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4 Classifications of p-divisible groups

4.1 General notions of frames and windows

Frames and windows were introduced by Zink in [Zin0I] and greatly gener-
alized by Lau in [Laul0]. Below we introduce these notions mainly following
[CLATT.

Definition 4.1.1. A Frame S = (S, FilS, R, ¢, ¢1, @) consists of the following
data:

— aring S and an ideal FilS of S such that FilS + pS is contained in the
Jacobson radical of S.

— the quotient ring R= S/FilS.

— aring endomorphism ¢ : § — S whose reduction modulo p is the absolute
Frobenius map S/pS — S/pS (in other words, the pair (S, ¢) is a simple
frame).

— a ¢-linear map ¢ : FilS — S.

— w is an element in S such that ¢ = wp; on FilS.

We say the frame S satisfies the surjectivity condition if the image of ¢
generates the unit ideal of S.

Let S' = (S, FilS’, R, ¢, p1,w@’) be another frame. A homomorphism of
frames from S — S’ is a homomorphism of rings f : S — S’ compatible with ¢
and ¢1. Note that a morphism of frames here is called a strict homomorphism
in literatures; see for example, [Laul0)].

A frame S is called a lifting frame if every finite projective R-module lifts
to a finite projective S-module. We shall only concern lifting frames in the
sequel.

Definition 4.1.2. A window M = (M,FilM, o, ¢a,1) over a lifting frame
S consists of a finite projective S-module M, an S-submodule FilM C M, and
@-linear maps ¢y : M — M and ¢y : FilM — M subject to the following
constraints

(1) there exists a decomposition of S-modules M = N @ L with FilM =
N @ (FilS)L;

(2) if s € FilS and m € M then @y 1(sm) = p1(8)pnar(m);

(3) for all m € FilM, @p(m) = wpar1(m);
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(4) o1 (FilM) + par (M) generate M as an S-module.

A homomorphism of windows is an S-linear map that preserves the filtra-
tion FilM and commutes with ¢ and par;1.

A decomposition in (1) is called a normal decomposition of M (or of M).

Let f : S — S’ be a homomorphism of frames. The base change of a
window M over S is defined as M' = (M', FilM’, onr, par.1), where

° MI=M®SS/,QDM/ZL,O]V[(@SQO:M/—)M/;

e FilM’ is the submodule of M’ generated by FilS’- M’ and the image of FilM
in M’;

e .1 is determined by
om1(m@x) = p(x)emi(m), mez € FilM ® S’ C FilM’,

and condition (2) in Definition

For the dual of a window the reader may refer to Definition 2.1.7 in [CLA17]
or Section 2.1 in [Lauld], or Section 2 in [Laul(]. It will appear again but we
shall not use it in detail.

Remark 4.1.3. We give several remarks on definitions aboves.
(a) Once we have a normal decomposition M = N @ L of M, we also have
FilM = N + (FilS)M.

It follows then that any decomposition M = N & L’ of S-modules is a
normal decomposition of M.

(b) If S is a lifting frame, the requirement (1) is equivalent to
(1) (FilS)M cC FilM and M/FilM is a projective R-module.

(c) If S satisfies the surjectivity condition, the condition (2) implies (3).
Indeed, if 1 =" a;1(b;) € S with all b; € FilS, then

orr(m) = aipr(bi)enr(m) =Y aipara(bim) = > asp(bi)pari(m) = w1 (m).
In this case, condition (4) means that yas 1 (FilM) generates M and ¢

is determined by ¢p 1. In many cases condition (2) can be replaced by
condition (3).
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Lemma 4.1.4 ([Laul0l Lemma 2.6]). Let S be a frame as in Definition
Suppose we are given a finite projective S-module M, an S-submodule FilM C
M and a normal decomposition M = N @ L. Then to give a pair (¢, ¥ar,1)
such that M = (M,FilM, ¢, ¢um,1) is an S window is equivalent to give a
p-linear isomorphism ¥ : N & L — M by the assignment

U(n+1)=emi(n)+enml)

forne Nand!l e L.

Proof. We refer to [Laul0l Lemma 2.6] for the whole proof but only give here
the inverse of this equivalence. Given a ¢-linear isomorphism ¥ : N L — M,
the corresponding ¢as and ¢jr,1 are given as follows

oai(n+1) = wW(n) +U(I), para(n+al) = U(n) + pr(@)¥(0)  (4.11)

foraln e N,l € L. O

4.2 Frobenius lifts and the frame &

For the convenience of future discussions, we devote one subsection to the
setting of algebras. Till the end of this section we let k& be a perfect field
of characteristic p > 0 and denote by ¢ : W(k) — W (k) the unique ring
automorphism of W (k) inducing the absolute Frobenius of k.

Frobenius lifts

Lemma 4.2.1. Let Ry be a k algebra which (Zariski) locally admits a finite
p-basis ([dJ95, Definition 1.1.1], or [BMO7, Définition 1.1.1]). The following
holds:

(1) There exists a p-adic flat W (k)-algebra R lifting Ry (i.e., R/pR = Ry),
which is formally smooth over W (k) with respect to the p-adic topology.

Such an R is unique up to (nonunique) isomorphisms and we call it a lift
of R().

(2) There is a ring endomorphism ¢ = pr : R — R lifting the absolute
Frobenius of Ry, which is compatible with ¢ : W (k) — W (k).

(3) Let Ry, R and ¢g be as above and Ay an étale Ry algebra. Then there
exists an R-algebra A, unique up to unique isomorphism, such that A
lifts Ay and the structure ring homomorphism R — A lifts the structure
homomorphism Ry — Ag. Moreover, pr : R — R extends uniquely to a
ring endomorphism of ¢4 : A — A, lifting the absolute Frobenius of Ag.

23



(4) If m is a maximal idea of R, then ¢ extends uniquely to a ring endomor-
phism of the m-adic completion Ry of R, lifting the absolute Frobenius of
the m-adic completion Ry of Ry.

Proof. For the proof of (1) and (2), one may refer to [dJ95, Remarks 1.2.3], or
[KimI5l Lemma 2.1], where deformation theory developed in [III71] is essen-
tially used in the proof. Or one may see [BM07, 1.1] for an explicit construction
of the lifts. The statement (3) is the first part of [KimI5, Lemma 2.5] (take
I = (p) and the Ry in loc. cit. to be our R here). For (4), note first that
@(m) C m. This follows from the fact that m contains p, and the fact that
the morphism SpecRy — SpecRy induced by the absolute Frobenius of Ry is
identity on topological spaces. Now we define ¢ R Ry — Ry by sending an
element R
(Ti)i € @R/m’ = Rn

to (¢(r:))i € Rm. The clement (p(r;)); does lie in Ry since o(m) C m. One
checks that Pp, s the desired ring endomorphism. O

Definition 4.2.2. (1) A ring endomorphism ¢ of R in Lemma (2) is
usually called a Frobenius lift of R over W (k). But note that such a lift
¢ : R — R isin general NOT unique.

(2) For any k-algebra Ry (not necessarily admitting a finite p-basis), we call
a pair (R, ) satisfying conditions (1) and (2) in Lemma a simple
frame of Ry over W (k) (compare Definition and [Kis06l (A.3)]).

(3) A homomorphism of simple frames (R, ) — (R, ¢) is a ring homo-
morphism f : R — R’ compatible with Frobenius lifts.

Example 4.2.3. (1) Let R be a smooth integral Z,)-algebra of finite type and
R the p-adic completion of R. Then R is a formally smooth flat Z,-algebra
which lifts R/pR.

(2) The crystalline Dieudonné functor D* is compatible with change of simple
frames. This will be used frequently in the sequel.

The frame &

Let Ry and k be as in Lemma and (R, ) a simple frame of Ry. We
associate a lifting frame

S(R) := (6(R), E-S(R), R, ¢, 1, p(E))

to (R, ¢) by setting:

e S(R)=R[u]], E=E(u)=u+pe S(R);
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e v =g : 6(R) = 6(R) is an extension of pr by sending u to u” and
e1(Ex) = ¢(x).

Every morphism of simple frames f : (R, ¢) — (R/, ) induces a morphism of

lifting frames &(f) : 6(R) — S(R').

Example 4.2.4. (1) For any étale Ryp-algebra A, we have a morphism of
lifting frames S(R) — &(A) (cf. (3) in Lemma [4.2.1)).

(2) If m is a maximal idea of R, then we have a morphism of lifting frames
S(R) = &S(Rw), where Ry, is the completion of R with respect to m (cf.
(4) in Lemma [4.2.1)).

From now on we use the notation &(R) for R[[u]] for an arbitrary ring R, and
we often just write & instead of G(R) when there is no risk of confusion.

4.3 Classification of p-divisible groups over R,

We continue to let Ry and k be as in Lemma and (R, ¢) a simple frame of
Ry. Let R be a lifting frame naturally associated to the simple frame (R, ¢),
defined as follows

) 1
R:= (R, pR, ¢, 1, p), with ¢ = i

We denote by Q r the module of p-adically continuous differentials of R, i.e.,
Q= 1m Qg oy w1

It is a projective R-module of finite type due to the finite p-basis assumption on
Ry. We denote by Win(R, V) the category of tuples (M, FilM, o, oa.1, Vi),
where a tuple (M, FilM, our, ¢ar,1) is a window over the frame R, and Vjy :
M — M ®pg 0 r is an integrable topologically quasi-nilpotent connection over
the p-adically continuous derivation dr : R — Qg of R, with respect to which
@ is horizontal, i.e., Var o oar = (onr ® dy) © V.

For any p-divisible group H, over Ry, we denote by D*(Hy) the Dieudonné
crystal of Hy. Denote by D*(Hp)(R) its evaluation at the canonical PD-
thickening R — Ry and by D*(Hy)(Rp) its evaluation at the trivial PD thick-
ening idg, : Ro — Ro. Write

M =D"(Ho)(R), Mo=D"(Ho)(Ro).

Denote by Far : M — M, Fu @ Mo — My the Frobenius endomorphism
of M and of M respectively. We write FilM for the preimage of the Hodge
filtration of My under the canonical projection M — Mj. Denote by (BT / RO)
the category of p-divisible groups over Ry. The following classification result
is known.
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Theorem 4.3.1. For any p-divisible group Hy over Ry, there exists a natural
connection Vs : M — M ®pg Qg such that the tuple

is an object in Win(R, V). Moreover, such an assignment gives an equivalence
of categories

(BT/R,) — Win(R, V).

Proof. This follows from the combination of [dJ95, Theorem 4.1.1] and [CLAT7,
Theorem 2.6.4]. Note that [CLAI7, Theorem 2.6.4] deals with filtered Dieudonné
crystals as defined in [CLAI7, Definition 2.4.1] but when the scheme T in loc.
cit. is of characteristic p, this notion is equivalent to the version without
filtrations as defined in [dJ95, Definition 2.3.2]. O

4.4 Classification of p-divisible groups over R (via Dieudonné
theory)

We continue to let Ry and k be as in Lemma and (R, ) a simple frame
of Ry. Let RY be another lifting frame naturally associated to (R, ¢), defined
as follows

EO = (R7 0, ¢, 0, p)'

The frame R® does not satisfy the surjectivity condition. We denote by
Win"(R, V) the category of tuples (M, FilM, O, M1, V), where a tuple
(M, FilM, opr, 1) is a window over the frame R and Vy : M — M®RQR
is an integrable topologically quasi-nilpotent connection over the p-adically
continuous derivation dgr : R — Qg of R such that

(1) FilM C M is a direct summand, lifting ker(pp ® vr,) C M ®gr Ro.

(2) @ is horizontal with respect to Vs (i-e., Varoponr = (o @ dp) o V).
A morphism in Win’(R,V) is a morphism of windows over R’, which is
compatible with connections.

For each p-divisible group H over R, we write Hy = H ®pr Ry. Note that
the Dieudonné module M := D*(Hy)(R) is equipped with the Hodge filtration
FilM C M which lifts the (Hodge) filtration ker(on ® ¢r,) C M ®p Ro. If
we let (Fir, Var) be as in Theorem then we obtain a natural functor

P: (BT/R) — Win’(R, V). (4.4.1)
by sending a p-divisible group H over R to the tuple (M := D*(Hy)(R), FilM, oar, 1/porr, Vi

described above.
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A combination of Theorem and Grothendieck-Messing deformation the-
ory ([?, Chapter V, Theorem (1.6)]) gives the following classification result on
p-divisible groups over R.

Theorem 4.4.1. The functor P in (4.4.1)) is an equivalence of categories.

Breuil’s ring S

Breuil’s ring S to be defined below is closely related to the Kim-Kisin windows
to be discussed in the next subsection. We will give a classification of p-divisible
groups over R in term of S-modules with extra structures and then discuss
the relation between such a classification and that given by Theorem [£.4.1]

Write 6 = G(R) and let w; : & — R be the R-algebra homomorphism
sending the formal variable u to p (here we see & as an R-algebra through
the embedding R < &). Let S be the p-adic completion of the divided power
envelope of & with respect to the kernel of w; (namely the ideal E = E(u) =
u+p).

The ring S is Z,-flat and is a subring of S[%] (see |[Kiml5, Section 3.3] for
an explicit description of S). Let m : S — R be the natural projection of
R-algebras sending u to p and denote its kernel by FilS. Then FilS is topo-

logically generated by the divided powers {E(u)n tn>1 of E(u). The Frobenius

n!

lift ¢ : & — & extends uniquely to a Frobenius lift p = pg: S — S of S, and
we have (FilS) C pS. The tuple

1
ﬁ = (S’ FllSa ' 2;@7p)

is a frame satisfying the surjectivity condition (in fact, @ is unit in S). In

addition to the natural projection m; : S — R which sends u to p, there is
also another natural projection ms : S — R of R-algebras which sends u to
0. The kernel of 7y, denoted by Fil'S, is topologically generated by u and all
{’;—T}nzl. Moreover, Fil'S is p-stable and hence py induces a homomorphism
of simple frames (S, ¢) — (R, ¢). Note that m and 75 are two sections of the
natural embedding R < S and they induce two morphisms of PD thickenings

(S — Ro) =% (R — Ry), (S — Ry) == (R~ Ry), (4.4.2)

which are two sections of the PD morphism (R — Ry) — (S — Ryp). Here we
use (S — Ry) = (R — Ryp) to denote a commutative diagram

S— R,

X

R— R,.
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The embedding R — S induces homomorphisms of frames

R= (R7pR7907 %(Pvp) — S= (Sv FilS, ¢, %90710);

~ 4.4.3
EO - (R,0790,0,p) — § ( )

The second map in (4.4.2)) induce a homomorphism of frames
S — R°. (4.4.4)

Denote by Win(S, V) the category of tuples (M, FilM, om, ¢om.1, VM®s.ny R)s
where a tuple (M, FilM, oM, ¢m 1) is a window over S, and VM@s R P M®@s 1,
R — M®g,, RQRr Q R is an integrable topologically quasi-nilpotent connection
over the p-adically continuous derivation dgr : R — Q r of R, with respect to
which Ymgs ., R = oM ® @R s horizontal.

For each object M = (M, FilM, o, om1, V) in WinO(R, V), we can asso-
ciate to M an object (M, FilM, om, om.1, Vmes ., r) in Win(S, V?) by setting
(M, FilM, om, ¢om,1) to be the base change of the window (M, FilM, par, ¢ar,1)
along the homomorphism of frames R° — S in , and Vi = Vg ., R-

Note that by definition FilM = FilM ®pz S + FilSM and hence FilM is also

the preimage of FilM under the projection M = M ®p S v, Af. Such

associations are functorial and hence induces a functor

X : Win’(R,V) — Win(S, V).

Write Q = X o P : (BT/R) — Win(S, V°).

Theorem 4.4.2 ([KimI5, Theorem 3.17]). The functor X : (BT/R) —»
Win(S, V?) is an equivalence of categories.

Remark 4.4.3. Note that we are in the simplest situation of [Kim15] since in
our situation here no ramification happens and hence we can identify R with
S/(E(u)). To be precise, our R, &/(E(u)) play the role of Ry, R in [Kim15]
respectively and p C &/(FE(u)) plays the role of w in loc. cit. Though in
our case we can identify R with &/(FE(u)), sometimes it is still necessary to
distinguish them. In the general situation as in loc. cit., m; and me have
different targets.

It follows immediately from Theorem [{.4.T]and Theorem [£.4.2] that the functor
X is also an equivalence of categories. To give an explicit inverse functor of X,
we need the following fact: for the S-module M in an object M of Win(S, V),
we have a canonical isomorphism of R-modules

M®sx REMOsx, R. (4.4.5)
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This is due to the crystalline interpretation of M via Theorem Indeed,
we may assume M = D*(H)(S) for some p-divisible group Hy over Ry. Then
we have a canonical isomorphism

M®g.r R=D*(Hy)(R) =M®g.x, R.

Define a functor

Y : Win(S, V®) — Win’(R, V) (4.4.6)

. . 1
(Ma F11M7 SOM7 SOM,17 VM®S,,\-2R) — (M = M®S,772R7 F11M7 SOM®SOR7 E(SOM@@R)v VJ\/[),
where Vg ., r 18 sent to itself (since we set M := M ®g r, R), and FilM is

the image of FilM under the projection

M—>M®S77TIR§M®SJ2R=M.

It is trivial to check that X and Y are inverse to each other.

4.5 Kim-Kisin windows and Kim-Kisin modules

Breuil-Kisin modules, as defined in [Kis06l (2.2.1)], play a vital rule in the de-
velopment of integral p-adic Hodge theory. They are typically used to classify
p-divisible groups over a totally ramified extension R of W (k) (of arbitrary
finite ramification index). Such a classification was conjectured in a precise
form by Breuil (see [Bre98|) and was first proved by Kisin in [Kis06]. A simi-
lar classification result was generalized by Brinon and Trihan ([BT08]) to the
case where R is a p-adic discrete valuation ring with imperfect residue field
admitting a finite p-basis. The case where R is a regular local ring with per-
fect residue field is studied in a series of paper by Cais, Lau,Vasiu and Zink
(IVZ10], [Lauld], [CLAIT]), using the theory of displays and windows. W.
Kim in [Kim15] generalized the classification results aforementioned to a rel-
ative setting (e.g., R is a p-adic ring with R/(p) locally admitting a finite
p-basis), where he essentially used the method developed in [CL0O9]. We call
the relative version of Breuil-Kisin modules Kim-Kisin modules (cf. [Kim15}
Definition 6.1]). In the following we are dealing with the simplest relative
situation in the sense that no nontrivial ramification occurs.

We retain the notations in Section and let & := G(R) be the lifting frame
associated to a simple frame (R, p).

Definition 4.5.1. A Kim-Kisin & window, or simply a Kim-Kisin win-
dow
M = (M7 FllMa ©M 5 PM,1, VM)

is a b-tuple where
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(1)
(2)

(M, FilM, o, 1) is an G-window.

M is defined to be M ®¢ &/(u) and Vy; : M — M @ Qg is an inte-
grable topologically quasi-nilpotent connection over the p-adically contin-
uous derivation dg : R — Qpg, with respect to which the ¢-linear endo-
morphism Fj; := ¢ ®s @r of M is horizontal.

Remark 4.5.2. The following remarks will be needed in the sequel.

(a)

(0)

For a Kim-Kisin & window M, we have gy 1 = ﬁcpM on FilM since
»(E) € G is not a zero divisor, and hence the map ¢yq,1 is determined by

©n; see (¢) in Remark

For any normal decomposition M = N& L of M, by definition the -linear
map ¢y has the decomposition

o = (N £ 2100, g £ L v), (4.5.1)

where

1
F:—
E¢M|M€B<PM\L

is a @-linear isomorphism (Lemma [4.1.4]). The linearization of (4.5.1)) is
the following

)-id@id

. lin
Qi = (N(9) g g (o) LEE (o) gy (o) T2 gy (4.5.2)

where w%, '™ are the linearizations of oy and I respectively, and where

' is an G-isomorphism.

Definition 4.5.3. A Kim-Kisin & module 90t is a triple (9, pon, Var) where

(1)
(2)

(3)

M is a finite projective G-module;

o+ M — M is a e-linear map such that the cokernel of the linearization
(1® @on) = * M — M is annihilated by F € 6.

M is defined as
M :=IMN ®6’7cp G/(U) = (p*m ®(‘5,W2 R

and Vy - M — M ®pg Q g 1s an integrable topologically quasi-nilpotent
connection which commutes with the ¢-linear endomorphism of M,

Fyr = (pm @ 1) ®6,w, PR-
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Denote by Win(&, V?) the category of Kim-Kisin-windows and by Mod (&, V°)
the category of Kim-Kisin &-modules, both with respect to (R, ¢r). Here we
emphasize the simple frame (R, pg), especially the Frobenius lift ¢, because
later we are going to study the effect of different Frobeni on Kim-Kisin win-
dows.

Proposition 4.5.4. There is an equivalence of categories
Win(6, V%) — Mod(&, V),
(M7 FllMa PM; PM, 15 VM) — (FIIMa E- PM,1, vM)a

where the second V) is justified via the isomorphism a1 ®1 : @*FilM — M.
This equivalence preserves exactness and duality.

Proof. This follows from an exactly same argument as in [CLAI7, lemma
2.1.15], though connections are not concerned in loc. cit. We sketch here
how to obtain the inverse of the equivalence of categories.

For any Kim-Kisin module (9, pon, Var). There is a unique &-linear map
P M — *IN such that

o 0P = E(u) -idom, 1o pom = E(u) - idgom.
We obtain a Kim-Kisin window M = (M, FilM, o, a1, Var) by setting

M= ", FiM: =), ¢ = pm @ ide;
em1(¥(r)) =2z®1, forany z e M.
O
Theorem 4.5.5 ([Kim15, Corollary 6.7]). There is an equivalence of categories
(BT/R) — Mod(&, V).
It is compatible with duality. Moreover, if (R, ) — (R/, ) is morphism of
simple frames, then the equivalence commutes with base change of frames
along 6(R) — &(R).

Then it follows immediately that:

Corollary 4.5.6. There is a category equivalence
Z:(BT/R) — Win(8, V).
It is compatible with duality. Moreover, if (R, ) — (R/, ) is morphism of

simple frames, then the equivalence commutes with base change of frames from

S(R) = &(R).
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Remark 4.5.7. (1) In Corollary (4.5.6) there is no obvious map from either
of the left and the right hand sides to the other.

(2) The classification of p-divisible groups over R in terms of Kim-Kisin &-
modules gives rise to a classification of (p-power order) finite flat group
schemes over R in terms of torsion Kim-Kisin &-modules (by no means
trivial, see [Kiml15l 9.8]). We will not explicitly use it. But note that
taking the reduction modulo p of the Kim-Kisin module of a p-divisible
group H over R one obtains exactly the Kim-Kisin module associated with
the p-kernel of H. We will take such operations frequently in the future
without further explanation.

The following lemma describes the basic relations between Kim-Kisin modules
and its crystalline Dieudonné modules.

Lemma 4.5.8. Let (M, FilM, on, o1, Var) be the Kim-Kisin window as-
sociated to a p-divisible group H over R. We have the following canonical
identifications.

(1) M, om)®e,w, R is canonically identified with the (contravariant) Dieudonné
module D*(H) of H, together with its Frobenius map.

(2) M, FilM) ®@,, R is canonically identified with D*(H) together with its
Hodge filtration (cf. [BBMS82, Corollaire 3.3.5]).

The combination of Proposition [£.5.4] Theorem [£.5.5] and Theorem [£.3.1] gives
below a commutative diagram.

o

(BT/R) Mod (&, V") ——— Win(6,V°)  (4.5.3)

imodp lmodu

(BT/R,) = Win(R, V)

where we simply use “=” to denote an equivalence of categories, and where
the right vertical functor “mod u” denotes the base change of windows along
the homomorphism of lifting frames

mod u

S —— R
Proof. This follows from the discussions between Remark 3.13 and Lemma

3.14 in [Kim15, Corollary 6.7], [Kim15, Corollary 6.7] and [Kim15, Corollary
6.7] together with the erratum [Kim15D]. O
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4.6 A comparision of classification results

In the remaining of this section, we compare the classification result given in
Theorem [£.4.1] and that given in Corollary [£.5.6] by establishing an explicit
functor from Win(&, V°) to Win"(R, V).

Let wy : & — R be the homomorphism of R-algebras sending u to 0. Clearly
we have a homomorphism of simple frames (&, ¢) — (S, ¢) induced by the
embedding & — S, and (S, ¢) — (S, ¢) induced by wy. The compositions of
the embedding & — S with m; and 7y are equal to w; and ws respectively.

We now define a functor from Win(&, V°) to Win(S, V°) as follows.

W : Win(&, V") — Win(S, V)

. . 1
(M, FIM, oo, 00,1, Viigs w, ) = (M i= M@e S, FilM, pnm = pon®@eps, ;DQDM, VM6, wy R

where the connection Vg ., g on the right hand side makes sense since by
definition of M we have M ®g », R = M Qg =, R.

Theorem 4.6.1. The functor W is well defined and is an equivalence of cate-
gories. Moreover, we have the following commutative diagram

(BT/R) ——Z— Win(6, V°) (4.6.1)

b

Win(S, V?)

Proof. To see that W is well defined, we need to check that ¢y := %(p A makes
sense. To see this, let M = N @ £ be a normal decomposition of M, then we
have FilM = N ®g S + FilS - M. Since ¢ (N) C p(E)M, we have

MmN ®g S) C p(E)M = QD(pE) -pM = pM.

Here we use the fact that @ is a unit in S. Now it follows from the inclusion
(FilS) C pS that the functor W is well defined.

The fact that W is an equivalence of categories is due to [Kim15, Proposition
6.6] and [Kim15l Corollary 6.7]. Indeed, using the notations in loc. cit., the
equivalence between Modg (¢, V) and MFg(p, V) induces trivially an equiva-
lence W9 : Modg (¢, V?) — MFg(¢, V%)), which translated into our language
via the equivalence in Proposition is the W defined above.

The commutativity of (4.6.1) is due to the way in which the equivalence in
Corollary is deduced (see the remark below). O
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Remark 4.6.2. In fact, Theorem is deduced in [Kim15] by first proving
Theorem and then showing the equivalence

Mod(&, V°) — Win(&, V°) 5 Win(s, V°).

Now a direct computation gives the following corollary.

Corollary 4.6.3. The composition of W and Y gives an equivalence of cate-
gories

Pr: Win(6,VY) — Win"(R, V) (4.6.2)

. ) 1
(Mv FllMa ©My PM,1, vM@s,sz) — (M = M®6,W2R7 F11M7 M = SOM®()0R7 2;@]\47 vM)a
where FilM is the image of FilM under the projection
MaMRs,0, REMRs,0, R=M.

Here the isomorphism M ®¢, o, R = M ®¢,w, R is due to (4.4.5) and is thus
also canonical.

Remark 4.6.4. It is not clear to us how to give a direct construction of the
inverse functor of Pr, even when R is W (k) itself.
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