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We discuss the cosmological implications of nonlocal modifications of general relativity containing

tensorial structures. Assuming the presence of standard radiation- and matter-dominated eras, we show that,

except in very particular cases, the nonlocal terms contribute a rapidly growing energy density. These

models therefore generically do not have a stable cosmological evolution.
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I. INTRODUCTION

Most extensions of general relativity are manifestly local.
A priori, however, we need not impose this restriction. Like
general relativity itself, most proposed theories of modified
gravity are nonrenormalizable, which is often a sign of new
physics at high energies. From a local high-energy theory,
nonlocalities often appear in the effective theory describing
low-energy physics. For example, nonlocalities appear
generically when massless or light degrees of freedom are
integrated out of a local fundamental theory [1-4].

Nonlocal modifications of general relativity constructed
out of inverse differential operators give rise to infrared
effects that become relevant at large temporal and spatial
scales. The consequences of these nonlocalities are far-
reaching and could provide a dynamical explanation for
dark energy. Numerous examples of this line of thinking can
be found in the literature [5—11]. Most of the existing
nonlocal gravity models are purely phenomenological and
are constructed out of nonlocal operators involving the Ricci
scalar only for reasons of simplicity [12—15]. Itis still an open
question whether we should expect these particular nonlocal
structures, as opposed to something more complicated,
to arise in the low-energy limit of fundamental theories.
Tensorial extensions involving elements such as the Ricci or
the Riemann tensors should not be a priori excluded.

Adding nonlocal interactions can also improve some of
general relativity’s more undesirable properties, and these
seem to specifically require tensorial nonlocalities. For
example, in order to alleviate the ultraviolet divergences of
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general relativity, one has to modify the graviton propa-
gator, which requires a tensorial term in the action [16].
Considerable recent progress has been made in ghost-free
ultraviolet nonlocal gravity [17,18]. Furthermore, nonlocal
modifications of general relativity could degravitate a
large cosmological constant, providing an appealing
solution to the problem of why a large vacuum energy
does not gravitate [8]. For the purposes of degravitation, it
is likely insufficient to rely on scalar degrees of freedom
introduced via nonlocal scalar curvature terms. Tensorial
nonlocalities, by contrast, could help implement a consis-
tent degravitation mechanism, as is the case in the frame-
work of massive gravity where nonlocalities modify the
tensor propagator [10,19].

The cosmological consequences of tensorial nonlocal-
ities involving inverse powers of the d’Alembertian
operator were considered in Refs. [20-22]. Tensor non-
localities in these models were shown to contain rapidly
growing modes, leading to instabilities in the background
expansion.1 Note, however, that the inverse d’ Alembertian
operators considered in these references are certainly not
the most general possibility that can be implemented at
each order in curvature. It is possible that other well-
motivated differential operators might lead to a somewhat
different evolution that is consistent with observations.

In this work we extend the analysis of Refs. [20,21] to
general nonlocal tensorial actions at quadratic order in the
curvature invariants and investigate whether these

'Note that these instabilities are not directly related to unitarity
violation. This can be seen by considering a nonlocal term of
the form G,5(m*/0*)R*, which results in a massive graviton
propagator of a unitary form (cf. Ref. [9], where this model
corresponds to @ = 0 and is shown to be unitary.). However, as
the action contains, in addition to scalar terms, the tensorial term
R%(m? /(0*)R 4, it will be cosmologically unstable, as can be
seen from Ref. [20] and from the following.
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modifications are phenomenologically viable. This paper is
organized as follows. In Sec. II, we introduce our tensorial
nonlocal model. The cosmological consequences of this
model during radiation (RD) and matter domination (MD)
are discussed in Sec. III. Finally, the conclusions are
presented in Sec. IV.

II. THE R4 A"'R¥ MODEL

Consider the most general action quadratic in the
curvature invariants [16] for some differential operator A,
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+ R P(A)R ) + / d*x\/=gL,,. (1)

where Mp; = (82G)~'/? is the reduced Planck mass and £,
is the matter Lagrangian minimally coupled to gravity.
Different nonlocal theories are characterized by different
choices of the operator A and of the functions f, g and .
In the case A = [, the above action is the most general
parity-invariant quadratic curvature action; see Ref. [23]
for derivation of the field equations. We generalize this by
allowing for more general differential operators, in par-
ticular, those with curvature dependence. Note that we
would recover the results of Refs. [16,23] for the quadratic
truncation of the theory.

It is well motivated to consider more general forms for
the operator A; in fact the main rationale for the usual
choice A =0 is just simplicity. For the nonlocally
modified theory to be consistent on suitable backgrounds,
one may need to implement a regularization [24,25]. For
example, Ref. [25] considered a curvature-dependent regu-
larization of the form (CJ 4+ P)~! with?

s / d*x/=G(=R + RF(A)R + RP g(A)Ryp

P =Py = aR" )" + b(gaR™ + ¢ Rep)

P

(u
+CR, )

(i35 + dRgapg™ + eRTy,  (2)

and a, b, ¢, d, and e arbitrary constants. For example, in the
de Donder gauge the graviton kinetic operator3 would

Here and in the following, (uv) denotes symmetrization over
the indices and [uv] denotes the antisymmetrization.

*In an isotropic and homogeneous background, the action of
this operator on a tensor reduces to the action of the scalar
operator on each component of the tensor [22], suggesting that
the cosmological tensorial instability might be removed by
dressing the inverse d’Alembertian into its appropriate tensor
representation. Strictly speaking, this would take us beyond the
starting point action (1) [or, otherwise, we would consider the
four indices in the representation of the (1/ A)’“’aﬁ implicitly
shuffling those of the R, ]. Explicit construction of such models
can be considered as a topic of future study; in this article we
focus on the action of a general scalar (derivative) operator 1/A
on the (Ricci) tensor R.
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correspond to a=-2, b=0, ¢=2, d=1/3, and
e =—4/3.

In the following, we also allow the differential part of the
operator to assume a more generic form, involving combi-
nations of the curvature invariants and covariant derivatives
V that arise in explicit loop computations. We consider
simple forms for the functions g and h,

1.2 7.2
ST S IS E S

with M, and M, mass scales to be determined by
observations. These two properties allow us to simplify
the action (1) for a Friedman-Lemaitre-Robertson-Walker
(FLRW) background

ds? = H2dN? — ¢2dx?, (4)

where N =Ina is the number of e-folds, a is the scale
factor, and H = a/a stands for the Hubble rate with the dot
denoting derivative with respect to cosmic time. Indeed,
by noticing that for an FLRW metric in four dimensions
the Weyl tensor

1
C/wa/} = Rﬂl/a[)’ - (gﬂ[aR/}]y - gy[aR/}]M) + ggy[ag/i]vR (5)

vanishes, and using the fact that /A is by construction metric
compatible, we can write

Cﬂl/a/}A_l Clll/llﬁ =0—

1
RyuapS™ RV = =S RAT'R + 2R3 AR, (6)

Substituting this relation into Eq. (1) we obtain the
simplified action

_ My
2

+ / d*x\/=gL,,, (7)

s / dxy/ZG(~R + RF(A)R + R¥ g(A)R.y)

where we have defined F(A) = f(A) — % A" with #M?
being a linear combination of M? and M3. For cosmologi-
cal backgrounds, the Riemann tensor does not explicitly
contribute to the background evolution®; all the dynamical
information can be encoded in nonlocal terms constructed
out of Ricci scalars and Ricci tensors only.

The RF(A)R part of Eq. (7) has been extensively studied
the literature for several choices of F(A) and A
[12,15,26-28]. In this work we concentrate on the phe-
nomenological consequences of the tensorial structure
R g(A)R 5. In particular, we consider the action

*Note however that it contributes at the level of perturbations.

043539-2



INSTABILITIES IN TENSORIAL NONLOCAL GRAVITY
4 M 1 pap
d X/ — + ?RaﬂA R%
+/d4x\/ _gﬁmv (8)
with

A=m*+ o0+ P + B1R,VVF + RO
+7(ViR )V, )

and a;, ay, By, Ba, v, m constant parameters. Up to the m*
term, the differential operator (9) is the most general fourth-
order operator containing at least one covariant derivative
acting on the function following it. This choice of operator
has a special physical motivation in the celebrated con-
formal anomaly [29,30], in which quantum effects break
the conformal symmetry of massless fields coupled to
gravity. In this case the trace of the energy-momentum
tensor receives a nonvanishing contribution from the
counterterms introduced by renormalization. The form of
this contribution is highly nontrivial and depends on the
particle content. In four dimensions, the effective action
induced by the conformal anomaly is given by [30]

1 2
SA = —§/d4X\/—g<E—§DR>AZI

2
x [1/ (E - §DR) 2bcﬂmﬂ] (10)
where E = Rﬁmﬁ 4R}, + R* is the Gauss-Bonnet term,
Croop = Roop — 2R5, + R?/3 is the square of the Weyl

tensor, b and b’ are numbers that depend on the particle
content of the theory, and A, is defined as
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Ay =07+ 2R, VoVF — gRD += (VaRaﬂ)vﬂ. (11)

This operator is just a particular case of the operator (9)
with m=0, a; =0, ;, =1, B, =2, p, =-2/3 and
y=2/37

The equations of motion associated to the nonlocal
action (8) can be obtained by following a standard
procedure for the study of nonlocal theories. We localize
the action by introducing two auxiliary fields S, and K,
defined as solutions of the differential equations

ASaﬂ - R(l/}’? DS(I[)’ - Ka/)v. (12)

After variation of our nonlocal action (8) with respect to
the metric g,, and taking into account the identity
S(ATH) = =ATIS(A)A™! (see Refs. [25,31] for details)
we get the modified Einstein equations

1

Ra/} ZgaﬂR (Ta/} + T ) (13)

MPI

where T4 is the energy-momentum tensor associated to the
matter Lagrangian £,,, which is by construction covariantly
conserved, V7% = 0. The interaction term 7 arises from

the variation of the nonlocal term R,3A~'R* and can be
naturally split into six pieces,

N gNLO N | pNLR) | pNLG) | N L)
N = + TV + 1o + T+ T T,
(14)

where we have defined

U o) _ 1 v
WTaﬂ 2 W/S gaﬂ ZRﬁS”ﬂ - DSa/; - gaﬂvﬂv,,S" + 2VMV0,S”, (15)
1
T To =~ gaﬁv SNS,, — VoSV, — 25V, V,S, 5 + 254V, V ;5" (16)
g
1
- ZVﬂS’“’V{,SﬁD + 2VDSZV/}S’Z + EgaﬂS"”V,,V”SW, (17)
1 NL(2)
mTaﬁ = ZKﬂyVﬂvaS’”’ + ZVaS’“’VﬂKﬂD —_ ZVﬂS’”’VaKﬂD —_ ZSMDVMvaKﬂD
a
— 2KMV VS, — 2V, 8,V KH + 2V, 85V K™ + 28,V ,V K
1 1
- ZVaS””VﬂKM,, + gaﬂVUS’“’V"KW + EgaﬁS/‘”D .+ 2ga/3K CIsH (18)

*Note that even though the form of the operator (9) is motivated by the form of the conformal anomaly operator A4, the action (1)

considered in this paper is not of the form of the action (10).
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= 2RV, VS, + 2R3,V 1S, VOS* + 2R 3,0,V VOSH + 2R, 5"V, V7S,

1 1 1
+ =Ry V,S"V°S,, + 2 R, zS*UIS,, — 3 VoV, (8¥V4V,S,,) = 2R SV, V7S,

1
- (VGRaa)(S/wVﬁSW) + 5 (vﬂRaﬁ)(SﬂuvaSﬂy)1 (19)

1 1
-+ Ega/;ngS’”V”SW -+ Ega[)'RS’wDSyU + gaﬂD(SIWDSIw> - Vavﬁ(S””DSW), (20)

1
I
2ﬁ1M af
2
1 1
- zgaﬁV"VT(S””VUV,SW) + SWSﬁ(V"V’RM) ) VoV,(§*V,V,S,,)
1
5 DSV, VpS,) = RugVpS" VS, = 2V, R)(S:V,S)
- 2(vuRaa)(Sﬂyv6S/Jv) + 2(vuRﬁG)(SauVUSW) + 2(vﬂRu0)v6(SavSZ’)
L N _ o v v v v
AR Toy'Y = SYORSs, — RSYTS,, + S5V, VRS + V,RS“V, Sy, — V,RS“V,S,
— SRV, V,Sp, — $"V, VRS, — VRSV, S
+ VRS, VoS + RSp,V, VoS — VyRSWV,S,, + Rop(S*S,,)
Lo L 95"k, 5,,) — LV, (3R ;S
W ap =§ga/3 r( c yv)_i r( ap /41/)

+ (VR VsS,,) + S(V4R V7S,

1 1
+ Evavavﬂ(sﬂyvgs;w) - Egaﬁvovrvg(sﬂyvfsﬂb) - VU(SOWSI/J}(VMR#U))’ (21)

with M* = %MZM%].

1L R, AR COSMOLOGY

Finding exact solutions for the complicated set of equa-
tions derived in the previous section is certainly not an
easy task. In what follows, we adopt the approach of Ref. [20]
and assume that the energy density contributed by nonlocal
effects is subdominant, so that we have the standard
radiation- and matter-dominated eras (Ty/} <K Tup). We
investigate the stability of various regions of parameter
space, defined as the presence or absence of growing modes
in the energy density contributed by the nonlocal interactions.

We assume @; = m = 0, which allows us to find certain
analytic solutions. We have carried out a preliminary
numerical study for nonvanishing values of @; and m
and found that the inclusion of these parameters does not
significantly modify the results presented below. A full
numerical study of the parameter space is beyond the scope
of this work.

A. Radiation-dominated era

During radiation domination, the Ricci scalar is O and the
terms proportional to R[] and (V°R,,)V" in Eq. (9) vanish
(the latter due to the Bianchi identity). On top of that, the
symmetry of the FLRW metric (4) allows us to reduce

the tensor §,, in Eq. (12) to a simple diagonal form,
Sy, = diag(S;, =S,, =S, =S,), that depends on two (homo-
geneous) scalar functions S; and S,. Taking into account
these simplifications, the set of equations (12) can be
rewritten as

S — 60,87 + 38,5 — 11, 8" + (60, — 95,)S",
4a*
Qo

+8(f) —4my)S. = (22)

aS® — 6a,SB) + (36, + 5a,)S" + (12a, — 96,)S_ = 0,

(23)
where /= d/dN denotes derivatives with respect to the
number of e-folds N, Q) is the current value of the critical

radiation density, and we have defined two dimensionless
variables

S, = (S 4+ $)H, S_=(S;-35)H;, (24

in terms of the Hubble parameter today, H3 = H?a*/Qg.
Note that for a, = 0, the fourth-order differential equa-
tions (22) and (23) reduce to second-order differential
equations admitting the simple solution
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3 . 1 /5 1 /5
S, =a2|c;sin 3 glna + ¢, cos 3 glna

a*

+ —5,319% ) (25)

1
S_ :§c~1a3 +Z‘2, (26)

where ¢y, ¢,, ¢, and ¢, are integration constants to be fixed
by initial conditions. In the general case a, # 0, the
solution of Egs. (22) and (23) is

S, =a’l? <c1a‘q- + cpat- + cza7% + cpat
52
_ Oa—) (27)
Qg (24a, = 5p1)
2a3/2—y/2 _ 2a3/2+y/2 1

Cq —+ 3+y C~2+§C~3a3+54, (28)

3-y

where

/49, — 66, F 2/ (e, — ;) (120, — 1)

q )
¥ 21 es)
V25a, — 12
y= M’ (29)
V&
and c¢; and ¢; (i = 1, ...,4) are integration constants. Note

that in both cases the leading contributions in S, S_ at
large values of the scale factor a take the power-law forms

S. ~ Ad, S_ ~ Ba®, (30)
with A and B being positive constants related only to the
model parameters {a,. 5, }, and A and B coefficients keeping
track of the integration constants ¢; and ¢; (i =1,...,4),
i.e., keeping track of the initial conditions. Inserting
these asymptotic expressions into Eq. (14) and
comparing the result with the standard form 7%=
diag(pne,—pPNL.—PaL.—Pni) for a perfect fluid, we can
derive approximate expressions at the lowest order in Q) for
the nonlocal energy density py;, and the nonlocal equation
of state wy;. = pni/pn during radiation domination,

paL R =3MAQY(A(A +4)a** + B(B+ 1)),  (31)

1(A=1A(A+4)a** +B(B>—1)a®*
Wy N — = =
T3 A(A+4) a1 B(B+1)ab

(32)

The behavior of wy; at large values of a depends on the
relation between A and B, i.e., on the precise choice of
the model parameters {a,, #, }. For B < A, the equation of
state asymptotically approaches wy; = —%(A — 1), while
for B > A itinstead evolves towards wy, = —4%(B —1). Note
that, contrary to the nonlocal energy density py;, the asym-
ptotic values of wyy, do not depend on the initial conditions.
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FIG. 1. Functional behavior of the nonlocal energy density pyp.
versus the number of e-folds N during radiation domination
for an operator A = o[+ m* and different values of m. All
quantities are expressed in units with Hy = 1. Note that the
dimensionful parameter «; is not an independent parameter:
together with M, it fixes the amplitude of nonlocal effects and
does not modify the dynamics. In this plot, we set M = H,, and
a; = H3. The late-time evolution of the nonlocal energy density
develops a damped oscillatory pattern in the vicinity of N =0
when our radiation-domination ansatz for the scale factor a is no
longer applicable. The average of this quantity over an oscillation
period scales as a8, i.e., faster than the radiation fluid (pg ~ a™).
A similar damping during radiation domination would require
values of m comparable to the Hubble rate during that era.

For a, = 0 we have A = 4 and B = 3 [cf. Egs. (25) and
(26)]. These asymptotic values translate into a constant
nonlocal energy density pN; and a cosmological-
constantlike equation of state wy = —1. Therefore,
nonlocal contributions with a, = 0 can in principle lead
to a viable cosmology, as long as the radiation energy density
is dominant over pyy, for the entire radiation-dominated era.’

The situation changes completely in the a, # 0 case.
Demanding the absence of a growing mode in Eq. (31)
imposes A, B < 4. By considering Eqgs. (27) and (29) with
the restriction B < 4, we get the constraints

25
ay > 0, [}1 (S [O,Eaz] . (33)

Unfortunately, these two conditions are never satisfied for
A < 4. Indeed, a simple inspection of Eq. (27) shows that
in order to keep A <4 we must have g, +3/2 <4 and
q_+3/2<4, or equivalently #; <24/5a, and 5, >24/5a,,
in clear contradiction with each other and with (33).
The growing modes become rapidly dominant unless the
prefactor of the nonlocal contribution in the action is
largely suppressed.’

®Note that this conclusion holds only for a; = 0. As shown in
Ref. [20], the a; # 0 scenario contains growing modes and leads
to an unstable cosmology.

Note that instabilities associated with tensorial structures
appear also in ultraviolet extensions of general relativity. In the
case of Starobinsky inflation, the problem of instabilities coming
from the tensorial components is addressed by introducing a
hierarchy between energy scales of the R? and R, R*" terms [32].
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This conclusion does not seem to be modified for an
operator A = a;[] + m* with values of m and a; of order
H, and H%, respectively. As shown in Fig. 1, the evolution
of the nonlocal energy density in this case develops a
damped oscillatory pattern in the vicinity of N = 0, when
our radiation-domination ansatz for the scale factor a
is no longer applicable. A similar damping during radiation
domination would require values of m comparable to the
Hubble rate at that era.

B. Matter-dominated era

Can the instabilities generated during radiation domina-
tion be suppressed during the subsequent evolution of the
Universe? To answer this question we study the behavior
of a subdominant nonlocal tensorial contribution during
matter domination (py; > pyp). Taking into account the
definitions in (24) (with H} = H?a®/QY,), we can write
the differential equations in (12) as

40,8 — 120,58 + 6, 8" — T30, 8" — 12,5,
—38,.(961 — 6y —41la, +6p,)

12a3

+168. (31 + 7oy +6f2) =5 (34)
M

PHYSICAL REVIEW D 95, 043539 (2017)

4
§a2S<_4) — 40,83 — (3o, — 23, + 4p,)S"

443

- (9,61 - 6}/ - 9(12 + 6ﬂ2)S/_ - —Q—O, (35)
M

with Q), being the critical matter density today. As in the
case of radiation domination, if we choose @, = 0, then
Egs. (34) and (35) are reduced from fourth-order to second-
order differential equations. These equations can be solved
analytically,

443
S, = + cyaP- + c,al+, 36
Q7B - 228, + 18y) ! ? (36)
4a’ ~ 2(ﬂ1 - 2ﬂ2) 5 ~
S_= +c a’ + ¢,
9QY (B +6B2—2r) 331 +2p—2y) ?
(37)

with

9By + 6, — 6y £ /=457 + 1085, (B, — v) + 54863 — T2p,y + 36y°
L=

3(3p, +2p, - 2y)

4(P1 —2p)

The detailed solution of Egs. (34) and (35) for the a, # 0
case is cumbersome and largely irrelevant for the following
discussion. On general grounds, the leading contributions
to S, and S_ at large values of the scale factor a can be
parametrized as®

$0ur results cover the tensorial action induced by the con-
formal anomaly and the extension of the Maggiore-Mancarella
model considered in Ref. [21]. For the parameters associated
to the conformal anomaly (a; =0, a, = 1, f; =2, p, = =2/3,
y = 2/3), one obtains

3 _1 — 1 — 1
S, =at <Cla WVIB-AVISS | o V1334V | iV 13344V385

1 eV 13344V385 _ 24°
4 9QOM )
243
1599,
while for the case Ax[1? (@ =p, =p=7=0, a, #0)
considered in Ref. [21] we find

- 2005 -
S_ :261a%+§c2a%+c3a+c4 -

1 V137 1
S+ — a—z(3+\/137) (czaT + c3a3 + C4a5(6+\/137)

305(154—@))

+C1—
4490,
2. 5. 2.5 ¢ . 36lna—44
S- =30 300 4 a4 & -

.y = (38)

2(p1 —2p)

10%¢

1024}

NL

SY 1022 L

1020}

FIG. 2. Functional behavior of the nonlocal energy density pyp.
versus the number of e-folds N during matter domination for an
operator A = a;[] 4+ m* and different values of m. All quantities
are expressed in units with Hy = 1. Note that the dimensionful
parameter a; is not an independent parameter. Together with M in
the action, it fixes the amplitude of nonlocal effects and does not
modify the dynamics. In this plot we set M = H,, and a; = H3.
The late-time evolution of the nonlocal energy density develops a
damped oscillatory pattern. The average of this quantity over an
oscillation period scales as a~, i.e., faster than the matter fluid
(py ~ a=>). Note that when m is of the order of the Hubble rate at
matter-radiation equality, this could alleviate the previous growth
during radiation domination.
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TABLE 1. Characteristic values of the nonlocal equation of
state wyy, during RD and MD when only one of the parameters in
the nonlocal operator (9) is different from 0. Note that the
operators associated to f, and y vanish exactly during radiation
domination. The values associated to the conformal anomaly
operator (11) are also presented.

Model WNL (RD) WNL (MD)

a; -1.25 —1.45

a -1.79 —2.45

P -1 -2

P2 0 -1

4 0 -1

m 5/3 1

VAVA —1.55 -1.92
S, ~Ca€,  S_mDd", (39)

with the positive constants C and D encoding information
about the model parameters, and the prefactors C and D
tracing the initial conditions. Note that the a®> dependence
of the source term in Eqgs. (34) and (35) forces C and D to
be asymptotically larger or equal to 3. Using Eq. (14), we
can derive the nonlocal energy density
4000 )2
pu N (cs 1 Fave), (40)
with E and F being some constants built from the free
parameters of the theory and the initial conditions. Since
the exponents C and D satisfy always the condition C,
D >3, we have either a constant or growing nonlocal
energy density pyi. Therefore, the instabilities arising
during radiation domination cannot be suppressed in the
matter-dominated era. Note that this result also holds for
the operator A = a,[J + m* with nonvanishing values of m
and a;, with numerical results presented in Fig. 2.

For the sake of completeness, we present in Table I the
asymptotic values of the nonlocal equation of state wyy,
when only one of the parameters in the operator (9) is
different from 0. The values associated to the conformal
anomaly operator (11) are also displayed. This helps us to
see in a qualitative way the contribution coming from the
different operators in (9) when the condition Ty < Ty is

satisfied.”

9Noge that this can always be achieved by fine-tuning the mass
scale M in Eq. (8).
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IV. CONCLUSIONS

In this paper, we have explored the stability of a general
class of tensorial nonlocal extensions of general relativity.
Our result is a direct answer to Ref. [20], where the authors
conjectured that the instabilities arising in the tensorial
R 5007 R model might be cured by a generalization of the
d’Alembertian operator to a;[] + m* or to the conformal
anomaly operator A\,. We have found that the growing
mode and the associated instabilities of tensorial nonlocal
models cannot be generically avoided by introducing the
most general nonlocal operator at second order in covariant
derivatives.

This conclusion holds also for a restricted version of the
operator, namely o]+ m*, if the scale m is chosen to
be of the order of the Hubble rate today. One could
alternatively consider scenarios in which m is comparable
to the Hubble rate at matter-radiation equality. In those
cases, an oscillatory pattern arises that could be compatible
with our requirement that the nonlocal contribution to the
cosmic expansion be subdominant to the matter contribu-
tion. This might give rise to phenomenologically interest-
ing features in the form of an oscillating early dark energy.

In the presence of growing modes, terms at higher and
higher order in curvature are expected to become relevant,
compromising the validity of the effective action (8).
Although one cannot exclude the possibility of some
cancellation mechanism among the various terms, a non-
perturbative study within the effective nonlocal theory is
quite difficult. We believe that the instabilities associated to
tensorial nonlocalities should instead be addressed in the
framework of local field theories by considering mecha-
nisms able to generate well-behaved nonlocal actions in the
infrared.
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