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2 Time-delay matrix, midgap
spectral peak, and
thermopower of an Andreev

billiard

2.1 Introduction

A semiconductor quantum dot feels the proximity to a superconductor

even when a magnetic field has closed the excitation gap that would open

in zero magnetic field: The average density of states has either a peak or

a dip,

sin(2wE /o)
2rE ’

see Fig. 2.1, within a mean level spacing &g from the Fermi level at
E =0 (in the middle of the superconducting gap). The appearance of
a midgap spectral peak or dip distinguishes the two symmetry classes
C (dip, when spin-rotation symmetry is preserved) and D (peak, spin-
rotation symmetry is broken by strong spin-orbit coupling). These
Altland-Zirnbauer symmetry classes exist because of the £ electron-hole
symmetry in a superconductor, and are a late addition to the Wigner-
Dyson symmetry classes conceived in the 1960’s to describe universal
properties of nonsuperconducting sys‘cems.2

Electron-hole symmetry in the absence of spin-rotation symmetry
allows for a nondegenerate level at £ = 0, a socalled Majorana zero-
mode.** The class-D spectral peak is then converted into a dip, py —
p— +0(E), such that the integrated density of states remains the same as
without the zero-mode.?% The entire spectral weight of this Fermi-level
anomaly is 1/2, consistent with the notion that a Majorana zero-mode is
a half-fermion.”

Here we study what happens if the quantum dot is coupled to M
conducting modes, so that the discrete spectrum of the closed system
is broadened into a continuum. We focus on the strong-coupling limit,
typically realized by a ballistic point contact, complementing earlier
work on the limit of weak coupling by a tunnel barrier or a localized

p=(E) =6, + (2.1)
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2 Time-delay matrix, midgap spectral peak, and thermopower

zero-mode

Figure 2.1: Ensemble-averaged density of states (2.1) of an Andreev billiard in symmetry
class C (p—, dashed curve), or class D without a Majorana zero-mode (p4, solid curve).
The class D billiard with a Majorana zero-mode has the smooth density of states p_
together with the delta-function contribution from the zero-mode. In this chapter we
investigate how the midgap spectral peak or dip evolves when the billiard is opened via a
ballistic point contact to a metallic reservoir. We find that the distinction between class
C and D remains, but the signature of the Majorana zero-mode is lost.

conductor.®1® The simplicity of the strong-coupling limit allows for an
analytical calculation using random-matrix theory of the entire probability
distribution of the Fermi-level density of states — not just the ensemble
average. Using the same random-matrix approach we also calculate the
probability distribution of the thermopower of the quantum dot, which
is nonzero in spite of electron-hole symmetry when the superconductor
contains gapless Majorana edge modes. 1%

The key technical ingredient that makes these calculations possible
is the joint probability distribution of the scattering matrix S and the
time-delay matrix Q = —ihSTdS/dE, in the limit £ — 0. This is known
for the Wigner-Dyson ensembles,'” and here we extend that to the
Altland-Zirnbauer ensembles. The Fermi-level density of states then
follows directly from the trace of (), while the thermopower requires
also knowledge of the statistics of S. We find that these probability
distributions depend on the symmetry class (C or D), and on the number
M of conducting modes, but are the same irrespective of whether the
quantum dot contains a Majorana zero-mode or not. A previous calcu-
lation ™ had found that the density-of-states signature of a Majorana
zero-mode becomes less evident when the quantum dot is coupled by a
tunnel barrier to the continuum. We conclude that ballistic coupling
completely removes any trace of the Majorana zero-mode in the density
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2.2 Scattering formula for the thermopower

Majorana
edge mode

§ 2D electron gas

point
contact

superconductor

Figure 2.2: Andreev-billiard geometry to measure the thermopower S of a semiconductor
quantum dot coupled to chiral Majorana modes at the edge of a topological superconductor.
A temperature difference 67 induces a voltage difference V = —SéT under the condition
that no electrical current flows between the contacts. For a random-matrix theory we
assume that the Majorana modes are uniformly mixed with the modes in the point contact,
by chaotic scattering events in the quantum dot.

of states, as well as in the thermopower — but not, we hasten to add, in
the Andreev conductance. '8

The outline of the chapter is as follows. In the next section we present
the geometry of an “Andreev billiard”,!? a semiconductor quantum
dot with Andreev reflection from a superconductor and a point-contact
coupling to a metallic conductor. (Systems of this type have been studied
experimentally, for example in Refs. 20-22.) We derive a formula relating
the thermopower to the scattering matrix S and time-delay matrix @, in
a form which is suitable for a random-matrix approach. The distribution
of the transmission eigenvalues T}, of S was already derived in Ref. 23;
what we need additionally is the distribution of the eigenvalues D,, of @
(the delay times), which we present in Sec. 2.3. The distributions of the
Fermi-level density of states and thermopower are given in Secs. 2.4 and
2.5, respectively. We conclude in Sec. 4.10.

2.2 Scattering formula for the thermopower

We study the thermopower of a quantum dot connecting a two-dimensional
topological superconductor and a semiconductor two-dimensional elec-
tron gas (see Fig. 2.2). In equilibrium the normal-metal contact and the
superconducting contact have a common temperature Ty and chemical
potential EFr. Application of a temperature difference 4T induces a volt-
age difference V' at zero electrical current. The ratio S = —V/dT is the
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2 Time-delay matrix, midgap spectral peak, and thermopower

thermopower or Seebeck coefficient.
In the low-temperature limit §7" <« Ty — 0 the thermopower is given
by the Cutler-Mott formula, 24

1dG . ng%TO

S/So = — lim 0 e

B0 G dE’ (22)
in terms of the electrical conductance G(F) near the Fermi level (E = 0).
See Ref. 16 for a demonstration that this relationship, originally derived
for normal metals, still holds when one of the contacts is superconducting
and G is the Andreev conductance.

Without gapless Majorana modes in the superconductor the Andreev
conductance is an even function of E, so the ratio S/Sy vanishes in
the low-temperature limit. For that reason, with some exceptions, 2%-26
most studies of the effect of a superconductor on thermo-electric trans-
port take a three-terminal geometry, where the temperature difference is
applied between two normal contacts and the conductance is not so con-
strained.?7 36 As pointed out by Hou, Shtengel, and Refael,'® Majorana
edge modes break the £F symmetry of the conductance allowing for
thermo-electricity in a two-terminal geometry — even if they themselves
carry only heat and no charge.

In a random-matrix formulation of the problem two matrices enter, the
scattering matrix at the Fermi level Sp = S(E = 0) and the Wigner-Smith
time-delay matrix 3739

ds

= —ifi lim ST—. 2.3
@ E—0 dFE (2:3)
Before proceeding to the random-matrix theory, we first express the
thermopower in terms of these two matrices. The existing expressions in
the literature%4! cannot be directly applied for this purpose, since they
do not incorporate Andreev reflection processes.

The Andreev conductance is given by 42
G(E)/Gy = %N — Trr, (E)rl (E)+ Tr rhe(E)r;rLe(E), (2.4)

in terms of the matrix of reflection amplitudes

= (’"ee TE*L) (2.5)
The Thh

for electrons and holes injected via a point contact into the quantum
dot. The submatrix r.. describes normal reflection (from electron back
to electron), while 7, describes Andreev reflection (from electron to hole,
induced by the proximity effect of the superconductor that interfaces
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2.2 Scattering formula for the thermopower

with the quantum dot). The conductance quantum is Gy = €?/h and
N is the total number of modes in the point contact (counting spin and
electron-hole degrees of freedom), so r has dimension N x N.

Without edge modes in the superconductor, the reflection matrix r
would be unitary at energies F below the superconducting gap. In that
case one can simplify Eq. (2.4) as G/Gy = 2Tr rher}:e. Because of the
gapless edge modes the more general formula (2.4) is needed, which does
not assume unitarity of r.

Equivalently, Eq. (2.4) may be written in terms of the full unitary
scattering matrix S(E),

G(BE)/Gy=iN - Ty Pr.S(E)YP(1 + 7.)ST(E), (2.6)

where the Pauli matrix 7, acts on the electron-hole degree of freedom
and P projects onto the modes at the point contact:

r t 7, 0
S = <t ’I"/> , P, = <0 0> . (2.7)

The off-diagonal matrix blocks t,¢ couple the N’ Majorana edge modes
to the N electron-hole modes in the point contact, mediated by the
quasibound states in the quantum dot. The incoming and outgoing
Majorana edge modes are coupled by the N’ x N’ submatrix r’.

Electron-hole symmetry in class D is most easily accounted for by first
making a unitary transformation from S to

s(g 8)5([{; ,—_%) U= ;(1 _11> (2.8)

In this socalled Majorana basis® the electron-hole symmetry relation
reads
S'(E) = S"™(—E). (2.9)

The Pauli matrix 7, transforms into 7,, so the conductance is given in
the Majorana basis by

G(E)/Go = iN - ITx Pr,S"(E)P(1 + 7,)S"1(E). (2.10)

In what follows we will omit the prime, for ease of notation.
To first order in E the energy dependence of the scattering matrix is
given by
S(E) = So[l +iER~'Q + O(E?)]. (2.11)

*The transformation (2.8) from electron-hole basis to Majorana basis assumes
that there is an even number of modes at each contact. This number is odd if the
superconductor has an unpaired Majorana mode, in which case we have to work in
the Majorana basis from the very beginning.
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2 Time-delay matrix, midgap spectral peak, and thermopower

Unitarity and electron-hole symmetry together require that Sy is real
orthogonal and @ is real symmetric, both in the Majorana basis. The
conductance, still to first order in E, then takes the form

G(E)/Go = iN — 1Tr P7, SoP(1 + 7,) Sy
— LB Tr Pry S [QP(1 + 1) — P(1+7,)Q] Sg - (2.12)

Since Tr P7y X vanishes for any symmetric matrix X, we can immedi-
ately set some of the traces in Eq. (2.12) to zero:

G(E)/Gy = AN - 1Tt P1,SoPT, Sy
— LB Te P1ySo (QP — PQ) S, - (2.13)
The resulting thermopower is

Tr P1,S0(QP — PQ)ST
N — Tr P, SoPr,S¢

S/Sy =ih™* (2.14)

in the Majorana basis. Equivalently, in the electron-hole basis one has

Tr P7.S0(QP — PQ)S}

S/Sy = ih? :
N —Tr P, SoPr.S,

(2.15)

This scattering formula for the thermopower is a convenient starting
point for a random-matrix calculation. Notice that the commutator of @
and P in the numerator ensures a vanishing thermopower in the absence
of gapless modes in the superconductor, because then the projector P is
just the identity.

2.3 Delay-time distribution in the
Altland-Zirnbauer ensembles

Chaotic scattering in the quantum dot mixes the N’ Majorana edge modes
with the N electron-hole modes in the point contact. The assumption
that the mixing uniformly covers the whole available phase space produces
one of the circular ensembles of random-matrix theory, distinguished
by fundamental symmetries that restrict the available phase space.*3
Two Altland-Zirnbauer symmetry classes support chiral Majorana modes
at the edge of a two-dimensional superconductor, 44 corresponding to
spin-singlet d-wave pairing (symmetry class C) or spin-triplet p-wave
pairing (symmetry class D). Time-reversal symmetry is broken in both, in
class C there is electron-hole symmetry as well as spin-rotation symmetry,
while in class D only electron-hole symmetry remains. (See Table 2.1.)
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2.3 Delay-time distribution in the Altland-Zirnbauer ensembles

symmetry class C D
pair potential spin-singlet d-wave | spin-triplet p-wave
canonical basis electron-hole Majorana
S-matrix elements quaternion real
S-matrix space symplectic orthogonal
circular ensemble CQE CRE

dp 4 1

di 2 1

o 2 -1

I3 4 1

Table 2.1: The two Altland-Zirnbauer symmetry classes that support chiral Majorana
edge modes, with d-wave pairing (class C) or p-wave pairing (class D). The “canonical
basis” is the basis in which the scattering matrix elements are quaternion (class C) or real
(class D). The degeneracies dr and dg refer to transmission eigenvalues and energy eigen-
values, respectively. The a and 8 parameters determine the exponents in the probability
distributions (2.17) and (2.18) of the transmission eigenvalues and inverse delay times.

The uniformity of the circular ensembles is expressed by the invariance
P[S(E)]=P[U-S(E)-U'| (2.16)

of the distribution functional P[S(E)] upon multiplication of the scat-
tering matrix by a pair of energy-independent matrices U, U’, restricted
by symmetry to a subset of the full unitary group: In class C they are
quaternion symplectic® in the electron-hole basis (circular quaternion en-
semble, CQE), while in class D they are real orthogonal in the Majorana
basis (circular real ensemble, CRE).

The unitary invariance (2.16) of the Wigner-Dyson scattering matrix
ensembles was postulated in Ref. 47 and derived from the corresponding
Hamiltonian ensembles in Ref. 48. We extend the derivation to the
Altland-Zirnbauer ensembles in App. 2.7.1. The key step in this extension
is to ascertain that the class-D unitary invariance applies to U, U’ in
the full orthogonal group — without any restriction on the sign of the
determinant.

For the thermopower statistics we need the joint distribution P(Sp, Q)
of Fermi-level scattering matrix and time-delay matrix. The invariance
(2.16) implies P(Sp, Q) = P(=1,Q) (take U = —S}, U’ = 1), so Q is
statistically independent of Sy and the two matrices can be considered
separately. 177

*We recall the definition of a quaternion, ¢ = go7o +tq1 7z +1q27y +1q37=, with real
coefficients gn. A symplectic matrix U is unitary, UUT = 1, and satisfies U* = Ty UTy.
Since ¢* = TyqTy, a symplectic matrix is a unitary matrix with quaternion elements
(just like an orthogonal matrix is a unitary matrix with real elements).

TRef. 17 uses a modified definition of the time-delay matrix, with a symmetrized

35



2 Time-delay matrix, midgap spectral peak, and thermopower

The uniform distribution of Sy in the symplectic group (CQE, class
C) or orthogonal group (CRE, class D) directly gives the probability
distribution of the transmission eigenvalues T;, € [0, 1] of quasiparticles
from the normal metal into the superconductor. [These are the quantities
that determine the thermal conductance o< ) T, not the electrical
conductance (2.4).] For a transmission matrix of dimension N’ x N
there are Ny, = min (N, N’) nonzero transmission eigenvalues, fourfold
degenerate (dr = 4) in class C and nondegenerate (dr = 1) in class D.
The Npin/dr distinct Tj,’s have probability distribution??

P{TaY) o [T 1MP T2 (10— 12

k
< T[T - 131, (2.17)

i<j

with §N = (N — N')/dr and parameters a, 3 listed in Table 2.1.4°

The Hermitian positive-definite matrix @ has dimension M x M with
M = N+ N'. Its eigenvalues D,, > 0 are the delay times, and v, = 1/D,,
are the corresponding rates. The degeneracy dr of the D,,’s is the same
as that of the T;,’s. The derivation of the distribution P(y1,7e,...vam)
of the M = M/dr distinct delay rates is given in App. 2.7, for all
four Altland-Zirnbauer symmetry classes: C, D without time-reversal
symmetry and CI, DIII with time-reversal symmetry. The result is

P({7a}) o< [T O™ exp (— 3§ Bto)

k
< [T =l° (2.18)
i<j
The unit step function O(7) ensures that the probability vanishes if any
~n, is negative. The characteristic time tq is defined by

_ dp2h
O_dT 50a

in terms of the average spacing dg of dg-fold degenerate energy levels in
the isolated quantum dotThe mean level spacing &g includes the electron-
hole degree of freedom, so the single-electron Hamiltonian has mean level
spacing 2dg. Since §g is the mean spacing of distinct levels, the mean
spacing of all levels is dp/dg.. For « = 0 and dg = dp we recover the
result of Ref. 17 for the Wigner-Dyson ensembles.

(2.19)

energy derivative, to ensure the independence of Sp and @ also in the presence of time-
reversal symmetry. This modification is not needed for the class C and D ensembles
considered in the main text, so we can stay with the usual unsymmetrized definition
(4.8). The more general case is considered in App. 2.7.3.
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2.4 Fermi-level anomaly in the density of states

The difference between the Altland-Zirnbauer and Wigner-Dyson en-
sembles manifests itself in a nonzero value of « and in a difference in
the degeneracies dg and dr of energy and transmission eigenvalues (see
Table 2.1). One has dr = dg in the absence of particle-hole symmetry
or when the particle-hole conjugation operator C squares to +1; when
C? = —1 one has dp = 2dg.*

Already at this stage we can conclude that the thermopower distribution
in the circular ensemble does not depend on the presence or absence of
Majorana zero-modes inside the quantum dot, for example, bound to
the vortex core in a chiral p-wave superconductor.?# The parity of the
number ny of Majorana zero-modes fixes the sign of the determinant of
the orthogonal class-D scattering matrix,

Det Sp = (—1)™. (2.20)

The unitary invariance (2.16) of the CRE implies, on the one hand,
that P(Sp, @) is unchanged under the transformation Sy — USy, U =
diag (—1,1,1,...1), that inverts the sign of DetSy. (Here we make
essential use of the fact that Eq. (2.16) in class D applies to the full
orthogonal group.) On the other hand, the same transformation leaves
the thermopower (2.14) unaffected, provided we assign the first matrix
element to a superconducting edge mode (so P, commutes with U).

2.4 Fermi-level anomaly in the density of
states

2.4.1 Analytical calculation

A striking difference between the Wigner-Dyson and Altland-Zirnbauer
ensembles appears when one considers the density of states at the Fermi
level pg, related to the time-delay matrix by

1 dr
= ;::D (2.21)

(The factor dr/dg is needed because delay times and energy levels may
have a different degeneracy. The density of states counts degenerate

*To understand why the degeneracies dg and dr of energy and transmission
eigenvalues may differ in the presence of particle-hole symmetry, we recall that Kramers
degeneracy applies to Hermitian operators that commute with an anti-unitary operator
squaring to —1. The Hamiltonian H anti-commutes with the particle-hole conjugation
operator C, so Kramers theorem does not apply. In contrast, the transmission matrix
product tt! commutes with C, so when C2 = —1 its eigenvalues have a Kramers
degeneracy.
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2 Time-delay matrix, midgap spectral peak, and thermopower

levels once.) In the Wigner-Dyson ensembles the average density of
states equals exactly 1/dg, independent of the symmetry index 8 and of
the number of channels M that couple the discrete spectrum inside the
quantum dot to the continuum outside.1”->!

In the Altland-Zirnbauer ensembles, instead, we find from Eq. (2.18)
thatThe result (2.22) for the average density of states in the Altland-
Zirnbauer ensembles follows upon integration of the probability distribu-
tion (2.18). This can be achieved with the help of the general integral for-
mulas of F. Mezzadri and N. J. Simm, J. Math. Phys. 52, 103511 (2011),
but it’s easier to start from the zero-a equation (Mto)~* (3", D,) =1/M
and note that a nonzero o amounts to the substitution M — M + 2a/8
on the right-hand-side.

1 /& M
do{po) = T <7L§_:1D”> = max(0, M + 2a/3)

M/(M +1) in class C for any M > 1,
= M/(M—2) inclass D for M >3, (2.22)
00 in class D for M =1,2.

It is known 158712 that the tunneling density of states of a superconduct-
ing quantum dot with broken time-reversal symmetry, weakly coupled
to the outside, has a Fermi-level anomaly consisting of a narrow dip in
symmetry class C and a narrow peak in class D. Eq. (2.22) shows the
effect of level broadening upon coupling via M channels to the continuum.
For M — oo the normal-state result 1/d¢ is recovered, but for small M
the Fermi-level anomaly persists.

For M = 1,2 the average density of states in class D diverges, because
of a long tail in the probability distribution of k = dgpg:

-1/2,.-3/2,—(2k) 7! _
Po(r) {(27r) K3/ %e for M =1, (2.23)

K324 k)e 2/ for M =2.

See Fig. 2.3 for a plot and a comparison with the class-C distribution,
that has a finite average for alle M.

The result (2.23) holds irrespective of the sign of Det Sy, in other words,
the statistics of the Fermi-level anomaly in the CRE does not depend
on the presence or absence of an unpaired Majorana zero-mode in the
quantum dot. As we remarked at the end of the previous section, in
connection with the thermopower, this is a direct consequence of the
unitary invariance (2.16) of the circular ensemble.
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2.4 Fermi-level anomaly in the density of states

}3(50P0)

do0

Figure 2.3: Probability distributions of the Fermi-level density of states, for M = 1 and
M = 2 modes coupling the quantum dot to the continuum, in symmetry classes C and D.
The ensemble average diverges for class D, see Eq. (2.22).

2.4.2 Numerical check

As check on our analytical result we have calculated P(pg) numerically
from the Gaussian ensemble of random Hamiltonians. We focus on
symmetry class D, where we can test in particular for the effect of a
Majorana zero-mode.

The Hamiltonian H is related to the scattering matrix S(E) by the
Weidenmiiller formula, %%:%3

1+inWi(H - E)"'W
11— itWi(H - E)~'W
=14 2miWT (Heg — E)'W, Heg = H —inWWT. (2.24)

S(E)

The My x M matrix W couples the M energy levels in the quantum dot
to M <« M, scattering channels. Ballistic coupling corresponds to

an = 5nm\/M0(50/7T. (2.25)

The density of states is determined by the scattering matrix via>*
(E) = i d InDet S(E) (2.26)
PRET= "orae ¢ ' '

From Eqs. (4.4) and (2.26) we obtain an expression for the Fermi-level
density of states in terms of the Hamiltonian,

po = Tr ([1 —2miWT(HI) W] WTHeHzW). (2.27)
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2 Time-delay matrix, midgap spectral peak, and thermopower

0.6
class D | ]\4| _ 9

do Lo

Figure 2.4: Histograms: Probability distributions of the Fermi-level density of states in
symmetry class D for M = 1, My = 140, 141 and M = 2, My = 200, 201, calculated numer-
ically from Eq. (2.27) by averaging the Hamiltonian over the Gaussian ensemble. For each
dimensionality M of the scattering matrix we compare an even-dimensional Hamiltonian,
without a Majorana zero-mode, to an odd-dimensional Hamiltonian with a zero-mode. The
black curve is the analytical result (2.23) for the circular scattering matrix ensemble, pre-
dicting no effect from the Majorana zero-mode for this case of ballistic coupling. Notice
that there is no fit parameter in this comparison between numerics and analytics.

In the Majorana basis the class-D Hamiltonian is purely imaginary,
H =iA, with A a real antisymmetric matrix. The Gaussian ensemble
has probability distribution®-°°

n2AZ
0

The dimensionality of A is odd if the quantum dot contains an unpaired
Majorana zero-mode, otherwise it is even.

Numerical results for the probability distribution of py for M = 1,2
scattering channels are shown in Fig. 2.4. The agreement with the
analytical distribution (2.23) is excellent, including the absence of any
effect from the Majorana zero-mode.

2.5 Thermopower distribution

We apply the general thermopower formulas (2.14) and (2.15) to a single-
channel point contact, with transmission probability 7" into the edge
mode of the superconductor. There are two independent delay times
Dy, D5 in class C, each with a twofold spin degeneracy and a twofold
electron-hole degeneracy (dr = 4). Because of this degeneracy the class-C
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2.6 Conclusion

edge mode contains Kramers pairs of Majorana fermions. In class D the
Majorana edge mode is unpaired and all delay times are nondegenerate
(dr = 1). The point contact contributes two and the edge mode one
more, so class D has a total of three independent delay times Dy, Do, Ds.

Egs. (2.14) and (2.15) can be expressed in terms of these quantities, see
App. 2.8. We denote the dimensionless thermopower by p = (h/tg)S/So
and add a subscript C,D to indicate the symmetry class. For class C we

have
(D2/to — D1/to)éy/T(1 = T) (2.29)
1—(1—-T)cos28 . '

pc =

The independent variables 3, enter via the eigenvectors of Sy and @,
with distribution

P(B,&) =3(1-¢&)sin2p, £/ <1, 0<B<m/2. (2.30)

The class-D distribution pp has a more lengthy expression, involving
three delay times, see App. 2.8. These are all averages in the grand-
canonical ensemble, without including effects from the charging energy
of the quantum dot (which could force a transition into the canonical
ensemble). >

The resulting distributions, shown in Fig. 2.5, are qualitatively different,
with a quadratic maximum in class C and a cusp in class D. The variance
diverges in class D, while in class C

2
() = 15 (3In2 —2) = 0.01L. (2:31)

2.6 Conclusion

Perhaps the most remarkable conclusion of our analysis is that the density
of states of a Majorana zero-mode is not topologically protected in an
open system.

Take a superconducting quantum dot with an unpaired Majorana
zero-mode and bring it into contact with a metallic contact, as in Fig.
4.6 — is something left of the spectral peak? The answer is “yes” for
tunnel coupling,® 15 as it should be if the level broadening is less than
the level spacing in the quantum dot. What we have found is that the
answer is “no” for ballistic coupling, with level broadening comparable
to level spacing.

As an intuitive explanation, one might argue that this is the ultimate
consequence of the fact that the two average densities of states py(FE)
and p_(E)+(F) of a closed quantum dot without and with a Majorana
zero-mode are markedly different, % see Eq. (2.1), and yet have the same
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2 Time-delay matrix, midgap spectral peak, and thermopower
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thermopower [Sptq/h]

Figure 2.5: Probability distribution of the dimensionless thermopower p = S X h/t¢Sp in
symmetry class C (black solid curve, bottom and left axes), and in class D (blue dashed
curve, top and right axes). These are results for the quantum dot of Fig. 2.2 connecting
a single-channel point contact to the unpaired Majorana edge mode of a chiral p-wave su-
perconductor (class D), or to the paired Majorana mode of a chiral d-wave superconductor
(class C).

integrated spectral weight of half a fermion. Still, we had not expected to
find that the entire probability distribution of the Fermi-level density of
states becomes identical in the topologically trivial and nontrivial system,
once the quantum dot is coupled ballistically to M > 1 conducting modes.

It would be a mistake to conclude that the whole notion of a topologi-
cally nontrivial superconductor applies only to a closed system. Indeed,
the Andreev conductance remains sensitive to the presence or absence
of a Majorana zero-mode, even for ballistic coupling, when no trace is
left in the density of states.'® This can be seen most directly for the case
M = 2 of a superconducting quantum dot coupled to a normal metal by
a pair of spin-resolved electron-hole modes. The Andreev conductance is
then given simply by
2
h
and so is in one-to-one relationship with the topological quantum number
Det Sy = 1. In contrast, the Fermi-level density of states has the same
probability distribution (2.23) regardless of the sign of Det .Sy.

We have applied our results for the probability distribution of the time-
delay matrix to a calculation of the thermopower induced by edge modes

G =S (1-DetSp), (2.32)
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Figure 2.6: Geometry to detect a Majorana zero-mode by a measurement of the Andreev
conductance of a ballistic point contact to a superconducting quantum dot. The probability
distribution of the conductance depends on the presence or absence of the Majorana zero-
mode, while the distribution of the density of states does not.

of a chiral p-wave or chiral d-wave superconductor.'® The search for
electrical edge conduction in such topological superconductors, notably
SroRu0y,°% has remained inconclusive,®” in part because of the charge-
neutrality of an unpaired Majorana mode at the Fermi level. % ¢! Fig. 2.5
shows that both unpaired and paired Majorana edge modes can produce
a nonzero thermopower — of random sign, with a magnitude of order
So/do = (0.3mV/K) x kpTy/dp. This is a small signal, but it has the
attractive feature that it directly probes for the existence of propagating
edge modes — irrespective of their charge neutrality.

2.7 Appendix A. Derivation of the
delay-time distribution for the
Altland-Zirnbauer ensembles

Repeating the steps of Refs. 17 and 48 we extend the calculation of the
joint distribution P(Sp, @) from the nonsuperconducting Wigner-Dyson
ensembles to the superconducting Altland-Zirnbauer ensembles. We
treat the two symmetry classes C, D without time-reversal symmetry, of
relevance for the main text (see Table 2.1), and for completeness also
consider the time-reversally symmetric classes CI and DIII (see Table
2.2).
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2 Time-delay matrix, midgap spectral peak, and thermopower

symmetry class CI DIII
S-matrix space symplectic | orthogonal
& symmetric | & selfdual
dr 4 2
dg 2 2
« 1 -1
8 2 2

Table 2.2: The two Altland-Zirnbauer classes with time-reversal symmetry.

2.7.1 Unitary invariance

Since the entire calculation relies on the unitary invariance (2.16) of
the Altland-Zirnbauer circular ensembles, we demonstrate that first.
Following Ref. 48 we construct the M x M energy-dependent unitary
scattering matrix S(F) in terms of an My x My energy-independent
unitary matrix U,

S(E) = PU (e 2mE/Modo L Rry)~1pPT, (2.33)

The rectangular M x M, matrix P has elements P,,, = 0, and
R =1—PTP. The eigenvalues e¢'*» of U have the same degeneracy dg
as the energy eigenvalues, so there are My = Mg /dg distinct eigenvalues
on the unit circle, arranged symmetrically around the real axis.

The My x Mg Hermitian matrix H is related to U via a Cayley
transform,

= 627”6/1”050 %
7TH/M060 —1

iMo50 U + 62ﬂi6/M060
T U— e27rie/Mo(50 :

U
(2.34)
& H=

The factor e2™*¢/Mod yith € — 0 is introduced to regularize the singular
inverse when U has an eigenvalue pinned at +1, as we will discuss in just
a moment.

We can immediately observe that if we take a circular ensemble for U,
with distribution function P(U) = P(U'U) = P(UU’), then the unitary
invariance (2.16) of the distribution functional P[S(E)] is manifestly true.
So what we have to verify is that the construction (2.33)—(2.34) with U in
the circular ensemble is, firstly, equivalent to the Weidenmiiller formula
(4.4), and secondly, produces a Gaussian ensemble for H. Tt is sufficient
if the equivalence holds in the low-energy range |E| < Mdy < Mydp.
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Firstly, substitution of Eq. (2.34) into Eq. (2.33) gives

1+ ‘,PAioﬁgfintan(TrE'*'/]V[o&o)
wH—Modo tan(mE+ /Modo)
_ Moydo— 17THt'Ln(TrE+/M060) T
L =P 350 tan(n BT [Mod0) ©

14 P 2%~ PT
_ WZET) " oM/ M), (2.35)

1— ZP#%IPT

with ET = F + ¢. This is the Weidenmiiller formula (4.4), with the
ballistic coupling matrix W = PT(Mydy/72)'/? from Eq. (4.5).

Secondly, the Cayley transform (2.34) produces a Lorentzian instead
of a Gaussian distribution for H, but in the low-energy range the two
ensembles are equivalent.%? One also readily checks that a uniform distri-
bution with spacing 27 /My of the distinct eigenphases ¢,, of U produces a
mean spacing dg of the distinct eigenvalues E,, of H, through the relation
(m/Modo) By, = cotan (¢, /2) = (7 — ¢p)/2 in the low-energy range.

The finite-e regularization is irrelevant in the class C and CI circular
ensembles, because there the U’s with an eigenvalue +1 are of measure
zero. In the class D and DIII circular ensembles, in contrast, an eigenvalue
may be pinned at unity and the regularization is essential. Let us analyze
this for class D (the discussion in class DIII is similar). The matrix U in
class D is real orthogonal, with determinant Det U = (—1)"™ fixed by
the parity of the number of Majorana zero-modes [cf. Eq. (2.20)]. This
implies that U has an eigenvalue pinned at 41 if My is even and ny
is odd, or if My is odd and my is even. The Cayley transform (2.34)
then maps to an eigenvalue of H at infinity. This eigenvalue does not
contribute to the low-energy scattering matrix (2.35), so that it can be
removed from the spectrum of H. Hence, whereas the dimension My of
the unitary matrix U can be arbitrary, the dimension of H is always even
for even ny; and odd for odd ny;.

2.7.2 Broken time-reversal symmetry, class C and D

We now proceed with the calculation of the distribution of the time-
delay matrix, first in symmetry classes C and D. Starting point is the
Weidenmiiller formula (4.4) or (2.35) for the energy-dependent scattering
matrix. Differentiation gives the time-delay matrix defined in Eq. (4.8),

1

1= — TH -1
Q =57 llin[l inWTH(H — )" 'W)]
1 , B
X g LW H =W (2.36)
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2 Time-delay matrix, midgap spectral peak, and thermopower

in terms of the Hamiltonian H of the closed quantum dot and the
coupling matrix W to the scattering channels. The dimensionality of H
is dg My x dg My while the dimensionality of @ and S is dpM x drM
(and W has dimension dgMy x dpM). The unitary invariance (2.16)
implies P(Sp, Q) = P(—1,Q), so we may restrict ourselves to the case
that H has a zero-eigenvalue with multiplicity drM — since then Sy =
limEﬁo S(E) =—1.

Restricting H to its drM-dimensional nullspace we have, using the
ballistic coupling matrix (4.5),

WHH — €)7PW — (Mydo/7%)(—€) PR Q, (2.37)
Q' = (60/27h)QTQ, Q= M. (2.38)

The matrix Q is a dpM x dp M submatrix of a dg My x dg My unitary
matrix, rescaled by a factor «/My. In the relevant limit My /M — oo this
matrix has independent Gaussian elements,

P(Q) ocexp[—4B(dg/dr) Tr' Q1Q]
 exp(—bBt0TY 1),

with tg = (27h/00)(dg/dr). The prime in the trace, and in the determi-
nants appearing below, indicates that the dp-fold degenerate eigenvalues
are only counted once. The symmetry index [ counts the number of
independent degrees of freedom of the matrix elements of €2, real in class
D (8 =1) and quaternion in class C (8 = 4). The positive-definite ma-
trix Q71 of the form (2.38) is called a Wishart matrix in random-matrix
theory. %

Using Eq. (4.4), an infinitesimal deviation of Sy from —1 can be
expressed as

(2.39)

VQ(So + 1)V = A, (2.40)

with A a drM x dpM anti-Hermitian matrix, A = —A'. The matrix
A is a submatrix of iH, so its matrix elements are real in class D and
quaternion in class C. The unitary matrix V has been inserted so that
P(A) = constant near A = 0. Since the transformation Q — V{2 has no
effect on P(2) and leaves @ unaffected, we may in what follows omit V.

The joint distribution P(Sp, @~!) follows from P(Q)P(A) upon multi-
plication by two Jacobian determinants,

P(50.Q°1) = P)P(A) \

‘89*9

<[5
oN~LAQI| 1T

x exp(— ﬂtT Q! 9A

(2.41)
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The Jacobians can be evaluated using textbook methods, %364
ofq||™
Ha o (Det/ QFQ)~1+8/2, (2.42)
Q- tAQ 1|
Ha o (Det’ QfQ)ati+(M=15/2 (2.43)

Here oo+ 1 equals the number of degrees of freedom of a diagonal element
of A, while an off-diagonal element has 3 degrees of freedom. So a+1 = 0,
B =1 for a real antisymmetric matrix A (class D), while a+1=3, 8 =4
for a quaternion anti-Hermitian A (class C).

Collecting results, we arrive at the distribution

P(S0,Q7") o exp(—1Bto TY' Q1) (Det/ Q1) +MA/2, (2.44)

The distribution (2.18) of the eigenvalues 7, of @~ follows upon multi-
plication by one more Jacobian, from matrix elements to eigenvalues.

2.7.3 Preserved time-reversal symmetry, class CI
and DIII

The time-reversal operator acts in a different way in class CI and DIII.
In class CI the action is the transpose, so that S = ST, H = HT are
symmetric matrices. In class DIII these matrices are selfdual, S =
0,S%0, = SP, where the Pauli matrix o, acts on the spin-degree of
freedom. It is convenient to use a unified notation U to denote the
transpose UT of a matrix in class CI and the dual UP in class DIIIL.
Unitary invariance of the circular ensemble then amounts to

P[S(E)] = P[U - S(E) - U], (2.45)

for energy-independent unitary matrices U.
Time-reversal symmetry allows to “take the square root” of the Fermi-
level scattering matrix (Takagi factorization %),

So = S1/251 /2. (2.46)

In class DIII the sign of the determinant of Sy /5 is a topological quantum
number, 56

Det S /9 = Pf (i0,So) = £1, (2.47)
equal to —1 when the quantum dot contains a Kramers pair of Majorana

zero-modes. The symmetrized time-delay matrix is defined in terms of
this square root,

d5 g1 (2.48)

Q= —ih hm Sl/QdE 1/2°
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C D CI DIII
H,m igo+q-T iqo aty + b1, | iao, + ibo,
(n #m) B = B = =2 =2
H,. q-T 0 aty + bt, 0
a+1=3|a+1=0|a+1=2 a+1=0

Al ATl
Hym a+ b a qo+iq- o
(n#m)| B= B=1 | B=4
Hyy a a qo
a+1= a+l=1| a+1=1

Table 2.3: Upper table: Representation of the Hamiltonian H in the four Altland-
Zirnbauer symmetry classes. All coefficients ¢,, a,b are real. The Pauli matrices
T = (T4,Ty,Tz) act on the electron-hole degree of freedom, while the o’s act on the
spin degree of freedom. The symmetry indices 8 and « 4+ 1 from Tables 2.1 and 2.2 count,
respectively, the number of degrees of freedom of the off-diagonal and diagonal components
of the Hermitian matrix H, in the Majorana basis for class D, DIII and in the electron-hole
basis for class C, CI . For completeness and comparison, we show in the lower table the
corresponding listing for the three Wigner-Dyson symmetry classes.

The definition (4.8) of the matrix @ used in class C and D, without
time-reversal symmetry, gives the same eigenvalues as definition (2.48),
but would introduce a spurious correlation between S and Q). With the
definition (2.48) the unitary invariance (2.45) allows to equate P(Sp, Q) =
P(-1,Q), by taking U = S’I/Qioz in class Cl and U = SI/ZJI in class
DIII.

Comparing to the derivation of the previous subsection, what changes
is that the matrix elements of Q2 and A are equivalent to complex numbers
a + 1b, rather than being real or quaternion. Specifically, {2 has matrix
elements of the form aog + ibo, in both class CI and DIII (to ensure that
Qf = Q), while the matrix elements of A are of the form iac, + ibo, in
class CI and of the form ac, 4 bo, in class DIII (to ensure that AT = —A4).
The Jacobian (2.42) still applies, now with 8 = 2, while the Jacobian
(2.43) evaluates to

o0 tAQ1 ||} o (Det’ QTQ)M+1 in class CI, (2.49)
0A (Det’ QTQ)M=1 in class DIIL '
Collecting results, we arrive at
P(S0, Q1) o exp(—to T’ Q1) (Det’ Q~1)M=L, (2.50)

with exponent M + 1 in class CI and M — 1 in class DIII. As before, the
primed trace and determinant count degenerate eigenvalues only once.
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The distribution (2.18) of the eigenvalues v, of Q~! follows with 3 = 2
and o = +1.

2.8 Appendix B. Details of the calculation
of the thermopower distribution

2.8.1 Invariant measure on the unitary, orthogonal,
or symplectic groups

For later reference, we record explicit expressions for the invariant mea-
sure dU = P({oan})[],, do, (the Haar measure) in parameterizations
U({an}) of the unitary group SU(N), as well as the orthogonal or unitary
symplectic subgroups SO(N), Sp(2N). (We will only need results for
small N.)

The invariant measure is determined by the metric tensor

Gmn = —Tr U (U /8, )UT (0U /0ery,), (2.51)

via P({ay}) o< +/det g. The function P represents the probability distri-
bution of the «,,’s when the matrix U is drawn randomly and uniformly
from the unitary group (circular unitary ensemble, CUE), or from the
orthogonal and symplectic subgroups (circular real and quaternion en-
sembles, CRE and CQE).

For SO(2) we have trivially

R(6) = (g?ﬁg _C(S):l;) = P(0) = constant. (2.52)

For SU(2) = Sp(2) we can choose different parameterizations:

U = exp|if3(7: cos 0 + 7, sin 6 cos ¢ + 7, sin O sin )|

= P(B,0,¢) x sin® Bsin#, (2.53a)
U = e exp [Zﬂ(Tx cos ¢ + 7, sin ¢)]

= P(a,f,¢) x sin 28, (2.53b)
U =™ R(0)e' ™ = P(a, o, ) o sin 20. (2.53¢)

For the group of 3 x 3 orthogonal matrices we will use the Euler angle
parameterization

or=("" N (5 aw) (57 )
= P(a,a’,0) < sin6. (2.54)
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2 Time-delay matrix, midgap spectral peak, and thermopower

The + sign distinguishes the sign of the determinant Det Oy = +1, with
SO(3) corresponding to O4.
Finally, for Sp(4) we use the polar decomposition

U— Ui 0 T9c0sl —1osinf\ (19 O
o 0 U2 T0 sin 6 T0 cos 0 U3
= P(0) = sin®26. (2.55)

The matrices U, are independently and uniformly distributed in SU(2),
see Eq. (2.53). There are only three independent U,’s, with 3 free
parameters each, because one of the four blocks can be absorbed in the
three others, so we have set it to the unit 79 without loss of generality.
(One can check that the total number N(2N + 1) — 10 of free parameters
of Sp(2N) agrees: 3 + 3 + 3 from the U’s plus # makes 10.)

2.8.2 Elimination of eigenvector components

The thermopower expressions (2.14) and (2.15) depend on the trans-
mission eigenvalues T),, and delay times D,,, but in addition there is a
dependence on eigenvectors. Many of the eigenvector degrees of freedom
can be eliminated by using the invariance of the distribution of the time-
delay matrix under the unitary transformation Q — UTQU, following
from Eq. (2.16).

Class C

In class C we proceed as follows. The 4 x 4 unitary symplectic scattering
matrix Sp has the polar decomposition (2.55), which we write in the form

(5 G TG ). e

U, = €' exp [iﬁn(Tz oS ¢, + Ty sin (bn)] . (2.57)

We ignore the spin degree of freedom, which plays no role in the calcula-
tion. The remaining two-fold degeneracy of the transmission eigenvalue
T comes from the electron-hole degree of freedom.

The time-delay matrix is Hermitian with quaternion elements,

aty ¢ . . .
Q= (qT bro> ;@ =qoTo +1q17x +1qaTy + iq3T,. (2.58)
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With some trial and error, we found the unitary symplectic transformation
Q- uvtou, U= (™ .0 (2.59)
’ O 672&37'2 Ugezagrz ’
U _ U1 0 To\/lfT 77’0\/?
= o0 7 oT 1oV1-T)’

that eliminates most of the eigenvector components from the class-C
thermopower expression (2.15). We are left with

2(]3 T(l - T)
1—(1—=T)cos2B;"

The probability distribution of the eigenvector parameter 5, follows from
Eq. (2.53D),

(2.60)

S/Sy = —ht (2.61)

P(B1) =sin2B;, 0< By <m/2. (2.62)

Class D

The algebra is simpler in class D, where the matrix elements are real rather
than quaternion. We use the Euler angle parameterization (2.54) of the
3 x 3 orthogonal matrix Sy with determinant Det Sy = £1. Substitution
of the orthogonal transformation

Q (R(Ba/) ?) Q (R(g/) ?) (2.63)

into the class-D thermopower expression (2.14) leads directly to

S _ Qi3 " —cotan (0/2) %f Det Sp = +1, (2.64a)
So h tan(9/2) if Det Sy = —1,
P(9) = 3sinf, 0<6<m. (2.64b)

The transmission eigenvalue is T = sin?#. Since P(f) = P(r — ) the
probability distribution of the thermopower does not depend on the sign
of Det Sp.

2.8.3 Marginal distribution of an element of the
time-delay matrix

The two expressions (2.61) and (2.64a) for the thermopower contain a
single off-diagonal element of the time-delay matrix (). We can calculate
its marginal distribution, using the eigenvalue distribution of Sec. 2.3
and the fact that the eigenvectors of @) are uniformly distributed with
the invariant measure of the symplectic group (class C) or the orthogonal
group (class D).
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Class C

In class C the 4 x 4 time-delay matrix @ is diagonalized by a unitary
symplectic matrix U,

o Dl’TO 0 t
Q_U<0 _mm>U. (2.65)

Each of the eigenvalues D1 and D5 of @ has a two-fold degeneracy from

the electron-hole degree of freedom. (As before, we can ignore the spin

degree of freedom.) The matrix U has the polar decomposition (2.55).
The quaternion ()15 is given in this parameterization by

Q12 = 3(D1 — Dy)(sin20)U,UJ, (2.66)

and since g3 from Eq. (2.58) equals —22 Tr7,Q12, we have

)

= 1(Dy — Dy)(sin20) Tr Uj. (2.67)

The matrix Uy = —iT,U; U is uniformly distributed in SU(2). Using the

invariant measures (2.53a) and (2.55) we arrive at
= 1(D1 — D3) cos Bsin 20,

( ,0) = (6/7) sin? Bsin®20, 0< 3,0 < /2. (2.68)

The two angular variables 3,6 can be combined into a single variable &:

g3 = 3(D1 — Dy)¢,
PE)=301-¢), -1<¢<l.
The marginal distribution of g3 then follows upon integration.

Collecting results, we have the following probability distributions for
the variables appearing in the class-C thermopower:

S/8y = toh~ 1 (D2 = DyeyTU =T (2.70)

1 (1 —T)cosZﬁ ’

(2.69)

P(B) =sin28, 0< B < 7/2, (2.71)
P =3(1-¢), -1<&<1, (2.72)
PT)=6T(1-T), 0<T <1, (2.73)
P(Dy,Dy) = 32 —— (D — Dy)}(D1D,) ™12

42525
x exp[~2/Dy —2/Ds), Dy, Dy >0, (2.74)

where for notational convenience we measure the delay times in units of
to.
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Class D
The 3 x 3 time-delay matrix in class D is diagonalized by
Q = Oy diag (D1, D2, D3)OT, with O, € SO(3) parameterized as in Eq.
(2.54). In terms of these parameters, the matrix element Q13 is given by
Q13 = X cosa+ Ysina,
X = (D1 — D5)sinf’ sin 2/, (2.75)
Y = 1[(D3 — D3) cos® & + (D3 — D) sin® o] sin 26/,
P(a,o/,0") = (87*) " 'sinf, 0 < a,0/ <21, 0<0 <.

The thermopower distribution follows upon integration, using Egs. (2.18),
(2.64), and (2.75).
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