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Chapter 10

Obelisks

Let p > 3 be a prime number. A p-obelisk is a finite p-group G for which the
following hold.

1. The group G is not abelian.
2. One has |G : G| = p® and G3 = GP.
The following proposition will immediately clarify our interest in p-obelisks.

Proposition 318. Let p > 3 be a prime number and let G be a finite p-group of
class at least 4. If int(G) > 1, then G is a p-obelisk.

Proof. Combine Theorems [164] and [

Chapter [0 will be entirely devoted to understanding the structure of p-obelisks
and that of their subgroups. Some of the results, especially coming from Section
[[0.4] are rather technical and their relevance will become evident in Chapter [T11

10.1 Some properties

We remind the reader that, if p is a prime number and G is a finite p-group, then
wta (i) = log,, |Gi : Git1| where (G;)i>1 denotes the lower central series of G.

Lemma 319. Let p > 3 be a prime number and let G be a p-obelisk. Let (G;)i>1
denote the lower central series of G. Then the following hold.

1. The class of G is at least 2.
2. One has wtg(l) = 2 and wtg(2) = 1.

3. The group G/Gs is extraspecial of exponent p.
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10. OBELISKS

Proof. The group G is non-abelian and thus Go # Gs. The index |G : G| being
equal to p3, it follows from Lemma BT that wtg(1) = 2 and wtg(2) = 1. We
denote now G = G/G3 and use the bar notation for the subgroups of G. Then
G5 is contained in Z(G) and G3 = Z(G), as a consequence of Lemma The
exponent of G is p, because GP is contained in Gs. [

Lemma 320. Let p > 3 and let G be a p-obelisk. Then G is reqular.
Proof. This follows directly from Lemma [

Proposition 321. Let p > 3 be a prime number and let G be a p-obelisk. Let
(G;)i>1 be the lower central series of G and let ¢ denote the class of G. Then the
following hold.

1. For alli € Z>1, one has wtg (i) wtg(i + 1) < 2.
2. If wtg(i)wtg(i+1) =1, theni=c—1.
3. For all positive integers k and 1, not both even, one has |Gy, G| = Gr4i.

Proof. Proposition B2T]is a simplified version of Theorem 4.3 from [Bla61], which
can also be found in Chapter 3 of [Hup67] as Satz 17.9. L]

We remark that the term p-obelisk does not appear in [Bla61] or [Hup67] and is of
our own invention. Moreover, originally Proposition B2|(1-2) was phrased in the
following way: if G is a p-obelisk, then

(wtg(i))is1 = (2,1,2,1,...,2,1, £,0,0,...) where f € {0,1,2}.

Lemma 322. Let p > 3 be a prime number and let G be a p-obelisk. Let ¢ denote
the class of G and let i € {1,...,¢c—1}. Then the following hold.

1. The indez i is odd if and only if wtg (i) = 2.
2. The index i is even if and only if wtg(i) = 1.
3. If wtg(c) =2, then c is odd.

4. If ¢ is even, then wtg(c) = 1.

Proof. For all j € {1,...,c— 1}, denote w; = wtg(j). Thanks to Lemma BI9] we
have w; = 2 and we = 1. As a consequence of Proposition 321} whenever ¢ < ¢—1,

the product w;w; 41 is equal to 2 and, for all indices ¢,j € {1,...,¢— 1}, one has
w; = wj if and only if ¢ and j have the same parity. It follows from Proposition
B21(1) that wtg(c) can be 2 only if ¢ is odd. ]

We recall that, if G is a p-group, then p denotes the map x — P on G.
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10. OBELISKS

Lemma 323. Let p > 3 be a prime number and let G be a p-obelisk. Then, for
all i,k € Z~q, one has p*(G;) = Gaopyi-

In his original proof of Proposition B21], Blackburn also proves Lemma 323l Black-
burn’s proof strongly relies on the fact that p-obelisks are regular and it makes
use of some technical lemmas that can be found in [Hup67), Ch. ITI].

Proposition 324. Let p > 3 be a prime number and let G be a p-obelisk. Let
(Gi)i>1 be the lower central series of G and let ¢ denote its nilpotency class. Then
Z(G) = G..

Proof. We work by induction on ¢. If ¢ = 2, then, by Lemma BT9(3), the group G
is extraspecial so Go = Z(G). Assume now that ¢ > 2. The subgroup G. is central,
because G has class ¢, and, by the induction hypothesis, Z(G/G.) = G¢—1/G.. Tt
follows that G. C Z(G) C G.—1 and Z(G) # G._1. Moreover, by Proposition
B2I(1), the width wtg(c — 1) is either 1 or 2. If wtg(c — 1) = 1, then Z(G) = G;
we assume thus that wtg(c — 1) = 2. By Lemma B22[1), there exists a positive
integer k such that ¢ — 1 = 2k + 1 so, from Lemma BZ3, we get G._1 = p*(G)
and G, = p*(Gy). As a consequence of Proposition BZI(1), the subgroup G.
has order p. Let us assume by contradiction that Z(G) # G, in other words
|Geo1 : Z(G)| = |Z(G) : Ge| = p. Let N = Cg(Ge—1). The commutator map
G/Gy X G.—1/G. — G, is bilinear by Lemma and it factors as a surjective
non-degenerate map G/N X G._1/Z(G) — G.. It follows from Lemma [2 that
G/N is cyclic of order p so, by Lemma 28] one has G2 = [N, G|. Lemma [54] yields

PN, G)) = [N, 0H(G)] = [N, Ceur] = {1}
and so G, = p*(Gy) = {1}. Contradiction. "

Lemma 325. Let G be a group and let N be a normal subgroup of G. Let moreover
H and K be subgroups of G such that K C H. Then one has (H N N)K =
(KN)NH.

Proof. Easy exercise. L]

Lemma 326. Let p > 3 be a prime number and let G be a p-obelisk. Then each
non-abelian quotient of G is a p-obelisk.

Proof. Let N be a normal subgroup of G such that G/N is not abelian. We claim
that N is contained in G3. Denote first H = G/N. Then we have |H : Hy| <
|G : Ga|. Moreover, H being non-abelian, Lemma [B1] yields |H : Hz| > p?, and
therefore, from Lemma BT9(2), it follows that N C Go. If NN G35 = N, then N is
contained in G3 and we are done. Assume by contradiction that N N G3 # N. As
a consequence of Lemma [BT9(2), the subgroup N does not contain G3. Let now
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10. OBELISKS

M be a normal subgroup of G such that NNGs C M C G3 and |G3 : M| = p,
as given by Lemma Then G = G/M has class 3 and N # {1}. But, by
Lemma [[40, the centre of G is equal to G5 so, G3 having order p, Lemma
yields G3 C N. In particular, Gs is contained in M N. Thanks to Lemma [325]
we get that G35 = (Gs N N)M = M, which gives a contradiction. It follows that
N C Gs, as claimed, and thus we have |H : Hs| = |G : Gs]|. It is moreover clear
that HP = Hs, and so we have proven that H is a p-obelisk. [

Lemma 327. Let p > 3 be a prime number and let G be a p-obelisk. Then the
following hold.

1. If H is a quotient of G of class i, then Z(H) = H,.

2. Let N be a subgroup of G. Then N is normal in G if and only if there exists
xS Z>0 such that Gi+1 C N C G;.

Proof. (1) Let H be a quotient of G and let ¢ denote the class of H. Let moreover ¢
denote the class of G and note that ¢ < c¢. If i =0 or ¢ = 1, the group H is abelian
and Z(H) = H. Assume now that ¢ > 1. Then H is a non-abelian quotient of a
p-obelisk so, by Lemma [326] it is a p-obelisk itself. To conclude, apply Proposition
For the proof of (2), we combine (1) with Lemma ]

10.2 Power maps and commutators

Throughout Section we will faithfully follow the notation from the List of
Symbols. In particular, if p is a prime number and G is a finite p-group, then p
denotes the map G — G that is defined by = +— aP. We remind the reader that p
is in general not a homomorphism.

Lemma 328. Let p > 3 be a prime number and let G be a p-obelisk. Then the
following hold.

1. For alli,k € Z~q the map p* : G; — G; induces a surjective homomorphism
pf : Gi/Gi—H — G2k+i/G2k+i+l-

2. For all h,k € Z~q not both even, the commutator map induces a bilinear
map Ynk : Gn/Ghry1 X G /Gr41 — Ghik/Ghir+1 whose image generates
Ghik/Ghtk+1-

Proof. (1) Let i and k be positive integers and, without loss of generality, assume
that Gog+ir1 = {1}. We work by induction on k and we start by taking k = 1. As
a consequence of Lemmal[20 the group [G;, G;] is contained in Go; so, from Lemma
B23 it follows that [G;, G;]P is contained in Ga;42. The index i being positive,
Gait2 is contained in G;43 = {1}. Now, the prime p is larger than 3 so G, is also
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10. OBELISKS

contained in G;4+3 = {1}. It follows from Lemma 20, that (G;), is contained in
Gip, and so, thanks to Corollary 8] the map p : G; — G is a homomorphism. The
function p factors as a surjective homomorphism p} : G;/Gi11 — G2, thanks to
Lemma 323l This finishes the proof for k = 1. Assume now that k£ > 1 and define

k_ 1 1 1 1
Pi = P2k+i—1 © P2k+i—3C -9 Pi42° P4+

As a consequence of the base case, the map pf is a surjective homomorphism
pF : Gi/Git1 — Gapyi/Gagrir1 and, by its definition, it is induced by p*. This
proves (1). To prove (2) combine Proposition B2I(3) with Lemma 23] ]

Corollary 329. Let p > 3 be a prime number and let G be a p-obelisk. Let c
be the class of G. Let moreover i and j be integers of the same parity such that
1 <i<j<cand one of the following holds.

1. The number j is even.
2. One has wtg(j) = 2.

Define m = % Then the map p™ : G; — G; induces an isomorphism of groups
pit: Gi/Giv1 — Gj /Gt

Proof. By Lemma B28(1), the map p™ : G; — G; induces a surjective homomor-
phism pj* : G;/Git1 — G;j/Gj41. Now, i and j having the same parity, it follows
from Lemma B22] that wte (i) = wte(j) and pi™ is a bijection. L]

Lemma 330. Let p > 3 be a prime number and let G be a p-obelisk. Denote by c
the class of G. Let moreover h and k be positive integers, not both even, such that
h+k <c. Assume additionally that, if h + k is odd, then wtg(h + k) = 2. Then
the map vn,1 from Lemma is non-degenerate.

Proof. Without loss of generality, assume that ¢ = h + k and so Gpyp+1 = {1}.
We prove non-degeneracy of 7y, by looking at the parity of h + k. Assume first
that A + k is odd and, without loss of generality, h is odd and k is even. From
Lemma[322] it follows that wtg(h) = 2 and wtg (k) = 1. Moreover, by assumption,
wte(h + k) = 2. Since the image of 7, 1 generates Gpyr, the map ~y, ; is non-
degenerate. Let now h + k be even. The numbers h and k are both odd so
wtg(h) = wtg(k) = 2, by Lemma B22(2). Assume without loss of generality that
h < k. Then, by Lemma 323 the set p%(Gh) coincides with the subgroup Gy.
Let now C' = Cg, (Gy) and D = Cg, (Gp). Since v, # 1, Lemma 20 yields that
Gh+1 € C C Gy and Giy1 € D C Gi. The commutator map induces a non-
degenerate map G}, /C x G /D — Gy so, wta(h+ k) being equal to 1, Lemma 2]
yields that |G, : C| = |Gk : D|. Now, by Lemma [B20] the group G is regular, and
therefore so is C. Thanks to Lemma[B2(1), the set P (C) is a subgroup of C' and
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10. OBELISKS

k—h

so, thanks to Lemma [54] one has [p" =" (C), Gi] = [C, p" = (G1)] = [C, Gx] = {1}.
In particular, pk;_h(C') C D. Since |G}, : C| = |Gy : D| and wtg(h) = wtg(k) = 2,
we derive from Corollary that p% (C) = D. Assume now by contradiction
that there exists € Gj, such that Gy, = (x,C). Then Gy = (pk;_h(x),D> and
therefore, the commutator map being alternating, one has Gpir = [Gg, Gr] =
([, p% ()]) = {1}. Contradiction to the class of G being h + k. It follows that
the quotient Gj,/C' is not cyclic and so C = Gj41 and D = Gi41. In particular,
.k is non-degenerate. n

Corollary 331. Let p > 3 be a prime number and let G be a p-obelisk. Denote by
¢ the class of G. Let moreover | € {1,...,c— 1} be such that ¢ — 1 is odd. Then
the map Ge—1/G.—1+1 — Hom(G;/Gi41,G.) that is defined by

tGe—141 (J? Giy1 — [t,d?])
is a surjective homomorphism of groups.

Proof. As a consequence of Lemma B23] the groups G;/Gi+1, Ge—i/Ge—i41, and
G. are elementary abelian and the map v.—;; from Lemma [328]is thus a bilinear
map of F,-vector spaces. Respecting the notation from Section [IT] we define

0: Gc—l/Gc—H-l — HOIn(Gl/GH_l, Gc)

to be the map sending each element v € Ge—;/Ge—i141 t0 »(Ye—i1,1). In other words,
if v = tGe_i41, then 6(v) : Gi/Gi+1 — G, is defined by x Gi41 — [t,z]. As a
consequence of Lemma B28(2), the function J is a homomorphism of groups and o
differs from the zero map. Let us now, for alli € {1,...,c}, denote w; = wtg(i). It
follows that the dimension of Hom(G;/G 41, G..) is equal to ww, and, if wjw, = 1,
then § is surjective. We assume that wjw, # 1. The index ¢—1 being odd, it follows
that either [ or c¢ is even. Proposition B21] yields w._; = wyw, and, if [ is even,
then w, = 2. As a consequence of Lemma B30, the map ¢ is injective and so ¢ is
also surjective. [

10.3 Framed obelisks

Let p > 3 be a prime number and let G be a p-obelisk. Then G is framed if, for
each maximal subgroup M of G, one has ®(M) = Gs.

Lemma 332. Let p > 3 be a prime number and let G be a p-obelisk. Let moreover
h,k € Zo, with h odd and k even, and n € Z>o. Then the following diagram is
commutative.
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10. OBELISKS

Ghr/Ght1 X G /Grs1 Tk Ghik/Ghiks

(dey, /G4y > PE) Phtk

Yh,k+2n
Gh/Gh-H X Gk+2n/Gk+2n+1 —_— Gh+k+2n/Gh+k+2n+l

Proof. The maps from the above diagram are defined in Lemma Assume
without loss of generality that Gpyr12n+1 = {1} so that Gp4 k2, is central. The
diagram is clearly commutative for n = 0. We will prove the most delicate case,
i.e. when n = 1, and leave the general case to the reader. Set n = 1. Let
(z,y) € G, x Gi. We will show, and that suffices, that [z,y?] = [z, y]’. Thanks
to Lemma [I8(4), one gets

p—1
[z, y) P, y?) = [ lv" 2l v

r=1
Applying Lemma 20 twice, one gets that, for each index r, the element [[y", z], y]
belongs to G421, which is itself contained in the central subgroup Gy, x42. More-
over, the group Gp4+r being central modulo Gp4x+1, Lemma 22 yields [y", z] =
[y, )" mod Gp4k+1. Thanks to Lemma 23] the commutator map on G induces a
bilinear map Gp4+x/Ghrii+1 X Gr/Gr+1 — Ghiar and therefore we get [[y", x], y] =
[y, z]",y] = [y, z],y]". Tt follows that

ey Pl y?] = [[ 17 2ol = [l 2]ou]” = [y, 2, ]®)

and, the prime p being larger than 2, the number (’2’) is a multiple of p. Since
[y, 2], y] belongs to G412, it follows from LemmaB23] that [z, y*] = [z, y]P. This

concludes the case n = 1. n

Lemma 333. Let p > 3 be a prime number and let G be a p-obelisk. Let moreover
h,k € Zsq, with h odd and k even, and m € Z>q. Then the following diagram is
commutative.

Yh,k
Ghr/Ghs1 X Gi/Gri Ghii/Ghikt1
(P> ey /apyy) Phvk

Yh+2m,k
-~ s

Ghi2m/Ghyom+1 X G /Gria Ghiktam/Ghykram+1
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10. OBELISKS

Proof. The maps in the diagram are as in Lemma and they are well-defined.
Assume without loss of generality that Gpirtom+1 = {1} and so Gpigiom is
central. Let (z,y) € Gj X Gg. The diagram is clearly commutative if m = 0; we
will prove commutativity when m = 1, the most difficult case, and we will leave
the general case to the reader. Set m = 1. We will prove, and that suffices, that
[P, y] = [z, y]P. Applying Lemma [I8(3) twice, we get

[P, yllz, y]™ =H (272, y]
T (pf[l[x, |
s=1 j=1

Thanks to Lemma 20, each element [z,[zP~*77 4]] belongs to Gjion and, the
group Gpik+s being trivial, Giiop centralizes Gpir. Again by Lemma 20 for
each index s, the element [x,y]P~* belongs to Gy and applying Lemma [I8(1)
twice yields

e e =TT [+ T o 0] T b
= 5 {x, p_i_l[x, [551’—S—j7 y]]} p_l[;v, [z, y]]P~°.

Thanks to Lemma B3] given any two positive integers ¢ and j, the commuta-
tor map induces a bilinear map Gi/Gi+1 X Gj/GjJ,_l — Gi+j/Gi+j+1. By tak-
ing consecutively (i,7) = (h,k) and (i,j) = (h,h + k), we get respectively that
[#P=579 4] = [2,y]P~*7 mod Gpyk41 and so

[z, [P~ )] = [, [, )P~ 7] = [, [, )P mod Gopgigr-

By taking (i,j) = (h, 2h + k), we derive that

T o T o] T e

E i

[z, y][z,y] P =

=11 [ ol )] T o i~
= T o020 T s fa sl = [ o)) B s ) ).

The prime p being larger than 3, both (}) and (§) are multiples of p. As both
[z, [z,y]] and [, [z, [z,y]]] belong to Ghikt+1, it follows from Lemma that
[#P,y] = [z, y]?. This concludes the proof for m = 1. m
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10. OBELISKS

Proposition 334. Let p > 3 be a prime number and let G be a p-obelisk. Let
moreover h,k € Zso, with h odd and k even, and let m,n € Z>o. Then the
following diagram is commutative.

Gn/Ghy1 X Gr/Gry1 Tk Ghir/Ghirs1

m+4n

(P15 Pi) 2

Yh+2m ,k+2n

Ghiom/Ghroms1 X Gryon/Grtons1 Ghtrr2(mn)/ Ghabt2(mtn)+1

Proof. Combine Lemmas [332] and Lemma [333] [

Lemma 335. Let p > 3 be a prime number and let G be a p-obelisk of class at
least 3. Let moreover M be a mazimal subgroup of G. Then [M,M] = [M, Gs)
and, whenever wtg(3) = 2, the following are equivalent.

1. One has ®(M) # Gs.
2. One has [M,M] = MP? = ®(M).

Proof. The subgroups M? and [M, M| are both characteristic in the normal sub-
group M; thus both M? and [M, M] are normal in G. By Lemma BT9(2), the
quotient G/Go has order p? and so |G : M| = |M : Ga| = p. It follows from
Lemma 28] that [M, M] = [M, G2] and so, as a consequence of Corollary B29 and
Lemma B30, the least jumps of [M, M] and M? in G are both equal to 3 and
of width 1. In particular, ®(M) is contained in G3 and Lemma B27(2) yields
G4 € MP N [M,M]. If the third width of G is equal to 2, then it follows that
®(M) # G if and only if [M, M] = ®(M) = MP. m

We remark that, as a consequence of Lemma [323] quotients of consecutive elements
of the lower central series of a p-obelisk are vector spaces over F;, and therefore,
in (2) and (3) from Proposition [330] it makes sense, for each positive integer 7, to
talk about subspaces of G;/G;+1.

Proposition 336. Let p > 3 be a prime number and let G be a p-obelisk. Then
the following conditions are equivalent.

1. The p-obelisk G is framed.

2. For each 1-dimensional subspace £ of G/Ga, the quotient G3/Gy is generated
by pi(€) and y12({€} x G2/G3).

3. For each h,k € Z~qy, with h odd and k even, and for each 1-dimensional
subspace € in Gp,/Gpi1, the spaces pZ/Q(E) and Ypx({€} X Gi/Gr+1) generate
Gk /Ghskt1-
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Proof. (1) & (2) Let 7 : G — G/G5 denote the natural projection. Then, through
7, there is a bijection between the maximal subgroups of G and the 1-dimensional
subspaces of G/G2. For any maximal subgroup M of G, we know from Lemma 335
that [M,G2] = [M, M] and therefore (2) holds if and only if, given any maximal
subgroup M of G, one has ®(M)G4 = G3. Lemma B27(2) yields that (2) is
satisfied if and only if, for any maximal subgroup M of G, one has ®(M) = Gs.
We now deal with (2) < (3). The implication < is proven by taking h = 1 and
k = 2, so we will prove that (2) implies (3). Let ¢ be a 1-dimensional subspace
of Gi/Ghy1. Define moreover m = 251 n = E22 'and § = m + n = 2H2=3,
Thanks to Lemma [328(1), there exists a 1-dimensional subspace ¢’ of G/G2 such
that p7*(¢') = £ and, moreover, p%(G2/G3) = G /Gr+1. By assumption G3/Gy is
generated by pi(¢') and v1 2({¢'} x G2/G3), so it follows from Lemma B28(1) that
05 (p1 () and pg (y1.2({¢'} x G2/G3)) together span G4k /Ghikt1. We now have

k/2
P31 (€) = () = p(0)
and, thanks to Proposition B34 we also have

P53 (r12({€'} x G2/G3)) = ma(pi*(£') % p3(G2/G3)) = Mmp({} X Gr/Grya).

This completes the proof. [

10.4 Subgroups of obelisks

The major goal of this section is to link structural properties of subgroups of a
p-obelisk to the parities and widths of their jumps. The importance of Section
[I0.4] will become clear in Chapter

Proposition 337. Let p > 3 be a prime number and let G be a p-obelisk. Let H
be a subgroup of G that is itself a p-obelisk. Then H = G.

Proof. The subgroup H is non-abelian, by definition of a p-obelisk, and it is in par-
ticular non-trivial. Let [ denote the least jump of H in G. Then, as a consequence
of Lemma 20} the subgroup Hs = [H, H] is contained in Gg;. Moreover, since HP
is equal to Hs, the subgroup HP is contained in Hy. It follows from Corollary 329
that the minimum jump of Hs is at most [+ 2: we get that 2] <[4 2 and therefore
I < 2. We will show that HGy = G. Assume by contradiction that G # HG-.
Then, as a consequence of Lemma BI%(2), the width wt$ (1) is equal to 1 and so
Lemma 28 yields that Ho = [H, H N G;41]. Thanks to Lemma 20, the subgroup
H; is contained in G941 and therefore 21 +1 < [ 4 2. It follows that [ = 1 and
that Hs is contained in G3. Define now G = G /G4 and use the bar notation for
the subgroups of G. By the isomorphism theorems, the groups H and H/(HNGy)
are isomorphic and so, as a consequence of Lemma 326, the group H is abelian or
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10. OBELISKS

a p-obelisk. The minimum jump of H? in G being equal to 3, we have that 3 is a
jump of Hy in G and so H is a p-obelisk. Now, the group Gs is central in G and so,
the group Hy being non-trivial, the quotient H/(H N G3) is not cyclic. It follows
that 2 is a jump of H in G and, from the combination of Lemmas B22] and [328(2),
that H, has order p. Since Hj contains H' , we get H; = H' = Hs. Contradiction
to H being non-abelian. We have proven that G = HG5, from which we derive
G = H®(G). Lemma [B3lyields H = G. ]

Lemma 338. Let p > 3 be a prime number and let G be a p-obelisk. Let H be a
cyclic subgroup of G. Then all jumps of H in G have the same parity and width
1.

Proof. Let H be a cyclic subgroup of G. Then, for all ¢ € Z~, there exists k € Z>q
such that HNG; = HP". Moreover, i € Zsg is a jump of H in G if and only if there
k+1

exists k € {0,1,...,log, |[H| — 1} such that HNG; = H?" and HN Gy = HP' '
We conclude thanks to Lemma B28|(1). ]

Lemma 339. Let p > 3 be a prime number and let G be a p-obelisk. Let ¢ denote
the nilpotency class of G and assume that one of the following holds.

1. The number c is even.

2. One has wtg(c) = 2.

If H is a subgroup such that all of its jumps in G have the same parity and width
1, then H is cyclic.

Proof. Without loss of generality we assume that H is non-trivial and we take [ to
be the least jump of H in G. Let moreover J(H) denote the collection of jumps
of Hin G and define J = {l+2k : k € Z>o, k < (c—1)/2}. Let  be an element
of H such that dptg(z) = I; the existence of z is guaranteed by Lemma B2 Write
K = (x) and let J(K) be the collection of jumps of K in G. By assumption .J
contains J(H) and, as a consequence of Corollary 329 the set J is contained in
J(K). Keeping in mind that each jump of H in G has width 1, one derives

Kl= [ »%@ > [p%9 > [[p4@ > [ »*%9 = H|.
JET(K) jeJ jeJ JjeJ (H)

It follows that K = H and H is cyclic. (]

Lemma 340. Let p > 3 be a prime number and let G be a p-obelisk. Let ¢ denote
the nilpotency class of G and let H be a subgroup of G such that H NG, = {1}.
If all jumps of H in G have the same parity and width 1, then H is cyclic.
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Proof. We denote G = G/G.. and we will use the bar notation for the subgroups of
G. As a consequence of Lemma A28 the group G is abelian or it is a p-obelisk. If
G is abelian, then ¢ = 2 and so, by Lemma B39 the subgroup H is cyclic. Assume
now that G is non-abelian and thus a p-obelisk. The group G has class ¢ — 1 and,
as a consequence of Corollary [322] either ¢ —1 is even or wtz(c—1) = 2. It follows
from Lemma that H is cyclic and, the intersection H N G, being trivial, so is
H. [

Lemma 341. Let p > 3 be a prime number and let G be a p-obelisk. Let c
denote the nilpotency class of G and let H be a non-trivial subgroup of G such that
HNG.={1}. Letl be the least jump of H in G and assume that all jumps of H
in G have the same parity and the same width. Then the following hold.

1. The group H 1is abelian.
2. One has ®(H) = HN Gi41.

Proof. Let J(H) denote the collection of jumps of H in G. We first assume
wt$ (1) = 1. By Lemma B40, the subgroup H is cyclic and ®(H) has index p in
H. Tt follows that ®(H) = HNGyy1. Assume now that wt%(l) = 2. Then, thanks
to Lemma [B22)(3), the jump ! is odd. The subgroup [H, H] is contained in Gogy,
thanks to Lemma 20, and therefore, 2/ being even, Lemma B28(2) yields 2 > c.
In particular, one has [H, H] = {1} so ®(H) = HP. Moreover, as a consequence
of Lemma [B28(1), the set of jumps of H? in G is equal to J(H) \ {l} and each
jump of HP has width 2. It follows that H? = H N Gj+1. Thanks to Proposition
B2T the width wt$ (1) is either 1 or 2 and the proof is thus complete. ]

Lemma 342. Let p > 3 be a prime number and let G be a p-obelisk. Let ¢ be
the class of G and let H be a non-trivial subgroup of G such that H N G, = {1}.
Denote by 1 the least jump of H and assume that H N Gi11 = ®(H). Finally,
assume that ¢ —1 is odd. Then, for each complement K of G. in HG,, there exists
t € Ge—y such that K = tHt™!.

Proof. The subgroup G, is central in G, because G has class ¢, and so, by Lemma
[[I4 all complements of G, in T = HG,. are of the form {f(h)h:h € H} as
f varies in Hom(H,G.). The subgroup G, is elementary abelian, as a con-
sequence of Lemma B23] and therefore Hom(H, G.) is naturally isomorphic to
Hom(H/®(H),G.) = Hom(H/(H N G41),G.). By assumption, ¢ — [ is odd so,
thanks to Corollary B31] the homomorphism G._;/Gc—i+1 — Hom(G;/Gi+1,G.),
defined by tG.—; — (xGi+1 — [t,2]), is surjective. By Lemma B23] the quotient
G1/G 41 is elementary abelian and therefore the restriction map

Hom(Gl/Gl_H, Gc) — HOIII(HGH_l/GH_l, Gc)
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is surjective. By the isomorphism theorems, HGj11/G+1 and H/(H N G41) are
isomorphic and so every homomorphism H — G, is of the form z — [¢t,z], for
some t € G._;. For each complement K of G, in T there exists thus ¢t € G._; such
that K = {[t,z]z : s € H} = {tat™' : z € H} =tHt . "
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