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Chapter 9

The special case of 3-groups

Let R = F3[e] be of cardinality 9, with €2 = 0. Denote by A the quaternion algebra
A=R+Ri+Rj+ Rk

with defining relations i2 = j2 = € and k = ji = —ij. Let the bar map on A be
defined by
r=a+bi+c+dk — T=a—0bi—cj—dk.

We write m = Ai+ Aj, which is a 2-sided nilpotent ideal of A, and we define MC(3)

to be the subgroup of 1 + m consisting of those elements x satisfying T = z~!.

The main result of this chapter is the following.

Theorem 231. Let G be a finite 3-group. Then the following are equivalent.
1. The group G has class at least 4 and int(G) > 1.
2. The group G has class 4, order 729, and int(G) = 2.
3. The group G is isomorphic to MC(3).

A considerable part of the present chapter is devoted to the proof of Theorem 23]
which is given in Section[@.71 An essential contribution to it is given by the theory
of “k-groups” we develop.

Definition 232. A k-group is a finite 3-group G such that |G : G2| =9 and with
the property that the cubing map on G induces a bijective map k : G/Ga — G3/Gy.

Our interest in k-groups arises from Lemma 206 1), which asserts that, if p is an
odd prime number and G is a finite p-group of class at least 4 with int(G) > 1,
then the map = +— aP induces a bijection p : G/G2 — G3/G4. As a consequence
of Theorem [128] each finite 3-group of class at least 4 and intensity greater than 1
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9. THE SPECIAL CASE OF 3-GROUPS

is a k-group, where x coincides with p. The reason why, in this chapter, we work
exclusively with 3-groups is that they are more “difficult to deal with”: several
techniques that apply to the case in which p is a prime larger than 3 do not apply
to the case of 3-groups of higher class, as the results from Chapter 8 suggest. For
example, it is not difficult to show, using results from Section [[5] that, whenever
p > 3 and G is a finite p-group, the map p : G/G2 — G3/G4 from Lemma 200 is
an isomorphism of groups, while, if G is a k-group, then, given any two elements
z,y € G/G2, one has

k(zy) = K(z)k(y)[zy ™", [z,y]] mod Gy,

as we show in Lemma 2371 What plays in our favour is that a finite 3-group G is
a k-group if and only if G/Gy is a k-group: to detect k-groups it is thus sufficient
to be able to detect k-groups among the finite 3-groups of class 3. We will prove
the following result.

Theorem 233. Let G be a finite 3-group of class 3. Then G is a k-group if and
only if G is isomorphic to MC(3) / MC(3),,.

In Section 0.4] we prove Theorem by building x-groups as quotients of a free
group: we give a sketch of the proof here. Let F' be the free group on 2 generators
and let (F;);>1 be defined recursively by Fy = F and Fy4; = [F, F;]F?. Then
V = F/F, is a vector space over 3 of dimension 2. Let moreover L = P8
and set [ = F/([F,L]F3); we use the bar notation for the subgroups of F. We
will show that the cubing map on F induces a map V — L, which we denote by
¢, and we will construct, in Sections and [0.4] isomorphisms of the following
Aut(F)-sets, all having cardinality 3.

Iy = {k C End(V) subfield : |k| = 9}

1

Ky ={k:V = V& A\*(V) bijective : for all 2,3y € V, one has

k(x+y) = k(@) +6Yy) + (z —y) @ (zAy)}
l
P = {7 € Hom(L, F3) : 7 o ¢ is bijective, m g =idg}

l

N3 = {N C F normal subgroup : F'/N is a k-group of class 3}.

We will then prove that the natural action of Aut(F') on Zy is transitive and so
it will follow that Aut(F) acts transitively on N3, leading to the fact that all k-
groups of class 3 are isomorphic to the k-group MC(3) / MC(3),. To extend the
investigation of k-groups to class 4, we consider the “smallest possible case” and
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9. THE SPECIAL CASE OF 3-GROUPS

look at extensions of MC(3) / MC(3), by a group of order 3. In Section [0.5] we
prove the following result.

Theorem 234. Let G be a k-group such that G4 has order 3. Then Go is ele-
mentary abelian.

It would be interesting to explore the world of k-groups more extensively, however
Theorems and 234] provide us with sufficient information on the structure of
k-groups to be able to go into the proof of Theorem 231l Let G be a finite 3-group
of class at least 4. We have seen that a necessary condition for int(G) to be greater
than 1 is that of being a k-group, however we can only hope to construct an intense
automorphism of G of order 2 if

(*) there exists an automorphism of G of order 2 that inverts all elements of G
modulo Gs.

We proved in Section [5.4] that such an automorphism can always be constructed
for G/G4, so we want to understand which conditions we need to impose on the
structure of G to be able to lift such an automorphism from G/G4 to G. For this
purpose, we define

Ni = {N C F normal subgroup : F//N is a r-group of class 4 with
wtp/n(4) = 1 and satisfying (x)}.

Via building a bijection Ny — N3, we will be able to prove that the natural action
of Aut(F) on N} is transitive and so that, given M and N in N, the quotients
F/M and F/N are isomorphic. The group MC(3) being a s-group of class 4
with wtyees)(4) = 1 and (x), it follows that each quotient F//N, with N € Nj,
is isomorphic to MC(3). Since MC(3) has an elementary abelian commutator
subgroup, Proposition 211] yields that each finite 3-group of intensity greater than
1 has class at most 4.

9.1 The cubing map

In this section we prove some structural properties about x-groups of class 4. We
remind the reader that, if G is a finite 3-group and i is a positive integer, then the
i-th width of G is defined to be wtg (i) = logs |G; : Gi11] (see Section [Z3]). We
warn the reader that we will make a set of assumptions, which will hold until the
end of Section [0.1] right after Lemma

Lemma 235. Let G be a group of order 81 and class 3. Then the exponent of G
is different from 3.

79



9. THE SPECIAL CASE OF 3-GROUPS

Proof. The class of G is 3 so, thanks to Lemmal[3T] the quotient G/Gs is non-cyclic.
The order of G being 81, it follows that (wtg (1), wte(2), wta(3)) = (2,1,1). Let
now C = Cg(G2). Then, by Lemma [I37(1), the subgroup C contains G2 with
index 3 and, by Lemma [[40] the centre of G is equal to Gs3. Let (a,b) € G x C be
such that {a,b} generates G and define ¢ = [a, b], which is an element of G5 \ Gs.
Let moreover d be a generator for G3. Assume by contradiction that the exponent
of G is 3. As a consequence of Lemma [I38 the subgroup C' is elementary abelian
and, in particular, Ga = (¢) @ (d). Since G5 is central modulo G3 and d generates
G'3, there exists an integer k such that aca™ = cd*. The element d* is not equal
to the identity element, because a and ¢ do not centralize each other. Keeping in
mind that C' is abelian, we compute

1 = (ba)® = bababa = b(cba)(cba)a = b*cacba® =

b2d*aba? = b*Pd¥cba® = b3 A3dF = dF.

Contradiction. n

We recall here that, if G is a group and n is a positive integer, then G" is defined
to be G" = (2" : x € G).

Lemma 236. Let G be a finite 3-group of class 3 such that |G : Go| = 9. Then
G3 = G3.

Proof. The class of G is equal to 3 and so Gj is central in G. By Lemma [I35(1),
the index |Gs : G3| is equal to 3 and, by Lemma [I35(2), the order of Gj is either
3 or 9. As a consequence of Lemma [[39, moreover, the subgroup G2 is contained
in G3. Assume by contradiction that G'3 # G2. Then, by Lemma [35], there exists
a normal subgroup M of G such that G3> C M C G3 and |G3 : M| = 3. Fix such
M. Then the quotient G/M has class 3 and order 81. Moreover, the exponent of
G/M is equal to 3. Contradiction to Lemma ]

Lemma 237. Let G be a group of class at most 3 and assume that G2 has exponent
dividing 3. Then, for all x,y € G, one has (zy)® = 23y3[zy~1, [z, 9]].

Proof. The class of G is at most 3, so the subgroup Gj is central. Fix z and y in
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9. THE SPECIAL CASE OF 3-GROUPS

G. Then we have

(zy)® = zyzyay
= zyaly, zlay?
= ayz(ly, 2], 2]aly, 2]y
= wyzaly, zy*([y, x), 7]
aly, e)zyzly, 2ly°(ly, =], 2]

= zly, =], 2l=ly, 2lyz[y, 2]y [y, ], 2]
= 2?[y, elyxly, 2)y*[ly, ], 2]

= 2y, P wyly, 21y*([y, 2], =]?

= o[y, z*[xy, [y, 2]y, 2]y [[y, 2], 2]
= [y, 2]*xy’ [y, 2], 2] [xy, [y, 2]

The commutator subgroup of G being annihilated by 3, the element [y, ]
trivial. Moreover, thanks to Lemma 24] the commutator map induces a bilinear
map G/G2 X G2/G35 — Gs. It follows that

(zy)® = 2*y°(ly, 2], 2]*[zy, [y, 2]
= 2°y*[y, 2], 2°][[y, =], (xy) ']
= 2°y*[[y, 2], 2*y " 2]
= 2°y*([y,a], ey~
= 2%y’ ley ™ [2,9]]
The proof is now complete. [

Lemma 238. Let G be a finite 3-group of class at least 3 and assume that
|G : Go| =9. Then the cubing map induces a map k: G/Ga — G3/Gy.

Proof. We assume without loss of generality that G4 = {1}. As a consequence
of Lemma 2306] the image of the cubing map is contained in G3 and, by Lemma
41 the commutator subgroup of G has exponent 3. We now prove that the
map k : G/Gy — G3, given by k(zG3) = 22, is well-defined. To this end, let
(z,9) € G x G3. Then y® = 1 and [y, z] belongs to G3, a central subgroup. From
Lemma 237 we get

(zy)® = 2®y*(ly, 2], 2y '] = 2°y® = 2?

so every element of G5 has the same cube z2 in G, as claimed. n

We remark that, in concordance with Definition 232] the real requirement for a
3-group G satisfying |G : Ga| = 9 to be a k-group is that the map from Lemma
is a bijection. The reason why we are interested in k-groups is given by the
following lemma.
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9. THE SPECIAL CASE OF 3-GROUPS

Lemma 239. Let G be a finite 3-group of class 4 and denote by (G;)i>1 the lower
central series of G. Assume that int(G) > 1. Then G is a Kk-group.

Proof. Take p = 3 in Lemma 206](1). ]

In the remaining part of this section, we will prove some structural results about
k-groups. Until the end of Section @] let thus G be a finite 3-group of class 4.
Let (G;)i>1 denote the lower central series of G and, for each i € Z>1, denote
w; = wtg(i). Assume that (wi,ws,ws,ws) = (2,1,2,1) and, to conclude, let
k: G/Ga — G3/G4 be the map from Lemma

Lemma 240. The group G is abelian.

Proof. The quotient G2/G35 being cyclic, it follows from Lemma 28 that [Ga, G3] =
[G2, Gs], so, thanks to Lemma 20, we get [G2,G3] € G5. The class of G is 4, so
G5 = {1} and G; is abelian. n

Lemma 241. The commutator map G X Gy — (3 induces an isomorphism
G/G2 ® GQ/Gg — Gg/G4.

Proof. By Lemma 28] the commutator map induces a surjective homomorphism
G/G2®G3/G3 — G3/G4. The induced map is bijective because |G/G2®G2/G3| =
3wz =9 = 3ws :|G32G4|. |

We recall that, if C' is a group and n is a positive integer, then C™ and u,(C) are
respectively defined as C" = (¢ : z € C) and pu,(C) = (x € C: 2™ =1).

Lemma 242. Let C' be a mazimal subgroup of G. Then G4C3 C Z(C).

Proof. The subgroup G4 is central in G, because the class of G is 4, so G4 is
contained in Z(C'). By Lemma[20] the commutator map induces a homomorphism
v: G/Ga®G3/Gy — G4 and, C /G4 being cyclic, the subgroup v(C/G2®@k(C/Gs))
is trivial. The quotient G4C? /G4 being equal to x(C/Gs), it follows that G4C? is
contained in the centre of C. [

Lemma 243. There exists at most one mazximal subgroup C' of G such that Gs C

Z(0).

Proof. Let C' and D be maximal subgroups of G such that Gs is contained in
Z(C)NZ(D). Then CD centralizes G3 and, the class of G being equal to 4, the
subgroup CD is different from G. It follows that C = D. [

Lemma 244. Assume that G is a k-group. Then Z(G) = Gy.
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9. THE SPECIAL CASE OF 3-GROUPS

Proof. We first claim that G4 C Z(G) € G5. The subgroup G4 is contained in
Z(G) and, as a consequence of Lemma[I40 one has Z(G)/G4 C Z(G/G4) = G3/Gy.
Since the class of G is 4, the inclusion Z(G) C G is not an equality so the claim
is proven. Now, by Lemma [B6 the subgroup G2 is equal to ®(G) and so, the
dimension w; being equal to 2, the group G has precisely 4 maximal subgroups.
Thanks to Lemma 243] there exist two distinct maximal subgroups C and D
of G such that both Z(C) and Z(D) do not contain G3. Fix such C and D.
Since k is a bijection and w3z = 2, Lemma yields Z(C) N G3 = C3G4 and
Z(D) N G3 = D3Gy4. Now, the subgroup Z(G) contains G4 and is contained in
Z(C)NZ(D)NG3 = C3G4 N D3G4. The map « being a bijection, the subgroup
C3G4 N D3Gy is equal to G4 and therefore Z(G) = Gy. n

Lemma 245. Let C be a mazimal subgroup of G. Assume moreover that G is a
k-group and that Go has exponent 3. Then [C,C]NZ(C) = Gy.

Proof. The quotient C/Gs is cyclic of order 3 so, by Lemma 28 the subgroups
[C,C] and [C, G3] are equal. It follows that [C,C] is contained in G5 and, from
Lemma 241], that the index of ([C,C]G4)/G4 in G5/G4 is equal to |G : C| = 3.
In particular, [C, C] is non-trivial. Now, the subgroup [C,C] is characteristic in
the normal subgroup C' and therefore it is itself normal in G; Lemma yields
[C,C]NZ(G) # 1. By Lemma 244] the centre of G is equal to G4 and thus [C, C]
contains G4. As a result, [C, C] is equal to [C, C]G4 and it has thus cardinality 9.
In an analogous way, since G is a k-group, the normal subgroup C? is non-trivial
and it contains therefore G4. However, C? is different from G4 because G is a -
group. We have proven that Gy is contained in [C, C] N Z(C). We assume now by
contradiction that [C,C]NZ(C) is different from Gy4. It follows that [C, C] N Z(C)
has cardinality at least 9, which is the same as the cardinality of [C,C]. We get
that [C, C] is contained in Z(C) and so, as a consequence of Lemmas 50 and G511
the cubing map is an endomorphism of C'. By assumption, the exponent of G5 is
3, and so it follows that

CP] =10 : p3(O)| < |C = G| = 3.
Since C? contains G4, we get that C® = G4. Contradiction. n

Lemma 246. Assume that G is a k-group. Then Gs has exponent 3.

Proof. The subgroup G is abelian, by Lemma 240, and G3 is contained in G4,
as a consequence of Lemma 238 It follows that ps(Gs2) has cardinality at least
|G2 : G4| = 27. Set N = u3(G2) N Gs. We denote G = G/N and use the bar
notation for the subgroups of G. If Gz = {1}, then G5 is contained in u3(Gs)
and we are done. Assume by contradiction that G5 is non-trivial. Then G3 has
cardinality at least 3 so, ug(G2) consisting of at least 27 elements, it follows that
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9. THE SPECIAL CASE OF 3-GROUPS

u3(Ga) is non-trivial. However, us3(Ga) has trivial intersection with G3, which is

equal to Z(G), thanks to Lemma [[40. Contradiction to Lemma ]

9.2 A specific example

This section is entirely devoted to understanding the structure of the group MC(3),
which is defined at the beginning of the present chapter. The name MC(3) refers
to the fact that MC(3) turns out to be an example of maximal class among the
finite 3-groups of intensity greater than 1. Moreover, as stated in Theorem 23T]
given any finite 3-group G of class at least 4, either int(G) = 1 or G is isomorphic
to MC(3). We recall the definition of MC(3).

Let R = F3[e] be of cardinality 9, with €2 = 0, and let A denote the quaternion
algebra (S5 ). In other words, A is given by

A =R+ Ri+ Rj+ Rk

with defining relations i> = j> = € and k = ji = —ij. The ring A has a unique
(left /right /2-sided) maximal ideal m = Ai + Aj and the residue field £k = A/m is
equal to F3. The algebra A is also equipped with a natural anti-automorphism of
order 2, which is defined by

r=s+ti+ujt+vk — T=s—ti —uj—vk.

We define MC(3) to be the subgroup of 1 + m consisting of those elements x
satisfying T = z~'. We denote by (MC(3),);>1 the lower central series of MC(3)
and, for each i € Z>1, we define M; = (1 + m¥) N G. One easily shows that
(M;);>1 is central and that, for each ¢ > 1, the commutator map induces a map
My /My x M;/M;+1 — M;1/M; 12 whose image generates M, 1/M; 2. For each
1 > 1, it follows that M, = [M7, M;] and, since M; = G, we have that

MC(3);, = MC(3) N(1 + m?).

The rest of the present section is devoted to the proof of some technical Lemmas
that we will use in the proof of Theorem 2311

Lemma 247. The group MC(3) has class 4 and order 729.

Proof. We start by proving that MC(3) has order 729. The cardinality of R is
equal to 9 and therefore the cardinality of A is 9%. Since A/m is isomorphic to Fs,
the cardinality of m is equal to (9%/3) = 37 and therefore also 1+m has cardinality
37. Now, asking for an element x € 1 + m to satisfy 2T = 1 lowers our freedom in
the choice of coordinates of by 1 and therefore G has cardinality 3¢ = 729. To
conclude the proof, we note that MC(3), is trivial, because m®> = {0}, while 1+ ek
is a non-trivial element of MC(3),. It follows that MC(3) has class 4. ]
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9. THE SPECIAL CASE OF 3-GROUPS

Lemma 248. Set G = MC(3) and, for each i € Z>1, denote w; = wtg(i). Then
the following hold.

1. One has (w1, we, ws,wyq) = (2,1,2,1).

2. There exist generators a and b of G such that a®> = [b,[a,b]]™! mod G4 and
b3 = [a, [a, b]] mod Gjy.

Proof. (1) Let i € {1,2,3,4}. Then the function G — m that is defined by
x + x — 1 induces an injective homomorphism d; : G;/G;+1 — m!/m‘*! which
commutes with the bar map of A. Now, for each element z € G;, one has that
z— 1+ (z — 1) belongs to m‘™! and therefore the image of d; is contained in
D; = {y+mtl:yem’ j+yemtl}. With an easy computation, one shows
that D; coincides with the image of d; and, consequently, that (w1, we, w3, wy) =
(2,1,2,1). To prove (2), define

a=1—€e+1iand b=1—¢€+]

and note that a and b belong to G. Since w; = 2 and a and b are linearly
independent modulo Go = G N (1 + m?), the group G is generated by a and b.
Using the defining properties of A, we compute a® = 1 +¢€i and b = 1+ ¢j. Define
¢ =la,b], d =[a,c], and e = [b, ¢]. Then, working modulo G3, we get

c=abab=(1—e+i)(1—e+j)(1—e—i)(l—e—j)
=(l+et+i+j+k)(1+e—i—j+k)
=1 —k mod Gs.

Thanks to Lemma [24] one has d = [a, 1+ k] mod G4 and e = [b,1+k%] mod G4 and
it is now easy to compute d = 1 + ¢j mod G4 and e = 1 — e mod G4. It follows
that both ea® and d—'b> belong to G4 and so the proof is complete. "

We remind the reader that, in concordance with Definition 232, a k-group is a
finite 3-group G such that |G : G2| = 9 and such that the cubing map on G
induces a bijection G/Gy — G3/G.

Lemma 249. The group MC(3) is a k-group.

Proof. Write G = MC(3) and, for each i € Z>1, denote w; = wtg(i). By Lemma
247 the group G has class 4 and, by Lemma 248(1), one has (w1, we, w3, wy) =
(2,1,2,1). Let k : G/G3 — G3/G4 be as in Lemma 238 we want to show that
Kk is a bijection. Let a and b be as in Lemma 248(2) and define d = [a, [a, b]] and
e = [b,[a,b]]. Then k(a) = e~ mod G4 and x(b) = d mod G4. Moreover, since
we = 1, it follows from Lemma 24T that d and e generate G3 modulo G4. We claim
that k is surjective. Let r, s be integers and let y = d°¢". If r = 0 or s = 0, then
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k(b%) =y mod G4 or k(a™") = €” mod G4. The quotient G3/G4 being elementary
abelian, we may now assume that r» and s are both non-zero modulo 3 and they
satisfy therefore r? = s> = 1 mod 3. Define x = a"b~*. Working modulo G4, we
get from Lemma 237 that

Ii(l’) = a3rb—38[arbs’ [ar7 b—s]]

= e_rd_s[aa [a7 b]]_r2s[ba [a, b]]_m2

2 2
— r—Trs s—r°s
=e€ d

e—2rd—28

= y mod Gy4.

We have proven that x is surjective so, the widths w; and w3 being the same, it
follows that x is a bijection. [

Lemma 250. Define o : MC(3) — MC(3) by
r=s+ti+uj+vk — alx)=s—1ti—uj+ vk

Then « is an automorphism of order 2 of MC(3). Moreover, o induces the inver-
sion map on MC(3) / MC(3),.

Proof. Set G = MC(3). It is easy to check that « is an automorphism of order
2 of G, so we prove that « induces the inversion map on G/Gs. The subgroup
G3 is equal to G N (1 +m?) and, thanks to Lemma 248(1), the order of G/G>
is 9. It follows from Lemma B6(2) that G/G3 is elementary abelian. We define
a=1—e+iand b=1—€e+j. Then a and b span G modulo G2 and

The quotient G/G2 being commutative, the map G/Gy — G/G2 that is induced

by « is equal to the inversion map z — 27 1. n

We conclude Section [0.2] by remarking that another characterization of MC(3) has
been provided by Derek Holt and Frieder Ladisch; this characterization was found
using computer algebra systems. The group MC(3) turns out to be isomorphic to
a Sylow 3-subgroup of the Schur cover 3.J3 of the simple Janko-3 group Js. If S is
a Sylow 3-subgroup of 3.J5 and N denotes the normalizer of S in 3.J3, then conju-
gation under any element of order 2 of IV restricts to an automorphism of order 2
of S that induces the inversion map on the abelianization. The isomorphism class
of MC(3) is denoted by [729,57] in the GAP system.
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9.3 Structures on vector spaces

Until the end of Section @3] the following notation will be adopted. Let V be
a 2-dimensional vector space over F3. A k-structure on V is a bijective map
kK: V=2V /\2 V such that, for each z,y € V, one has

rlx+y) = k(z) +5(y) + (2 —y) @ (A y). (A1)

We denote by Iy the collection of x-structures of V' and by Zy the collection of
subfields of End(V) of cardinality 9. We remark that, for each element k of Zy,
there exists i € End(V) such that i2 = —1 and k = F3[i]. Moreover, V is naturally
a vector space of dimension 1 over each of the elements of Zy,. The rest of Section
will be devoted to the proof of the following result. Until the end of Section
0.3 all tensor and wedge products will be defined over Fs.

Proposition 251. Let V' be a 2-dimensional vector space over F3 and let the map
sy : Iy — Ky be defined by

k=TF3fi] — (z—iz® (izAx)).
Then sy is a bijection. Moreover, the cardinality of Ky is equal to 3.

As the goal of this section is to prove Proposition251] we will respect the notation
of the very same proposition until the end of Section

We put a field structure on V, via an Fs-linear isomorphism with Fg. We define
then A to be the collection of bijective maps A : V' — V such that, for all z,y € V,
one has
N +y) = Mz) + Ay) + (@ —y)(ay® — 2%y). (A2)
We let moreover oy : Zyy — Ay be defined by
kE=Ts3fi] — (x> iz((iz)z® — (iz)3z)).
Lemma 252. The map V — V, defined by x — 2°, is an element of A.

Proof. The group of units of V' has order 8 and, since 8 and 5 are coprime, the
map z — 2° is a bijection V* — V* which extends to a bijection V — V. Let
now x and y be elements of V. Keeping in mind that V has characteristic 3, one
computes

5
(k>xky5—k — % — oyt 4+ 2% 4 2%y -ty 4o

="+’ + (z —y)(xy® — %)

and therefore z +— 2° satisfies (A2). ]
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Lemma 253. The map oy is well-defined.

Proof. Let k = F3[i] be an element of Zy,. The group k* is cyclic of order 8 and
there are therefore exactly two square roots of —1 in k, namely ¢ and —i. Now,
for each element = of V', we have

iz((iz)x® — (ix)%z)) = —iz((—iz)2® — (—iz)3x))

and thus k gives a map V — V. Let now k — V denote an isomorphism of fields
and identify ¢ with its image in V. Then, for each z € V', we have

iz((iz)2z® — (ix)3z) = x(ix)*(2? — (iz)?) = —2®(2® + 2?) = 2°
and so, as a consequence of Lemma 252, the map oy is well-defined. [

Lemma 254. Let PV denote the collection of 1-dimensional subspaces of V.
Then the natural homomorphism Aut(V) — Sym(PV) induces an isomorphism
Aut(V)/F4 — Sym(PV).

Proof. The natural homomorphism Aut(V) — Sym(PV) factors as an injective
homomorphism Aut(V)/F% — Sym(PV'), which is in fact also surjective, because
[Aut(V) : F3| = 48/2 =24 = | S4 | = | Sym(PV)|. m

Lemma 255. The set Iy has cardinality 3. Moreover, the action by conjugation
of Aut(V) on Iy is transitive.

Proof. Let f:Zy — Aut(V)/F5 be defined by k = F3[i] — iF5 and observe that,
since F3[i] = F3[—i], the map f is well-defined. Moreover, since each element
of Zy is uniquely determined, modulo Fj, by a square root of —1, the map f
is injective. Let PV denote the collection of 1-dimensional subspaces of V' and
let € : Aut(V)/Fsx — S4 be the composition of the isomorphism Aut(V)/F5 —
Sym(PV) from Lemma [254] with a given isomorphism Sym(PV) — S;. Then
(e o f)(Zv) consists of elements of order 2. Now, each element k of Zy can be
written as k = F3[i], with i> = —1, and this suffices to show that (e o f)(Zy) is in
fact contained in the Klein subgroup V4 of S4. The set Vj \ {1} forms a unique
conjugacy class in Sy and thus the elements of Zy form a unique orbit under the
action by conjugation of Aut(V). Since the set V4 \ {1} has cardinality 3, the
cardinality of Zy is also equal to 3. ]

Lemma 256. Write V = Fs[i], with i> = —1. Then the map N>V — Fsi that is
defined by x Ay — xy® — 23y is an isomorphism of vector spaces.

Proof. Let ¢ : V x V — V be defined by (z,y) — zy> — 23y. It is easy to show
that ¢ is alternating and that ¢(V x V) is contained in Fsi, the eigenspace of
the Frobenius homomorphism that is associated to —1. Moreover, the map ¢ is
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non-zero. It follows that ¢ induces a linear homomorphism ¢’ : /\2 V — F3i that
is non-trivial. Since both /\2 V and F3i have dimension 1 over 3, the map ¢’ is
an isomorphism. [

Lemma 257. Write V = F3[i|, with i> = —1. Then the map p : V @ Fzi — V
that is defined by x ® y — xy is an isomorphism of vector spaces.

Proof. The map V xFgi — V that is defined by (x,y) — zy is a bilinear surjective
map. By the universal property of tensor products, it factors as the surjective
homomorphism p : V ® F3i — V. The dimensions of V ® F3i and V being the
same, (4 is an isomorphism. ]

Write V = Fs[i] with i2 = —1. Define 6: V@ A>V — V @ Fsi by
0la® (zAy) =a® (xy’ —2°y)

and note that 6 is an isomorphism of vector spaces, as a consequence of Lemma
256 Let u be as in Lemma 2571 We keep this notation until the end of Section
9.0l

Lemma 258. The map ly : Ky — A that is defined by k +— o 6ok is bijective.

Proof. Let x be an element of Ky. Then Iy (k) is bijective, because it is the
composition of bijective maps, and, for each =,y € V', one has

lv(k)(x +y)=pobok(z+y)
=pol0(k(z)+k(y) + (z—y) @ (zAy))
=lv(r)(x) +lv(k)(y) + pob((z —y) ® (z Ay))
=ly(k)(z) + lv(k)(y) + (z — y)(zy® — 27y).

We have proven that Iy (k) belongs to A and so ly is well-defined. Moreover, Iy
is bijective, because p and 6 are bijective. [

%)
r)

Lemma 259. Let Iy be as in Lemma [258. Then oy = ly o sy and sy is well-
defined.

Proof. Let k = F3[i] be an element of Zy,. Let moreover x and A respectively
denote sy (k) and oy (k). Then one has
ly(k)(z) =pobliz®@ix Ax)
= (i © ((i)a® — (iv)*x))
= iz((iz)x® — (iz)3x)
= A(z)

and so, the choices of k and x being arbitrary, oy = [y o syy. As a consequence,
the map sy is well-defined. [
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Lemma 260. The map sy is injective.

Proof. Let k and k' be elements of Zy and let 4, j € End(V') be such that k = F3[i],
k' = F3[j], and i? = j2 = —1. Assume moreover that sy (k) = sy (k’). For each
x €V, we have Fsx+Fsix =V = Fzz+F3jz and therefore there exists w, € {£1}
such that ix = w;jx mod Fsz. For each x € V| it then follows that

jr® (jr Ax) =iz ® (iz Ax) =iz @ (wejx) A x) = wyiz @ (jz A x)

and, p o 0 being bijective, the elements jr and w,iz are the same. The choice of
x being arbitrary, we get

V={zeV:iix=jz}U{z eV iz =—jz}

and so, V being equal to the union of two subgroups, either ¢ = j or ¢ = —j. In
either case, i and j are linearly dependent over F3 and so k = k’. [

Lemma 261. Let ¢ be an Fs-linear endomorphism of V. Then there exist unique
a,b €V such that, for each x € V, one has ¢(x) = ax® + bx.

Proof. The characteristic of V being 3, for each pair (a,b) in V2, the map =
az3 + bz is an Fs-linear endomorphism of V. The order of End(V) being equal
to the order of V2, it follows that each element 1 of End(V) is of the form z
ax® + bx, where a,b € V are uniquely determined by 1. In particular, this holds
for ¢. [

Lemma 262. Let A € A. Then there exist a,b € V such that, for each © € V,
one has \(r) = 2° + az® + ba.

Proof. Because of (A2), the difference of any two elements of A belongs to End(V),
so, thanks to Lemma 252, we have A € (z + %) + End(V). It now follows
from Lemma that there exist a,b € V such that, for each x € V, we have
M) = 2° + az® + ba. m

Lemma 263. Let m be a positive integer and let q be a prime power. Then

5 xm:{ ~1 when (q—1)|m

0 otherwise
z€F,

Proof. This is Lemma 2.5.1 from [Coh07]. m

Lemma 264. Let A € A. Then there exists b € V such that, for each x € V, one
has M(z) = x® + bx.
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Proof. Let a,b € V be as in Lemma 2621 By definition of A, the map X is bijective
so each element of V' belongs to the image of \. With x replaced by A(z), Lemma
yields

0= Z Az)? = Z(x5 +az® + bx)? = Z 2a2% = —2a.

zeV zeV zeV
It follows that a = 0 and therefore, for each x € V, one has A\(z) = 2° + bx. n
Lemma 265. The cardinality of A is at most 3.

Proof. Let A € A and let b € V be as in Lemma The map A is bijective and
so, with z replaced by A(z), Lemma 263 gives

0=> Aa)'=> (a°+bx)*
eV eV
_ Z(xlo — bab + b2x2)2
zeV
= Z (ba'® + b%2®)
zeV
= —b(1+b?).

It follows that there are at most 3 choices for b in V' and thus A has cardinality at
most 3. [

We conclude Section by giving the proof of Proposition The function
sy : Iy — Ky is injective by Lemma and, by Lemma 257 the cardinality of
Ty is equal to 3. It follows that Iy has at least 3 elements. Now, as a consequence
of Lemma[258 the set A has the same cardinality as Ky, and thus, as a consequence
of Lemma 265 the cardinality of Ky is equal to 3. From its injectivity, it now
follows that sy is bijective. The proof of Proposition 251]is complete.

9.4 Structures and free groups

We recall that a k-group is a finite 3-group G such that |G : Ga| = 9 and such that
the cubing map on G induces a bijection G/G2 — G3/G4. In the present section,
we consider k-groups of class 3 and we prove the following main result.

Proposition 266. Let G be a k-group of class 3. Then G is isomorphic to
MC(3) /MC(3),.

As a consequence of Lemma [B6|(2), each k-group is 2-generated. Our strategy,
for proving Proposition 266, will be that of constructing all k-groups of class 3 as
quotients of a free group. To this end, the following assumptions will be valid until
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the end of Section @41 Let F' be the free group on two generators and let (F;);>1
denote the lower 3-series of F, which we recall from Section [5.4] to be defined by

Fy=F and F;y, = [F,F]F?.

We remark that the notation we use for the lower 3-series is not concordant with
our usual notation (see Exceptions in List of Symbols). We denote

V =F/F,, L=F3F® and E=|[F L|Fj.

The group V is a vector space of dimension 2 over F3, by construction, so we let
Ky be defined as in Section We write moreover F' = F//E and we use the bar
notation for the subsets of . We define additionally A3 to be the collection of
normal subgroups N of F' with the property that F/N is a k-group of class 3.

Lemma 267. The map c3 : F — L/F3, defined by x — x3F3, is surjective.
Moreover, c3 induces an isomorphism V- — L/F3 and |L : F3| = 9.

Proof. The map c3 is well-defined, by definition of L, and L/F3 = (F3F3)/F3. As
a consequence of Lemma M8 the map c3 is a surjective homomorphism, which,
F23 being contained in Fj, factors as a surjective homomorphism ¢y : F/Fy —
L/F5. Since V. = F/F, has order 9, the order of L/F3 is at most 9. Let now
A=17/97 x Z.J97 and let ¢ : F — A be a surjective homomorphism. The group
A being abelian, we have that F3 is contained in ker ). Moreover, since L = F3F3,
the group ¥(L) is equal to 3Z/9Z x 37/97Z, which has order 9. As a consequence,
L/F; has cardinality at least 9 and so |L : F53| = 9. In addition, the map co is an
isomorphism of groups. ]

Lemma 268. One has |F5: E| > 9.

Proof. Thanks to Lemma 248, we have | MC(3) : MC(3),, | = 9 and therefore, as a
consequence of Lemma [B6(2), the group MC(3) is 2-generated. We fix a surjective
homomorphism ¢ : F — MC(3) and we denote by 7 the canonical projection
m: MC(3) = MC(3) /MC(3),. The homomorphism 7o ¢ : F — MC(3) / MC(3),
is surjective and so, from Lemma[I57, we get L = (mo¢) ' (MC(3), / MC(3),). As
a consequence, L is equal to ¢~!(MC(3),) and thus ¢(L) = MC(3),. Moreover,
thanks to Lemma [[41] we know that MC(3); is contained in MC(3), and therefore
(F3) C MC(3),. It follows that

$(Fy) = $([F, Fe))$(F5) = [MC(3), MC(3),] MC(3); = MC(3),
and also that
$(E) = ¢([F, L) $(F3) = [MC(3), MC(3)5] MC(3); = MC(3), .

As a result, the index |F3 : E| is at least | MC(3), : MC(3), |, which is, by Lemma
248(1), equal to 9. L]
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7)97 X T)9T <~~~ -~~~ - Foommmmeee - MC(3)
9 9 9
3Z/9Z x 3L/9L Fy —cemmeeo- - MC(3),

E = [F,L|F}

Lemma 269. The commutator map F x Fy — F3 induces an isomorphism of
groups § : F/Fy ® Fy/L — F3. Moreover, |F3: E| =9.

Proof. The subgroup F3 is central in F, by definition of E, and so, by Lemma [22]
the commutator map F'x Fy — F3 is bilinear. Moreover, the quotient F» /L is cyclic
of order 3, thanks to Lemma [I57] and so, by Lemma 28| the subgroup [F, F3] is
equal to [Fy, L]. The commutator map factors thus as a surjective homomorphism
§: F/F, ® Fy/L — F3 and therefore |F3 : E| < |F/Fy, ® Fy/L| = 9. Now, the
group F3 has order at least 9, by Lemma 268, and therefore |F3 : E| = 9 and 4 is
an isomorphism. n

Lemma 270. The group L is an Fs-vector space of dimension 4.

Proof. By the definition of E, the group L is central in F' and so it is abelian.
Moreover L3 is contained in F3, which is itself contained in E. It follows that L
is naturally a vector space over F3. The dimension of L is equal to 4, thanks to
the combination of Lemmas and [

Lemma 271. The commutator map F x Fy — F3 induces an isomorphism of
gmupsw:V@/\2V—>E,
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Proof. The subgroup Fj is central modulo L so, thanks to Lemma 22 the com-
mutator map F' x F — F5/L is bilinear. Since [F, F5] is contained in L, we get a
bilinear map V' x V' — Fy/L, which is also alternating. By the universal property
of wedge products, the last map factors as a homomorphism 6 : /\2 V = Fy/L
mapping x Ay to [z,y]. By Lemma [I57 the cardinality of F5/L is equal to 3,
which is the same as the cardinality of /\2 V and so, 6 being non-trivial, it is an
isomorphism of groups. We conclude by defining v = § o (1 ® ), where 0 is as in
Lemma m

Lemma 272. Let v be as in Lemma [2Z71] and use the additive notation for the
vector spaces V and L. Then the cubing map on F induces a map ¢ :V — L such
that, for each x,y € V, one has

c(r+y) =c(@) +cly) +7((z —y) @ (x Ay)).

Proof. The subgroup [F, [F, F]] is contained in L, which is central modulo E, so
[ has class at most 3. Moreover, [F, F]? is contained in F§ and so [F, F| has
exponent at most 3. By Lemma 237, given any two elements x,y of F, one has
(zy)? = 23y3[zy~!, [x,y]]. Since both FJ and [F,[F, F»]] are contained in E,
cubing on F induces a map ¢ : V — L. Using the additive notation for the vector
spaces V and L, it follows from the definition of v that, for each x,y € V, one has

c(r+y) =c(@) +cly) +7((z —y) @ (x Ay)). u

Lemma 273. Let 0 - A 5% B 5 C — 0 be a short exact sequence of abelian
groups. Let moreover s : C — B be a function such that o0 o s = idg. Write
R ={f €Hom(B,A): for=ida} and let H be the collection of maps g: C — A
such that, for all u,v € C, one has

Ug(u+v) —g(u) = g(v)) = s(u+v) = s(u) — s(v).
Then the function R — H that is defined by f — f o s is bijective.

Proof. Let v : R — H be defined by f — fos. We first prove that v is well-
defined. To this end, let f € R and let u,v € C. Since 0 o s = id¢, the element
s(u 4+ v) — s(u) — s(v) belongs to kero = 1(A). Since f o: = ids, we get that
to fl.(a)y = id),(a) and therefore

U(fos)(utv) = (fos)(u) = (fos)(v) = uf(s(u+v) —s(u) - s(v)) =

s(u+v) — s(u) — s(v).

We have proven that v is well-defined. We now prove that v is injective. Let
f,h € R be such that v(f) = v(h). Since f ot = hot =ida, the group ¢(A) is
contained in ker(f — h) and thus f — h induces a homomorphism B/i(4) — A.
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Now, B/t(A) = {s(c) + t(A) : ¢ € C} and, the maps fos and hos being the same,
we get f —h = 0. The maps f and g are the same and v is injective. To conclude,
we prove that v is surjective. Let g € H. Since each element x of B can be written
uniquely as z = «(a) 4+ s(u), with a € A and u € C, we define f : B — A by

7= 1(a) + s(u) = f(z) = a+ g(u).

For each u € C, we have then f o s(u) = g(u). We prove now that f is a homo-
morphism. Let z,y € B and let a,b € A and u,v € C be such that x = ¢(a) + s(u)
and y = ¢(b) + s(v). Keeping in mind that g belongs to H, we compute

fle+y) = f@) = fly) = f(ua) + s(u) +1(b) + s(v)) = f(e(a) + s(u))+
— f(e(b) + s(v))
f((a) +¢(b) — g(u+v) +g(u) + g(v) + s(u+v))+
f(ua) + s(u)) = f(u(b) + s(v))

and, since g(C) is contained in A, we get

flx+y) = fl@) = fly) =a+b—g(ut+v)+g(u) +gv) +gu+v)+
— fla+s(u)) = f(b+s(v))
=a+b+g(u)+g(v) —a—g(u) —b—g)
=0.

We have proven that f is a homomorphism and so v is surjective. [

Proposition 274. Let ¢ be as in Lemma and let v be as in Lemma [271.
Set P = {r € Hom(L, F3) : m g, = idg,, ™o ¢ bijective} and let ty : P — Ky be

defined by m+— v~ omoc. Then ty is a bijection and P has cardinality 3.

Proof. Let ¢y : V. — L/F3 be the isomorphism from Lemma Composing
the canonical projection L — L/F3 with cy ! we get the short exact sequence of
abelian groups 0 — F3 — L -V — 0. With A = F3, B=L, C =V, and
s = ¢, Lemma applies. Let thus R = {7 € Hom(L, F3) : T g, = 1dp} and
let H be the collection of maps g : V' — Fj such that, for all z,y € V, one has
glz+y)—g(x) —g(y) = c(x +y) — c(x) — c(y). Then, thanks to Lemma 273, each
element of H is of the form 7 o ¢, where 7 belongs to R. In particular, the subset
P of R is sent bijectively to the subset Hyjj of bijective elements of H. Now, by
Lemma 272 given any two elements z,y € V, we have c(z +y) — c¢(z) — c(y) =
v((x —y) ® (x Ay)) and therefore each element x = !
belongs to Ky . The map y being an isomorphism, ty is injective. Moreover, since
v is bijective, Lemma yields a well-defined injection Ky — Hyij, given by
k +— york. It follows that |P| < |[Ky| < [Hpij| = |P| and therefore ty is a bijection.
Thanks to Proposition 251 the cardinality of P is 3. [

omoc, with m € P,
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We remind the reader that A3 has been defined to be the collection of normal
subgroups N of F' such that F'/N is a k-group of class 3.

Lemma 275. There exists M in N3 such that the quotient F'/M is isomorphic to
MC(3) / MC(3),. Moreover, the set N3 is non-empty.

Proof. The group MC(3) is a k-group, by Lemma 249] and it has class 4, by
Lemma 247 Tt follows that there exists M in A3 such that F'/M is isomorphic to
MC(3) / MC(3), and, in particular, N3 is non-empty. m

Lemma 276. Let P be as in Proposition and denote, for each m € P, by K,
the unique normal subgroup of F containing E such that K, = kermw. Then the
map r : P — N3 that is defined by ™ — K, is a bijection. Moreover, for each
N € N3, one has |[L: N| = 9.

Proof. We first show that r is well-defined. To this end, let m be an element of
P and set G = F/K . Since |F : F;| = 9, Lemma [36 yields that G5 is equal to
Fy/K,. Moreover, it easily follows from the definition of P that L decomposes
as kerm @ 3 = K, © F3. In particular, L/K, and F3 are naturally isomorphic
and so, as a consequence of Lemma 269 the subgroup Gj coincides with L/K.
The class of G is equal to 3, because L is central modulo E. Now, the map 7o c
being bijective, it follows that the cubing map induces a bijection F/F, — F3 and
so, via the natural isomorphism F3 — L/K,, the cubing map induces a bijection
G/G2 — G3. As a result, we have that |L : K| =|Gs| =[G : Go| = |F : F3| =9
and G is a k-group. The choice of 7 being arbitrary, we have proven that r is
well-defined. It is now easy to show that r is bijective. From the surjectivity of r
one deduces that, for all N € N, the index |L : N| is equal to 9. m

Proposition 277. The set N3 has cardinality 3 and the natural action of Aut(F)
on N3 is transitive.

Proof. Let Zy be defined as in Section Define moreover v : Zyy — N3 to be
P = rot‘_,l osy, where sy, ty, and r are as in Propositions25T]and 274 and Lemma
The combination of the just-mentioned results yields that 1 is a bijection
and, from its definition, it is easy to check that it respects the action of Aut(F).
Now, by Lemma 255, the set Zy- has cardinality 3 and so A3 has cardinality 3.
Again by Lemma[259] the action of Aut(V') on Zy is transitive and thus the action
of Aut(F) on Zy is transitive. Since the map ¢ is an isomorphism of Aut(F)-sets,
the action of Aut(F') on N3 is transitive. n

We are finally ready to give the proof of Proposition Let G be a k-group
of class 3. As a consequence of Proposition 275l there exist N and M normal
subgroups of F' such that F/N and F/M are respectively isomorphic to G and
MC(3) /MC(3),. Fix such M and N. Then, thanks to Lemma 277, there exists
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an automorphism of F' mapping M to N, which thus induces an isomorphism

between G and MC(3) /MC(3),. The choice of G being arbitrary, the proof of
Proposition is complete.

We conclude the present section by giving the proof of Theorem If G is
a k-group of class 3, then, by Proposition 266, the group G is isomorphic to
MC(3) /MC(3),. On the other hand, the group MC(3) has class 4, by Lemma
247 and it is a k-group, by Lemma It follows that MC(3) /MC(3), is a
k-group of class 3. This proves Theorem 233

9.5 Extensions of k-groups

We recall here that a k-group is a finite 3-group G such that |G : G2| = 9 and such
that cubing in G induces a bijection G/G3 — G3/G4. We remind the reader that
we investigate k-groups because we aim at classifying 3-groups of class at least
4 and intensity greater than 1: those groups are all k-groups, as a consequence
of Lemma The main purpose of the present section is that of proving the
following proposition, which is the same as Theorem 2341

Proposition 278. Let G be a k-group such that G4 has order 3. Then the subgroup
G5 is elementary abelian.

Until the end of Section[@.5 we will work under the assumptions of Proposition 278
For each i € Z>1, we set w; = wtg(i). It follows from the assumptions, together
with Lemma [I35(1), that (w1, we, w3, ws) = (2,1,2,1). Moreover, the group G/G4
being a k-group of class 3, Proposition yields that G/G4 is isomorphic to
MC(3) /MC(3),. It follows from Lemma [248|(2) that there exist generators a, b of
G satisfying a® = [b, [a,b]] 7! mod G4 and b* = [a, [a,b]] mod G4. Call ¢ = [a, b],
d = [a,c], and e = [b, c]. Let moreover f = [a,d]. Then we have a® = e~ mod G4
and b = d mod Gy.

Lemma 279. The elements d and e generate G3 modulo Gy4.

Proof. The index |G : G3| is equal to 3, so ¢ generates G3 modulo G5. By Lemma
2471l the commutator map induces an isomorphism G/Ga ® G3/Gs — G3/G4, and
so d and e span G3 modulo G4. n

Lemma 280. One has G4 = (f) = ([b, e]).

Proof. By Lemma [244] the centre of G is equal to G4 and, by Lemma [T90] the
commutator map G/G3 x G3/G4 — G4 is non-degenerate. The elements d and e
generate G3 modulo Gy, thanks to Lemma 279 and, by the choice of a and b, we

also have a® = e~ ! mod G4 and b® = d mod G4. From the non-degeneracy of the
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commutator map, it follows that both f and [b, ] are non-trivial elements of Gy,
which, being cyclic of order 3, then satisfies G4 = (f) = ([b, e]). L]

Lemma 281. There exists a pair (u,t) in {£1} X Z such that [b,e] = f* and
c3 = ft. Moreover, there exist r,s € 7 such that a® = e~ 7 and b® = df*.

Proof. By assumption, the order of G4 is 3 and, by Lemma 279 both elements f
and [b, €] generate G4. There exists thus u € {41} such that [b, e] = f*. Moreover,
by the choice of a and b, we know that a®> = e~! mod G4 and b> = d mod Gy4. There
exist hence integers r and s such that a®> = e~ 'f" and b = df°. To conclude,
thanks to Lemma [[41] the subgroup G35 is contained in G4 so there exists t € Z
such that ¢ = f. n

We are now ready to give the proof of Proposition To this end, let u,t,r,s
be as in Lemma By Lemma 240, the subgroup Gs is abelian and, by Lemma
246 the exponent of G3 is equal to 3. It follows that

ab® = cbab?

= cbcbab

= cbebeba

= cechech’a
ec? fuebeb*a
= fue?clecb®a
= fUe*c*ba
= i

_ fu+tb3a

from which we derive
fdaf® = adf* = ab® = f* 30 = fUHdfa.
The subgroup Gy is central, thanks to Lemma [244], and so one gets
fda = f**'da.
Since the exponent of G3 is equal to 3, we have u +¢ = 1 mod 3 and so
(u,t) = (1,0) mod 3 or (u,t) =(—1,—1) mod 3.
If (u,t) = (1,0) mod 3, then we are done. We assume by contradiction that
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(u,t) = (—1,—1) mod 3. Then ¢® = f~! and we compute

a*b = a’*cha

= adcaba

= fdac®ba®

= fd?cacba®

= fd®cdcaba®

= fd*c®ba®

= ba®.
We have shown that a® centralizes b in G. Call C' = ({b} UG3). Then a® belongs
to Z(C'), which then, thanks to Lemma 242 contains {a®, b} U G4. The group G
being a k-group, it follows that Z(C') contains G3, and so [b, e] = 1. Contradiction

to Lemma 280l The proof of Proposition 278 and thus that of Theorem 234] is
now complete.

Corollary 282. The subgroup MC(3), of MC(3) is elementary abelian.

Proof. The group MC(3) is a k-group by Lemma and, thanks to Lemma
248(1), the subgroup MC(3), has order 3. It follows from Proposition that
MC(3), is elementary abelian. m

Corollary 283. Let Q be a finite 3-group of class 4 and let (Q;)i>1 denote the
lower central series of Q. If int(Q) > 1, then Q2 is elementary abelian.

Proof. By Lemma 239 the group @Q is a x-group. Moreover, thanks to Theorem
G4 the subgroup @4 has order 3. It follows from Proposition that Qo is
elementary abelian. [

Corollary 284. Let Q be a finite 3-group with int(Q) > 1. Then Q has nilpotency
class at most 4.

Proof. Assume that @) has class at least 4. Thanks to Lemma [I01] the intensity of
Q/Qs is greater than 1, and so, as a consequence of Corollary 283 the subgroup
Q3 is contained in Q5. However, because of Proposition ZT1] each finite 3-group
H of class at least 5 with int(H) > 1 satisfies H3 = Hy and so it follows that Q
has class at most 4. n

9.6 Constructing automorphisms

In this section we aim at understanding the structure of finite 3-groups of class 4
and intensity greater than 1. We recall that a x-group is a finite 3-group G such
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that |G : G2| = 9 and the cubing map on G induces a bijection G/Gy — G3/G4
(see Section for a closer look at k-groups). The reason why k-groups are so
special for us is Lemma 239 which asserts that any finite 3-group of class 4 and
intensity greater than 1 is a k-group. Moreover, we know from Proposition [I34]
that if we hope to construct a 3-group G of large class and intensity greater than
1, then we need as well to construct an automorphism of order 2 of G that induces
the inversion map on the abelianization of G. We will devote the present section
to the proof of the following result.

Proposition 285. Let G be a k-group such that G4 has order 3. Assume that G
possesses an automorphism of order 2 that induces the inversion map on G/Gs.
Then G is isomorphic to MC(3).

We will prove Proposition 285 at the end of the present section and so the following
assumptions will hold until the end of Section Let G be a k-group such that
G4 has order 3. Then the group G has class 4 and (wtg(i))i; = (2,1,2,1). Let F
be the free group on the set S = {a, b} and let ¢+ : S — G be such that G = (¢(5)).
By the universal property of free groups, there exists a unique homomorphism
¢ : F — G such that ¢(a) = t(a) and ¢(b) = (b). As a consequence of its
definition, the map ¢ is surjective. Let (F;);>1 denote the lower 3-series of F,
which is defined recursively as

Fy=F and F,, = [F, F)F}.

and, in addition, let
L=F3F; and E = [F,L]F3.

All F;’s, L, and E are stabilized by any endomorphism of F'. For a visualization
of such groups we refer to the end of Section [5.4] or to the diagram before Lemma
Let 3 be the endomorphism of F sending a to a~! and b to b~'. Since
B? = idp, the map § is an automorphism of F. We remind the reader that we
have already worked with such an automorphism £ in Section B4 and we will
thus, in this section, often apply results achieved in Section 54 We conclude by
defining two specific sets, consisting of normal subgroups of . Let A3 denote the
collection of normal subgroups N of F such that F/N is a k-group of class 3, as
defined in Section For each element N of N3, we set

Dy = [F, N|F}[F,, Fy).

We define moreover Ny to be the collection of normal subgroups M of F' such that
F/M is a r-group of class 4 with wtg/y;(4) = 1 and such that F/M possesses
an automorphism of order 2 that induces the inversion map on the abelianization
(F/M)/(F/M)s2 of F/M. We will keep this notation until the end of Section
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Lemma 286. Let N € N5. Then Dy is contained in E.

Proof. As a consequence of Lemma [[57, the subgroup L contains N. Again by
Lemma [I57] the index |F : L| is equal to 3 and so, thanks to Lemma 28] one has
[F27 F2] = [F27 L] We get

[F, N1F[Fy, F5] C [F, LIFS[Fy, L] = [F, LIF5 = E
and therefore Dy is contained in F. n

Lemma 287. For each k € Z>5, one has ¢(Fy) = {1}.

Proof. Let k € Z>5 and recall that Fy, = [F, Fy_1]F}_,. By definition of E, one
has ¢([F, Fr—1]) C ¢([F, F4]) C ¢([F, E]) = [¢(F), ¢(E)] and so, as a consequence
of Lemma [I58 we get ¢([F, Fr—1]) C [G,G4] = {1}. Tt follows from Lemma [36]
that ¢(Fy) = ¢(F2_) C ¢(F5) C ®(G)®> = G3 and so Proposition 278 yields
o(Fi) = {1}. .

Lemma 288. Let o be an automorphism of order 2 of G that induces the inversion

map on G/Gsy. Then there exist generators x and y of G such that a(z) = z~*

and ay) =y~ L.

Proof. Write G~ = {g € G : a(g) = g71}. Since (wtg(i))i; = (2,1,2,1), Lemma
yields that the map G~ — G/Ga, defined by g — gGs, is surjective. Thanks
to Lemma [36] the subgroups G2 and ®(G) coincide and therefore there exist two
elements z and y of G~ that generate G. [

Proposition 289. Let a be an automorphism of order 2 of G that induces the
inversion map on G/Gz. Let moreover k € Z>s5 and let ¢y, : F/F, — G be the map
induced by ¢. Then there exists € € Aut(F/Fy) of order 2 such that agy = dye.

Proof. For each k € Zs5, the map ¢i : F/F, — G is well-defined, thanks to
Lemma Let now = and y be as in Lemma and let ¢ and d be elements
of F such that ¢(c¢) = z and ¢(d) = y, which exist because ¢ is surjective. As a
consequence of Lemma[I55] the map ¢ induces an isomorphism F/F» — G /G5 and
therefore ¢ and d generate F modulo F>. Let now ¢ : F — F be the endomorphism
of F sending a — ¢ and b — d; such ¥ exists thanks to the universal property
of free groups. Fix k € Z>5. The subgroup F}j being being stabilized by any
endomorphism of F, the map v induces an endomorphism 7 of the 3-group F =
F/Fy,. However, since ®(F) = Fy, the map ¢ induces an automorphism of F/®(F)
and so 1 is in fact an automorphism of F. Let 8 be the automorphism of F that
is induced by S and define ¢ = ¥B¢—1. By construction, the following diagram is
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commutative.
FIF, —% G
€ «
F/F, —2 G
Moreover, € has order 2, because it is conjugate in Aut(F) to f3. m

Lemma 290. Let M be an element of Ny. Then N = ME belongs to N3 and
Dy is contained in M.

Proof. Let H = F/M and let # : FF — H be the canonical projection. Then
m(N) =7n(ME) = n(E) and so, as a consequence of Lemma [[58] we get m(N) C
Hy. The order of Hy being 3, either m(N) = Hy or N C M. Assume first that
7(N) = Hy. Then we have M C N C 7~ !(H4) and M # N. On the other hand,
we know |7 ~1(Hy) : M| = |H4| = 3 and therefore N = 7= 1(Hy). As a result, F/N
is isomorphic to H/H, and so N belongs to N3. We prove that m(Dy) is trivial.
The image of F under 7 is equal to Hs, thanks to Lemma Moreover, the
subgroup Hy is central in H, because H has class 4, and the commutator subgroup
of H is elementary abelian, thanks to Proposition 278 We compute

m(Dn) = n([F, N))x(F3)n([Fa, Fo)) = [H, Hi)H3[Ho, Ho] = {1},

and so Dy is contained in M. We now prove that 7(N) = Hy. We work by
contradiction, assuming that N C M. Since N = M E, we get that E is contained
in M. As a consequence, the group F/E has class at least 4. However, one has

[F,[F,[F,F]]] < [Fv[FﬂFQ]] < [F7F3] < [FvL] CE
and therefore F'/F has class at most 3. Contradiction. L]

Lemma 291. Let N € N3. Denote moreover H = MC(3). Then there exists
a surjective homomorphism ¢ : F — G such that N = ¢~ 1(G4). Moreover,
¢ induces isomorphisms p1 : F/Fy — H/Hy and ¢3 : L/N — Hs/Hy and a
surjective homomorphism s : E/Dyn — Hy.

Proof. Let ¢ : F — H be a surjective homomorphism, which exists thanks to the
universal property of free groups. Set K = ¢~!(H4). Then K belongs to N3,
because H is a k-group, and so, thanks to Lemma 277 there exists an automor-
phism r of F such that r(N) = K. Define ¢ = ¢ or. Then ¢ is a surjective
homomorphism F — H such that ¢~'(H;) = N. Moreover, ¢ induces isomor-
phisms ¢ : F/Fy — H/Hs and @3 : L/N — Hs/H, as a consequence of Lemmas
and [[57 We conclude by showing that ¢ induces a surjective homomorphism
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E/Dy — Hy. Thanks to Lemma 290, the subgroup Dy is contained in the kernel
of ¢. Moreover, since p(F2) = Hs and ¢(L) = Hs, we get

p(E) = ([F, LIF}) = [H, Hs]H = H,H3.

Now, the group H is a k-group and hence H3 C Hy. It follows that ¢(E) = Hy
and therefore ¢ induces a surjective homomorphism E/Dy — Hy. [

Lemma 292. Let N € N3. Then the commutator map induces a non-degenerate
map F/Fy x L/N — E/Dy whose image generates E/Dy. In addition, one has
E # Dy.

Proof. Write F' = F//Dy and use the bar notation for the subgroups of F. From
the definition of E, one sees that £ = [F,L]. Moreover, by Lemma [I58 the
subgroup E is contained in N and so [F,E] C [F,N] C Dy. In particular, E is
central in F' and so it follows from LemmaPZthat the commutator map FxL — E
is bilinear. Since [F3, L] and [F, N] are both contained in Dy, the last map factors
as a bilinear map v : F/F, x L/N — E whose image generates E. Set now
H = MC(3). Then, as a consequence of Lemmas and 244 the centre of H
is equal to H4 and thus Lemma yields that the commutator map induces a
non-degenerate map v : H/Hy x Hs/Hy — Hy. With the notation from Lemma
297] the following diagram is commutative.

F/Fy x LN ——+ E/Dy
P1 Y3 P4

H/H, x H3/H; ~—— H,

Since the map v is non-degenerate and both ¢ and 3 are isomorphisms, the map
~ is non-degenerate. It follows in particular that E # Dy. [

Lemma 293. Let V and W be 2-dimensional vector spaces over Fs and let n :
V — W be a bijective map with the property that, for each A € Fs andv € V, one
has n(Av) = An(v). Define K = (v @n(v) : v € V). Then the quotient (V@ W)/K
has dimension 1 as a vector space over Fg.

Proof. Without loss of generality we assume that V' = W. Assume first that 7 is an
automorphism of V' and define the automorphism o of VRV by z @y — z@n(y).
Then the subspace A = (v® v : v € V) is mapped isomorphically to K via o. It
follows that (V ® V)/K has the same dimension as (V ® V)/A = A’V and so
(V ® V)/K has dimension 1. Let now 1 be any map satisfying the hypotheses of
Lemma Then 7 induces a bijective map 77 : PV — PV, where PV denotes
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the collection of 1-dimensional subspaces of V. As a consequence of Lemma [254]
there exists an automorphism 7 of V' such that 7 =77 and, for each v € V, one has
F37(v) = F3n(v). As a consequence, we get K = (v® 7(v) : v € V) and therefore
(V ®V)/K has dimension 1 over Fs. m

Lemma 294. Let N € N5. Then |E: Dy| = 3.

Proof. The quotient F/F» is a 2-dimensional vector space over Fs, by definition
of Fy, while L/F is a 4-dimensional vector space over Fs3, thanks to Lemma
Moreover, by Lemma [I58 the subgroup N contains E and, as a consequence of
Lemma 276, the quotient L/N is a vector space of dimension 2 over Fs. Let
v: F/Fs®L/N — E/Dp be the surjective homomorphism induced from the non-
degenerate map of Lemma Let moreover ¢ : F/Fy» — L/E be the map from
Lemma and let 7 denote the canonical projection L/E — L/N. Denote cy =
7 o ¢ and note that, as a consequence of Lemma 276 the map cy : F//Fy — L/N
is a bijection between vector spaces of dimension 2 over F3. From Lemma B72]
it is clear that ¢ commutes with scalar multiplication by elements of F3. Define
K ={(x®cy(x):x € F/F,). As a consequence of the definition of ¢, each element
x®cn(z), with € F/F5, belongs to the kernel of «, and therefore K is contained
in kery. It follows from Lemma that (F/F, ® L/N)/K has dimension 1 and
therefore F/Dy has dimension at most 1 as a vector space over F5. By Lemma
292 the quotient /Dy is non-trivial and so + is not the trivial map. It follows
that ker v has dimension 3 and thus E/Dy has cardinality 3. ]

The following lemmas pave the way to proving Proposition 300

Lemma 295. Let n be an automorphism of F/L of order 2 that induces the
inversion map on F/Fy. Then there exists pr € Inn(F/L) such that, for each
x € F, one has B(x) = (prnp;")(x) mod L.

Proof. Write H = F/L. The group F being 2-generated, |F : F3| = 9 and
80, as a consequence of Lemma [I57 the group H has order 27. Thanks to the
definitions of F; and L, one easily sees that H is non-abelian of exponent 3 and
that Hy = F»/L. Lemma yields that H is central in H. Applying Lemma
27, we get that Hy = Z(H) and therefore H is extraspecial. Let now S be the
automorphism of H that is induced by 5. Then n~13. induces the identity on
H/Hj and so, thanks to Lemma [46] one gets =131, € Inn(H). The group Inn(H)
being a normal 3-subgroup of Aut(H), the Schur-Zassenhaus theorem applies to
Inn(H) x () and ensures that there exists ¢, € Inn(H) with the property that

Br = prner . L]

Lemma 296. Let n be an automorphism of F/E of order 2 that induces the
inversion map on F/Fy. Assume that 8 coincides with n modulo L. Then, for all
x € F, one has B(x) = n(x) mod E.
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Proof. Let A denote the subgroup of Aut(F/FE) consisting of all those automor-
phisms of F/E inducing the identity on both F/L and L/E. Let 8g be the
automorphism that is induced on F//E by 8. As a consequence of Lemma [162]
the element v = n~!3g belongs to A and so, thanks to Lemma @8] there exists a
homomorphism h : F/L — L/E such that, for all z € F//E, one has ¢(z) = h(x)z.
The quotient L/E being elementary abelian, the groups Hom(F/L,L/E) and
Hom(F/Fy, L/E) are naturally isomorphic and so h factors as a homomorphism
F/F, — L/E. Now 7 coincides with 8 on F/F5 and so, thanks to Lemma [I62] it
induces the inversion map on L/E. For each x € F/F3, it follows that

(™) (z) = n(h(z™")) = (h(z™1)) ™" = h(z).

However, the automorphisms 1 and Sg having order 2, one also has

n? =1=p% =Y

and therefore nyYn~1! = ¢~1. For all x € F/E, we compute

U(@)a™t = h(z) = (nhn~")(z)
=n(h(n~(z)))
=n(w1@»( H2)™)
= () (@)a”
= w‘1<x)x‘1
and therefore ¢(r)? = 1. The group F/E being a 3-group, it follows that )
coincides with the trivial map and therefore n and Sg are equal. [

Lemma 297. Let N = ¢~ 1(G4) and let A denote the subgroup of Aut(F/Dy)
consisting of all those maps inducing the identity on both F/E and E/Dy. Then
A is contained in Inn(F/Dy).

Proof. The group N belongs to N3, because G/Gy is a k-group of class 3. As a
consequence of Lemma 292 the commutator map induces an injective homomor-
phism ¢ : L/N — Hom(F/F, E/Dy). Combining Lemmas and 294 we get
that the orders of Hom(F/F5, E/Dy) and L/N are the same and therefore ¢ is
also surjective. It follows that, for each element f of Hom(F/F», E/Dy), there
exists | € L such that f equals 2F» ~ [l,2]Dy. Set F' = F/Dy and use the bar
notation for the subgroups of F. We now prove that A is contained in Inn(F).
Let 6 € A. Then, as a consequence of Lemma [45] there exists a homomorphism
f : F — E whose kernel contains £ and such that, for each z € F, one has
§(x) = f(x)x. Fix such f. The group E being elementary abelian, the kernel
of f contains F, and therefore f factors as a homomorphism F/F, — E. As a
result, there exists [ € L such that, for each € F, one has f(z) = [I,z] and thus
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§(x) = [l,z]z = lxl~!. In particular, § is an inner automorphism of F and, the

choice of 0 being arbitrary, A is contained in Inn(F'). ]
Lemma 298. Let N be an element of N3. Then 3(Dy) = Dy.

Proof. As a consequence of Lemma [I62 the group N is ()-stable and therefore
so is Dy. n

Lemma 299. Let N = ¢~ 1(Gy4). Let n € Aut(F/Dy) be of order 2 and assume
that n induces the inversion map on F/Fy. Assume moreover that 5 and 7 induce
the same automorphism of F/E. Then there exists vn € Inn(F/Dy) such that,
for all x € F, one has B(x) = (Ynny')(x) mod Dy.

Proof. Set F = F/Dy and use the bar notation for the subgroups of F. Thanks
to Lemma 298 the map 3 induces an automorphism of F, which we denote by f.
Let A denote the subgroup of Aut(F) consisting of all those elements d such that &
induces the identity on both E and F/E. Then, as a consequence of Lemmas
and [61] the automorphism 7~'3 belongs to A and thus, thanks to Lemma 297
we have n~1 3 € Inn(F'). Applying the Schur-Zassenhaus theorem to Inn(F') x (n),
we get that there exists ¥ € Inn(F) such that G = g5 . This concludes the
proof. [

Proposition 300. Let o be an automorphism of order 2 of G that induces the
inversion map on G/Gy. Then there exists v € Inn(F) such that a¢p = ¢(yBy~1).

Proof. Thanks to proposition289 there exists an automorphism e of F'/F5 of order
2 such that a¢s = ¢se. As a consequence, the map € induces the inversion map on
F/F,. Let now M = ker¢ and let N = M E. Thanks to Lemma 290, the group
N belongs to N3 and Dy C M. One easily shows that Fy is contained in Dy .
It follows that ¢ induces an automorphism 1 of order 2 of F'//Dy. Let 1y be the
automorphism that 7 induces on F/L. Then, via the choice of a representative,
Lemma ensures that there exists an inner automorphism ¢y of F/Dy such
that S and cpNnch,l induce the same automorphism of F'/L. Fix such ¢y and
define n; = cpNncpJ_\,l. Since 1 has order 2, the order of 77 is equal to 2. Lemma
yields that in fact 1, and g are the same modulo E. At last, let ¢y be as
in Lemma and define 7y = zZJwa;,l. As a consequence of Lemma 299 the
maps 72 and 8 induce the same map on F'/Dy. Via the choice of a representative,
the inner automorphism ¥y of F/Dy lifts to an inner automorphism ~ of F
with the property that n and v8y~! induce the same automorphism on F/Dy.
To conclude, let ¢ : /Dy — G be the map induced by ¢. Since ags = ¢5¢, one
gets agpn = ¢nm and therefore ag = p(yBy~1). n

Lemma 301. There exists M € Ny such that F/M is isomorphic to MC(3).
Moreover, Ny is non-empty.
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Proof. The group MC(3) is a k-group, by Lemma[249] and MC(3), has cardinality
3, thanks to Lemma[248(1). By Lemma 247 the class of MC(3) is 4 and moreover,
thanks to Lemma 250, the group MC(3) possesses an automorphism that induces
the inversion map on the quotient MC(3) /MC(3),. By the universal property
of free groups, there exists M € Nj such that F/M is isomorphic to MC(3). In
particular, Ny is non-empty. n

Lemma 302. For each M € Ny, one has B(M) = M.

Proof. Let M € Ny. Without loss of generality G = F'//M and so M = ker ¢. Let
moreover o be an automorphism of G of order 2 that induces the inversion map
on G/Gy. Then, thanks to Proposition B00, there exists v € Inn(F') such that
ag = ¢(yBy~1). Tt follows that

{1} = a(p(M)) = ¢(vBy ") (M) = pB(M)

and therefore S(M) is contained in ker ¢ = M. Since 8 induces an automorphism
of each quotient F'/Fy, and since, for large enough k one has F, C M, we have in

fact that S(M) = M. m
F oo -G
F2 ——————————————————————————— - G2
+ +
L oo » G
F3 A e T » Gy
+
- - +
E 7/ -1
+ —_
Dy
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Lemma 303. Let N be an element of N3 and write F = F/Dy. Set moreover
N = N/Dy and E = E/Dy. Define 8 to be the map that is induced by B on F
and set

Then NT =F and N~ is the unique (3)-stable complement of E in N.

Proof. As a consequence of Lemma [[62, the group N is (3)-stable and, being
central in F, it is also abelian. Write now B = (8) and let ¢ : B — {£1} be
the isomorphism mapping S to —1. By Lemma [I59 the group B acts on F/F;
through o and, by Lemma [I62 the induced action of B on L/E is through o. As
a consequence, the induced action of B on both L/N and N/FE is through o. It
follows from Lemmas and [61 that § induces the identity map on E and so,
thanks to Theorem [68] the subgroup E has a unique (j3)-stable complement in N,
which coincides with N . n

Lemma 304. The map Ny — N3 that is defined by M — ME is an injection
respecting the natural actions of Aut(F).

Proof. The map Ny — N3 is well-defined, thanks to Lemma 290, and it is clear
that it respects the action of Aut(F'). We prove injectivity. To this end, let M,
and Ms be elements of Ay such that M1 E = MsE and set N = M E = MyE.
Since M; and My belong to Ny, Lemma 302 yields S(M7) = M; and B(Ms) = Ms.
It follows then from Lemma that both M; and M, are the unique (3)-stable
complement of E and so My = M. n

Lemma 305. The map Ny — N3 that is defined by M — ME is a bijection
respecting the natural actions of Aut(F).

Proof. The map Ny — N3 is well-defined, injective, and respects the action of
Aut(F) thanks to Lemma We prove surjectivity. To this end, let N be an
element of N3. Write F' = F/Dy and use the bar notation for the subgroups of F'.
Let moreover N be as in Lemma 303l As a consequence of the definition of Dy,
the subgroup N is central in F and so N is normal in F. Let M be the unique
normal subgroup of F containing D such that M = N . Then, as a consequence
of Lemma[303] one has N = M E. Write H = F/M and denote by 7 the canonical
projection F' — H. We will prove that M € Nj. Thanks to the isomorphism
theorems, the groups m(NN) and E are naturally isomorphic and, by Lemma 294]
the group E has order 3. It follows that |N : M| = 3. Moreover, the group N
being an element of A3, the quotient F//N has class 3 and so M C 7~ *(H,) C N.
Only two cases can occur: either N = 7~'(Hy) or M = 7~ (H,). Assume by
contradiction that M = 7~1(H,) and so that H has class 3. Since H/m(N) is
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isomorphic to F/N, Lemma [[57] yields that w(L) = Hsw(N) and, since N is
central modulo Dy, the subgroup 7(N) is central in H. It follows that

w([F, L)) = [«(F),n(L)] = [H, Hsn(N)] = [H, H3) = Hy = {1}
and therefore [F, L] is contained in M. We get then
E = [F,LF} C [F,L|F}[F,, F5) C [F,L]Dy C M,

and thus N = MFE = M, which is a contradiction. We have proven that N =
7~1(Hy), from which it follows in particular that |Hy| = |N : M| = 3 and so H has
class 4. Moreover, H is a k-group, because F/N is. To prove that M belongs to
N4, we are left with proving that H has an automorphism of order 2 that induces
the inversion map on H/Hj and in fact such an automorphism can be gotten, for
example, by inducing 8 to H. We have proven that M € N, and so, the choice of
N being arbitrary, the map N3 — N} is surjective. n

Corollary 306. The set Ny has 3 elements and the action of Aut(F) on Ny is
transitive.

Proof. Combine Proposition 277 and Lemma [305 [

We are now ready to prove Proposition By Lemma [B0I] there exists an
element M of Ny with the property that F/M is isomorphic to MC(3). As a
consequence of Corollary B0, the natural action of Aut(F') on Ny is transitive and
therefore G and MC(3) are isomorphic. The proof of Proposition 285 is complete.

9.7 Intensity

In Section we have proven Corollary B84 which asserts that finite 3-groups of
intensity larger than 1 have class at most 4. We will prove in this section that
the bound is best possible by showing that the group MC(3), introduced at the
beginning of this chapter and whose structure we investigated in Section .2 has
intensity 2. Thanks to results coming from the previous sections, we will, at the
end of the current section, finally be able to give the proof of Theorem 2311

Proposition 307. The group MC(3) has intensity 2.

We will devote a big part of the present section to the proof of Proposition
To this end, let the following assumptions hold until the end of Section Set
G = MC(3) and denote by (G;);>1 its lower central series. For all i € Z>i,
write wtg(i) = w;. By Lemma 247 the group G has class 4 and order 729.
Moreover, thanks to Lemmas 248(1) and 249] the group G is a k-group satisfying
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(w1, wa,ws,wq) = (2,1,2,1). Let « be as in Lemma 250 and set A = («). In con-
cordance with the notation from Section2:2) we define Gt = {z € G : a(z) = z}

and G~ ={z € G : a(z) =2~ '}. Moreover, for each subgroup H of G, we denote
Ht=HNGtand H- =HNG".

Lemma 308. Let H be a subgroup of G2 and let g be an element of G. Then the
following hold.

1. The group G2 normalizes H.

2. If both H and gHg™' are A-stable, then gHg™! = H.

Proof. The group G is abelian, by Corollary 282 and in particular it normalizes
each of its subgroups. As a consequence of Lemma B5(1), the subgroup G is
contained in G2 and we conclude combining (1) with Lemma BTl ]

Lemma 309. Let H be a subgroup of G that contains Gy4. Then there exists g € G
such that gHg™' is A-stable.

Proof. We denote by a4 the automorphism of G/G4 that is induced by a. By
Proposition [[42], the automorphism ay is intense so, by Lemma 03] there exists
g € G such that gHg™!/Gy is (a4)-stable. It follows from the definition of vy that
gHg™!is A-stable. "

We recall that a positive integer j is a jump of a subgroup H of G if and only if
HNGj # HNGjyq. For the theory of jumps we refer to Section 2.3

Lemma 310. Let H be a subgroup of G such that HNG4 = {1}. Assume moreover
that H is not contained in Go. Then there exists x € G\ Ga such that H = (x).

Proof. The subgroup H is different from G, since HNG4 = {1}, and it is therefore
contained in a maximal subgroup C' of G. Moreover, H not being contained in
G2, we have wt$ (1) = 1. We first show that H is abelian. The subgroup [H, H] is
contained in [C,C] and [C,C] = [C, G2], as a consequence of Lemma 28 Thanks
to Lemma 20} the subgroup [H, H] is contained in G3. By Lemma 244] the centre
of G is equal to G4 and so, by Lemma [[90] the map v : G/G2 x G3/G4 — G4
that is induced from the commutator map is non-degenerate. Since C' = HG3, we
get [C,[H, H]|| = [H,[H,H]] C HN G4 and so, since H N G4 = {1}, the subgroup
[H, H] is contained in Z(C). It follows that [H, H] is contained in Z(C)N[C, CINH
and so, thanks to Corollary 282 and Lemma 245 the commutator subgroup of H is
trivial. The group H being abelian, it follows, from the non-degeneracy of «y, that
wt&(3) < 1 and, from Lemma P41] that wt$(2) = 0. Let now x be an element of
H\ G2. Then 1is a jump of (x) in G and, the group G being a k-group, it follows
that 2° € G3 \ G4. As a consequence of Lemma [§4] we get

4
(z)] > 3wty (1Dgwt ey (3) 5 g > gwtf(1)gwtF(3) _ H3wtg(i) = |H|

i=1
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and therefore H is cyclic generated by . [

Lemma 311. Let H be a subgroup of G such that H NGy = {1}. Assume that H
is not contained in Go. Then H and a(H) are conjugate in G.

Proof. By Lemmal[31I0}, the group H is cyclic. We define T' = H® G4 so, by Lemma
B9, there exists g € G such that gT'g~! is A-stable. We fix such g and denote
T' = ¢gTg~ " and H = gHg~'. The subgroup G4 being characteristic, it follows
that H @ G4 =T’ = a(H') ® G4. Let C denote the collection of complements of
G4 in T'. By Lemma [I14] the elements of C are in bijection with the elements of
Hom(H’,G4), which is naturally isomorphic to Hom(H'/®(H'), G4), because G4
has order 3. The group H' is cyclic, so ®(H') = (H')? and, the group G being a x-
group, one gets ®(H') = H' NG4. By Lemma[B6 the quotient G/G is elementary
abelian and the restriction map Hom(G/G2, G4) — Hom(H'G2/G2,Gy) is thus
surjective. Moreover, by Lemma [244] the subgroup G4 coincides with Z(G) so,
as a consequence of Lemma [[90) the map G3/G4 — Hom(G/G2, Gy4), defined by
2G4y — (tGy — [x,t]), is an isomorphism. It follows from Lemma [IT4 that, for
each K € C, there exists x € G such that K = {[z,t]t =xtz~! [t € H'}. Asa
consequence, there is x € G such that a(H') = xH'x~! and so, since H' = gHg™ !,
also a(H) and H are conjugate in G. ]

Lemma 312. Let H be a subgroup of Gs such that H NGy = {1}. Then H and
a(H) are conjugate in G.

Proof. Let T'= HG4. The group G3 is elementary abelian, as a consequence of
Corollary B82, and therefore so is T = H @ G4. Let g € G be such that gT'g~! is
A-stable, as in Lemma 309 and set 7/ = gTg~ ! and H' = gHg~'. Let moreover
C be the set of complements of G4 in 77 and note that, G4 being characteris-
tic, both H' and «a(H’) belong to C. Thanks to Lemma [[T4 the elements of C
are in bijection with the elements of Hom(H’, G4). By the isomorphism theo-
rems, H’ is isomorphic to (H'G4)/G4 and the restriction map induces a surjection
Hom(G5/G4,G4) — Hom(H',G4). By Lemma 244 the subgroup G4 coincides
with Z(G) so, as a consequence of Lemmal[I90, the map G/G2 — Hom(G5/G4, G4),
defined by G4 — (tG3 — [z,t]) is an isomorphism. It follows from Lemma [[T14]
that each element of C is of the form {[z,t]t = xtx=! |t € H'} = xH'x~!, for some
x € G. In particular, «(H') and H’ are conjugate in G. The groups H' and H
being conjugate in G, it follows that H and «(H) are conjugate, too. [

Lemma 313. Let H be a subgroup of G such that H ® G4 = G3. Then H has an
A-stable conjugate in G.

Proof. We define X to be the collection of all subgroups K of G for which G5 =
K @® G4. The group Gs is elementary abelian, by Corollary 82 so the set X
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is non-empty. Moreover, as a consequence of Lemma [I14] the cardinality of
X is equal to the cardinality of Hom(H,Gy4), which is 27. We define Xt =
{KeX : af(K)=K} and we will show, with a counting argument, that H is
conjugate to an element of X*. Let K € XT. Thanks to Corollary [76, we can
write K = KT @ K~ and, as a consequence of Lemma [R5, the subgroup K~ is
equal to G5 . Again by Lemma BB the subgroup G4 has order 9 and it contains
G4. Tt follows that |X ]| is equal to the number of 1-dimensional subspaces of
G that are different from Gy, i.e. |X*| = 3. By Lemma BOS(1), the group G
normalizes K, but in fact Go = Ng(K), as a consequence of Lemma It fol-
lows that the orbit of K in X has size |G : G2| = 9 so, thanks to Lemma [B08(2),
the element K is the only element of X belonging to its orbit under G/G5. The
number |X|/|X | being equal to 9, it follows that each orbit of the action of G/G4
on X has a representative in X . The same holds for the orbit of H. [

Lemma 314. Let H be a subgroup of G such that H ® Gs = G3. Then H has an
A-stable conjugate in G.

Proof. Let X be the collection of all complements of G3 in G2. The group Go
is elementary abelian, by Corollary 2821 and so, from Lemma [IT4 it follows
that the cardinality of X is equal to |Hom(H,G3)| = 27. We define Xt =
{KeX : a(K)=K}. As a consequence of Lemma [B5] if K is an element of
XT, then K = KT. The elements of XT are thus exactly the one-dimensional
subspaces of G} that are different from G4 and so we have that | X*| = 3. Fix
K € X™T. Then, as a consequence of Lemma 24T} the commutator map induces
an isomorphism G/Gs ® K — G3/G4. Tt follows that Ng(K) is contained in G
so, thanks to Lemma [B08|(1), one has Ng(K) = G2. Lemma B08(2) yields that K
is the only element of X belonging to its orbit under the action of G/G2 on X.
The number |X|/|X | being equal to 9, it follows that each orbit of the action
of G/G3 on X has a representative in Xt so, in particular, H has an A-stable
conjugate in G. [

Lemma 315. Let z € G\ G2 and let a € GJ \ Gs. Then [x,a] does not belong to
G~.

Proof. Let C = Cg([z,a]) and D = (z,G2). By Lemma 241] the element [z, a]
belongs to G5 \ G4 so, as a consequence of Lemmas and 90 the index of C
in G is equal to 3. In particular, both C' and D are maximal subgroups of G.
Assume now by contradiction that [z,a] € G~. Since x belongs to G \ G2, there
exists v € G such that a(r) = x~ !y and so we have

-1

[x7a] = O‘([x7a]) = [x—l,%a].
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The group G4 is elementary abelian, by Corollary 282 and therefore, applying
Lemma [I8|(2), one gets

1 1

= [x_lv [a,x]][a,x]
= [$_ 7[$aa]_l][xva]_ :

As a result, the element [x7!,[z,a]"!] is trivial, and so = € C. It follows that
C = D, and thus [z,a] belongs to [C,C] N Z(C). Lemma 2437 yields [z,a] € Gy.
Contradiction. L]

Lemma 316. Let x € Go \ Gs and y € G3 \ G4. Define H = (x,y). Then H has
an A-stable conjugate.

Proof. The group G> is elementary abelian, by Corollary 282, and therefore H =
() ® (y). Let X be the set consisting of all subgroups of G5 of the form (u) & (v),
where u € G2 \ G3 and v € G5\ G4. The cardinality of X is then equal to 108.
We define Xt = {K e X :a(K)=K} and we fix K € XT. By Corollary [T6]
the subgroup K decomposes as K = K+ @ K~ and, as a consequence of Lemma
B there exists a € G such that K = {(a) ® K~. Fix such a. Again thanks
to Lemma 85, we get that |XT| = 12. We want to count the conjugates of K.
By Lemma B08(1), the subgroup G, is contained in Ng(K) and, if z € Ng(K),
then [z, a] € K N Gs. The intersection K N G3 being equal to K, it follows from
LemmaBTolthat Ng(K) = G2. As a consequence of Lemma B08(2), the element K
is the only element of X belonging to its orbit under G/G3 so, from the equality
|X|/|X*| =9, we can deduce that each orbit of the action of G/G2 on X has a
representative in X . The same holds for the orbit of H. [

Lemma 317. The automorphism « is intense. Moreover, the intensity of G is
equal to 2.

Proof. Let H be a subgroup of G. If H contains G4, then, by Lemma [B09] there
exists a conjugate of H that is A-stable. Assume that H N G4 = {1}. If H is not
contained in G, then H is conjugate to a(H), thanks to Lemma BIIl Assume
that H is contained in Go. If 2 is not a jump of H in G, then, by Lemma 312 the
subgroups H and «(H) are conjugate in G. We suppose that 2 is a jump of H in
G. By Corollary[282] the group Gs is elementary abelian and so H is a subspace of
(G2, not contained in G, that trivially intersects GG4. The combination of Lemmas
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[BI3 BT4 and BI6] guarantees that H has an A-stable conjugate in G. The choice
of H being arbitrary, it follows from Lemma [@3] that « is intense. The intensity of

G is at least 2, because « has order 2, but in fact int(G) = 2, as a consequence of
Theorem [I25(1). ]

We remark that, thanks to Lemma BI7, the proof of Proposition is complete.
Moreover, we are now also able to prove Theorem 23Tl The implication (2) = (1)
is clear and the implication (3) = (2) is given by the combination of Proposition
and Lemma We now prove (1) = (2). To this end, let Q be a finite
3-group of class at least 4 with int(Q) > 1. Because of Corollary 284 the class
of @ is equal to 4 so, as a consequence of Theorem [I64] the order of @ is equal
to 729. The intensity of @ is equal to 2, thanks to Theorem [I25(1). We have
concluded the proof of (1) = (2) and, to finish the proof of Theorem 231] we will
next prove (2) = (3). Let @ be a finite 3-group of class 4 and intensity 2. Then,
by Lemma 239 the group Q is a k-group and, as a consequence of Proposition
34 it possesses an automorphism of order 2 that induces the inversion map on
Q/Q2. By Theorem [I64] the order of Q4 is 3. Proposition yields that @ is
isomorphic to MC(3). The proof of Theorem [231]is now complete.
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