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Chapter 1

Genus two curves with split
Jacobians

Throughout the thesis, by a variety over a field K we mean a K-scheme of finite
type, separated, and geometrically integral. By a curve we mean a variety of
dimension one and by a surface we mean a variety of dimension two. By an
abelian variety, we mean a complete group variety. In this chapter, unless
stated otherwise, by K we mean a field of char(K) # 2, by K we mean an
algebraic closure of K, and we assume that all varieties and morphisms are
defined over K. By a model of a curve, we mean a birational plane model.
This is in contrast with the second chapter, where a model of a curve is a type
of a fibred surface whose generic fibre is isomorphic to the curve.

1.1 Hyperelliptic curves

We recall some definitions and facts, referring to Chapter IV of [HAG] and
Chapter 7 of [Liu].

A hyperelliptic curve C is a smooth projective curve of genus g > 2 that
is equipped with a finite separable morphism 7: C' — P! of degree 2. In other
words, the curve C is a double cover of P! and 7 is a 2-to-1 covering map; this
means that the corresponding function fields satisfy

[K(C): m*K(PY)] = 2.
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Chapter 1. Genus two curves with split Jacobians

Hence K (O) is of the form K(z,y), where y? = h(z)y + f(x) and f,h € K|[z].
Since char(K') # 2, we can complete the square and therefore assume, without
loss of generality, that 42> = f(z). Hence C admits an affine planar model given
by y? = f(z). We can and do assume that this model is regular, i.e. that f
has distinct roots, because if y?> = g(x)2f(x), we can change the variables by
putting y = g(x)y’. In the affine model, the map 7 corresponds to (z,y) — z
and induces an involution ¢ on C, which is given by ¢: (z,y) — (z,—y) and
is called the hyperelliptic involution. It is the unique involution, up to auto-

morphisms, with a quotient of genus zero and it corresponds to the generator
of Gal(K(C)/K(x)) = Z/2Z.

The fixed (geometric) points of ¢ are the ramification points of 7 and are
called the Weierstraf$ points' of C. They lie above the roots of f and possibly
also above co. Under our assumptions, the Hurwitz formula holds, i.e. the
canonical divisors K¢ and Kp1 of C' and P!, respectively, are related by the
linear equivalence

KC ~ F*(Kpl) +R

where R is the ramification divisor of m. Note that every ramification index ep
such that ep > 1 necessarily equals 2 and, since char(K) # 2, all ramification
is tame. Therefore R = " pc (ep — 1)P is the sum of the Weierstraf points.
Recall that Kp1i ~ —200 so that Ko ~ —27%(c0) + R. In case m does not
ramify above oo, applying Riemann-Roch yields

deg Ko =29 —2=—-4+degR= —4+deg f

which means deg f = 2g + 2. If, on the other hand, 7 ramifies above oo, then
Riemann-Roch yields

deg Kc =29 —2=—-4+degR=—-4+degf+1

which means deg f = 2¢g + 1. To simplify, we introduce d = deg f if deg f is
even and d = deg f+1 if deg f is odd so that Riemann-Roch yields d = 2g+2.
In either case, the ramification divisor R consists of 2¢g + 2 distinct geometric
points. We will always assume that the degree of f is even so that oo is not a
branch point of 7. If co is a branch point, it is K-rational and we can apply
an automorphism of P! to make sure that it is not a branch point in the new
coordinates.

! More generally, a Weierstra8 point of a smooth projective curve X of genus g (over an
algebraically closed field) is defined to be a point P € X s.t. £(gP) > 2.



1.1. Hyperelliptic curves

So far, we have only mentioned an affine model of a hyperelliptic curve C.
To build the actual curve C, it will not suffice to take the projective closure
of the affine model y? = f(x) because it is not smooth at infinity. Instead, we
first observe that v? = u?f(u™!) is also a smooth affine model of C' and we
glue the two affine models via (z,y) = (uv=!,u~%?v). Another way is to use
the functions z,y € K(C) and embed C into P9*! via

P [1: z(P): 2*(P): ---: 29(P): y(P)].

Every smooth projective curve of genus two is hyperelliptic. This follows
from Riemann-Roch because deg K¢ = 2 = ((K) implies that the canonical
map, defined by the linear system |K¢/|, is a 2-to-1 map from C to P! (given
by P +— [1 : z(P)] for a non-constant x € L(K¢)). Curves of higher genera
are “generically” not hyperelliptic. One can see this by an argument based on
dimensions of moduli spaces. See also the remark below.

Remark 1.1 Most of the notions mentioned above are just as valid for curves
of genus 0 or 1 and some authors include them in the definition of hyperelliptic
curves. For a curve of genus 0 (resp. 1) in this context, we usually also assume
that it has at least one K-rational point so that it is isomorphic to P! (resp. an
elliptic curve), whereas for curves of higher genera we make no such assump-
tion. Some authors define a hyperelliptic curve to be a smooth projective curve
that is a double cover of a smooth conic. Over an algebraically closed field,
this coincides with our definition for g > 2. Under this definition, a smooth
projective curve C' of genus g > 2 is hyperelliptic if and only if the canonical
map to P91 is not an embedding, in which case its image is a rational normal
curve. In other words, among smooth projective curves, hyperelliptic curves
of genus g > 2 are characterized by the fact that their canonical divisor K¢
is ample, but not very ample. Its ampleness is a consequence of Riemann-
Roch, since deg Ko = 2g — 2 > 0 under our assumptions. To see that it is
not very ample, we first note that, by Riemann-Roch and Proposition IV.3.1
of [HAG], the divisor K¢ is very ample if and only if /(P + Q) = 1 for any
two points P and Q. However, on hyperelliptic curves we have {(P + Q) = 2
for any two points P and @ in the same fibre of the 2-to-1 covering map. If
the canonical map sends two different points P and @ to the same image, then
by Riemann-Roch

UP+Q)=UKc—P—Q)—g+3=0Kc—P)—g+3=2

and |P + Q| defines the 2-to-1 map. This map is unique up to actions of
automorphisms of P! and C. When the canonical map is injective, it is also
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Chapter 1. Genus two curves with split Jacobians
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Figure 1.1: A genus one curve as a double cover of the projective line with the
ramification points marked.

an embedding because we can take P = (Q just as well. Moreover, 2K ¢ is very
ample if and only if ¢ > 3 and 3K is very ample if and only if g > 2. See IV.3
and IV.5 in [HAG] and 7.4 in [Liu].

We depict finite separable coverings between curves with a diagram of the
kind that is shown in Fig. 1.1 above. In case the degree of the covering is
greater than 2, we depict only the fibres containing the ramification points,
denoting unramified points by —, doubly ramified points by X, triply ramified
points by > etc.

Remark 1.2 The case of char(K) = 2 is excluded from the very beginning
because it allows for wild ramification of the covering map. That is to say
that char(K) divides the ramification indices of the Weierstral points and
the multiplicity of each ramification point in the ramification divisor is > ep.
In this setting, hyperelliptic curves are a special case of the so-called Artin-
Schreier curves, which are curves in characteristic p that are covers of P! of
degree p. Such a curve C' admits an affine model of the form y? —y = f(z)
where f € K(z) is not of the form g(x)P — g(x) for any g € K(z) and deg f is
coprime to p. Here deg f = deg f1 — deg f2 if f = f1/f2, with fi, fo € K][x],
in lowest terms. If (z,y) € A? satisfies y» — y = f(x), then so does (z,y + 1)
because (y+1)P —y—1 = y?—y = f(z). We therefore have an automorphism o
of the curve, defined by o(y) = y + 1, which is of order p. This implies
that Gal(K(C)/K(x)) is cyclic of order p. It also implies that the ramification
points can only occur above oo and the poles of f. The relation between f
and the genus of the curve is more complicated in this case and we omit it
here (see Lemma 2.2.3 in [Farn]).



1.2. Curves of genus two covering curves of genus one

1.2 Curves of genus two covering curves of genus
one

Let C be a curve of genus two that covers a curve E of genus one via ¢: C' — E
of degree n. Let ¢ denote the hyperelliptic involution on C. Recall that we
had assumed that the curves and the maps are defined over a field K of
characteristic char(K) # 2.

Lemma 1.1 The hyperelliptic involution ¢ of C' induces an involution of E,
also denoted by L, such that ¢ commutes with the involutions and such that
the quotient E /L is of genus zero. In particular, the map ¢ sends fired points
on C to fixed points on E (under t).

Proof Naturally, we make an argument over K. Let W € C(K) be a Weier-
stra point. We embed C' into its Jacobian via P — [P — W] and E into
its Jacobian via P +— [P — ¢(W)]. The choice of the embedding guarantees
that ¢ on C' is compatible with —1 € Aut(Jac(C)), i.e. ¢t = —1 when restricted
to the image of C inside its Jacobian. The morphism ¢ induces a morph-
ism ¢, between the Jacobians of the two curves and we have the following
commutative diagram:

C —— Jac(C)

y [ (1.1)

E ——— Jac(FE)

Since —1g o ¢y = ¢y o (—1¢) (¢« is a group morphism) and E = Jac(FE) (geo-
metrically), the involution on C' induces an involution on FE, that we also
denote by ¢. The morphism ¢ clearly respects the involutions, therefore it
sends fixed points to fixed points, under ¢. Furthermore, it induces a morph-
ism Jac(C)/_q — Jac(E)/_q that, when restricted to C, gives a morph-
ism f: C/, — E/,. Since C/, is of genus zero, so is E/,, and from the
construction it follows that f and the involutions are defined over K. O

In view of the lemma, we have the following commutative diagram:

c—5E

yc f‘ (1.2)

c/, L By,
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Remark 1.3 By our definition, we have C//;, = P! and since f is K-rational,
we also have E/, = P!. Some authors define a hyperelliptic curve more
generally by requiring only that C'/, is of genus zero.

We now consider, over K, the ramification of each map in diagram (1.2).
Let Wh,...,Ws denote the ramification points of 7¢ and let T7,...,Ty de-
note the ramification points of wg, i.e. the points fixed by ¢. Let wq,...,wg
and t1,...,ts4 denote their respective images under the corresponding projec-
tion maps m¢ and mp. Lemma 1.1 tells us that ¢({W;}) € {Tj}. From the
commutativity of the diagram, we have deg f = deg¢ = n and f({w;}) C {t;}.

Lemma 1.2 ([Kuhn]) With the notations as above, for everyi € {1,2,...,6}
the divisor f*(ij:l tj) contains w; with odd multiplicity and any other points
with even multiplicity.

Proof We assume, without loss of generality, that

K(C) = K(2)[y)/(y* - P(x))

for some P € K|z] of degree 6, which is an extension of degree two of K(z),
the function field of the underlying projective line. Similarly, we assume

K(B) = K(t)[s]/(s* - Q(1))

for some @ € K|t] of degree 4, which is an extension of degree two of K(t),
the function field of the other underlying projective line, where t = f(x). We
may view all these fields as subfields of K(C). That being said, we observe
that the hyperelliptic involution ¢ fixes K(z) and K(t). Furthermore, we
have t(y) = —y and t(s) = —s, whence t(s/y) = s/y. Being fixed by the
involution, s/y must be an element of K(x), say s/y = A(z)/B(z) for some
coprime A, B € K|[z]. This implies

The roots of the right-hand side are exactly the points that lie above the t;,
i.e. they are the roots of Q(t). Since P is square-free with w; as roots, we are
done. O

Applying Riemann-Hurwitz to ¢ yields deg Ry = 2, therefore either ¢
doubly ramifies at two distinct points or it has one triple ramification point.
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1.2. Curves of genus two covering curves of genus one

We distinguish two cases — either this ramification occurs above some 7} (the
“special” case) or it does not (the “generic” case). As ¢ acts on Ry, if there
are two distinct ramification points, they cannot lie above two distinct 7}.

In the generic case, the map g o ¢ = f o m¢ ramifies at 4n double points
that lie above the T}. Since m¢ ramifies at six double points, we have that f
ramifies at

1
5(4n—6):2n—3

double points above the ¢;, none of which is any of the w;. Applying Riemann-
Hurwitz to f yields deg Ry = 2n—2 which means that there is one more doubly
ramified point that does not lie above the ¢;. In the special case, all of the
ramification lies above the ¢;.

Since f is finite and between smooth varieties, it is flat and every fibre of f
has exactly n = deg f points over K, counting with multiplicities. More pre-
cisely, we have that f.O¢, , s alocally free O, ,-module of rank n. Lemma 1.2
implies that above each ¢; there is an odd number of the w; if n is odd and an
even number of the w; if n is even, thus limiting the ramification of f above
the t; to four cases. This is by virtue of the simple fact that 6 has a unique
decomposition as a sum of four odd non-negative integers and exactly three
decompositions as a sum of four even non-negative integers. The four cases
are depicted in Fig. 1.2, where the unramified points, i.e. the w;, are denoted
by — and doubly ramified points are denoted by >C.

Remark 1.4 From now on, we will assume that the points are indexed as in
Fig. 1.2. In the generic case, we will denote by ty the image under f of the
ramification point that does not lie above {t1, to, t3, %4}, and we will call special
the ramification point above ty (in the generic case) and the ramification point
with ramification index > 3 (in the special case).

Theorem 1.3 ([Kuhn]) Let i and j run through {1,...,6} and {1,...,4},
respectively. If ¢: C — E is unramified above the Tj, then the ramification
of f: C/y — E/, consists of 2n — 3 doubly ramified points above the t; that
are distributed as in Fig. 1.2 and one other doubly ramified point that does not
lie above any of the t;. If ¢ ramifies above the T}, then the entire ramification
of f occurs above the t; and its distribution is the same except that either:

(1) One of the w; has ramification index 3; or

(2) There is a unique point, not one of the w;, with ramification index 4.

7



Chapter 1. Genus two curves with split Jacobians

Corollary 1.4 The point ty is K-rational. Consequently, so is Tj.

Proof We again assume, without loss of generality, that even degree mod-
els are given for both curves. First we observe that the divisors wi + - - - + wg
and t1 + - - - + t4 are K-rational because they correspond to roots of polynomi-
als with K-rational coefficients. That is to say that the absolute Galois action
permutes {wi,...,wg} and it also permutes {t1,t2,t3,t4}. Moreover, the ab-
solute Galois action permutes the fibres of f because this map is K-rational
and therefore commutes with Gal(K/K). In particular, the absolute Galois
group Gal(K/K) permutes the four fibres of f above {ti,ts,t3,t4}.

Suppose n is odd. Let wi,ws,ws be the three points above t4. Since the
fibre f~1(t4) is the only fibre with three of the w;, it must be that the absolute
Galois action permutes {w1,ws, w3}, i.e. wy + wy + ws is K-rational. Hence
its image under f, namely t4, is K-rational.

Suppose n is even. We consider each case separately. In case (1), we have
that t1+t9+t3 is the image of w;+- - -+wg under f and is therefore K-rational,
which implies that t4 is K-rational. In case (2), the argument is analogous
to the one above, for odd n, and shows that t4 and t3 are K-rational. In
case (3), the K-rationality of ¢4 is immediate as t4 is the image of wy +- - - +ws
under f. O

Corollary 1.5 The special ramification point of the map f is K-rational.
Consequently, so is its image under f.

Proof In the generic case, the fibre f~1(¢y) is the unique one containing a
single ramification point and none of the w;. In the special case, the special
point is the unique point with ramification index > 3. Thus the absolute
Galois action fixes the special point in both cases. ]

Remark 1.5 Given that the highest possible ramification index is 4, wild
ramification of f can only occur if char(K) € {2,3}. We always assume that
this is not the case so that the ramification is tame.

Remark 1.6 Corollary 1.4 shows that the covering ¢: C — E induces a
structure of an elliptic curve on E where T is the identity element of the
group structure.



1.2. Curves of genus two covering curves of genus one

X X X X X X X X

! |

t1 ts t3 ta t1 to t3 tq

odd degree even degree, case (1)

X X X X X X X X

o
o
o
||
R XXX
XXX X

KKK X

! |

i to t3 t4 t to t3 tyq

even degree, case (2) even degree, case (3)

Figure 1.2: Generic picture of the possible ramification of f above the ¢;.
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Chapter 1. Genus two curves with split Jacobians

Example 1.1 If deg f = 2, only case (1) can occur (Fig. 1.3).

w; w3 Ws

e X

lf

to t1 to t3 t4

Figure 1.3: Ramification of f when deg f = 2.

Example 1.2 If deg f = 3, there are two possible cases (Fig. 1.4).

to ty to t3 t4 3] to t3 2

generic case special case

Figure 1.4: Ramification of f when deg f = 3.

Proposition 1.1 A given finite separable map f: P' — P! with ramification
as described in Theorem 1.3 lifts to a finite separable map ¢: C — E that
makes the diagram (1.2) commute. Moreover, the curves C and E are unique
up to isomorphisms and the map ¢ is unique up to compositions with auto-
morphisms.

10



1.3. Optimal coverings

Proof Let wy,...,wg and tq,...,ts be the geometric points defined by rami-
fication of f as in Fig. 1.2 (with the analogous definition for the special case).
Let By = w1+ -+ wg and let By =t +---+t4. By the above argument, the
ramification behaviour of f implies K-rationality of B; and By. Therefore By
corresponds to O(6) € Pic(P') = Z and By corresponds to O(4) € Pic(P!).
Both are uniquely divisible by two and are therefore respectively branch di-
visors of 2-to-1 separable coverings 7¢: C — P! and 7p: E — P! (see §1.17
in [B-H-P-V], for example), where C'is a curve of genus two and E is a curve
of genus one, by Riemann-Hurwitz. Since Bj is contained in f* By, we have
an injection O(B;1) — O(f*Bs) and, by the functoriality of the constructions,
this gives the desired covering ¢: C — FE. O

Remark 1.7 Note that, in the previous proposition, if deg f ¢ {2,5}, then
the ramification of f implies that ¢4 is K-rational and therefore F is elliptic
with T, as the identity, where T, is the point whose image is t4 under 7g.
If deg f € {2,5}, then f*(t4) and f*(t9) have the same ramification indices for
their points.

1.3 Optimal coverings

Definition 1.1 Let C be a curve of genus two and let FE be an elliptic curve.
We say that a covering map ¢: C — E is optimal? if whenever there exists
another elliptic curve E’ such that ¢ decomposes (over K) as

then n: £/ — E is an isomorphism. In other words, if ¢ factors through an
isogeny, then the isogeny is trivial.

Definition 1.2 Let A4: A — AY and Ag: B — B" be polarizations of abelian
varieties. Let ¢: A — B be an isogeny and let ¢’ denote the dual isogeny.

2 Some authors use the term mazimal or minimal.

11



Chapter 1. Genus two curves with split Jacobians

We say that the isogeny ¢ is polarized with respect to Ay and Ap if the
following diagram commutes:

A
A 24, AV
% ¢’
AB

The central claim of the following lemma is well known, but here we give
a complete formal proof.

Lemma 1.6 Let C be a curve of genus two and let ¢: C — E be an optimal
covering of an elliptic curve E with deg ¢ = n. Then there exists an elliptic
curve E an optimal covering ¢ C— E and an isogeny @: E X E — Jac(C),
possibly after extending the base field, such that:

(1) deg = n;
(2) ¢ = ¢* + &%
(3) degp = n?;

(4) Ker(p) = Eln] = E[n];

(5) ¢ is polarized with respect to the polarizations [n]oXe of E x E and ¢
of Jac(C), where Ao and Ac denote the usual principal polarizations,

respectively induced by £ (0) and £(C), and © := {0p} x E+E x {05}

Proof Let D be a geometric divisor of degree 1 on C' that is invariant under
the hyperelliptic involution. We embed C' into Jac(C') via e: P — [P — D].
We consider all schemes over the extended base K. Recalling that E = Jac(FE)
and denoting K := Ker(¢,), we consider the following exact sequence of com-
mutative group schemes:

0 —— K —— Jac(C) —+ E — 0. (1.3)

Note that dim K = 1 because ¢, is surjective, but not an isogeny. Let Ky
denote the connected component of the identity of X. We claim that I = K,
i.e. K is connected.

12



1.3. Optimal coverings

To see this, consider the following commutative exact diagram in the cat-
egory of commutative finite type group schemes over K:

0
0 0 Ker(y)
0 Ko Jac(C) F 0
| D (L40)
0 K Jac(C) ~—— FE 0
G 0 0
0

where F' := Jac(C)/Ky and G := K/Ky. The map v: FF — E is the in-
duced map and the unlabeled arrows denote the canonical inclusions and quo-
tients. Note that G is finite and that F' is connected, being a quotient of the
connected Jac(C'). Since our category is abelian (see [SGA3] exposé VIy,
Thm 5.4.2), the Snake Lemma gives an isomorphism Ker(y) = G. Since ~
is surjective and has a finite kernel, it is an isogeny (see 8.1. in [Milnl]).
Restricting to ¢(C) C Jac(C'), we see that ¢ factors as

&

—

~

CL

B!

However, by our optimality assumption, it must be that v is an isomorphism.
Therefore G is trivial and K = Ky, making K an elliptic curve. We accordingly
adopt a new notation for it, namely FE.

13



Chapter 1. Genus two curves with split Jacobians

Consider now, in the category of abelian varieties, the exact sequence

0 BV« Jac(C) <& BV 0, (1.5)

that is dual to the sequence (1.3). Using the fact that elliptic curves are
canonically isomorphic to their Jacobians and that Jacobians are canonically
self-dual (see §6 in [Miln2]), we can write

E 1 Jac(C)

and define 5 : C' — E as the composition noe. Since Ker@*) = F is connected,
it follows that <;~5 is likewise optimal. Thus the curve C is a degree n cover of
both E and E’, and the latter two are complementary in the sense that one
is the quotient of Jac(C) by the other. That is to say that the following two
sequences

0o——» 8- Jac(C) B0 (1.6)
0—— E -2 Jac(C) -2+ E——0 (1.7)

are exact.

Now let ¢: E x E — Jac(C) denote the map ¢* + ¢*. By the exactness
of the sequences and the fact that ¢* and ¢* are embeddings into Jac(C'), we
have

Ker(¢) = ¢"(E) N *(E)

— Tm (") N Ker(6.)

= Ker (¢, o 6°)

— Ker([n])

= E[n].
In particular, we have that degy = n?. The same argument also shows
that Ker(¢) = E[n]. Since Ker(yp) is finite, we have that ¢ is an isogeny
of abelian surfaces and we have the following exact sequence:

0 — Ker(¢) —— E x E —2— Jac(C) — 0.

14



1.3. Optimal coverings

It is now clear that the two diagrams
EXEI[n]O)\G (EXE)\/
ld)*_,’_g* TAG) ° (d)*,g*) ° )‘E‘l (18)

Jac(C) A*NC> Jac(C)"

[n] o Ag
—

Jac(C) Jac(C)”
i(qs*,a*) TAC o (¢7+67) 0 A5! (1.9)

ExE 29, (E x E)v
are commutative, so that ¢ and its dual ¢’ are polarized. This completes the
proof. n

By abuse of notation, we also denote by ¢ the involution on E induced by
the hyperelliptic involution on C.

Definition 1.3 We say that E, gz~5, and f are complementary to E, ¢, and f,
respectively.

Definition 1.4 A Jacobian Jac(C) of a genus two curve C' is said to be split
if it is isogenous to a product E x F of two elliptic curves; more specifically, if
the isogeny is induced by an optimal covering C' — FE of degree n, then Jac(C')

is said to be (n,n)-split.

Remark 1.8 The curve F is defined over K , given that C, E, and ¢ are. The
extension of the base field is only required to define the divisor D. If D is
rational over the base field, then so are all the constructions that follow. In
view of Lemma 1.6, we say that Jac(C') can be obtained by “gluing together”
the two elliptic curves along their n-torsion. Moreover, as we shall see later,
the induced isomorphism E[n] = E[n] inverts the Weil pairing (Lemma 1.14).

1.3.1 The Weil pairing on the 2-torsion

The cases of odd and even degree of an optimal covering ¢: C — F differ in one
other important aspect. Since T1,T5,T3,Ty € E(K) are the 2-torsion points
on E, they are in the kernel Ker(y) = E[n] of the isogeny ¢: E x E — Jac(C)

if and only if the degree n is even.

15



Chapter 1. Genus two curves with split Jacobians

Let (i,5) :== [W; — W;] = [W; — W;] for 1 < i < j < 6, denote the 15
distinct linear equivalence classes that are the points of order two on Jac(C).
Then for distinct indices 4, j, k,l,m,n, in the group structure of Jac(C) we
have

(i7j)+(i7j):07 (i7j)+(k7l):(m7n)7 (i,j)—i—(i,]{?):(j,k),

and the Weil pairing on Jac(C')[2] is given by (see [Tatal] and [Tata2]):

ea((i,4), (1,5)) =1, eal(@, ), (K, 1)) =1, ea((i, ), (4, k) = —1. (1.10)

1.3.2 Optimal coverings of odd degree

We have established that when the degree of ¢: C — FE is odd, there is
a unique ramification point on E denoted by T, such that exactly three of
the W;, that we index as Wi, Wy, W3, lie above it. Moreover, the point T}
is K-rational. Likewise, the points w1, w9, ws map to the K-rational t;, € P!
under the induced f. Both wi 4+ we + ws and Wy + Ws 4+ W3 are K-rational.
Thus we can and do assume that C is given by a model y? = P(z)Q(z),
where P,@Q € K|z| are cubics with roots {wi, w2, w3} and {w4,ws,ws}, re-
spectively. Since the canonical divisor K¢ ~ 2W; is K-rational, so is the di-
visor Wy — Wy + W3. Moreover, the latter determines a unique linear equival-
ence class [W; — W; + W, for {i,7,k} = {1,2,3} or {4,5,6}. Thus ¢ induces
a canonical K-rational embedding C' < Jac(C), given by

P [P—W1+W2—W3], (111)

which is compatible with the canonical isomorphism E = Jac(E), that is given
by P+ [P —Ty], and the involutions. Therefore we still have (1.1) and we
could have assumed this embedding a priori.

Theorem 1.7 ([Kuhn]) In the case of optimal coverings of odd degree, the
roles of the divisors wi + wo + w3 and wy +ws + wg are exchanged between the
two complementary maps f and f. We have f. (w1 +wy +w3) = 7. (0g) and
felwstws+we) = 7z (0%), and hence also fi(watws+ws) = Tp.(E[2]\{0g})
and f.(wy + wy + w3) = WE*<E[2] \ {05}), where the identity element Of is
given by Ty.

16



1.3. Optimal coverings

Proof Note that under the canonical embedding (1.11), a Weierstrafl point W;
maps to (j,k) for {i,7,k} = {1,2,3} or {4,5,6}. Since the degree is odd, the
isogeny ¢ = ¢* + ¢* induces an isomorphism of the 2-torsion subgroups, with
inverse 1 = (¢, d.). The fact that ¢({Wyi, Wa, W3}) = Ty implies

Ker(¢,) N Jac(C)[2] = {0,(1,2),(1,3),(2,3)}.
We are done if we show that
Ker(¢y) N Jac(C)[2] = {0, (4,5), (4,6), (5,6)}.

Suppose (i,7) € Ker(¢,) and (k,1) € Ker(¢,) are two points of order two.
Applying the isomorphism ¢! between the 2-torsion subgroups of the two
abelian surfaces and comparing the Weil pairings, which are preserved under
polarized isogenies (Lemma 16.2(c) in [Miln1]), we obtain

62((i7j)’(k’l>) 62((¢*(Z’])7$*(7ﬂ])) ) (Qb*(k’l)aas*(kvl)))
262(¢*(’La])7¢*(k7l)) : 62(5*(Z7.])7Q~5*(k7l))

This, together with (1.10), implies

(k1) € {(4,5),(4,6),(5,6)} U{(1,2),(1,3),(2,3)}.

However, there can be no point of order two in Ker(¢,) NKer(¢,) because ¢!

would map such a point to 0 € (E x E)[2], which is impossible since ¢ induces
a group isomorphism on Jac(C')[2]. O

1.3.3 Optimal coverings of even degree

The case of even degree is quite different because we do not necessarily have
a K-rational embedding C' — Jac(C) that would be compatible with the ca-
nonical elliptic curve structure of E (with Ty as the identity element). In
this case, we have (E x E)[2] C Ker(p). The map ¢, o¢*: E — E is mul-
tiplication by the even n and therefore identically zero on E[2]. Therefore
we have Im(¢*) N Jac(C)[2] = Ker(¢,) N Jac(C)[2] = E[2] so that E[2] is a
subgroup of Jac(C)[2] of order 4.

17



Chapter 1. Genus two curves with split Jacobians

Let (i,7) € Ker(¢«). Suppose that also (i,k) € Ker(¢«). Then the
equality (i,7) + (i,k) = (j, k) implies that Ker(¢.) = {0, (¢,7), (¢, k), (j, k) },
and under the embedding of C into Jac(C), given by P+ [P — W], we
have {W;, W;, Wy} C ¢~1(0), which contradicts Theorem 1.3, given the op-
timality of ¢. Indeed, in cases (2) and (3) of Fig. 1.2, there are more than four
points in Ker(¢,) N Jac(C)[2], so that Ker(¢,) is not connected.

Hence we can assume, reindexing the points if necessary, that
Ker(gb*) N Jac(C)[2] = {07 (17 2)7 (3a 4)7 (57 6)}

Thus for each choice of the embedding P — [P — W;] of C into its Jacobian
(and the induced isomorphism P — [P — ¢(W;)] of E and its Jacobian), we
have precisely two Weierstrafl points of C' mapped to 0 € Jac(E) = E. Since

E[2] & Ker(¢,) NJac(C)[2] and E[2] = Ker(¢,) N Jac(C)[2],
we have the following theorem.

Theorem 1.8 ([Kuhn]) Let ¢: C — E be an optimal covering of even degree.
Then the ramification diagram of f: C/, — E/, is the one depicted in case (1)
of Fig. 1.2 and the complementary ¢: C — E induces a map f C/ly — E/L
with the same ramification diagram and the same indexing of the Weierstrafl
points.

1.4 Characterization of split Jacobians

Given an optimal covering ¢: C — FE, Theorems 1.7 and 1.8 may allow us
to algorithmically determine the complementary optimal covering &: C > E.
Before delving into specifics, we will state several useful lemmas, starting with
an important result of elimination theory.

Let K be any field and K an algebraic closure of K. For any non-negative
integer m, let K[x,y],, denote the K-vector space of all homogeneous poly-
nomials in K[z,y] of degree m. We fix a basis for this space that is given
by the monomials 2™, 2™ 1y, ..., a™ % ... ay™ 1 y™. Let F € Kz, ylm
and G € K|[x,yl, with m,n > 1 and consider the map

HFG: K[x7y]n71 ® K[:Ev y]mfl — K[a%y]ernfly (A7B) = AF + BG.
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1.4. Characterization of split Jacobians

This is a linear map between two K-vector spaces, both of dimension m + n.
The resultant Res(F,G) € K of F and G is defined to be the determinant
of upe with respect to the monomial bases. We recall some well known
properties of resultants, that will be of use to us.

Lemma 1.9 Res(F,G) = 0 if and only if the polynomials F and G have a
common root in P1(K).

Proof If F and G have a common root in P!(K), then they must have a
common linear factor L € K[z,y]. Suppose F = LF; and G = LG;. Then
it is clear that (=G, F1) € K[z,yln—1 ® K[z,y]m—1 is a non-trivial element
of Ker(pupq), i.e. prq is not injective, whence Res(F, G) = 0.

Suppose Res(F,G) = 0. Then pup¢ is not injective and there exists a
non-trivial (A, B) € K|x,yln—1 ® K|z, y]m—1 such that AF + BG = 0. Now
suppose, without loss of generality, that A # 0. Then G divides AF in K[z, ].
Since deg A < deg G, it must be that F' and G have a common factor. O

Remark 1.9 Res(F,G) is a polynomial in the coefficients of F' and G. More
precisely, if F(z,y) = > qa;z™ 'y’ and G(z,y) = >0 bjz" Iy, then the
resultant of ' and G is the determinant of their Sylvester matriz

fag a1 ... ... am O ... ... ... ... O
0O a a ... ... am O
0 0 apg ai P £ 7% 0
B 0 0 0 a a1 am
Res(F,G) =det | 0 0 0
0 b b ... b, 0 0
0 0 by b bn O 0
L0 0 ... ... ... ... 0 by by ... by |

We denote this matrix by . It has n rows with the coefficients of F'
and m rows with the coefficients of G. Given two polynomials f, g € K|x], we
define their resultant to be the resultant of their homogenizations yde&f f (5)
and ydeggg(g). The resultant Res(f, %f(x)) is denoted by Disc(f) and is
called the discriminant of f. By Lemma 1.9, the discriminant Disc(f) vanishes

if and only if f has a double root in K.
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Chapter 1. Genus two curves with split Jacobians

Given F,G € K|xg,x1,...,x,] for some integer r > 1, we index their res-
ultant with the appropriate variable(s) in order to clarify in which polynomial
ring we consider them to be, e.g. Res,,(F,G) for F,G € K(z1,...,z,)[xo].

Lemma 1.10 Let F € Klz,y|m, let G € Klz,y|,, let H € Klz,y|x, and
let F* and G* denote F(y,x) and G(y,x), respectively. Then the following
hold:

(1) Res(F,G) = (—1)™"Res(G, F);
(2) Res(F*,G*) = Res(G, F);
(3) Res(zF,G) = byRes(F,G);
(4) Res(yF,G) = bgRes(F,G);
(5) Res(F,GH) = Res(F,G)Res(F, H).
Before proceeding with the proof of each claim, we note that (1) implies

analogous results when the two polynomials, whose resultant is under consid-
eration, have their roles reversed.

Proof .7 r can be obtained from .7 by a permutation of rows that is
of parity (—1)™", therefore det.¥r g = (—1)""det ¢ . This implies (1).
We can obtain .#« g+ by reversing the order of the rows and the columns
of /¢ r. Hence det S+ g+ = det S p, which implies (2). Laplacian expan-
sion of det ., r ¢ along the (m + n + 1)-th column gives (3), while (4) follows
from (3) by applying (2).

To prove (5), we first note that, by (4) and (1), we can and do assume
that y does not divide F,G, or H. Under this assumption, we will infer the
claim by proving that

Res(F, G) = agby' H H
i=1j=1
where aq,...,0,, € K and Bi,...,B, € K are the roots, not necessarily

distinct, of F(z,1) and G(z, 1), respectively. Since

F(x,1) =ap H(:c — o),
=1

Ge.1) = by [[ (=~ By).

J=1
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1.4. Characterization of split Jacobians

this is equivalent to

Res(F,G) = af [[ Gles, 1) = (=1)™"b5" [] F(B:,1). (1.12)
i=1 Jj=1

We prove this by induction on m + n. If m =n = 1, we have

b
Res(aoz + a1y, boz +b1y) = det 10— agby — a1y = agbo <_al + 1) ;
bo b1 ap b

where agbg # 0, so (1.12) holds in this case. Now suppose that it holds for
any two polynomials whose sum of degrees is smaller than m + n. By (1),
we can and do suppose that m < n. By the Euclidean algorithm, there
exist @, R such that G = FQ + R and either R = 0 or deg R < deg F' = m.
If R =0, then F(z,1) and G(x, 1) have a common root, whence Res(F,G) = 0
and (1.12) holds. If R # 0, let [ = deg R and note that [ < n.

Also note that Res(F, G) = Res(F,y"'R). The reason is that S pyn-iR CAN
be obtained from .77 by elementary row operations that do not change the
determinant. Namely, if Q = Z?;g” cjz" ™Iy then for each i € {1,...,m}
and each j € {0,1,...,n—m}, we multiply the (i + j)-th row by —¢; and add
it to the (n + i)-th row.

By (4) and (1), we have Res(F, G) = Res(F,y" 'R) = a} 'Res(F, R) and,
by the induction hypothesis, we have

Res(F,R) = a), H R, 1).

i=1
Together, this gives

Res(F,G) = af [[ G(ai, 1)
=1

since G = FQ + R and F(«a;,1) = 0 for each ¢ € {1,...,m}. This product
formula, along with (1) and (4), finally implies

Res(F,GH) = Res(F,G)Res(F, H),
Res(FH,G) = Res(F,G)Res(H,G)

for any three homogeneous polynomials in K[z, y]. O

21



Chapter 1. Genus two curves with split Jacobians

Suppose that f: P! — P! is a finite K-morphism given as

[z y] = [F(z,y): Gla,y)]

and let D be a K-rational divisor on P! that is given as the zero locus of a
polynomial P € K[z, y]. We have the following two corollaries of the preceding
two lemmas.

Corollary 1.11 The K-rational divisor fiD is given as the zero locus of
Res (ZG<I7 y) - wF(x, y)v P(x7 y)) S K[Z, U}],
where the two polynomials are considered as elements of K(z,w)[z,y].

Corollary 1.12 The K-rational divisor f*f.D — D is given as the zero locus
of

Res (F(:J:,y)G(z,;UI)U—_I;’iz,w)G(:B,y),P(Z’w)) € Klz,yl,

where the two polynomials are considered as elements of K(x,y)[z, w].

Proof The case when D is a point follows easily by Lemma 1.9 and the
general case follows by induction, by applying Lemma 1.10. O

These two corollaries play an important role in the following subsections.
Another tool we shall use is Grobner bases, for which [IVA] is a useful refer-
ence. We now revert back to the notations of the previous sections.

1.4.1 (2,2)-split Jacobians

Let ¢: C' — E be an optimal covering of degree 2. The two ramification points
of f lie above the K-rational points ty and t4. It follows that the ramification
points of f (and hence those of ¢) are likewise both K-rational. We assume,
without loss of generality, that to = 0, t4 = oo, f(0) =0, and f(c0) = o0, by
applying an automorphism of P! if necessary. In other words, we may assume
that f is given as z + 22 = t where t is the local parameter on E/, = P!,

implying the ramification picture for f that is shown in Fig. 1.5, where t; = w?.

Therefore the curve C' is given by a model of the form

y? = 25 + az* + ba® + c € K[z].
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1.4. Characterization of split Jacobians

0 w1 w2 w3 o0

xul W2 —w3 )(

\l/f:.%‘l—)l'Q

0 tp, to tg 0

Figure 1.5: Ramification of f: P! — P!

The elliptic curve E is determined by the branch points {1, to,t3, 00}, from
which we immediately obtain a model, namely

s =1+ at’> + bt +ce K[t].

By Theorem 1.8, we know that f(dw1), f(£ws), f(+ws) are three pairwise
distinct points. Moreover, we know that f doubly ramifies above 0 and oo.
Given that we fixed f(z) = x2, there is exactly one choice for f, up to multi-
plication by a nonzero scalar, namely f(z) = 1/z2. Thus the elliptic curve E is
determined by the branch points {1/t1,1/t2,1/t3,00} and we obtain a model
of E as s> = Res, (1 — 2,3 + at® + bt + ¢) = ct® + bt? + at + 1 € K[t]. From
this, we can directly calculate

28(a® — 3b)3

i(E) = 1.13
J(E) a?b? — 4b3 — 4a3c + 18abc — 27¢2’ ( )

= 28(b% — 3ac)?
J(E) == T T P — (1.14)
c2(a?b? — 43 — 4adc + 18abe — 27¢?)
The symmetry between the two is perhaps better appreciated if one homogen-
izes and views them as functions on P3. We also note that the denominators
do not vanish. Indeed, the fact that the ¢; are pairwise distinct is equivalent

to the nonvanishing of

Disc, (23 + ax? + bx + ¢) = a?b? — 4b° — 4a’c + 18abe — 27¢2,
while the fact that none of the w; is zero is equivalent to ¢ # 0.
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Chapter 1. Genus two curves with split Jacobians

The curve C' has an extra automorphism o: (x,y) — (—x,y), which, along
with the hyperelliptic involution ¢, generates a Klein four-group. Then, taking
quotients, we have C/g =2 F and C/g0, = E.

Remark 1.10 The two j-invariants are algebraically independent, meaning
that there is no Zariski closed subset of A! x Al that contains the j-invariants
of all pairs (E, E) of elliptic curves that admit an optimal covering of degree 2
by the same curve C' of genus two. We will come back to this later and see
that it is expected.

Remark 1.11 The case of (2,2)-split Jacobians is classically known. Kuhn
attributes the solution to Legendre and Jacobi.

1.4.2 (3,3)-split Jacobians

Let ¢: C' — FE be an optimal covering of degree 3. We treat the generic case
first (recall Fig. 1.4). Once more, we have that ¢ty and t4 are K-rational. Also,
in view of Corollary 1.5, both points in f~!(tg) are K-rational. Hence we can
and do assume that ¢y = 0, t4 = oo, and f*(0) = 2 -0+ co. This yields the
following ramification picture for f:

x X5 X o

That is to say that we assume, without loss of generality, that

2

23 +ax? +bx+c’

fz) =

where the denominator, denoted by P(z), has roots wi,ws,ws3. Moreover,
the w; are pairwise distinct and none of them equals zero. We can express this
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1.4. Characterization of split Jacobians

fact as

Res, (22, P(x)) = ¢® #0, (1.15)
Disc, (P(x)) = a®b? — 4b® — 4a3c + 18abe — 27¢* # 0. (1.16)
The pullback of t; + to + t3 corresponds to roots of D(x)?Q(z) for some two

cubics D(z), Q(x) € K[z], where the roots of D(x) are the ramification points
distinct from 0, and the roots of Q(z) are wy, ws, wg. Now

df z(z3 — b — 2¢)
d:):( 7)== P(x)?

so we can take D(z) = 2% — bxr — 2¢ because the roots of the numerator are
precisely the doubly ramified points of f. These are again pairwise distinct
points so we have

Discy (D(z)) = 4(b% — 27¢%) # 0. (1.17)

From this we calculate, again via resultants, the nonic D(z)2Q(x) whose roots
are f*f.(d1 + d2 + d3), where the d; are the roots of D(z). We have

Res, (v2P(y) — y*P(z), D(y)) = c(2® — bx — 2¢)*(4ca® + b*a? + 2bex + ¢2),

whence Q(x) = 4cz® + b?2? + 2bcx + c®. Therefore the genus two curve C
admits a model

y? = P(2)Q(x) = (2% + ax® + bx + ¢)(4ea® + b*x? + 2bcx + c2).

In view of Theorem 1.7, we have

~ x+d)?(z+e
flz) = 3( 2)2( ) 2
dexs + b*x? + 2bex + ¢

for some d,e € K such that d # e and Q(—d), Q(—e) # 0, i.e.
Resy(z +d,z+¢€) #0, Resy(x+d,Q(z)) #0, Res,(z+e, Q(x))#O0.

Condition Disc,(Q(x)) = 16¢*(b® — 27¢?) # 0 is superfluous because of (1.15)
and (1.17). It remains to find d and e. To this end, we repeat the argument
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Chapter 1. Genus two curves with split Jacobians

used to obtain Q(x) from f to the map f. In doing so, we must obtain a mul-

tiple of P(x) and this imposes algebraic conditions from which we determine d
and e. We have

di(x) _ (=4 d)D(z)
dz Qx)?

where

D(x) = (b* — 8cd — 4ce)z® + (4be — b2d — 12¢de) x>
+ (3¢? + 2bce — 2b%de)x + c2d + 2c%e — 2bede.

Now we calculate that

Res, ((z+d)*(z + €)Q(y) — (y + d)*(y + €)Q(x), D(v))
equals Q(—d)Q(—e)D(x)?R(x), where R(z) is the polynomial

16¢(2¢%d — bed? 4 cd* + c*e — 2bede + V2 d*e — 4ed’e)a®

+ 4(=bc® + 20*cAd — b3cd® 4 18¢3d* — 8bc2d® + 2b%cd?

+ b2cPe — 2b%cde + 12¢3de + bld%e — 12bc2d?e — 12¢%d e)x?

+ (=3¢ + 1002 d* — 8b3cd® 4 48c3d3 + brd* + 4bcPe — 4b?cPde
—abPcd?e + 123 d%e + 4b*d3e — 64bctde — 8b2cdte)x — Actd + 8bcPd?
—4V?Ad® 4 16¢3d* + cte — 202 dPe + 323 dPe 4 bid'e — 32bcde.

Dividing R(z) by P(z), we obtain the remainder

(—4bc® + 8b*c?d — 32ac’d — 4b’cd® + 16abc*d® + 72¢3d? — 32bc*d® + 8b*cd*
— 16ac’d* + 4b*c*e — 16ac’e — 8b3cde + 32abc’de + 48c3de + 4b*d2e

— 16ab’cd?®e — 48bc%d?e + 64ac’d®e — 48c2d e)x? + (=3¢ — 32bc*d

+ 26b%c%d? — 8b3cd® + 483d3 + bid — 16bc2d? — 12bce + 28b% P de

+ 4btd3e — 8b%cde)x — 36c1d + 24bc3d® — 4V Pd® — 15t e + 32bc3de
—20b3cd?e 4 723 d%e — 18V2Pd%e + 963 d3e + bidte — 32bcde.
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1.4. Characterization of split Jacobians

Equating it with zero, we obtain three polynomial equations from which we

determine ) )
3c b“c — 3ac

g 3¢ __remdee 1.18

T ¥ _dabe 1 92 (1.18)

by a Grobner basis computation. More precisely, we consider d and e as
unknowns and solve over the field K (a,b,c), by computing a Grobner basis
for the ideal I C K (a,b,c)[d, €] that is generated by the three polynomials that
define our three equations. Alternatively, we can factor the polynomials, note
that 3¢ — db is a factor in two of them (making one equation superfluous), and
then show that there are no other solutions than the one above. Either way,
this finally gives

f(:c) ~ (bx + 3¢)?((b® — 4abc + 9c?)x + b%c — 3ac?)
B 4exd + b2x2 + 2bex + 2

A model for E¥ can be determined by requiring that the set of branch
points of the quotient map g is {¢1,t2,t3,00}, i.e. 0o and the image under f
of the three roots of Q(x). A model for E is similarly determined by re-
quiring that 7 ramifies above co and the image under f of the three roots
of P(x). We can find the corresponding cubics from Res,(tP(x) — 2%, Q(z))
and Res,(tQ(x) — (z + d)*(z + €), P(z)), but we omit them here. The mod-
ular invariants of the two elliptic curves can be obtained from the two cubics
by a direct calculation. We find that

24(a?b* + 120° — 126ab>c + 216abc? + 405b%c? — 972ac?)3

.
IE) (b3 — 27c2)3(a2b2 — 403 — dadc + 18abe — 27¢2)2

= 28(a? — 3b)3
I(E) = 3 3 3 2
a?b? — 4b3 — 4a3¢ + 18abe — 27¢

If b = 0, then oo is the doubly ramified point of f above 0. In this case,
we obtain, by the same argument, the following:

x? ~ 3r —a
T = ve 0 =gare
21036(136 o~ 2806
J(E) =

IE) = G oo c(da® + 27¢)
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Chapter 1. Genus two curves with split Jacobians

If b3 — 4abc + 9¢? = 0, then oo is the unramified point of fabove 0. In this
case, we obtain:

z? ~ (bz + 3)?
4bx3 + (b3 + 9)2? + 4b%x + 4b 423 4+ b2 + 2bx + 1
, b3 (b? — 24)3 e v —27)(b® — 3)3
gy =202 () = -2

b3 —27 7 b3

Remark 1.12 This is what [Kuhn] obtains. It is, at least in part, also
classically known, albeit not in a modern setting (see [Kraz]).

Remark 1.13 The factors in the numerator and the denominator of f and f
are unique up to multiplication by non-zero constants. Recall that we have
assumed (Remark 1.5) that char(K) ¢ {2,3} so that our resultants, including
the leading and the tailing terms of the polynomials etc, are not identically
Zero.

1.4.3 Special cases of (3, 3)-split Jacobians

Unlike with (2, 2)-split Jacobians, the (3,3)-split case allows for special cases
(recall Fig. 1.4). There are two possibilities, namely either one map is special
and the other is not, or they are both special. Suppose that f is special and f
is not. Then we can and do assume that 0 is the special, triply ramified point
of f so that, by the same arguments as in the previous subsection, we have

_ z? Fla) = (z+dP(z+e)
3 tax?+br+c’ © (—b2 + dac)zd + 2bex? + 3cx

f(x)

Solving for d and e, by imposing the generic ramification picture on f and
using Theorem 1.7, we again obtain

3c b%c — 3ac?
d = -, e = ,
b b3 — dabc + 9c2

whence
Fla) = (bz + 3¢)?((b® — 4abe + 9¢*)x + b?c — 3ac?)
N (=0% + dac)a® + 2bca? + 3c%x )
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We ultimately obtain

16(—16b5 + 144ab*c — 405a2b%c? — 108b%c? + 324a3¢3 + 486abc® — 729¢4)?
729¢4(—b2 + 3ac)®(—ab? + 4b® + 4a’c — 18abe + 27c?)? ’

J(E) =

= 28(b% — 3ac)?
IE) = S 15— a3 — o7y
c?(a?b? — 4b3 — 4a3c + 18abc — 27c?)

Now suppose that both f and f are special. We assume that 0 is the triply
ramified point of f above 0 and that oo is the unramified point of f above oo,

that is

.%'3

flw) = 22 +azx +b’
with b # 0 and a®? — 4b # 0. The argument above, applied to (1. 19), implies
that oo is the triply ramlﬁed point of f above 0, which gives f ( ) =1/Q(z).
We find Q(x) = (—a® + 4b)x* 4 2aba® + 3b*z, using Corollary 1.12 and The-
orem 1.7. Applying the same argument to f(x) yields

(1.19)

(3a* — 24a?b + 48b%)x? + (—4a>b + 16ab®)x — 16a%b* + 48D°,
that must be divisible by 22 + ax + b. Dividing the two, we obtain
—a(3a® — 8b)(a® — 4b)x — a®b(3a* — 8b) (1.20)

as remainder. Given that b # 0 and a? — 4b # 0, equating (1.20) with zero
yields two possible solutions, namely a = 0 and b = 3a?/8. The first solution
gives

T ~ 1

2y WS gy JE =B =1

fz) =

Kuhn obtained this solution with b = 4/3. However, it would seem that he
missed the second solution, namely a # 0,b = 3a?/8, which gives

i Fa) 1
x pry
822 + 8ax + 3a?’ 3223 + 48ax? 4 27a2x’

fz) =

o=y 873722816 _26 - 2393
B 59049 310
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Chapter 1. Genus two curves with split Jacobians

Before dealing with the cases of higher degree split Jacobians and gener-
alizing the above, we introduce some prerequisites in the next subsection.

1.4.4 Powers of polynomials

Lemma 1.13 Let F be a field, let m,n be two positive integers with m coprime
to char(F), and let A(z) = Y. a;z* € Flx] be a polynomial of degree mn
that is an m-th power of a polynomial B(x) = 77 bjxl € Flz] of de-
green. Then B(x) is uniquely determined, up to multiplication by m-th roots of
unity, by coefficients mn, Amn—1, - - -, Amn—n- Consequently, these coefficients
uniquely determine A(x).

Proof It is clear that b = a;,, so the claim is true for the leading coefficient
of B(z). Expanding B(x)"™, we note that for each j € {0,...,n — 1} we have

Amn—n+j = mb;b ! 4 (terms independent of b;). (1.21)

To see this, note that if b;z7 is one of the contributing factors to a sum-
mand of amn,nﬂ-xm”_"ﬂ in the expansion, then the other m — 1 factors are
all b,z" because their product is the only possible one of the required degree.
Moreover, no coefficient of B(z) of index lower than j can appear in @ymp—n+;-
Since we assumed that m is not zero in F', we can divide equation (1.21) for
each j by m and, starting with j = n — 1, recursively express the b; in terms
of Gmn—1, Amn—2, -+, Cmn—n and by,. ]

Remark 1.14 With notations as in the preceding lemma, let char(F) = p.
Then if m = p"m’ for some r,m’ € Z~q such that ged(p,m’) = 1, we can
reduce this to the case in the lemma by introducing a new variable X = 2",

Remark 1.15 For any polynomial of degree mn with a fixed non-zero leading
coefficient, Lemma 1.13 provides (m — 1)d equations that the coefficients of
the polynomial satisfy if and only if it is an m-th power. One can take B(t)
defined over F' if and only if F' contains an m-th root of a,,,. Another
way of obtaining the same equations is computing a Groébner basis of the
ideal I C Flag,...,amn,bo,...,bn,u] generated by ua,,, — 1 and the coeffi-
cients of A(t) — B(t)™, and then eliminating the variables by, ..., by,.

Example 1.3 (n = 3) Let a,b,c,d € F, where a # 0, and let m > 2 be an
integer coprime to char(F'). Let A(z) € F[x] be a polynomial given as

A(z) = a™z®™ + b3 4o a2 dat S
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If A(x) is an m-th power of a cubic B(z) = ax3 + fx? + vz + 6 € F[z], then
we have

a =a (up to mult. by m-th roots of unity),

b
B=—
mao
C — (n;’)olm_%BQ (122)
v = —
mao
5 - 4= 2(5)am 2By — (§)am — 36°

mam—l

whence, up to multiplication by an m-th root of unity, B(z) equals

2
g x2+mgamc_@)baﬁm4aw—zm2<’;>m+(2@> ~m () )b
mam—l m3a2m—1 m5a3m—1 .

For each m € Z~, by expanding B(z)™, we can obtain the remaining coef-

ficients of A(x) in terms of the leading four, which gives us the form of any
polynomial of degree 3m that is an m-th power of a cubic.

Example 1.4 Over a field F' with char(F') # 2, every sextic in F[x] that is a
square has the form

5b% — 24ab%c + 16a%c? + 32a%bd
64a3 o
(—=b% + dac) (b — dabe + 8a?d) (b® — 4abc + 8a?d)?
* 64a’ v 25645
for some a,b,c,d € F with a # 0.

az’ + ba® + cxt + dz® +

The goal of the following two subsections is to generalize Subsections 1.4.1
and 1.4.2 and describe how one could obtain a parametrization of the modular
invariants of the two complementary elliptic curves in the general case.

1.4.5 The odd degree generic case of split Jacobians

Let, as before, f: C/, — E/;, be the map induced by an optimal cover-
ing. If n = degf > 3 is odd, we suppose that the curve C of genus two
is given by a model y?> = P(x)Q(x), where P(x),Q(z) € Kl[z] are cubics
and P(z) = 23 + az® + bz + c.
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Chapter 1. Genus two curves with split Jacobians

........................................................

Figure 1.6: Ramification of f in the case of odd degree.

In view of Theorem 1.3, we also suppose that the induced map is given as

22 A(x)

f(z) = P(2)B(x)?’ (1.23)

where

n—3
Alz) = 2" + Z a;x’ € Kz],
=0
(n=7/2
B(z) = 2™%/2 4 Z bjx) € K|x].
j=0
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1.4. Characterization of split Jacobians

In doing so, we assume that 0 and oo are points of ramification index 2 in
the fibres f*(0) and f*(o0), respectively. To make the ramification of f fit
Fig. 1.6, we also must have

r1 := Resg(z, P(x)) # 0, ro := Resy(x, B(x)) # 0,

rs := Resg(A(x), P(x)) # 0, ra = Resg(A(z), B(z)) # 0,
r5 := Resg(z, A(x)) # 0, r¢ := Res,(P(x), B(x)) # 0,
dy := Disc,(P(z)) # 0, dy := Disc,(A(x)) # 0,

d3 := Discg(B(z)) # 0.

The coefficients a, b, ¢, a;, bj are not all free; not all maps of the form (1.23)
fit the ramification picture of Fig. 1.6. The imposed distribution of the double
points in the fibres above t1, t2, {3 means that we must have

[t +t2 +13) = Z(Q) +2Z(D),

where Z(-) denotes the zero locus and

D(z) =2A(x)B(z)P(z) + x%(m)B(m)P(m)
- 2xA(m)C(11—f(x)P(x) _ xA(x)B(a:)i—i(a:),

which is a polynomial of degree %(n —1). This follows from computing the de-
rivative of f with respect to z. The ramification picture imposes an additional
restriction, namely that

n—1

£.(2(D)) = "= 2(U)

for some cubic U. By Corollary 1.11, we have that the divisor f.(Z(D)) is the
zero locus of

M(t) = %Resx (tP@)B()? - 2?A2), D(x)) . (1.24)

In view of Lemma 1.9, the resultant in (1.24) is divisible by 717373714 be-
cause P(z)B(x)%, 22A(z) and D(x) have a common factor whenever any of
the r; vanish. Note that ro appears with an exponent 2 because if it vanishes,
the common factor is 22. It is also worth noting that the factors of the leading
(resp. tailing) coefficient of M(t) are dy,ds,r4,76 (resp. 71,75,d2). Indeed,
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Chapter 1. Genus two curves with split Jacobians

by Lemma 1.9, the vanishing of any of these resultants corresponds to com-
mon factors of P(x)B(x)? (resp. x?A(x)) and D(x), and a common root of
the two is clearly mapped to oo (resp. 0) under f, so the claim follows by
Corollary 1.11.

In order to determine the unknowns {a;, b;}; ;, of which there are %(n -3),
in terms of a,b, ¢, we impose the condition that the polynomial M (t) divided
by its leading coeflicient equals a %(n — 1)-th power of a cubic U(t) that,
up to multiplication by a non-zero constant, equals (t —t1)(t — t2)(t — t3).
Equivalently, M(t) is divisible by U (t)n%1 By Subsection 1.4.4, we get pre-
cisely %(n — 3) equations by imposing the said condition. We obtain the a;
and the b; in terms of a, b, ¢, by computing a Grobner basis of the ideal

IC K(C% b, C) [ai? bj]i’j

that is generated by the %(n — 3) corresponding polynomials. Having determ-
ined the form of f in terms of parameters a, b, ¢, we compute the expression
1 _
Ria) =~ —Res, (MR DB 1)) ¢ gea,b, 000,
r1irarara r—vY
where f; = 22A(x) and fo = P(z)B(z)?. This resultant is a polynomial of

degree %(n —1)? and, by Corollary 1.12, it determines the divisor

n—1

£ 2D -2(D) = 1 ("5 20)) - 2(D) = "2 2@+ (n-2Z(D).

Therefore R(x) must be divisible by Q(z)%D(x)"_Q. Let T'(z) denote the
result of Euclidean division of R(x) by D(z)"2. To obtain Q(z) from T'(x),
we first divide T'(z) by its leading coefficient, which is not zero under our
restrictions, and then we use (1.22). Since Q(z) is only unique up to multi-
plication by a non-zero constant, we can clear the denominators and choose
that form for @Q(z). Having determined @(x), Theorem 1.7 implies that we
can write

5 (z +u)*A(z)
g) = YW AT 1.25
f(x) 00)B(x)? (1.25)
with
n—3 )
Alx) = 2" + Z a;z' € K|x],
=0
(n=5)/2
B(z) = 2™3/2 4 Z bjz! € Klx],
j=0
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1.4. Characterization of split Jacobians

where u, 6i,gj € K are all to be determined. Note that the number of the un-

knowns is now increased by two. We repeat the exact same procedure as above,

this time starting with (1.25), and obtain the 2(n — 3) equations that must be

satisfied by its coefficients because this map has the same ramification picture
3

as f. In the process, we obtain a polynomial ﬁ(x) of degree 5(n — 1), that

is a factor of df/dz(x) and whose zero locus consists of the doubly ramified
points of f above t1,t9,t3. We also obtain a polynomlal Mt (t) that corresponds
to f.(Z(D)), that must be divisible by V(t)"z, where V (t) € K[t] is a cubic.
We find the corresponding resultant

Resy <f1(x)fd(yl). : 52(y)fd($)75(y)> e K(a,b, c)[u,&i,gj][:v],

that must be divisible by 7173237 P ()2 ™~V D(2)"2, where

r = Resm(ﬂi‘f' an(x))7 Resx( u B( ))
r3 = Resx(A,Q(LI?)), T4 = Resx( ( ))

and P(z) € K(a,b,c)u,a;,bj][z] is a cubic. We divide by 717227373 D(2)" 2
and express P(z) using (1.22) again. Three additional equations are obtained
by imposing the condition that P(z) € K|z] is divisible by P(z). Finally,
we solve for u 51,5 in terms of a, b, ¢, by computing a Groébner basis of the
1deal J C K(a,b,c)[u, @, b; ili,; that is generated by these three equations and
the 3(n — 3) equations we had already obtained.

With all the coefficients in f and f known, we determine U(t) and V(t)
using (1.22) and we directly determine the j-invariants of E and E, in terms of
the parameters a, b, ¢, from the models s> = U(t) and s? = V/(t), respectively.

1.4.6 The even degree generic case of split Jacobians

If deg f = n > 3 is even, virtually nothing changes in the approach so we go
through it briefly. We suppose that the curve C' of genus two is given by a
model y? = P(z), where P(z) € K|x] is a sextic, and we suppose that the
map f: C/, — E/, is given as
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........................................................

.......................................................

~

Figure 1.7: Ramification of f in the case of even degree.

where
n—3 )
Alx) =2"2 + Z a;x' € K[zl
=0
(n—4)/2
B(z) = a2/ 4 Z bzl € K[z

It follows from the ramification picture of f in Fig. 1.7 that we must have

r1 := Res,(x, A(x)) # 0, ro := Resy(x, B(z)) # 0,
r3 := Res; (A(x), B(x)) # 0, r4 := Resy(x(z), Az )) 0,
dy := Disc,(A(z)) # 0, do := Disc,(B(x))
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As opposed to the case of odd n, we use a different set of three parameters,
namely a1, ap,bg. We are left with %(n — 4) unknowns. The ramification
behaviour of f also forces f*(t1 +t2 +t3) = Z(P) +2Z(D), where

dA dB

D(z) = —2A(x)B(x) — xa(x)B(x) + 2xA(a:)a(x) € Klx],

which is of degree 2(n—2) and is a factor of df(z)/dz. As before, we calculate

M(t) = —Res, (tB(2)? — 2?A(x), D(x))

and impose the conditions on its coeflicients that make it divisible by U (t)nT_Z,
where U(t) € KJ[t] is a cubic. In view of Example 1.3, this provides us
with %(n —4) equations that we solve for a;, b; in terms of ay, ag, by, by com-
puting a Grébner basis of the ideal I C K(a1,ao,bo)[ai, bjli+o0.1, j40 that is
generated by the equations.

The defining equation y? = P(z) of C is found by calculating
1 _
Res, (f1(a?)f2(y) f1(y)f2($)’D

riry r—yY

(y)) € Klal, (1.26)

where fi(z) = 2?A(x) and fo(x) = B(z)?. We obtain a polynomial of de-
gree 3(n — 1)(n — 2) that must be divisible by P(m)an?D(ac)”_?’. Performing
Euclidean division of (1.26) by D(x)"~3, we obtain some polynomial T'(x).
We obtain P(z) from T'(x), up to multiplication by a non-zero constant, by
using the same principle from Subsection 1.4.4 that we applied in the case of
odd degree, only this time for a sextic.

By Theorem 1.8, the map f must have the same ramification picture as f and
therefore it must be of the form

s (z+u)?A)
f(z) = T Bwp

)

where
~ n73 .
Alz) = 2" % + Z a;z' € Klx],
i=0
(n—2)/2
B(x) = 2™? + Z bjx) € K[x].
j=0
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Again, we find ?(x) =2A(z)B(z) + (z + u)%(w)B(m) —2(x+ u)A(m)%(x),
the factor of df(z)/dz whose zero locus consists of the double ramification
points of f above t1,ts, t3, whence we also obtain the polynomial M (t) that
corresponds to f,(Z(D)). We obtain 3(n — 4) polynomial equations that the
coefficients of M (t) must satisfy, by imposing that M (t) is divisible by V(t)nT_2
where V (t) € K[t] is a cubic. To obtain additional equations, we compute
the resultant analogous to (1.26), that corresponds to f*(f.(Z(D))) — Z(D).
This yields a polynomial of degree 3(n — 1)(n — 2) that must be divisible

by Q(z)%ﬁ(a})”_‘3 From this we determine Q(z). Theorem 1.8 implies
that Q(x) divides P(x), and imposing this condition on the coefficients gives
six additional equations. Finally, we solve all the equations in terms of a1, ag, bg
for the remaining coefficients, by computing a Grébner basis of the ideal

J C K(a1, ag, bo)[u, @i, bj]
that they generate.

Remark 1.16 If n = deg¢ = deg f is a prime, then ¢ and & are necessarily
optimal because if they factor through an isogeny, the isogeny must be of de-
gree 1. However, for composite n, one must also impose additional conditions
on the final forms of f and f in order to make sure that the corresponding
coverings do not factor through non-trivial isogenies. Moreover, the choice of
the parameters is not canonical. While in the case of odd n it might seem
logical to begin with P(x) = 2% + ax? + bx + c just as in the case of n = 3,
the choice is less clear in the case of even n, except when n = 4 when there
is only one choice. Unfortunately, the suggested computations are unfeasible
in practice, even for small degrees, due to the complexity of Grobner bases
algorithms over the field F'(a,b,c), even for F finite. Computing symbolic
determinants also becomes unfeasible as the dimension increases.

1.5 A different point of view

In Section 1.3 we started with an optimal covering map C' — E; of degree n
and constructed the complementary curve Fs. In this section, we present an
alternative point of view. We start instead with two elliptic curves and a
particular kind of K-isomorphism between their n-torsions, and construct the
curve C of genus two from this data. This approach can be found in [Fr-Kal].
We begin by recalling some definitions and an important lemma.
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Let A be an abelian variety over K and A\: A — A" a polarization. Suppose
that m € Z is coprime to char(K) and such that Ker(\) C A[m], and let

em: Alm](K) x AYm)(K) = pim
be the Weil pairing. Then we can associate to A a skew-symmetric pairing
ex: Ker(A) x Ker(A) = um,

that is defined for geometric points P, Q as ex(P, Q) = en (P, A(R)), for any R
such that [m|R = @. This does not depend on R or m (see §16 in [Miln1)).

Lemma 1.14 (Mumford) Let ¢: A — B be an isogeny whose degree is coprime
to char(K) and let \: A — A be a polarization. Then X\ = o*(N') for some
polarization N': B — B if and only if Ker(p) C Ker(\) and ey is trivial
on Ker(y) x Ker(p).

Proof See Proposition 16.8 in [Miln1] or Theorem 2 and its Corollary in §23
in [MumAV]. O

Corollary 1.15 Let ¢: C' — E1 be an optimal covering of an elliptic curve by
a curve of genus two, such that deg ¢ = n is coprime to char(K), and let Es
be the complementary elliptic curve. Let a: E1[n] — Es[n] be the induced
canonical isomorphism (with respect to an embedding of C; recall Lemma 1.6).
Then a inverts the Weil pairing, i.e.

en(P’ Q) = €n (a(P)va(Q))il

for any P,Q € Eq[n](K).

Proof By Lemma 1.6, we have an isogeny ¢: E1 X Fy — Jac(C) that is
polarized with respect to [n] o Ag and A¢, i.e. ¢*(ZL(C)) = Z(nO). Moreover,
we have Ker(¢) =T',. Lemma 1.14 implies Ker(¢) C (E1 X E3)[n]. It follows
that for any geometric point of Ker(y) x Ker(y) that corresponds to a point
of the form ((P,Q), (a(P),a(Q))), we have

L=en((P,Q), (a(P),a(Q))) = en(P, Q) - en(a(P),a(Q)).
This completes the proof. O
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In view of Lemma 1.14, we begin with two elliptic curves FE; and Fj.
Let n > 2 be an integer coprime to char(K) and let a: FEi[n] — FEs[n] be
an isomorphism of K-group schemes between the n-torsion subgroups of the
two curves, such that

en(a(P),a(Q)) = en(P, Q)" (1.27)

for any P,Q € E1[n](K). In other words, the isomorphism « is anti-symplectic
with respect to the Weil pairing.

Let Ag be the usual principal polarization of Fq X Es, namely the one
induced by the divisor © = {0g, } X E2 + Ey x {0g,}, let 'y, C (E1 X E3)[n]
denote the graph of «, and let

©: E1 X E2 — (El X EQ)/Fa =:J

be the canonical map. The map ¢ is an isogeny, being surjective and of finite
kernel. We also let n;: E; — E; x E5 denote the canonical embeddings and
we let p;: 1 x Fy — FE; denote the canonical projections.

Lemma 1.16 The isogeny p: E1 x Ey — J induces a principal polarization

of J.

Proof By Lemma 1.14, the condition (1.27) implies that there exists a line
bundle .# € Pic(J) such that ¢*(#) = £(n©). This bundle naturally
induces a polarization A 4: J — JV given by

ANpy: P totl @ 07

Now let D € Div(J ® K) be any divisor such that .# = £(D) and
let Dy := E1 x {Og,} and Ds := {0g, } X E», so that © = D; + Ds. Both D,
and Dy are fibres of projections, namely D; = pj (0g;). Since any two fibres
of p; are algebraically equivalent, it follows that they are also numerically
equivalent (see [HAG], see pp. 364-367) and we have

Dy-Dy=Dy-Dy=0. (1.28)
Since D; and Dy meet transversally with D1 N Dy = {(0g,,0g,)}, we also have
Di-Dy=1 (1.29)
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(see V.1.3 and V.1.5 in [HAG]). Equalities (1.28) and (1.29) together give
©-0=D1-D1+2D1-Dy+ Dy- Dy =2.
Now the Projection Formula gives
n?0 -0 =nd - nO = p*(D) - p*(D) = degpD - D =n’?D - D

whence D - D = 2. Therefore, by Riemann-Roch (see §16 in [MumAV]), we

have DD
deg A\ 4 = T =1,

i.e. the polarization A\ ,: J — J" is principal. O

Remark 1.17 The polarization A 4 is defined over K and does not depend
on D.

Lemma 1.16 implies that we have the following commutative diagrams,
analogous to (1.8) and (1.9):

[n] o Ao

Ei x By 2228 (By x By)"

J*" o (1.30)

g Y
[n]o A v
J ———— J

)\élowvo)\/”J/ TAJ%O@OA&I (].3].)

E1 X E2 L (El X EQ)\/

~

Let ¢ := /\61 o’ oAy, for convenience. Then we have the following two exact
sequences:

0 By £0m g d g, 0, (1.32)

0 By 22 g P22 0, (1.33)

that are analogous to (1.6) and (1.7).
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Let S be the set containing the effective divisors D € Div(J ® K) such
that ¢*(D) ~ n©. For any Dy, Dy € S, we have £ (D1 — D) € Ker(¢"). The
polarization \ , induces an isomorphism Ker(y') = Ker(Ag' o ¢’ o\ 4) and

therefore Ker(y¢")(K) acts freely and transitively on S via translation, whence

#S = #Ker(p') = #Ker(p) = n”,

Lemma 1.17 If n is odd, then there exists a unique divisor C € S such
that —1;(C) = C. This divisor is K-rational and ¢*(C) is the unique divisor
in ©*(Div(J)) that is both linearly equivalent to n©® and fized by —1 g, « g,

Proof For any D € S, we have
" (—15(D)) = —1g xE,(¢" (D)) ~ —1p,x B, (nO) = nO

so that —1; acts on S. Since #S = n? is odd, the action of —1; must fix
some C' € S. Suppose that some C’ € § is also fixed. Then C' = tp(C)
for some P € Ker(v), which means that C' =tp(C) =t_p(C) and there-
fore 2P = 0. This implies that P = 0 since #Ker(¢)) = n? is odd. O

By Riemann-Roch, we have

c-c
pa(C) = ? + 1=2
and therefore (p; o) c: C — Ej; are both coverings of degree n. However,
we are not necessarily in the situation described in Section 1.2 because C,

although of arithmetic genus 2, need not be irreducible.
Remark 1.18 The elements of S are either all irreducible or all reducible,
since they are translates of each other.

With Lemmas 1.16 and 1.17 in mind, we recall the following classical result.

Theorem 1.18 (Weil) Let A be a polarized abelian surface with a polarization
induced by £ (D) such that D - D = 2. Then exactly one of the following two
holds:

(1) D is a curve of genus two and A is the canonically polarized Jacobian
of D, with D embedded into A;

(2) A is the product E1 X Ey of two elliptic curves E1 and Ea, and D is of
the form {a1} x Eo + Eqy x {as} for some a1 € Ey and as € Es.
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Proof This is Satz 2 in [Weil]. O

Corollary 1.19 If an element D € S is reducible, then we have D = F| 4+ F»
and J = Iy X Fy, where F and Fy are elliptic curves. Moreover, the elliptic
curves Fv, Eo, I, Fy are all isogenous.

Proof The first claim follows directly from Theorem 1.18. Let
gii=pomn: By —J

be the induced embeddings, by (1.32) and (1.33). By the same argument as
in the proof of Lemma 1.16, the self-intersection numbers of E1, Es, I, Iy are
all zero. It is also true that

e1(Er) - F1 # 0, e2(Ez) - 1 #0,
81(E1) . F2 75 0, 82(E2) . F2 75 0.

Indeed, suppose that for some i we have ¢;(E;) - F1 = 0. Then Fy = tp(e;(E;))
for some point P, and for j # ¢ we have

(1.34)

ei(E;) - Fy = ¢;(E;) - ei(E;) = #Ker(p) = n?,
which implies
n = Ej -n@® = Ej(Ej) -D = Ej(Ej) . (F1 —i—Fg) 2 n2,

which is a contradiction. The same argument shows that ¢;(E;) - Fo # 0. It
now follows that £;(E7) and e2(F3) are not translates of F; and Fy in J and
since p: E1 X Ey — Fy x Fy is an isogeny, all four curves are isogenous. ]

Proposition 1.2 ([Fr-Ka]) There exist examples where the elements of S are
reducible.

Proof Let v: E1 — E» be an isogeny of two elliptic curves, of degree n — 1.
Let a: E1[n] — Es[n] be the anti-symplectic isomorphism that is the restric-
tion of v to the n-torsion and let I'y, denote its graph. Then the map

¢: Er x By — E1 x By, (P,Q) — (nP,Q —~(P))
is an isogeny with kernel Ker(¢) = I', and therefore

J = (E1XE2)/F0[§E1XE2. OJ

Frey and Kani (see §2 in [Fr-Ka]) also give the following “irreducibility cri-
terion”.
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Proposition 1.3 Let n € Z~g be odd, let E1 and Ey be two elliptic curves
without K -rational points of order two, and let o: Ei[n] — Es[n] be an
anti-symplectic isomorphism. Then the induced curve C, that polarizes the
quotient J := (Ey x E3) /Ty, is irreducible if and only if 05 ¢ C.

Proof First suppose that C is reducible, say C' = F; + F». Then we
have Fy N Fy = {P} for some point P € J[2](K). Since ¢ induces an iso-
morphism between J[2] and (Ey x E3)[2], we have J[2](K) = {0;} and there-
fore P =0;. On the other hand, if C' is irreducible, the configuration of
the Weierstral points of C' when degy =n is odd (Theorem 1.3) implies
that 0; ¢ C(K), having embedded C into J via P — [P — W) + Wy — W]
(OI“Pl—>[P—W4+W5—W6]). ]

1.5.1 Gluing two elliptic curves along their 2-torsion

In this subsection, we will consider in more detail the special case of n = 2.

Example 1.5 Let E; and Ey be elliptic curves and let a: Fi[2] — E;|[2]
be an isomorphism. Then « is necessarily anti-symplectic because the Weil
pairing takes values in {—1,1}, meaning that the two curves can always be
glued (over K) along their 2-torsion to form a (principally polarized) abelian
surface.

Proposition 1.4 If n = 2, then the elements of S are reducible if and only
if o is induced by an isomorphism v: By — Eo. Moreover, with notations as
above, if n =2 and J = Fy X Fy, then £] = Fy = F) = F.

Proof Let D € S and suppose D = Iy + Fy, where Iy and Fy are elliptic
curves. Let ¢: Ey x Ey — F) X F be the isogeny with kernel Ker(¢) = I'y. We
denote by n; the canonical embeddings F; < E7 x Fy and F; < F} X Fb, and
we denote by p; the canonical projections Fy X Fy — F; and F} x Fo — Fj.
Slightly abusing notation, we also denote by FE; and F; the images of the
corresponding curves under 7;. We claim that the composition

"Yij:EiLElXEQi)leFQﬂ)Fj
is an isomorphism, where 7,5 € {1,2}. With ¢; = ¢ on;, we have
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and &;(E;) - Fj # 0, whence €;(E;) - F; = 1. Therefore ¢;(E;) has precisely
one point in common with Fj and all its translates (in J) and it follows that
the projection of ¢;(E;) to Fj is an isomorphism. It remains to show that the
isomorphisms

Y1i 0’72_7:1: E1 — EQ, 1€ {1,2}

agree with o on the 2-torsion. Let P € E1[2] and note that

(P,0)+T

{(P+T,a(T)) | T € Er[2]}
={(T,a(T = P)) | T € E1[2]}
= (0, —a(P)) + Ta
= (0,a(P)) + T,

where the last equality follows from the fact that a(P) is a 2-torsion point.
It follows that £1(P) = ea(a(P)) € J and therefore y1; 0 75, (P) = a(P). The
other direction follows from Proposition 1.2. O

F5 and its translates

.......... e
__________ Zu
---------- N7/

E, !

Figure 1.8: An illustration of F; and FEs glued along 2-torsion inside
J = F} x Fy; the marked points denote J[2].
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Proposition 1.5 Let E1 and Es be two isomorphic elliptic curves with a
modular invariant j(E;) ¢ {0,1728}. Then they can be glued over K along
the 2-torsion if and only if at least one of the following two conditions holds:

(1) Ey (and therefore Es) has a K-rational point of order two;

(2) The minimal discriminant of Ey (and E3) is a square in K.

Proof Note that j(E;) ¢ {0,1728} implies that Aut(E;) = {£1} and that
both automorphisms fix the 2-torsion pointwise. We choose a model

E: 9?2 =2+ ax’z + bxz? + ¢2°

for both curves, where a,b,c € K. In particular, we have O = [0:1:0]. In
addition to this point, the 2-torsion consists of three more geometric points,
namely

[r:0:1], [s:0:1], [t:0:1],

where 7,5,t € K are the three distinct roots of 3+ ax? + bz +c € K|[z]. Since
any isomorphism a: E1[2] — F»[2] is necessarily anti-symplectic, we only
need to show precisely when the possible automorphisms a: E[2] — FE|2]
are K-rational (the identity map being excluded, by Proposition 1.4). It is
readily seen that a can be realized as

a: iy 2] = [ur® Fore +w2? oyt 2

for some wu, v, w € K. We distinguish two cases:

(1) « is an odd permutation of the points of order two, i.e. it fixes exactly
one point of order two;

(2) « is an even permutation of the points of order two, i.e. it fixes none of
the points of order two.

We deal with case (1) first. Suppose, without loss of generality, that [r: 0 : 1]
is fixed by a. Then under a we have

[s:0:1]—[t:0:1], [t:0:1]—[s:0:1],
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1.5. A different point of view

which implies that uz? + ve +w € K|z] must equal the Lagrange polynomial

r—sx—t x—rxz—t T—rT—S5 2r—s—t o
r s = x
r—sr—t s—rs—t t—rt—s (r—s)(r—t)
+—r2+32+t2—rs—rt+st +r2s—r32+r2t—rt2
x
(r—s)(r—t) (r—s)(r—t)

Treating u,v,w, a,b, c,r, s, t as variables, let I, C K[q,a,b,c,r,s,t] denote the
ideal generated by four elements, namely the three polynomials

a+r+s+t, —b+rs+rt+st, c+rst,

and the fourth polynomial

—u(r—s)(r—t)+2r—s—t for ¢ = u,
—v(r—s)(r—t)—r*+ s +t* —rs—rt+st for ¢ = v,
—w(r —s)(r —t) +r%s — rs? +r’t — rt? for ¢ = w.

Eliminating the variables s and ¢ from each I;, we obtain

3r+a 2ra +a® —b w:r3—7“a2+3rb+c. (1.35)

uz3r2+2m+b’ v:3r2+27“a+b’ 3r2 4+2ra+b

It follows that w,v,w € K whenever r € K. On the other hand, we verify
easily that

_l—au+tw

N U

if u# 0. If u =0 and char(K) # 3, then v = —1 and r = —a/3, and if u =0
and char(K) = 3, then v = —1 and r = —a. Hence it also follows that r € K
whenever u,v,w € K. We conclude that an automorphism a: E[2] — E|[2]
that fixes a point of order two is K-rational if and only if the said point
is K-rational.

r

To deal with case (2), suppose that o ([r:0:1]) =[t:0: 1], for example.
Then uz? + vz +w € K[z] must equal the Lagrange polynomial

r—sx—1 r—rx—1 r—rx—5 71>-rs+s>—rt—st+t> ,
t +r S =
r—sr—t s—rs—t t—rt—s (r—s)(s—=t)(t—r)
3 425 — 3 4 2t +rt2 — 3 +—7’282+’F83+7"3t—7“2t2—82t2—|—8t3
x

(r—s)(s—=t)(t—r) (r—s)(s—=t)(t—r)
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In the same manner as before, let I, C Klg,a,b,c,d,r,s,t] denote the ideal
generated by five elements, namely the four polynomials

a+r+s+t, —b+rs+rt+st, c+rst, d—(r—s)(s—t)(t—r),
and the fifth polynomial

—u(r—s)(s—t)(t —r) +ri4+ s>+t —rs—rt — st for ¢ = u,
—v(r—s)(s—t)(t—r) =13 =53 =34 ris 4 rt? + 5%t for ¢ = v,

—w(r —s)(s —t)(t —r) +r°t +rs® + st> —r?t? —r?s® — s*? for ¢ = w.
Eliminating 7, s, gives

a?—3b v_2a3—7ab+90—d w_a26—4b2+3ac—ad (1.36)
a 2d ' N 2d T

u =

where d = (r — s)(s — t)(t — r). Therefore we have u € K if and only if d € K
and, since Ag = (d?) modulo twelfth powers, the claim follows. O

Remark 1.19 Proposition 1.5 also follows by equating (1.13) and (1.14).
Factoring the difference of the two expressions and equating it with zero gives

(b® — ade)(b? + a’c — 9abe 4 27¢?) = 0.
Equating the first term with zero gives ¢ = b%/a®. As one of the curves was
given by s2 = f(t), where f(t) = t> + at® + bt + ¢, this corresponds to case (1)

because f(—b/a) = 0. If the second term is zero, then we obtain case (2) since

Disc(f) = Disc(f) + 4(b® 4+ a3c — 9abe + 27¢*) = (ab — 9¢)?.

We deal separately with the remaining two cases.

Proposition 1.6 Let E1 and Es be two elliptic curves with j(E1) = j(F2) = 0.
Then they can be glued along the 2-torsion if and only if every P € FE;[2]
is K-rational.

Proof We fix a model
E:y*z = 2(2* — B2?)
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for both curves, where B = > € K for some b € K \ {0}. Then the two
automorphisms (over K) of F[2] given by

1
[:y:z]— %x2$§mz—b22:y2:z2

fix no points of order two and fix [b : 0 : 1], respectively. They are defined
over K if and only if b € K. The automorphism that fixes [0 : 0 : 1] is given
by

[ y:z]—[—z:y: 2]

and is induced by automorphisms [z : y : 2] — [~z : £iy : 2], where 2 = —1.
Therefore the claim follows. O

Proposition 1.7 Let E; and Ey be two elliptic curves whose j-invariants
satisfy j(E1) = j(E2) = 1728 # 0. Then they can be glued along the 2-torsion
if and only if E; has at least one K-rational point of order two.

Proof We fix a model
E:y?z=a%-0C2

for both curves, where C' = ¢3 € K for some ¢ € K \ {0}. Let ¢ be a primitive
third root of unity. Then the automorphisms of E[2] given by

[m:y:z}%{gix:y:z}, i€{0,1,2}

fix no points of order two and are induced by automorphisms of E, whereas
automorphisms

1

[x:y:z]— [Cicx2:y2:22}, i€{0,1,2}

fix a single point of order two and are defined over K if and only if (c € K.
O

Proposition 1.8 Let Ey and Eo be two elliptic curves with j(Eq) # j(FE2).
Suppose that:

(1) Both curves have a K -rational point of order two;
(2) The product of their minimal discriminants is a square in K.

Then E1 and Eo can be glued over K along the 2-torsion.

49



Chapter 1. Genus two curves with split Jacobians

Proof First of all, suppose char(K) # 3 and choose two models

FEy: y22 =23+ Bixz? + Clz3,
FEsy: sz = 2 + Bozz? + C2°.

Let 7,8i,t; € K be the roots of #® + Byx + C; € Klx], for i € {1,2}.
Then a: E1[2] =+ E3[2] such that

[r1:0:1]+—=[re:0:1), [s1:0:1]—[s2:0:1], [t1:0:1] [ta:0:1]

may be given as [z : y : 2] = [Uz? + Vaz +Wz? :y?: 2%, where U, V,W € K
are such that Uz? 4+ Vo 4+ W equals the polynomial

r—s1 T—1 r—1r1 rT—1 r—7r T — 8

T 2 2 .
re—s11r1—t 81 —1ry1 81—t t1 —rity — 81

Let D; = (r;j—s;)(si—t;)(t;—r;) and note that the assumption (2) is equivalent
to D = D1Dy € K. A simple calculation gives

DU = —ras1 + 1182 + 1oty — sot1 — r1ta + sito,
DV = 7’28% — r%sz — Tgt% + SQt% + r%tg — S%tg,
DWW = —7“28%751 + 7“%82751 + 7“28175% — Tlsgt% — T%Sth + 7’18%752.

The same elimination procedure from the previous proofs gives, among others,
the following equations

2D(3r? + By)U = 3(—12r3r3 + 8r3 B3 + 6r5Cy — 4B3C} — 30r315C5
+ 15r9C1Co + 19D),
2D(3r? + B,)V = 12r3B? — 8B?B1? — 54r r5C) + 361, B3CY + 301, BiCy
— 135r1179C1Cy + 3r17m9 D,
D(3r? + B))W = 1273 — 8r{ B2 + 12r3r3C + 613 B1Cy
— 871 B3C1 — 4B B3C1 + 3011205 + 30131201 Cy
+ 1579 B1C1Cy 4 19 By D.

Therefore U,V,W € K if ri,r9,D € K. An analogous argument yields the
same result for char(K) = 3. O
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1.5.2 The Hesse pencil and the (3,3)-split case

In this subsection, we will assume that K satisfies char(K) # 3 and K = K ((),
where ¢ € K denotes a primitive third root of unity, i.e. 1+ ¢ + ¢2 =0. The
one dimensional family of curves given by

Epy p(zd P+ 2%) + dayz =0

for [\ : u] € P! is called the Hesse pencil. Exactly four members of the pencil
are singular, namely the curves corresponding to [—3 : 1], [-3( : 1], [-3¢? : 1],
and [1: 0]. We will also consider the family H, given by

Ey : 2?4+ + 23 + 3\zyz = 0, (1.37)
that we will refer to by the same name.

Any elliptic curve over K with K-rational 3-torsion admits a model of
the form (1.37) (see Lemma 1 in [Ar-Do], for example). With the excep-
tion of A = —1, each A € K defines an elliptic curve Fy, with the identity
element [1: —1: 0], that is isomorphic to the elliptic curve given by

Y2Z = X3 = 3A(\° —8)X 7% — 2(\0 +20)\3 — 8) 73, (1.38)

via the following linear transformation:

X 3)\2 3\2 A +4| |z
Y =4 +1)([C—-¢) -4 +1)(¢-¢?) 0 yl. (1.39)
A 1 1 -\ z

Each of the four singular elements of H is a union of three lines, namely:

FEy :zyz=0,

E_1: (z4+y+2)(Cz+Cy+2)(Cr+Cy+2) =0,
E ¢ :(@+Cy+2)Cx+y+2)(Cr+Cy+2)=0,
E 2 (24 Cy+2)(Cot+y+2)(Cz+Cy+2)=0.

Let F = p(x3 4+ 9% + 23) + Awyz. Then the Hessian of Ejy., is given by

oF oF OF

0%2x  Oxdy 0x0z
OF  OF  OF | _ o \2(03 1.3 L .3\ 3 . \3
det 30z Py B0% = 3p\"(z° + y° + 2°) — (108u° + A”)xy-=.
OF  9F  OF
0z0x  0z0y 0%z
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We note that this gives another element of H. Restricting to (1.37), the
Hessian of F) corresponds to the curve given by

/\3
AQ

4
a? 4y 428 - xyz =0 if A #0.

In case A = 0, the Hessian corresponds to the three lines xyz = 0.

We assume from now on that A3 # —1 so that F = E), is an elliptic curve
with O =[1: —1:0]. For P = [z :y: z] € E one has
—P=[y:z:z],
2P = [y(z® — 23) 1 2(23 — %)« 2(y — 23)], (1.40)
3P = [Fl . F2 : Fg],
where
By = a0 +y02% 4 2023 — 323723,
Fy = 2523 4 %23 + 4328 — 32323,

Fy = ayz(a8 + 5 + 20 — 239% — 4223 — 2323).

Also, for Py, P» € E with P; = [z; : y; : z;] one has
Py + Py = [yixoze — yaw121 : Tiyo2e — T3y121 ¢ 2172y — zawayn). (L.41)

The curve E and its Hessian meet at nine points that are the flexes of £ and
satisfy xyz = 0. These are the points of E[3] for every elliptic curve in the
pencil and the pencil consists precisely of the cubic curves that pass through
these nine points. It is easy to see that these nine points are given in the
following table.

[1:0: ¢ [[1:=¢*:0][[0:1:—C?
[1:0:—-1] | [1:=1:0] | [0:1:—1]
[1:0:=C | [1:=¢:0] | [0:1:—(]

Table 1.1: points of E[3] in the Hessian model

Letting S=[1:0: -1, T =[-(:1:0], and O = 0g, we choose a partic-
ular isomorphism n: E[3] — (Z/3Z)?, setting S + (1,0) and T — (0, 1).
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Hence Table 1.1 can be rewritten as:

S+T | T | 2S+T (L1 [(0,1) ] (2,1)
S 0 25 |=[(1,0) ] (0,0) | (2,0)
S+2T | 2T | 2S+2T (1,2) | (0,2) | (2,2)

Table 1.2: Table 1.1 under the chosen isomorphism E[3] & (Z/3Z)?

The Weil pairing on E[3] is completely determined by (S,T), which we
find directly. Let P € E(K) be any point such that 3P = S. By a direct
computation for a specific curve (e.g. P = [—+/2¢ : V/4¢? : 1] for A = 1/2)
or by a Grobner basis computation for the ideal (F} + F3, F») C Klz,y, 2],
combined with the fact that [3][x : y : 2] = [1 : 0 : —1] implies zyz # 0
and y # z, we obtain that 222 + y?x + 2%y vanishes on {P + R | R € E[3]}.
Since we already know that E[3] is determined by lines zyz = 0, we conclude

that
. 2z + y2:z: + 22y c

K(E)

TYZz
is such that

div(g) = Z (P+ R) - R,
ReE[3]

and therefore

g(X+17)
9(X)

regardless of the choice of X € E(K)\ (E[3]Utp(E[3])) (see III §8 in [AEC])).

It follows that

<SvT>: =

(P, Py) = ¢3t0PONP)) - for any Py, Py € E[3],
and we can interpret the Weil pairing on E[3] as the determinant map
det: Z/3Z x Z/3Z — Z/3Z.

This correspondence is unique up to sign, i.e. up to multiplication by units
of Z/3Z; it could also be given as — det for a different choice of S and T

We note that Aut(E[3]) = GL2(Z/3Z), which is a group of order 48. Its
action on E[3], with respect to Table 1.1, is depicted in Figures 1.9 and 1.10.

53



Chapter 1. Genus two curves with split Jacobians
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Figure 1.9: Normal subgroup SLs(Z/3Z)
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Chapter 1. Genus two curves with split Jacobians

We recall some basic properties of these groups. We have SLy(Z/3Z) = QsxC3
with
Q= (-1,1J | (-1 =1, > = J* = (IJ)* = -1),
C3=(G|G*=1).

Here —1 = [2Y] and we can take, for example,

S S ]

Moreover, the group SLy(Z/3Z) is generated by I and G. The corresponding
isomorphisms are given by

—]lr—>[y x:z]

[C:r—l—(y+z Cx+Cy+z: r+y+ 2]
=l +y+ziz+Cy+z:Cr+Cy+ e
= |

z:y (el

Therefore the elements of SLy(Z/3Z) correspond to automorphisms of E[3],
each of which is induced by an isomorphism (of elliptic curves) between E and
another element of H. This defines an action of SLa(Z/3Z) on H. Since we
have Aut(E) = {£1} for a generic E) € H, each element of

PSLy(Z/3Z) = SLy(Z/3Z)/{+1} = A,

corresponds to a pair of isomorphisms between E and a unique element of H
(exceptions being A(A3 — 8) = 0 and A% + 20\3 — 8 = 0).

One can easily determine from (1.38) that the j-invariant of E) is

27A3(\3 — 8)3

j(E)\):_ ()\3+1)3

(1.42)

We can therefore conclude that j: H — P! is 12-to-1, except above j = 0
and j = 1728, where it is 4-to-1 and 6-to-1, respectively. Every element of

AL AFL O AT TATE AT C A E A4C Al Ol

{/\ A “A+2 “A+2 . SA+2 5 “A+20 A+2C2 —(A+2 —CA+2 A+ 2 —,\+2<2}
defines the same isomorphism class.
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The set {—1,1,J,G,H}, where H = [{}], generates GLy(Z/3Z). It is
readily checked that H corresponds to the 3-torsion isomorphism [hq : ho : hs],
where

h = z(y® + 2% + y(a® + 22)¢ + 2(2* + ),
hy = 2(y® + 22)C + y(a® + 2°)° + 2(2® + ),
hs = x(y? + 22) + y(2? + 22) + z(2 + ).

Therefore the anti-symplectic 3-torsion isomorphisms for curves in H are pre-
cisely those corresponding to the coset HSLg(Z/3Z) and they can be written
down explicitly.

We conclude by analysing a specific example.

Example 1.6 Suppose that we have 1 + 3\t? + 2t3 = 0 for some ¢ € K, such
that (3 — 1)(8t3 4+ 1) # 0. Then the elliptic curve

+ 213

1
Ey: 2®+y3 4+ 2% — 2

zyz =0

has a rational point [t : ¢ : 1] of order two. Applying the isomorphism (1.39),
Vélu'’s formula for 2-isogenies (and applying a suitable isomorphism), we ob-
tain as the image a curve that is given by a model of type (1.38) with the
parameter 1 = (1 — 4¢3)/(3t). We omit the details and give only the final map
e E)\ — E,u,a [‘T ‘Y Z} = [fl('raya Z) : fZ(xayvz) : f3(m7y7 Z)]a
where
f1 = x(=2t%2 — 2oy + 222 — yz + 2302 + t22),
fo = y(—2t%2% — tPay + t2y% — x2 + 283y + t2?),
fa=tz(x+y+tz)(z+y—2tz).
Thus v is an isogeny whose kernel is the cyclic group of order two that is
generated by the point [t : ¢ : 1]. Restricting v to the 3-torsion, we obtain
the isomorphism a: E)[3] — E,[3] that corresponds to [} 9] € GLo(Z/3Z). Tt

follows from the proof of Proposition 1.2 that J := (E) x E,)/T, is isomorphic
to By X E,.

Suppose that £y = E,, and suppose that v/—2 € K, extending K if neces-
sary. To determine the isomorphism classes of such curves, we may suppose,
without loss of generality, that A = p. This implies

0=d4t" —2t3 —t — 1= (t — 1)(2t + 1)(2t*> + 1).
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Hence t = j:@ and \ = % Both values of A correspond to the same
isomorphism class since for each one, the other is given by j\)j:rf Hence F) is
an elliptic curve defined over K = K ((,v/—2), with j-invariant j(Ey) = 8000

and with complex multiplication by Z[v/—2].

We note that A and p satisfy
SAZ 4+ N 2 =3 \u+2=0, (1.43)
describing a singular curve of genus zero.

We now consider the case @ = [} 9] in more generality. Let E) and E,

be two elliptic curves in ‘H and let A and G respectively denote the images
of £\ x E,, and I', in P8 under the Segre embedding

o:([r:y:z),ju:v:w]) = |rzu:zv:zw:yu:yv:yw: zu: zv: zw).

The identity element of Ais Oy =[1:—-1:0:—-1:1:0:0:0:0] and the
inversion morphism —1 4 is given as

[X1:X21-~-:Xg]i—>[X5:X41X6:X2:X1:X3:X8:X7:X9]. (144)

Lemma 1.20 Let Wi and Wa denote the set of (geometric) points of order
two on od(Ex x {0g,}) and the set of points of order two on o({0g,} X E,),
respectively. Then any hyperplane section on A that is invariant under —1 4
contains either Wi U Wy or its complement in A[2](K).

Proof The two eigenspaces of (1.44) are respectively generated by the sets

S1 = {X1+ X5, Xo + Xy, X3 + X¢, X7 + X3, Xo},

Sy = {X1 — X5, Xo — Xy, X3 — X¢, X7 — Xg}.
We find that A[2](K) consists of six points that are in the zero locus of the ideal
generated by S and ten points that are in the zero locus of the ideal generated
by So. Since any linear form that is fixed by —1 4 is a linear combination of
the elements of exactly one of these two sets, we are done. O

It is a fact that the translations by points of A[3] can be extended to
automorphisms of P8 and this is crucial to our analysis because there exist
algorithms (see [Ke-St]) that compute invariants of K[X1,..., Xg], of a given

58



1.5. A different point of view

degree, under an action by a finite matrix group. The computations involved
were done in MAGMA. The details are given in the Appendix.

We find that the vector space of degree 3 invariants (under the action of G)
is of dimension 21, with an explicitly given basis, while there are no invariants
of degree 1 or 2. We then use a Grdébner basis computation to reduce the
elements of this basis to elements of the coordinate ring of A and we find that
there are exactly 9 linearly independent ones, say Fi,..., Fy. Using another
Grobner basis computation, we solve the equation

d1Fy+ -+ dgFy — (1 X1 + -+ c9X9)3 =0

for ci1,...,c9. The solution set has exactly nine points and they give us linear
forms that are invariant under the translations by points of G. In particular,
we find that the linear form X; + X5 4+ Xy is the one that is also invariant
under —14. Therefore we find the divisor D := ¢*(C) from Lemma 1.17
explicitly. Moreover, the divisor D does not contain O 4 and, as expected, the
remaining 8 divisors are obtained as translates of D by the points of A[3]/G.
Analogous results can be obtained for all choices of anti-symplectic a. We
summarize with the following proposition.

Proposition 1.9 Let n > 3 be an odd integer, let E1 and Es be two elliptic
curves, let © := E1 X {0g,} + {0g, } X E2, and let a: E1[n] — Ex[n] be an
anti-symplectic isomorphism. Let D be the unique divisor on FE1 X Esy that
1s linearly equivalent to n©, invariant under the translations by points of Iy,
and invariant under —1g, «g,. Then (E1 x E3)/T is not a Jacobian if and
only if D contains a 2-torsion point of E1 x Es that is not a point of order
two on Ey x {0g,} or a point of order two on {0g, } X Ea.

Proof As before, let J and C respectively denote the images of Ey x Ey
and D under the isogeny ¢: E} x Ey — (E; X E9)/T,. By Theorem 1.18, the
divisor C' is either a curve of genus two or a sum of two elliptic curves that
meet in a rational 2-torsion point. Since —1; induces an involution ¢ on C,
we conclude that C'(K) contains exactly six points fixed by ¢ if and only if it
is irreducible and that it contains exactly seven points fixed by ¢ if and only
if it is reducible. Since n is odd, the restriction of ¢ to the 2-torsion is an
isomorphism and there is exactly one geometric point of (E; x E3)[2] above
each point of C'(K) that is fixed by ¢. Therefore D(K) cannot contain more
than seven 2-torsion points. Lemma 1.20 shows that D(K) contains at least
the six points of (E1[2] X {0g,} U {0g, } x E2[2]) \ {Og, xE,} and the claim
follows. O
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Remark 1.20 If the divisor D can be given explicitly, the condition in Pro-
position 1.9 is not difficult to check. For n = 3, we can compute this divisor,
given the datum (E), E,,, @) as above. In particular, if « is given by [} §] with
respect to our choice of bases for F3[3] and E,,[3], we find that (E) x E,)/T, is
not a Jacobian if and only if (1.43) holds (see the Appendix for more details).
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