready to prove the trace formula for regulators of elliptic
shtukas.

Theorem 10.4. Let M be an elliptic shtuka of conductor §. Suppose that
the underlying sheaves of M have cohomology concentrated in degree 1. If the
conductor | is contained in mg then

Cm = L(M) - deto (prm)-

This theorem should certainly hold without the assumption on on the
cohomology of sheaves underlying M. The bottleneck which prevents us from
establishing this more natural version of the trace formula is Lemma A
more general variant of this lemma is needed. The proof of such a lemma
appears to be too messy at the moment. Alas, the determinant theory of [16]
is not too user-friendly. Nevertheless Theorem [10.4]is still enough to prove the
class number formula for Drinfeld modules.

Proof of Theorem . Let a € O be the unique element such that (v =
a-deto, (prm). We will show that o = L(M) (mod mé) for every d > 1.

Let NV = fM. Observe that L(M) = L(N). Indeed the invariant L
depends only on the restriction of a shtuka to O ® R and M(Of ® R) =
N(Or ® R) by construction. At the same time Lemma m shows that
(v = a-deto, (ppr). Furthermore the cohomology of sheaves underlying A is
concentrated in degree 1 as well. We are thus free to replace M by its twists
frM.

Twisting M we can ensure that M(Or ® O /f??) is linear. Indeed
(FM)(OF & Ok) is the twist of M(Op & Ok) by § in the sense of Defini-
tion So Proposition implies that (f*M)(Op ® Ok /§2) is linear for
all n > 2d.

Suppose that M is given by a diagram My = M;. Since f is different
from Ok Lemma implies that HO(f"M,) = 0 and H'(f"M.,) is a free
Op-module of finite rank for all n > 0 and * € {0,1}. So replacing M by
a suitable twist we can ensure that M meets the conditions of Lemma [[0.2}
Whence the result. (]



