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Chapter 1

Important tools

This chapter consists of a miscellaneous collection of definitions and easy facts.
Throughout the whole chapter we will fully respect the notation given in the List
of Symbols.

1.1 Bilinear maps and isotropic spaces

Let K be a field and let V, W, and Z be vector spaces over K. A map ¢ :
V x W — Z is said to be K-bilinear (or simply bilinear) if, for all v € V, the
map ¢ : W — Z, defined by t — ¢(v,t), is K-linear and, for all w € W, the map
G : V — Z, defined by u — ¢(u,w), is K-linear.

Definition 1. Let V., W, and Z be vector spaces over a field K and let ¢ :
V XW — Z be a map. Then ¢ is non-degenerate if it is bilinear and both maps
V — Hom(W, Z), defined by v — ¢, and W — Hom(V, Z), defined by w — ¢,
are injective.

Lemma 2. Let V, W, Z be finite-dimensional vector spaces over a field K and
let ¢ : V xW — Z be a non-degenerate map. Assume moreover that dimyg Z = 1.
Then the dimensions of V and W over K are the same.

Proof. The maps V — Hom(W, Z) and W — Hom(V, Z) are injective. It follows

that dim V' < dim Hom(W, Z) = dim W < dim Hom(V, Z) = dim V, and therefore
the dimensions of V and W are the same. n

Definition 3. Let V and Z be vector spaces over a field K. A map ¢ : VXV — Z
is alternating if it is bilinear and, for all v € V', one has ¢(v,v) = 0.

A map ¢ : V xV — Z is antisymmetric if it is bilinear and, for every v,w € V
one has ¢(v,w) = —@(w,v). As a direct consequence of their definitions, every
alternating map is antisymmetric.
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Lemma 4. Let K be a field and let U be a K -vector space of dimension 3. Then
AU XU — N U is surjective.

Proof. Let (x,y, z) be a basis for U over K. Then (x Ay,y A z,x A z) is a basis for
A>U. Let now a = M@ Ay)+ pu(y A z) +v(z A z) be an arbitrary element of \*U.
If @ = 0, then clearly a belongs to the image of A, so, without loss of generality,
we assume that A € K \ {0}. Since (A\z — pu2) A (y + A™'vz) = a, we are done. =

Definition 5. Let K be a field and let V' and Z be vector spaces over K. Let
¢V xV — Z be an alternating map. A subspace T of V is called isotropic if
¢ restricted to T x T equals the zero map. A subspace T is said to be maximal
isotropic if it is isotropic and it is mot properly contained in any other isotropic
subspace of V.

Definition 6. Let K be a field and let V and Z be vector spaces over K. Let
¢ :VxV — Z be an alternating map and let T be an isotropic subspace of V.
Then ¢ : V/T — Hom(T, Z) is defined by v+ T — (t — ¢(v,1)).

The map ¢ is well defined for every isotropic subspace T of V', because ¢(T xT) =
0, and it is linear.

Lemma 7. Let K be a field and let V and Z be vector spaces over K. Let
¢V xV — Z be an alternating map and let T be an isotropic subspace of V.
Then T is maximal isotropic if and only if ¢ is injective.

Proof. The subspace T is not maximal isotropic if and only if there exists an
element v € V \ T such that T @ Kv is isotropic, which happens if and only if
v + T belongs to the kernel of ¢r. [

Definition 8. Let K be a field and let V' and Z be vector spaces over K. Let
¢:V xV — Z be an alternating map. Let moreover W be a linear subspace of V.
The orthogonal complement W of W with respect to ¢ is the kernel of the map
V — Hom(W, Z) that is defined by v — (w — ¢(v,w)).

With the notation of Definition 8] the orthogonal complement of a subspace W of
V is itself a subspace of V. Moreover, an alternating map being antisymmetric,
W is equal to the collection of all vectors v € V, such that, for all w € W, one
has ¢(w,v) = 0. It follows directly from the definition that W C (W) and that,
if U CW, then UL D W+,

Lemma 9. Let K be a field and let V and Z be vector spaces over K. Let
¢:V XV — Z be an alternating map. Let moreover W be a linear subspace of V.

Then W is isotropic if and only if W C W. Moreover, W is mazimal isotropic
if and only if W =W+,

2
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Proof. Easy exercise. L]

Lemma 10. Let V and Z be finite-dimensional vector spaces over a field K and
let ¢ : VXV — Z be a non-degenerate alternating map. Assume that Z has
dimension 1. Let W be a linear subspace of V. Then dim W + dim W+ = dim V.
Moreover, if W is maximal isotropic, then 2dim W = dim V.

Proof. By definition of orthogonal complement, we have ¢(W+ x W) = {0}, and
hence the bilinear map V/W+ x W — Z that is induced from ¢ is non-degenerate.
It follows from Lemma B] that dimV — dim W+ = dimW. If W is maximal
isotropic, then Lemma [ yields dim V' = 2 dim W. [

Lemma 11. Let V and Z be finite-dimensional vector spaces over a field K and
let ¢ : VXV — Z be a non-degenerate alternating map. Assume that Z has
dimension 1. Let W be a linear subspace of V.. Then (W)L =W.

Proof. The subspace W is always contained in (W)L, and therefore we always
have dim W < dim(W+)+. By Lemma [I0 the dimension of V is equal to both
dim W +dim W+ and dim W+ 4 dim(W )+, and therefore dim W = dim(W*)*.
It follows that W = (W+)+. "

Lemma 12. Let V and Z be finite-dimensional vector spaces over a field K and
let ¢ : VXV — Z be a non-degenerate alternating map. Assume that Z has
dimension 1. Let moreover X be a maximal isotropic subspace of V. Then there
exists a maximal isotropic subspace Y of V such that V =X @Y.

Proof. Let Y be maximal among the isotropic subspaces of V' that intersect X
trivially. We will show that Y is maximal isotropic and that V= X +Y. Lemma
Ol guarantees Y C Y1 and X = X+. We now claim that Y+ is contained in X + Y.
Indeed, if v € Y+, then Y 4 Ko is an isotropic subspace containing Y. From the
maximality of YV, it follows that (Y + Kv) N X is non-trivial. Since Y N X = {0},
the element v belongs to X + Y, as claimed. Now, by Lemma [I1] the subspaces
(Y14)L and Y are the same and, Y being contained in X + Y, it follows that

Y=YHrox+)toXxtnyt=xnyvyt

In particular, X N Y is contained in X N'Y, which is trivial by definition of Y.
As a consequence of Lemma [I0 we get that

2dim X = dimV > dim(X @ V') = dim X + dim Y+ =

dim X +dimV —dimY =3dim X —dimY > 2dim X,

and therefore dimY "+ = dim X = dimY. As a result, Y = V', and thus V =
X @Y. The subspace Y is maximal isotropic, by Lemma [@ and the proof is
complete. [
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1.2 Commutators and the lower central series

Let G be a group. The commutator map on G is the map G x G — G that is

defined by

(2z,9) = [z,y] = zyz "'y~

Given two subgroups H and K of G, we define [H, K] to be the subgroup of G
that is generated by all elements [h, k|, where h € H, k € K. The groups [H, K|
and [K, H| are equal, because, for all (h, k) € H x K, the inverse of [h, k] is [k, h].

Lemma 13. Let G be a group and let H be a subgroup of G. Let g € G and denote
l9,H] = {[g,h] : h€ H}. Then g € Ng(H) if and only if [g, H] is contained in
H.

Proof. Let h € H. Then ghg~! = [g, h]h and ghg~! is in H if and only if [g, h] is
in H. [

Definition 14. Let G be a group. The lower central series of G is the series
(Gi)i>1 that is obtained by defining recursively, for all i € Zx1, the subgroups
G1 =G and G;11 =[G, G;]. One calls Gy the commutator subgroup of G.

Unless otherwise specified, we will stick to the notation from Definition [T4l to refer
to the lower central series of a group (see also the List of Symbols). We remark
that, in Chapter [[3] we will define the lower central series of a profinite group
G, by taking the closures of the elements of the lower central series of G as an
abstract group. In the case of finite groups, the two notions coincide.

A group G is said to be nilpotent if there exists ¢ € Z>( for which G;11 = 1 and, in
the latter case, one calls cl(G) = min{i € Z>o : Git1 = 1} the (nilpotency) class
of G. The class of a nilpotent group is, in other words, the number of elements
of the lower central series that are distinct from {1}. Another way of deciding
whether a group is nilpotent is by looking at its upper central series.

Definition 15. Let G be a group. The upper central series of G is the series
(Zi)i>o that is obtained by defining recursively, for all i € Zso, the subgroups
ZQ =1 and Zi+1/Zi = Z(G/Zl)

It is a general result (see for example Chapter 4 in [Isa08]) that a group is nilpotent
if and only if its upper central series stabilizes at the group itself. In other words,
if G is a finite group and (Z;);>o is its upper central series, then G is nilpotent if
and only if there exists r € Z>( such that Z, = G. Moreover, one can show (see
for example in [Isa08| §1D]) that if the group G is nilpotent, then its class is equal
to min{r € Z>¢ : Z, = G}.

Lemma 16. Let G be a finite group. Then G is nilpotent if and only if G is equal
to the direct product of its Sylow p-subgroups.

4
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Proof. This is a weaker version of Hauptsatz 2.3 from [Hup67, Ch. III]. n

Definition 17. Let G be a group and let m,n be integers with m < n. Let
moreover {xz; }1_ be a subset of G. Then

n
H Ty = TmIm+1::-Tpn—-1Tnp-
i=m

Lemma 18 (Multiplication formulas). Let G be a group and let x,y, z,t be ele-
ments of G. Let moreover n be a non-negative integer. Then the following hold.

L [2,yz] = [z, ylyle, 2]y~

2. [xt,y] = [t ylz~ [z, y].
3. [, yllw,y] " = TT05 [, [2" ).
4 [y [y = T12 7 2l o).
Proof. Easy exercise. .

Lemma 19 (Three-subgroups Lemma). Let G be a group and let X, Y, Z, and
N be subgroups of G such that N is normal. Assume moreover that both [X,[Y, Z]]
and Y, [Z, X]] are contained in N. Then [Z,[X,Y]] is contained in N.

Proof. See for example [[sa08, Corollary 4.10]. n

Lemma 20. Let G be a group and let (G;)i>1 be the lower central series of G.
Then, for all h,k € Z>1, one has [Gh, Gx) € Ghik.

Proof. We work by induction on h. If h = 1, we are done by definition of the
lower central series. Let us now assume that h > 1 and, for all & € Z~(, that
[Gh-1,Gk] C Gpig—1. It follows that [G,[Gh-1,Gk]] C [G,Grik—1] C Ghrik
and [Gh—h[Gk,GH - [Gh—l,Gk-H] C Gpek- By Lemma [I9 also [Gh,Gk] =
[[G,Gpr-1], Gk] is contained in Gpyk. n

Let H, K, and L be groups. Let moreover ¢ : H x K — L. The map ¢ is
bilinear if, for all h € H, the map p¢ : K — L, defined by = — ¢(h,z), is a
homomorphism and, for all k¥ € K, the map ¢ : H — L, defined by x — ¢(z, k),
is also a homomorphisms. If ¢ is bilinear, then the left kernel and the right kernel
of ¢, are defined as

ker'® ¢ = ﬂ ker ¢, and kersht g = ﬂ ker ¢,
heH keK

Assume H = K. Then ¢ is alternating if it is bilinear and, for all x € H, one has

o(z,z) = 1.
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Definition 21. Let H, K, and L be groups. Let moreover ¢ : H x K — L. Then
¢ is non-degenerate if it is bilinear and both maps H — Hom(K, L), defined by
h— po, and K — Hom(H, L), defined by k — ¢y, are injective.

Lemma 22. Let G be a group and let H, L be subgroups of G. Let moreover
¢ : HxL — G be defined by ¢(x,y) = [x,y]. Then ¢ is bilinear if and only if
[H, L] is contained in the centre of the subgroup generated by H and L.

Proof. This follows directly from the multiplication formulas from Lemma[I8 =

Lemma 23. Let G be a group. Then for every h,k € Z>1 the commutator map
induces a bilinear map Gp/Gpi1 X Gi/Gr+1 = Ghrik/Grak+1-

Proof. The integers h and k being positive, it follows from Lemma [20] that both
[Gh, Gh+k] and [Gk, Gh+k] are subgroups of Gh+k+1- Then Gh+k/Gh+k+1 is con-
tained in the centre of (Gp,Gr)/Grir+1 and, by Lemma 22, the commutator
map Gy X G — Gpyk/Ghrikt1 is bilinear. Again by Lemma 20, both subgroups
[Gh, Gg+1] and [Gr41, G| are contained in G4 +1. The commutator map induces
hence a bilinear map Gp,/Gpi1 X Gr/Gr+1 = Ghik/Ghik+t1- n

Lemma 24. Let G be a group. Then for every i € Z>1 the commutator map
induces a bilinear map G/Ga x G;/Giy1 — Git1/Gir2 whose image generates
Giy1/Giya.

Proof. The commutator map induces a bilinear map v : G/G2 X G;/Gi31 —
Git1/Git2 by Lemma The image of v generates Gi4+1/Git+2 by definition of
the lower central series of a group. [

In Lemma 25l and throughout the whole manuscript, we write ® instead of ®y (in
concordance with the List of Symbols).

Lemma 25. Let G be a group and let (G;);>1 be its lower central series. Then for
every i € Z>1 the commutator map induces a surjective homomorphism of groups
G/Gy ® Gi/Giy1 = Giy1/Gita.

Proof. This follows from Lemma 24l and the universal property of tensor products.
m

Lemma 26. Let G be a group of class at most 2. Then the commutator map
induces a non-degenerate alternating map G/ Z(G) x G/ Z(G) — Ga whose image
generates Gs.

Proof. By Lemma [24] the commutator map induces a bilinear map ~ : G/Go X
G /Gy — G5 whose image generates Go. Moreover, v is alternating because each
element of G commutes with itself. The class of G being at most 2, the subgroup
G+ is central and Z(G) /G is equal to both the right and the left kernel of 4. Then
~ factors as a non-degenerate map G/ Z(G) x G/ Z(G) — Gs. m

6
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Lemma 27. Let G be a group and assume that G/ Z(G) is cyclic. Then G is
abelian.

Proof. Since the quotient G/Z(G) is cyclic, the commutator subgroup of G is
contained in Z(G). In particular, G has class at most 2, and therefore, thanks
to Lemma 26, the commutator map induces a non-degenerate alternating map
v: G/ Z(G) x G/ Z(G) — G2 whose image generates G5. The image of v is trivial,
because G/ Z(G) is cyclic, and so G = Z(G). ]

Lemma 28. Let G be a group and let N be a normal subgroup of G. Assume that
G/N is cyclic. Then Gy =[G, N].

Proof. Since N is normal, the subgroup [G, N] is normal in G. We denote by
G = G/|G, N] and we use the bar notation for the subgroups of G. By definition
of G, the subgroup N is contained in Z(G), and so G/ Z(G) is cyclic. It follows
from Lemma P27 that G is abelian, and therefore G = [G, N]. m

1.3 About p-groups

Let p be a prime number. A finite group G is a p-group if the order of G is a
power of p. The trivial group is a p-group for each prime p. Moreover, as a direct
consequence of Lemma [T6, every finite p-group is nilpotent.

Lemma 29. Let p be a prime number and let G be a finite p-group. Let N be a
normal subgroup of G such that NN Z(G) = {1}. Then N = {1}.

Proof. This is Satz 7.2(a) from [Hup67, Ch. III]. L]

Lemma 30. Let p be a prime number and let G be a finite p-group of class c.
Let moreover N be a subgroup of G. Assume that, for alli € {1,...,c}, if H is a
quotient of G of class i, then Z(H) = H;. Then N is normal if and only if there
exists i € Z~o such that G;41 C N C G;.

Proof. (<) Assume that G;11 € N C G;. Then the quotient N/G;41 is contained
in Z(G/G;+1), and so N is normal modulo G;4;. In particular, N is normal in
G. (=) If N = {1}, the result is clear, because G is nilpotent. We assume N is a
non-trivial normal subgroup of G and we let i € Z~ ¢ be the minimum index such
that G;+1 C N and G471 # N. We claim that N is contained in G;. First assume
that G; is contained in N. By the minimality of i, the subgroup G; is equal to
N, so we are done with this case. We assume now that G; is not contained in N.
Then the group G = G/(N N G;) has class i and, by assumption, the center of G
is equal to G;. On the other hand, N is a normal subgroup of G that has trivial
intersection with G;. Lemma 29 yields N = {1}, and thus N C G;. m
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Lemma 31. Let p be a prime number and let G be a finite p-group. Assume that
G /Gy is cyclic. Then G is abelian.

Proof. This is a weaker version of Hilfssatz 7.1(b) from [Hup67, Ch. II1.7]. m
Definition 32. Let G be a group. Then, for all n € Z, define
G'={(@" : 2€G) and pup(G)={(xeG : 2" =1).

Let p be a prime number. The Frattini subgroup ®(G) of a finite p-group G
is the unique normal subgroup of G minimal with the property that G/®(G) is
elementary abelian: in other words ®(G) = G?[G, G].

Lemma 33. Let p be a prima number and let G be a finite p-group. Let H be a
subgroup of G such that G = H®(G). Then H = G.

Proof. This is a weaker reformulation of Satz 3.2(a) from [Hup67, Ch. III]. L]

Lemma 34. Let p be a prime number and let G be a finite p-group. Then the map
o Aut(G) — Aut(G/P(G)) given by a — (x®(G) — a(x)P(Q)) is a well-defined
homomorphism. Moreover, the kernel of ¢ is a p-group.

Proof. This is a reformulation of Satz 3.18 from [Hup67], Ch. III]. m

Lemma 35. Let p be a prime number and let H be a finite p-group. Let moreover
K and N be normal subgroups of H such that K C N and K # N. Then there
exists a normal subgroup M of H such that K C M C N and |N : M| = p.

Proof. See [Isa08, Lemma 1.23]. n

Lemma 36. Let p be a prime number and let G be a finite p-group. Assume that
|G : Go| = p?. Then one of the following holds.

1. The group G is abelian.
2. The group Gs is equal to ®(G).

Proof. Assume that G is not abelian. It follows from Lemma [BT] that G/G2 has
exponent p and so G? is contained in Gs. In particular, we have that Go = GoGP =
D(G). m

Definition 37. Let G be a group and let p be a prime number. The p-central
series of G is the series (Pi(G));>1 that is obtained by defining recursively, for all
i € Z>1, the subgroups Pi(G) = G and Pi41(G) = [G, Pi(G)]|P;(G)?.

We remark that, if p is a prime number and G is a finite p-group, then saying
that the lower central series of GG coincides with its p-central series is equivalent to
saying that all quotients of consecutive elements of the lower central series have
exponent dividing p.

8
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1.4 Extraspecial p-groups

In Section [I[.4] we explore the world of extraspecial p-groups, a class of groups
that have been widely studied and whose structure is very well-understood (see
for example [Hup67, Ch. II1.13]). Given a group G, we recall that (G;);>1 denotes
its lower central series (see Section [[2]).

Definition 38. Let p be a prime number and let G be a finite p-group. Then G
is extraspecial if Gy is central and Z(G) is cyclic of order p.

Lemma 39. Let p be a prime number and let G be a finite extraspecial p-group.
If G is non-abelian, then Z(G) and Ga are equal and they both have order p.

Proof. Straightforward. [

Lemma 40. Let p be a prime number and let G be a finite p-group. Assume
that G has class at most 2 and that the exponent of Go divides p. Then ®(G) is
contained in Z(G).

Proof. By Lemma 26] the map G/ Z(G) x G/ Z(G) — G that is induced by the

commutator map is bilinear. Let now g, € G. Then [¢P,x] = [g,z]? = [g, 2]
and [g,z]? = 1, since the exponent of G5 divides p. It follows that G/Z(G) is
annihilated by p and thus ®(G) C Z(G). m

Lemma 41. Let p be a prime number and let G be an extraspecial p-group. Then
there exists n € Zxo such that |G| = p*"*1.

Proof. This is a reformulation of Satz 13.7(c) from [Hup67), Ch. III]. m

Lemma 42. Let p be a prime number and let X,Y, Z be finite-dimensional vector
spaces over ¥y, such that dimp, Z = 1. Let moreover § : X XY — Z be a non-
degenerate map. Call G = G(Z,Y,X,0) the set Z x Y x X together with the
multiplication defined by (z,y,2)(2',y,2') = (z+2'+0(x,y"),y+y,x+2'). Then
the following hold.

1. One has that G is an extraspecial p-group and, if p is odd, then G has expo-
nent p.

2. The centre of G is Z x {0} x {0}.

3. The commutator map G X G — G is given by
((z,y,2), (2", ¢, 2") = [(2,9,2), (2, ¢/, 2")] = (0(z,¢) — 0(2",9),0,0).

Proof. Straightforward. [
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Lemma 43. Let p be a prime number and let G be an extraspecial p-group of
exponent p. Then there exist finite-dimensional vector spaces X,Y,Z over F,,
with Z of dimension 1, and a non-degenerate map 6 : X xY — Z such that
G=G(Z,Y,X,0).

Proof. If G is abelian, we take X =Y =0, Z = G, and 6 to be the zero map. Since
every group of exponent 2 is abelian, we are done when p = 2. Assume now that p
is odd and that G has class 2. In this case Z(G) = G2 and V = G/ Z(G) is a finite-
dimensional vector space over F,, as a consequence of Lemmalll Write Z = Z(G)
and let 7 : G — V denote the canonical projection. By Lemma[28, the commutator
map on G induces a non-degenerate map ¢ : VxV — Z. Let now X be a maximal
isotropic subspace of V. By Lemma there exists an isotropic subspace Y of
V such that V.= X @ Y. It follows that the map ¢ xxy : X XY — Z is non-
degenerate. Now, we have that 0 = ¢(X x X) = [7~1(X), 7~ 1(X)], and so 7~ 1(X)
is abelian of exponent p. As a result, the sequence 0 — Z — 7= 1(X) — X — 0 of
IF,-modules is split and there is a homomorphism s : X — 77(X) such that mos =
idx. The same argument applies to Y and there exists therefore a homomorphism
t:Y — 7 1(Y) such that w ot = idy. To conclude, we denote § = é|xxy and
we define ¢ : G(Z,Y,X,0) — G by (z,y,x) — zt(y)s(z). It is not difficult at this
point to check that v is an isomorphism. =

Proposition 44. Let p be a prime number. Let moreover X,Y, Z, A, B, C be finite-
dimensional vector spaces over F, with dimZ = dimC = 1. Let§ : X xY —
Z and ¢ : A x B = C be non-degenerate maps. Let f,qg,h respectively belong
to Hom (X, A), Hom(Y, B), Hom(Z,C) and assume that the following diagram is

commutative.
0

X xY Z

AxB Y L. C

Then (h,g, f): G(Z,Y,X,0) — G(C, B, A, ) is a homomorphism of groups and,
if f,9,h are isomorphisms, then (h,g, f) is an isomorphism.

Proof. Straightforward. [

Lemma 45. Let T be a group and let S be a central subgroup of T'. Let moreover A
denote the subgroup of Aut(T") consisting of all those elements ¢ such that 6(S) = S
and such that § induces the identity on both S and T/S. Then the map

A — Hom(T/S,S)

10
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that is defined by
5 (28— §(x)z™h)
1s bijective.
Proof. Let ¢ : A — Hom(T/S,S) denote the map § — (xS +— &(z)z~ 1), which
is well-defined because S is central in 7. The map ¢ is clearly injective and it is

surjective because, given each homomorphism f € Hom(7,S) with S C ker(f),
the map z — zf(x) belongs to A. [

Lemma 46. Let p be a prime number and let G be an extraspecial p-group. Let A
denote the subgroup of Aut(G) consisting of those automorphisms of G that induce
the identity on G/G2. Then A = Inn(G).

Proof. If G is abelian, then Inn(G) is trivial and we are done. Assume now that G
is non-abelian. Then, by Lemma 39, the subgroups Z(G) and G are equal and they
both have order p. It follows from Lemma 26 that the commutator map induces
a non-degenerate map G/G2 x G/Ga — G9 and so the homomorphism G/Gy —
Hom(G/G4, Gs), defined by ¢t — (x — [t,x]), is injective. Thanks to Lemma 40,
the quotient G /G5 is elementary abelian and thus G/G2 — Hom(G/G3, G2) is an
isomorphism. Now, by Lemma 60, each element § of A restricts to the identity on
G5 and so we derive from Lemma 5] that, for each element § € A, there exists
t € G such that, for all x € G, one has 6(z) = [t,z]z = tat~!. In particular, A
is contained in Inn(G). The inclusion Inn(G) C A is clear and so the proof is
complete. [

1.5 Regular p-groups

Most of the results from this section are taken from [Hup67], an excellent reference
for getting acquainted with regular p-groups. We recall here briefly the Hall-
Petrescu formula and we refer to Appendix A from [DASMS91] for more detail. We
also refer to Definition [I7] for a clear interpretation of the Hall-Petrescu formula.

Lemma 47 (Hall-Petrescu formula). Let G be a group and let (G;);>1 denote
its lower central series. Let moreover x and y be elements of G. Then, for all
n € Zso, there exists (ck)p_, € HZ:2 G}, such that

k=2
Proof. See [DASMS91], Appendix A]. n

Corollary 48. Let p be a prime number and let G be a group. Denote by (G;)i>1
the lower central series of G. Then, for all x,y € G, one has (zy)P = zPy? mod
GhG,.

11
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Proof. This follows directly from Lemma @7 L]

Definition 49. Let p be a prime number. A finite p-group G is regular if, for all
x,y € G, there exists v € [(z,y), (x,y)]P such that (zy)P = xPyP~.

Lemma 50. Let p be a prime number and let G be a finite p-group of nilpotency
class at most p — 1. Then G is reqular.

Proof. The class of each subgroup of G is at most that of G. The result now
follows directly from Corollary B8 [

Let p be a prime number and let G be a p-group. We will denote by p the map
G — @ that is defined by x — xP. We remark that the map p is in general not
a homomorphism and that GP" = (p*(@)), for any integer k. We stick to the
notation from the List of Symbols.

Lemma 51. Let p be a prime number and let G be a finite p-group. Assume that
G is regular and that G2 has exponent dividing p. Then p is an endomorphism of

G.
Proof. This follows directly from the definition of regularity. (]

Lemma 52. Let p be a prime number and let G be a finite p-group. Assume that
G is reqular. Then for all k € Z>q, the following hold.

1. One has GP" = o (G).
2. One has p(G) ={z € G : pF(z) =1}.
3. One has |px(G)| = |G : Gr'l.

Proof. The lemma is a combination of Satz 10.5 and Satz 10.7(a) from [Hup67],
Chapter 3. [

We remark that p-groups satisfying conditions 1-3 from Lemma [52] are often re-
ferred to as power abelian.

Lemma 53. Let p be a prime number and let G be a finite p-group. If |G : GP| <
pP, then G is regular.

Proof. The lemma is a simplified version of Satz 10.13 from [Hup67], Chapter
3. [

Lemma 54. Let p be a prime number and let G be a finite regular p-group.
Let M, N be normal subgroups of G and let r,s be mon-negative integers. Then
[o" (M), p*(N)] = p"*=([M, N]).

Proof. See [Hup67, Satz 10.8(a) from Ch. 3]. m
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Lemma 55. Assume G is a finite 3-group that can be generated by 2 elements. If
G is regular, then Go is cyclic.

Proof. See Satz 10.3(b) from [Hup67], Chapter 3. m
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