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Chapter 1

Genus two curves with split
Jacobians

Throughout the thesis, by a variety over a fieldK we mean aK-scheme of finite
type, separated, and geometrically integral. By a curve we mean a variety of
dimension one and by a surface we mean a variety of dimension two. By an
abelian variety, we mean a complete group variety. In this chapter, unless
stated otherwise, by K we mean a field of char(K) 6= 2, by K we mean an
algebraic closure of K, and we assume that all varieties and morphisms are
defined over K. By a model of a curve, we mean a birational plane model.
This is in contrast with the second chapter, where a model of a curve is a type
of a fibred surface whose generic fibre is isomorphic to the curve.

1.1 Hyperelliptic curves

We recall some definitions and facts, referring to Chapter IV of [HAG] and
Chapter 7 of [Liu].

A hyperelliptic curve C is a smooth projective curve of genus g ≥ 2 that
is equipped with a finite separable morphism π : C → P1 of degree 2. In other
words, the curve C is a double cover of P1 and π is a 2-to-1 covering map; this
means that the corresponding function fields satisfy

[K(C) : π∗K(P1)] = 2.
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Chapter 1. Genus two curves with split Jacobians

Hence K(C) is of the form K(x, y), where y2 = h(x)y+ f(x) and f, h ∈ K[x].
Since char(K) 6= 2, we can complete the square and therefore assume, without
loss of generality, that y2 = f(x). Hence C admits an affine planar model given
by y2 = f(x). We can and do assume that this model is regular, i.e. that f
has distinct roots, because if y2 = g(x)2f(x), we can change the variables by
putting y = g(x)y′. In the affine model, the map π corresponds to (x, y) 7→ x
and induces an involution ι on C, which is given by ι : (x, y) 7→ (x,−y) and
is called the hyperelliptic involution. It is the unique involution, up to auto-
morphisms, with a quotient of genus zero and it corresponds to the generator
of Gal(K(C)/K(x)) ∼= Z/2Z.

The fixed (geometric) points of ι are the ramification points of π and are
called the Weierstraß points1 of C. They lie above the roots of f and possibly
also above ∞. Under our assumptions, the Hurwitz formula holds, i.e. the
canonical divisors KC and KP1 of C and P1, respectively, are related by the
linear equivalence

KC ∼ π∗(KP1) +R

where R is the ramification divisor of π. Note that every ramification index eP
such that eP > 1 necessarily equals 2 and, since char(K) 6= 2, all ramification
is tame. Therefore R = ∑

P∈C (eP − 1)P is the sum of the Weierstraß points.
Recall that KP1 ∼ −2∞ so that KC ∼ −2π∗(∞) + R. In case π does not
ramify above ∞, applying Riemann-Roch yields

degKC = 2g − 2 = −4 + degR = −4 + deg f

which means deg f = 2g + 2. If, on the other hand, π ramifies above ∞, then
Riemann-Roch yields

degKC = 2g − 2 = −4 + degR = −4 + deg f + 1

which means deg f = 2g + 1. To simplify, we introduce d = deg f if deg f is
even and d = deg f+1 if deg f is odd so that Riemann-Roch yields d = 2g+2.
In either case, the ramification divisor R consists of 2g + 2 distinct geometric
points. We will always assume that the degree of f is even so that ∞ is not a
branch point of π. If ∞ is a branch point, it is K-rational and we can apply
an automorphism of P1 to make sure that it is not a branch point in the new
coordinates.

1 More generally, a Weierstraß point of a smooth projective curve X of genus g (over an
algebraically closed field) is defined to be a point P ∈ X s.t. `(gP ) ≥ 2.
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1.1. Hyperelliptic curves

So far, we have only mentioned an affine model of a hyperelliptic curve C.
To build the actual curve C, it will not suffice to take the projective closure
of the affine model y2 = f(x) because it is not smooth at infinity. Instead, we
first observe that v2 = udf(u−1) is also a smooth affine model of C and we
glue the two affine models via (x, y) = (u−1, u−d/2v). Another way is to use
the functions x, y ∈ K(C) and embed C into Pg+1 via

P 7→ [1 : x(P ) : x2(P ) : · · · : xg(P ) : y(P )].

Every smooth projective curve of genus two is hyperelliptic. This follows
from Riemann-Roch because degKC = 2 = `(KC) implies that the canonical
map, defined by the linear system |KC |, is a 2-to-1 map from C to P1 (given
by P 7→ [1 : x(P )] for a non-constant x ∈ L(KC)). Curves of higher genera
are “generically” not hyperelliptic. One can see this by an argument based on
dimensions of moduli spaces. See also the remark below.

Remark 1.1 Most of the notions mentioned above are just as valid for curves
of genus 0 or 1 and some authors include them in the definition of hyperelliptic
curves. For a curve of genus 0 (resp. 1) in this context, we usually also assume
that it has at least one K-rational point so that it is isomorphic to P1 (resp. an
elliptic curve), whereas for curves of higher genera we make no such assump-
tion. Some authors define a hyperelliptic curve to be a smooth projective curve
that is a double cover of a smooth conic. Over an algebraically closed field,
this coincides with our definition for g ≥ 2. Under this definition, a smooth
projective curve C of genus g ≥ 2 is hyperelliptic if and only if the canonical
map to Pg−1 is not an embedding, in which case its image is a rational normal
curve. In other words, among smooth projective curves, hyperelliptic curves
of genus g ≥ 2 are characterized by the fact that their canonical divisor KC

is ample, but not very ample. Its ampleness is a consequence of Riemann-
Roch, since degKC = 2g − 2 > 0 under our assumptions. To see that it is
not very ample, we first note that, by Riemann-Roch and Proposition IV.3.1
of [HAG], the divisor KC is very ample if and only if `(P + Q) = 1 for any
two points P and Q. However, on hyperelliptic curves we have `(P +Q) = 2
for any two points P and Q in the same fibre of the 2-to-1 covering map. If
the canonical map sends two different points P and Q to the same image, then
by Riemann-Roch

`(P +Q) = `(KC − P −Q)− g + 3 = `(KC − P )− g + 3 = 2

and |P + Q| defines the 2-to-1 map. This map is unique up to actions of
automorphisms of P1 and C. When the canonical map is injective, it is also
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Chapter 1. Genus two curves with split Jacobians

E

πE

P1

Figure 1.1: A genus one curve as a double cover of the projective line with the
ramification points marked.

an embedding because we can take P = Q just as well. Moreover, 2KC is very
ample if and only if g ≥ 3 and 3KC is very ample if and only if g ≥ 2. See IV.3
and IV.5 in [HAG] and 7.4 in [Liu].

We depict finite separable coverings between curves with a diagram of the
kind that is shown in Fig. 1.1 above. In case the degree of the covering is
greater than 2, we depict only the fibres containing the ramification points,
denoting unramified points by , doubly ramified points by , triply ramified
points by etc.

Remark 1.2 The case of char(K) = 2 is excluded from the very beginning
because it allows for wild ramification of the covering map. That is to say
that char(K) divides the ramification indices of the Weierstraß points and
the multiplicity of each ramification point in the ramification divisor is ≥ eP .
In this setting, hyperelliptic curves are a special case of the so-called Artin-
Schreier curves, which are curves in characteristic p that are covers of P1 of
degree p. Such a curve C admits an affine model of the form yp − y = f(x)
where f ∈ K(x) is not of the form g(x)p − g(x) for any g ∈ K(x) and deg f is
coprime to p. Here deg f = deg f1 − deg f2 if f = f1/f2, with f1, f2 ∈ K[x],
in lowest terms. If (x, y) ∈ A2 satisfies yp − y = f(x), then so does (x, y + 1)
because (y+1)p−y−1 = yp−y = f(x). We therefore have an automorphism σ
of the curve, defined by σ(y) = y + 1, which is of order p. This implies
that Gal(K(C)/K(x)) is cyclic of order p. It also implies that the ramification
points can only occur above ∞ and the poles of f . The relation between f
and the genus of the curve is more complicated in this case and we omit it
here (see Lemma 2.2.3 in [Farn]).
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1.2. Curves of genus two covering curves of genus one

1.2 Curves of genus two covering curves of genus
one

Let C be a curve of genus two that covers a curve E of genus one via φ : C → E
of degree n. Let ι denote the hyperelliptic involution on C. Recall that we
had assumed that the curves and the maps are defined over a field K of
characteristic char(K) 6= 2.

Lemma 1.1 The hyperelliptic involution ι of C induces an involution of E,
also denoted by ι, such that φ commutes with the involutions and such that
the quotient E/ι is of genus zero. In particular, the map φ sends fixed points
on C to fixed points on E (under ι).

Proof Naturally, we make an argument over K. Let W ∈ C(K) be a Weier-
straß point. We embed C into its Jacobian via P 7→ [P − W ] and E into
its Jacobian via P 7→ [P − φ(W )]. The choice of the embedding guarantees
that ι on C is compatible with −1 ∈ Aut(Jac(C)), i.e. ι = −1 when restricted
to the image of C inside its Jacobian. The morphism φ induces a morph-
ism φ∗ between the Jacobians of the two curves and we have the following
commutative diagram:

C Jac(C)

E Jac(E)

φ φ∗

∼

(1.1)

Since −1E ◦ φ∗ = φ∗ ◦ (−1C) (φ∗ is a group morphism) and E ∼= Jac(E) (geo-
metrically), the involution on C induces an involution on E, that we also
denote by ι. The morphism φ clearly respects the involutions, therefore it
sends fixed points to fixed points, under ι. Furthermore, it induces a morph-
ism Jac(C)/−1 → Jac(E)/−1 that, when restricted to C, gives a morph-
ism f : C/ι → E/ι. Since C/ι is of genus zero, so is E/ι, and from the
construction it follows that f and the involutions are defined over K.

In view of the lemma, we have the following commutative diagram:

C E

C/ι E/ι

φ

πC πE

f

(1.2)
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Chapter 1. Genus two curves with split Jacobians

Remark 1.3 By our definition, we have C/ι ∼= P1 and since f is K-rational,
we also have E/ι ∼= P1. Some authors define a hyperelliptic curve more
generally by requiring only that C/ι is of genus zero.

We now consider, over K, the ramification of each map in diagram (1.2).
Let W1, . . . ,W6 denote the ramification points of πC and let T1, . . . , T4 de-
note the ramification points of πE , i.e. the points fixed by ι. Let w1, . . . , w6
and t1, . . . , t4 denote their respective images under the corresponding projec-
tion maps πC and πE . Lemma 1.1 tells us that φ({Wi}) ⊆ {Tj}. From the
commutativity of the diagram, we have deg f = deg φ = n and f({wi}) ⊆ {tj}.

Lemma 1.2 ([Kuhn]) With the notations as above, for every i ∈ {1, 2, . . . , 6}
the divisor f∗(∑4

j=1 tj) contains wi with odd multiplicity and any other points
with even multiplicity.

Proof We assume, without loss of generality, that

K(C) = K(x)[y]/(y2 − P (x))

for some P ∈ K[x] of degree 6, which is an extension of degree two of K(x),
the function field of the underlying projective line. Similarly, we assume

K(E) = K(t)[s]/(s2 −Q(t))

for some Q ∈ K[t] of degree 4, which is an extension of degree two of K(t),
the function field of the other underlying projective line, where t = f(x). We
may view all these fields as subfields of K(C). That being said, we observe
that the hyperelliptic involution ι fixes K(x) and K(t). Furthermore, we
have ι(y) = −y and ι(s) = −s, whence ι(s/y) = s/y. Being fixed by the
involution, s/y must be an element of K(x), say s/y = A(x)/B(x) for some
coprime A,B ∈ K[x]. This implies

Q(t) = s2 = y2A(x)2

B(x)2 = P (x)A(x)2

B(x)2 .

The roots of the right-hand side are exactly the points that lie above the tj ,
i.e. they are the roots of Q(t). Since P is square-free with wi as roots, we are
done.

Applying Riemann-Hurwitz to φ yields degRφ = 2, therefore either φ
doubly ramifies at two distinct points or it has one triple ramification point.
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1.2. Curves of genus two covering curves of genus one

We distinguish two cases – either this ramification occurs above some Tj (the
“special” case) or it does not (the “generic” case). As ι acts on Rφ, if there
are two distinct ramification points, they cannot lie above two distinct Tj .

In the generic case, the map πE ◦ φ = f ◦ πC ramifies at 4n double points
that lie above the Tj . Since πC ramifies at six double points, we have that f
ramifies at

1
2(4n− 6) = 2n− 3

double points above the tj , none of which is any of the wi. Applying Riemann-
Hurwitz to f yields degRf = 2n−2 which means that there is one more doubly
ramified point that does not lie above the tj . In the special case, all of the
ramification lies above the tj .

Since f is finite and between smooth varieties, it is flat and every fibre of f
has exactly n = deg f points over K, counting with multiplicities. More pre-
cisely, we have that f∗OC/ι is a locally freeOE/ι-module of rank n. Lemma 1.2
implies that above each tj there is an odd number of the wi if n is odd and an
even number of the wi if n is even, thus limiting the ramification of f above
the tj to four cases. This is by virtue of the simple fact that 6 has a unique
decomposition as a sum of four odd non-negative integers and exactly three
decompositions as a sum of four even non-negative integers. The four cases
are depicted in Fig. 1.2, where the unramified points, i.e. the wi, are denoted
by and doubly ramified points are denoted by .

Remark 1.4 From now on, we will assume that the points are indexed as in
Fig. 1.2. In the generic case, we will denote by t0 the image under f of the
ramification point that does not lie above {t1, t2, t3, t4}, and we will call special
the ramification point above t0 (in the generic case) and the ramification point
with ramification index ≥ 3 (in the special case).

Theorem 1.3 ([Kuhn]) Let i and j run through {1, . . . , 6} and {1, . . . , 4},
respectively. If φ : C → E is unramified above the Tj, then the ramification
of f : C/ι → E/ι consists of 2n − 3 doubly ramified points above the tj that
are distributed as in Fig. 1.2 and one other doubly ramified point that does not
lie above any of the tj. If φ ramifies above the Tj, then the entire ramification
of f occurs above the tj and its distribution is the same except that either:

(1) One of the wi has ramification index 3; or

(2) There is a unique point, not one of the wi, with ramification index 4.

7



Chapter 1. Genus two curves with split Jacobians

Corollary 1.4 The point t4 is K-rational. Consequently, so is T4.

Proof We again assume, without loss of generality, that even degree mod-
els are given for both curves. First we observe that the divisors w1 + · · ·+ w6
and t1 + · · ·+ t4 are K-rational because they correspond to roots of polynomi-
als with K-rational coefficients. That is to say that the absolute Galois action
permutes {w1, . . . , w6} and it also permutes {t1, t2, t3, t4}. Moreover, the ab-
solute Galois action permutes the fibres of f because this map is K-rational
and therefore commutes with Gal(K/K). In particular, the absolute Galois
group Gal(K/K) permutes the four fibres of f above {t1, t2, t3, t4}.

Suppose n is odd. Let w1, w2, w3 be the three points above t4. Since the
fibre f−1(t4) is the only fibre with three of the wi, it must be that the absolute
Galois action permutes {w1, w2, w3}, i.e. w1 + w2 + w3 is K-rational. Hence
its image under f , namely t4, is K-rational.

Suppose n is even. We consider each case separately. In case (1), we have
that t1+t2+t3 is the image of w1+· · ·+w6 under f and is thereforeK-rational,
which implies that t4 is K-rational. In case (2), the argument is analogous
to the one above, for odd n, and shows that t4 and t3 are K-rational. In
case (3), the K-rationality of t4 is immediate as t4 is the image of w1 + · · ·+w6
under f .

Corollary 1.5 The special ramification point of the map f is K-rational.
Consequently, so is its image under f .

Proof In the generic case, the fibre f−1(t0) is the unique one containing a
single ramification point and none of the wi. In the special case, the special
point is the unique point with ramification index ≥ 3. Thus the absolute
Galois action fixes the special point in both cases.

Remark 1.5 Given that the highest possible ramification index is 4, wild
ramification of f can only occur if char(K) ∈ {2, 3}. We always assume that
this is not the case so that the ramification is tame.

Remark 1.6 Corollary 1.4 shows that the covering φ : C → E induces a
structure of an elliptic curve on E where T4 is the identity element of the
group structure.
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1.2. Curves of genus two covering curves of genus one

. . . .

. . . .

. . . .

f

t1 t2 t3 t4

odd degree

. . . .

. . . .

. . . .

. . . .

f

t1 t2 t3 t4

even degree, case (1)

. . . .

. . . .

. . . .

. . . .

. . . .

f

t1 t2 t3 t4

even degree, case (2)

. . . .

. . . .

. . . .

f

t1 t2 t3 t4

even degree, case (3)

Figure 1.2: Generic picture of the possible ramification of f above the tj .
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Chapter 1. Genus two curves with split Jacobians

Example 1.1 If deg f = 2, only case (1) can occur (Fig. 1.3).

w1 w3 w5

w2 w4 w6

f

t1 t2 t3t0 t4

Figure 1.3: Ramification of f when deg f = 2.

Example 1.2 If deg f = 3, there are two possible cases (Fig. 1.4).

f

t0 t1 t2 t3 t4

generic case

f

t1 t2 t3 t4

special case

Figure 1.4: Ramification of f when deg f = 3.

Proposition 1.1 A given finite separable map f : P1 → P1 with ramification
as described in Theorem 1.3 lifts to a finite separable map φ : C → E that
makes the diagram (1.2) commute. Moreover, the curves C and E are unique
up to isomorphisms and the map φ is unique up to compositions with auto-
morphisms.
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1.3. Optimal coverings

Proof Let w1, . . . , w6 and t1, . . . , t4 be the geometric points defined by rami-
fication of f as in Fig. 1.2 (with the analogous definition for the special case).
Let B1 = w1 + · · ·+w6 and let B2 = t1 + · · ·+ t4. By the above argument, the
ramification behaviour of f implies K-rationality of B1 and B2. Therefore B1
corresponds to O(6) ∈ Pic(P1) ∼= Z and B2 corresponds to O(4) ∈ Pic(P1).
Both are uniquely divisible by two and are therefore respectively branch di-
visors of 2-to-1 separable coverings πC : C → P1 and πE : E → P1 (see §I.17
in [B-H-P-V], for example), where C is a curve of genus two and E is a curve
of genus one, by Riemann-Hurwitz. Since B1 is contained in f∗B2, we have
an injection O(B1) ↪→ O(f∗B2) and, by the functoriality of the constructions,
this gives the desired covering φ : C → E.

Remark 1.7 Note that, in the previous proposition, if deg f /∈ {2, 5}, then
the ramification of f implies that t4 is K-rational and therefore E is elliptic
with T4 as the identity, where T4 is the point whose image is t4 under πE .
If deg f ∈ {2, 5}, then f∗(t4) and f∗(t0) have the same ramification indices for
their points.

1.3 Optimal coverings

Definition 1.1 Let C be a curve of genus two and let E be an elliptic curve.
We say that a covering map φ : C → E is optimal2 if whenever there exists
another elliptic curve E′ such that φ decomposes (over K) as

C E

E′

φ

η

then η : E′ → E is an isomorphism. In other words, if φ factors through an
isogeny, then the isogeny is trivial.

Definition 1.2 Let λA : A→ A∨ and λB : B → B∨ be polarizations of abelian
varieties. Let ϕ : A → B be an isogeny and let ϕ∨ denote the dual isogeny.

2 Some authors use the term maximal or minimal.
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Chapter 1. Genus two curves with split Jacobians

We say that the isogeny ϕ is polarized with respect to λA and λB if the
following diagram commutes:

A A∨

B B∨

λA

ϕ

λB

ϕ∨

The central claim of the following lemma is well known, but here we give
a complete formal proof.

Lemma 1.6 Let C be a curve of genus two and let φ : C → E be an optimal
covering of an elliptic curve E with deg φ = n. Then there exists an elliptic
curve Ẽ, an optimal covering φ̃ : C → Ẽ, and an isogeny ϕ : E× Ẽ → Jac(C),
possibly after extending the base field, such that:

(1) deg φ̃ = n;

(2) ϕ = φ∗ + φ̃∗;

(3) degϕ = n2;

(4) Ker(ϕ) ∼= E[n] ∼= Ẽ[n];

(5) ϕ is polarized with respect to the polarizations [n] ◦ λΘ of E × Ẽ and λC
of Jac(C), where λΘ and λC denote the usual principal polarizations,
respectively induced by L (Θ) and L (C), and Θ := {0E}×Ẽ+E×{0

Ẽ
}.

Proof Let D be a geometric divisor of degree 1 on C that is invariant under
the hyperelliptic involution. We embed C into Jac(C) via ε : P 7→ [P − D].
We consider all schemes over the extended base K. Recalling that E ∼= Jac(E)
and denoting K := Ker(φ∗), we consider the following exact sequence of com-
mutative group schemes:

0 K Jac(C) E 0 .φ∗ (1.3)

Note that dimK = 1 because φ∗ is surjective, but not an isogeny. Let K0
denote the connected component of the identity of K. We claim that K = K0,
i.e. K is connected.

12



1.3. Optimal coverings

To see this, consider the following commutative exact diagram in the cat-
egory of commutative finite type group schemes over K:

0

0 0 Ker(γ)

0 K0 Jac(C) F 0

0 K Jac(C) E 0

G 0 0

0

γ

φ∗
(1.4)

where F := Jac(C)/K0 and G := K/K0. The map γ : F → E is the in-
duced map and the unlabeled arrows denote the canonical inclusions and quo-
tients. Note that G is finite and that F is connected, being a quotient of the
connected Jac(C). Since our category is abelian (see [SGA3] exposé VIA,
Thm 5.4.2), the Snake Lemma gives an isomorphism Ker(γ) ∼= G. Since γ
is surjective and has a finite kernel, it is an isogeny (see 8.1. in [Miln1]).
Restricting to ε(C) ⊂ Jac(C), we see that φ factors as

C E

F

φ

γ

However, by our optimality assumption, it must be that γ is an isomorphism.
Therefore G is trivial and K = K0, making K an elliptic curve. We accordingly
adopt a new notation for it, namely Ẽ.

13



Chapter 1. Genus two curves with split Jacobians

Consider now, in the category of abelian varieties, the exact sequence

0 Ẽ∨ Jac(C)∨ E∨ 0 ,η φ∗ (1.5)

that is dual to the sequence (1.3). Using the fact that elliptic curves are
canonically isomorphic to their Jacobians and that Jacobians are canonically
self-dual (see §6 in [Miln2]), we can write

Ẽ Jac(C)

C

η

ε

and define φ̃ : C → Ẽ as the composition η ◦ ε. Since Ker(φ̃∗) = E is connected,
it follows that φ̃ is likewise optimal. Thus the curve C is a degree n cover of
both E and Ẽ, and the latter two are complementary in the sense that one
is the quotient of Jac(C) by the other. That is to say that the following two
sequences

0 E Jac(C) Ẽ 0φ∗ φ̃∗ (1.6)

0 Ẽ Jac(C) E 0φ̃∗ φ∗ (1.7)
are exact.

Now let ϕ : E × Ẽ → Jac(C) denote the map φ∗ + φ̃∗. By the exactness
of the sequences and the fact that φ∗ and φ̃∗ are embeddings into Jac(C), we
have

Ker(ϕ) ∼= φ∗(E) ∩ φ̃∗(Ẽ)
= Im(φ∗) ∩Ker(φ∗)
∼= Ker(φ∗ ◦ φ∗)
= Ker([n])
= E[n].

In particular, we have that degϕ = n2. The same argument also shows
that Ker(ϕ) ∼= Ẽ[n]. Since Ker(ϕ) is finite, we have that ϕ is an isogeny
of abelian surfaces and we have the following exact sequence:

0 Ker(ϕ) E × Ẽ Jac(C) 0.ϕ

14



1.3. Optimal coverings

It is now clear that the two diagrams

E × Ẽ (E × Ẽ)∨

Jac(C) Jac(C)∨

[n] ◦ λΘ

φ∗+φ̃∗

λC
∼

λΘ ◦ (φ∗,φ̃∗) ◦ λ−1
C

(1.8)

Jac(C) Jac(C)∨

E × Ẽ (E × Ẽ)∨

[n] ◦ λC

(φ∗,φ̃∗)

λΘ
∼

λC ◦ (φ∗+φ̃∗) ◦ λ−1
Θ

(1.9)

are commutative, so that ϕ and its dual ϕ∨ are polarized. This completes the
proof.

By abuse of notation, we also denote by ι the involution on Ẽ induced by
the hyperelliptic involution on C.

Definition 1.3 We say that Ẽ, φ̃, and f̃ are complementary to E, φ, and f ,
respectively.

Definition 1.4 A Jacobian Jac(C) of a genus two curve C is said to be split
if it is isogenous to a product E× Ẽ of two elliptic curves; more specifically, if
the isogeny is induced by an optimal covering C → E of degree n, then Jac(C)
is said to be (n, n)-split.

Remark 1.8 The curve Ẽ is defined over K, given that C, E, and φ are. The
extension of the base field is only required to define the divisor D. If D is
rational over the base field, then so are all the constructions that follow. In
view of Lemma 1.6, we say that Jac(C) can be obtained by “gluing together”
the two elliptic curves along their n-torsion. Moreover, as we shall see later,
the induced isomorphism E[n] ∼= Ẽ[n] inverts the Weil pairing (Lemma 1.14).

1.3.1 The Weil pairing on the 2-torsion

The cases of odd and even degree of an optimal covering φ : C → E differ in one
other important aspect. Since T1, T2, T3, T4 ∈ E(K) are the 2-torsion points
on E, they are in the kernel Ker(ϕ) ∼= E[n] of the isogeny ϕ : E × Ẽ → Jac(C)
if and only if the degree n is even.
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Chapter 1. Genus two curves with split Jacobians

Let (i, j) := [Wi − Wj ] = [Wj − Wi] for 1 ≤ i < j ≤ 6, denote the 15
distinct linear equivalence classes that are the points of order two on Jac(C).
Then for distinct indices i, j, k, l,m, n, in the group structure of Jac(C) we
have

(i, j) + (i, j) = 0, (i, j) + (k, l) = (m,n), (i, j) + (i, k) = (j, k),

and the Weil pairing on Jac(C)[2] is given by (see [Tata1] and [Tata2]):

e2((i, j), (i, j)) = 1, e2((i, j), (k, l)) = 1, e2((i, j), (i, k)) = −1. (1.10)

1.3.2 Optimal coverings of odd degree

We have established that when the degree of φ : C → E is odd, there is
a unique ramification point on E denoted by T4 such that exactly three of
the Wi, that we index as W1,W2,W3, lie above it. Moreover, the point T4
is K-rational. Likewise, the points w1, w2, w3 map to the K-rational t4 ∈ P1

under the induced f . Both w1 + w2 + w3 and W1 +W2 +W3 are K-rational.
Thus we can and do assume that C is given by a model y2 = P (x)Q(x),
where P,Q ∈ K[x] are cubics with roots {w1, w2, w3} and {w4, w5, w6}, re-
spectively. Since the canonical divisor KC ∼ 2Wi is K-rational, so is the di-
visor W1 −W2 +W3. Moreover, the latter determines a unique linear equival-
ence class [Wi −Wj +Wk] for {i, j, k} = {1, 2, 3} or {4, 5, 6}. Thus φ induces
a canonical K-rational embedding C ↪→ Jac(C), given by

P 7→ [P −W1 +W2 −W3], (1.11)

which is compatible with the canonical isomorphism E ∼= Jac(E), that is given
by P 7→ [P − T4], and the involutions. Therefore we still have (1.1) and we
could have assumed this embedding a priori.

Theorem 1.7 ([Kuhn]) In the case of optimal coverings of odd degree, the
roles of the divisors w1 +w2 +w3 and w4 +w5 +w6 are exchanged between the
two complementary maps f and f̃ . We have f∗(w1 +w2 +w3) = πE∗(0E) and
f̃∗(w4+w5+w6) = π

Ẽ∗(0Ẽ), and hence also f∗(w4+w5+w6) = πE∗(E[2]\{0E})
and f̃∗(w1 + w2 + w3) = π

Ẽ∗(Ẽ[2] \ {0
Ẽ
}), where the identity element 0E is

given by T4.
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1.3. Optimal coverings

Proof Note that under the canonical embedding (1.11), a Weierstraß pointWi

maps to (j, k) for {i, j, k} = {1, 2, 3} or {4, 5, 6}. Since the degree is odd, the
isogeny ϕ = φ∗ + φ̃∗ induces an isomorphism of the 2-torsion subgroups, with
inverse ϕ−1 = (φ∗, φ̃∗). The fact that φ({W1,W2,W3}) = T4 implies

Ker(φ∗) ∩ Jac(C)[2] = {0, (1, 2), (1, 3), (2, 3)}.

We are done if we show that

Ker(φ̃∗) ∩ Jac(C)[2] = {0, (4, 5), (4, 6), (5, 6)}.

Suppose (i, j) ∈ Ker(φ∗) and (k, l) ∈ Ker(φ̃∗) are two points of order two.
Applying the isomorphism ϕ−1 between the 2-torsion subgroups of the two
abelian surfaces and comparing the Weil pairings, which are preserved under
polarized isogenies (Lemma 16.2(c) in [Miln1]), we obtain

e2((i, j), (k, l)) = e2((φ∗(i, j), φ̃∗(i, j)) , (φ∗(k, l), φ̃∗(k, l)))
= e2(φ∗(i, j), φ∗(k, l)) · e2(φ̃∗(i, j), φ̃∗(k, l))
= e2(0E , ·) · e2(·, 0

Ẽ
)

= 1 · 1 = 1.

This, together with (1.10), implies

(k, l) ∈ {(4, 5), (4, 6), (5, 6)} ∪ {(1, 2), (1, 3), (2, 3)}.

However, there can be no point of order two in Ker(φ∗)∩Ker(φ̃∗) because ϕ−1

would map such a point to 0 ∈ (E× Ẽ)[2], which is impossible since ϕ induces
a group isomorphism on Jac(C)[2].

1.3.3 Optimal coverings of even degree

The case of even degree is quite different because we do not necessarily have
a K-rational embedding C ↪→ Jac(C) that would be compatible with the ca-
nonical elliptic curve structure of E (with T4 as the identity element). In
this case, we have (E × Ẽ)[2] ⊂ Ker(ϕ). The map φ∗ ◦ φ∗ : E → E is mul-
tiplication by the even n and therefore identically zero on E[2]. Therefore
we have Im(φ∗) ∩ Jac(C)[2] = Ker(φ∗) ∩ Jac(C)[2] = Ẽ[2] so that Ẽ[2] is a
subgroup of Jac(C)[2] of order 4.

17



Chapter 1. Genus two curves with split Jacobians

Let (i, j) ∈ Ker(φ∗). Suppose that also (i, k) ∈ Ker(φ∗). Then the
equality (i, j) + (i, k) = (j, k) implies that Ker(φ∗) = {0, (i, j), (i, k), (j, k)},
and under the embedding of C into Jac(C), given by P 7→ [P −Wi], we
have {Wi,Wj ,Wk} ⊆ φ−1(0), which contradicts Theorem 1.3, given the op-
timality of φ. Indeed, in cases (2) and (3) of Fig. 1.2, there are more than four
points in Ker(φ∗) ∩ Jac(C)[2], so that Ker(φ∗) is not connected.

Hence we can assume, reindexing the points if necessary, that

Ker(φ∗) ∩ Jac(C)[2] = {0, (1, 2), (3, 4), (5, 6)}.

Thus for each choice of the embedding P 7→ [P −Wi] of C into its Jacobian
(and the induced isomorphism P 7→ [P − φ(Wi)] of E and its Jacobian), we
have precisely two Weierstraß points of C mapped to 0 ∈ Jac(E) ∼= E. Since

Ẽ[2] ∼= Ker(φ∗) ∩ Jac(C)[2] and E[2] ∼= Ker(φ̃∗) ∩ Jac(C)[2],

we have the following theorem.

Theorem 1.8 ([Kuhn]) Let φ : C → E be an optimal covering of even degree.
Then the ramification diagram of f : C/ι → E/ι is the one depicted in case (1)
of Fig. 1.2 and the complementary φ̃ : C → Ẽ induces a map f̃ : C/ι → Ẽ/ι
with the same ramification diagram and the same indexing of the Weierstraß
points.

1.4 Characterization of split Jacobians

Given an optimal covering φ : C → E, Theorems 1.7 and 1.8 may allow us
to algorithmically determine the complementary optimal covering φ̃ : C → Ẽ.
Before delving into specifics, we will state several useful lemmas, starting with
an important result of elimination theory.

Let K be any field and K an algebraic closure of K. For any non-negative
integer m, let K[x, y]m denote the K-vector space of all homogeneous poly-
nomials in K[x, y] of degree m. We fix a basis for this space that is given
by the monomials xm, xm−1y, . . . , xm−iyi, . . . , xym−1, ym. Let F ∈ K[x, y]m
and G ∈ K[x, y]n with m,n ≥ 1 and consider the map

µF,G : K[x, y]n−1 ⊕K[x, y]m−1 → K[x, y]m+n−1, (A,B) 7→ AF +BG.
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1.4. Characterization of split Jacobians

This is a linear map between two K-vector spaces, both of dimension m+ n.
The resultant Res(F,G) ∈ K of F and G is defined to be the determinant
of µF,G with respect to the monomial bases. We recall some well known
properties of resultants, that will be of use to us.

Lemma 1.9 Res(F,G) = 0 if and only if the polynomials F and G have a
common root in P1(K).

Proof If F and G have a common root in P1(K), then they must have a
common linear factor L ∈ K[x, y]. Suppose F = LF1 and G = LG1. Then
it is clear that (−G1, F1) ∈ K[x, y]n−1 ⊕ K[x, y]m−1 is a non-trivial element
of Ker(µF,G), i.e. µF,G is not injective, whence Res(F,G) = 0.

Suppose Res(F,G) = 0. Then µF,G is not injective and there exists a
non-trivial (A,B) ∈ K[x, y]n−1 ⊕K[x, y]m−1 such that AF + BG = 0. Now
suppose, without loss of generality, that A 6= 0. Then G divides AF in K[x, y].
Since degA < degG, it must be that F and G have a common factor.

Remark 1.9 Res(F,G) is a polynomial in the coefficients of F and G. More
precisely, if F (x, y) = ∑m

i=0 aix
m−iyi and G(x, y) = ∑n

j=0 bjx
n−jyj , then the

resultant of F and G is the determinant of their Sylvester matrix

Res(F,G) = det



a0 a1 . . . . . . am 0 . . . . . . . . . . . . 0
0 a0 a1 . . . . . . am 0 . . . . . . . . . 0
0 0 a0 a1 . . . . . . am 0 . . . . . . 0

...
0 0 . . . . . . . . . 0 a0 a1 . . . . . . am
b0 b1 . . . bn 0 . . . . . . . . . . . . . . . 0
0 b0 b1 . . . bn 0 . . . . . . . . . . . . 0
0 0 b0 b1 . . . bn 0 . . . . . . . . . 0

...
0 0 . . . . . . . . . . . . 0 b0 b1 . . . bn



.

We denote this matrix by SF,G. It has n rows with the coefficients of F
and m rows with the coefficients of G. Given two polynomials f, g ∈ K[x], we
define their resultant to be the resultant of their homogenizations ydeg ff(xy )
and ydeg gg(xy ). The resultant Res(f, d

dxf(x)) is denoted by Disc(f) and is
called the discriminant of f . By Lemma 1.9, the discriminant Disc(f) vanishes
if and only if f has a double root in K.
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Chapter 1. Genus two curves with split Jacobians

Given F,G ∈ K[x0, x1, . . . , xr] for some integer r ≥ 1, we index their res-
ultant with the appropriate variable(s) in order to clarify in which polynomial
ring we consider them to be, e.g. Resx0(F,G) for F,G ∈ K(x1, . . . , xr)[x0].
Lemma 1.10 Let F ∈ K[x, y]m, let G ∈ K[x, y]n, let H ∈ K[x, y]k, and
let F ∗ and G∗ denote F (y, x) and G(y, x), respectively. Then the following
hold:

(1) Res(F,G) = (−1)mnRes(G,F );

(2) Res(F ∗, G∗) = Res(G,F );

(3) Res(xF,G) = bnRes(F,G);

(4) Res(yF,G) = b0Res(F,G);

(5) Res(F,GH) = Res(F,G)Res(F,H).

Before proceeding with the proof of each claim, we note that (1) implies
analogous results when the two polynomials, whose resultant is under consid-
eration, have their roles reversed.

Proof SG,F can be obtained from SF,G by a permutation of rows that is
of parity (−1)mn, therefore det SF,G = (−1)mn det SG,F . This implies (1).
We can obtain SF ∗,G∗ by reversing the order of the rows and the columns
of SG,F . Hence det SF ∗,G∗ = det SG,F , which implies (2). Laplacian expan-
sion of det SxF,G along the (m+ n+ 1)-th column gives (3), while (4) follows
from (3) by applying (2).

To prove (5), we first note that, by (4) and (1), we can and do assume
that y does not divide F,G, or H. Under this assumption, we will infer the
claim by proving that

Res(F,G) = an0b
m
0

m∏
i=1

n∏
j=1

(αi − βj),

where α1, . . . , αm ∈ K and β1, . . . , βn ∈ K are the roots, not necessarily
distinct, of F (x, 1) and G(x, 1), respectively. Since

F (x, 1) = a0

m∏
i=1

(x− αi),

G(x, 1) = b0

n∏
j=1

(x− βj),
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1.4. Characterization of split Jacobians

this is equivalent to

Res(F,G) = an0

m∏
i=1

G(αi, 1) = (−1)mnbm0
n∏
j=1

F (βi, 1). (1.12)

We prove this by induction on m+ n. If m = n = 1, we have

Res(a0x+a1y, b0x+b1y) = det
[
a0 a1
b0 b1

]
= a0b1−a1b0 = a0b0

(
−a1
a0

+ b1
b0

)
,

where a0b0 6= 0, so (1.12) holds in this case. Now suppose that it holds for
any two polynomials whose sum of degrees is smaller than m + n. By (1),
we can and do suppose that m ≤ n. By the Euclidean algorithm, there
exist Q,R such that G = FQ + R and either R = 0 or degR < degF = m.
If R = 0, then F (x, 1) and G(x, 1) have a common root, whence Res(F,G) = 0
and (1.12) holds. If R 6= 0, let l = degR and note that l < n.

Also note that Res(F,G) = Res(F, yn−lR). The reason is that SF,yn−lR can
be obtained from SF,G by elementary row operations that do not change the
determinant. Namely, if Q = ∑n−m

j=0 cjx
n−m−jyj , then for each i ∈ {1, . . . ,m}

and each j ∈ {0, 1, . . . , n−m}, we multiply the (i+ j)-th row by −cj and add
it to the (n+ i)-th row.

By (4) and (1), we have Res(F,G) = Res(F, yn−lR) = an−l0 Res(F,R) and,
by the induction hypothesis, we have

Res(F,R) = al0

m∏
i=1

R(αi, 1).

Together, this gives

Res(F,G) = an0

m∏
i=1

G(αi, 1)

since G = FQ + R and F (αi, 1) = 0 for each i ∈ {1, . . . ,m}. This product
formula, along with (1) and (4), finally implies

Res(F,GH) = Res(F,G)Res(F,H),
Res(FH,G) = Res(F,G)Res(H,G)

for any three homogeneous polynomials in K[x, y].
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Chapter 1. Genus two curves with split Jacobians

Suppose that f : P1 → P1 is a finite K-morphism given as

[x : y] 7→ [F (x, y) : G(x, y)]

and let D be a K-rational divisor on P1 that is given as the zero locus of a
polynomial P ∈ K[x, y]. We have the following two corollaries of the preceding
two lemmas.

Corollary 1.11 The K-rational divisor f∗D is given as the zero locus of

Res (zG(x, y)− wF (x, y), P (x, y)) ∈ K[z, w],

where the two polynomials are considered as elements of K(z, w)[x, y].

Corollary 1.12 The K-rational divisor f∗f∗D−D is given as the zero locus
of

Res
(
F (x, y)G(z, w)− F (z, w)G(x, y)

xw − yz
, P (z, w)

)
∈ K[x, y],

where the two polynomials are considered as elements of K(x, y)[z, w].

Proof The case when D is a point follows easily by Lemma 1.9 and the
general case follows by induction, by applying Lemma 1.10.

These two corollaries play an important role in the following subsections.
Another tool we shall use is Gröbner bases, for which [IVA] is a useful refer-
ence. We now revert back to the notations of the previous sections.

1.4.1 (2,2)-split Jacobians

Let φ : C → E be an optimal covering of degree 2. The two ramification points
of f lie above the K-rational points t0 and t4. It follows that the ramification
points of f (and hence those of φ) are likewise both K-rational. We assume,
without loss of generality, that t0 = 0, t4 = ∞, f(0) = 0, and f(∞) = ∞, by
applying an automorphism of P1 if necessary. In other words, we may assume
that f is given as x 7→ x2 = t where t is the local parameter on E/ι ∼= P1,
implying the ramification picture for f that is shown in Fig. 1.5, where ti = w2

i .

Therefore the curve C is given by a model of the form

y2 = x6 + ax4 + bx2 + c ∈ K[x].
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1.4. Characterization of split Jacobians

w1 w2 w3

−w1 −w2 −w3

0 ∞

f : x 7→ x2

t1 t2 t30 ∞

Figure 1.5: Ramification of f : P1 → P1

The elliptic curve E is determined by the branch points {t1, t2, t3,∞}, from
which we immediately obtain a model, namely

s2 = t3 + at2 + bt+ c ∈ K[t].

By Theorem 1.8, we know that f̃(±w1), f̃(±w2), f̃(±w3) are three pairwise
distinct points. Moreover, we know that f̃ doubly ramifies above 0 and ∞.
Given that we fixed f(x) = x2, there is exactly one choice for f̃ , up to multi-
plication by a nonzero scalar, namely f̃(x) = 1/x2. Thus the elliptic curve Ẽ is
determined by the branch points {1/t1, 1/t2, 1/t3,∞} and we obtain a model
of Ẽ as s2 = Resz(1 − tz, t3 + at2 + bt + c) = ct3 + bt2 + at + 1 ∈ K[t]. From
this, we can directly calculate

j(E) = 28(a2 − 3b)3

a2b2 − 4b3 − 4a3c+ 18abc− 27c2 , (1.13)

j(Ẽ) = 28(b2 − 3ac)3

c2(a2b2 − 4b3 − 4a3c+ 18abc− 27c2) . (1.14)

The symmetry between the two is perhaps better appreciated if one homogen-
izes and views them as functions on P3. We also note that the denominators
do not vanish. Indeed, the fact that the tj are pairwise distinct is equivalent
to the nonvanishing of

Discx(x3 + ax2 + bx+ c) = a2b2 − 4b3 − 4a3c+ 18abc− 27c2,

while the fact that none of the wi is zero is equivalent to c 6= 0.
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Chapter 1. Genus two curves with split Jacobians

The curve C has an extra automorphism σ : (x, y) 7→ (−x, y), which, along
with the hyperelliptic involution ι, generates a Klein four-group. Then, taking
quotients, we have C/σ ∼= E and C/σ ◦ ι ∼= Ẽ.

Remark 1.10 The two j-invariants are algebraically independent, meaning
that there is no Zariski closed subset of A1×A1 that contains the j-invariants
of all pairs (E, Ẽ) of elliptic curves that admit an optimal covering of degree 2
by the same curve C of genus two. We will come back to this later and see
that it is expected.

Remark 1.11 The case of (2, 2)-split Jacobians is classically known. Kuhn
attributes the solution to Legendre and Jacobi.

1.4.2 (3,3)-split Jacobians

Let φ : C → E be an optimal covering of degree 3. We treat the generic case
first (recall Fig. 1.4). Once more, we have that t0 and t4 are K-rational. Also,
in view of Corollary 1.5, both points in f−1(t0) are K-rational. Hence we can
and do assume that t0 = 0, t4 = ∞, and f∗(0) = 2 · 0 +∞. This yields the
following ramification picture for f :

∞

0

f

0 t1 t2 t3 ∞

That is to say that we assume, without loss of generality, that

f(x) = x2

x3 + ax2 + bx+ c
,

where the denominator, denoted by P (x), has roots w1, w2, w3. Moreover,
the wi are pairwise distinct and none of them equals zero. We can express this
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fact as

Resx(x2, P (x)) = c2 6= 0, (1.15)
Discx(P (x)) = a2b2 − 4b3 − 4a3c+ 18abc− 27c2 6= 0. (1.16)

The pullback of t1 + t2 + t3 corresponds to roots of D(x)2Q(x) for some two
cubics D(x), Q(x) ∈ K[x], where the roots of D(x) are the ramification points
distinct from 0, and the roots of Q(x) are w4, w5, w6. Now

df
dx (x) = −x(x3 − bx− 2c)

P (x)2

so we can take D(x) = x3 − bx − 2c because the roots of the numerator are
precisely the doubly ramified points of f . These are again pairwise distinct
points so we have

Discx(D(x)) = 4(b3 − 27c2) 6= 0. (1.17)

From this we calculate, again via resultants, the nonic D(x)2Q(x) whose roots
are f∗f∗(d1 + d2 + d3), where the di are the roots of D(x). We have

Resy(x2P (y)− y2P (x), D(y)) = c(x3 − bx− 2c)2(4cx3 + b2x2 + 2bcx+ c2),

whence Q(x) = 4cx3 + b2x2 + 2bcx + c2. Therefore the genus two curve C
admits a model

y2 = P (x)Q(x) = (x3 + ax2 + bx+ c)(4cx3 + b2x2 + 2bcx+ c2).

In view of Theorem 1.7, we have

f̃(x) = (x+ d)2(x+ e)
4cx3 + b2x2 + 2bcx+ c2

for some d, e ∈ K such that d 6= e and Q(−d), Q(−e) 6= 0, i.e.

Resx(x+ d, x+ e) 6= 0, Resx(x+ d,Q(x)) 6= 0, Resx(x+ e,Q(x)) 6= 0.

Condition Discx(Q(x)) = 16c4(b3 − 27c2) 6= 0 is superfluous because of (1.15)
and (1.17). It remains to find d and e. To this end, we repeat the argument
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Chapter 1. Genus two curves with split Jacobians

used to obtain Q(x) from f to the map f̃ . In doing so, we must obtain a mul-
tiple of P (x) and this imposes algebraic conditions from which we determine d
and e. We have

df̃
dx (x) = (x+ d)D̃(x)

Q(x)2 ,

where

D̃(x) = (b2 − 8cd− 4ce)x3 + (4bc− b2d− 12cde)x2

+ (3c2 + 2bce− 2b2de)x+ c2d+ 2c2e− 2bcde.

Now we calculate that

Resy
(
(x+ d)2(x+ e)Q(y)− (y + d)2(y + e)Q(x), D̃(y)

)
equals Q(−d)Q(−e)D̃(x)2R(x), where R(x) is the polynomial

16c(2c2d− bcd2 + cd4 + c2e− 2bcde+ b2d2e− 4cd3e)x3

+ 4(−bc3 + 2b2c2d− b3cd2 + 18c3d2 − 8bc2d3 + 2b2cd4

+ b2c2e− 2b3cde+ 12c3de+ b4d2e− 12bc2d2e− 12c2d4e)x2

+ (−3c4 + 10b2c2d2 − 8b3cd3 + 48c3d3 + b4d4 + 4bc3e− 4b2c2de

− 4b3cd2e+ 72c3d2e+ 4b4d3e− 64bc2d3e− 8b2cd4e)x− 4c4d+ 8bc3d2

− 4b2c2d3 + 16c3d4 + c4e− 2b2c2d2e+ 32c3d3e+ b4d4e− 32bc2d4e.

Dividing R(x) by P (x), we obtain the remainder

(−4bc3 + 8b2c2d− 32ac3d− 4b3cd2 + 16abc2d2 + 72c3d2 − 32bc2d3 + 8b2cd4

− 16ac2d4 + 4b2c2e− 16ac3e− 8b3cde+ 32abc2de+ 48c3de+ 4b4d2e

− 16ab2cd2e− 48bc2d2e+ 64ac2d3e− 48c2d4e)x2 + (−3c4 − 32bc3d

+ 26b2c2d2 − 8b3cd3 + 48c3d3 + b4d4 − 16bc2d4 − 12bc3e+ 28b2c2de

+ 4b4d3e− 8b2cd4e)x− 36c4d+ 24bc3d2 − 4b2c2d3 − 15c4e+ 32bc3de

− 20b3cd2e+ 72c3d2e− 18b2c2d2e+ 96c3d3e+ b4d4e− 32bc2d4e.
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Equating it with zero, we obtain three polynomial equations from which we
determine

d = 3c
b
, e = b2c− 3ac2

b3 − 4abc+ 9c2 , (1.18)

by a Gröbner basis computation. More precisely, we consider d and e as
unknowns and solve over the field K(a, b, c), by computing a Gröbner basis
for the ideal I ⊂ K(a, b, c)[d, e] that is generated by the three polynomials that
define our three equations. Alternatively, we can factor the polynomials, note
that 3c− db is a factor in two of them (making one equation superfluous), and
then show that there are no other solutions than the one above. Either way,
this finally gives

f̃(x) = (bx+ 3c)2((b3 − 4abc+ 9c2)x+ b2c− 3ac2)
4cx3 + b2x2 + 2bcx+ c2 .

A model for E can be determined by requiring that the set of branch
points of the quotient map πE is {t1, t2, t3,∞}, i.e. ∞ and the image under f
of the three roots of Q(x). A model for Ẽ is similarly determined by re-
quiring that π

Ẽ
ramifies above ∞ and the image under f̃ of the three roots

of P (x). We can find the corresponding cubics from Resx(tP (x)− x2, Q(x))
and Resx(tQ(x)− (x+ d)2(x+ e), P (x)), but we omit them here. The mod-
ular invariants of the two elliptic curves can be obtained from the two cubics
by a direct calculation. We find that

j(E) = 24(a2b4 + 12b5 − 126ab3c+ 216a2bc2 + 405b2c2 − 972ac3)3

(b3 − 27c2)3(a2b2 − 4b3 − 4a3c+ 18abc− 27c2)2 ,

j(Ẽ) = 28(a2 − 3b)3

a2b2 − 4b3 − 4a3c+ 18abc− 27c2 .

If b = 0, then ∞ is the doubly ramified point of f̃ above 0. In this case,
we obtain, by the same argument, the following:

f(x) = x2

x3 + ax2 + c
, f̃(x) = 3x− a

4x3 + c
,

j(E) = 21036a3c

(4a3 + 27c)2 , j(Ẽ) = − 28a6

c(4a3 + 27c) .
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Chapter 1. Genus two curves with split Jacobians

If b3− 4abc+ 9c2 = 0, then∞ is the unramified point of f̃ above 0. In this
case, we obtain:

f(x) = x2

4bx3 + (b3 + 9)x2 + 4b2x+ 4b , f̃(x) = (bx+ 3)2

4x3 + b2x2 + 2bx+ 1 ,

j(E) = b3(b3 − 24)3

b3 − 27 , j(Ẽ) = −(b3 − 27)(b3 − 3)3

b3
.

Remark 1.12 This is what [Kuhn] obtains. It is, at least in part, also
classically known, albeit not in a modern setting (see [Kraz]).

Remark 1.13 The factors in the numerator and the denominator of f and f̃
are unique up to multiplication by non-zero constants. Recall that we have
assumed (Remark 1.5) that char(K) /∈ {2, 3} so that our resultants, including
the leading and the tailing terms of the polynomials etc, are not identically
zero.

1.4.3 Special cases of (3, 3)-split Jacobians

Unlike with (2, 2)-split Jacobians, the (3, 3)-split case allows for special cases
(recall Fig. 1.4). There are two possibilities, namely either one map is special
and the other is not, or they are both special. Suppose that f is special and f̃
is not. Then we can and do assume that 0 is the special, triply ramified point
of f so that, by the same arguments as in the previous subsection, we have

f(x) = x3

x3 + ax2 + bx+ c
, f̃(x) = (x+ d)2(x+ e)

(−b2 + 4ac)x3 + 2bcx2 + 3c2x
.

Solving for d and e, by imposing the generic ramification picture on f̃ and
using Theorem 1.7, we again obtain

d = 3c
b
, e = b2c− 3ac2

b3 − 4abc+ 9c2 ,

whence
f̃(x) = (bx+ 3c)2((b3 − 4abc+ 9c2)x+ b2c− 3ac2)

(−b2 + 4ac)x3 + 2bcx2 + 3c2x
.
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1.4. Characterization of split Jacobians

We ultimately obtain

j(E) = 16(−16b6 + 144ab4c− 405a2b2c2 − 108b3c2 + 324a3c3 + 486abc3 − 729c4)3

729c4(−b2 + 3ac)3(−a2b2 + 4b3 + 4a3c− 18abc+ 27c2)2 ,

j(Ẽ) = 28(b2 − 3ac)3

c2(a2b2 − 4b3 − 4a3c+ 18abc− 27c2) .

Now suppose that both f and f̃ are special. We assume that 0 is the triply
ramified point of f above 0 and that ∞ is the unramified point of f above ∞,
that is

f(x) = x3

x2 + ax+ b
, (1.19)

with b 6= 0 and a2 − 4b 6= 0. The argument above, applied to (1.19), implies
that ∞ is the triply ramified point of f̃ above 0, which gives f̃(x) = 1/Q(x).
We find Q(x) = (−a2 + 4b)x3 + 2abx2 + 3b2x, using Corollary 1.12 and The-
orem 1.7. Applying the same argument to f̃(x) yields

(3a4 − 24a2b+ 48b2)x2 + (−4a3b+ 16ab2)x− 16a2b2 + 48b3,

that must be divisible by x2 + ax+ b. Dividing the two, we obtain

−a(3a2 − 8b)(a2 − 4b)x− a2b(3a2 − 8b) (1.20)

as remainder. Given that b 6= 0 and a2 − 4b 6= 0, equating (1.20) with zero
yields two possible solutions, namely a = 0 and b = 3a2/8. The first solution
gives

f(x) = x3

x2 + b
, f̃(x) = 1

4x3 + 3bx, j(E) = j(Ẽ) = 1728.

Kuhn obtained this solution with b = 4/3. However, it would seem that he
missed the second solution, namely a 6= 0, b = 3a2/8, which gives

f(x) = x3

8x2 + 8ax+ 3a2 , f̃(x) = 1
32x3 + 48ax2 + 27a2x

,

j(E) = j(Ẽ) = −873722816
59049 = −26 · 2393

310 .
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Chapter 1. Genus two curves with split Jacobians

Before dealing with the cases of higher degree split Jacobians and gener-
alizing the above, we introduce some prerequisites in the next subsection.

1.4.4 Powers of polynomials

Lemma 1.13 Let F be a field, let m,n be two positive integers with m coprime
to char(F ), and let A(x) = ∑mn

i=0 aix
i ∈ F [x] be a polynomial of degree mn

that is an m-th power of a polynomial B(x) = ∑n
j=0 bjx

j ∈ F [x] of de-
gree n. Then B(x) is uniquely determined, up to multiplication bym-th roots of
unity, by coefficients amn, amn−1, . . . , amn−n. Consequently, these coefficients
uniquely determine A(x).

Proof It is clear that bmn = amn so the claim is true for the leading coefficient
of B(x). Expanding B(x)m, we note that for each j ∈ {0, . . . , n− 1} we have

amn−n+j = mbjb
m−1
n + (terms independent of bj). (1.21)

To see this, note that if bjxj is one of the contributing factors to a sum-
mand of amn−n+jx

mn−n+j in the expansion, then the other m− 1 factors are
all bnxn because their product is the only possible one of the required degree.
Moreover, no coefficient of B(x) of index lower than j can appear in amn−n+j .
Since we assumed that m is not zero in F , we can divide equation (1.21) for
each j by m and, starting with j = n− 1, recursively express the bj in terms
of amn−1, amn−2, . . . , amn−n and bn.
Remark 1.14 With notations as in the preceding lemma, let char(F ) = p.
Then if m = prm′ for some r,m′ ∈ Z>0 such that gcd(p,m′) = 1, we can
reduce this to the case in the lemma by introducing a new variable X = xp

r .
Remark 1.15 For any polynomial of degree mn with a fixed non-zero leading
coefficient, Lemma 1.13 provides (m − 1)d equations that the coefficients of
the polynomial satisfy if and only if it is an m-th power. One can take B(t)
defined over F if and only if F contains an m-th root of amn. Another
way of obtaining the same equations is computing a Gröbner basis of the
ideal I ⊂ F [a0, . . . , amn, b0, . . . , bn, u] generated by uamn − 1 and the coeffi-
cients of A(t)−B(t)m, and then eliminating the variables b0, . . . , bn.
Example 1.3 (n = 3) Let a, b, c, d ∈ F , where a 6= 0, and let m ≥ 2 be an
integer coprime to char(F ). Let A(x) ∈ F [x] be a polynomial given as

A(x) = amx3m + bx3m−1 + cx3m−2 + dx3m−3 + . . . .
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1.4. Characterization of split Jacobians

If A(x) is an m-th power of a cubic B(x) = αx3 + βx2 + γx+ δ ∈ F [x], then
we have

α = a (up to mult. by m-th roots of unity),

β = b

mαm−1 ,

γ =
c−

(m
2
)
αm−2β2

mαm−1 ,

δ =
d− 2

(m
2
)
αm−2βγ −

(m
3
)
αm− 3β3

mαm−1

(1.22)

whence, up to multiplication by an m-th root of unity, B(x) equals

ax3 + b
mam−1x

2 + m2amc−(m2 )b2
m3a2m−1 x+

m4a2md−2m2(m2 )ambc+
(

2(m2 )2−m(m3 )
)
b3

m5a3m−1 .

For each m ∈ Z>0, by expanding B(x)m, we can obtain the remaining coef-
ficients of A(x) in terms of the leading four, which gives us the form of any
polynomial of degree 3m that is an m-th power of a cubic.

Example 1.4 Over a field F with char(F ) 6= 2, every sextic in F [x] that is a
square has the form

ax6 + bx5 + cx4 + dx3 + 5b4 − 24ab2c+ 16a2c2 + 32a2bd

64a3 x2

+ (−b2 + 4ac)(b3 − 4abc+ 8a2d)
64a4 x+ (b3 − 4abc+ 8a2d)2

256a5

for some a, b, c, d ∈ F with a 6= 0.

The goal of the following two subsections is to generalize Subsections 1.4.1
and 1.4.2 and describe how one could obtain a parametrization of the modular
invariants of the two complementary elliptic curves in the general case.

1.4.5 The odd degree generic case of split Jacobians

Let, as before, f : C/ι → E/ι be the map induced by an optimal cover-
ing. If n = deg f > 3 is odd, we suppose that the curve C of genus two
is given by a model y2 = P (x)Q(x), where P (x), Q(x) ∈ K[x] are cubics
and P (x) = x3 + ax2 + bx+ c.
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Chapter 1. Genus two curves with split Jacobians

A(x) D(x) B(x)

∞

P (x)

Q(x)

0

f

0 t1 t2 t3 ∞

Figure 1.6: Ramification of f in the case of odd degree.

In view of Theorem 1.3, we also suppose that the induced map is given as

f(x) = x2A(x)
P (x)B(x)2 , (1.23)

where

A(x) = xn−2 +
n−3∑
i=0

aix
i ∈ K[x],

B(x) = x(n−5)/2 +
(n−7)/2∑
j=0

bjx
j ∈ K[x].
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1.4. Characterization of split Jacobians

In doing so, we assume that 0 and ∞ are points of ramification index 2 in
the fibres f∗(0) and f∗(∞), respectively. To make the ramification of f fit
Fig. 1.6, we also must have

r1 := Resx(x, P (x)) 6= 0, r2 := Resx(x,B(x)) 6= 0,
r3 := Resx(A(x), P (x)) 6= 0, r4 := Resx(A(x), B(x)) 6= 0,
r5 := Resx(x,A(x)) 6= 0, r6 := Resx(P (x), B(x)) 6= 0,
d1 := Discx(P (x)) 6= 0, d2 := Discx(A(x)) 6= 0,
d3 := Discx(B(x)) 6= 0.

The coefficients a, b, c, ai, bj are not all free; not all maps of the form (1.23)
fit the ramification picture of Fig. 1.6. The imposed distribution of the double
points in the fibres above t1, t2, t3 means that we must have

f∗(t1 + t2 + t3) = Z(Q) + 2Z(D),

where Z(·) denotes the zero locus and

D(x) = 2A(x)B(x)P (x) + x
dA
dx (x)B(x)P (x)

− 2xA(x)dB
dx (x)P (x)− xA(x)B(x)dP

dx (x),

which is a polynomial of degree 3
2(n−1). This follows from computing the de-

rivative of f with respect to x. The ramification picture imposes an additional
restriction, namely that

f∗(Z(D)) = n− 1
2 Z(U)

for some cubic U . By Corollary 1.11, we have that the divisor f∗(Z(D)) is the
zero locus of

M(t) := 1
r1r2

2r3r4
Resx

(
tP (x)B(x)2 − x2A(x), D(x)

)
. (1.24)

In view of Lemma 1.9, the resultant in (1.24) is divisible by r1r
2
2r3r4 be-

cause P (x)B(x)2, x2A(x) and D(x) have a common factor whenever any of
the ri vanish. Note that r2 appears with an exponent 2 because if it vanishes,
the common factor is x2. It is also worth noting that the factors of the leading
(resp. tailing) coefficient of M(t) are d1, d3, r4, r6 (resp. r1, r5, d2). Indeed,
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Chapter 1. Genus two curves with split Jacobians

by Lemma 1.9, the vanishing of any of these resultants corresponds to com-
mon factors of P (x)B(x)2 (resp. x2A(x)) and D(x), and a common root of
the two is clearly mapped to ∞ (resp. 0) under f , so the claim follows by
Corollary 1.11.

In order to determine the unknowns {ai, bj}i,j , of which there are 3
2(n− 3),

in terms of a, b, c, we impose the condition that the polynomial M(t) divided
by its leading coefficient equals a 1

2(n − 1)-th power of a cubic U(t) that,
up to multiplication by a non-zero constant, equals (t− t1)(t− t2)(t− t3).
Equivalently, M(t) is divisible by U(t)n−1

2 . By Subsection 1.4.4, we get pre-
cisely 3

2(n− 3) equations by imposing the said condition. We obtain the ai
and the bj in terms of a, b, c, by computing a Gröbner basis of the ideal

I ⊂ K(a, b, c)[ai, bj ]i,j
that is generated by the 3

2(n− 3) corresponding polynomials. Having determ-
ined the form of f in terms of parameters a, b, c, we compute the expression

R(x) := 1
r1r2

2r3r4
Resy

(
f1(x)f2(y)− f1(y)f2(x)

x− y
,D(y)

)
∈ K(a, b, c)[x],

where f1 = x2A(x) and f2 = P (x)B(x)2. This resultant is a polynomial of
degree 3

2(n− 1)2 and, by Corollary 1.12, it determines the divisor

f∗(f∗(Z(D)))−Z(D) = f∗
(
n− 1

2 Z(U)
)
−Z(D) = n− 1

2 Z(Q)+(n−2)Z(D).

Therefore R(x) must be divisible by Q(x)n−1
2 D(x)n−2. Let T (x) denote the

result of Euclidean division of R(x) by D(x)n−2. To obtain Q(x) from T (x),
we first divide T (x) by its leading coefficient, which is not zero under our
restrictions, and then we use (1.22). Since Q(x) is only unique up to multi-
plication by a non-zero constant, we can clear the denominators and choose
that form for Q(x). Having determined Q(x), Theorem 1.7 implies that we
can write

f̃(x) = (x+ u)2Ã(x)
Q(x)B̃(x)2

, (1.25)

with

A(x) = xn−2 +
n−3∑
i=0

ãix
i ∈ K[x],

B(x) = x(n−3)/2 +
(n−5)/2∑
j=0

b̃jx
j ∈ K[x],
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1.4. Characterization of split Jacobians

where u, ãi, b̃j ∈ K are all to be determined. Note that the number of the un-
knowns is now increased by two. We repeat the exact same procedure as above,
this time starting with (1.25), and obtain the 3

2(n−3) equations that must be
satisfied by its coefficients because this map has the same ramification picture
as f . In the process, we obtain a polynomial D̃(x) of degree 3

2(n− 1), that
is a factor of df̃/dx(x) and whose zero locus consists of the doubly ramified
points of f̃ above t1, t2, t3. We also obtain a polynomial M̃(t) that corresponds
to f̃∗(Z(D̃)), that must be divisible by V (t)n−1

2 , where V (t) ∈ K[t] is a cubic.
We find the corresponding resultant

Resy
(
f̃1(x)f̃d(y)− f̃2(y)f̃d(x)

x− y
, D̃(y)

)
∈ K(a, b, c)[u, ãi, b̃j ][x],

that must be divisible by r̃1r̃2
2r̃3r̃4P̃ (x) 1

2 (n−1)D̃(x)n−2, where

r̃1 = Resx(x+ u,Q(x)), r̃2 = Resx(x+ u, B̃(x)),
r̃3 = Resx(Ã,Q(x)), r̃4 = Resx(Ã, B̃(x)),

and P̃ (x) ∈ K(a, b, c)[u, ãi, b̃j ][x] is a cubic. We divide by r̃1r̃2
2r̃3r̃4D̃(x)n−2

and express P̃ (x) using (1.22) again. Three additional equations are obtained
by imposing the condition that P (x) ∈ K[x] is divisible by P̃ (x). Finally,
we solve for u, ãi, b̃j in terms of a, b, c, by computing a Gröbner basis of the
ideal J ⊂ K(a, b, c)[u, ãi, b̃j ]i,j that is generated by these three equations and
the 3

2(n− 3) equations we had already obtained.

With all the coefficients in f and f̃ known, we determine U(t) and V (t)
using (1.22) and we directly determine the j-invariants of E and Ẽ, in terms of
the parameters a, b, c, from the models s2 = U(t) and s2 = V (t), respectively.

1.4.6 The even degree generic case of split Jacobians

If deg f = n > 3 is even, virtually nothing changes in the approach so we go
through it briefly. We suppose that the curve C of genus two is given by a
model y2 = P (x), where P (x) ∈ K[x] is a sextic, and we suppose that the
map f : C/ι → E/ι is given as

f(x) = x2A(x)
B(x)2 ,
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f

0 t1 t2 t3 ∞

A(x) D(x) B(x)

P (x)

0 ∞

Figure 1.7: Ramification of f in the case of even degree.

where

A(x) = xn−2 +
n−3∑
i=0

aix
i ∈ K[x],

B(x) = x(n−2)/2 +
(n−4)/2∑
j=0

bjx
j ∈ K[x].

It follows from the ramification picture of f in Fig. 1.7 that we must have

r1 := Resx(x,A(x)) 6= 0, r2 := Resx(x,B(x)) 6= 0,
r3 := Resx(A(x), B(x)) 6= 0, r4 := Resx(x(x), A(x)) 6= 0,
d1 := Discx(A(x)) 6= 0, d2 := Discx(B(x)) 6= 0.
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As opposed to the case of odd n, we use a different set of three parameters,
namely a1, a0, b0. We are left with 3

2(n − 4) unknowns. The ramification
behaviour of f also forces f∗(t1 + t2 + t3) = Z(P ) + 2Z(D), where

D(x) = −2A(x)B(x)− xdA
dx (x)B(x) + 2xA(x)dB

dx (x) ∈ K[x],

which is of degree 3
2(n−2) and is a factor of df(x)/dx. As before, we calculate

M(t) := 1
r1r2

2
Resx

(
tB(x)2 − x2A(x), D(x)

)
and impose the conditions on its coefficients that make it divisible by U(t)n−2

2 ,
where U(t) ∈ K[t] is a cubic. In view of Example 1.3, this provides us
with 3

2(n− 4) equations that we solve for ai, bj in terms of a1, a0, b0, by com-
puting a Gröbner basis of the ideal I ⊂ K(a1, a0, b0)[ai, bj ]i 6=0,1, j 6=0 that is
generated by the equations.

The defining equation y2 = P (x) of C is found by calculating

1
r1r2

2
Resy

(
f1(x)f2(y)− f1(y)f2(x)

x− y
,D(y)

)
∈ K[x], (1.26)

where f1(x) = x2A(x) and f2(x) = B(x)2. We obtain a polynomial of de-
gree 3

2(n − 1)(n − 2) that must be divisible by P (x)n−2
2 D(x)n−3. Performing

Euclidean division of (1.26) by D(x)n−3, we obtain some polynomial T (x).
We obtain P (x) from T (x), up to multiplication by a non-zero constant, by
using the same principle from Subsection 1.4.4 that we applied in the case of
odd degree, only this time for a sextic.

By Theorem 1.8, the map f̃ must have the same ramification picture as f and
therefore it must be of the form

f̃(x) = (x+ u)2Ã(x)
B̃(x)2

,

where

Ã(x) = xn−2 +
n−3∑
i=0

ãix
i ∈ K[x],

B(x) = xn/2 +
(n−2)/2∑
j=0

b̃jx
j ∈ K[x].
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Again, we find D̃(x) = 2A(x)B(x) + (x+ u)dA
dx (x)B(x)− 2(x+ u)A(x)dB

dx (x),
the factor of df̃(x)/dx whose zero locus consists of the double ramification
points of f̃ above t1, t2, t3, whence we also obtain the polynomial M̃(t) that
corresponds to f̃∗(Z(D̃)). We obtain 3

2(n− 4) polynomial equations that the
coefficients of M̃(t) must satisfy, by imposing that M̃(t) is divisible by V (t)n−2

2

where V (t) ∈ K[t] is a cubic. To obtain additional equations, we compute
the resultant analogous to (1.26), that corresponds to f̃∗(f̃∗(Z(D̃)))− Z(D̃).
This yields a polynomial of degree 3

2(n − 1)(n − 2) that must be divisible
by Q(x)n−2

2 D̃(x)n−3. From this we determine Q(x). Theorem 1.8 implies
that Q(x) divides P (x), and imposing this condition on the coefficients gives
six additional equations. Finally, we solve all the equations in terms of a1, a0, b0
for the remaining coefficients, by computing a Gröbner basis of the ideal

J ⊂ K(a1, a0, b0)[u, ãi, b̃j ]

that they generate.

Remark 1.16 If n = deg φ = deg f is a prime, then φ and φ̃ are necessarily
optimal because if they factor through an isogeny, the isogeny must be of de-
gree 1. However, for composite n, one must also impose additional conditions
on the final forms of f and f̃ in order to make sure that the corresponding
coverings do not factor through non-trivial isogenies. Moreover, the choice of
the parameters is not canonical. While in the case of odd n it might seem
logical to begin with P (x) = x3 + ax2 + bx + c just as in the case of n = 3,
the choice is less clear in the case of even n, except when n = 4 when there
is only one choice. Unfortunately, the suggested computations are unfeasible
in practice, even for small degrees, due to the complexity of Gröbner bases
algorithms over the field F (a, b, c), even for F finite. Computing symbolic
determinants also becomes unfeasible as the dimension increases.

1.5 A different point of view

In Section 1.3 we started with an optimal covering map C → E1 of degree n
and constructed the complementary curve E2. In this section, we present an
alternative point of view. We start instead with two elliptic curves and a
particular kind of K-isomorphism between their n-torsions, and construct the
curve C of genus two from this data. This approach can be found in [Fr-Ka].
We begin by recalling some definitions and an important lemma.
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Let A be an abelian variety overK and λ : A→ A∨ a polarization. Suppose
that m ∈ Z is coprime to char(K) and such that Ker(λ) ⊂ A[m], and let

em : A[m](K)×A∨[m](K)→ µm

be the Weil pairing. Then we can associate to λ a skew-symmetric pairing

eλ : Ker(λ)×Ker(λ)→ µm

that is defined for geometric points P,Q as eλ(P,Q) = em(P, λ(R)), for any R
such that [m]R = Q. This does not depend on R or m (see §16 in [Miln1]).

Lemma 1.14 (Mumford) Let ϕ : A→ B be an isogeny whose degree is coprime
to char(K) and let λ : A → A∨ be a polarization. Then λ = ϕ∗(λ′) for some
polarization λ′ : B → B∨ if and only if Ker(ϕ) ⊂ Ker(λ) and eλ is trivial
on Ker(ϕ)×Ker(ϕ).

Proof See Proposition 16.8 in [Miln1] or Theorem 2 and its Corollary in §23
in [MumAV].

Corollary 1.15 Let φ : C → E1 be an optimal covering of an elliptic curve by
a curve of genus two, such that deg φ = n is coprime to char(K), and let E2
be the complementary elliptic curve. Let α : E1[n] ∼−→ E2[n] be the induced
canonical isomorphism (with respect to an embedding of C; recall Lemma 1.6).
Then α inverts the Weil pairing, i.e.

en(P,Q) = en (α(P ), α(Q))−1

for any P,Q ∈ E1[n](K).

Proof By Lemma 1.6, we have an isogeny ϕ : E1 × E2 → Jac(C) that is
polarized with respect to [n] ◦ λΘ and λC , i.e. ϕ∗(L (C)) = L (nΘ). Moreover,
we have Ker(ϕ) ∼= Γα. Lemma 1.14 implies Ker(ϕ) ⊂ (E1 × E2)[n]. It follows
that for any geometric point of Ker(ϕ) × Ker(ϕ) that corresponds to a point
of the form ((P,Q), (α(P ), α(Q))), we have

1 = en ((P,Q), (α(P ), α(Q))) = en(P,Q) · en(α(P ), α(Q)).

This completes the proof.
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In view of Lemma 1.14, we begin with two elliptic curves E1 and E2.
Let n ≥ 2 be an integer coprime to char(K) and let α : E1[n] ∼−→ E2[n] be
an isomorphism of K-group schemes between the n-torsion subgroups of the
two curves, such that

en(α(P ), α(Q)) = en(P,Q)−1 (1.27)

for any P,Q ∈ E1[n](K). In other words, the isomorphism α is anti-symplectic
with respect to the Weil pairing.

Let λΘ be the usual principal polarization of E1 × E2, namely the one
induced by the divisor Θ = {0E1} × E2 + E1 × {0E2}, let Γα ⊂ (E1 × E2)[n]
denote the graph of α, and let

ϕ : E1 × E2 → (E1 × E2)/Γα =: J

be the canonical map. The map ϕ is an isogeny, being surjective and of finite
kernel. We also let ηi : Ei → E1 × E2 denote the canonical embeddings and
we let pi : E1 × E2 → Ei denote the canonical projections.

Lemma 1.16 The isogeny ϕ : E1 × E2 → J induces a principal polarization
of J .

Proof By Lemma 1.14, the condition (1.27) implies that there exists a line
bundle M ∈ Pic(J) such that ϕ∗(M ) = L (nΘ). This bundle naturally
induces a polarization λM : J → J∨ given by

λM : P 7→ t∗PM ⊗M−1.

Now let D ∈ Div(J ⊗K) be any divisor such that M ∼= L (D) and
let D1 := E1 × {0E2} and D2 := {0E1} × E2, so that Θ = D1 +D2. Both D1
and D2 are fibres of projections, namely Di = p∗j (0Ej ). Since any two fibres
of pi are algebraically equivalent, it follows that they are also numerically
equivalent (see [HAG], see pp. 364–367) and we have

D1 ·D1 = D2 ·D2 = 0. (1.28)

Since D1 and D2 meet transversally with D1∩D2 = {(0E1 , 0E2)}, we also have

D1 ·D2 = 1 (1.29)
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(see V.1.3 and V.1.5 in [HAG]). Equalities (1.28) and (1.29) together give

Θ ·Θ = D1 ·D1 + 2D1 ·D2 +D2 ·D2 = 2.

Now the Projection Formula gives

n2Θ ·Θ = nΘ · nΘ = ϕ∗(D) · ϕ∗(D) = degϕD ·D = n2D ·D

whence D ·D = 2. Therefore, by Riemann-Roch (see §16 in [MumAV]), we
have

deg λM = D ·D
2 = 1,

i.e. the polarization λM : J → J∨ is principal.

Remark 1.17 The polarization λM is defined over K and does not depend
on D.

Lemma 1.16 implies that we have the following commutative diagrams,
analogous to (1.8) and (1.9):

E1 × E2 (E1 × E2)∨

J J∨

[n] ◦ λΘ

ϕ

λM

∼

ϕ∨ (1.30)

J J∨

E1 × E2 (E1 × E2)∨

[n] ◦ λM

λ−1
Θ ◦ ϕ∨ ◦ λM

λΘ
∼

λM ◦ ϕ ◦ λ−1
Θ (1.31)

Let ψ := λ−1
Θ ◦ ϕ∨ ◦ λM , for convenience. Then we have the following two exact

sequences:
0 E1 J E2 0,ϕ ◦ η1 p1 ◦ ψ (1.32)

0 E2 J E1 0,ϕ ◦ η2 p2 ◦ ψ (1.33)

that are analogous to (1.6) and (1.7).
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Let S be the set containing the effective divisors D ∈ Div(J ⊗K) such
that ϕ∗(D) ∼ nΘ. For any D1, D2 ∈ S, we have L (D1 −D2) ∈ Ker(ϕ∨). The
polarization λM induces an isomorphism Ker(ϕ∨) ∼= Ker(λ−1

Θ ◦ ϕ∨ ◦ λM ) and
therefore Ker(ϕ∨)(K) acts freely and transitively on S via translation, whence

#S = #Ker(ϕ∨) = #Ker(ϕ) = n2.

Lemma 1.17 If n is odd, then there exists a unique divisor C ∈ S such
that −1J(C) = C. This divisor is K-rational and ϕ∗(C) is the unique divisor
in ϕ∗(Div(J)) that is both linearly equivalent to nΘ and fixed by −1E1×E2.

Proof For any D ∈ S, we have

ϕ∗(−1J(D)) = −1E1×E2(ϕ∗(D)) ∼ −1E1×E2(nΘ) = nΘ

so that −1J acts on S. Since #S = n2 is odd, the action of −1J must fix
some C ∈ S. Suppose that some C ′ ∈ S is also fixed. Then C ′ = tP (C)
for some P ∈ Ker(ψ), which means that C ′ = tP (C) = t−P (C) and there-
fore 2P = 0. This implies that P = 0 since #Ker(ψ) = n2 is odd.

By Riemann-Roch, we have

pa(C) = C · C
2 + 1 = 2

and therefore (pi ◦ ψ)|C : C → Ei are both coverings of degree n. However,
we are not necessarily in the situation described in Section 1.2 because C,
although of arithmetic genus 2, need not be irreducible.

Remark 1.18 The elements of S are either all irreducible or all reducible,
since they are translates of each other.

With Lemmas 1.16 and 1.17 in mind, we recall the following classical result.

Theorem 1.18 (Weil) Let A be a polarized abelian surface with a polarization
induced by L (D) such that D ·D = 2. Then exactly one of the following two
holds:

(1) D is a curve of genus two and A is the canonically polarized Jacobian
of D, with D embedded into A;

(2) A is the product E1 × E2 of two elliptic curves E1 and E2, and D is of
the form {a1} × E2 + E1 × {a2} for some a1 ∈ E1 and a2 ∈ E2.
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Proof This is Satz 2 in [Weil].

Corollary 1.19 If an element D ∈ S is reducible, then we have D = F1 + F2
and J ∼= F1 × F2, where F1 and F2 are elliptic curves. Moreover, the elliptic
curves E1, E2, F1, F2 are all isogenous.

Proof The first claim follows directly from Theorem 1.18. Let

εi := ϕ ◦ ηi : Ei → J

be the induced embeddings, by (1.32) and (1.33). By the same argument as
in the proof of Lemma 1.16, the self-intersection numbers of E1, E2, F1, F2 are
all zero. It is also true that

ε1(E1) · F1 6= 0, ε2(E2) · F1 6= 0,
ε1(E1) · F2 6= 0, ε2(E2) · F2 6= 0.

(1.34)

Indeed, suppose that for some i we have εi(Ei) ·F1 = 0. Then F1 = tP (εi(Ei))
for some point P , and for j 6= i we have

εj(Ej) · F1 = εj(Ej) · εi(Ei) = #Ker(ϕ) = n2,

which implies

n = Ej · nΘ = εj(Ej) ·D = εj(Ej) · (F1 + F2) ≥ n2,

which is a contradiction. The same argument shows that εi(Ei) · F2 6= 0. It
now follows that ε1(E1) and ε2(E2) are not translates of F1 and F2 in J and
since ϕ : E1 × E2 → F1 × F2 is an isogeny, all four curves are isogenous.

Proposition 1.2 ([Fr-Ka]) There exist examples where the elements of S are
reducible.

Proof Let γ : E1 −→ E2 be an isogeny of two elliptic curves, of degree n− 1.
Let α : E1[n] ∼−→ E2[n] be the anti-symplectic isomorphism that is the restric-
tion of γ to the n-torsion and let Γα denote its graph. Then the map

φ : E1 × E2 → E1 × E2, (P,Q) 7→ (nP,Q− γ(P ))

is an isogeny with kernel Ker(φ) = Γα and therefore

J := (E1 × E2)/Γα ∼= E1 × E2.

Frey and Kani (see §2 in [Fr-Ka]) also give the following “irreducibility cri-
terion”.
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Proposition 1.3 Let n ∈ Z>0 be odd, let E1 and E2 be two elliptic curves
without K-rational points of order two, and let α : E1[n] ∼−→ E2[n] be an
anti-symplectic isomorphism. Then the induced curve C, that polarizes the
quotient J := (E1 × E2)/Γα, is irreducible if and only if 0J /∈ C.

Proof First suppose that C is reducible, say C = F1 + F2. Then we
have F1 ∩ F2 = {P} for some point P ∈ J [2](K). Since ϕ induces an iso-
morphism between J [2] and (E1 × E2)[2], we have J [2](K) = {0J} and there-
fore P = 0J . On the other hand, if C is irreducible, the configuration of
the Weierstraß points of C when degϕ = n is odd (Theorem 1.3) implies
that 0J /∈ C(K), having embedded C into J via P 7→ [P −W1 + W2 −W3]
(or P 7→ [P −W4 +W5 −W6]).

1.5.1 Gluing two elliptic curves along their 2-torsion

In this subsection, we will consider in more detail the special case of n = 2.

Example 1.5 Let E1 and E2 be elliptic curves and let α : E1[2] ∼−→ E2[2]
be an isomorphism. Then α is necessarily anti-symplectic because the Weil
pairing takes values in {−1, 1}, meaning that the two curves can always be
glued (over K) along their 2-torsion to form a (principally polarized) abelian
surface.

Proposition 1.4 If n = 2, then the elements of S are reducible if and only
if α is induced by an isomorphism γ : E1

∼−→ E2. Moreover, with notations as
above, if n = 2 and J ∼= F1 × F2, then E1 ∼= E2 ∼= F1 ∼= F2.

Proof Let D ∈ S and suppose D = F1 + F2, where F1 and F2 are elliptic
curves. Let ϕ : E1×E2 → F1×F2 be the isogeny with kernel Ker(ϕ) = Γα. We
denote by ηi the canonical embeddings Ei ↪→ E1×E2 and Fi ↪→ F1×F2, and
we denote by pi the canonical projections E1 × E2 → Ei and F1 × F2 → Fi.
Slightly abusing notation, we also denote by Ei and Fi the images of the
corresponding curves under ηi. We claim that the composition

γij : Ei
ηi−→ E1 × E2

ϕ−→ F1 × F2
pj−→ Fj

is an isomorphism, where i, j ∈ {1, 2}. With εi = ϕ ◦ ηi, we have

n = 2 = εi(Ei) ·D = εi(Ei) · (F1 + F2)
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and εi(Ei) · Fj 6= 0, whence εi(Ei) · Fj = 1. Therefore εi(Ei) has precisely
one point in common with Fj and all its translates (in J) and it follows that
the projection of εi(Ei) to Fj is an isomorphism. It remains to show that the
isomorphisms

γ1i ◦ γ
−1
2i : E1 → E2, i ∈ {1, 2}

agree with α on the 2-torsion. Let P ∈ E1[2] and note that

(P, 0) + Γα = {(P + T, α(T )) | T ∈ E1[2]}
= {(T, α(T − P )) | T ∈ E1[2]}
= (0,−α(P )) + Γα
= (0, α(P )) + Γα,

where the last equality follows from the fact that α(P ) is a 2-torsion point.
It follows that ε1(P ) = ε2(α(P )) ∈ J and therefore γ1i ◦ γ

−1
2i (P ) = α(P ). The

other direction follows from Proposition 1.2.

E1

E2

F2 and its translates
F

1
an

d
its

tr
an

sla
te
s

0J

Figure 1.8: An illustration of E1 and E2 glued along 2-torsion inside
J ∼= F1 × F2; the marked points denote J [2].
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Proposition 1.5 Let E1 and E2 be two isomorphic elliptic curves with a
modular invariant j(Ei) /∈ {0, 1728}. Then they can be glued over K along
the 2-torsion if and only if at least one of the following two conditions holds:

(1) E1 (and therefore E2) has a K-rational point of order two;

(2) The minimal discriminant of E1 (and E2) is a square in K.

Proof Note that j(Ei) /∈ {0, 1728} implies that Aut(Ei) = {±1} and that
both automorphisms fix the 2-torsion pointwise. We choose a model

E : y2z = x3 + ax2z + bxz2 + cz3

for both curves, where a, b, c ∈ K. In particular, we have 0E = [0 : 1 : 0]. In
addition to this point, the 2-torsion consists of three more geometric points,
namely

[r : 0 : 1], [s : 0 : 1], [t : 0 : 1],

where r, s, t ∈ K are the three distinct roots of x3 +ax2 + bx+ c ∈ K[x]. Since
any isomorphism α : E1[2] ∼−→ E2[2] is necessarily anti-symplectic, we only
need to show precisely when the possible automorphisms α : E[2] ∼−→ E[2]
are K-rational (the identity map being excluded, by Proposition 1.4). It is
readily seen that α can be realized as

α : [x : y : z] 7→ [ux2 + vxz + wz2 : y2 : z2]

for some u, v, w ∈ K. We distinguish two cases:

(1) α is an odd permutation of the points of order two, i.e. it fixes exactly
one point of order two;

(2) α is an even permutation of the points of order two, i.e. it fixes none of
the points of order two.

We deal with case (1) first. Suppose, without loss of generality, that [r : 0 : 1]
is fixed by α. Then under α we have

[s : 0 : 1] 7→ [t : 0 : 1], [t : 0 : 1] 7→ [s : 0 : 1],
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which implies that ux2 + vx+w ∈ K[x] must equal the Lagrange polynomial

r
x− s
r − s

x− t
r − t

+ t
x− r
s− r

x− t
s− t

+ s
x− r
t− r

x− s
t− s

= 2r − s− t
(r − s)(r − t)x

2

+ −r
2 + s2 + t2 − rs− rt+ st

(r − s)(r − t) x+ r2s− rs2 + r2t− rt2

(r − s)(r − t) .

Treating u, v, w, a, b, c, r, s, t as variables, let Iq ⊂ K[q, a, b, c, r, s, t] denote the
ideal generated by four elements, namely the three polynomials

a+ r + s+ t, −b+ rs+ rt+ st, c+ rst,

and the fourth polynomial

− u(r − s)(r − t) + 2r − s− t for q = u,

− v(r − s)(r − t)− r2 + s2 + t2 − rs− rt+ st for q = v,

− w(r − s)(r − t) + r2s− rs2 + r2t− rt2 for q = w.

Eliminating the variables s and t from each Iq, we obtain

u = 3r + a

3r2 + 2ra+ b
, v = 2ra+ a2 − b

3r2 + 2ra+ b
, w = r3 − ra2 + 3rb+ c

3r2 + 2ra+ b
. (1.35)

It follows that u, v, w ∈ K whenever r ∈ K. On the other hand, we verify
easily that

r = 1− au+ v

u

if u 6= 0. If u = 0 and char(K) 6= 3, then v = −1 and r = −a/3, and if u = 0
and char(K) = 3, then v = −1 and r = −a. Hence it also follows that r ∈ K
whenever u, v, w ∈ K. We conclude that an automorphism α : E[2] ∼−→ E[2]
that fixes a point of order two is K-rational if and only if the said point
is K-rational.

To deal with case (2), suppose that α ([r : 0 : 1]) = [t : 0 : 1], for example.
Then ux2 + vx+ w ∈ K[x] must equal the Lagrange polynomial

t
x− s
r − s

x− t
r − t

+ r
x− r
s− r

x− t
s− t

+ s
x− r
t− r

x− s
t− s

= r2 − rs+ s2 − rt− st+ t2

(r − s)(s− t)(t− r) x2

+−r
3 + r2s− s3 + s2t+ rt2 − t3

(r − s)(s− t)(t− r) x+−r
2s2 + rs3 + r3t− r2t2 − s2t2 + st3

(r − s)(s− t)(t− r) .
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In the same manner as before, let Iq ⊂ K[q, a, b, c, d, r, s, t] denote the ideal
generated by five elements, namely the four polynomials

a+ r + s+ t, −b+ rs+ rt+ st, c+ rst, d− (r − s)(s− t)(t− r),

and the fifth polynomial

− u(r − s)(s− t)(t− r) + r2 + s2 + t2 − rs− rt− st for q = u,

− v(r − s)(s− t)(t− r)− r3 − s3 − t3 + r2s+ rt2 + s2t for q = v,

− w(r − s)(s− t)(t− r) + r3t+ rs3 + st3 − r2t2 − r2s2 − s2t2 for q = w.

Eliminating r, s, t gives

u = a2 − 3b
d

, v = 2a3 − 7ab+ 9c− d
2d , w = a2b− 4b2 + 3ac− ad

2d , (1.36)

where d = (r− s)(s− t)(t− r). Therefore we have u ∈ K if and only if d ∈ K
and, since ∆E = (d2) modulo twelfth powers, the claim follows.

Remark 1.19 Proposition 1.5 also follows by equating (1.13) and (1.14).
Factoring the difference of the two expressions and equating it with zero gives

(b3 − a3c)(b3 + a3c− 9abc+ 27c2) = 0.

Equating the first term with zero gives c = b3/a3. As one of the curves was
given by s2 = f(t), where f(t) = t3 + at2 + bt+ c, this corresponds to case (1)
because f(−b/a) = 0. If the second term is zero, then we obtain case (2) since

Disc(f) = Disc(f) + 4(b3 + a3c− 9abc+ 27c2) = (ab− 9c)2.

We deal separately with the remaining two cases.

Proposition 1.6 Let E1 and E2 be two elliptic curves with j(E1) = j(E2) = 0.
Then they can be glued along the 2-torsion if and only if every P ∈ Ei[2]
is K-rational.

Proof We fix a model

E : y2z = x(x2 −Bz2)
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for both curves, where B = b2 ∈ K for some b ∈ K \ {0}. Then the two
automorphisms (over K) of E[2] given by

[x : y : z] 7→
[ 3

2bx
2 ∓ 1

2xz − bz
2 : y2 : z2

]
fix no points of order two and fix [b : 0 : 1], respectively. They are defined
over K if and only if b ∈ K. The automorphism that fixes [0 : 0 : 1] is given
by

[x : y : z] 7→ [−x : y : z]

and is induced by automorphisms [x : y : z] 7→ [−x : ±iy : z], where i2 = −1.
Therefore the claim follows.

Proposition 1.7 Let E1 and E2 be two elliptic curves whose j-invariants
satisfy j(E1) = j(E2) = 1728 6= 0. Then they can be glued along the 2-torsion
if and only if Ei has at least one K-rational point of order two.

Proof We fix a model
E : y2z = x3 − Cz3

for both curves, where C = c3 ∈ K for some c ∈ K \ {0}. Let ζ be a primitive
third root of unity. Then the automorphisms of E[2] given by

[x : y : z] 7→
[
ζix : y : z

]
, i ∈ {0, 1, 2}

fix no points of order two and are induced by automorphisms of E, whereas
automorphisms

[x : y : z] 7→
[ 1
ζic

x2 : y2 : z2
]
, i ∈ {0, 1, 2}

fix a single point of order two and are defined over K if and only if ζic ∈ K.

Proposition 1.8 Let E1 and E2 be two elliptic curves with j(E1) 6= j(E2).
Suppose that:

(1) Both curves have a K-rational point of order two;

(2) The product of their minimal discriminants is a square in K.

Then E1 and E2 can be glued over K along the 2-torsion.

49



Chapter 1. Genus two curves with split Jacobians

Proof First of all, suppose char(K) 6= 3 and choose two models

E1 : y2z = x3 +B1xz
2 + C1z

3,

E2 : y2z = x3 +B2xz
2 + C2z

3.

Let ri, si, ti ∈ K be the roots of x3 + Bix + Ci ∈ K[x], for i ∈ {1, 2}.
Then α : E1[2] ∼−→ E2[2] such that

[r1 : 0 : 1] 7→ [r2 : 0 : 1], [s1 : 0 : 1] 7→ [s2 : 0 : 1], [t1 : 0 : 1] 7→ [t2 : 0 : 1]

may be given as [x : y : z] 7→ [Ux2 + V xz +Wz2 : y2 : z2], where U, V,W ∈ K
are such that Ux2 + V x+W equals the polynomial

r2
x− s1
r1 − s1

x− t1
r1 − t1

+ s2
x− r1
s1 − r1

x− t1
s1 − t1

+ t2
x− r1
t1 − r1

x− s1
t1 − s1

.

Let Di = (ri−si)(si−ti)(ti−ri) and note that the assumption (2) is equivalent
to D = D1D2 ∈ K. A simple calculation gives

D1U = −r2s1 + r1s2 + r2t1 − s2t1 − r1t2 + s1t2,

D1V = r2s
2
1 − r2

1s2 − r2t
2
1 + s2t

2
1 + r2

1t2 − s2
1t2,

D1W = −r2s
2
1t1 + r2

1s2t1 + r2s1t
2
1 − r1s2t

2
1 − r2

1s1t2 + r1s
2
1t2.

The same elimination procedure from the previous proofs gives, among others,
the following equations

2D(3r2
1 +B1)U = 3(−12r3

1r
4
2 + 8r3

1B
2
2 + 6r4

2C1 − 4B2
2C1 − 30r3

1r2C2

+ 15r2C1C2 + r2D),
2D(3r2

1 +B1)V = 12r4
2B

2
1 − 8B2

1B12 − 54r1r
4
2C1 + 36r1B

2
2C1 + 30r2B

2
1C2

− 135r1r2C1C2 + 3r1r2D,

D(3r2
1 +B1)W = 12r5

1r
4
2 − 8r5

1B
2
2 + 12r2

1r
4
2C1 + 6r4

2B1C1

− 8r2
1B

2
2C1 − 4B1B

2
2C1 + 30r5

1r2C2 + 30r2
1r2C1C2

+ 15r2B1C1C2 + r2B1D.

Therefore U, V,W ∈ K if r1, r2, D ∈ K. An analogous argument yields the
same result for char(K) = 3.
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1.5.2 The Hesse pencil and the (3,3)-split case

In this subsection, we will assume thatK satisfies char(K) 6= 3 andK = K(ζ),
where ζ ∈ K denotes a primitive third root of unity, i.e. 1 + ζ + ζ2 = 0. The
one dimensional family of curves given by

E[λ:µ] : µ(x3 + y3 + z3) + λxyz = 0

for [λ : µ] ∈ P1 is called the Hesse pencil. Exactly four members of the pencil
are singular, namely the curves corresponding to [−3 : 1], [−3ζ : 1], [−3ζ2 : 1],
and [1 : 0]. We will also consider the family H, given by

Eλ : x3 + y3 + z3 + 3λxyz = 0, (1.37)

that we will refer to by the same name.

Any elliptic curve over K with K-rational 3-torsion admits a model of
the form (1.37) (see Lemma 1 in [Ar-Do], for example). With the excep-
tion of λ3 = −1, each λ ∈ K defines an elliptic curve Eλ, with the identity
element [1 : −1 : 0], that is isomorphic to the elliptic curve given by

Y 2Z = X3 − 3λ(λ3 − 8)XZ2 − 2(λ6 + 20λ3 − 8)Z3, (1.38)

via the following linear transformation:
X

Y

Z

 =


3λ2 3λ2 λ3 + 4

4(λ3 + 1)(ζ − ζ2) −4(λ3 + 1)(ζ − ζ2) 0
1 1 −λ



x

y

z

. (1.39)

Each of the four singular elements of H is a union of three lines, namely:

E∞ : xyz = 0,
E−1 : (x+ y + z)(ζx+ ζ2y + z)(ζ2x+ ζy + z) = 0,
E−ζ : (x+ ζy + z)(ζx+ y + z)(ζ2x+ ζ2y + z) = 0,
E−ζ2 : (x+ ζ2y + z)(ζ2x+ y + z)(ζx+ ζy + z) = 0.

Let F = µ(x3 + y3 + z3) + λxyz. Then the Hessian of E[λ:µ] is given by

det


∂F
∂2x

∂F
∂x∂y

∂F
∂x∂z

∂F
∂y∂x

∂F
∂2y

∂F
∂y∂z

∂F
∂z∂x

∂F
∂z∂y

∂F
∂2z

 = 3µλ2(x3 + y3 + z3)− (108µ3 + λ3)xyz.
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We note that this gives another element of H. Restricting to (1.37), the
Hessian of Eλ corresponds to the curve given by

x3 + y3 + z3 − λ3 + 4
λ2 xyz = 0 if λ 6= 0.

In case λ = 0, the Hessian corresponds to the three lines xyz = 0.

We assume from now on that λ3 6= −1 so that E = Eλ is an elliptic curve
with 0E = [1 : −1 : 0]. For P = [x : y : z] ∈ E one has

−P = [y : x : z],
2P = [y(x3 − z3) : x(z3 − y3) : z(y3 − x3)],
3P = [F1 : F2 : F3],

(1.40)

where

F1 = x6y3 + y6z3 + z6x3 − 3x3y3z3,

F2 = x6z3 + y6x3 + y3z6 − 3x3y3z3,

F3 = xyz(x6 + y6 + z6 − x3y3 − y3z3 − z3x3).

Also, for P1, P2 ∈ E with Pi = [xi : yi : zi] one has

P1 + P2 = [y2
1x2z2 − y2

2x1z1 : x2
1y2z2 − x2

2y1z1 : z2
1x2y2 − z2

2x1y1]. (1.41)

The curve E and its Hessian meet at nine points that are the flexes of E and
satisfy xyz = 0. These are the points of E[3] for every elliptic curve in the
pencil and the pencil consists precisely of the cubic curves that pass through
these nine points. It is easy to see that these nine points are given in the
following table.

[1 : 0 : −ζ] [1 : −ζ2 : 0] [0 : 1 : −ζ2]
[1 : 0 : −1] [1 : −1 : 0] [0 : 1 : −1]
[1 : 0 : −ζ2] [1 : −ζ : 0] [0 : 1 : −ζ]

Table 1.1: points of E[3] in the Hessian model

Letting S = [1 : 0 : −1], T = [−ζ : 1 : 0], and O = 0E , we choose a partic-
ular isomorphism η : E[3] ∼−→ (Z/3Z)2, setting S 7→ (1, 0) and T 7→ (0, 1).
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Hence Table 1.1 can be rewritten as:

S + T T 2S + T

S O 2S
S + 2T 2T 2S + 2T

∼=
(1, 1) (0, 1) (2, 1)
(1, 0) (0, 0) (2, 0)
(1, 2) (0, 2) (2, 2)

Table 1.2: Table 1.1 under the chosen isomorphism E[3] ∼= (Z/3Z)2

The Weil pairing on E[3] is completely determined by 〈S, T 〉, which we
find directly. Let P ∈ E(K) be any point such that 3P = S. By a direct
computation for a specific curve (e.g. P = [− 3√2ζ : 3√4ζ2 : 1] for λ = 1/2)
or by a Gröbner basis computation for the ideal (F1 + F3, F2) ⊂ K[x, y, z],
combined with the fact that [3][x : y : z] = [1 : 0 : −1] implies xyz 6= 0
and y 6= z, we obtain that x2z + y2x + z2y vanishes on {P + R | R ∈ E[3]}.
Since we already know that E[3] is determined by lines xyz = 0, we conclude
that

g = x2z + y2x+ z2y

xyz
∈ K(E)

is such that
div(g) =

∑
R∈E[3]

(P +R)−R,

and therefore
〈S, T 〉 = g(X + T )

g(X) = ζ

regardless of the choice of X ∈ E(K)\ (E[3]∪ tP (E[3])) (see III §8 in [AEC]).
It follows that

〈P1, P2〉 = ζdet(η(P1),η(P2)) for any P1, P2 ∈ E[3],

and we can interpret the Weil pairing on E[3] as the determinant map

det : Z/3Z× Z/3Z→ Z/3Z.

This correspondence is unique up to sign, i.e. up to multiplication by units
of Z/3Z; it could also be given as −det for a different choice of S and T .

We note that Aut(E[3]) ∼= GL2(Z/3Z), which is a group of order 48. Its
action on E[3], with respect to Table 1.1, is depicted in Figures 1.9 and 1.10.
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[ 1 0
0 1
] [ 2 0

0 2
] [ 1 0

1 1
] [ 1 0

2 1
]

[ 1 1
0 1
] [ 1 2

0 1
] [ 0 1

2 2
] [ 2 2

1 0
]

[ 2 1
2 0
] [ 0 2

1 2
] [ 0 1

2 0
] [ 0 2

1 0
]

[ 1 1
1 2
] [ 2 2

2 1
] [ 2 1

1 1
] [ 1 2

2 2
]

[ 2 0
1 2
] [ 2 0

2 2
] [ 2 1

0 2
] [ 2 2

0 2
]

[ 0 1
2 1
] [ 1 2

1 0
] [ 1 1

2 0
] [ 0 2

1 1
]

Figure 1.9: Normal subgroup SL2(Z/3Z)
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[ 0 1
1 0
] [ 0 2

2 0
] [ 1 1

1 0
] [ 2 1

1 0
]

[ 0 1
1 1
] [ 0 1

1 2
] [ 2 2

0 1
] [ 1 0

2 2
]

[ 2 0
2 1
] [ 1 2

0 2
] [ 2 0

0 1
] [ 1 0

0 2
]

[ 1 2
1 1
] [ 2 1

2 2
] [ 1 1

2 1
] [ 2 2

1 2
]

[ 1 2
2 0
] [ 2 2

2 0
] [ 0 2

2 1
] [ 0 2

2 2
]

[ 2 1
0 1
] [ 1 0

1 2
] [ 2 0

1 1
] [ 1 1

0 2
]

Figure 1.10: Coset [ 0 1
1 0
]SL2(Z/3Z)
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We recall some basic properties of these groups. We have SL2(Z/3Z) ∼= Q8oC3
with

Q8 = 〈−1, I, J | (−1)2 = 1, I2 = J2 = (IJ)2 = −1〉,
C3 = 〈G | G3 = 1〉.

Here −1 =
[ 2 0

0 2
]
and we can take, for example,

I =
[
0 1
2 0

]
, J =

[
1 1
1 2

]
, G =

[
1 0
1 1

]
.

Moreover, the group SL2(Z/3Z) is generated by I and G. The corresponding
isomorphisms are given by

−1 7→ [y : x : z]
I 7→ [ζ2x+ ζy + z : ζx+ ζ2y + z : x+ y + z]
J 7→ [ζx+ y + z : x+ ζy + z : ζx+ ζy + ζ2z]
G 7→ [x : y : ζz].

Therefore the elements of SL2(Z/3Z) correspond to automorphisms of E[3],
each of which is induced by an isomorphism (of elliptic curves) between E and
another element of H. This defines an action of SL2(Z/3Z) on H. Since we
have Aut(E) = {±1} for a generic Eλ ∈ H, each element of

PSL2(Z/3Z) = SL2(Z/3Z)/{±1} ∼= A4

corresponds to a pair of isomorphisms between E and a unique element of H
(exceptions being λ(λ3 − 8) = 0 and λ6 + 20λ3 − 8 = 0).

One can easily determine from (1.38) that the j-invariant of Eλ is

j(Eλ) = −27λ3(λ3 − 8)3

(λ3 + 1)3 . (1.42)

We can therefore conclude that j : H → P1 is 12-to-1, except above j = 0
and j = 1728, where it is 4-to-1 and 6-to-1, respectively. Every element of
{
λ, λζ, λζ2,

−λ+ 2
λ+ 1 ,

−λ+ 2
λ+ 1 ζ,

−λ+ 2
λ+ 1 ζ2,

−λ+ 2ζ
λ+ ζ

,
−λ+ 2ζ2

λ+ ζ2 ,
−ζλ+ 2
λ+ ζ2 ,

−ζ2λ+ 2
λ+ ζ

,
−λ+ 2ζ
ζ2λ+ 1 ,

−λ+ 2ζ2

ζλ+ 1

}

defines the same isomorphism class.
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The set {−1, I, J,G,H}, where H =
[ 0 1

1 0
]
, generates GL2(Z/3Z). It is

readily checked that H corresponds to the 3-torsion isomorphism [h1 : h2 : h3],
where

h1 = x(y2 + z2)ζ2 + y(x2 + z2)ζ + z(x2 + y2),
h2 = x(y2 + z2)ζ + y(x2 + z2)ζ2 + z(x2 + y2),
h3 = x(y2 + z2) + y(x2 + z2) + z(x2 + y2).

Therefore the anti-symplectic 3-torsion isomorphisms for curves in H are pre-
cisely those corresponding to the coset HSL2(Z/3Z) and they can be written
down explicitly.

We conclude by analysing a specific example.
Example 1.6 Suppose that we have 1 + 3λt2 + 2t3 = 0 for some t ∈ K, such
that (t3 − 1)(8t3 + 1) 6= 0. Then the elliptic curve

Eλ : x3 + y3 + z3 − 1 + 2t3
t2

xyz = 0

has a rational point [t : t : 1] of order two. Applying the isomorphism (1.39),
Vélu’s formula for 2-isogenies (and applying a suitable isomorphism), we ob-
tain as the image a curve that is given by a model of type (1.38) with the
parameter µ = (1− 4t3)/(3t). We omit the details and give only the final map

γ : Eλ → Eµ, [x : y : z] 7→ [f1(x, y, z) : f2(x, y, z) : f3(x, y, z)],

where

f1 = x(−2t2y2 − t2xy + t2x2 − yz + 2t3xz + tz2),
f2 = y(−2t2x2 − t2xy + t2y2 − xz + 2t3yz + tz2),
f3 = tz(x+ y + tz)(x+ y − 2tz).

Thus γ is an isogeny whose kernel is the cyclic group of order two that is
generated by the point [t : t : 1]. Restricting γ to the 3-torsion, we obtain
the isomorphism α : Eλ[3]→ Eµ[3] that corresponds to

[ 1 0
0 2
]
∈ GL2(Z/3Z). It

follows from the proof of Proposition 1.2 that J := (Eλ × Eµ)/Γα is isomorphic
to Eλ × Eµ.

Suppose that Eλ ∼= Eµ and suppose that
√
−2 ∈ K, extending K if neces-

sary. To determine the isomorphism classes of such curves, we may suppose,
without loss of generality, that λ = µ. This implies

0 = 4t4 − 2t3 − t− 1 = (t− 1)(2t+ 1)(2t2 + 1).
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Hence t = ±
√
−2
2 and λ = 2±

√
−2

3 . Both values of λ correspond to the same
isomorphism class since for each one, the other is given by −λ+2

λ+1 . Hence Eλ is
an elliptic curve defined over K = K(ζ,

√
−2), with j-invariant j(Eλ) = 8000

and with complex multiplication by Z[
√
−2].

We note that λ and µ satisfy

3λ2µ2 + λ3 + µ3 − 3λµ+ 2 = 0, (1.43)

describing a singular curve of genus zero.

We now consider the case α =
[ 1 0

0 2
]
in more generality. Let Eλ and Eµ

be two elliptic curves in H and let A and G respectively denote the images
of Eλ × Eµ and Γα in P8 under the Segre embedding

σ : ([x : y : z], [u : v : w]) 7→ [xu : xv : xw : yu : yv : yw : zu : zv : zw].

The identity element of A is OA = [1 : −1 : 0 : −1 : 1 : 0 : 0 : 0 : 0] and the
inversion morphism −1A is given as

[X1 : X2 : · · · : X9] 7→ [X5 : X4 : X6 : X2 : X1 : X3 : X8 : X7 : X9]. (1.44)

Lemma 1.20 Let W1 and W2 denote the set of (geometric) points of order
two on σ(Eλ × {0Eµ}) and the set of points of order two on σ({0Eλ} × Eµ),
respectively. Then any hyperplane section on A that is invariant under −1A
contains either W1 ∪W2 or its complement in A[2](K).

Proof The two eigenspaces of (1.44) are respectively generated by the sets

S1 = {X1 +X5, X2 +X4, X3 +X6, X7 +X8, X9},
S2 = {X1 −X5, X2 −X4, X3 −X6, X7 −X8}.

We find that A[2](K) consists of six points that are in the zero locus of the ideal
generated by S1 and ten points that are in the zero locus of the ideal generated
by S2. Since any linear form that is fixed by −1A is a linear combination of
the elements of exactly one of these two sets, we are done.

It is a fact that the translations by points of A[3] can be extended to
automorphisms of P8 and this is crucial to our analysis because there exist
algorithms (see [Ke-St]) that compute invariants of K[X1, . . . , X9], of a given
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degree, under an action by a finite matrix group. The computations involved
were done in Magma. The details are given in the Appendix.

We find that the vector space of degree 3 invariants (under the action of G)
is of dimension 21, with an explicitly given basis, while there are no invariants
of degree 1 or 2. We then use a Gröbner basis computation to reduce the
elements of this basis to elements of the coordinate ring of A and we find that
there are exactly 9 linearly independent ones, say F1, . . . , F9. Using another
Gröbner basis computation, we solve the equation

d1F1 + · · ·+ d9F9 − (c1X1 + · · ·+ c9X9)3 = 0

for c1, . . . , c9. The solution set has exactly nine points and they give us linear
forms that are invariant under the translations by points of G. In particular,
we find that the linear form X1 + X5 + X9 is the one that is also invariant
under −1A. Therefore we find the divisor D := ϕ∗(C) from Lemma 1.17
explicitly. Moreover, the divisor D does not contain OA and, as expected, the
remaining 8 divisors are obtained as translates of D by the points of A[3]/G.
Analogous results can be obtained for all choices of anti-symplectic α. We
summarize with the following proposition.
Proposition 1.9 Let n ≥ 3 be an odd integer, let E1 and E2 be two elliptic
curves, let Θ := E1 × {0E2} + {0E1} × E2, and let α : E1[n] → E2[n] be an
anti-symplectic isomorphism. Let D be the unique divisor on E1 × E2 that
is linearly equivalent to nΘ, invariant under the translations by points of Γα,
and invariant under −1E1×E2. Then (E1 × E2)/Γα is not a Jacobian if and
only if D contains a 2-torsion point of E1 × E2 that is not a point of order
two on E1 × {0E2} or a point of order two on {0E1} × E2.

Proof As before, let J and C respectively denote the images of E1 × E2
and D under the isogeny ϕ : E1 ×E2 → (E1 ×E2)/Γα. By Theorem 1.18, the
divisor C is either a curve of genus two or a sum of two elliptic curves that
meet in a rational 2-torsion point. Since −1J induces an involution ι on C,
we conclude that C(K) contains exactly six points fixed by ι if and only if it
is irreducible and that it contains exactly seven points fixed by ι if and only
if it is reducible. Since n is odd, the restriction of ϕ to the 2-torsion is an
isomorphism and there is exactly one geometric point of (E1 × E2)[2] above
each point of C(K) that is fixed by ι. Therefore D(K) cannot contain more
than seven 2-torsion points. Lemma 1.20 shows that D(K) contains at least
the six points of (E1[2] × {0E2} ∪ {0E1} × E2[2]) \ {0E1×E2} and the claim
follows.
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Remark 1.20 If the divisor D can be given explicitly, the condition in Pro-
position 1.9 is not difficult to check. For n = 3, we can compute this divisor,
given the datum (Eλ, Eµ, α) as above. In particular, if α is given by

[ 1 0
0 2
]
with

respect to our choice of bases for Eλ[3] and Eµ[3], we find that (Eλ×Eµ)/Γα is
not a Jacobian if and only if (1.43) holds (see the Appendix for more details).
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