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Abstract

We introduce a family of dynamical systems that generate negative f-expansions
and study the support of the invariant measure which is absolutely continuous with
respect to Lebesgue measure. We give a characterization of the set of digit sequences
that is produced by a typical member of this family of transformations. We discuss
the meaning of greedy expansions in the negative sense, and show that there is
no transformation in the introduced family of dynamical systems that generates
negative greedy. However, if one looks at random algorithms, then it is possible to
define a greedy expansion in base —[.

1. Introduction

Given a real number § > 1, it is well known that we can write every x in the unit

interval as -
b
k=1 p

where the by’s are all taken from the set of integers {0,1,...,|8]|}. Here |3] is
the largest integer not exceeding 3. The expression (1) is called a [S-expansion of =
with digits in {0,1,..., ||} and the sequence b1bs - - - is called a digit sequence for
x. One way to generate such expansions is by iterating the map = — Sz (mod1).
The expansions given by this map are the greedy (-expansions, in the sense that

if b1,b2,...,b,_1 are already known, then b, is the largest element from the set
{0,1,...,[B]}, such that Y7 _, % < z. In [7], Ito and Sadahiro studied a dynamical
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system that can be used to generate §-expansions with negative bases. For each
real number 3 > 1, they defined a transformation that generates for each x in some
interval an expression of the form

x=ZJ%:Zem% (2)

k=1 k=1

where the digits by are again in the set {0,1,...,|8]}. Their dynamical system
generates what they call ‘greedy expansions in negative base’ and is defined on the

interval [ﬁ;ﬁ’ ﬁ] as follows.
. =0 1 13
—Br — f <z< _ A
fr = B, if 5 <o < oo = L2
Tx=
. . 1 j+1 1 J o
—Bz — 7, f - << ——-=,5€{0,1,..., -1}
Br — j f T <S5 ﬁj{ 18] —1}

3)

We call expressions of the form (2) negative 5-expansions with digits in {0,1,..., 5]}
In [4], Frougny and Lai explored the properties of the expansions generated by this
transformation and made a further comparison with the [-expansions as given in

(1).

In this paper we have a closer look at the dynamics behind negative S-expansions.
For simplicity of the exposition, we only look at the two digit situation, but most of
the results are easily generalized to more digits. In Section 2 we introduce a family
of dynamical systems that generate negative S-expansions by iterations, and study
the support of the invariant measure which is absolutely continuous with respect
to Lebesgue measure. In Section 3 we give a characterization of the set of digit se-
quences that is produced by a typical member of this family of transformations. We
discuss the meaning of greedy expansions in the negative sense and show that there
is no transformation in the introduced family of dynamical systems that generates
negative greedy (-expansions. However, if one looks at random algorithms, then
it is possible to define a greedy expansion in base —3. This is done in Section 4,
where we also have a look at unique expansions.

2. Being Negative

Let 8 > 1 be a real number and consider expansions of the form (2) with b, € {0,1}
for each k > 1. Since all the even k’s contribute a non-negative value to the total
sum and all the odd k’s a non-positive value, the smallest number we can obtain is
when by = 0 if k is even and by, = 1 if k is odd. Similarly, we get the largest number



when b, = 1 if k is even and by = 0 for odd values k. This gives

=1 -8 =1 1
M~ ==Y o= and MFT=3 —p =
k:l’B p2 -1 k:lﬂ 8% -1

Hence, every number with an expression of the form (2) with b, € {0,1} forall & > 1,
is an element of the interval [M~, M+]. We have the following useful proposition.

Lemma 1. Let z € [M~, M| and suppose x has the negative 3-expansion

oo

N (kb
=3

k=1
with b, € {0,1} for all k > 1.

(i) if by =0, then z € [—W,Mﬂ,

(ii) if by =1, thenx € [Mj 521_1 _ %]

Proof. (i) Suppose b1 = 0. Then the minimal value of the expression Y=, (—1)" %,

is achieved if b,, = 1 for all odd n > 3 and b,, = 0 for all even values of n. This gives

o0

x>

1 1 1 1

(D' s =5 2 = T 3(B2 :
— B p1-1/p p(B*—1)

(ii) If by = 1, then the maximal value of 2212(—1)]“%7 is achieved if b,, = 0 for all
odd values of n and b,, = 1 for all even values of n. Hence,

=

1 1 1 1
S AP A S

2.1. Conditions for Transformations

We would like a family of transformations that generate negative $-expansions with
digits in {0,1}. Therefore, consider the maps Tz = —fx — j for j € {0,1}. The
family of transformations that we will introduce, use the map Ty on a subinterval
of [M—, M™*] of the form [a, M| and T} on the complement [M ~, «). If we want
to iterate such a transformation, then this combination of Ty and T} needs to map
the interval [M~, M*] into itself. Note that Ty [ — grga—gy, M*] = [M~, M "] and

(-1
Ty [M_7 ﬁ — %] = [M~,M™"]. We can construct a transformation according
to the description above if for each z € [M~,M™], either Tox € [M~,M™*] or
Tiz € [M~,MT]. Thus, only if the interval | — m, ﬁ — %] is non-empty,
which happens if and only if 1 < 8 < 2. This divides [M~, M "] into three parts:
1 1 1 1 1 1
GO [PESNE N SR S SRS N | A S N Y |
' B -1) B -1 -1 gl AP -1 p

(4)



Then [M~, M*] = U; USUUy, where this union in disjoint. On U; we need to use
Ty and on Uy we use Ty. Therefore, U; and Uy are called uniqueness regions. On S

we have a choice between Ty and 77 and this interval is called a switch region. See
Figure 1(a).

Proposition 2. Fvery z € [M~, M™] has an expansion of the form (2) with by €
{0,1} for all k > 1 if and only if 1 < 8 < 2.

Proof. By Lemma 1 we know that all z € [M~, MT] have expansions of the form

(2) if and only if fm < %, and this holds if and only if 3 < 2. O

Suppose that 1 < 8 <2 and let S be as in (4). Then for each « € S, define two
transformations L = Lg o : [M~,M*] - [M~,M*|and R=Rg o : [M~,M*] —
[M~, M™] by setting

Lx{ —fz —1, —fx —1,

1
BT

ifz <a,
if z > a,

if x < «a,
if x> a.

_6$7 _ﬁxa

We can define for each z € [M~, M*] the digit sequence b(x) = by (z)ba(x)---
given by R by setting for n > 1,

and Rx{

b = bu(2) = { v

Then for each n > 1,

n

if Rl > q,
if Rz < .

Rz

(="

x = Z(—l)k% +

k=1 B
Since R"z € [M~,M™] for each n > 1, this converges and thus, we can write
x = Zzil(—l)k%. Hence, for each 1 < § < 2 and each choice of @ € S, we get
a transformation Rg, that generates expansions of the form (2) with b, € {0, 1},

and z € [M~, M*]. We give an example.

Remark 3. (i) Note that the transformations R and L only differ at the point «.
We study the transformation R only, since for any «, the transformation L = Lg
is isomorphic to the transformation Rg 4, where & =
0:[M~,M*] — [M~,M"] is given by 0(z) = — 57
(ii) If B = 2, then the switch region S consists of the single point —m =
ﬁ — % Then, the maps L and R are both isomorphic to the full one-sided
uniform Bernoulli shift on two symbols. Since the same holds for the doubling map
x +— 2z (mod 1), in this case the maps L and R are also both isomorphic to the
doubling map. Therefore, we will not consider 8 = 2 further.

—ﬁ — «. The isomorphism
— .

Example 4. For two digits, the transformation T studied in [7] by Ito and Sadahiro
(see (3)) is obtained by taking Lg, with a = L. We see this map in
Figure 1. Note that the interval |

1
B+1 B
is an attractor, which can be seen
from Figure 1(b).

_ _B_ L]
B+10 B+1



et Ui S Uo Iy f“ 1/(B+1) f“
1/(B+1) |- ‘ |
0 0 TN N
{ —B/(B+1) e » “ ...... y \
M~ - 5 M~ " 0 —-B/(B+1) = 0
(a) To and T} () a= ﬁ — % (c) Rg,q from (b) in the

red box

Figure 1: In (a) we see the full maps Ty and 77 and in (b) we see the map Rg ,
with o = 735 — %, the choice from [7]. In (c) we see this transformation on the

2.2. Attract and Support

For two digits {0,1} any transformation R = Rg, with 1 < 8 < 2 and a € §
has exactly one point of discontinuity. By results from Li and Yorke ([12]), there
is a unique invariant probability measure absolutely continuous with respect to
Lebesgue (acim). From the same results, it follows immediately that this measure
is ergodic and that the support of the acim is a forward invariant set, which contains
an interval that has « as an interior point. It remains to determine what the support
of the acim is.

We can easily identify such a forward invariant set, by using the images of «

under T and 737. Note that the middle of the interval S is the point fm. By
symmetry it is enough to consider o < —m.
First suppose that a < —m, see Figure 2(a). Then %a < —fBa — 1 and

—B3a — 1 < —fBa. Consider the interval [3?a, —(a]. Then
R[ﬁ2aa _ﬁa] g [—ﬁO{ - 17 —6304 - 1] U [ﬁzaa _ﬁOZ] g [52047 —604]
Thus, the interval [3%a, —Ba] is forward invariant with « in its interior, which

implies that it contains the support of the acim.

If a > —m, then —Ba — 1 < F?a. See Figure 2(b). Consider the interval
[-Ba — 1, —fa]. Then,

R[iﬂa - 17 *ﬁO[] g [7604 - 17620[ +6 - 1] U [ﬂ?a’ 7/‘6)&}

Hence, in this case the interval [—Ba — 1, —(Ba] contains the support of the acim.

In case a > _2([31—+1)7 for a < —%, the invariant set is [—fa — 1, —fa] and

for a > _ﬁ(ﬂpT_-s-ln’ the invariant set is [—Ba — 1, f%a + 8 — 1].



M+ — . —Ba
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0 N 0
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— I 52
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1
(@) @ < — 55
M+t T —Ba
l
_5% ..... . : 0
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—Ba—1 ‘
I
M~ éy —Ba -1k

1 1
®) — s <o < —3Em

Figure 2: Two choices of « for the same 3 that give different forward invariant sets.
For both (a) and (b), the map on the right is the map on the left restricted to this
forward invariant set.

We consider an example in which we can identify the support.

Example 5. Let o be one of the two endpoints of S, so @ = ﬁ — %7 or a =

—m, and let R = Rg . See Figure 3 for examples with oo = —m.

To identify the support of these transformations, by symmetry it is enough to
consider only one of the two. Take a = —m. The fixed points of Ty and T}

are important. For T} the fixed point is 0 and for 77 this is —ﬁ.
(i) First assume that —Ba — 1 > 0. See Figure 3 (a). Then the set [M~, 3%a +
Bl U [—Ba — 1, MT] is forward invariant. Moreover, if we take an interval [a,b] C

[M~, M*] with a € (a,b) and such that b < 3%« + 3, then for n > 1 small enough,

__B
P

1
7/82_1

Since R is expanding, the Lebesgue measure of this interval grows with a factor 3
with each iteration. Hence, after some n, [M~,a] C R™(«,b). This implies that

R"(a,b) = <R”b ) for odd n and R"(«,b) = ( R"b) for even n.

R""2(a,b) = [M~, *a+ Bl U [-Ba — 1, MT].

Hence, the support of the acim of R is exactly the set [M —, B2a+B]U[—Ba—1, M ],
i.e., the union of two disjoint intervals.



(ii) Now, assume that —3a — 1 < 0. See Figure 3 (b). Then, for any interval
[a,b] C [M~, M™*] with a € (a,b), there is an n > 1, such that [M~,a] C R"(a,b).
Since —fBa — 1 < 0, we have that

[M~,0]UR[M ™, a]UR?* M~ ,a] = [M~,M"].

Hence, the acim in this case is fully supported.
Ifa= ﬁ — %, then for —fa < fﬁ the support is [M~, —Ba]U[3?a—1, M 1]

and if —fa > —ﬁ, then the support is the whole interval [M~, MTt].

M+t
|
l
| ol N\
I I
I S
—_ | M— - 1
M 0 0
(a) =Ba—1>0 (b) —Ba—1<0
M+ ; —Ba
| -
—Ba |- N\v- - (. 0
0
— B — 1 feeee Y i
I
M- l —Ba —1 :
«

(¢) A map from Example 6

Figure 3: In (a) and (b) we see two cases for the support of the acim of Rg o with
a = —m. In (c) is an example of a map of which the support consists of at
least three disjoint intervals. On the left hand side is the complete picture and we
see that the interesting dynamics happens in the red box. On the right hand side

we see the map in this red box and we can identify the three intervals.

In general, for arbitrary choices of « the support is always a union of closed,
disjoint intervals, but many things can happen. We give an example where the
number of intervals is at least three. Liao and Steiner ([10]) have explicit con-
structions of examples of transformations of which the support of the acim is a
union of more than three intervals. To be more precise, they gave examples of
acims of which the support is the union of a number of intervals from the sequence
1,2,5,10,21,22,45, 46, . . ..



Example 6. Take 8 such that 32 — 3 —1 =0 and let a € (— m,—%).
Then

1
7m<ﬂ2a<a, and a<pla+pB-1<0. (5)

Define the set
[Ba—1, —B3a — 1]Ju [ﬁza,ﬁ%z +/-1JU [—6304 — B2+, —fal.

Then, by (5), this is a forward invariant set. Moreover, it contains « in its interior.
Thus, the support of the acim must be contained in this set. Since for any interval
containing « in its interior, the forward image has nonempty intersections with
both of the other two intervals, the support of the acim intersects all three of these
intervals. See Figure 3(c) for an example.

2.3. Invariant Density

Invariant densities for piecewise linear increasing maps have been thoroughly in-
vestigated (see, e.g., [5], [9]). We use a trick by Hofbauer ([6]) to view our map
R = Rp, as a factor of a piecewise linear and increasing map 1T' = Tz ,. This
allows one to derive the invariant density for the R map using the invariant density
for the T' map. To do this, we first view R as a map on [0, ﬁ] as follows. Let

¢ : [ﬂg—fl, ﬁ} — [O, ﬁ} be given by

o) =+
Define W = W .o : [0, 557] — [0, 527] by
—ﬁx-ﬁ-%, if ¢ € {O,a-ﬁ-%],
W(x) =¢oRo¢ ! (z)
—5x+%, if:ce(our%,ﬁ]
Define T' = Tp,0 : [0, 527] — [0, 527] by
2

T(x) =

We see these maps in Figure 4.



M+ ‘ 2/(B-1)
I B
—Ba 1.
0 N
! /(B-1)
—fa—1
|
|
- | -
M - 0
(a) The map Rg, from (b) The maps T and W for
Figure 3(c) Rg,a

Figure 4: The maps T and W for a map Rg,. In (b), the red lines indicate the
map T and the black lines the map W.

Finally, define the map 7 : [0, ﬁ%l] — [0, 545] by

x, ifxe{O,%},
2 1 2
T 11

Then W o7 = 70T, and it is easily seen that 7 is a factor map. Notice that 7 is

x, if:r:e(

2-to-1 map, and that the map 7T is symmetric around the origin with

1 1 2 1 2 1
T((05=1)) = mra=r) = T((=r5=9)) - (0 5=0)
(O075) = Gorgts) -1r5-1) "5
Thus if A is the invariant density for 7', then the invariant density for W is given

by

g(x) = h(z) + h(% — CL‘) = 2h(z).

From this it follows that the non-normalized invariant density for the R map is

given by . 5 ) 5
(x)_g<m+62—1) —2h<x+6271),

for z € [ﬁ;ﬂ, 521,1]

3. Orderings

Let 1 < 8 < 2 and take a € S. Let R = Rg, be the corresponding negative
[B-transformation. We can give a characterization of the digit sequences generated
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by R. For {0,1}", define the ordering <, which is called the alternate ordering, as
follows. We say that b = biby--- < d = dyds --- if and only if there is an n > 1,
such that by, = dj for all 1 <k <n—1and (-1)"(b, — d,,) < 0. Then b < d if and
only if b = d or b < d. We can define > and > similarly.

Lemma 7. Let x,y € [M~,M™"], and let b(x),b(y) be the corresponding digit se-
quences generated by R. Then x < y if and only if b(x) < b(y).

Proof. Suppose x < y, then b(x) # b(y). Let n > 0 be the first index such that
bnt1(2) # bpt1(y), then

n

T = zn:(_l)k%f)_’_(_l)n}znm :Z(_l)kbk(y) +(_1)anCL'
k

— B g & B ar
= b . R"
< Y (- ’}}(,f’)ﬂq) Bny:

ES
I
-

This implies that (—=1)"R"z < (—=1)"R"y. If n is even, then R"z < R"y implying
that byy1(y) < bpyi1(z). If n is odd, then Ry < R™x, 80 bpy1(z) < bpy1(y). In
either case, we have b(x) < b(y).

Conversely, if b(z) < b(y), then = # y. If y > =z, then by the first part of the
proof we have b(y) < b(z) which is a contradiction. Hence, x < y. O

So, under any transformation R, the alternate ordering respects the natural
ordering on R.

3.1. Characterizing Sequences

We want to have a characterization of the sequences that are generated by a trans-
formation R = Rg . Let ¥ denote the set of all digit sequences generated by R.
We use A(by ---b,) to denote the fundamental interval in [M~, M| specified by
the digits b1, ...,b,:

Alby b)) ={x € [M~,M*] : bj(z) =b;, 1 <j<n}

Results from [6] by Hofbauer give that a sequence b = byby - - - € {0, 1} is generated
by R if and only if for each n > 1,

if b, = 1, then bB(M~) < bpbpy1--- < b(a), and
if b, = 0, then b(a) < bpbpi1 - Jb(MT), (6)

where

b(a)= i b(t).
(a) tTa,iIenA(l) ()
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We want to give a description of the sequence l;(a) and therefore we define a sequence
of transformations first. This sequence is obtained by alternating the transform-
ations L and R. First, let Ly be the identity and L; = L. Then, for n > 1, set
Ly, = (Ro L)" and Ly, 41 = Lo (Ro L)™. We use this sequence {L,, },>0 to make
digit sequences of points in [M~, M*]. For n > 1, let

1, if Loy oz <o, 1, i Lopz <o
dan—1(2) _{ 0, if Loy sz >a, 4 dan(2) _{ 0, if Lop_12 > a

Then d(x) = dy (z)da(z) - - .

Remark 8. Note that for each = such that R"x # « for all n > 0, we have
R"x = L™z = Lyx for each n. Also for the digit sequence d(x), the difference
between even and odd indexed digits is only in the point « itself. So, for each =
such that R"x # « for all n > 0, the digit sequences b(z) and d(z) are equal. In
the above, it is crucial that = # «, otherwise the remark is not true. To see this, let
8= #7 and o = —é7 then R"a # « for all n > 1, but R"a # L"a = a. Also,
b(er) = 001010101010 - -, while d(a) = 100101010101 - - - .

The next lemma says that the digit sequence d(z) gives negative S-expansions.

Lemma 9. For each v € [M~,M™| and each n > 1, we have

T = Z(il)k dk(ﬂf) + (71)n%’ (7)

and thus v = Z,?;l(—l)kd"ﬁ—(,f).
Proof. The lemma follows easily by observing that for each n > 1, we have L,z =
—BLy 1z — dp(z). O

The next theorem gives a characterization of the digit sequences generated by R.

Theorem 10. Let b= biby--- € {0,1}N. Then, b € Xr if and only if for alln > 1,

if b =1, then (M ™) = bpbpyr - < d(a), and
if by, = 0, then b(a) X bpbyyq - X b(MT). (8)

Proof. Set b= b(c) and d = d(c). By (6) we only need to show that b = d.

First note that if LFa # « for all k > 1, then L*a = Lya = RF'La # o
for all k > 1. Hence, b = 1b(La) = 1d(La) = d. So, assume LFa = « for
some k > 1, and let n be the least positive integer such that L"a = «. Then,
Lo = R1La = Liao #afor1 <j<n-1,and L"a = R" 1La=L,a = a.
Thus, Bj =d,; for all 1 < j <mn, and L,a = « is an endpoint of R”A(Bl e B,L).
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If n is even, then « is a right end-point of R”A(El . Bn) so that d,y1 = 1.
Also, for all z € A(bl n+1) we have "lﬁ% = 0", so R"x < L,a = «. Since
R"A(bl bn+1) C A(bn_H), this implies b,+1 = 1 = dy41. Since L,y = (Lo
L,)a, Ly+1a is an endpoint of the interval R”HA(Z)l e l~)n+1).

On the other hand, if n is odd, then « is a left end-point of R"A(by ---by) so
that d,41 = 0. Then, for all x € A(b1 n+1) we have ‘“j;” = —("™ and thus
R"xz > L,a0 = o and bn+1 =0 =dpt1- Now L,y = (Ro Ly)a, so also here
L, 1 is an endpoint of R"HA(ZNH e Bn+1).

The same reasoning holds when Liya = « for a k > n, so this gives the theorem.

O

Remark 11. For 1 < § < 2 there is a way to get positive S-expansions from
negative (-expansions. To see this, we define a map from the set of sequences
{0, 1}V to itself in the following way:

Y(b1bobsby -+ ) = (1 — b1)ba(1 — bg)by - -

Let z =Y o (—1)F —’,z [M~, M™*] and write b(z) = byby - --. Then

o0

b b 1
Z vl ﬂk Z 2k2k1 : Z 52212 - 52 [0 ﬁ}

A map very similar to ¢ was introduced in [8] for this reason, but 1 cannot be used
for our purposes. Before we explain why this is, we first recall some properties of
positive [-transformations.

Positive (-expansions with digits in {0,1} can be obtained from the following
transformations, defined from the interval [0 7 1] to itself.

Oz, ifx e [O,a’}, OBz, ifx e [O,o/),
Eﬁya/ (ZL’) = and Rﬂ,a’ (33) =
Bx —1, ifxe(o/,ﬁ], Bxr —1, ifxe[o/,ﬁ],

for any o’ € [é 6(61 1)] We will only discuss the properties of a map R = ng ol

since Lg o can be treated similarly. The digit sequences generated by R are given
in the obvious way: by(x) = 0 if + < o/ and by(x) = 1 otherwise and for n > 2,
bn(x) = by (R"'z). We denote the digit sequence of = generated by R by b(x). On
these sequences, R behaves like the left shift in the sense that if b(z) = byby - -,
then b(Rz) = babs - --. Note that the negative maps R, have the same effect on
their digit sequences. Unfortunately, the map ¥ does not commute with the left
shift. To see this, let o : {0,1}" — {0,1} be given by o(2n)n>1 = (Yn)n>1 With
Yn = Tpy1 for all n > 1. Then

V(0 (Tn)n>1) = (L—=22)z3(1 —24)75 - # 22(1 —23)24(1 = 25) - - = U(¢(($n)n21()))~
9
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This implies that we cannot use v to link the dynamics of Rg, to any map E,@,af
or Rﬂ@/ and transfer any dynamical properties from one system to the other in this
way.

Moreover, 1 does not preserve the sets of sequences generated by the transform-
ations. To see this, observe that b(a’) = 10--- for any choice of o’ € [%, m}
However, for the negative maps, if a € S with a > 0, then b(a) = 01--- and
thus all digit sequences starting with 0 will in fact start with 01. This implies
that there are sequences generated by Rg’ar that are not contained in the set

{¢(b(z)) : € [M—,M*"]}. In particular,
ba') # {90()) : = € (M=, D]},

3.2. What is Greedy?

For expansions with a positive non-integer base, there is a well-understood notion of
greedy (-expansions. For numbers that have more than one -expansion, the greedy
[-expansion is the one that has the largest digit sequence in the lexicographical
ordering. These expansions are the ones that are produced by the map

Bz (mod 1), ifz €0,1),
€T =

Bz —|B], ifze [1,%].

A natural candidate for the negative greedy (-expansion, would be the one that is
largest in the alternate ordering.

Definition 12 (Greedy expansion). Let 1 < § < 2. Let z € [M~, M™"] have
the negative 8-expansion z = Z,;“;l(—l)kg—’;, with b, € {0,1} for all k > 1. Set
b =0b1bs - - -. Then this expansion is the negative greedy 3-expansion of x with digits
in {0, 1} if for each sequence d = dyds - -+ € {0, 1}, such that = = Z;’;l(—l)k%,

we have d < b.

The next proposition shows that there is no transformation Rg . that generates
the negative greedy S-expansion of z with digits in {0,1} for all z € [M~, M*].

Proposition 13. Let 1 < 3 < 2. Then there is no o € S, such that for all
x € [M~,M™] the digit sequence for x generated by Rg.o gives the greedy expansion
of x.

Proof. Note that if z € S, then by Lemma 1 by(x) can be either 0 or 1. Since we

want to get greedy expansions, for each x € S, we need by (z) = 0. Hence, on 5, we

define Rg ox = —fz. This means that a = ﬁ+

- % Now, consider the interval

1 1 1 .
=5~ 5@ 1 @ 1)) € FBanSN U
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Then, for each « € I, b1(z) = 0 and Rg,x € S. To get the greedy expansion for
elements x € I, we need to assign the digit by(z) = b1 (Rg,ox) = 1, which contradicts
the previous choice of a. Hence, there is no transformation Rg , that generates the
greedy expansion for all z € [M~, M*]. O

Among the family of transformations {Rg : a € Sg}, one can speak of the
odd greedy transformation obtained by choosing o = fm. Note that if x
has two negative S-expansions with different first digit, i.e., x = Z;":l(—l)k% =
Zzozl(—l)k% with by = 0 and dy = 1, then dids - < b1by--- and this choice of
a would give by = 0. The next proposition gives a recursive algorithm to obtain
the digit sequences of the odd greedy transformation. Let £ = 01 be the largest

sequence in alternate ordering.

Proposition 14. Let 1 < 8 < 2 and a = —m. Let biby--- € {0,1} and

T = Z;ozl(—l)k%. Then biby - - - is the digit sequence of x generated by R = Rg 4
if it satisfies the following recursive conditions. Suppose by, ba, ..., by—1 are known.

If n is odd, then by, is the smallest element of {0,1} such that

n—1 00

_ kb_k_b_” _ ni _ ké_k
kZ:l( 1) G ﬁn+( 1) ﬁn;( 1) <z

If n is even, then b, is the smallest element of {0,1} such that

Proof. Assume that the sequence biby--- satisfies the hypothesis. We want to
show that b1by gives the expansion of x that is generated by R, i.e., that b, = 1
if Rz < —m and b, = 0 if R" 'z > —m. It is enough to prove the

proposition for n =1, 2.
Suppose that by = 0. Then, by the hypothesis,

0,0 10 1
BB BB BB —1)
If by =1, then
Lo 0,0 10 1
goproppt B(B* 1)
This shows that in both cases by is the digit generated by R and =z = —%1 — %.
For n =2, if by = 0, then
b0 0 1 . b R

BTE ETHE T
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Hence, —% < m and thus Rx > — ﬁ(BQ i) . If b =1, then

oo b Re b 00 1

g B g opr BB '
Thus, Rz > —m. Again, we see that by is the digit generated by R. This gives
the result. O

4. The Number of Negative G-Expansions

4.1. Switch Regions and Infinitely Many Expansions

For all 1 < 3 < 2, we can divide the interval [M ~, M ] into the switch region S and
the uniqueness regions Uy and Uy, see (4). Then, we can define a random trans-
formation, as was done in [2] and [1]. Let Q = {0, 1}" endowed with the product
o-algebra F. Let o : Q — Q be the left shift, and define K5 : Q x [M~, M*] —
Qx [M~,M*] by

(w, =Bz — j), if v € U;, j € {0,1},
Kg(w,aj) =
(0(w),=fr —wy), ifzes.

The elements of € represent the coin tosses (‘heads’=1 and ‘tails’=0) used every
time the orbit hits a switch region. Let

1, if zelUjor (w,z) €{w =1} xS,
d1 = dl(w,x) =
0, if zelUyor (w,z)€ {w =0} xS,
then
(w, —pzx — dy), it xeUyUUn,
Kg(w,x) =
(o(w),—Px —dy), if z€S8.

Set d,, = dp(w, ) = dl(Kgfl(w,x)), and let mo : Q@ X [M~, M*] — [M~,M™] be
the canonical projection onto the second coordinate. Then
72 (KB (w,2)) = (=1)" B e+ (=1)" 8" dy - (—1)" 8" dat -+ -+ (—1)* 81 +(~1) o,

and rewriting yields

__ G _qyndn o T2 (K5 (w, 7))
= ﬂ+ﬁ2+ 4+ (=) —+(-1) G .

Since mp (K (w, x)) € [M—, Mt], it follows that

kdk‘ T Kﬁwx))

)x = — 0 as n — 0o.

k:l
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This shows that for all w € Q and for all x € [M~, M] one has that

oo

_ c _ k% _ _ kdk(wvx)

The random procedure just described shows that with each w € Q corresponds an
algorithm that produces expansions in base 8. If we identify the point (w,z) with
(w,dy(w,x)d2(w, ) - -+ ), then the action of K on the second coordinate corresponds
to the left shift. We call the sequence dj (w, z)ds(w, z) - -+ the random negative (-
expansion of x specified by w.

One can easily generalize the proof of Theorem 2 in [1] to obtain the following
theorem.
Theorem 15. Let x € [M~,M™], and let z = Zzo:l(—l)"% with b, € {0,1} be a
representation of x in base —B. Then there exists an w € Q such that b, = dy,(w, ).

Using the map K, one can generate greedy expansions in base —f, i.e., expan-
sions that are the largest in the alternate ordering. We have the following theorem.

Theorem 16. Letx € [M~, M™], then there exists w € Q such that dy(w, z)ds(w, x) - -

the random negative B-expansion of x specified by w, is the greedy expansion of x.

Proof. Let © € [M~—,MT], and set zp = z. We define inductively a sequence of
cylinders 21 2O Q9 D --- as follows.

o If xg € U; for j € {0,1}, then set 1 = —fz — j, {1(x) = 0 and Q; = Q.
o If 2y € S, then set x1 = —fz, {1(z) =1 and O = {w € Q: wy = 0}.
We now consider x;.
o If 2y € U; for j € {0,1}, then set zo = —fx — j, lo(z) = £1(z) and Qp = Q.

o If 1 € S, then set 2 = —fx — 1, l3(x) = ¢1(z) + 1 and Q2 = {w € Q :
ng(m) = 1}
Suppose that {z1, - ,z,}, {€1(z), -+ ,lpn(x)} and Q1 D Qs D -+ D Q,, have been
defined.

Case 1. nis even.

o If x,, € U; for j € {0,1}, then set z,,11 = —fz — j, pt1(x) = £,(z) and
Qir = Q..

o If v, € 5, then set x,,11 = —fx, py1(x) = lp(z) + 1 and Q1 = {w € Q,
wgn+1(z) = 0}

Case 2. n is odd.

o If z,, € U; for j € {0,1}, then set z,11 = —fz — j, pt1(x) = £,(z) and
Qi1 = Q.
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o If x, € S, then set 2,11 = =Bz — 1, {yy1(z) = ly(x) + 1 and Q1 = {w €
Qn : u}gnJrl(m) = 1}

If K hits the switch regions infinitely many times, then ¢, (z) — oo and, as is
well known, (1) €2, consists of a single point. If this happens only finitely many times,
then the set {£,(x) : n € N} is finite and (€2, is exactly a cylinder set. In both
cases [, is non-empty and for any w € (]2, the random negative [S-expansion
of x specified by w, is the greedy expansion of x. O

2. Uniqueness Regions and Unique Expansions

Proposition 17. The set of x € [M~, M™] that has a unique negative (3-expansion

with digits in {0,1} has Lebesgue measure zero. Moreover, if § < 1+\/_ then M~
and M™ are the only two points with a unique negative 3-expansion.

Proof. Recall from (4) that [M~, Mt =UyUSUU;. A point z € [M~,M"] as a
unique negative S-expansion if and only if for each choice of o € S and for all £ > 0,
R’c WL €UgUU. Fixa € S, set R = Rg, and let 1 be the unique, ergodic acim
for R The support of i contains an interval with « in its interior. Let C' denote
the support of p, then u(C NS) > 0. Let B be the set of points in [M~, M ] with
a unique negative S-expansion with digits in {0,1}. Suppose that pu(B) > 0. By
the ergodicity of R, there is a k, such that u(B N R7*(C N S)) > 0, which gives a
contradiction. Hence, u(B) = 0. Since A and p are equivalent on C, this implies
that A(BNC) =0, i.e., A\-a.e. x € C has more than one expansion.

If g < 1+2\/5’ then 32 — 3 — 1 < 0 and thus

1 1 1 1
>0, and

— < .

-1 B= B =1) = p+1
Then RUy C U; U S and RU; C Uy U S. This implies that for each x € (M~, M)
there is a k = k(z), such that Rz € S. Hence, the only points with a unique
expansion are M~ and M™T. This gives the second part of the proposition. ]

Remark 18. Everything in this article except Sections 2.2 and 4.2 can be extended
to more digits. In general, a class of transformations that generate negative (3
expansions can be given for each combination of § > 1 and set of real numbers
A ={aop,...,an} that satisfy:

o ap < ay < - < Qmnm,

Am — QAo
A P
* lgﬁgn(aa aj-1) < 3-1
These transformations are given by choosing an « for each pair of digits a;,a;j4+1
and thus have m points of discontinuity. Results from [11] imply that each of these
transformations has an acim. The previously mentioned results from [12] give that
the number of ergodic components is at most m and that the support of each acim
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is a forward invariant set, containing at least one of the points of discontinuity in
its interior. To find the density, we can use the same trick from [6]. Also, the set
of digit sequences is characterized in exactly the same way as for two digits, with a
condition for each digit. To find a transformation that generates greedy expansions,
we have to turn to a random transformation also here. This map can be constructed
similarly to as was done in [3] for S-expansions with arbitrary digits.
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