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7 Construction of a morphism from I, to D,

7.1 Recall of notations

We retain notations from Section [6.4] and Section [6.5] We specify from now
on the field k£ and the group G in Section [3| to be k and G respectively. Now
we can form the ind-scheme LG over k and the following infinite dimensional
group schemes, all over k:

K=LTG, Ki, KT, K°.
Also we can form the schemes
D :=D(G, pu(w), Di:=D1(G,u(u)),

where D is an infinite dimensional subscheme of LG, D is a smooth scheme
of finite type over k, and D is a K;-torsor over D;.

For any k-algebra A, we continue to denote by ¢ : §(A) — &(A) the abso-
lute Frobenius of &G(A) while we use o : 6(A) — &(A) to denote the ring
endomorphism of &(A), which is the absolute Frobenius on A and sends the
variable u to itself. We have seen in Section B.3.2] that there are two natural
Frobenii ¢ and ¢ on £G and on LTG. Seeing G as a subgroup of GL(A,),
here we write down explicitly o and . For any x-algebra A, and any element
g € LTG(A), seeing as an isomorphism g : Ag(a) = Ag(a) preserving tensors
Sa(A), We have

o(g) =e100"goer, ¢(g) =e20¢*goey, (7.1.1)

where o*g is the pull back along o : §(A4) — S(A) of g and similarly for ¢*g,
and where

) ~Y

€1: AG(A) = Aea), e2: Aé@(A) = As(a)

are canonical isomorphisms since A is defined over Z,. We have similar de-
scriptions for those g € LG(A).

Note that we use o,¢ : G(A) — G(A) interchangeably for the relative (=
absolute) Frobenius of G(A).

7.2 Some torsors over & and S
Write V = Hlg(A/8) and € C V the Hodge filtration of V. Recall that V

comes with a finite set of tensors sqg C V¥®. Recall also that we have fixed
a cocharacter X : G, w) — Gw(x) over W(k) in Section which is a
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lift of xx. The cocharacter ()¥ o x induces a Z-grading of W (k)-modules:
Ay () = (A*)% & (A*)}c From this grading we obtain a descending filtration

Fil§ := Ay () D Fil} := (A"); D Fil} :=0. (7.2.1)

We can then define two schemes over § from this filtration,

I:= ISOmS ([A/\T/Vv(’i)7 SW(K)] ® OSa [v7 SdR])?
I, :=Isomg ([AT/V(H)’ SW (k) Fﬂ;z] ® Os, [V, s4r,V D (i’])

Let P4 be the stabilizer of Fil;( in §. It is a parabolic subgroup of § over
W(k), and has a similar description as Py (cf. Section [6.5)).

Lemma 7.2.1. Let A be a p-adic W (k)-algebra and write X = SpecA. Then
for any morphism of schemes X — 8 over W(k), the fullback I x is a P-
torsor over X. Moreover, for any closed point x of X, if we denote by & :
SpecOx , — 8 the induced morphism, then the pullback to SpecOx , of I,

denoted by I ;, is a trivial P -torsor over Spec@X@.

Proof. Note that if G is a smooth group scheme over a scheme S, then a
scheme Y of finite presentation over S is an fppf G-torsor over S if and only
if the action of G on Y is free and transitive and Y is faithfully flat over S.
Indeed if Y — S is faithfully flat, then it is an fppf cover of S and the scheme
Y XgY is a trivial G xg Y-torsor over Y since Y XgY has a Y-point given by
the diagonal map ¥ — Y xg Y and the action of G xgY on Y xg VY is free
and transitive.

For a closed point  of X, we also denote by x : SpecOx , — 8 the induced
morphism. By definition of I, the action of P, on I, is free and transitive.
Hence due to the discussion above, for the first assertion in the lemma it suffices
to show that for each closed point x of X, the pullback I , is a P-torsor
over SpecOx . Since A is p-adically complete, the image in 8 of z, denoted
by s, necessarily lies in the special fibre S.

On the other hand, by [Zhal3l Lemma 2.3.2, 2)], if s’ is any closed point of
8 which is a specialization of s (s’ exists since 8 is (locally) noetherian, see
[Stal Tag 010U]), the fibre I, 5 is a trivial P -torsor over 6575/. But since the
canonical morphism Specﬁg,s — 8 factors through Spec@S,S/ — 8, the fibre
I ; is also a trivial P -torsor over 6573. In particular, I ; is faithfully flat over
63,8. Now by faithfully flat descent for Spec@&S — SpecOs s, the fibre I ; is

also faithfully flat over SpecOs ;. Now the first assertion follows from the fact
that = : SpecOx , — & factors through the canonical embedding SpecOg s — &

while the second assertion follows from the fact that  : Spec@ x,z — 8 factors
through SpecOs s — 8. O
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Remark 7.2.2. A similar statement holds true for I (with respect to G). The
lemma above is in a sense an ad hoc one, since we believe that the following
slightly stronger statement holds true: I is a P;-torsor over § and I is a G-
torsor over 8. In fact, the stronger assertion here concerning I follows readily
from the combination of [Zhal3l Lemma 2.3.2, 1)] and (3.2.1) in [Kimn13]. We
hope to give a whole proof of this stronger version in the future.

Write Vo = Hig (Ao/S) and Cy C Vo the Hodge filtrations of V. By functori-
ality of the de Rham cohomology one knows that Gy C Vq is the pullback to S
of € C V. Denote by Sqr C \789 the reduction of the set of tensors sqg C V®,
and by 5 the base change to (A%)® of s C (A*)®. Now we define the following
schemes over .S,

I:= ISOms([AZ, 5] ® Og, [Vo, ng)] , (722)
I, = ISOIns([A:, S, Fll;yn] ® Og, [Vo, Sar, Vo D eo]), (723)
where the Fil} , denotes the base change to S of the filtration Fil} in (7.2.1).

Clearly I, 14 are base changes to S of I, I, respectively. By Theorem 2.4.1, 2)
in [Zhal3], I is a G-torsor over S and I is a Py-torsor over S.

7.3 Frobenius invariance of tensors sgr

Let Ry be a r-algebra as in Lemma[f.2.3] i.e., Ry locally admits a finite p-basis
(e.g., Ro is a smooth k-algebra of finite type), and (R, ¢) a simple frame of Ry.
Assume from now on that R is noetherian. Let = : SpecR — 8 be a morphism
of W(k)-schemes. Write H = A,[p*>°] and Hy = H ®g Ro.

By Theorem associated to the p-divisible group H is a tuple (M, N, F =
Fy, V), where

o M =D*(Ho)(R) = Hip(As/R) = Vas

e F'= Fy : M — M is the Frobenius endomorphism of M (c.f. Section4.3.1);

e N C M is the Hodge filtration of M, i.e., N is the preimage of €, in M
under the canonical isomorphism M = V,;

e V=Vy:M—=>M® rQp isan integrable topologically nilpotent connection
over dr : R — (g, whose existence is stated in Theorem and with
respect to which F' is horizontal.

By identifying the filtered modules M D N with V, D €, we also obtain a set
of tensors sqr,.g C M® over M.

Lemma 7.3.1. The Frobenius endomorphism Fj; : M — M, after inverting
p, preserves the tensors sqr, g pointwise.
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Proof. This essentially follows from the discussion in [Kis10l 1.5.4]. Indeed, for
any maximal idea m of R, by Lemma [1.2.1] (4) the Frobenius lift ¢ : R — R
induces a simple frame (Ry,¢) of Ry, compatible with (R, ¢g). Note that
Ry is necessarily p-adically complete ( since m contains p). Hence it suffices
to show the lemma after base change to Ry for all m. In particular, we may
assume that R is a local ring.

Let s’ € 8 be the image of the closed point of SpecR, which necessarily lies in
the special fibre S C 8. As in the proof of Lemma there exists a closed
point s € S such that s is a specialization in 8 of s’. Then the morphism
x : SpecR — 8§ facts through the canonical embedding s : Spec(?JS,S — 8.
We know from the proof of Corollary 2.3.9 in [KisI0] (the second paragraph)
that @575 is isomorphic to the deformation ring Rq,, of the p-divisible group
Hy s == As[p™] ®p, . k(s) (equipped with Tate tensors) over k(s) induced by
the embedding s. The ring Rg,, is defined in the the proof of Proposition
3.5 in loc. cit. but note that there is a notation difference since this ring is

irrelevant of our R in question: in order to avoid confusion we will denote it
by A.

We may identify (?)3,5 with A. The ring A is in fact a quotient of Faltings’s
versal deformation ring B of Hy s, which is isomorphic to a ring of power series
over W(k(s)) (Section 1.5 of loc. cit.). One may arrange so that A = B/I,
with I C B an ideal generated by some formal variables of B. Then if we
denote by ¢p : B — B the Frobenius lift of B obtained by sending all formal
variables of B to their p-th powers, ¢p induces a Frobenius lift 4 : A — A,
i.e., we obtain a homomorphism of simple frames (B, ¢p) — (A4,¢4). Write
p: B — A for the canonical projection. Let (N, Fiy, V) be the Dieudonné
module of the tautological p-divisible group Hp over B as in [Kis10 Section
1.5] (denoted by (M, ¢, V) in loc.cit.). Then the triple

(L ::N®B A,FL = FN®QDA,VN®idA)

corresponds to the Dieudonné module of p*Hp over A. Let g : A — R be the
induced homomorphism and write f = g op. Since pr o f and f o ¢ become
the same after modulo p, we obtain from the definition of Dieudonné crystals
a canonical isomorphism

€:ppf"N =D (e[ Hp @r Ro) = D*(f"¢pHp ®r Ro) = [*¢pN.
Now we have the following identifications:

M=N®pR, Vy=Vy®pidg, Fi} = (Fi"®idg)oe = (FI"®idg)oe.

Note that the tensors sqr,r are obtained from the tensors sqr over N by base
change, i.e., Sqr,r = sar ®p 1. By [Kis10l 1.5.4], one finds

y ®
£(5ar @B 1 ®Rpp 1) = Sar @B,pp 1 ®5 1= Sar,A ®a,p, 1 ©a 1€ (4L 4 R)
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On the other hand, we know that FB“ ® idg sends the tensors sqr,4 ®a,0, 1
to sdar,a (see [Worl3, Corollary 4.8] for a clear statement though the proof is
essentially in [Kis10]). Hence FiI' sends the tensors sqr. r ®R,pr 1 t0 SdR,R-
In other words, sqr,r is Fa-invariant. O]

Each element € I(R) by definition gives an isomorphism £, : A} = M,
sending the tensors sp to the tensors sqr,r pointwise. We can transform the
Frobenius map F' to A} via Sgr by defining

F, ::ﬁgloFoﬂz.

Note that we have a canonical isomorphism ¢ : (¢*A%, ¢*sr) — (A%, sr).
Define

. -1 i
Fin .= (Vi S 0*Vi = Vi ®r R =25 V), (7.3.1)

which by Lemma preserves the tensors sg, i.e., we have (Fin)V € S(R[%]).
For the next lemma, one may recall the definition of the cocharacter [ :

Gmw(x)y = Swx) n (6.5.5).

Lemma 7.3.2. For any z € I, (R) we have (Fi")Y € G(R)ji(p) and for any
z € I(R) we have (Fi")V € G(R)fu(p)S(R).

Proof. We show only the first part of the claim since it implies the second
part.

For any = € I, (R), the weight decomposition A% = Aj" @ A% (cf. (6.5-2))
induced by the cocharacter Xr : Gy, r = Gr induces via 3, a decomposition
M = N & L. It suffices to show the following;:

in in ~ v : in — in *
i =T"o (i(p)) ", with Th" =8 0T o0 p*(B,) 0, (7.3.2)

where I'li" is defined as in (5.1.1]). Indeed this can been seen from the following
commutative diagram

(i) pin
Vi Vi Vr
A e (x(m)) J.,
Vi Vg Ba
@*(ﬁ)l @*(ﬂ)i
N@ @ L) pid®id N@ g L) e M
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7.4 The morphism 6 :1, — D,

As suggested by the title, in this subsection we construct a morphism of k-
schemes from I; to D;. We also give an explicit description of # on geometric
points, where we skip the notion of Kim-Kisin windows and adapted deforma-
tions.

Main Construction 6 : 1, — D;

Affine open coverings for 1.
Take an affine open covering {SpecR; — 8}ic; of the integral model 8 over
W (k) such that

Cr, C Vg, are free modules over R; for each i. (7.4.1)

Since 8 is quasi-projective (hence separated), the intersection of SpecR; and
SpecR; is again affine, and hence is the spectrum of some W (k)-algebra, say
]?i]W For each i, j, since the torsors H+,Ri’ﬂ+,éij are affine over R; and over
R;; respectively, we can write

I, g = SpecA;, I[+7Rij = Spec[lij (7.4.2)

for some W (k)-algebras A; and flij. Denote by R; o, Aio, Rijo, Aijo the re-
duction modulo p of R;, A;, R;j, A;j respectively. Clearly, we obtain affine open
coverings

{SpecRi,o — S}ie[, {SpecALo — I+}iel (743)
for S and for I, respectively, with

SpecR; o N SpecR; o = SpecR;j 0, SpecA; N SpecA;o = SpecA;jo.

In the following we do the construction in four steps.
Step 1: Preparations

Write H; o := A[p™]a,, and let A;, A;; be the p-adic completions of zzli,flij
respectively. The induced morphism z; : SpecA; — I} gives an isomorphism
of free A;-modules,

5@ : A*A7 = M;,

which respects the filtrations and sends the tensors s, to the tensors sgr, 4,
pointwise. Here as usual M; is defined as

M; := Hyg(Aa, /As) = D*(Hio)(Ai).
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We write

Denote by Mz‘,O; 61‘,0, 61'3'70, x50 and Bﬁci,o the reduction modulo P of Mi, 61‘, 67;]‘, xT;
and [, respectively. For each i € I we choose a Frobenius lift ¢; for A; and
denote by xz;, : Gm,a, — GL(M;) the cocharacter of GL(M;) over A; in-
duced by xa; : Gpoa, = Ga, via Bg,. Consider the adapted deformation
M; = (M, D(i; Xa), - - -) of H;o w.r.t. the pair (%,X;pi)lﬂ We refer to Sec-
tion [5| for details on the Kim-Kisin window M; but recall that we use

Qo (i, Xa,) - M%) = M 0 (7.4.4)

to denote the reduction modulo p of the Frobenius ®(p;, xz;) : MZ(.%) — M;,
where

M; = M; @4, &5, Mo := Mo ®a4,, Gipo-

Step 2: Construction of local morphisms §; : SpecA4; o — D;.
For each i € I, we construct a morphism of k-schemes 6; : SpecA4; o — Dy,

equivalently, an element 6;(z; ) € D1(A4;0), in the following way. Define

(I)U((piv xl) = ((Bﬂho ® id@i,o)_l © (I)O((Pi, Xwi) o L10(16901',0 ® id@i,o))v (745)

which after inverting u € &; ¢ lies in GL(Ag, ,[2]), where we use the contra-
gredient representation

.1 1
By Lemma below, ®o(p;, x;) lies in D(A; o). Now we define
0:(zi0) == Po(pi, z:), (7.4.6)

where ®¢(p;, z;) denotes the image in Dq(A;0) of Po(ws, xi) € D(Ai0). By
Lemmal(5.3.1} the element 6;(z; o) is independent of the choice of the Frobenius

Lemma 7.4.1. ®y(p;,x;) lies in D(A; ).

Proof. We show this by giving a formula for ®¢(¢;,z;). We use the notation

I'in as in (7.3.2)). Define

alx;) = (I‘g“ mod p)" € G(Aip).

3Here in the Kim-Kisin window M; we omit all terms except the underlying &(A;)-module
M, and its Frobenius ®(¢;, Xa; ) : ME%) — M;.
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Then by Remark (a) we have

Step 3: Gluing of the local morphisms
We shall show that for all 4,7 € I, we have
ei(xi,O)IAij,o = Hj (xj70)|A'ij,0'

By the way we construct the morphisms ¢; and 6;, we need only to show that
the two homomorphisms

(I)O(Saivxm) ®67:,0 id@i;‘,ov (I)O(SDJWX%) ®6‘7,0 idGij,O : Mz(f,g) — Mijﬁ

differ by an automorphism of Mgf()) whose reduction modulo « is the identity
map, where
Mijo == Mio ®s,, Sijo = Mo ®s,, Sijo-

This is in fact clear from the functoriality of adapted deformations. Indeed, if
we still denote by ¢; the Frobenius lift of A;; induced by ¢;. Then by Section
B2l we have

é(@i7 Xa:i) SH idGij = (I)(Spi’ XfEhAij)
(I>(§Dja X:b_,») ®6_,' ideij L= (I)(Spj,ij,Aij)

But since we have (3, A = 5@7, A;;, and hence x4, 4,; = Xz;,4,,, the conclusion
follows from Lemma Finally we obtain a morphism of k-schemes

ij?

0 : I+ — Dl.
Step 4: 0 is independent of the affine open covering of §

This follows from a standard argument. Given another affine open covering
of § satisfying the requirements (7.4)), which by the construction above, gives
a morphism #; : I — D;. Note that the union of these two affine open
coverings is again an affine open covering of 8, satisfying (1), (2) in Section
@, and hence induces another morphism 65 : I, — D;. But we have then
0 = 65,01 = 05, and therefore 6 = 0. This finishes the proof.

Remark 7.4.2. (1) We remark here that to give the morphism 6 : I, — D,
one may simply use abstract formulas for ®y(p;,x;) as in , without
relating to adapted deformations (or Kim-Kisin windows), as it seems to
be much more direct. In fact, one shall see this more clearly in Section [7.4]
below. Nonetheless, the connection with adapted deformations provides a
conceptual interpretation of the abstract objects ®o(¢;,x;), and hence of
the morphism 6 : I, — D;.
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(2) Consider the morphism x : SpecA — Iy as in Step 1 (here we omit the
subscript 7), that gives a p-divisible group H = A,[p™] over A. A natural
question one may ask is: is the adapted deformation M “the” Kim-Kisin
window corresponding to H? The answer is “yes”, up to an isomorphism
in Win(&,V?). This follows from Corollary But note that the
construction of M really depends on the point « € I, (A) (not only the in-
duced point in 8(A)), and hence is not canonical. As a complement of the
remark in (1), it is necessary to point out that it is the explicit construc-
tions of the adapted deformations that allows us to do the computation in
Lemma [5.3.1| so that we can eventually construct the map 6 : 1, — D;.

Description of § : I, — D; on geometric points

Let k be an algebraically closed field extension of k. Write & = &(W (k)) and
Sy for its reduction modulo p. Given an element z € I (k), alift & € I, (W (k))
of x gives an isomorphism

B+ My = M = D* (A [p™]) (W (k) = Heyio (Az/W (k) (7.4.8)

compatible with torsors and filtrations. Similarly we have §, = 8z ® idg. As

in ([7.4.5) we can then form

(I)O((pﬂ 5:) = ((51 & idGo)il © (I)O((Pa Xi) o @(ﬂz @ idGo))v € D(k)a (749)
where ¢ : W(k) — W (k) is the unique Frobenius lift of W (k).
Lemma 7.4.3. The following holds:

0(k)(z) := Po(p, T), (7.4.10)

where @y (¢, ) denotes the image in Dq (k) of Pg(y, T).

Proof. The corresponding morphism « : Speck — I, factors through some
SpecA; o in the covering {SpecA; o — 1} of I} (cf. (7.4)). We may drop the
subscript ¢ in A; ¢ and write Ag = A; 9. We fix a Frobenius lift p4 : A = A
of A. Then there is a unique homomorphism of simple frames (A, p4) —
(W(k), ) over W (k) lifting the ring homomorphism Ay — k corresponding to
x. Denote by & : SpecW (k) — L the corresponding lift of z. Let X : SpecA —
I+ be the structure morphism. By our construction of 6 in Theorem 0(x)
is defined to be the image in Dy (k) of

(I)o(ﬁpA,i) & (A) 6(k) S D(k)
But by the functoriality of the formation of ®¢(p4, xz) we have

Do (pa,X) Bs(ay) 6(k) = Po(p, ).
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Now by Lemma the two elements in D(k), namely ®o(p, ) and Pp(p, ),
have the same image in D4 (k). O

We can also define Ti" and (%) as in Lemma and have the following
formula

Do(p, ) = a(Z)u(u) € D(K).

7.5 The morphism 7n: S — D; /X

Our main aim in this subsection is to show that the composition morphism
of fpqc sheaves I % Dy = Dy /K¢ is Py-invariant, and hence induces a
morphism of fpqc sheaves 1 : S — D1 /K°. To do this, we first investigate the
behavior of 8(k) : Iy (k) — D (k) under the Py (k)-action on I, (k), where as
in Section k is an algebraically closed field extension of k.

The following is a continuation of our discussion in Section [7:4f We will need
some group theoretic results first.

Let Uy be the unipotent radical of P, and fix a maximal torus T of Gy ()
such that the cocharacter Xw () : Gy,w k) = Gw k) factors through T. Let M
be the centralizer of Xy 1) in P, which is a Levi subgroup of ;.. Note that
T necessarily splits over W (k) since W (k) is strictly Henselian. Let @ be the
set of roots of Gy (1) with respect to T. Recall that for every root o € ®, there
is an embedding of algebraic groups Uy : G, w (k) — Gw k), unique up to an
element in W (k)* (here W (k)* acts on G, y () by multiplication), such that
if Ais a W(k)-algebra we have tUqy (z)t™! = Uy (a(t)z) for all 2 € G4(A4) = A
and all t € T(A). We will also use the notation U, for the image of U,. Then
we have the following isomorphisms of closed subschemes of Gy (),

H Uy, — u+,W(k), H U, — u,yw(k), (7.5.1)
(o,x)>0 (o, x)<0

sending an element (uq)o in [, yy~o Ua to the product J[ , 1y~ ta € Uy wk),
where o € ® runs over all possible roots of Gy (x), and where the products
can be taken in any fixed order; the second isomorphism in is defined
in a similar way. In particular, for each oy, € ® with (a1, Xwu)) > 0,
(a2, Xw(k)) < 0 we have

X(P)Ua, (W(E)X(p) ™' € Ki(k),  X(p) ™" Uay (W(K))X(p) € K1(k), (7.5.2)

where K (k) denotes the kernel of the reduction modulo p map §(W (k)) mod

G(k).
Now a combination of (7.5.1) and (7.5.2)) gives the inclusions

XU (W)X (p) ™ € Ki(k),  X(p)~"U—(W(k)X(p) C K1(k). (7.5.3)
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Lemma 7.5.1. Let p; € Py(k) be such that (z,p4) € (Lr xs P1)(k). Then

there exists an element ¢ € K°(k) such that 0(x-py) = 0(x E| In particular,

the map Iy (k) H®), Dy (k) = Di(k)/Ke(k) is P_s_—lnvarlaunt7 and hence induces

a map
n(k) : S(k) = D1(k) /K (k).

Proof. Note that we have a decomposition of algebraic groups over k, Py =
U, x M, and hence we may uniquely write p. = uym, with uy € Uy (k),
m € M (k). We shall find such a ¢ in the statement of the lemma by calculation.
By if we write gz = (F;}“)v and Az = (I‘g“)v, then we have g; =
Azpi(p) € S(W(k)[%]), where Az lies in §(W(k)) and the reduction modulo p
of Az is a(Z).

Let py = aym € (Uyp x M)(W(k)) be a lift of py, such that (Z,py) lies in
(I+ xg P4)(W(k)). Then we have

9s5, = (1) 'gz0(py)
= (py) "' Azi(p)o(iy )o (1)
= (p4+) "' Azo(m)Qfi(p), where
Q: = a(p)o(m) oy )o(m)ilp) .

It follows from ([7.5.3)) that Q actually lies in K (k). Hence we have

Baps) = pylal@)o(muu) € Dy (k).

To continue our calculation, we need to use the equicharacteristic analogue of
(7.5.3)). To be precise, we have

p(u)uyp(u)~t € Ky (k) for every element uy € Uy (k) (¥).

‘We have then

0(zpy) = pi' o(&)o (m)u(u)
= a()p(u)o(ur)™ - (1, py)
= a(B)ya(7)"10(x) - (1, p4)
=0(x) - (a(@)y~ (@)™, py),

where we let y := p(u)o(uy) tu(u)~! and () is used to deduce that the
element o(Z)y 'a(7) ! lies in Ky (k). We write

d(%,py) = a(@)yo(F) " = Bo(p, Z)o(uy)Po(p, 7) "

4We intentionally mention the element c as it will serve for Theorem below.
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Finally, we may take
¢ = (d(@.p1), ps) € K° (). (7.5.4)
O

Theorem 7.5.2. The composition of morphisms of fpqc sheaves I, — Dy —
D,/XK® is Py-invariant, and hence induces a morphism of fpqc sheaves, 7 :
S — Dy /K°, fitting the following commutative diagram

I, ¢ D,
§—— 1~ DK

Proof. To keep coherence with notations we write  : Iy x, P — I, for
the first projection and py : I} x, Py — Py for the second projection and
z-py ¢ Ip x Py — I, for the Py-action on I. We need to show the
commutativity of the diagram

Oo(zpy)

I xp, Py — 2 o, (7.5.5)
i&om J/
Dy Dy /K.

Since each SpecA; o in the covering {SpecA; o — Ii}ier is Pi-invariant, we
may assume that I; = U, where U runs over all Spec4; o in the covering. For
the discussion below we may suppress the subscript ¢ in A; ¢, 8;, etc. We fix a
Frobenius lift ¢4 : A — A of A and write X : SpecA — [ for the structure
morphism.

We define an element in LG(U %, Py) as follows

d = ®o(pa,X)o(uy)Po(pa,X) 7"
where o(uy) is the morphism

Ux, Py 25 P U, - UP,

and where ®g(p4,%) € D(U) is defined in (7.4.5)), but here we see it as an
element in D(U X, P;) by precomposing the first projection « : U x,, Py — U.
Claim: d lies in K1 (U %, Py).

Indeed, since U X, Py is reduced and X; is a closed subscheme of LG, the
morphism d : U x, Py — LG lies in XK if and only if its set theoretic image
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lies in K. But we have seen from the proof of Lemma that the image of
d on geometric points do lie in K;. Hence the claim is proved.

Denote by

Too y Toow 1 U Xo Pr — Dy X, (U X, Py)

zp4)

the graph of 6o (z - py), 0oz : U x,, P — D respectively. We shall show
the commutativity of the following diagram

Dy %, (U X, Py) (7.5.6)

UXKP_;’_ :C

N

@1 Xk (U Xk P+),
where the right vertical morphism -c is the translation by
Cc = (d,p.;,_) S :K:O(U Xk P+),

which is an automorphism of Dy x, (U x,, Py) over U x,; P.. Note that the
commutativity of (7.5.6)) implies that 6o (x-py) = 6 ox since we also have the
commutative diagram

Dy Xy (U %y Py) = Dl\
¢ Dy/Ke.
Dl XH(U XHPJF) P Dl

But as U x,, Py and Dy x, (U X, Py) are of finite type over x and U X, Py is
smooth, hence geometrically reduced, it is enough to check the commutativity
of on geometric points (see for example Exercise 14.15 of [GWT0]).
Now the conclusion follows from Lemma [Z.5.1] and the formula for the ¢ in
(7.5.4)) O
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