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We consider deep inelastic scattering thought experiments in unitary conformal field theories. We
explore the implications of the standard dispersion relations for the operator product expansion data. We
derive positivity constraints on the operator product expansion coefficients of minimal-twist operators of
even spin s > 2. In the case of s = 2, when the leading-twist operator is the stress tensor, we reproduce the
Hofman-Maldacena bounds. For s > 2, the bounds are new.
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I. INTRODUCTION AND SUMMARY

Conformal field theories (CFTs) in d spacetime dimen-
sions are described first and foremost by correlation
functions of local operators. The operator product expan-
sion (OPE) fixes these in terms of the spectrum of local
operators and their three-point functions. Conformal sym-
metry determines the three-point functions up to a set of
numbers. The spectrum of unitary CFTs is constrained by
unitarity bounds, which follow from the operator-state
correspondence and the requirement that states have
positive norm [1-3]. There are, however, less obvious
bounds coming from, for example, positivity of energy
correlators [4], deep inelastic scattering sum rules [5,6], and
causality [7].

In the case of energy correlators [4], one demands
positivity of the energy flux at infinity integrated over all
times. In the simplest case of a state created by a local
operator with a given momentum, this leads to new con-
straints on the three-point functions of operators with spin
and the stress-energy tensor of the type (O} . 7,0, ..)-
The positivity of the integrated energy flux is a plausible
assumption, but one may wonder whether there is an
independent argument for it. There have been a couple of
proposals in the literature. In Ref. [8], the energy flux
positivity has been derived from nontrivial assumptions
about the OPE and the spectrum of nonlocal operators.
Understanding the properties of these nonlocal operators
and their OPE in unitary CFTs is an open problem. Another
proposal has been put forward in Ref. [9], where the
OPE of two stress-energy tensors has been extrapolated
beyond the region of its validity to argue the energy flux
positivity.

In Refs. [5,6], it was shown that by considering a
setup where a particle with spin is scattered off a
massive state, one can relate (using the optical theorem)
the positivity of the inclusive cross section (unitarity
requires the cross section to be positive) with the OPE
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data, thereby placing constraints on the latter." This
leads to the convexity property of the minimal-twist
operators which appear in the OPE of two Hermitian-
conjugate operators. In this paper, we use a similar deep
inelastic scattering (DIS) setup to derive the positivity of
the energy flux and related constraints on the OPE data
for operators with spin. The idea of using DIS together
with scale invariance is not new—for an example, see
Ref. [10]. We also discuss how to formulate the DIS
experiment purely in a CFT without considering a flow
to a gapped phase.

The results of our paper can be summarized as positivity
constraints on the coefficients of the operator product
expansion2

O}.O./‘Nzat,mo‘r*.x""”, (11)

where O  is the minimal-twist operator of even spin s (the
twist is defined as 7 = A — s where A is the conformal
dimension and s is the spin), the index m refers to the
different tensor structures which appear in the DIS sum
rules, and the dots stand for the contribution of higher-twist
operators. Then, the coefficients aj ,, satisfy the following
conditions:

a;mZO, m:O,...,j,

* *
as,ml as,mz 2 07

m],m2:(),...,j. (12)

"The assumption in Ref. [6] involves the existence of a relevant
operator which induces a renormalization group flow terminating
in a gapped phase; the scattering experiment involves the lightest
particle in that gapped theory. Here, we will argue that this
additional structure is not necessary.

2Three-point functions of operators with spin were analyzed in
Ref. [11]. aj,, are certain linear combinations of the structures
from that paper as explained in detail in the main body of the
present paper.

© 2017 American Physical Society
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In the case of s =2, the bounds above (1.2) are the
familiar Hofman-Maldacena bounds [4,12] because the
minimal-twist spin-2 operator is always a stress tensor.

In fact, we can obtain more general bounds by consid-
ering a four-point function of the type

<ojo,o;o;>. (1.3)
As before, we denote the minimal-twist operators which
appear in the expansion of the correlator (1.3) in the
s-channel by O, ; and the corresponding OPE coefficients
by aj,, and aj,,. Then, a more general set of constraints
derived from DIS can be formulated as

my = 0, ,j
(1.4)

% _ .
agm, asm, = 0, m =0,..., 7],

In the course of deriving the DIS sum rules, we assumed
a certain behavior for the scattering amplitudes in the
Regge limit. This translates into the lowest-spin s, for
which we can trust the sum rules. Thus, strictly speaking,
our argument implies (1.4) only for s > s., where s, is
some unknown number which depends both on the theory
and the external operators. However, when the external
operators are energy-momentum tensors, then there is
evidence that s. =2. We will discuss this point in
detail below.

The ideas explained here have various applications for
holographic theories, but we will pursue them elsewhere
[13]. One simple example that makes contact with
Refs. [7,14] is to consider a quartic scalar coupling in
the bulk ~A(9¢)*. Denote the operator dual to ¢ by O. The
interaction ~A(Op)* shifts the dimension of the spin-2
operator 09,0,0 to 2 + 2Ap — 4. Therefore, convexity is
obeyed only if 4 > 0, as demanded by causality in the
bulk [15].

The rest of the paper is organized as follows. In Sec. II,
we consider the DIS experiment with gravitons and derive
constraints on the OPE coefficients of two stress tensors in
a unitary CFT. In Sec. III, we generalize these consider-
ations to the case of generic operators. In Sec. IV, we derive
a relation between the bounds obtained from the positivity
of the energy flux and the DIS experiment. In Sec. V, we
comment on how one can set up the DIS experiment
without flowing to the gapped phase. Many technical
details are collected in the Appendixes.

I1. DEEP INELASTIC SCATERING

Deep inelastic scattering probes the internal structure of
matter. The scattering process consists of bombarding a
target with a highly energetic quantum and examining the
final state. DIS was first used to probe the structure of
hadronic particles. The setup is depicted in Fig. 1. A lepton
emits a virtual photon which strikes a hadron. In principle,
to investigate the structure of the target | P), one may shoot
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FIG. 1. A lepton emits a virtual photon which strikes a hadron.
The hadron breaks up into a complicated final state.

different particles at it. A natural choice is particles which
couple to conserved currents. The options depend on the
theory, and the symmetries it preserves. A universal choice
to consider is the graviton. We can couple the stress-energy
tensor of the theory to the background graviton and perform
the DIS experiment. More generally, we can couple a
source to any operator of the theory.

We also have to specify the state |P). For that, we
imagine that our theory is gapped, and we denote with |P)
the lightest, massive, one-particle state in the system which
we assume to be a scalar.

In the standard treatment of DIS, one can relate the deep
Euclidean (i.e., ultraviolet) data to the positive-definite total
cross section using dispersion relations. While our presen-
tation is aimed at being self-contained, one can consult, for
instance, the reviews [16,17].

It was already demonstrated in Refs. [5,6] that the ideas
of DIS can lead to nontrivial consequences for unitary
CFTs. There, it was argued that the minimal twist of
operators which appear in the OPE of Hermitian conjugate
operators is a monotonic, nonconcave function of spin
starting from some s > s..

In what follows, we will discuss the DIS experiment with
gravitons and restrict to the case of a scalar target | P). Later,
we will argue that it is not necessary to make this series of
assumptions. Meanwhile, we make these assumptions in
order to simplify the presentation.

A. DIS experiment with gravitons

Let us consider the DIS experiment for the case of the
stress-energy tensor operator 7, (x). A background graviton
89,,,(x) couples to the theory via ~ [ d?xT"(x)8g,, (x). We
imagine that some physical particle emits an off-shell
graviton which strikes a state of the theory. So we have
in mind the setup of Fig. 1, only with the photon replaced by
the graviton.

A useful intermediate object to consider is the “DIS
amplitude.” For that, we imagine an exclusive process,

065011-2
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FIG. 2. The deep inelastic scattering amplitude. d¢g* stands for a
virtual graviton with momentum g,,.

where the graviton strikes the state | P) and the out states are
again a graviton (with the same polarization and momen-
tum) and the same initial state, (P|. This is depicted
in Fig. 2.

The amplitude for the “graviton-DIS” process depicted
in Fig. 2 is given by

A(q,uPu)=/d“ye‘i"y(PT(T(S*,y)T(€’0))|P>, (2.1)

where the momentum of the target |P) is denoted by P,;
T(e,y) =T,,(y)e", and € is a polarization tensor (e* is
the conjugate polarization tensor). We can shift ¢ —
e" + gI" 4 g#1¥ with arbitrary [*. This would not affect
the two-point function in the vacuum because of energy-
momentum conservation. But here we are dealing with a
two-point function in a nontrivial state so contact terms
may contribute. We therefore do not impose €.g = 0.
However, note that if we were to take e ~ n**, then we
would be studying the scattering of the conformal mode of
the metric, i.e., the dilaton. These scattering amplitudes are
suppressed at large g because the trace of the energy-
momentum tensor vanishes in a conformal field theory. We
therefore take the tensor €/* to be traceless.

We imagine a general massive (nonconformal, gapped)
theory, in which the lightest state is |P). The above
amplitude depends on the mass scales of the theory, on
the polarization ¢*, and on two kinematical invariants, i.e.,

&
2q.P°

study the amplitude for fixed spacelike momentum g> > 0.
Since |P) is the lightest particle of the theory (which we
assume to be a scalar for simplicity), the above amplitude
will have a branch cut discontinuity for -1 <x <1, as
depicted in Fig. 3. The optical theorem relates the dis-
continuity across the cut in the x plane to the square of the
forward amplitude, which is positive definite.

For large (compared to the mass scale) and spacelike
g*> > 0, we can compute the DIS amplitude (2.1) with the
help of the OPE, which is determined in the ultraviolet
conformal field theory. The resulting expression is a series
expansion around x — oo, valid for fixed and large ¢*> > 0.

g% and x = We promote x to a complex variable and

PHYSICAL REVIEW D 95, 065011 (2017)
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FIG. 3. The analytic structure in the x plane.

To isolate the coefficient of the sth power of x in the
expansion, one computes the “s-moment” defined as
us(q?) = ¢ dxx*"1A(x,¢*). As long as the amplitude
vanishes sufficiently quickly for small x, we can pull the
contour from infinity to the branch cut and write

fdxxs_l.A(x, %) = 2/1 dxx*"'Im[A(x, ¢%)],  (2.2)
0

where we assumed that s is even. For odd s, the contri-
bution from the left and the right cuts cancel each other.
For (2.2) to be valid for all s > 2, we need to assume that

1in3A(q2,x) <x2 (2.3)
In general, we only know that A is bounded by some x " in

this limit. (This is discussed in Ref. [18]; for a recent
discussion and references, see also Ref. [19].) However,
there are some pieces of evidence that (2.3) indeed holds for
graviton deep inelastic scattering. One is that the convexity
theorems derived from it in Ref. [6] hold in all known
examples. The other piece of evidence is that, as we will
show below, by assuming (2.3), we get precisely the
bounds of Ref. [4] if we focus on s = 2. We will therefore
take (2.3) as an assumption in this section and revisit it in
the next section when we discuss more general DIS
gedanken expe11'ments.3
Unitarity implies

Im[A(x, ¢%)] > 0. (2.4)

which leads, via (2.2), to

3As mentioned in the Introduction, the bounds following from
s = 2 constrain the allowed effective theories in anti-de Sitter. For
example, the bound on the sign of A in the 1(0¢)* theory in anti-
de Sitter recently discussed in Refs. [7,14] immediately follows
from the convexity of anomalous dimensions, assuming the s = 2
sum rule converges.

065011-3
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j{dxxs_lA(x, q*) >0, (2.5)

imposing positivity relations on the coefficients of the OPE.
These constraints are in addition to the nonconcavity of the
minimal-twist function.

B. OPE in DIS kinematics

Our objective is to evaluate (2.1) with the help of the
OPE and investigate the positivity constraints one obtains
from (2.5). We start with the operator product expansion for
two energy-momentum tensors,

T(e*.y)T(e.0)= > S " (y.een)O) 4 (0),

s=024... «

(2.6)

where s denotes the spin of the operator and o labels
operators of the same spin. Actually, there could be
operators in other representations in (2.6), for example,
operators in mixed symmetric-antisymmetric representa-
tions (see, e.g., Ref. [20]). Since we are ultimately
interested in using the OPE to evaluate (2.1), we can
|

(Ti.{’) -2d) [A ()

a)

+ a§-2((6*)Klkzyklykz)(el]hyilyiz)yy] Y, (y2>—2 4. .]’

agg (€*.€)yy,---yu +a
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ignore the representations which have some of their indices
antisymmetrized because the corresponding expectation
values in the (scalar) state |P) vanish. For a similar reason,
we do not include descendants in (2.6); they give a
vanishing contribution because 9, (P|O(x)|P) = 0.

For the operators (’),(fl',),z.% in the even s symmetric
traceless representation which appear in the OPE (2.6), the

expectation values of OF), , in the state |P) are para-
metrized as

(P|O}),.., (0)|P) = BP, P

i Puy Py =0

s (2.7)
where the BE(I) are some dimensionful coefficients and the
dots stand for trace terms (terms involving the metric
tensor), which we will not need to specify. For example, in
the case of the stress tensor expectation value in a one-
particle state, we famously have 217"

<P|Tﬂlﬂ2(0)|P> = Plllpﬂz'

(2.8)

Therefore, the corresponding coefficient By is determined
to be 1.

Conformal symmetry fixes the form of the leading OPE
coefficients for small enough y to be’

(e €)™YV - (V)

(2.9)

where the dots denote terms which contain polarization tensors with noncontracted indices as well as terms subleading in
powers of y. Both of these will turn out to be subleading in the kinematics we are considering.
We now substitute (2.9) in (2.1) and take the Fourier transform, leading to

-A(q;upu) =

s=0.24,... «a

Y Yo <a§f’33§“> <i§q.p

em) (agg B\ <i§.P)‘ - traces> F9) + -
‘ 7 5

>S - traces)fgf’g(q)

0 0 a) pla

9 9 .. \( 9O 0
- (5q“ dq* () ) <3qk‘ dq*

L0\ a
<za—q .P> - traces)fg’l)(q)

(2.10)

Here, the functions f(g")l(q) are Fourier transformations of the “Feynman” propagators, defined as follows,

fg(‘;)/l(q) — /ddye—iq)'(yQ + ig)%1£a>_d_m,

o)

(2.11)

and “traces” stands for terms of the form P!(P. )= (% : a_aq)” and 2 < 2n < s. We will soon see that these terms are

q
negligible in the limit we consider.

“We normalize the one-particle states as follows: (P'|P) = (27r)"‘1E1;6<d‘1>(i" -P).

5 * L x * Ak Ak
Here, ¢*.¢ = ¢;5e™ and (e*.€)™ = ejfe™.
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At this point, it is convenient to express the amplitude in

. . . . 2
terms of the kinematical invariants, ¢°, x = 2;137. We are
interested in the regime of large spacelike ¢> > 0, but we
work to all orders in x. Therefore, for a given power of x,

we keep only the leading terms in the limit g*> — co. We
obtain

A x) = D (@) /20 e e)?
s
* Ak
Y (@) R
s

(e*)"%q; q;,€%q, 4y,
(4%)? ’

where 7 ; denotes the twist of the minimal-twist operator
which contributes to the corresponding polarization tensor
structure. A priori we do not have to impose 7 ; = 77, but
generically we do expect this to be the case since there is no
symmetry principle that sets some of the tensor structures to
zero. Below, we assume that

x (2.12)

Thom = Ths (2.13)
unless stated otherwise.’

The trace terms have been consistently neglected by
invoking the monotonicity of the twists [6]. Similarly, one
can verify that terms containing e.P are irrelevant for our
consideration’ Among the set of operators of a given spin s,
only the one with the smallest twist, 7}, has been retained in

(2.12). The corresponding coefficients, Cj ,,, are given by

*—d
. Ire~“+m-+s
C;,m — ri—d=2m 4§ ( 2 )

F(m + 2d;r§)

(2.14)

* ok
Bsas,mv

which can be derived using the Fourier transform (2.11).
Explicit expressions for the a , in terms of the 4y ,, which
appear in (2.10) are given in Appendix A.

®0One may worry that the large momentum limit of the DIS
amplitude is not correctly captured by the Fourier transform of
the OPE [22,23]. We expect this issue not to be relevant here,
because the terms which dominate over the Fourier transform of
the OPE in the large momentum limit come from “semilocal
terms” [23] in position space. It would be interesting to show that
this is indeed the case.

Both €.P and trace terms behave like x”~* with m > 0 for
small x. As a result, they only contribute to (2.5) for spins s’ < s.
Their contribution behaves like g=>% (or higher power) in the
large ¢ limit. However, the fact that the twist is a monotonically
increasing function of the spin [6], namely that 7, > 7, implies
that it is subleading compared to the contribution q_ZT:’ coming
from the leading-twist operator in the s" sector.

PHYSICAL REVIEW D 95, 065011 (2017)

As long as we can deform the contour in the complex
plane as explained above (2.2), we can substitute (2.12) into
(2.5) to obtain various positivity relations as required by
unitarity, i.e.,

C,>0, m=012. (2.15)

These three inequalities for each spin are achieved by
judicious choices of the polarization tensor. First, we
choose a convenient reference frame for the spacelike
momentum ¢* = (0,0, ...,0,k). We then organize the
polarization tensor €, according to its properties under
the subgroup of rotations which leave ¢* invariant. There
are three possibilities, and each produces a single
constraint:

(i) We can take ¢y =€ =1 and let all the other
components vanish. Then, only the first line in
(2.12) remains.

(11) We take €g1 — €190 = 61(d_1> = €(d—1)1 = 1, and all
the other components vanish. Only the second line in
(2.12) remains nonzero.

(i) We take €y = €(g-1)(a-1) = €0(d-1) = €(@-1)0 = 1
with the rest of the components set to zero. In this
case, only the last line in (2.12) is nonvanishing.

It is instructive to consider in detail the case s = 2. In this
case, the operator of the smallest twist is none other but
the stress-energy tensor. Unitarity sets a lower bound on the
twist of all spin-s operators 7, > d —2 (and when the
inequality is saturated, we get a conserved current) [1,3].
Hence, the energy-momentum tensor is the minimal-twist
operator with s = 2 unless the theory has more than one
conserved spin-2 current. For the energy-momentum ten-
sor, we know from (2.8) that By = 1. It follows that (2.15)
directly imposes bounds on the OPE coefficients of
the CFT.

Remarkably, these bounds coincide with the energy flux
constraints obtained in Ref. [4]. To make this explicit, we
should relate the ay , to the independent OPE coefficients
of TT ~ T using the formalism of Refs. [11,24]. A similar
computation in d = 4 was done in Ref. [9]. For generic d,
we get®

d(2b—c) +a(d* +4d - 4)
arg = — s~ ~n, =0,
4(=2b—c(1+d)+a(-6+d+ d?))

1a(d? + 6d—8) — b(2 — 3d) — 2dc

=R 2b—c(l+d) +al@+d-6) =0
I dd=2)(4a+2b—c) o
ars = —=— ~ng >0,
27 3 (a(d+d—6)—2b—c(1+d) =
(2.16)

¥See Appendix B for details on the derivation of these
constraints.
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where (a, b, c) denote the parameters which determine
the three-point function of the stress-energy tensor in
the notations of Ref. [24] and (n,,n;,n,) in the basis
of structures generated by free field theories [12].
Equation (2.16) holds in any d > 4. In d =4, it yields
the familiar expressions in four dimensions [4].

In d =3 dimensions, there are only two independent
conformal free theories (those of free scalars and of free
fermions), and the number of independent parameters in the
three-point function of the stress-energy tensor is accord-
ingly reduced to two. In this case, explicit computation
leads to two constraints n, > 0, ny > 0.

Deep inelastic scattering allows for a clean separation
between infrared physics and ultraviolet physics. This is a
key ingredient in our arguments. In Ref. [9], an attempt to
use the OPE beyond its regime of validity has been
discussed. We are circumventing this conceptual difficulty
by the DIS analysis, which relates ultraviolet and infrared
data by a contour argument.

Let us now discuss the case of higher spins, s > 2. As
explained in Refs. [6,27,28], in this case, d —2 <7} <
2(d - 2), and because of this, the ratio of gamma functions
that appears in Cj ,, is positive definite. For spins s > 2, we
do not know the sign of B}, but we can still get some
mileage out the constraints above since B does not depend
on m. Assuming that for the minimal-twist operator B # 0,
we get an infinite set of new bounds for unitary CFTs,

ay i Gem, 2 0.

s,my Ys,my =

(2.17)

This product appears naturally in the OPE of the four-
point function of stress-energy tensors. For this reason, it
seems reasonable to hope that the prediction (2.17) can be
tested in future studies of the conformal bootstrap for
operators with spin.

III. DEEP INELASTIC SCATTERING FOR
GENERIC OPERATORS

In the previous section, we considered the DIS of
gravitons which couple to the stress tensor 7,. One can
naturally generalize this to any source that couples to some
operator O; (e,x),lo which is a symmetric, traceless CFT
operator of spin j and conformal dimension A, that
satisfies the unitarity bound Ap — j > d — 2.

For a generic external operator O;(e,x), we do not
commit on the rate of the decay of the amplitude for small x
(except that it is bounded by some power). We will be more
precise about this issue below.

“Two out of the three structures in (2.12) yield n; > 0, and the
other one yields ny > 0. In three dimensions, an additional parity
odd structure in the three-point function of the stress-energy
tensor is allowed [25,26]. Here and in the rest of this paper, we
restrict the discussion to parity even structures.

"Here, O;(e,x) =0 (x)etr--+#i,

Hi---Hj

PHYSICAL REVIEW D 95, 065011 (2017)

The DIS amplitude of interest is

Aq.P) = / dlye e (PIT(O'(e.y)0,(€.0)|P).  (3.1)

It is convenient to choose the polarization tensor as
follows [11],

et = eM . e, (3.2)
where ¢ = 0. So, we consider

Oje.y) = Oa]maj(y)e“' . €%, (3.3)
By a straightforward generalization of the previous analy-
sis, we obtain an expression for the DIS amplitude (3.1) in
the limit of large g2,

A(q27x) _ Z(QZ)—T*/2+A0—d/2x—s

N

J * m m
x 3 Cr (e ey %, (3.4)
m=0 (C] )
where the constants are defined as Cj,, « aj,, B with a
proportionality coefficient derived from the Fourier
transform (we will give explicit expressions soon) and
the asterisk represents the lowest twist for each spin-s
operator in the OPE. Substituting (3.4) into (2.5) leads
(after appropriate choices of the polarization tensor)
to positivity constraints on the coefficients of the
expansion,
Cim >0, m=0,1,...,]. (3.5)
Focusing upon the stress-energy operator (s = 2) on the
right-hand side of (3.4), we find positivity requirements
for the OPE coefficients in unitary CFTs. There are in
total (j + 1) positivity conditions.

It is time to discuss to what extent we can trust (3.5) for
all s > 2. The validity of (2.5) is dependent upon the
behavior of the DIS amplitude for fixed ¢> and small x, or
equivalently, large v = 2P.q. If we assume

limA(g?, x) <x™V

x—0

(3.6)

for some integer N, the DIS sum rules and the bounds (3.5)
would be justified for s > N.

We can try to obtain some information about N indirectly
as follows. As previously mentioned, Cy,, is proportional
to the OPE coefficient times the expectation value B} up to
an overall number derived from a Fourier transform, as in
(2.11). For the case at hand, of generic external operators of
spin-j and conformal dimension A, the relevant Fourier
transform is

065011-6
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md/2+ 7% )2 — Ap — m)
F[—T*/z + A@ + m]
X (q2/4 _ ie)_T*/2+A(°+m_d/2.

/zi”l)/(z"‘”()/2 + ig)mBo—m —

(3.7)

The precise expression for C; , in terms of B} and the OPE
coefficients ajy, is

ﬂ%F[s—l—m+§+§—AO}
F[A@—I-m—%]

Csm =47 a:,mB: >

*

ﬁz—%+A0+m—d/2

(3.8)
and is obtained by differentiating (3.7) (s + 2m) times with
respect to g,. The ag, are specific linear combinations of
the position space aj ,, similarly to what happens in the
graviton DIS.

Let us consider now the case of the stress tensor
exchange, ie., 77 =d—2,5s = 2. In this case, By =1,
which leads to ar,, > 0 as long as the numerical factor in
(3.8) is positive definite. For 77, =d —2 and s = 2, the
arguments of the gamma functions in the numerator/
denominator of (3.8) are equal to d +m + 1 — Ap and
Ap+m+1—4d/2 respectively. The latter is positive
definite by unitarity, but the former is not necessarily
positive. We get that it is positive definite only for''

Ap<d+1. (3.9)

Equivalently, for Ay > d + 1, the Fourier transform
above is divergent, and we define it by an analytic
continuation. Assuming that the energy flux bounds still
hold, we would get an apparent contradiction for the A, for
which the ratio of the I'-functions changes sign (see
Appendix C for an explicit computation in the case of
scalar, external operators). We think that this signals
the need for subtraction in the sum rule.'”” We consider
the example of a free scalar field in Appendix D, where the
scenario just described is explicitly realized. Summarizing,
for generic operators of conformal dimension Ay and spin
j, we expect to trust the x sum rule and the derived
constraints (3.5), in the spin-s sector with s > s. > Ap—
e _d

5= —% is the first spin for which it holds

that s > Ap — 5 — &

where s,

"When (d — Ap + 1) is a negative integer, the Fourier trans-
form of the integral should be regulated by adding a local term to
cancel the I'-function pole. The result for the overall coefficient is
still a number of alternating sign.

It can be easily seen that doing subtractions in the x sum rule
used in the previous section automatically projects out all low-
spin operators from the OPE.
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IV. DIS VS ENERGY CORRELATOR: ARE THE
CONSTRAINTS ALWAYS EQUIVALENT?

In this section, we show that the constraints one gets from
the positivity of the energy flux in a state produced by a given
local operator O; of spin j imply the constraints obtained
from the DIS s = 2 sum rule. More precisely, for the case of
external operators which are conserved currents, we show
that the constraints derived from the DIS sum rule and those
obtained from the positivity of the energy correlators are
equivalent. On the other hand, for generic operators, the
energy correlators constraints are stronger than the ones
which follow from the DIS s = 2 sum rule. The bounds that
are associated to s > 2 in DIS do not follow in any simple
way from the positivity of the energy flux.

Consider now the energy flux operator, defined as in
Ref. [4],

(4.1)

r—00

E(n) = lim r?=2 /Oo dtTon'(t, rn'),

and n = (1,n), or equivalently one can define the calo-
rimeter operator in a manifestly covariant way [29]. The
expectation value of the energy flux on the state

10,(e. k) = / dlye™ 0 e x)l0).  (4.2)
obtained by acting with the operator O; carrying momen-

tum k on the vacuum, is fixed by rotational invariance up to
a few parameters;

(E(n))o.cy ~ (O;(e k) [E(n)]|O;(e. k))
kZ)A J

knd IZD"ﬂ

, (e .k) (e.k)”
(k)
(4.3)

Here, we imposed the transversality condition e.n = 0.
Notice that usually the polarization tensor is chosen such
that €.k = 0 (see, for example, Ref. [4]); however, for the
purpose of comparison with DIS, the choice above is more
convenient. Conformal invariance determines the three-
point correlation functions up to a few numbers, and thus
the D, can be expressed as linear combinations of those
numbers. Requiring positivity of the energy, (£(n)) > 0,
leads to (j + 1) linear constraints on the parameters D, > 0
or, equivalently, on the constants which determine the
three-point functions (OTO).

Below, we show that the constraints obtained from the
computation above in the e.n = 0 “gauge” are identical to
the ones derived from DIS, assuming that we can trust the
s = 2 dispersion relation integral.

A. Computing the energy correlator

€* ) T;w ()Cz) X
two-point  function

Consider the three-point function (OF(x;,
O(x3,€)). Together with the
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(OF(x,€")O(x,€)), it can be used to compute two objects:
the one-point energy correlator and the OPE coefficient in
O'(x,e)0(0,€) ~ C*(x,€)T,,(0). The latter is useful to
obtain the DIS constraints as discussed in the previous
sections. It was observed in Sec. II that in some cases, the
constraints obtained via the two methods coincide.

In this section, we show that the two always produce the
same constraints provided that e.n = 0. First, we consider
the energy correlator as defined in Ref. [29]. We will use
the formalism of Ref. [11] and restrict our discussion to
operators which are symmetric and traceless tensors. The
three-point function we are interested in is

<Oi‘- (x1,€)T(x2,71)O;(x3,€))
Saviveves

d+2 271—(d+2) a2
X2 X3 23

, (4.4)

where 7 = A + jand 2 = (1, —n) and the exponents v; and
h;; obey the following constraints:

V1 +/’l12+h13 :]-7
Uy + iy + hys =2,

v3+ 3+ hy = . (4.5)

So, different structures are labelled by the {15, h»3, b3 }. Of
course, on top of these constraints, one should impose the
conservation condition or—possibly—permutation sym-
metry. For our argument, imposing those is not necessary.

The method we are using is the one of Ref. [30]. The
relevant notation is introduced in Appendix E. We start by
expressing the energy correlator one-point function using
(4.1) and (4.4). We then take the limit for the stress tensor
approaching null infinity with the help of Appendix F. The
result can be expressed as follows,

va {3 Frhi £yhis £ hz%
Za{hlz hiz, h23}V1 V2 V3 H12 H13 H (4 6)
7_(dt2) di2 ’ :
(x21- ”) (x13) 7 (xp3.1)
where we introduced
* * x?
N X13.€°Xpp.n — € .n=3 N X13.1
Vl - - 5 V2 — ) 5
Xp3.1 XT3
XZ
N X(3.€X03.N — €.n 32
13-€X23 2
V3 = - )
X1p.1
7] _ i) % 2 *
Hy, =—¢"n Hy3 = €".exiy; — 2x13.€"x13.€,
H23 = —€.n (47)

Setting e.n = 0 leads to further simplifications. The three-
point function then reduces to

J * i—hy3 £yhis 2
(e*.x13€. x13)J 5 HE (x3.n)
E @(0,h13,0} d+2 2%2—(d-2) °

hy3=0 X122 Xp3.11 = X3

(4.8)
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Next, we integrate over the position of the detector
| d(x,.n). This boils down to the replacement (x,. n)~Tx

(x23.n) " = (x13.2)"@") in the formula above (see
Appendix F for the precise formula). Notice that after this
replacement, the dimensionality of the object (4.8)is (1+2A),
as it should be for a correlator which measures energy.

The final step in the computation of the energy correlator
is the Fourier transform, which implements the insertion of
an operator with a given momentum. This leads to the
following expression for the energy flux one-point function,

E oy~ [~ dss? [ dtrerit-ne
0

J j—h 2 fyh
8 2 =0 a{O,hH.O}(e*-xlSe'xle)] B (x13.n)° HYY >0,

z_d=2
(x%)f 2

(4.9)

where we ignored an overall positive constant. Recall that in
the formula above, the propagator is the Wightman one and
the integral has nonzero support only for (k — sn) timelike
and having positive energy. We will not need to compute this
integral explicitly.

B. Computation on the DIS side

Let us repeat the computation on the DIS side. We start
with the analysis of the OPE. The relevant formula is the
following [11]:

0(6*, x13)0(€, O)
~ O0(0,0,)t(x15, €, z, €)xj M TR IRER) g )

The polynomial #(x3,€*,z,¢€) is fixed by the three-point
function to be

) — Za{h[z,hn,hz;}(‘x%3)1;2+h]2+h23(_])vlJrv}

X13.2
X (e axpy)" ( : )
13

X (€.x13)" (6*.z)h‘2ﬁ]11§3 (z.€).

t(x13, €%, z,€

(4.11)

This leading contribution to the sum rules comes from the
term /1, = hy3 = 0 as explained before. ' Moreover, we are
interested in the case O(0,0,) — T,. For this case, we get

(PlO(e", x13)O(e, 0)|P)

P|T(0,0,)|P) < .
N% Z Q{0,1,5.0} (€*.xj36.x13)7 s
13) % hu=0

X (x13.2) 20", (4.12)

BThe 2A piece cancels when we divide by the two-point
functlon which is given by

)
"“Effectively, this is equ1va1ent to setting ¢*.P = ¢.P = 0.
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where ~ denotes that we neglected the contribution of all the
other operators present in the OPE. Now, it is trivial to act
with 0, which boils down to z — p,

(PlO(e", x13)O(e, 0)|P)
Zh]koa{omgo}(e Xp3€.x13) 7

(x13)%‘¥

(.X]3.P)2f{ilé3

(4.13)

Finally, we must take the Fourier transform with respect to
X13, which, assuming we can trust the dispersion integral,
leads to the following constraint,

/ d*xe~1ax

J ~h 2 ¢yh
8 2 im0 05{0,;113.0}(6*‘96136-35132)53 5 (x13.P) HY Y >0,

- _d2
(x%3)r 2

(4.14)

where ¢ is spacelike and x}; is the usual time-ordered
propagator.

C. Relation between energy correlators and DIS

We will now use the results of Secs. [IVA and IV B to
find a precise relation between the energy correlator and the
DIS amplitude. Combining Eqs. (4.9) and (4.14), we can
express the energy correlator one-point function as follows,

<S(n)>(9.€(q) ~ A dSSdIqu [AZ(q2’ €.q, p‘q)]q—»q—P;P—mn’
(4.15)

where A,(q?, €.q, P.q) is defined as the term in the full DIS
amplitude A(q?, €.q, p.q),

A c.q. P.q) = / diye=i (PIT(O,(¢".y)O, (€. 0))|P).
(4.16)

derived from the OPE coefficient of the stress-energy tensor
operator. Recall that we consider polarization tensors
satisfying e.n = 0.
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Equation (3.4) allows us to write A, (¢, €.q, P.q) in the
following form,

j
A(q eqpq 2Pq22q —l€ d—1+Aj—m
m=0
X Cr.n(26.9)™(2¢*.q)™ (€*.€))™™,

(4.17)

where the Fourier transform has been obtained following
the Feynmann -ie prescription. The coefficients Cr,, are
defined as

mF[ Ap+m+d+ }
[A0+m+1—d/2]
ﬂ:Ao+m+1—d,

CT,m = 4
(4.18)

where ar,, denote the constant OPE coefficients of the
energy-momentum tensor. Observe that the I'-function in
the denominator of (4.18) is positive definite by unitarity
but the one in the numerator is not necessarily positive
definite, as discussed in detail in Sec. III.

The energy flux expectation value in (4.15)depends on
Im 2 A, (g%, €.q. P.q), which is equal to

= (2P.9)*0(¢")0(—q?)

x> Crul2e.q)"2¢"q)"

m=0

IquAz(qz, €.4,p-q)

X 6*.€)j_m(—q2)_d_l+Aj_m,
(4.19)
where C’m are equal to

4Pt
[Ap+m+1—d/2l[Ap—m—d""

Crom= (4.20)

Note that the product of I'-functions appearing in éT,m is
not positive definite, either. For operators of spin j,
unitarity implies that Ap —m —d > (j — m) — 2, whereas
for scalars, i.e., j=m =0, unitarity leads to
Ap—d > —9—1. Substituting (4.19) into (4.15) yields

(En)) ~ Y~ Cul2e.9)"(26".q)" (¢*.€)7"(2n.q)>

x [ dss®?0(q° — 5)0(=(q" — 25q.n)) (= (¢ = 25g.n)) 2o~ 4="~!

r(d+3)

J 2 d+3
= 3" Ged)” (260 ) POl (L)

L(Ap—m+3)[[Ap+m+1-d/2]

(4.21)
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Positivity of (4.21) is equivalent to (j+ 1) positivity
relations, one for each value of m, obtained by appropri-
ately choosing the polarization tensors (¢*,¢). In other
words,

I'(d+3) >0
(Ap—m+3)[Ap+m+1-d/2] ~
(4.22)

>
E(n) > O¢)>amF

Notice, that the I'-functions in (4.22) are now positive
definite by unitarity, i.e.,

Ap>2d—-24+j>2d-2+m>m-3,

PHYSICAL REVIEW D 95, 065011 (2017)

E(n)>0%a, >0, m=0,1,....J. (4.24)

Equation (4.24) establishes the equivalence between the
constraints obtained from DIS and those derived from the
positivity of the energy correlators for a certain class of
transverse polarizations. This class of polarizations
exhausts all possible choices for conserved currents. A
generic operator, however, may also have longitudinal
polarizations. To examine in detail what happens for
generic operators, we consider below the case of a non-
conserved spin-1 current.

D. Nonconserved spin-1 current

Ap>d—-2+j>d2-m—1, (4.23) Let us consider the three-point function which involves
two operators of spin 1, with a generic twist. Its general
allowing us to write form is [31]
1
(O(x1,21)T(x2, 22)O(x3, 23)) = a2 21—(d+2) dio
X2 X3 X23
(d-2)%a, 2ViHy +2V3H;p + VoH ;3 | 2HpHy
V3H3 +———=(V3V,V; -V
X{a1 213 + ) 2ViVs—Va J—2 (d-27
V
—2(d-1)a;s (V%V1V3 + 72 [VoH i3+ ViHos + V3H12]> } (4.25)

Here, (z;,20,23) denote the correponding polarization
tensors. The coefficients a, and a3 are proportional to
the structures (JTJ) generated in the theory of a free boson
and free fermion respectively for conserved spin-1 current
J. We can compute the energy correlator as explained
above. Stress tensor Ward identities relate this three-point
function to the two-point function (O(z;,x;)O(z3,x3))
[24]. This can be translated into a relation between the
parameters (a;, a,,as) appearing in (4.25). To find this
relation, we require instead that the two-point function is
correctly reproduced after integrating the energy flux
correlator over the position of the detector. This leads to
the following constraint:

a; :—(A—d+1)(a2+a3). (426)
Notice that for A = d — 1, which corresponds to the case of
a conserved current, a; = 0, as it should (in this case, only
two independent structures are expected to appear). Re-
flection positivity of the two-point function then yields

<OO> ~ dy —+ as > 0. (427)

Computing the energy flux correlator after imposing
(4.26), and requiring it to be positive definite, results in the
following two conditions:

a2<0,
s @ (A+1)(2A+(d-2)(d-1))
T (A—d+1) 2A+d-2 ’
0220,
o 200—d+1)(a-1) (428)

20—d+1)(A—1)+dA“*

We should stress here that in deriving (4.28), we did not
require €.n = (. Notice that when A — d — 1, the solution
which corresponds to the first line of (4.28) disappears,
whereas the second line approaches the bounds of con-
served currents [4]. Indeed, for A = d — 1, we recover the
usual a, > 0 and a3 > 0 conditions.

On the other hand, we can compute the DIS bound or,
equivalently, restrict our consideration to €.n = 0 in the
energy correlator computation. The result is the same for
a, > 0, but for the other case, we get

a2<0,
a, 4A=1)+(d—4)(d-2)
A—dt1) 4 ‘

a3 > — (4.29)

It is easy to see that the bounds derived from the positivity
of the energy correlator are stronger than those obtained
from DIS, for any A > d — 1.
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E. Nonconserved spin-2 current

Similarly, we computed the energy correlator for a
generic nonconserved spin-2 current. There are six different
structures that appear in the three-point function. Matching
to the two-point function after integrating over the position
of the detector fixes one of the constants in terms of the
others. We again find that the constraints from the energy
correlator are stronger than the ones from DIS for non-
conserved spin-2 operator. In the limit A — d, the con-
straints derived from DIS become equivalent to those
required by the positivity of the energy correlator, as
predicted by the general argument above.

V. DIS IN A CFT

A consistent unitary CFT should produce correlation
functions that are reflection positive. As is often the case, itis
easier to analyze the constraints following from reflection
positivity in the Lorentzian signature. Obviously, these
constraints should hold independently of whether or not
the CFT admits an renormalization group flow to a gapped
phase. In this section, we reformulate the sum rules studied
in the previous sections purely in the CFT language. Instead
of a proton, we consider the state |P) defined as follows,

uwz/ﬂwwawm,

where O(x) is an arbitrary, scalar operator.

The expectation value of the stress-energy tensor on the
state |P) is determined by Lorentz invariance up to two
numbers,

(5.1)

<P|TW|P> =c PP, + Cznm,Pz, (5.2)

where c¢;, ¢, are some dimensionful coefficients.
Conformal invariance allows us to further express c, in
terms of ¢;. We will not consider the second term on the
right-hand side of (G2) since it belongs to the so-called
trace terms, the contribution to the OPE of which is
negligible for large, spacelike momentum. Instead, we
show in Appendix G that ¢, up to an overall divergent
term, is positive definite. The divergence can be easily

regularized; for example, we can imagine making the norm

.v2, +72

finite by considering ¢~ for the wave function.
We next consider the DIS amplitude defined as follows,

A(q?.€.q,P.q)

=/ﬂwwmﬂquqummn

:/%wwmnquqmmm
— (PIPYOIT(O,(e".y)O, (€. 0))[0)). (5.3)

where operators are ordered as written and 7 (...) stands for
time ordering.
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The imaginary part of (5.3) is positive definite. To see
this, recall that the imaginary part of the full correlator is
given by the positive-definite Wightman function and that
the imaginary part of the disconnected piece is independent

2
_ : . 2
of x = T and vanishes for spacelike ¢~.

Let us recall the analytic structure of A(g?, e.q, P.q). It
has discontinuities for (P + ¢)> <0 and (P —g)* < 0.
These can be rewritten as

1 1
- <xX< (5.4)
P2 P2 ’
1+ P 1+ rd
where x = %. We can then proceed as before. We have to

assume a certain behavior at infinity to use the dispersion
relations, but otherwise all the formulas are identical to the
ones in the previous sections. Formulated in this language,
B from Secs. II and III are simply proportional to the
corresponding three-point couplings. This is why (1.4)
follows.

VI. CONCLUSIONS

In this paper, we considered the DIS experiment in a
unitary CFT. The basic object under consideration is the
scattering amplitude (3.1). Using it, one can write the
standard sum rules (2.2) which relate the OPE data to
the integrated positive-definite cross section.

An interesting case to consider is the graviton DIS in a
CFT which flows to a gapped phase. In this case, the
structure of the amplitude is given by (2.12), and the
positivity of the cross section leads to the constraints (2.16)
which are the well-known Hofman-Maldacena constraints.
More general constraints exist in each even spin sector
(2.17). These can be therefore viewed as generalized
Hofman-Maldacena constraints.

We studied the general DIS experiment with some
spinning external operators and elucidated the relation
between the bounds produced by DIS and energy correlator
considerations. Our first conclusion is that the s = 2 DIS
bounds are equivalent to the energy flux constraints
computed for a subclass of polarization tensors. This
follows from the relation (4.15) which is the result of an
explicit computation.

Considering the DIS experiment which involves non-
conserved spin-1 and spin-2 currents, we found that,
generically, the constraints obtained from the energy
flux positivity are stronger than those coming from the
DIS s = 2 sum rule, as explained in Sec. 3. 4. The differ-
ence between the two methods disappears in the limit when
the operators become conserved. Understanding better the
origin of this difference is an important open problem.

Finally, we reformulated the DIS experiment purely in
CFT terms. The role of the DIS amplitude is played by the
four-point correlation function (5.3), with the particular
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ordering of operators and a special choice of external wave
functions. Positivity of the cross section translates to
positivity of the norm, and the usual problem with the
dominance of the unit operator does not appear because of
the choice of ordering and kinematics.

In writing the sum rules, we assumed a certain behavior
of the amplitude in the Regge limit. We expect that this
behavior depends both on the details of the theory and on
the properties of the operators involved. This can be easily
seen to be the case for the free scalar theory (see
Appendix D). In the bulk of the paper, we simply assumed
that we can write the sum rules and derived the conse-
quences. However, for the graviton DIS, it is legitimate
to assume that all the sum rules for s > 2 converge.
This produces various results that are satisfied in all the
examples known to us.

Our analysis indicates that there are infinitely more
constraints on the three-point function of spinning oper-
ators than have been known before. It would be very
interesting to see what can be learned about them using
other methods. These include integrability [32], numerical
[33] and analytic bootstrap [28], and casuality [7].

There are several directions in which our analysis can be
generalized. One direction involves considering operators
in generic representations of the Lorentz group both for the
probe operator and for the target, including the parity odd
structures in d = 3. One may also consider the odd spin
sum rules. In this case, the OPE data for the minimal-twist
odd spin operators are related to the difference of cross
sections of the type 6,, —0,; where 7 refers to an
antiparticle. This difference is not known to be positive
definite. The recent conjecture for bounds on the (JJJ)
three-point coupling put forward in Ref. [28], together with
the convergence of the s = 1 sum rule, would imply the
sign definiteness of (roughly) [ dx(c,, —0,;) >0. It
would be interesting to investigate this further.

Another interesting open avenue is bounding the non-
integrated expectation value of the stress tensor in a given
state and deriving the consequences for the OPE. In a
classical theory, the expectation value of the stress-energy
tensor is non-negative. In a quantum theory, however, the
expectation value can be locally negative, but as reviewed
in this paper, the integrated over time expectation value is
expected to be non-negative. A more refined version of
this statement is that there are bounds on how negative
the local expectation value of the stress tensor in a given
state could be [34,35]. This was recently discussed in
Refs. [36,37] and in Ref. [38] where bounds on the three-
point function of the stress tensor in a unitary four-
dimensional CFT were obtained. It would be interesting
to understand if these bounds could be strengthened and
what constraints on the spectrum and the three-point
functions of the CFT they imply.

One of the puzzling features of AdS/CFT is the
emergence of locality on the sub-anti-de Sitter scale. It
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is believed [39] that CFTs with large central charge N and a
large gap in the spectrum of higher-spin currents Ag,, > 1
are described at low energies by Einstein’s theory in
AdS,.; with all higher-derivative corrections suppressed
by the gap Agalp. Proving this using purely CFT methods
seems to be a necessary and important step in our under-
standing of the AdS/CFT correspondence and more gen-
erally quantum gravity. An even more ambitious goal is to
show that every theory with such properties is a string
theory. We hope that methods developed in this paper could
be useful to make progress in this direction.

In Ref. [40], it was shown, using bulk arguments, that
the picture described above follows from causality in the
case of the simplest possible observable, namely, the
graviton self-coupling. Showing this for all correlation
functions and using purely CFT methods is still an open
problem.
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APPENDIX A: RELATION BETWEEN ag,, AND
a;,, INTHE TT ~T OPE

In this Appendix, we present the relation between the
Fourier transformed OPE coefficients aj; and the coeffi-

cients a; ; which characterize the OPE in position space, as
defined in (2.9),

B 2a3,

0= P\ 0T o T 2d— ) 2d -7t +2))
. o an 4ag

as~1:_l4 as’l+m ’

ag, = i'ag,. (A1)
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APPENDIX B: DIS FOR THE STRESS-ENERGY
TENSOR OPERATOR

Here, we explicitly evaluate the ar,, and derive (2.16).
Our starting point is Eq. (6.38) of Ref. [24]. Requiring that
€2 = (¢*)? =e.P=¢".P =0 and neglecting trace terms
leads us to consider only the following terms from
Eq. (6.38) of Ref. [24]:

N d-2
A/lwzrpaﬂ(y>CT - ? (461 +2b - C)H(Iz/};ump(y>
da+b-c
+ T H{l/)’uy/m’ (.y)
2da+2b-c 4
—H . Bl
d(d _ 2) afuvop (y> ( )

Evaluating the Fourier transform together with the appro-
priate contractions yields

o€ € pPepp

26*.q 2 2€q 2
( ()zgz ) (2P-Q)2q_2
1 T

41 (e*.€)(2¢*.9)(2¢.q)
2T(d/2 + 1) e

a2
(€".€)*(2P.q)*q™*

/ ddye—iqye*,ye*,qu
1 ”11/2

T T8T(d/2+1)
d/2

(2P.q)*q™*

1 T
TAT(d2 4 1) (B2)

/ dlye e eV H?, el PAPP

afjpvop

a2 (e.€)(26".9)(2e.q)
- I'(d/2) q’

(2P.q)*q™*

/ddye_iqye*'”e**”Hiﬂnge"epPaPﬂ

2%/2

")

(e*.€)?(2P.q)*q>. (B3)

Collecting the appropriate factors from (B2)—(B3) leads
to (2.16).

APPENDIX C: SCALAR DIS

Here, we consider the simplest example of a DIS
experiment, where the external operator is a scalar.
Following Ref. [24], we consider

1
(T (x1)O(x2)O(x3)) = Wzﬂu.o‘p(xl;)tap(xu)’
12X53 X5

(C1)

where
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N
(O)00)) =35
Ly po(X)
<Tﬂu(x)Tpa<0)> = CT”X#
1 Mullps
Iﬂv,po‘ = E (I;m(x)lup(x) + Iﬂp(x)lua(x)) - %
X, X,
I/w = 77/41/ -2 ;2 (Cz)
and
A 1 N X
by = a(x,,xy —;l;y,w> X, = \/)% (C3)
and X;; is defined as
Xik  Xjk
X, =X, =-x_"J%
N . x%k sz'k
2
Xz,
X2 = Y
Y xzzkx?k
i=1,23,i#j,j#ki#k. (C4)

The three-point function (C1) in the limit y* = (x, —
x3)* = 0 yields

(T (x1)O(x) O(x3)) zyNOI”D’p‘;EZXB) <_)dtpa<)’)

xl3 yZA—d
- cpa<y>cTI””§+gf”) = Cu0)Cr
(-t (©s)
leading to
O()OWO) ~ -+ + Cu)T*(O) -, (C6)

where the dots represent the contributions of other oper-
ators in the OPE. We therefore express C,,(y) as follows:

a 1 1
Cu =~ 9,0, d
W) = {4(A—§—1)(A—‘21) Qe
A-d 1
- C7
n””d(A—é’)yA‘%} )

C,, does not contribute to conformal Ward identities as can
be immediately seen from Egs. (13.a) and (13.b) of
Ref. [24]. This is to be contrasted with the OPE coefficient
C,, in the OPE O(s)T,,(0) ~ C,,(s)O(0). In the latter
case, the conformal Ward identities relate the three-point
function coefficient a with the coefficient N of the two-
point function (O(x)O(0)) in (C2) as follows (see
Eq. (6.20) of Ref. [24]):
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dNA
—__7 "= C8
¢ (d-1)S, (C8)
For a unitary CFT, Eq. (C8) implies that a < 0.
To obtain the contribution of the stress-energy tensor in the scalar DIS amplitude A(x,q?) =
[ ddye=e*(P|O(y)O(0)|P), we simply need to take the Fourier transform of the OPE coefficient (C7), taking into
acount the expectation value of the stress-energy tensor and disregarding the trace terms. Explicitly, we have that

B a 1
TCT4(A

Alx.q*) = —d_1)(a-4

@ (24.P) , 1 227 0(d-A+1)
Cr N6 (A —d/2 + 1)
a nPH0(d-A+1),

I (q°/4 -
Cr al(A—dj2+1)

d) (Pq)2 / ddye—iqyy—Aer/ZJrl 4
2

— _ BT (q2/4 _ ie)A—d—l 4+

)A d+1 —2+ (Cg)

Notice that the sign of the term in (C9) is equal to the sign of the I'-function in the numerator. This is because a < 0 from the
Ward identities and Eq. (C8), By = 1, and unitarity requires that C;; > 0and A —d/2 + 1 > 0. Aslong as A < d + 1, the
I"-function is positive definite and the positivity constraints from DIS are trivially satisfied. On the other hand, when
A > d + 1, the Fourier integral is divergent, and the moments are not well defined. Naively applying the DIS positivity
relations (2.5) for this case would lead to inconsistencies due to the periodically alternating sign of the I'-function.

APPENDIX D: DIS IN THE FREE FIELD THEORY

Let us consider a free massless scalar ¢(x) and the DIS amplitude for ¢"*!(x),

. e—i(q—P)x+e—i(q+P)x

A(P.g) = / dxe 9 (Pl (1) (0)|P) = / i

(x> + ie)"5
) 2 D(§ - )
N P _ gyt P)2 _ je)ni4 2 2
[((q = P)* —ie)"=2 + ((q + P)* — ie)"= 2] r(n2)
) | M2\t 1 M "FE T(§-n%d)
=(q2)"¥—%’{<1_————is> +<1+————ie) }X27_2- (D1)
X q2 X q2 F(”%)

For the case at hand, 7 = d — 2, and we see that the
convergence of the sum rule goes in parallel with the
positivity of the I'-function.

We see explicitly what is happening in this example.
The amplitude has an imaginary part exactly where
T<x<(1
imaginary part is positive definite.

To write the dispersion relations, we have to explore the

expected, for —(l—jq”—zz) —A;’—;)‘l. Moreover, the

APPENDIX E: KINEMATICS OF THE

behavior at x — 0. The amplitude behaves as

A(P, q) ~ x~ ("), (D2)
and for the sum rule to converge, we thus get
d-2 d

The I'-function which appears in the Fourier transform of
the OPE that becomes negative has the argument

o (s-ar1-2=42))

THREE-POINT FUNCTIONS

Here, we collect some of the notation that we used in the
bulk of the paper:

= (1,n), i=(-1,n), xX.n = —t+Xx.n,
Xy ==t — )% + (% = X))%,
=== £ie) + (3 - X)),
—2P.P; = xlj, Z;.Z; = z;.2j, P;.Z; = x;;.z;.
(E1)

The conformal covariants, as defined in Ref. [11], are
given by
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2 2
V B V . Zl-P2P1~P3 —ZI.P3P1.P2 o xlz.Z1X13 —x13.z1x12
1 — Y123 — - = 2 s
P2.P3 x23
2 2
V _ V _ Z2.P3P2.P1 —Zz.Plpz.P3 _ _X23.22X12 +X12.Z2X23
2 2,31 PP 2 ’
1-173 13
2 2
VeeV i Z3.P|P3.P2 — Z3.P2P3.P] . .XQ3.Z3.X13 —X]3.Z3x23
3 — V3,12 — P, P - = B B
1-2 12

le = _Z(ZI-ZZPI-PZ - Zl.P2Z2.P1) = Zl’Z2X%2 — ZX12.ZIX12.ZQ,
H13 = —Z(ZI.Z3P1.P3 — ZI.P3Z3.P1) = Z1.Z3x%3 - 2X13.Z]X13.Z3,
H23 = —2(Z2.Z3P2.P3 - Z2.P3Z3.P2) = Z2.13x%3 - 2x23.12x23.z3. (EZ)

APPENDIX F: COMPUTING THE ENERGY CORRELATOR

To compute the energy correlator, we have to first take the limit lim, ;o (x.7) 4=2 of (4.4). Here, we write down some
useful formulas which allow us to analyze the limit easﬂy

lim x2, = —x,.iix .1, lim x3; = x;.7ixp3.1,

Xp.1—>00 Xy .1—00

. _ . I _

lim x,.2y = —zx,.72;.1, lim xp3.23 = = x,.7123.1,
X.7i—>00 2 X.7i—>00 2

lim x3.2; = xy3.24, lim xy3.23 = x3.23,
Xp.l1—00 Xp.1—00

lgm X23.20 = Xz.fl, hm X12.20 = —XZ.}TI, (Fl)
Xp.l1—>00 Xy .00

Using (F1), we find that the covariant structures of (E2) can be expressed in this limit as follows:

x2 2
_ X13.21 X121 — 3.0 = o, X(3.10 X13.23X03.1 — 23.n &
Vi— = Va = (0.i)2 =5, Vy—— 2,
x23‘n x]3 x12.n
=2 2 =2
H12 d —(Xz.n) Zp.n, H13 = Zl.Z3x13 - 2)613.Z1X13.Z3, H23 = —(Xz.n) Z3.1. (FZ)
Thus, in the limit, we get
1 1 1
—
2 N2, 9 7 D) 5 a2 d+2 442 _(d+2) di2
(¥12) = (xi3)™ = (x33) 2 (x.71) (x21.1)7 (x13)77 7 (x3.m)2
E (Z,-V Véz ngthththzz (_(xzﬁ)2)bz+h|2+h23 E aiV V;z V?thth”Hh” (F3)

1
(x2.)4

Notice that due to (E2), v, 4+ hjy + hy3 = 5, = 2, and the correlator has the expected asymptotic behavior

Gathering the results above, we conclude that after taking the limit, the correlator reduces to

Z Ay b3, hm}Vll ng V;’;thth]';thg

, (F4)

2 ;@)
(le.n)dy(x%) T (xp3.1

)M

where we introduced
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2

X
N X13.21X12.0 — 2.0} N
Vi=- , V, =
Xp3.1
_— __— N
Hy, = —z.n, H\3 = zy.25X%73 — 2X13.21X13.23,

For the integration over the position of the detector, recall
the following formula:

. 1 - 2ri Ia+b-1)
S = e T
(Fo)

APPENDIX G: POSITIVITY OF THE
EXPECTATION VALUE OF THE
STRESS-ENERGY TENSOR IN A CFT

Let us define a state |P) as follows,

P) = / dlxe P O(x)|0), (G1)
where O(x) is an arbitrary, scalar operator. The expectation
value of the stress-energy tensor on the state |[P) is
determined by Lorentz invariance up to two numbers,

<P|Tﬂ1/|P> = CIPﬂPu + Czﬂ,wpz’ (GZ)

where ¢;, and ¢, are some dimensionful coefficients.
Conformal invariance allows us to further express ¢, in terms
of c¢;. Here, we will not consider the second term on the right-
hand side of (G2) since it belongs to the so-called trace terms,
the contribution in the OPE of which is negligible for large,
spacelike momentum. We would like instead to determine
explicitly ¢; and show that, up to an overall divergent term
which can be easily regularized, it is positive definite.

To this end, we consider the following three-point
function in the CFT,

/ddxddyeip"e_ipy<0(y)Tﬂyn””DO(x)>7 (G3)

with n# some null vector and O(x) the scalar operator of
conformal dimension A associated to the state |P).
|

X13.1 A
=—5— \%

(v

PHYSICAL REVIEW D 95, 065011 (2017)
)CZ
— Z13
. X13.23Xp3.1 Z3.1 >
5 33— = )

2
xl3 X1p.1

I:Izg; = —Z3.n. (FS)

|
For convenience, will work in light-cone coordinates
with
ds? = —dxtdx™ + 8;;dx'dx’ (G4)

and choose n* = (0,1,0,...,0) so that we only need to
compute (P|T__|P). With this choice, we expect that
(P|T,,|P) = ci(P.n)* =5 (P")?, disregarding for the
moment possible divergences.

We start from the general form of the three-point
function of two scalar operators and the stress-energy
tensor, as given in (IIL. 1) of Ref. [24],

1
(O)T,(0)0(x)) = Wtﬂy(xzs), (G5)
where
U | N X
Lw(X) =a <xﬂxy - Zi"””)’ X, = \/—;_2 (G6)
X;; is defined as follows:
Xik  Xjk
Xij = —Xj =% 2,
’ oxg x;k
2
2 Aij C .
Xi=>5 i#j,j#kk#1 (G7)

XikXik

Note that the overall coefficient a is completely determined
by Ward identities (see Eq. (6.20) of Ref. [24]),

dNA
-—— <0, G8
[@-1)8; 9%)
with N the normalization constant of the two-point function
of O(x) and S, the volume of the d-dimensional sphere.
Using (G5)—(G7) leads to

+y2 — x+y2)26iP(x—y)

(PIT__|P) :% / dxdly

(yz + i€y0)g+1(x2 _ i€x0)d/2+1[(y _ x)2 + ie(yo _ xO)]A—d/ZJrl ’

(G9)

where the —ie presiption is the appropriate one for the Wightman correlator. We split the integral in (G9) into three separate
integrals by expanding the square in the numerator. Each integral is of the form

(y+x2)m (x+y2)f€iP(x—y)

1+(P) = / dxdy

where m,7 =0, 1,2 and m + ¢ = 2.

(7 + ey (2 = iea) Py = x)? + e — )84T

(G10)
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First, we express each factor in the denominator as follows:
i)2
SRR S () .
x*—ie=(x +16)< X +zi: p ze>
y2 +ie=(y* —l€<y +Z >

(y—x)? +ie = (y* — )( Vo +x +Z O = x) ) (G11)

+_ xt

Then, we introduce Schwinger parameters

d/2+1-m d/2+1—m
—_Yx - l€ —l—/ ds Sd/2 m —15] —x~ +Z ——16
I'd/2+1-m)Jy
A A e ey + 5 PP
—y ) + ie = L/ dszstzl/Z—felsz( y +Zi T )
I'd/24+1-=2)Jo
(y —x') S\ A-d/2+1 (_l-)A—d/2+1 /oo sap2, N +Z i
“Ta-ansn/ ¢ G12
(y +x~ +Z —x+ e TA—d2+1) ) 5353 ( )

and over (x~,y”) to obtain (27)%8(s; + 53— pt/2)8(=s, — 53 +p+/2)9(—— s3). The integration over (s, s,) then
becomes trivial; this amounts to setting s; = s, = P— — s3 and multiplying with an overall factor of (1/2)?>—note that the
integrations of the é-fucntions are from zero to 1nﬁn1ty.

In what follows, we find it convenient to keep the variables s; and s, and perform the relevant substitution later. The next
step is to perform the integration over the (x’) and then over the (y'). The former reads

d=2 i\2 i2 iy =2 (P'=2 :
, (2 NEY) . y'x T Doi(PT =253 +_x+)
dxt Pixi — -2 = — G13
/ <,~||1 x> exp (1 X —is = 3 + is3 o 1S3 77 (—iA)dEZ exp < —i 1A (G13)

and the latter reads

) 2 2 2 2 i
: iy 002 () 53 () Sy Y
/ (H dy’) exp (_lplyl + 15, 7 + 153 yh_xt IX(er —xt)? + lXP’ Yt —xt

d=2 i\2 S3 2
T Zi(P) (_] +A(y+;x+))
= e —i , Gl14
(-iB)'T Xp{ l 4B } (G14)
where
A _ S 83 . N 83 S% G15
:_x_++y+—x+’ B:y—++y+—x+_A(y+—x+)2' ( )

Next follows the integration over the variables x™, y™, i.e.,

- 1 —+2 _ _
(- AB) 7 exp {—i%z (%—h—l‘) - i%)ﬁr + i%y+}
/dx‘*dyJ“< (G16)

Xt + ie)d/2+1—f—m (yt — ie)d/2+1—m—f(y+ — - ie)A—d/Z—H :

A little bit of algebra combined with the substitution s; = s, = P— — 53 yields

Pt (B —sy) (-1 + ﬁ)z 1 20" —x")
_ap =5 oy 207 =xT) G17
2 xtyt B +A Pt (G17)
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which allows us to express (G10) as follows,

P\ [P)2 p+ df2-m—£+1
I, ,(P)=COl— / dss®=2 [ — — 5
’ 2 0 2

. p2
o =)

x [ dxtdy* ,
/ y (x+ + i€)2—f—m(y+ _ l'e)Z—f—m(er —xT = ie)A—d/ZJrl

where

Cc

P\ 1-d/2 ”Zi—m(_i)—erA—d/ZJrlﬂd—Z
<7) L(d/2+1-mIT(d/2+1-£)(A-d/2+1)

The integral over s is equal to

+ + d/2—m—£+1
/P /2 Jsshedf2 <P——s> /2—m
0 2

P\ A+2-m—¢ 1
<_) / duuA—d/Z(l _ u)d/2—m—f+1
2 0

P\ A+2-m—C D(A —d/2 4+ D)I(d)2 —m — £ +2)
<T> T(A—m—¢+3)

The integral over x™, y™ yields

. p2
o a0 =x")

+ v+
/dx dy (x+ + i€)2—f—m(y+ _ i€)2—f—m(y+ —xT = l'e)A—d/2+l l+m=2
27)2jA-d/2+1 p+ p2 P2\ A-d/2-1 (e
__@n)% ol P\ o( - _ / dur=4282(1 - u),
TA-d/2+1) \ 2 2P+ )\ 2P* 0

where we have isolated the divergent term in the dimensionless integral over u.
Gathering all the results, bearing in mind that Eq. (G9) can be written as

a
(PIT__[P) = (19 = 2111 + 2L02),

leads to

(PIT__|P) = a0 (P%) 6(-P2) (— P{) e (P%)z,

-1 1
_% (2ﬂ.d+2>2 d

where

T(d/2+ DI(d/2)T(A + DI(A—dj2 + 1) lims(e).

a:

Given that a < 0, for any unitary theory where A —d/2 + 1 > 0, a is positive definite.
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