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Chapter 13

A generalization to profinite groups

Let G be a profinite group and let a be an automorphism of G. Then « is topo-
logically intense if, for every closed subgroup H of G, there exists € G such that
a(H) = xHz~!. Topologically intense automorphisms are automatically contin-
uous, because they stabilize each open normal subgroup of the group on which
they are defined. We denote by Int.(G) the group of topologically intense auto-
morphisms of a profinite group G.

Topologically intense automorphisms are a generalization of intense automor-
phisms to profinite groups. In Section 32 we will show that, the group of
topologically intense automorphisms of a profinite group is itself profinite and
moreover, if p is a prime number and G is a pro-p-group, then Int.(G) is isomor-
phic to S x C, where S is a pro-p-subgroup of Int.(G) and C is a subgroup of F}.
The intensity of a pro-p-group G is then defined to be the cardinality of C and it
is denoted by int(G). The question we ask is: What are the infinite pro-p-groups
that have intensity greater than 17 We answer this question with Theorem HF05]
which we state after fixing some notation. Let p be an odd prime number and take
t € Zy to be a quadratic non-residue modulo p. We define A, to be the quaternion
algebra Z, ®Z,i® Z,j & Z,yk with defining relations i? = ¢, j> = p, and k = ij = —ji.
We denote by S(A,) the pro-p-subgroup of the multiplicative group (1+jA,) that
consists of all elements x = a + bi + ¢j + dk satisfying a? — tb?> — pc® + tpd? = 1.

Theorem 405. Let p be a prime number and let G be an infinite pro-p-group.
Then int(G) > 1 if and only if exactly one of the following holds.

1. One has p > 2 and G is abelian.
2. One has p > 3 and G is topologically isomorphic to S(A).
Moreover, one has int(S(Ap)) =2 and, if G is abelian, then int(G) =p — 1.
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13. A GENERALIZATION TO PROFINITE GROUPS

Let p be a prime number and let G be a pro-p-group. We will show, in Section
32 that int(G) = ged{int(G/N) : N normal open in G, N # G} and, thanks to
this last characterization, we will derive the following theorem as a corollary of
Theorem

Theorem 406. Let p > 3 be a prime number. Then, for any positive integer c,
there exists a finite p-group G of class ¢ and intensity greater than 1.

The pace of Chapter [[3] will be slightly faster, compared to the previous ones,
in the sense that we will assume the reader is familiar with some basic facts
about profinite groups (which can however all be found in Chapters 0 and 1 from
[DASMS91]). We will give some extra background in Section[I31l In Section[I32]
we will prove several properties of topologically intense automorphisms and give an
analogue of Theorem [B6] for pro-p-groups. In the subsequent sections we will pave
the way to proving Theorem In Section [[3.3] we will give some limitations,
for p > 3, to the structure of infinite non-abelian pro-p-groups of intensity greater
than 1. In Section 3.5 we will discover that, if such groups exist, they can be
continuously embedded in one of two infinite pro-p-groups (one of them being
S(Ap)). We will study the structure of those two groups in Section [[3.4] and, in
Section [I[3.5] we will prove that, if p > 3 is a prime number and G is an infinite
non-abelian pro-p-group with int(G) > 1, then G is topologically isomorphic to
S(Ap). The results from Section will ensure that int(S(4A,)) > 1. We will
conclude the proof of Theorem in Section M[3.6.1] and give that of Theorem
in Section[I3.6.2] We will close Chapter [[3] with Section [[3.6.3] where we will
draw a bridge between Theorem and Theorem

13.1 Some background

This section is a collection of definitions and results from [DASMS91]. If G is a
profinite group and S is a subset of it, we denote by cl(S) the closure of S in G.
A full list of the symbols we use can be found at the beginning of this thesis (see
List of Symbols).

Definition 407. Let G be a profinite group. A discrete quotient of G is a quotient
of G by an open normal subgroup. A proper quotient of G is a quotient of G by a
closed normal subgroup that is different from {1}.

Definition 408. Let G be a profinite group. Then a set X is a set of topological
generators of G if G = cl({X)). The group G is topologically finitely generated if
it admits a finite set of topological generators.

Definition 409. Let G be a profinite group. The lower central series (G;)i>1 of
G is defined by
Gl =G and Gi+1 = Cl([G,Gl])
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13. A GENERALIZATION TO PROFINITE GROUPS

In Section [[.2, we have defined the lower central series for any abstract group,
which should not be confused with that of a profinite group. In the case of finite
groups, they however coincide. We recall that, as defined in Section B2] the rank
of a finite group H is the smallest integer r such that every subgroup of H can be
generated by r elements.

Definition 410. Let G be a profinite group. The rank of G is
rk(G) = sup{rk(G/N) : N is normal open in G}.

Let G be a profinite group. It follows from the definition that rk(G) belongs to
Z U {0} and, if G has finite rank, that G is also finitely generated. Moreover,
when G is finite, the definition of rank given in Section is equivalent to the
one from Definition In [DASMS91], Proposition 3.11], a series of equivalent
definitions of rank is given.

Definition 411. A p-adic analytic group is a profinite group that contains an
open pro-p-subgroup of finite rank.

Our definition of a p-adic analytic group is not among the standard ones, but
it serves our purposes the best. In general, p-adic analytic groups are defined
to be topological groups that present the structure of a p-adic manifold. The
equivalence of the two definitions, for profinite groups, is given by Corollary 9.35
from [DdSMS91]. For more information about the topic, see [DASMS91, Ch. 9].

Definition 412. A profinite group is just-infinite if it is infinite and each of its
proper quotients is finite.

Definition 413. Let p be a prime number and let G be a pro-p-group. The Frattini
subgroup of G is ®(G) = cl(GP[G, G)).

As for the case of finite p-groups, the Frattini subgroup ®(G) of a pro-p-group G is
the unique closed normal subgroup of G minimal with the property that G/®(G)
is a vector space over Iy,

Lemma 414. Let p be a prime number and let G be a pro-p-group. Then G is
topologically finitely generated if and only if ®(G) is open in G.

Proof. This is Proposition 1.14 from [DdSMS91]. L]

In Chapter 3 of [DASMS91] it is proven that, if G is a finitely generated group,
then the cardinality of a minimal set of topological generators of G is equal to
dimg, (G/®(G)).

Definition 415. Let p be an odd prime number and let U be a pro-p-group. Then
U is uniform if the following hold.
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13. A GENERALIZATION TO PROFINITE GROUPS

1. The group U is topologically finitely generated.
2. The quotient U/ cl(UP) is abelian.
3. The group U is torsion-free.

The definition of uniform group we give is slightly different from the one that is
given in [DASMS91]. However, the equivalence of the two is proven in [DASMS91,
Theorem 4.8].

Definition 416. Let p be an odd prime number and let U be a uniform pro-
p-group. The dimension of U is the cardinality of a minimal set of topological
generators of U. The dimension of U is denoted dim(U).

Lemma 417. Let p be an odd prime number and let G be a pro-p-group of finite
rank. Then G has a characteristic open uniform subgroup.

Proof. See Corollary 4.3 from [DdSMS91]. L]

Lemma 418. Let p be an odd prime number and let G be a pro-p-group. Then
all open uniform subgroups of G have the same dimension.

Proof. See [DASMS91, Corollary 4.6]. m

Definition 419. Let p be an odd prime number and let G be a pro-p-group of finite
rank. The dimension of G is the dimension of any of its open uniform subgroups.

Lemmas 417 and BI8] guarantee the consistency of Definition E19)

13.2 Properties and intensity

In Section [[3.2] we give several properties of topologically intense automorphisms
and, for a given prime number p, we define the intensity of a pro-p-group.

Lemma 420. Let G be a profinite group and let a be a topologically intense
automorphism of G. Then « induces an intense automorphism on each discrete
quotient of G.

Proof. Let N be an open normal subgroup of G. Then «(N) = N and « induces
an automorphism @ of G/N. Now each subgroup H of G/N corresponds to an
open subgroup H of G, which is sent to a conjugate by «. As a consequence, also
a(H) and H are conjugate in G/N and, the choice of H being arbitrary, it follows
that @ is intense. [
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13. A GENERALIZATION TO PROFINITE GROUPS

If G is a profinite group and T denotes the set of open normal subgroups of G,
then Aut(G) has a natural topology, the “congruence topology”, for which a basis
of open neighbourhoods of the identity is given by

{T'(N) ={a € Aut(G) : a =idmodN}} ner.
For more information on the subject see for example [DASMS91, Ch. 5.2].

Lemma 421. Let G be a profinite group and let Y denote the collection of open
normal subgroups of G. Then one has

Int.(G) = lim Int(G/N).
NeTY
Proof. Let T denote the collection of open normal subgroups of G. Then, thanks
to Lemma [A20, we have a natural homomorphism

m:Inte(G) = [] It(G/N).

NeY

The map 7 is injective, because ker 7 is contained in Nyey(NV) = {1}, and the

image of 7 is equal to lim Int(G/N), thanks to Lemma B8(2). ]
Ner

Lemma 422. Let {X)}xcn be an inverse system of finite non-empty sets over a
directed set A. Then I'&HX,\ is non-empty.

Proof. This is Proposition 1.4 from [DdSMS91]. L]

Proposition 423. Let G be a profinite group and let « be an automorphism of
G. Then the following are equivalent.

1. The automorphism « is topologically intense.

2. For every open subgroup H of G, there exists an element x € G such that
a(H) = xzHx™t.

Proof. As every open subgroup is also closed, (1) clearly implies (2). Assume now
(2) and let H be a closed subgroup of G. We will construct € G such that
a(H) =zHz™!. Let A denote the collection of all discrete quotients of G and let
moreover Y be the collection of all open normal subgroups of G. Then there is a
natural bijection T — A, given by N — G/N. Now, thanks to Lemma E20], the
automorphism « induces an intense automorphism on each element of A. Hence, if
G is an element of A and H denotes the image of H in G, then there exists € G
such that a(H) = zHz~!. For each G € A define Xz = {zr € G : a(H) = zHz "1}
and observe that X is finite and non-empty. Let now G' and G’ be elements
of A such that G’ is a quotient of G. Then the natural projection G — G’
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13. A GENERALIZATION TO PROFINITE GROUPS

induces a well-defined map X& — Xg,. It follows that {Xz}z., is an inverse
system of finite non-empty sets so, by Lemma E22] the set X = @Xa is non-
empty. Let x € X. As a consequence of the definition of X, for each element
N of T, the element N belongs to Xg/n and thus, for each N € T, we have
a(HN) = zHx='N. The map « is continuous, because it stabilizes each open
normal subgroup, and so it follows that

a(H) = cl(a(H)) = () a(H)N = (| «(HN) =

NeY NeYT

= ﬂ cHx 'N = cl(zHx 1) = cHa ™t
NeY

This proves (1), and therefore the proof is complete. [

In the proof of the following result we will use the generalization to profinite groups
of Schur-Zassenhaus’s theorem (see for example Theorem 2.3.15 from [RZ10]).

Proposition 424. Let p be a prime number and let G be a pro-p-group. Then
Int.(G) =S % C,

where S is a Sylow pro-p-subgroup of Int.(G) and C' is isomorphic to a subgroup
of F5. Moreover, one has

|C| = ged{int(G/N) : N normal open in G, N # G}.

Proof. Let T denote the collection of open normal subgroups of G. For each
N € T, denote by mn : Int(G/N) — Int((G/N)/®(G/N)) the map from Lemma
BR(2) and set Ky = kerny and Iy = nn(Int(G/N)). For each N € T, we then
get a short exact sequence

1= Ky —Int(G/N) = Iy — 1

which induces, thanks to Lemma [E21] and the exactness of T&n, the short exact
sequence
1— @KN — Int.(G) — @IN — 1.
NeY NeY
Define S = @1 Ky and C = @1 In. As a consequence of Lemma, [I01] whenever

Ner NeTr
M,N € T\{G} and N C M, the natural map Iy — Iy is injective and therefore,

lim Int((G/N)/®(G/N)) being equal to Int(G/®(G)), Lemma B yields that C
NeY
is isomorphic to a subgroup of F;. Moreover, thanks to Lemma 07 the group

S is a pro-p-subgroup of Int.(G). The order of C being coprime to p, it follows
that in fact S is a Sylow pro-p-subgroup of Int.(G) and, from the generalization of
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13. A GENERALIZATION TO PROFINITE GROUPS

Schur-Zassenhaus’s theorem to profinite groups, that Int.(G) = S x C. Moreover,
the fact that |C] is equal to the greatest common divisor of the int(G/N), as N
varies in T \ {G}, is a direct consequence of Lemma [TOT] ]

Let p be a prime number and let G be a pro-p-group. Let moreover C be as in
Proposition The intensity int(G) of G is defined to be the cardinality of C.
Thanks to Proposition[424] the intensity of G is also equal to the greatest common
divisor of the set {int(G/N) : N normal open in G, N # G}.

Corollary 425. Let p be a prime number and let G be an abelian pro-p-group. If
G is non-trivial, then int(G) =p — 1.

Proof. If G is non-trivial, then Theorem [Bf] yields int(G) = p — 1. [

13.3 Non-abelian groups, part I

The main purpose of Section [[3.3]is to give a proof of Proposition 4261 We refer
to Section 3] for the definitions of just-infinite profinite groups and of p-adic
analytic groups and their dimensions.

Proposition 426. Letp > 3 be a prime number and let G be a non-abelian infinite
pro-p-group. Assume that int(G) > 1. Then G is a just-infinite p-adic analytic
group of dimension 3.

The following assumptions will be valid until the end of Section Let p be an
odd prime number and let G be an infinite non-abelian pro-p-group of intensity
greater than 1. Let (G;);>1 denote the lower central series of G, as defined in
Section I3l and let o be a topologically intense automorphism of G of order 2.
The existence of « is guaranteed by the combination of Propositions @24 and

Lemma 427. The automorphism « induces an intense automorphism of order 2
on each non-trivial discrete quotient of G.

Proof. Let C be as in proposition @24 and, without loss of generality, assume that
a € C. Then, as a consequence of Lemma @20 given any open normal subgroups
N and M of G such that N C M # G, we get a commutative diagram

C — Int(G/M)

Int(G/N)
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13. A GENERALIZATION TO PROFINITE GROUPS

Moreover, the map « being non-trivial, there exists a discrete quotient of G on
which « induces an automorphism of order 2. The choice of M and N being
arbitrary, it follows that « induces an intense automorphism of order 2 on each
non-trivial discrete quotient of G. [

Lemma 428. Assume that p > 3. Then each discrete quotient of G of class at
least 4 is a p-obelisk.

Proof. Let G be a discrete quotient of class at least 4 of G. By Lemma BEZT]
the map « induces an intense automorphism of order 2 of G. It follows from
Proposition BI8 that G is a p-obelisk. "

Lemma 429. Let ¢ be a non-negative integer. Then G has a discrete quotient of
class c.

Proof. Assume by contradiction that there exists an upper bound on the class of
the discrete quotients of G and let C' € Z>g be minimal with this property. Since
G is non-abelian, one has C' > 2. Let us now denote by T the collection of open

normal subgroups of G. Then G = @1 G/N and so G has class C. The group
NeTY
G being infinite, it follows from Theorem that C < 3 and so C = 2. Let

now M, N € T be such that G/N has class 2 and M C N. Let K = G/M and
let m : G — K denote the canonical projection. Then K has class 2 and, as a
consequence of Lemma [27] the intensity of K is greater than 1. By Theorem
[[03] the group K is extraspecial and, 7(/N) being non-trivial and normal in K, it
follows from Lemma 29 that 7(N) contains Z(K) = [K, K|. In particular, K/7(N)
is abelian and therefore so is G/N. Contradiction. (]

Lemma 430. The set {G;}i>1 is a base of open neighbourhoods of 1 in G.

Proof. Let moreover T denote the collection of all open normal subgroups N of P
with the property that G/N has class at least 3. As a consequence of Lemma [A29]

the group G is equal to @1 G/N. Moreover, each subgroup G; being closed, we
NeY
also have G; = lim (G/N);. Thanks to Lemma[427] whenever N € T, the quotient
NeY
G/N has intensity greater than 1 and so Theorem yields that {G;};>1 is a

base of open neighbourhoods of 1 in G. [
Lemma 431. Assume that p > 3. Then rk(G) = 3 and G is p-adic analytic.

Proof. By Lemma 27 the automorphism « induces an intense automorphism
of order 2 on each non-trivial discrete quotient of G and, as a consequence of
Lemma B29] the group G has finite quotients of any possible class. It follows
that rk(G) = sup{rk(G/N) : G/N has class at least 4} and hence Proposition 222
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13. A GENERALIZATION TO PROFINITE GROUPS

yields rk(G) = 3. The group G being a pro-p-group of finite rank, it is p-adic
analytic. [

Lemma 432. Assume that p > 3. Let N be a non-trivial closed subgroup of G.
Then the following are equivalent.

1. The subgroup N is normal.
2. There exists | € Z>1 such that G111 € N C Gj.
Moreover, P is just-infinite.

Proof. The implication (2) = (1) is clear; we prove (1) = (2). Thanks to Lemma
M30, every element of the lower central series of G is open and {G;};>1 is a base
of open neighbourhoods of 1. For all k& € Z>1, denote by m, : G — G/Gj, the
canonical projection and set I = max{k : m;(N) = 1}. The index [ is well-defined,
because N # 1, and N is contained in Gy, but not in Gj41, by the maximality of
l. In particular, for each k > [, the minimum jump of 7 (N) in G/G}, is I. Now,
by Lemma (A28, whenever k > 5, the quotient G/Gy, is a p-obelisk. It follows from
Lemma [B27(2) that, whenever k > max{l,5}, the subgroup G;4+1 is contained in
NGy, and therefore

N.

Gi1 € () NGk = []NGi = c(N)
k>max{l,5} k>1

We have proven that Gij11 € N C G and thus also that (1) implies (2). To
conclude, since each Gy is open in G, the subgroup N is open and the quotient
G/N is finite. Because of the arbitrary choice of N, the group G is just-infinite. =

Lemma 433. Assume that p > 3. Then G is torsion-free.

Proof. By Lemma A28 whenever k is at least 5, the quotient G/G}, is a p-obelisk.
It follows from Corollary that, for each non-negative integer i, raising to the
power p induces a well-defined isomorphism G;/G;+1 — Git2/Gits. By Lemma
[429, there is no bound on the class of the finite quotients of G, and therefore G is
torsion-free. -

Lemma 434. Assume that p > 3. Then G is open, uniform, and has dimension
3.

Proof. Let G be a discrete quotient of class at least 5 of G, which exists by Lemma
As a consequence of Lemma B28, the group G is a p-obelisk and so Lemma
yields [Ga : G4| = p®. The subgroup G is equal to G4, thanks to Lemma 323,
and so, as a consequence of Lemma 20, the quotient G» /Gy = G /Gy is elementary
abelian. It follows that each generating set of G has at least 3 elements. However,
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13. A GENERALIZATION TO PROFINITE GROUPS

the rank of G is equal to 3, thanks to Lemma @31l and therefore G is generated
by exactly 3 elements. Since G was chosen arbitrarily, the quotient G/ cl(G5)
is abelian and any minimal set of topological generators of Gs has 3 elements.
Now, as a consequence of Lemma 33| the torsion of G4 is trivial and hence Go
is uniform of dimension 3. Moreover, the subgroup G5 is open thanks to Lemma
40 ]

We conclude Section by giving the proof of Proposition Assume that
p > 3. Then G is p-adic analytic, by Lemma[43T], and it has dimension 3 thanks to
Lemma 34l Moreover, G is just-infinite by Lemma 432l The proof of Proposition
is now complete.

13.4 Two infinite groups

In Section [I3.4] we present two infinite pro-p-groups, which are p-adic analytic. We
will see, in Section [I3.5 the role they play in the proof of Theorem [403]

13.4.1 The first group

Let p > 3 be a prime number and let 7 : SLy(Z,) — SL2(F,) be the canonical pro-
jection. Let SL2A (F,) denote the subgroup of SLy(F,) consisting of those elements

of the form
1 =z
<O 1) where x € ).

We define SLQA(ZP) = w‘l(SLQA(Fp)) and remark that SLQA(ZP) is a pro-p-group.
Our notation is consistent with that of [GSK09]; however, we will make use of
several facts coming from [Hup67, Ch. I11.17], where the group SL5'(Z,) is denoted
by Mo,1,1-

Lemma 435. Let p > 3 be a prime number and let G = SLQA(ZP). Denote by
(Gi)i>1 the lower central series of G. Then, for each k € Z>3, the quotient G/G},
s a p-obelisk.

Proof. This is a reformulation of Satz 17.8 from [Hup67, Ch. III]. n

Lemma 436. Let p > 3 be a prime number and let G = SLQA(ZP). Denote by
(G;)i>1 the lower central series of G. Then there exist x € G\ G2 and a € G2\ G3
such that [z, a] € cl({x)).

Proof. This proof relies on several lemmas from [Hup67, Ch. IT1.17]; we will respect
Huppert’s notation. Let

sz(l)z((l) 1) and a:D(1+p)=<(1+Op)_l (13]?)).
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13. A GENERALIZATION TO PROFINITE GROUPS

Satz 17.4 from [Hup67, Ch. II1.17] gives a concrete characterization of the lower
central series of G, from which it directly follows that z € G\ G2 and a € G2\ G3.
As a consequence of Hilfssatz 17.2(a), the element x generates topologically the
subgroup B consisting of all matrices of the form

1 =z
<0 1) where x € Z,,.

To conclude, Hilfssatz 17.3 guarantees that there exists an element b € Z, such

that
@, d] 1 pb
x,al = 1

so, in particular, [z, a] belongs to the subgroup B¢ = cl({(z)). ]

We recall that a p-obelisk is a non-abelian finite p-group G satisfying G3 = GP
and |G : G3| = p3. A p-obelisk G is framed if, given any maximal subgroup M
of G, one has ®(M) = G3. For more information about p-obelisks, we refer to
Chapter [T

Lemma 437. The group SLQA(ZP) has a discrete quotient of class 6 that is not a
framed p-obelisk.

Proof. Let G = SLQA(ZP) and denote by (G;);>1 the lower central series of G, as
defined in Section M3l We define G = G/G7 and we use the bar notation for
subgroups and elements of G. The group G has class 6 and it is a p-obelisk, by
Lemma Let now x € G be as in Lemma and set £ = (xGy), which is a
1-dimensional subspace of G/G5. Let moreover

p% Ia/ég —)G_3/§4
and
V1,2 36/32 XG_Q/G_3—>63/64

denote the maps from Lemma As a consequence of Lemma [436] the elments
pr(0) and 1 2({€} x G2/G3) generate a 1-dimensional subspace ¢’ of G3/G4. By
Lemma B22(1), the width wtz(3) is equal to 2 so ¢ is different from G3/Gj.
Proposition [330] yields that G is not framed. m

13.4.2 The second group

Let p > 3 be a prime number and let ¢t € Z,, be a quadratic non-residue modulo p.

Define A, to be (’527—1)), i.e., the quaternion algebra

A, =7y ®Zpi ® Lpj ® Zpk
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13. A GENERALIZATION TO PROFINITE GROUPS

with defining relations
i2=t,j> =p, and k =ij = —ji.
The quaternion algebra A, is equipped with a bar map, defined by
r=a+bi+cj+dk — T=a—0bi—c—dk,

which is an anti-homomorphism of order 2. The algebra A, has, in addition, a
unique maximal (left/right /two-sided) ideal m, which is principal generated by j,
ie. m = A,j. It follows that an element x = a + bi + ¢j + dk belongs to m if and
only if both a and b belong to pZ,. Moreover, for each k € Z>, the ideal mF is
principal generated by j* and therefore, for each s € Z>g, one has

m?* =p°A, and m**! =pm.

As a result, for each k € Z>1, the quotient m*/m*+1 is a vector space over F,, of
dimension 2. Now, for each k € Z>1, the set 1+mF is easily seen to be a subgroup
of A% and the natural map (1 +m¥)/(1+m*™) — m*F/mF*1 is an isomorphism

of groups. It follows that 1 + m is a pro-p-subgroup of A;;. Define
S(Ay)=(1+m)N{z e, :T=a""}

Then S(A,) is a closed subgroup of 1 +m and thus a pro-p-group itself. We have
here lightened the notation from [GSK09], where the group S(A,) is denoted by
SL1(Ap).

Lemma 438. Let p > 3 be a prime number and let G = S(A,). Denote by (G;)i>1
the lower central series of G. Then, for each k € Zx1, one has Gy = (1+mF)NG.

Proof. We sketch here the proof, but leave out the computations. For all ¢ € Z>,
denote M; = (1 +m%)NG. We remark that all M; are normal in G and they form
a base of open neighbourhoods of 1 in G. It is easy to check that (M;);>1 is a
central series, in other words for all i € Z>; the subgroup [M;, M;] is contained
in M;y1. As a consequence of Lemma 22 for each index ¢, the commutator map
induces a bilinear map v; : My /My x M;/M;+1 — M;11/M;+o. Next, by direct
computation, one gets that, for every i € Z>1, the image of 7; generates M;/M;1,
and therefore M, 11 = [My, M;]M; 2. Fix i. By induction one shows that, for each
positive integer n, one has M; 1 = [M1, M;]M;,, and hence

Mi+1 = ﬂ [MlaMi]Mi—Q—n = Cl([Ml,MZ])

n>1

Since M; = G, we get that M, = cl([G,G;]) = Git1. The choice of i being
arbitrary, the proof is complete. [
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Lemma 439. Let p > 3 be a prime number and let G = S(A,). Denote by
(G;)i>1 the lower central series of G. Then, for each i € Z>1, the map x — xP on
G induces an isomorphism p; : G;/Git1 — Git2/Gits.

Proof. By Lemma 438, given any positive integer i, one has G; = (1 +m*) N G.
Fix i € Z>1 and let 1 + x be an element of G;. One shows that (1 4+ z)P =
1+ px mod G;13. It is now easy to conclude. [

Lemma 440. Let p > 3 be a prime number and let G = S(A,). Denote by (G;)i>1
the lower central series of G. Let x € G\ G2 and let y € G2 \ G3. Then G3 is
generated by xP and [x,y] modulo Gy.

Proof. Straightforward computation. [

We remind the reader that, as defined in Chapter [I0, a p-obelisk is a finite non-
abelian p-group G such that |G : G3| = p® and GP = G3. A p-obelisk is said to be
framed if, for each maximal subgroup M of G, one has ®(M) = Gs.

Lemma 441. Let p > 3 be a prime number and let G = S(A,). Denote by (G;)i>1
the lower central series of G. Then, for each k € Z>3, the quotient G/Gy, is a
framed p-obelisk.

Proof. Let k € Z>3 and denote G = G/Gj. The group G is non-abelian and
it is finite. Moreover, as a consequence of Lemma @38 one can easily compute
that |G : Gs| = |G : Gs| = p? and, thanks to Lemma A39, one has G© = Gs. It
follows that G is a p-obelisk. To show that G is framed, combine Lemma and
Proposition [

Lemma 442. Let p > 3 be a prime number and let G = S(A,). Let moreover
a: G — G be defined by

a+bi+cj+dk — a+bi—c —dk.

Then « is a continuous automorphism of G and the map G/G2 — G/Gs that is
induced by o is equal to the inversion map a — a~'.

Proof. The map « coincides with conjugation by i and it is therefore a continuous
automorphism. Moreover, thanks to Lemma E38] the subgroup G2 coincides with
(1+m?)NG. Since each element x of G can be written in the form z = 1+cj+dk+m,
with ¢,d € Z, and m € m?, we get that a(z) = T mod G2. The elements T and
271 being equal, it follows that a(z) = 27! mod Gb. (]

Lemma 443. Let p > 3 be a prime number and let G = S(A,). Define moreover
a:G—=G by
a+bi+cj+dk — a4+ bi—cj—dk.

Then « is a topologically intense automorphism of G of order 2 and int(G) = 2.
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Proof. By Lemma [442] the map « is a continuous automorphism of G and, by its
definition, it clearly has order 2. We prove that « is topologically intense. To this
end, let H be an open subgroup of G. As a consequence of Lemma [430 there
exists a positive integer k such that Gy is contained in H. Fix such integer k
and define K = max{k,4}. Denote G = G/Gf and use the bar notation for the
subgroups of G. Denote moreover by ag the automorphism that is induced on G
by a. Then af induces the inversion map on G/Gs, as a consequence of Lemma
and the definition of aixr. Moreover, the class of G is at least 3 so, thanks to
Lemma F41] the group G is a framed obelisk. It follows from Theorem [344] that

aj is intense, so there exists ¢ € G such that ax(H) = gHg~!'. Furthermore,
we have that a(H) = gHg~! and, the choice of H being arbitrary, it follows from
Proposition @23 that « is topologically intense. In particular, int(G) is even. The
intensity of G is equal to 2, as a consequence of Proposition [424] and Theorem

129 ]

13.5 Non-abelian groups, part II

The aim of this section is to give a proof of the following proposition.

Proposition 444. Let p > 3 be a prime number and let P be a non-abelian
infinite pro-p-group. Assume that int(P) > 1. Then P is topologically isomorphic
to S(Ap).

Until the end of Section [[3.5], let the following assumptions be valid. Let p > 3
be a prime number and let P be an infinite non-abelian pro-p-group of intensity
greater than 1. Let (P;);>1 denote the lower central series of P, as defined in
Section I3} and let a be a topologically intense automorphism of P of order 2,
which exists thanks to Proposition In the proof of Proposition E44, we will
make heavy use of results coming from Chapters [0 and [ITl

Definition 445. Let G be a group. The derived series (G(i))izo of G is defined
recursively by
GO =@ and G = [GW GW).

The group G is solvable if there ewists k € Z>q such that G = {1}.
Lemma 446. Every solvable just-infinite pro-p-group other than Z, has torsion.

Proof. This is Proposition 6.1 in [GSKQ9]. L]

We remind the reader that, for each prime number p > 3, the groups SLQA(ZP)
and S(A,) have been defined in Section [[3.4]
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Lemma 447. Let p > 3 be a prime number and let G be a p-adic analytic group.
Assume that dim(G) = 3 and that G is both torsion-free and non-solvable. Then
G is topologically isomorphic to an open subgroup of S(A,) or SLQA(ZP),

Proof. See [GSK09, Section 7.3]. m

Lemma 448. The group P is topologically isomorphic to an open subgroup of
S(A,) or SLS (Zy).

Proof. The group P is a just-infinite p-adic analytic group of dimension 3, by
Proposition By Lemma [433] the torsion of P is trivial and so, by Lemma
[446 the group P is not solvable. It follows from Lemma [447] that P is isomorphic
to an open subgroup of S(A,) or SLQA (Zyp). n

Lemma 449. The group P is topologically isomorphic to S(Ap) or SLQA(ZP).

Proof. Let G € {S(A,), SLZA(ZP)} and let (G;);>1 denote the lower central series
of G. From the combination of Lemmas 435 and @41l we know that, for each k£ > 3,
the quotient G/GYy, is a p-obelisk. Let now H be an open subgroup of G, such that
P is topologically isomorphic to H. The existence of H is ensured by Lemma [448
By Lemma (429] the group H has discrete quotients of any class and, thanks to
Lemma [428 each such quotient, of class at least 4, is a p-obelisk. The subgroup
H being open, it follows from Lemma E30] that there exists k € Z~4 such that Gy,
is contained in H so H/Gy is a p-obelisk. Proposition 337 yields G = H. ]

Lemma 450. FEach discrete quotient of P of class at least 6 is a framed p-obelisk.

Proof. Let G be a discrete quotient of P of class at least 6. By Lemma E27 the
map « induces an intense automorphism of order 2 on G and, by Lemma 28] the
group G is a p-obelisk. By Lemma [322(1), the number wtg(5) is equal to 2 so, by
Theorem B75] the p-obelisk G is framed. [

We are finally ready to give the proof of Proposition @44l Thanks to Lemma [49]
there are only two possibilities for the isomorphism type of P: that of S(A,) or
that of SL2A (Z,). By Lemma [450] every discrete quotient of P of class 6 is a
framed p-obelisk so, in view of Lemma 437 the group SLQA (Zy) is not isomorphic
to P. It follows that P is topologically isomorphic to S(A,) and so the proof of
Proposition [444] is complete.

13.6 Proving the main theorems and more

In Sections [[3.6.1] and [[3.6.2] we prove respectively Theorem and Theorem
The last two theorems are the most important results of Chapter we are
able to draw a bridge between the two thanks to Proposition @51 which is proven
in Section
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13.6.1 The proof of Theorem 405

Let p be a prime number. As a consequence of Proposition @24] the intensity of
a pro-p-group divides p — 1 and so there are no pro-2-groups of intensity greater
than 1. Assume now that p is odd. Then, thanks to Corollary B25], each infinite
abelian pro-p-group has intensity p — 1, which, p being odd, is greater than 1.
Let now G be a non-abelian infinite pro-p-group with int(G) > 1. Then G has a
discrete quotient of any class, thanks to Lemma B29] so Theorem 23T yields that
p is larger than 3. By Proposition d44] the group G is topologically isomorphic to
S(Ap), which, by Lemma [A43] has indeed intensity 2. The proof of Theorem
is now complete.

13.6.2 The proof of Theorem

Let p > 3 be a prime number and let ¢ be a positive integer. Write P = S(4A,)
and let (P;);>1 denote the lower central series of P, as defined in Section 1311
Then the group P/P.;; has class ¢ and it is finite, as a consequence of Lemma
The group P being a pro-p-group, P/P.;1 is a finite p-group. Moreover, by
Theorem M08, the intensity of P is greater than 1 and so, thanks to Proposition
@24, we get int(P/P.4+1) > 1. The number ¢ was chosen arbitrarily and therefore
Theorem is proven.

13.6.3 A bridge between finite and infinite

The purpose of Section [[3.6.3] is to compare, for a fixed prime p > 3, the finite
p-groups of intensity greater than 1 with the discrete quotients of S(A,).

Proposition 451. Let p > 3 be a prime number and write P = S(A,). Denote by
(P;)i>1 the lower central series of P. Then there exists a function f : Zso — Z>o
with the following properties.

1. One has lim. o f(c) = oo.

2. For each finite p-group G of class ¢ with int(G) > 1, the quotients G/G g(c)
and P/ Py are isomorphic.

Proof. For each positive integer ¢, let Int(p,c) denote the collection of all finite
p-groups of class ¢ and intensity greater than 1. We define f : Zso — Z>o
by mapping each element ¢ € Z~( to the maximum index m € Zsqo for which,
whenever G € Int(p,c), the quotients G/G,, and P/P,, are isomorphic. The
map f is well-defined, thanks to Theorem 406 and it follows directly from the
definition of f that (2) is satisfied. Moreover, thanks to Lemma [I0I] the function
f is non-decreasing. We prove (1) by contradiction. Let C' € Z>o be such that,
for all ¢ > C, one has f(c) = f(C). In other words, for each ¢ € Z>¢, there exists
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G € Int(p, c) such that G/G ¢y and P/ Py are isomorphic, but G/G f(cy41 and
P/Pf(cy+1 are not. For all ¢ > C, call X, the collection of such G and note that,
for each ¢ > C, the set X, is non-empty. Thanks to Lemma[I0T] for each ¢ € Z~¢,
we have a natural map X.41 — X., which is defined by G — G/G.+1. The
collection {X.}.>¢ is thus an inverse system of non-empty sets. As a consequence
of Theorem [124], the constant C is at least 3 and so, for each ¢ > C, Theorem

yields that X is finite. By Lemma E22] the set X = I'&an is non-empty and
c>C
therefore there exists an infinite non-abelian pro-p-group of intensity larger than

1 and which is, by construction, not isomorphic to P. Contradiction to Theorem
405l It follows that (2) is satisfied and the proof is complete. L]

Proposition @5Tlis the last result of this thesis and, in summary, it states that, for
p > 3, each finite p-group G with int(G) > 1 shares a “relatively big” quotient
(growing in size with the class of G) with the infinite group S(A,). One can then
ask: if p > 3 and G is a finite p-group of intensity greater than 1, then “how far is
G from being a quotient of S(A,)”? More precisely, if G is a finite p-group of class
¢ with int(G) > 1 and f is as in Proposition @51] then what is the average size of
G()? Is there an absolute constant B such that, for each ¢ € Z~o and for each
finite p-group G of class ¢ and intensity greater than 1, one has |G| < pB? In
view of Theorem 375 we can surely answer this question if we manage to classify,
for each given prime p > 3, all framed p-obelisks that have an automorphism of
order 2 that induces the inversion map on the Frattini quotient of the group.
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