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ANNEALED SCALING FOR A CHARGED POLYMER

F. CARAVENNA, F. DEN HOLLANDER, N. PETRELIS, AND J. POISAT

ABSTRACT. This paper studies an undirected polymer chain living on the one-dimensional
integer lattice and carrying i.i.d. random charges. Each self-intersection of the polymer
chain contributes to the interaction Hamiltonian an energy that is equal to the product
of the charges of the two monomers that meet. The joint probability distribution for the
polymer chain and the charges is given by the Gibbs distribution associated with the
interaction Hamiltonian. The focus is on the annealed free energy per monomer in the
limit as the length of the polymer chain tends to infinity.

We derive a spectral representation for the free energy and use this to prove that
there is a critical curve in the parameter plane of charge bias versus inverse temperature
separating a ballistic phase from a subballistic phase. We show that the phase transition is
first order. We prove large deviation principles for the laws of the empirical speed and the
empirical charge, and derive a spectral representation for the associated rate functions.
Interestingly, in both phases both rate functions exhibit flat pieces, which correspond to an
inhomogeneous strategy for the polymer to realise a large deviation. The large deviation
principles in turn lead to laws of large numbers and central limit theorems. We identify
the scaling behaviour of the critical curve for small and for large charge bias. In addition,
we identify the scaling behaviour of the free energy for small charge bias and small inverse
temperature. Both are linked to an associated Sturm-Liouville eigenvalue problem.

A key tool in our analysis is the Ray-Knight formula for the local times of the one-
dimensional simple random walk. This formula is exploited to derive a closed form ez-
pression for the generating function of the annealed partition function, and for several
related quantities. This expression in turn serves as the starting point for the derivation
of the spectral representation for the free energy, and for the scaling theorems.

What happens for the quenched free energy per monomer remains open. We state two
modest results and raise a few questions.
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1. INTRODUCTION

1.1. Motivation. DNA and proteins are polyelectrolytes whose monomers are in a charged
state that depends on the pH of the solution in which they are immersed. The charges may
fluctuate in space (‘quenched’) and in time (‘annealed’).

In this paper we consider the charged polymer chain introduced in Kantor and Kar-
dar [30]. The polymer chain is modelled by the path of a simple random walk on Z%, d > 1.
Each monomer in the polymer chain carries a random electric charge, drawn in an i.i.d.
fashion from R. Each self-intersection of the polymer chain contributes an energy that is
equal to the product of the charges of the two monomers that meet (i.e., a negative energy
when the charges have opposite sign and a positive energy when the charges have the same
sign). The polymer chain has a probability distribution on path space that is given by the
Gibbs measure associated with the energy. Our goal is to study the scaling properties of the
polymer as its length tends to infinity.
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Very little is known mathematically about the quenched version of the model, where the
charges are frozen. The two main questions of interest are:

(1) Is the free energy self-averaging in the disorder?
(2) Is there a phase transition from a ‘collapsed phase’ to an ‘extended phase’ at some
critical value of the temperature?

We expect that the answer to (1) is yes and the answer to (2) is no. All we are able to show
is the following (see Appendix :

(3) If the average charge is non-zero, then the number of different sites visited by the
polymer is proportional to its length.

(4) Ind = 1, if the average charge is sufficiently positive or negative and the temperature
is sufficiently low, then the polymer behaves ballistically.

We expect that in any d > 1 the scaling of the polymer is similar to that of the self-
avoiding walk when the average charge is non-zero. We further expect that the polymer is
subdiffusive when the average charge is zero. All these problems remains open.

In the present paper we focus on the annealed version of the model, where the charges are
averaged out. This version, which we study in d = 1 only, is easier to deal with, yet turns
out to exhibit a very rich scaling behavior. The answer to (2) is yes for the annealed model.
We will obtain a detailed description of the phase transition curve separating a subballistic
phase from a ballistic phase. Moreover, we show that the phase transition is first order,
and show that the empirical speed and the empirical charge satisfy a law of large numbers,
a central limit theorem, as well as a large deviation principle with a rate function that
exhibits flat pieces. The latter corresponds to an inhomogeneous strategy for the polymer
to realise a large deviation. We identify the scaling of the free energy in the limit of small
average charge and small inverse temperature, which exhibits anomalous behaviour.

A key tool in our analysis is the Ray-Knight formula for the local times of the one-
dimensional simple random walk. This tool, which has been used extensively in the litera-
ture, is exploited in full throughout the paper in order to obtain the fine details of the phase
diagram of the charged polymer. The Ray-Knight formula is no longer available in d > 2.
In Berger, den Hollander and Poisat [5] it is shown that the phase diagram is qualitatively
similar, but no detailed description of the scaling behaviour in the two phases is obtained.

The outline of the paper is as follows. In Section [1.2| we define the model. In Section|l.3|we
state six theorems with general properties and in Section[I.4]three theorems with asymptotic
properties. In Section we discuss these theorems. Proofs are given in Sections [2H4]
Appendices[AHC| contain a few technical computations, while Appendix[D]states two modest
results for the quenched version of the model.

1.2. Model and assumptions. Throughout the paper we use the notation N = {1,2,...}
and No = NU {0}.

Let S = (5;)ien, be a simple random walk on Z%, d > 1, i.e., So = 0 and S; = Z;Zl X,
i € N, with X = (Xj)jen iid. random variables such that P(X; = z) = o for z € Z¢
with [|z|| = 1 and zero otherwise (|| - || denotes the lattice norm). The path S models the
configuration of the polymer chain, i.e., S; is the location of monomer i. We use the letters
P and E for probability and expectation with respect to S.

Let w = (w;)ien be i.i.d. random variables taking values in R. The sequence w models
the electric charges along the polymer chain, i.e., w; is the charge of monomer i (see Fig. .
We use the letters P and E for probability and expectation with respect to w. Throughout
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the paper we assume that

(1.1) M(t) =E(e") <o  VteR.
Without loss of generality we may take (see (L.6)—(L.8) below)
(1.2) E(wy) =0, Var(w;) = 1.

To allow for biased charges, we use a tilting parameter ¢ € R and write P° for the i.i.d. law
of w with marginal

1 P(dwy )

(1.3) PO (dw;) = )

Note that E%(w;y) = M'(8)/M(5). In what follows we may, without loss of generality, take
d €1]0,00).

Example: The special case where the charges are +1 with probability p and —1 with
probability 1—p for some p € (0,1) corresponds to P = [3(0_1+641)]*N and § = %log(%).

Let II denote the set of nearest-neighbor paths starting at 0. Given n € N, we associate
with each (w,S) € RN x IT an energy given by the Hamiltonian (see Fig.

(1.4) H;';(S) = Z WiWj 1{51.:5].}.
1<i<j<n

Let 8 denote the inverse temperature. Throughout the sequel the relevant space for the pair
of parameters (4, 3) is the quadrant

(1.5) Q = [0, 0) x (0, 00).

Given (4,8) € Q, the annealed polymer measure of length n is the Gibbs measure Pf{ﬁ
defined as

1.6 dP;” §) = L —BHE(S) S)e RN x 11
() d(P‘SXP)(w’ )_ZTn”Be ) ((/J, )6 X 11,
where

is the annealed partition function of length n. The measure IP’;S{/B is the joint probability
distribution for the polymer chain and the charges at charge bias § and inverse temperature
B when the polymer chain has length n.

In what follows, instead of we will work with the Hamiltonian

n 2
(1.8) HY(S)= > wwjlis_sy= (sz 1{Si::p}> :

1<ij<n zezd \i=1

The sum under the square is the local time of S at site x weighted by the charges that are
encountered in w. The change from (|1.4)) to ((1.8) amounts to replacing 5 by 23 and adding
a charge bias (see Section [2.2] for more details).
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FIGURE 1. Top: A polymer chain carrying (£1)-valued random charges.

Bottom: The path may or may not be self-avoiding. The charges only interact
at self-intersections.

1.3. Theorems: general properties. Let (i, ) be the probability matrix defined by

Lij=0y; if i =0, j €Ny,
(1.9) QUiJ) =19 fi+j—1\ [1\"
(Zjil ><2> , ifi €N, j €N,

which is the transition kernel of a critical Galton-Watson branching process with a geometric
offspring distribution (of parameter ). For (4, 3) € Q, let G} 5 be the function defined by

¢
(1.10) Gy 5(f) = logE [emf—ﬁﬂﬂ with Q= w,  £€N.
k=1
(0 =0.) For (u,9,8) € [0,00) x Q, define the Ny x Ny matrices 4, 53 and Avm(w by
(1.11) Apspli j) = e METDTEID QG 4 1,5), 4, € N,
(1.12) Auspling) = - . . lfz =9 7 < No,
” Au,g’/g(l—l,]), ifi €N, j € Np.

Note that A, 53 is iymmetric while 21/#,5,5 is not.

Let A5 (1) and A g(u) be the spectral radius of A, s 3, respectively, 4,45 in £*(Np).
We will see in Section that, for every (4,3) € Q, both pu +— X\s5(p) and p — X&,B(M)
are continuous, strictly decreasing and log-convex on [0, 00), tend to zero at infinity, and
satisfy A)\V(;ﬂ(,u) < Asa(p) for all p € [0,00). Let

e 11(6, 8) be the unique solution of the equation Asg(p) =1
(113) when it exists and u(6, 3) = 0 otherwise,
' e 1i(6, 8) be the unique solution of the equation Asg(p) =1

when it exists and jz(6, 3) = 0 otherwise,

which satisfy (6, 8) < u(6,3), with strict inequality as soon as u(6, 3) > 0. We will also
see that, for every (4,8) € Q, p — Asp(p) is analytic and strictly log-convex on (0, 00),
and has a finite strictly negative right-slope at 0 (see Fig. .

We begin with a spectral representation for the annealed free energy. Abbreviate

(1.14) f(6) = —log M(9) € (—o0,0].
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w(9, 8)
0 1

11(6, B)
log A5 p(1)
log A5 (1)

FIGURE 2. Qualitative plot of p — log A5 s(pt) (top curve) and p — log X;g(p)
(bottom curve) for fixed (4, 5) € Q. Only the case A5 (0) > th,g(()) > 1 is shown.
The interior of the ballistic phase int(3) corresponds to A5 3(0) > 1, the subballistic
phase S corresponds to A;3(0) < 1, the critical curve corresponds to A5 5(0) = 1

(sec (L21))

Theorem 1.1. For all (6,5) € Q, the annealed free energy per monomer
(1.15) F(5,8) :g&% log 7

exists, takes values in (—o0, 0], and satisfies the inequality

(1.16) F(5,8) > f(0).

Moreover, the excess free energy

(1.17) F*(6,8) = F(5,8) — f(6)

is convex in (9, 5) and has the spectral representation

(1.18) F*(6,8) = u(9, ).

The inequality in leads us to define two phases:
Q> - {(575) S Q: F*(57/8> > 0}7
Q™ ={(6,8) € Q: F*(5,8) =0}.

We next show that these phases are separated by a single critical curve (see Fig. |3) and
that there are no further subphases.

(1.19)

Theorem 1.2. There exists a critical curve § — [.(0) such that
Q” ={(6,8) € Q: 0<B<B(0)},
Q= ={(6,8) € Q: B>B.00)}.

For every 6 € [0,00), B.(0) is the unique solution of the equation A\;3(0) = 1. Moreover,
d — Bc(9) is continuous, strictly increasing and convexr on [0,00), analytic on (0,00), and
satisfies B.(0) = 0. In addition, (8, 8) — F*(4, ) is analytic on Q.

Let
(1.21) B={(6.8)€Q: 0<B<B()}, S=Q\B.

(1.20)
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Be(9)

Q>

FIGURE 3. Qualitative plot of the critical curve § — [.(0) where the excess free
energy F*(, ) changes from being zero to being strictly positive (see (L.19))). The
critical curve is part of Q=.

The set B will be referred to as the ballistic phase, the set S as the subballistic phase, for
reasons we explain next. Namely, we proceed by stating a law of large numbers for the
empirical speed n~1S,, and the empirical charge n~1,,, respectively, with

=1 i=1

In the statement below the condition S,, > 0 is put in to choose a direction for the endpoint
of the polymer chain.

Theorem 1.3. For every (6, 8) € Q there exists a v(0,3) € [0, 1] such that

(1.23) li_>m Pf{ﬁ(‘n_lsn - v(d,ﬁ)‘ >e ’ Sp > O) =0 Ve >0,
where
>0, (6,B) € B,
(1.24) v(é,ﬂ){ ~0, (58 €S,
For every (0, 5) € B,
1 0 0
(1.25) ~pmoprsa] = ||
U(67 B) a/j’ u=p(8,8) 8/1' p=w(5,8)

(Take the right-derivative when w(é,3) = 0; see Fig. 2l) Moreover, (8,8) + v(4, ) is
analytic on int(B).

Theorem 1.4. For every (6,3) € Q, there exists a p(d,5) € [0,00) such that

(1.26) lim_ PP (In7'Q, — p(6,B)| >e) =0 Ve >0,
where

>0, (6,08)¢€B,
(1.27) (9, B) { =0, (0,8)€S.

For every (4, ) € B,

25 108 A5 (1) ]
_0

au log )\S,ﬁ (M) M:N(576)
Moreover, (6, 5) — p(d,3) is analytic on int(B).

(1.28) p(6,8) = [
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Remark 1.5. Since § — (4, 5.(6)) lies in the ballistic phase B (recall (1.21])), Theorems|[1.3}-
imply that (6, 8) — v(d,5) and (9, 8) — p(0, ) are discontinuous at criticality. This
means that the phase transition is first order. See Fig. [7] below for numerical plots of

(6, 8) = (6, 8) and (4, 5) = p(6, ).

In fact, large deviation principles holds for the laws of the empirical speed and the
empirical charge. Let

©(6, B,7y) be the solution of the equation \sg(p) = e~
when it exists and pu(d, 3,7v) = 0 otherwise

and note that (9, 8,0) = (4, B).

Theorem 1.6. For every (4,5) € Q:
(1) The sequence (n=1S,)nen conditionally on {S, > O},en satisfies the large deviation
principle on [0, 00) with rate function I§ 5 given by

(1.30) I55(0) = p(0,8) + sup [0y = {n(3,8.7) Vi, 8)}],  0€[0,00).
ve

(1.29)

(2) The sequence (n'Q,)nen satisfies the large deviation principle on [0,00) with rate
function I} 5 given by

(1.31) I3 5(0') = p(6,8) + sup [0 — (6 ++,8)], 0 €[0,00).
v

(The large deviation principle on (—o0,0) is obtained from that on (0,00) after reflection
of the charge distribution.)

I3 5(0) I3 5(0)

36, 8)

FIGURE 4. Qualitative plot of 6 — I§4(6) for (4,8) € int(B) (left) and
(6,8) € S (right). The slope of the flat piece on the left and on the right equals
—log As g(1(6, 8)). For (8, 3) on the critical curve, the two pictures merge and the
flat piece becomes horizontal because A5 5,(5)(0) = 1, (8, B.(5)) = (9, Be(9)) = 0
and v(d, B(0)) = v(6, B:(5)). The boundary value is 1§ 5(0) = u(é, 3) — u(4, B),
while I3 5(6) = oo for 6 € (1, 00).

The two rate functions are depicted in Figs. They are strictly convex, except for
linear pieces on [0,v(6, )] and [0, p(5)] with

1 0 -~
1) g gehe] ) =sta5))
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Igﬂ(el) I§5(9')

o' 0 0’
p(B)

FIGURE 5. Qualitative plot of 0 +— I§ 5(6") for (4, B) € int(B) (left) and (9, 5) € S
(right). The slope of the flat piece on the left and on the right equals 6.(3) — 4.
For (4, 3) on the critical curve, the two pictures merge and the flat piece becomes
horizontal because p(3) = p(d,8:(9)). The boundary value is I§ 5(0) = u(9,5),
while I 5(0") = oo for " € (m, 00) with m € (0, 0c] the essential supremum of the
law of w;.

where 8+ 6.(3) is the inverse of § + Bc(8) (recall Fig. [3). Note that, whereas v(, 3) in

(1.24) and p(d, ) in (1.27) jump from a strictly positive value to zero when (6, 3) moves
from B to S inside int(Q), v(d, §) and p(B) in (1.32)) are strictly positive throughout int(Q).

The large deviation principles in turn yield central limit theorems:
Theorem 1.7. For every (6, 3) € int(B),
Sn_nv<676) Qn_np(&ﬁ)
00(57 5)\/ﬁ ’ O'p(&ﬁ)\/ﬁ 7

converge in distribution to the standard normal law, with o,(9,3),0,(5, ) € (0,00) given
by

(1.33)

0? 0?
6= [ to0)] | = [Favs)
O'( B) 802 5,[3( o vé/g a =0

(1.34) = (4, B)? [108;/\5ﬂ } 55)

0

82
= w68 = 2 pto.)

Jp(éa 6)2 |: 2 65(9/):|
o' 0'=0(6,5)
The proof of Theorem that we give in Section is inspired by Konig [33].
The expression in the second line of ((1.34)) can be written out in terms of v(d, ), p(d, 5)
and second order derivatives with respect to 6 and p of log As s(1) at u = u(d, 3), but the
resulting expression is not particularly illuminating.

1.4. Theorems: asymptotic properties. In Theorem[I.§(1) and Theorem below we
need to make an additional assumption on the charge distribution, namely, we require that
one of the following properties holds:

(a) wy is discrete with a distribution that is lattice.

(1.35) (b) wy is continuous with a density that is in LP for some p > 1.
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For a € R and b € (0,00), let L% be the Sturm-Liouville operator defined by
(1.36) (Lotg)(2) = (20z — 4ba?)g(x) + ¢'(z) + 2" (x), g € CX((0,0)).

This is a two-parameter version of a one-parameter family of operators considered in van
der Hofstad and den Hollander [2I]. Let
(1.37)

- {g € L2((0,00) N CX((0,00): gl =L g >0, [ [a3g(? +.a' (] e < oo} .
The largest eigenvalue problem
(1.38) L% = xg, XER,gelC,
has a unique solution (¢*?, x(a, b)) with the following properties: For every b € (0, 00),
a — x(a,b) is analytic, strictly increasing and strictly convex on R,
(1.39) x(0,b) <0, ali_)rglo x(a,b) = oo, agrzloox(a,b) = —o0,
a — g is analytic as a map from R to L%((0, 00)).

(See Coddington and Levinson [10] for general background on Sturm-Liouville theory.)

x(a,b)

T

e

FIGURE 6. Qualitative plot of a — x/(a,b) for fixed b € (0, 00).

Let a* = a*(b) denote the unique solution of the equation x(a,b) = 0 (see Fig. [6]). The
critical curve has the following scaling behaviour for small and for large charge bias.

Theorem 1.8. (1) Asd ] 0,

(1.40) Beld) — 30 ~ —a* (1)(207)3,
(2) As 6 — 0,

(1.41) 5.(0) ~

with

(1.42) T =sup{t>0: P(w €tZ) =1}

(with the convention sup®) = 0). Either T > 0 (‘lattice case’) or T =0 (‘non-lattice case’).
If T =0 and wy has a bounded density (with respect to the Lebesque measure), then

1 42

4logd’

(1.43) Be(0)
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The proof of , given in Section , follows van der Hofstad and den Hollander [21],
but we have to address additional difficulties, due to our more complicated Hamiltonian.

The scaling behaviour of the excess free energy near the critical curve shows that the
phase transition is first order.

Theorem 1.9. For every § € (0,00),
(1.44) F*(6,B) ~ K5[Be(0) = Bl,  as BT Be(0),

where K5 € (0,00) is given by
25 log A5 (1)
o 08 208 L 5. 5) u=0

We close by identifying the scaling behaviour of the free energy for small charge bias and
small inverse temperature. The proof also follows der Hofstad and den Hollander [21].

Theorem 1.10. (1) For every § € (0,00),

2 1 2
(146) F(éaB)N_Aéﬁ?’v 0(676)’\1351337 P(‘Sa/@_PJNCéﬁ?’: a35¢0,
where ps = E(wy) = —f'(8), and As, Bs,C5 € (0,00) are given by
1 0 d
(1.47) As = a”(ps), — = [ x(a, b)] , Cs = ——a"(ps).
Bs da a=a*(ps), b=ps do

The third statement in (1.46|) holds under the assumption that

2
(1.48) lim sup B_§|az(5, B) — 02(5, 0)| < oo  wuniformly on a neighbourhood of ¢,
B0

with o,(0, ) defined in (1.34) and Ug(é, 0) = —f"(0). Without this assumption only the
weaker result limg g p(0, B) = ps holds.
(2) For every e > 0,

(149)  F'(5,8) ~Bu(0) =B,  as6,810, provided 5(6) — f = 53.

(The notation f =< g means that the ratio f/g stays bounded from above and below by
finite and positive constants.)

1.5. Discussion. We discuss the theorems stated in Sections [1.3 and place them in
their proper context.

1. The quenched charged polymer model with P = [1(6_1 + 641)]®N interpolates between
the simple random walk (5 = 0), the self-avoiding walk (8 = 6 = oco) and the weakly self-
avoiding walk (5 € (0,00), § = 00), for which an abundant literature is available (see den
Hollander |26, Chapter 2| for references). The latter corresponds to the situation where all
the charges are +1, in which case the Hamiltonian in equals Hy,(S) =3 ey Ln(S, z)?
with

(1.50) Ln(S,2) =Y 1{s,—0}
=1

the local time of S at site x up to time n. Theorem shows that the annealed excess
free energy exists and has a spectral representation. The latter generalizes the spectral
representation derived in Greven and den Hollander [I8| for weakly self-avoiding walk (see
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den Hollander [25, Chapter IX]). Theorem shows that there is a phase transition at a
non-trivial critical curve and that there are no further subphases.

FIGURE 7. Numerical plots of the typical speed v(d, ) and the typical charge
p(0, ) in Theorems and based on a 100 x 100 truncation of the matrix in
(L.11), for the case where w; is standard normal. Above: plot of 8 +— v(4,3) and
B p(d,5) for 6 =1 and 8 € (0,0.36). Below: same for § € (0,1) and S € (0,0.36)
(for graphical clarity the axes have been rotated: the d-axis runs from front to back,
the f-axis runs from right to left).

2. Theorems (1.3 and show that the annealed charged polymer exhibits a phase
transition of first order. The speed v(d, 8) of the polymer chain is strictly positive in the
ballistic phase and zero in the subballistic phase (which explains the names associated with
these two phases). In the ballistic phase the speed is given by the spectral formula in .
The latter generalizes the spectral formula derived in Greven and den Hollander [I§] for the
speed v(B) = v(oo, B) of the weakly self-avoiding walk. The charge p(d, 8) of the polymer
chain is strictly positive in the ballistic phase and zero in the subballistic phase. In the
ballistic phase the charge is given by the spectral formula in . Fig.[7|shows a numerical
plot of 8 — v(1,3) and 8 — p(1,8) when w; is standard normal. Interestingly, the speed
is not monotone on (0, 5.(1)]. This is in contrast with the monotonicity that was found
(but was not proven) in [I8] for the weakly self-avoiding walk (for which f.(c0) = o).
Equally interesting, the charge is monotone on (0, 8.(1)]. A rough heuristics behind the
shape of v(4, 5) and p(d, B) is the following. Approximating the distributions of S,, and €,
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by standard normal laws, we get

2 n
* . 1 4
F*(5,8) = lim —log(E’ x E) | exp = (Zwl l¢s, $}> +0) w
(1 51) TEZ =1
A~ sup [—Bv( ) +6p — (v +p)}
vE(0,00)
PER

Here, the supremum runs over the possible values of the empirical speed and the empirical

charge, the first term arises from the Hamiltonian in , the second term comes from

the tilting of the charges in ), together with the approx1mat10n E° (w1) = ¢, while the

third term embodies the normal apprommatlon For fixed p the supremum over v is taken

at v = BY/3p?/3. Substitution of this relation shows that the supremum over p is taken at
the solution of the equation p = § — 26%/3p!/3. Hence

1 2 2 1
(1.52) v(6, 8) ~ B3p(0,8)3,  p(d,8) = —2B3p(5,5)3
These approximations are compatible with the numerical plots in Fig. [7]

3. Theorem [1.6| identifies the rate functions in the large deviation principles for the speed
and the charge. Both rate functions exhibit flat pieces in both phases, as indicated in
Figs. These flat pieces correspond to an inhomogeneous strategy for the polymer to
realise a large deviation. For instance, in the flat piece on the left of Fig. [ if the speed is
0 < v(d, ), then the charge makes a large deviation on a stretch of the polymer of length
0/v(4, 5) times the total length, so as to allow it to move at speed v(d, B) along that stretch
at zero cost, and then makes a large deviation on the remaining stretch, so as to allow it to
be subballistic along that remaining stretch at zero cost. For the weakly self-avoiding walk
the presence of a flat piece in the rate function for the speed was noted in den Hollander [25,
Chapter 8|. It is possible to extend Theorem to a joint LDP, but we refrain from doing
SO.

4. Theorem provides the central limit theorem for the speed and the charge in the
interior of the ballistic regime. The variance is the inverse of the curvature of the rate
function at its unique zero, as is to be expected. Numerical plots are given in Fig. [§ It
is hard to obtain accurate simulations for 8 small, but the plots appear to be compatible
with the assumption made in (|1.48)). For weakly self-avoiding walk it was shown in van der
Hofstad, den Hollander and Konig [22, 23] that 3 — 0,(8)? = 0, (00, B)? is discontinuous at
f = 0, namely, limg|g0,(8) = C,, < 1 = 0,(0). Fig. [7| suggests that this behaviour persists
for § < oo. The heuristics is that the variance of the endpoint of the polymer gets squeezed
because the polymer moves ballistically. Apparently this squeezing does not vanish as the
speeds tends to zero.

We do not deduce the central limit theorem from the large deviation principle, but rather
exploit finer properties of the spectral representation for the excess free energy. We have no
result about the fluctuations at criticality. We expect these fluctuations to be of order /n

in the upward direction and of order n?/3 in the downward direction.

5. Theorem identifies the scaling behavior of the critical curve for small and for large
charge bias. Part (1) shows that the scaling is anomalous for small charge bias, and implies
that the critical curve is not analytic at the origin. Part (2) shows that the scaling is also
delicate for large charge bias. Heuristically, it is easier to build small absolute values of
Q= Zi:l wy, for small values of £ when the charge distribution is non-lattice rather than
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FIGURE 8. Numerical plots of the variance of the speed o, (d, 3)? and the variance
of the charge o,(d, 3)? in Theorem for the same range of 8 and 0 as in Fig.

lattice. Since the local times are of order one in the ballistic phase, we expect that the
ballistic phase for the lattice case is contained in the ballistic phase for the non-lattice case
(because smaller values of 5 are needed to compensate for the larger absolute values of €2y).

6. Theorem deals with weak interaction limits. Part (1) shows that near the horizontal
axis in Fig. [3] the free energy, the speed and the charge exhibit an anomalous scaling. This
is a generalization of the scaling found in van der Hofstad and den Hollander [21] for weakly
self-avoiding walk. Part (2) shows that near the origin of Fig. |3| the free energy scales like
the distance to the critical curve, provided the latter is approached properly. The constants
As, Bs, Cs are expected to represent the free energy, speed and charge of a Brownian version
of the charged polymer with Hamiltonian

— —~ T —~
(1.53) HW(W[O,T]):AL?(@%L LQW(x):/O AW, §(W, — ),

where W[0,T] is the path of the polymer, dW, is the charge of the interval ds, W[O, T] is
an independent Brownian motion with drift d, and the polymer measure has 8 = 1 with the
Wiener measure as reference measure. The version without charges is known as the Edwards
model (see van der Hofstad, den Hollander and Koénig [23] 24]). The limit below is
expected to represent the standard deviation in the central limit theorem as T" — oo for
the charge in the continuum model defined via .

7. Theorem corrects a mistake in den Hollander |26, Chapter 8|, where it was argued
that F* = 0 (i.e., S covers the full quadrant, or 5. = 0). The mistake can be traced back
to a failure of convexity of the function £ — G 4 (¢). Using the technique outlined in den
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Hollander |26, Chapter 8], it can be shown that for every d > 1 and every (,3) € S,

2
(1.54) lim (@n)” log Z2%% = —y,  where Z2%8 = ¢ fOn 788
n—oo n
with o, = (n/logn)"(4*+2) and with x € (0,00) a constant that is explicitly computable.
The idea behind ([1.54)) is the following. For (4, 3) € S the empirical charge makes a large

deviation under the disorder measure P? so that it becomes zero. The price for this large
deviation is

(1.55) ¢~ H (B [PP)-to(n)

)

where H(P?|P?) denotes the specific relative entropy of P® = P with respect to P?. Since
the latter equals log M(8) = — f(8) (recall (1.2)~(L.3))), this accounts for the leading term
in the free energy. Conditional on the empirical charge being zero, the attraction between
charged monomers with the same sign wins from the repulsion between charged monomers
with opposite sign, making the polymer chain contract to a subdiffusive scale «,,. This
accounts for the correction term in the free energy. It is shown in [26] that under the
annealed polymer measure,

1
(1.56) < SLntJ) — (Ut)ogtgh n — o0,
Qn 0<t<1

where == denotes convergence in distribution and (U;);>o is a Brownian motion on R4
conditioned not to leave a ball with a certain radius and a certain randomly shifted center.

8. Previous results on the charged polymer model include limit theorems for the Hamil-
tonian in (1.4). Chen [7] proves an annealed central limit theorem and an annealed law
of the iterated logarithm, and identifies the annealed moderate deviations (see also Chen
and Khoshnevisan [8]). Asselah [I], |2] derives upper and lower bounds for annealed large
deviations. Hu and Khoshnevisan [27] give a law of the iterated logarithm and a strong
approximation theorem: on an enlarged probability space the properly normalised Hamil-
tonian converges almost-surely to a reparametrised Brownian motion. Guillotin-Plantard
and dos Santos [19] prove a quenched central limit theorem in dimensions d = 1,2. Hu,
Khoshnevisan and Wouts [28| consider the quenched weak interaction regime (where the
Hamiltonian is multiplied by /n rather than —f3) and prove a phase transition from Brow-
nian scaling to four-point localization: for small 5 the polymer behaves like a simple random
walk, while for large 5 a large fraction of the monomers are located on four sites.

F(6,5)

FIGURE 9. Qualitative plots of the maps 3 — F(6, 8) and u +— I (u). The latter
is linear on [0, K] and strictly convex on (Ks,00), where K is the constant in
(1.45), and tends to zero at infinity.
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9. The large deviation bounds derived by Asselah [I], [2] can be completed as follows. Under
the annealed polymer measure, the sequence (n~'HY),en (recall (1.8)) satisfies the (weak)
large deviation principle on R with (weak) rate function I given by (see Fig.

(1.57) If'(u) = sup [—uf — F(6,0)], u € R.
BE(0,00)

Here we use that F'(6, 8) = oo for § € (—00,0) and F(4,0) = 0, to restrict the supremum to
B € (0,00). (Indeed, the strategy where the charges are bounded from below by a positive
constant and the walk zigzags between two consecutive sites has an entropic cost that is
linear in the length of the polymer, whereas the positive energetic contribution is quadratic.)
Since F(8, 3) = w(8, B)+ f(6) by Theorem|[L.1] provides us with an explicit variational
formula similar to ((1.30)—(1.31)).

10. Here are some open problems for the quenched version of the model (see Appendix :

(1) Does the quenched free energy exist for P%-a.e. w, and is it constant? How does it
depend on 0 and 87 Trivially, it is convex in S for all §, but what more can be said?

(2) Is the quenched charged polymer ballistic for all § € (0,00)? How does the speed
depend on 3 and §7

(3) In the quenched model with § = 0, is the polymer chain subdiffusive (like in the
annealed model; see item 3 above)? The fluctuations of the charges are expected to
push the polymer farther apart than in the annealed model. Is there a scaling limit
for P-a.e. w, or does the polymer chain fluctuate so much that there is a scaling
limit only along w-dependent subsequences (“sample dependence”)?

11. Still looking at a quenched model, Derrida, Griffiths and Higgs [12] and Derrida and
Higgs [13] consider the case where the steps of the random walk are drawn from {0, 1}
rather than {—1,+1}, which makes the model a bit more tractable, both theoretically and
numerically. In [12] the charge disorder is binary, and numerical evidence is found for the
free energy to be self-averaging and to exhibit a freezing transition at a critical threshold
Be € (0,00), i.e., the quenched charged polymer is ballistic when 0 < 5 < . and subballistic
when 3 > (.. In the latter phase numerical simulation shows that the end-to-end distance
scales like n¥, with v = v(f) an exponent that depends on S. In this phase, long and
rare stretches of the polymer that are globally neutral find it energetically favorable to
collapse onto single sites. Numerical simulation indicates that 8. > 0.48. In [13] the charge
disorder is standard normal and the total charge )" ; w; is conditioned to grow like ns,
¢ € [—3,1]. It is found numerically that the end-to-end distance scales like n”, with v = v/(£)
an exponent that depends on £ and grows roughly linearly from 1/(—%) =0tor(l) =1,
with V(%) ~ 0.574. The latter is the exponent for the quenched charged polymer when the

charges are typical.

12. It would be interesting to deal with charges whose interaction extends beyond the ‘on-
site’ interaction in , like a Coulomb potential (polynomial decay) or a Yukawa potential
(exponential decay). A Yukawa potential arises from a Coulomb potential via screening of
the charges when the polymer chain is immersed in an ionic fluid.

13. Biskup and Konig [0], Ioffe and Velenik [29], Kosygina and Mountford [34] deal with
annealed versions of various models of simple random walk in a random potential. In all these
models the interaction is either attractive or repulsive, meaning that the annealed partition
function is the expectation of the exponential of a functional of the local times of simple
random walk that is either subadditive or superadditive. As we will see in Section [2 our
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annealed charged polymer model is neither attractive nor repulsive. However, our spectral
representation is flexible so as to include such models.

2. SPECTRAL REPRESENTATION FOR THE FREE ENERGY

Our goal in this section is to prove Theorem i.e., the existence of the annealed free
energy and its characterization in terms of an eigenvalue problem. In Section [2.1] we show
that the edge-crossing numbers of the simple random walk have a Markovian structure. In
Section [2.2| we rewrite the annealed partition function as the expectation of a functional
of the local times of the simple random walk, which are a two-block functional of the
edge-crossing numbers. In Section [2.3| we introduce the generating function of the annealed
excess partition function, and show that this can be expressed in terms of the matrices
defined in f. The annealed excess free energy is the radius of convergence of
this generating function. In Section [2.4] we analyze the spectral radii of the matrices. In
Section [2.5] we identify the annealed excess free energy in terms of these spectral radii. In
Section [2.6] we put everything together to prove Theorem

This section is the cornerstone of the following sections, since the representation of the
partition function developed here will be used throughout the paper.

2.1. Markov property of the edge-crossing numbers. The observation that the edge-
crossing numbers of the simple random walk have a Markovian property goes back at least
to Knight [32]. This property can be formulated in various ways. In this section we present
a version that holds for a fixed time horizon, which is based on the well-known link between
random walk excursions and rooted planar trees (see Remark [2.5] below).

We work conditionally on the event {S,, = z} for fixed n € Ny and x € Z, and w.l.o.g.
we assume that € Ny. Then all edges are crossed the same number of times upwards and
downwards, except for the edges in the stretch {0,...,z}, which have one extra upward
crossing. We define the edge-crossing number M; , ¥y € Ny, as the number or upward
crossing of the edge (y,y + 1) that are eventually followed by a downward crossing (i.e.,
we disregard the last upward crossing for 0 < y < z). To keep the notation symmetric, we
define M, y € Np, as the number of downward crossings of the edge (—y — 1, —y), each of
which necessarily is eventually followed by an upward crossing. In formulas,

(2.1)

+ _ 1 g _ } n
My B 2;1{{Sk—17sk}{y7y+1}} ) My = 2};1{{&6_1,5}6}{_%_1_“} , Yy € Np.

For ease of notation we suppress the dependence on n.

Remark 2.1. In what follows we will work with the local times of the random walk, i.e.,
the site visit numbers defined by

(2.2) L,(x) = i LiSi=a}s neN, zeZ.
i=1
These can be expressed in terms ofZ the edge-crossing numbers as follows:
M;_1+My+, if y > x,
(2.3) On the event {5, =z} with x € Ng:  L,(y) = ]]Zii:_—']_w](\??_ +1, j;'; i 367§ x,

MZ, ,+MZ,, ify<O0.
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We next define a specific branching process, which will be shown to be closely linked to
the edge-crossing numbers M;E, y € Np.

Definition 2.2. Fix ¢, x € Ny. Define a two-species branching process
(2.4) (M, M) = (M, M, )yenq
with law Py, as follows:

e At generation 0 there are £ individuals, which are divided by fair coin tossing into
two subpopulations, labelled 4+ and —.

e Each subpopulation evolves independently as a critical Galton-Watson branching
process with a geometric offspring distribution, denoted by Geoo(%) and given by
Geog(3)(1) = 270+ § € Ny.

e If z € N, then there is additional immigration of a Geog(3)-distributed number of
individuals in the + subpopulation, at each generation 1,...,z (equivalently, the
generations 0, ...,z —1 have an additional “hidden” individual, which is not counted
but produces offspring).

e Define Mj as the size of the & subpopulation in the y-th generation.

Define the total population size
(2.5) E= > (M +M,))
y€Np

and note that Z < oo a.s. because a critical Galton-Watson process eventually dies out.
We can now state the main result of this section. Abbreviate Ly = Ly, (0).

Theorem 2.3. Fix {,n,x € Ny such that 0 < £ < %n, 0<z<nandx—n is even. The
edge-crossing numbers (M™, M ™) of the simple random walk defined in conditionally
on {Lo =4, S, = x} have the same joint distribution as the branching process with law Py,
defined in Definition conditionally on {Z = L(n —z)}. In formulas,

D=

= Pé,w ((M+,M_) = (m+7m_)7 E= (TL - ‘T)>’

for all sequences (m™*,m~) = (m},m; )yen, € (No x Ng)MNo.

Remark 2.4. Taking the scaling limit of we obtain the famous Ray-Knight relation
between Brownian motion local time and squared Bessel processes (see Revuz and Yor [37]).
We refer to Toth [39] [40] for analogous relations involving more general processes, arising
in the context of self-interacting random walks.

Before proving Theorem we note that the transition kernel of a critical Galton-
Watson branching process with geometric offspring distibution is given by the matrix Q(, j),

i,7 € Np, defined in (1.9). In fact, if (&,)nen are i.i.d. Geoo(%) random variables, then

L=y if i =0, j € No,
(2.7) QUJ) =19 [i+j—1\ [1\
(“;il ><2> —PE+... +&=j), fieN, jeN,

In the presence of immigration, the transition kernel becomes Q(i + 1, 7).
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By Definition (M, M~) is a Markov chain on Ny x Ny that is not time-homogeneous
whenever x # 0 (due to the immigration). The initial distribution of this Markov chain is
(2.8)

_ . 2\ 1
’Pgw((Mgr, M, ) = (a, b)) = pe(a,b)  with  pe(a,b) = (CL> ol 1{a+b:€}7 a,b € Ny,

while the transition kernel factorizes, i.e., it is the product of its marginals, because condi-
tionally on (M, M, ) the two components (M,f)yen and (M, )yen evolve independently,
with marginal transition kernels

PEQ:( y+1l = j | Myj = Z) = Q(Z + 17]) 1{y<x} + Q(%]) 1{y2x}7
Pea(Mypy =7 | My =i) = Q(i,j),  i.j€No.
We are now ready to give the proof of Theorem [2.3]

(2.9)

Proof. Note that both sides of (2.6)) vanish, unless the sequences m* satisfy the conditions

(2.10) my+my =L, > (mf+my)=
y€Ng

The first condition holds because Lo = MJ + M for the random walk (each visit to zero
is preceded by a crossing of either (0,1) or (—1,0)), while Py, (M, + My = £) = 1 for
the branching process by construction. Analogously, the second condition in holds
for the branching process by the definition of Z in , while it holds for the random
walk, because the total number of steps n equals the total number of upward or downward
crossings, which is given by 2 (M,f + M, ) + = (recall that the last upward crossing
of a bond in the stretch {0,...,z} is not counted in M,’).

Henceforth we fix two sequences (m*,m~) = (m},m, )y>0 € (No x No)M° that satisfy
(2.10). Below we will show that the number of Slmple random walk paths (S,...,Sn)
contributing to the event {(M™, M~) = (m*,m™), S, =z, Ly = £} equals

(2.11) < >H0m+M%JHC mi ) [[Cmy my,0)

y>x y=>0

5(71—:[))

where
L
212)  C(0.4) =1y €N, C@ﬁ=Cj11

The first product in is 1 when = = 0, by convention. Note that m® have a finite sum
by , and hence are eventually zero: m;t = 0 for large enough y. Since C(0,0) = 1, this
means that the products in are finite.

We can now prove . The probability in the left-hand side of is obtained after
dividing by 2", which is the total number of random walk paths. Recalling ,

(2.8) and (2.10]), we obtain
P((M+,M—) =(m*,m7), Ly=1(, S, = m)

> 1 €N, j € Np.

(2.13) a-1
= pe(mg,my) H Q(m; + 1amgj+1) H Q(m y+1 H Q(my ,myq),

y=0 y>x y>0

which is precisely the probability in the right-hand side of (| -) by the Markov property
of the process (M ™, M ™) under the law Py, (recall (2.8)-(2.9
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It remains to prove . Observe that C(i,7) in equals the number of ways in
which j objects can be allocated to ¢ boxes, i.e., the number of sequences (ay, ..., a;) € (Ng)”
satisfying a1 4+ ... + a; = j. As to the random walk, the crossing number m; counts
the number of excursions below 0, while the crossing number m; counts the number of
excursions below —1. The key observation is that each excursion below —1 is included in
precisely one excursion below 0. Therefore the number of ways in which the m; excursions
below —1 can be “allocated” to the m, excursions below 0 equals C(mg,m] ). Iterating
this argument, we see that the last product in counts the number of random walk
paths in the negative half-plane that are compatible with the given bond crossing-numbers
(my_ )yENO'

For the positive part of the random walk path there is one difference. When = € N, each
of the mf excursions above 41 can be allocated not only to the mar excursions above 0, but
also to the last incomplete excursion leading to x. This explains the presence of “41” in the
combinatorial factor C (mg + 1, mf) in (2.11f). This holds until level x, while above level
x the combinatorial factor C' (m;‘ , m;rﬂ) applies. The first two products in therefore
count the number of random walk paths in the positive half-plane that lead to x and are
compatible with the given bond crossing-numbers (m;j )yeNo -

It remains to combine the positive and the negative parts of the random walk path
we have just built. This can be done by alternating the mar positive excursions and the
m, negative excursions in an arbitrary way, while preserving their relative order. Since

mg +mg = £, this can be done in (n%) ways, which leads to the first factor in (2.11). O

Remark 2.5. One way to visualize is to identify a random walk excursion with a pla-
nar rooted tree (the random walk path traces out the “external boundary” of the tree). With
this identification, the bond-crossing numbers (my)yen, represent the number of branches
of the tree at level y € Ny, and the number of such trees is given by HiENo C(mg, miy1).

2.2. From the annealed partition function to functionals of local times. The first
step in our analysis of the free energy is to rewrite the annealed partition function as the
partition function of the simple random walk weighted by a functional of its local times
Ly (y) defined in (2.2). To that end we define, for £ € Ny and (4, 8) € Q,

(2.14) Gill) = logE® 7% .
Note that Qg = 0, so that G;5z(0) = 0.
Lemma 2.6. Forn € N and (4,58) € Q,

exp {Z Gan(s:))H :

TEZ

6
(2.15) 78 = E

Proof. Rewrite (|1.7) as

n 2
(2.16) Zi”g = (E5 X E) H exp —,8 (Zwil{si:x}> =E [H E6 [e_ﬁﬂin(w)}] ,
=1

TEL r€EZ
and use (|2.14)). O

Depending on which phase we are working in, it will be convenient to also use the function

G} 5(£) defined by
(2.17) G5 5(0) = Gsp(€) — f(0)Y, ¢ € Ny,
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which equals (1.10) by (2.14) (recall (1.3) and (1.14))), and to rewrite Lemma as
exp {Z G5 5(Ln()) H

(2.18) 2398 = (E x E) |e>=e2 (‘S“Lnuw”in(z))] )
T€EZ

with (recall (1.54)))
(2.19) 7398 = = fO)m 788,
In Appendix @ we collect some properties of G§7 3 that will be needed along the way.

Example: If the marginal of PP is standard normal, then by direct computation

* _ 1 1 52

Remark: We close this section with the following observation. In Section[1.2]we argued that
working with ((1.8) rather than (1.4) as the interaction Hamiltonian amounts to replacing
B by 28 and adding a charge bias. Indeed, this is immediate from the relation

n 2 n
(2.21) 2 ) wwiligesy =Y (Zwil{siz}> - Wi
=1

1<i<j<n zezd \i=1

For the annealed model, the last sum is not constant (unless w; = £1). To handle this,
define P? as the product law with marginal given by

_ B,Bw% w _ 2
(2.22) PP (dw:) = ]\ﬁ(ﬁd)l), M(B) = E(e™1),

where we need to assume that M(3) < oo for all 8 € (0,00). We put
(2.23) Gs5(0) = log BP [eme—mi] ,
which is the same as (I.10) but with Ef instead of E, and we define the partition function

(2.24) 7P =E [ezzezd és,ﬁ(Ln(z))} .

Including the last sum in amounts to switching from Zf,jé’ﬁ to Zf{ﬂ . As mentioned
in Section [1.2] in this paper we work with the Hamiltonian without the last sum. The
reader may check that @575 has the same qualitative properties as G; g SO that all the
computations carried out below can be easily transferred.

2.3. Grand-canonical representation. To compute the annealed free energy we use the
generating function associated with the sequence of excess annealed partition functions, i.e.,

(2.25) Z(p,6,8)= > eIy, pel0,00),
n€Np

where Zg"w = 1. The main result of this section is the following matrix representation
of Z(u,d, ). Recall the matrices A, 53(4,j) and A, 535(i,7) defined in (1.11)—(1.12)), and

introduce an extra matrix

(2.26) A55(i,5) = e DTG QG 41, 5), 0,5 €N,
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Proposition 2.7. For p € [0,00) and (4, ) € Q,ﬂ

1 -~ 1+ A58 1
(2'27) Z(:U’ﬂ 9, /8) =|—=A 0,8 F ~ (07 0)'
L= Ao P = Ause 1 - A
Proof. To lighten the notation, we suppress the dependence on p, 6, 5. Recalling (2.18]), we
can write
(228) 2=} e 3 (1+1)E|exp { > G (Ln }1{% —0,Sn= f”}]
n€Np (¢,2)e(Np)2 YyEL
where 11,0y accounts for the contribution of {S, = —x}, which is the same as the contri-
bution of {S,, = z}. Recalling (2.3, we can write
(2.29)
2= > (+leo) 2 >
(¢,z)€(No)? n€No (m+,m=)e(NoxNo)No
P((M*,M*) =(m*t,m7), Lo=1{,8, = w)
z—1
X e M eG*(m§+m6) H eG*(m;+m;+1+1) H €G* My +mu+1) H e “(my +my 1) .
y=0 y>x y>0

Next we apply Theorem to rewrite the probability in the right-hand side of (2.29) as
a product of @ matrices, as in (2.13). In order to do this, we must restrict to sequences
(m™,m™) satisfying the two conditions in (2.10). Thus, we define

(2.30)
Sewn = {<m;,m;>y>0 € (No x No)™: m +mg =0, > (mf +my) =3(n- @},
y€Ny

and restrict the sum over (m™,m™) in (2.29) to the set Sy .. At this point we combine
the definitions of the matrix @, the function G* and the factor p into the matrix A defined

in (L1D):

(2.31) A(i, j) = & THTUZHENQ +1,5), i) € N,
We also introduce an extra matrix A’ by
(2.32) A, ) = & HD=1HD Q4 5), 4§ € Ny,

which almost coincides with the matrix A introduced in (1.12)), the difference being that
A’(0,0) =1 while A(0,0) = 0. Altogether, we can rewrite (2.29) as (recall (2.8]))
(2.33)

zZ= 3  (L+lpsq) ), >

(£:x)€(No)? n€No (mt,m=)eSyz,n

x—1
eSO po(m,my) [T Al ym ) TT A mgomi ) TT A (my  my )

y>x y>0

*Given a non-negative matrix B = B(i,j), i,j € No, we define 5 by putting (25)(i,j) =
> keNo B*(i,j), i,j € No, with Bo(i,j) = 14;—;3. This is well-defined as a matrix with entries in [0, co],
and if all the entries are finite, then 5 is the inverse of 1 — B (where 1 denotes the identity matrix) and

commutes with B. Hence we can write 12 = (1 + B) 25 = 125 (1 + B) without ambiguity.
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Next we introduce the set of sequences m® that are eventually zero and satisfy ma“ +my =

l:

(2.34) T; = {(m;,m JyeNo € (No x No)No: md +mg = ¢, m = 0 for large enough y}

and observe that, for every fixed x € Ny,
(235) U Sf,x,n =T
neNp

The inclusion Sy, , C 7T is obvious because sequences in Sy, , are integer-valued with
a finite sum and hence are eventually zero. Conversely, if m* are eventually zero, then
D oyen, (my +my) = 3(n — z) for some n € Ny. This means that

> 2 o= > ()

nEN() (m+7mi)esl,z,n (m+7m7)€72

(2.36) = Z Z Z {mo +mg —E}( )7

(ma—: 7m ) (NO)”C 1 (tzs)E(NO)Q (mi—: 7mt 1) eENt—*
22 (g amy)EN?

where the last line provides a convenient parametrization of the set 7y:

e Sum over all possible values of (mg,...,m} ;) (when z € N).

e Denote by t the smallest value of y > x for which m; = 0. Likewise denote by s the
smallest value of y > 0 for which m, = 0, so that by construction (mt,... ,mzr_l)
and (mg,...,m,_;) can only take values in N.

e It is implicit that m,” = 0 for y >t and m, = 0 for y > s.

We now apply - ) to (2.33]). We further split Z = Zy+Z, where Zj is the contribution
of the single term = = 0, Whlle Zy is the sum ) (---). Observing that

(2'37) % Z eG*(Z)—uZ pf(ma_a mE) = A\(maa mg—)
£eNg
by (2.8) and (2.26)), we have (with m;” = m; = 0 by convention)
t—1
Zy = Almy ,mg A/ A/ om,

(2.38) 0 2 Z (mgymd) [T A'(mysmyi H y+1)

(t:$)€Mo)? (mg,....,mf |)eNt y=0

(moy " s—1)ENS

and

z-2y ¥ > >

2€N (t,5)€(No)® (m ,...mI_1)eMo)*=1 (md,...m{ ;)eN!—=

t>x _ _ s
(239) (mo yeeey Mg 1)€N
z—1 s—1
Amg.m) T] Alm i) H Hmt om0 [ A (my om0
y=0 y=0

Finally, we observe that we can replace A’ (i,4) by g(z, J) in (2.38)—(2.39), because for

i € N these two matrices coincide. After this replacement, the ranges N'=% and N® in the
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sums can be replaced by (Ng)'™* and (Ng)*, respectively, because A(0,j) = 0. This leads
us to the desired matrix product representations:

(2.40) Zo= ), [(ET)SEM(O?O):[

(t:5)€(No)?

L a !t ~}(0,0)
1—A1 1-A

and
Zp=2>" > [(AT)*AA"A"")(0,0)
2N (t,5)€(No)?
t>x
(2.41) _[ 1 AE 1 1~ A 1]
= ~ =+ — A =1(0,0
1—AT1-A 1-4 1-41 1—A1—A( )
1~ 24 1
= — A =1(0,0).
[1—AT 1-A 1—A]( )
Summing these two formulas, we obtain the formula (2.27]). O

Note that A\,u’g”g plays only a minor role in ([2.27)): the divergence of Z(u,d, 3) is controlled
by A/‘L7675 and A,LL#S»B

For later use we state a version of Proposition [2.7] for bridges. Namely, let

- 757
(242) Zbridge(/% 55 B) = Z et Z;brﬁidgea IS [Oa 00)7
neNg
with
767ﬁ _ *
(2.43) ZZ,bridge =E |exp Z G&ﬁ(L”(y)) 1{0<S¢§Sn V0<i<n} )
YEL

Lemma 2.8. For € [0,00) and (9, 5) € Q,

Aus
(2.44) Ziridge(1, 6, B) = [“6} (0,0).
1—Ausp
Proof. Because of the bridge condition, the term with Z; is absent, while in Z; only the
part with the m; ’s survives (without A). ]

2.4. Spectral analysis of the relevant ‘matrices. In this section we prove some prop-
erties of the matrices A, 55 in (1.11) and A, s g in (1.12: , viewed as operators from f5(Np)
into itself. These will be needed to exploit Propositions 2:7H2.8]

Proposition 2.9. For all (u,0,3) € [0,00) x Q, the matriz A,s5: ¢2(Ng) — £2(No) has
strictly positive entries, is symmetric, and is Hilbert-Schmidt.

Proof. It is obvious that A, 5 3 has strictly positive entries and is symmetric. The Hilbert-
Schmidt norm of the operator A, s g is defined by
1/2

(2.45) [Ausalas = | D [Auspli i)
1,7ENp
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By (1.9) and (A.3)) in Appendix [A] we have (C denotes a generic constant that may change
from line to line)

o C . . o
(2.46) Apspliyj) < m@(l +1,7), i,J € No.
Observe that, by (2.7,
) . i+7) 1 o .
e @i =3 ) g = bR =m0 e,

where S = (S;)ien, is a simple random walk. We may therefore write

C C
248) [A <= P(Sipi=i—§)=——
( ) [#55(19)} S i+l (Sitj =1-17) v+l
where S’ is an independent copy of S. Using the change of variables u =i + 7, v = i — 7,
we obtain

P8y = Sy =i—j),

1
Z[A'ugﬁlj <C Z — P®%(S, =8 =)

- 1+u
(2.49) 4,7€Np uENo,vEZ
_ ®2 _ /
=Cy — 1+ PP2(S, = S,) < C Y u*? < oo,
u€Np ueN
which proves that ||A, 5 3(/Hs < co. Thus, A, 5 maps f2(Np) into itself. O

Adapting the proof of Proposition we see that 121“,575 and gwg’g also map /2(Np) into
itself.

Let A5 3(1) be the spectral radius of A, 5 3. By Proposition A, 5, is Hilbert-Schmidt,
and hence is compact (see Dunford and Schwartz [14, XI.6, Theorem 6]). Therefore A\; (1)
is also the largest eigenvalue of A, ;53 (see Kato [31, V.2.3.]), and admits the Rayleigh
characterization (see Dunford and Schwarz [14], X.4])

(2.50) Nop(n) = sup (u,Auspu) = sup > Ausplisg)uiug.
gt "t i<to
ul|o=1 u ’

Since the entries of A, s5 g are strictly positive, we have

(2.51) Asp(p) = sup  (u, Ay pu),
u€ly(No): u>0
l[ull2=1
where u > 0 means that all coordinates of u are non-negative. Moreover, by the Perron-
Frobenius Theorem, there exists an eigenvector v, 53 € £2(No) with |1, s g]|2 = 1, associated
with A5 g(p) with multiplicity one, whose coordinates are all strictly positive (see Baillon,
Clément, Greven and den Hollander [4, Lemma 9)|).

We next state the regularity and the monotonicity of (u,d, 5) — A5 g(p) on [0,00) x Q.

Proposition 2.10. The following properties hold:
(i) (i, 0, 8) = Xs.g(p) is finite, jointly continuous and log-convex on [0,00) X Q, and analytic
n (0,00)%.

(ii) For (0,P8) € Q, ,u = A5 () is strictly decreasing and strictly log-convex on [0, 00), with
limy, 00 As (1) =
(iii) For (u,0) € [ ) , B Asp(p) is strictly decreasing on (0, 00).
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Proof. (i) By Proposition A, 5,5 has strictly positive entries, and as an operator on
05(Np) it is positive, irreducible and Hilbert-Schmidt, and hence compact. Consequently,
we can apply the Perron-Frobenius Theorem to obtain that A;g(u) is a simple eigenvalue
of A, p. Since each entry of A, s is continuous and analytic in (p,d, 5) on [0,00) x Q,
we can apply Crandall and Rabinowitz [11, Lemma 1.3] to get the claimed continuity and
analyticity of A\sg(p). To get log-convexity, use the variational characterization of As g(u)
in and note that: (a) u — A, 5 5(i, j) is log-convex for each 7, j € Ny, (b) the sum and
the product of two log-convex functions is log-convex, (c¢) the supremum of convex functions
is convex. (Use that a log-convex function can be written as a supremum over log-linear
functions.)

(i) Pick 0 < pq < pg and set v; = v, 53, © = 1,2. Since vy has strictly positive entries and

(2‘52) Auh&ﬁ(i’j) > A#zﬁ,ﬂ(i’j)’ 1,7 € Np,
we have
(2.53) Nsp(p1) = (v2, Ay, s5v2) > (V2, Ay 5.8 v2) = s g(12),

which yields the first claim. The second claim follows from the fact that g — Xsg(p) is
analytic on (0, c0) and log-convex but not log-linear on [0, c0). The third claim follows from

the estimate A5 g(p) = SUD e, (No): ||u||2:1<u7Au,6,6u> < e HA55(0).

(iii) Pick 0 < 81 < B2 and set v; = v, 54, i = 1,2. By Proposition in Appendix [A] we
have

(2'54) Au,lsﬂl (%]) > A,u,é,,@z (ivj)a i,7 € Ny,

and so we can repeat the argument in (ii). O

Two situations emerge, which correspond to the ballistic phase B, respectively, the sub-

ballistic phase S (see Figs. and recall ((1.13))):
o If X\53(0) > 1, then there is a unique p(, 3) € [0, 00) for which A; 5(u(6, 8)) = 1.
o If A\55(0) < 1, then there is no p € [0,00) for which A\gs(p) = 1, and we set

(6, 3) = 0.
For later use we state the following gap.

Proposition 2.11. X;”@»(u) < Xsg(p) for all (p,d,8) € [0,00) x Q.
Proof. Let

||A ,6,8U |2
(2.55) Muspllop = sup  IAwbsullz
u€lz(No)\{0} ||uH2

We prove the strict inequality by showing that

(2.56) N.6(1) < A7 5 11657 < 1l Aussllop = As5(1)-

The first inequality in (2.56)) is a consequence of the following relation:
1 n)l/n _ n|l/n

(2.57) sp(M) = lim [[M"[|op" = inf [|M"]op",

where M is any bounded linear operator and sp(M) is the spectral radius of M (Dunford
and Schwartz [14, VIIL.3]).
We now prove the second inequality in (2.56)). To that end, define

A U
(2.59) [ Aussllope = sup  Instle
wetaMo\{0}  |lull2
u(0)=0
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For u € ¢3(Np), we have

(259)  (A2;5u)(0) = > Auss(i— 1) (Auspu)(f), i€N, (A2 5u)(0)=0.
j€No

Since (wau)(O) = 0, this yields

(2~6O) HA2,§,5HOD < ||Au,5,6||0p,*HAu,é,ﬂ”th < HA#,c?,BHOp,*||Au,5,6||0p‘

It therefore remains to show that || A, s 8llopx < |48/ lop- To that end, note that, since
A, 55 is compact and symmetric, there exist eigenvalues (Ar)ren, in R and associated
eigenvectors (v)ken, in ¢2(Np) such that
(2.61)

Ao = /\(m(,u), ’)\k| < |)\1| <Xy, keN, <I/k, I/l> =0, k,l€ Ny, 1/0(0) >0

(see Kato [31], Theorem 6.38, Section 6.9] and Zerner [41l, Theorem 1]). Let u € ¢5(Ny) be
such that [lully = 1. Write u = Y7, oy, ert, With ¢ = (u, 1) and Y, ¢ = 1. Then

(2.62) [Aussulls = Y Alerl® < A+ [MP(1 = cf).
keNg
If u(0) = 0, then by the Cauchy-Schwarz inequality
2
(2.63) & = (ww0)? = (D uliwo(@) < D@ =1 [(0)
ieN ieN

Since v(0) > 0 and || < Ag, we get from (2.62))—(2.63))

e <R = 0(O)2) + Mo < Ao = | Ay llop-
Finally, the last equality in (2.56|) follows immediately by the decomposition (2.61]). [

(2.64) [ A5,

2.5. Spectral representation of the generating function.

o Case pu > u(6,3). We show that Z(u,d, ) in is finite. Indeed, by the definition
of (0, 3) and Proposition [2.10[(ii), we know that Asg(u) < 1, and therefore 1 — A, 55 is
invertible. Moreover, since A, 5 3 is symmetric, it is also normal (i.e., || A, 5 8]lop = As,a(1) <
1), and so the inverse of 1 — A, 5 3 equals EnENo AZ,&B' Thanks to Proposition we also

have X(;”g(,u) < 1. Therefore Z(u,d, ) is finite.

e Case 0 < p < pu(6,B). Suppose that p(d,5) > 0 (otherwise there is nothing to prove).
We show that Z(y, 4, 3) in (2.27) is infinite. Indeed, by Lemma [2.8]

(2.65) 2(1.6.8) > 275 (u,5,5) = 3 (AT 5 5)(0,0).

zeN
For i,j5 € Ny, let

. o Aus s, s p(d)
(2.66) Apspliyj) = —E2 PR
P A5, (1)Vp,5,(7)

and observe that

(2.67) (A45.5,5)(0,0) = Xs,5(1))" (A 5,5)(0,0).
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Since A5 g(1) > 1, the proof is complete once we show that the sequence of positive numbers
{(AZ 5,8)(0; 0)}n€N is bounded away from 0. To that end, observe that A is a transition ma-
trix on Ng with 22 16,3 &S invariant probablhty measure. Therefore, by the renewal theorem,

which completes the proof.

2.6. Conclusion. We are finally ready to conclude the proof of Theorem As shown
above, Z(u, ¢, 3) is finite for x> p(d, B) and infinite for 0 < p < p(d, 5). Therefore we have
proven that
1
(2.69) (3, 8) = limsup — log Z%.
n—oo 1N

Below we show that
1
(2.70) lim inf — log Z:"S”B > u(9, B).

Combining (.69 - ) and recalhng , we get the spectral representation in 1.18
in Theorem [1.1] Since p(d,5) > 0, we also get the lower bound in (1.16) in Theorem
The fact that (6, 8) — F*(0,8) = u(d, ) is convex is immediate from

Consider the bridge version of the partition function defined in ([2.43)). The sequence

(log Zn’b’ﬁdge)neN is super-additive because the concatenation of two bridges is again a

bridge. Hence

.1 6,8 _—
(2.71) nh_}rrgo - 108 Z,) ridge  €Xists.
It follows from Lemma that the limit equals p(d, 3). Since Z;; 0,8 > Z:‘l ifl dge’ this settles
(12.70]).

3. GENERAL PROPERTIES: PROOF OF THE MAIN THEOREMS

In Section [3.I] we prove the qualitative properties of the excess free energy and the critical
curve stated in Theorem [I.2] In Section [3:2] we prove the large deviation principle for the
speed and the charge stated in Theorem [I.6], while in Section [3.3] we show how the shape of
the associated rate functions in Figs. fH| come about. In Section [3.4) we prove the central
limit theorem for the speed and the charge stated in Theorem [I.7] In Section [3.5 we prove
the law of large numbers for the speed and the charge stated in Theorems [I-3HI.4]

3.1. Critical curve. In this section we prove Theorem Fix ¢ € [0,00). Clearly, 8 —
F*(0, ) is non-increasing and convex on (0,00) (see ), and hence is continuous on
(0, 00).

By Theorem we know that F*(d,5) > 0. Since 8 — F*(0, ) is non-increasing and
continuous, there exists a f.(0) = sup{s € (0,00): F*(4,5) > 0} such that F*(4,5) > 0
when 0 < 8 < B.(6) and F*(0,8) = 0 when 8 > B.(9). Since (6, 5) — F*(6, ) is convex on
Q, the level set {(0, ) € Q: F*(4, ) < 0} is convex, and it follows that § — S.(0) (which
coincides with the boundary of this level set) is also convex.

Next we prove that .(8) € (0, 00) for 6 € (0,00). By (A.3)), limg_s0 G5 5() = —ocford €
[0,00) and £ € N. Hence, by the definition of the Hilbert-Schmidt norm of the operator A,, 5
in ([2.45)), we have limg_, 00 ||Au,6,,3||HS = 0. But HAIMS,ﬁHOP <A 0, 11,6,3 18
normal, As g(1) = || Aus4|lop, so that limg o A5 (0) = 0. Thus, F*(6, ) = (4, 5) = 0 for
B large enough, and so 3.(d) < oo. Also, observe that F*(0,0) = —f(6) > 0 for § € (0, 00),
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which ylelds that 5.(6) > 0 for 6 € (0,00). Finally, since F*(0,8) = u(0,5) = 0 for
B € (0,00) (recall . (L.13)), we get Bc(0) = 0. The convexity of § — B.(5) and the fact
that B.(6) > 0 for § € (0,00) imply that 0 — S.(0) is strictly increasing. The continuity of
d — B.(0) follows from convexity and finiteness.

From and it follows that, for § € [0,00), 5.(0) coincides with the unique
solution of A5 3(0) = 1. It therefore follows from Proposition[2.10{i) and the implicit function
theorem that 0 — [.(0) is analytic on (0, 00). Finally, since F*(9,5) = u(d, ), it follows
from , Proposition m(l) and the implicit function theorem that F* is analytic on
int(B).

3.2. Large deviation principles for the speed and the charge. In this section we
prove Theorem

Proof. The proof comes in 6 Steps.

1. We begin by introducing the joint moment-generating function for the speed and the
charge. Fix (4, 8) € Q and (v,7') € R2. Let

2y (1,9) = (E° x E) [e”S"”'Qn e PHR(S)—nf (‘”]
(3.1) = (E x B) 7504700 -5117(6)]

—F |:€'st+2yez G;_‘_W/’ﬂ(l’n (y)):| )
Then

, Z* 10,8
(3.2) ESP [e'YS”Jr'Y Qn} = B o /3((70’ 0))

where we recall that Ef{ﬁ is the expectation w.r.t. the annealed polymer measure of length

n defined in ((1.641.7). Next, let

(3.3) Z(1,6, 87,9 = Y e ML (1,7).

n€Np

Then Z(u,d, 3;7,7') has a spectral representation similar to the one in Proposition [2.7]
Indeed, the only difference is that A, 53 must be replaced by €?A,, 53 and ¢ by § ++'. The
same is true for the bridge version of the moment-generating function, for which Lemma
holds with the same replacement (see Proposition . Recall . Repeating the argu-
ment in Sections we obtain that

1 , 1. 77y, )
3.4 A N = lim = logE®P |¥5ntY | — i Zlog =2 1017
(3-4) 5,6(7,7) = lim —logEy [e } A% 108 280 )
is given by
(3.5) Asp(v.7) = [w(6+,8,7) VA + 4, B)] — w(s,B).

Here, the second term in the right-hand side comes from the denominator in , while
the first term captures the crossover from a regime where the spectral radius of €A, 54, 3
controls the blow up of the generating function to a regime where the spectral radius of
A“75+7/7@ does.

2. The result in (3.5)) allows us to apply the Géartner-Ellis theorem of large deviation theory
(den Hollander [25, Chapter V]) and obtain that the pair consisting of the empirical speed
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and the empirical charge satisfies the large deviation principle on [0, c0), with the associated
rate function I5 3 given by the Legendre transform of Asg, i.e.,

(3.6) Isp(0,0') = sup [(07+0"Y) — Asg(v,7")].
¥, ER

Actually, the Gartner-Ellis theorem only gives us the large deviation principle in the regions
where I; 5 is “exposed”, i.e., where (6,0") — I5 53(6,6’) is strictly convex. In the regions where
(0,0") — I55(0,0") is flat, it only gives a lower bound on the rate function and so we need
to provide a matching upper bound. To prove the upper bound, we restrict ourselves to the
marginal large deviation functions, which are obtained from I55(6,6’) by setting v' = 0,
respectively, v = 0. Substituting into (3.6)), we get the formulas for 1§ 5(0) and 155(0’)

in (1.30)—(1.31)), where for the former we use that u(d ++',8) > (0 ++/,8).

3. Before embarking on the proof of the matching upper bounds for the flat pieces in the
rate functions, we state two auxiliary propositions whose proofs are deferred to the end of

Section Recall (2.43) and define the laws (Pi’ﬁiri dge)n N by
6?18
dPn bridge 1
A n,bridge. _ _*  _—BHZ(S)-nf(5)
n,bridge

We also need a bridge version of (3.1)):

*,0,8 _ (TS SrA+Y' Qp —BHL(S)—nf(S
(3.8) Zy) vriage(1:7) = (E° x E) |e¥n 7% e I S)=n It )1{o<sigsn Vo<i<n} |-

Proposition 3.1. (1) The limit

*757/8 /

i 1 Y/ ,
(3.9) APSE(y,4') = lim 1ngjf;ﬂ;gew
neen Zn:k)’ridge(ov 0)

exists and is given by

(3.10) AYY (. 7) = (G + 7/, 8,7) — (8, B).
(2) Let 0(0, ) be defined by

1 0
3.11 =|——logA\
(3.11) 65 = L g esres)]
which satisfies 0(0, ) < v(, B) (see Fig.[2| and (1.32)) ). For every open set O C (v(9, ), 00),
P 1 é, — . v,bridge
(3.12) lim inf — log P2 (7180 € 0) > — inf I}’; £(p),
where
v,bridge o bridge
(3.13) Isg o (0) = sug [0y — Asg o (7, 0)], 6 € [0, 00),
ve
and
v,bridge ) ~
(3.14) L5 (0) = 175(0), 0 € [5(6,8), 00).

(3) For every open set O C (p(f),0),

1 .
(3.15) liminf = log P> . (n71Q, € 0) > — Jnf 1257 (0),

n—oo n n,bridge R
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where
Ip,bridge 0/ _ 9/ o Abridge ! 0/
(316) 4,8 ( ) - S/Ué% [ v 4,8 (077 )]7 € [0700)
¥
and
(3.17) IR0 = 12,(0), 0" €[0,00).

(With additional work, (3.12]) and (3.15) can be turned into large deviation principles.)
Define the partition function restricted to loops:

(3.18) A E[ezyez Gsn) 115,50 vocicn, sp=0} | n € 2N.

n,loop

Proposition 3.2. The sequence (n~!log Znyl(,)lip)W'eQN converges.

4. Flat piece of Ij ;. We start with the matching upper bound for I 5 on (0,9(6,5)) (see
Fig. [). For ease of notation, we omit to write integer parts. Let § € (0,2(d,3)), and let
€ > 0 be small enough so that (6 —e,0 +¢) C (0,9(6,3)). It is enough to show that

llmlnf—log]I”‘w( 18, € (0 —¢,0+ E))

(3.19) e
I35(0)+ (1~ (5@) 5(T(6,6)) -

= 55.5)

for some € that tends to zero as € | 0. Note that

(3.20) 155(0) = p(6,5) — 7121%{“(5’ B:)V (6, B)} = p(9, 8) — i(d, B)-

In order to prove , we adopt the following strategy: the polymer moves to the right
ballistically at speed v(d, 8) for a fraction of time 6/v(4, 5) and spends the rest of the
time making a loop to the right. Recall . As the reader can easily check, the method
explained in Section [2]leads to the following representation of the grand-canonical partition
function restricted to loops:

1

_ *,0,
(3:21) P b
— A8

ne2N

(0,0),  p>0.

Note that sp(gwgﬁ) = X(w(,u) < 1 when p > pu(d,5), while Xgﬁ(/,&) > 1 when u €
(0, 2(0, B)). By repeating the same argument as in Section , we deduce that

1
(3.22) lim sup — log Zn Joop = H(6,B).

n—oo
ne2N

Moreover, by Proposition 3.2] the limsup is actually a lim. Recall that

(3.23) lim — log 7398 = lim — log Zn bridge = (0, B).

n—oo n n—oo n



32 F. CARAVENNA, F. DEN HOLLANDER, N. PETRELIS, AND J. POISAT

Write ms = n0/9(5, 8)(1 £ ¢) and abbreviate E,, = {m~1S,, € (v(5,8),9(3, 8)(1 + &%))}.
Then the strategy above translates into

pis (n—lgn € (6(1—2¢),0(1 + 25)))

B Zi&,ﬁ E [ezyez G5,pLn ()

*,5, *75’5
> Z Zm,bﬁidge (Em) Znfm,loop
= emi(6,8)[1+o(1)] e(n—m)u(8,8)[1+o(1)]
m_<m<my
n—me2N

18, €(001-22).001+27)

(3.24) e(n=m)[i(8,8)[L+o(1)]

5,8
Z Pm,bridge(Em) e(n—m)u(é,B)[1+o(1)]
m_<m<my
n—me2N

> Cn exp [n[l +o(1)] {

Y

— Wzgﬁ(a(a, B)(1+¢%)

+ <1 - W)[ﬁ(& B) — u(9, 5)]}}7

where C' is a positive constant that depends on ¢, 6, v, and Z;’i’ﬁdge (E) is short-hand nota-
tion for the bridge partition function restricted to the event E. We use for the last
inequality.

By continuity of 6 +— IZ{B(H) at = v and , this is the desired result. Note that the
last inequality holds because of Proposition .1} Also note also that the o(1)’s are uniform

on m_ <m < m4 because n —m > (1 —0/[v(4, 8)(1 — &)])n.

5. Flat piece of I} ;. We now turn to the matching upper bound for I3 5 on (0, 5(8)) (see
Fig. . We call a path (S;)o<i<n & half-bridge when S; > Sp(= 0) for all 0 < i < n, and we
define

(3.25) Zyvy = Blezver a6 o vocicny |

Let 8" € (0,p(8)). The strategy is similar as above: fix m =~ 6'n/p(5), let the first m
charges have an empirical average close to p(f), and let the remaining n — m charges have
an empirical average close to 0. To be more precise, write my = nf'(1 + ¢)/p(8) and
abbreviate Ep, = {m'Qm € (1,1 + e2)p(8))} and Ep_m = {0 < Qe < e(n — m)}.
Estimate
PSP (n71Q, € (0/(1 — 2¢),0'(1 + 2¢)))
1

= 58 228 (n71y, € (0'(1 — 2¢),6'(1 + 2¢)))

L wsp R
2 Z Z*,(S”B Zm,bridge<Em) Zn—m,hb(En—m)

m_<m<my T

(3.26) s e
> e—na 2 : ZT;L,{oridge(Em> Zn:m,hb(En—m)
N = emi(6,5) e(n—m)pu(5,8)
m_<m<m4
Z*’é’ﬁ (En—m)

—one *,0,83 — n—m,hb
ze > Pribriage(Em) o(n—m)u(5,8)

m_<m<m4
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Thanks to (3.16)—(3.17)) and the Gartner-Ellis theorem, we know that

.. 1 *,0,0 I .
3.27 liminf —log P00 o () > f I8 5(0").
(3.27) iminf > 108 Py pridge( )_9/6(1,1114}52),5(,8) 55(0)

Below we will prove that

(3.28) lim inf = log Z} (E,,) > 0.

1
n—oo 1

Recalling that I] 5(0) = u(d, 5) and using the continuity of I 5, we therefore obtain

liggi;.}f % logP%? (n7'Q, € (0'(1 —¢),0/ (1 +¢)))
(3.29) . o
> = 5500 — (1= =5

where £ | 0 as € | 0, which is the desired result.

)16,(0) - &,

6. It remains to prove (3.28). To that end, abbreviate Qf = >"" | wil{s,—) and estimate

(3.30) Z:,(}S{S(En) > (E x E) {67& ZIGZ(Q?L)Q1{Qne(0,m)} 1is,>0 vo<i<n} |-

The following strategy gives a lower bound. Fix a € (0, %) and C, M large, and define the
events (to ease the notation we omit writing integer parts)

Ap ={5;€1[0,n%] V0 <i<n},
(3.31) By = {ln(z) < Cn'~* Va € [0,n]},
Cn = {Qﬁ € (0,M]Vx e [O,no‘}}.
On the event A,, N B,, NC,,, we have
(3.32) S < MA(n*+1), Q€ (0,en) for n > (M/2e)/ 17,

TEZ

Therefore, for n large enough,
(3.33) 2 (En) > e P (E x B)[La, 8,00, )-

Next, by the independence of the charges and the local central limit theorem, we have, for
M large enough,

E[P(Co) Liauns,y] = B [{P@) € (0,M] V£ < Cn' =} 114 0,

(334) e n®+1
> (W) P(A, N B,),
where cj is a constant that depends on M. In addition, there exists a constant ¢ such that
(3.35) P(A, N By) > e "
Indeed, the probability that a simple random walk stays inside [0,n®] up to time n is
B An
(3.36) P(A,) = exp [— mepl+o)),  n—oo,

where A is the principal Dirichlet eigenvalue of the continuous Laplacian on [0, 1]. More-
over, for C' large enough we have lim,, oo P(B,, | Ay,) = 1, because (n~(1=%) L (2n%))zef0,1)
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conditionally on A,, converges in distribution to the square of the principal Dirichlet eigen-

function. Combining (3.33H3.35)), we arrive at

3.37 7558 E,) > exp [ — BM?*(n® +1) —en' 2% — ¢pr0.0n®lognl,
n,hb &y
which yields (3.28]). O

Proof of Proposition[3.1, The proof consists in a slight modification of the arguments at
the beginning of this section, see (3.1)—(3.6)). Indeed, define

ri — *,0,
(3.38) 2P (11,5, By, 7) = Y e LYl (1Y)
n€eNy

A minor change in ([2.44)) gives

. 6714 5 / 5
3.39 Zbrldge 7575;'%’}/ — [ ©,0+77, 0’ 0 7
(339 (1 )= [Foa oo

from which we deduce . Let

(3.40) Ve(d, B) = —log A5 5(1(6, B)),

as shown in Fig. Observe that Aébgdge(% 0) = Asa(7,0) for v > (4, 8), which yields
(3-14). Finally, (3.16)) is an immediate consequence of Aj (0, ) = Algfﬂidge(O, -). Both
and follow from the Gértner-Ellis theorem. O
Proof of Proposition[3.3. For n € 2N, let L,, be the space of right-loops of length n, that is
(3.41) L,={S>0,V0<i<mn,S,=0}

For m,n € 2N, define £,, ,, as the following subset of L, ,:

(3.42) Lpn = {S € Lmin: 30<a<n: S, = Spta,

S; < Sa, Yi€[0,a)U(m+a,m+n], S; >S5, Vj€Ela,a+m]}.

Note that: (i) there are at most n + 1 ways of cutting a loop in £+, to obtain two loops
in £,, and £, after gluing the two end-parts together; (ii) the loops obtained in this way
involve two independent sets of charges. Therefore

B4 B, B[Sty (1> L ogeas gs

and so

(3.44) log Z30 | oo = log Z0 4+ 10g Z00 | —log[(m + 1) A (n+1)].

Hence the sequence (log Z;’fﬁp)n cON is almost super-additive, and an application of Ham-

mersley [20, Theorem 1] gives the result. O

3.3. Shape of rate functions. In this section we show how Figs. [dH5| come about. Re-
call from (1.29)) that log As g(1(6, 8,7)) = —v when v > —log A5 3(0). Differentiating this
equation twice with respect to v, we obtain

-1

0 0
ailu((sa B7 ,Y) = |:_a log >‘576 (lu’):| ’
(3.45) v H u=u(3,8,7)
9% 92 o 3
7(& B’fy) = |: IOg )‘5, (:u):| [(67577)} .
0y? Op? ’ p=u(3,8,7) 9y
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From this and the strict convexity (respectively, monotonicity) of p +— log As g(1) we see
that v — p(0, 5,7) is strictly convex (respectively, increasing) for v > —log A5 g(0) (recall
Fig. . Moreover, since u(d, ) = F*(9, 3), we know that 6 — u(4,3) is strictly increasing
and strictly convex as well.

I

log As s
log As s

FIGURE 10. Ilustration of the crossover value v.(d, 3) < 0 when (¢, 8) € int(B).
This crossover value changes sign at the critical curve.

(8, B,) vV (6, B)

Ye(6,8) |0

FIGURE 11. Qualitative plot of v — u(d, 5,7v) Vv u(0, 8) for (4, 8) € int(B). Both
(4, 8) > 0 and pi(6, B) = 0 are possible.

Recall (3.40). By (1.13)) and (1.29)), u(6, B,v) > (6, B) when v > ~.(6, 8) and (6, 8,7) <
(0, B) when v < ~.(6, 8). Hence vy +— u(d, 3,7) V (0, ) has the shape depicted in Fig. .
The right slope of this function at v = 7.(d, 3) is precisely the speed v(d, 3) defined in
(1.32). Hence 6 — I§ (0), which is given by the Legendre transform in , is linear on
[0,0(6, )] and strictly convex on (v(d, ), 00). For § € (0,0(4, 3)) the supremum over « in

is taken at v = 7.(d, ), so that

(3:46) 154(0) = p(6,8) + [07(8,8) — A6, A)] = [u(5, B) — (3, )] — 010g Xs,5 (5, 5))
Let

(3.47) VL8, B) = 80(B) — 5,

as shown in Fig. where we recall that 8 +— J.(3) is the inverse of the critical curve.

By (L13), u(d ++',8) > 0 when v > ~.(d,8) and pu(6 ++/,8) = 0 when v < (3, B).
Hence v — u(d + 4/, B) has the shape depicted in Fig. The right slope of this function
at v = 7,(d, 8) is precisely p(B) defined in (1.32). Hence 6" — If 5(6"), which is given by
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FIGURE 12. Tllustration of the crossover value +.(d, 3) < 0 when (4, 8) € int(B).
This crossover value changes sign at the critical curve.

(o ++, )

/

A0 :

. ol
Ye(6, B)

FIGURE 13. Qualitative plot of ' — u(d ++/, ) for (4, 8) € int(B).

the Legendre transform in (1.31)), is linear on [0, p(3)] and strictly convex on (p(3), o0). For
0’ € (0,p(B)) the supremum over 4/ in ((1.31) is taken at v = ~.(, 3), so that

(3.48)  I54(0') = (6, B) + [070(0, B) — (8 +72(6, B), B)] = (3, 8) — 0'[6 — 6.(8)]-

3.4. Central limit theorems for the speed and the charge. In this section we prove
Theorem for the speed. The extension of the argument to the charge is given in Appen-

dix Bl

Proof. The following sketch of the proof for the speed is inspired by Konig [33]. The proof
comes in 6 Steps.

1. We begin with a probabilistic interpretation of e —(8.8)n 708 (Sp =), x € N. We recall
that the kernels A, A and A are defined in (T.11), (1.12) and (2.20)), respectively.

Let P*%P be the joint law of two independent positive recurrent Markov chains on No,
denoted by (M, )y>0 and (M, )y>0, where (M, )o<y<z has transition kernel Qéﬁ given in

(3-55) below, and M, )y>0 and (M, )y>- have transition kernel Qs 3 given in (3.58|) below.
The law of MJ’ is the invariant law for Q5 3> while the law of M is the 1nvar1ant law for
Q5 3 Testricted to N and normalised by )\N (0 is an absorbing state). In particular,

(3.49) PYOP (M = k) = v(k)?, PHOB (M = k) = 7(k)D(k), k € N,
with v, v, 7 defined below. Let
(3.50) o =inf{i e N: M;” =0}, T=inf{i e N: M}, , =0},
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and define
—1

(351) Y =2 M, Y+—2Z S Y=Y @eMf+1),  1<j<a
Y

<.

Il
o

Lemma 3.3. There exist explicit functions f, g, h, k, which are given in (3.59) below, such
that

e HOPINg OB (S, = )

(3.52) X ) .
= B0 F(M ) oMy, M) RO KOS ) Ly v,y

Proof. An adaptation of the arguments leading to (2.39) gives
(3.53)

e ML (S =)= ) >

(t:5)€MN0)? (Mg )o<y<,(My Jo<y<sESH

t>x
r—1
~ )
Almo . mq ) H y+1 H A(m y+1 HA, v Myr1):
y=0
where
S;:];z:{m;€N070§y<$,m;EN’$§y<t’
(354) s—1 t—1 )
my, EN,0<y<s, Y my+> mf zi(n_a;)}
y=0 y=0

and m;” = m; = 0. Recall that the subscripts W, 0,3 are suppressed from A A and A' and

the same observation as made below allows us to replace Al by A in the line above.
From now on we choose u = (9, 3). Then, the spectral radius of A is 1. Writing v for its
normalized associated eigenvector (right or left, by symmetry), we note that

(3.55) Qgﬂ(’i,j) = A(Z,]) Lj,), i,j S No,
V(i)
is a transition matrix with invariant probability distribution {v2(i i) }iemo-

Let us take a closer look at A. Note first that (2.57)) is valid for A and Ay (the restriction
of A to Nx N), since both matrices are Hilbert- Schmidt and therefore define bounded linear
operators on ¢2(Np), respectively, ¢2(N). Next, by Proposition sp(A) = A < 1. Write
Ay = sp(;iN) and observe that Ay < . Indeed, by (2.57), for all n € N we have

(3.56) < osup [ Afully = sup ATV < AT Y
u€lz(N) u€l2(No)
[lull2=1 [[ull2=1,u(0)=0

and so we get the claim by letting n — oco. Therefore there exists a vector {v(7)};en with
strictly positive entries such that

TZ

(3.57) ZA’L] 50 —)\N<1, ieN.
JEN
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This defines a transition matrix @5,5 on Ny x Ny given by

Gaalind) = A3 505
Qs3(i,0)=1—Ay >0, ieN,
Q5,5(0,0) = 1.

Note that 0 is an absorbing state for Qéﬁ Let {7(7)}ien be a left elgenvector of Ay. We
may normalise o and 7 such that ), 7(7)7 (i) = 1. Recalling (3.49), from (3.53) we obtain

1,7 €N,
(3.58)

(3.59)
e*“(‘s’ﬁ)"Z;’z’z(Sﬂ = 1)
C 1 peas AN 0) Ay M) PO A0
(1= )2 H0, 1) 7 (M) vBLT) (L) e =)
which completes the proof of . O

2. Henceforth we denote by P®# the law of the time-homogeneous Markov chain (My‘Ir )y>0
with transition kernel (05 3. We then have the following representation.

Lemma 3.4. There exists an explicit function u such that, for all T € N,
(3.60)

Ze_“(d’ﬁ)nZZ’é”B(Sn =1) = Z u(ng ,ng ,a,b)

z2>T a,b,n&,noJr

XP‘;’B(YU—CSn—nE—n:{,EleN: Y; =n—ng —ng, M;F_IZb‘MJ:a)

Proof. Define

1 AM-_,,0) A(M:
u(ngnfrab) = —=—pos | Ao 0) Ay 0) 0 Fpss g g
(3.61) (1—An)? v(M;_y) n(My)v(a) 0
' ~ +
z,0,5 V(M;) A(MT 1’0) +
<) By iy | M=)

(Note that the right-hand side in the line above does not actually depend on x, because

(Mj)yzm is by definition a Markov chain with kernel @5,3 given in (3.58)).) By the Markov

property and Lemma
(3.62) = Z u(ng ,ng, a, b)Pé’ﬁ(Yx =n—nyg —ng, M| = b‘MJ =a).
a,b,na,no+

The increments of (Yj);jen are strictly positive, which means that the events in the line
above are disjoint for different values of x. Therefore, summing over x we get the claim. [

3. From Lemma we see that the fluctuations of S;, are related to the fluctuations of
(Yj)jen,- The key ingredient of our proof is the following lemma.
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Lemma 3.5. For every a € Ny, the process (Yj)jen, under P¥P(-|M = a) satisfies the
CLT with mean and variance

0 0?2
(3.63) py = — [8 log )\5,5(#)} : oy = [8 5 log As g (1 )] ,
M pn=p(5,8) w=p(8,8)

i.e., (YN — Nuy)/(oyvVN) — N(0,1) in law as N — occ.

Proof. Recall that under P%# the process (M;r )yen, is a positive recurrent Markov chain,
with transition kernel Q54 and invariant probability measure {v%(i)}ien,. Following [33|
Lemma 4.1], we are going to apply the CLT for Markov chains (see Chung [9, Theorem
16.1]).

The strategy is as follows. For i € Ny, denote by T; the i-th return time to the state a of
(M, )yen, (with Tp = 0) and set £; := max{i € No : T; < j}. Then, we can decompose

(3.64) Yy — Nuy = My — M++Z< — puy (T; — Ti- 1)) + (Ué?fﬂ—uy(N—TeN)),

where
T;—1 N-1

(3.65) Ui= Y (MM 41, Ul = D (M + M, +1).
=T;_ y=Ty

By the strong Markov property, under P%#( - |Mg" = a) the random variables (T; — T;_1)jen
are i.i.d. with finite expectation ur = E®¥(T1|M; = a) = v(a)~2. Consequently, by the
strong law of large numbers, limy_,o {n/N = u;l a.s. Also the random variables (U;);en
are i.i.d., again by the strong Markov property. If we show that

_ EYP(Uh My =a) _ EYP (UM = a)
p=p(8,8) HT EM(TI‘MJ =a)’

366y =~ | 510 Xs0)

then the random variables U; — py (T; — T;—1) are i.i.d. and are centered. If we pretend
that we may replace the upper index £y by ILLEIN in (3.64), and if we ignore the con-
tribution of the “boundary term” U}IJIVCH — puy (N — Tp,), then the standard CLT yields
(YN — N,uy)/(a’yx/ﬁ) — N(O, 1) with
EJ’B((Ul - /LyTl)Q‘MS_ = CL) . E5,B((U1 - /J,yTl)2}MO+ = a)

pur EXS(T1| My = a) '
But this is indeed justified by Chung [9, Theorem 16.1]. The boundary term MO+ — th in
(3-64) is harmless. It only remains to show that py and 0%, as defined in the statement of

Lemma (are finite and) satisfy relations ({3.66))-(3.67).
Recalling the definition (3.55]) of the transition kernel Q5 (i, j), we can write

3.68 1 =P*(T} < oo| M =a) = Apsp(mi— 1,m1)
(3:68) Gt —g=Y Y[Rt

(3.67) o =

neN my,...mp_1#a i=1
mo=mn=a

with p = u(0, 8). Recalling the definition of the kernel A, 5 3, when we differentiate
this relation with respect to p term by term and set p = u(d, 8), we get precisely relation
(3.66)). Differentiating it a second time, we get . We only need an argument analo-
gous to [33, Eq. (4.6)] to interchange differentiation and summation. This follows from an
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adaptation of [33, Eq. (4.7)—(4.11)]. In particular, [33, Eq. (4.8)] is replaced in our context
by

(3.69) Kr= sup sup e MFGs0 | 0, R — oo,
pr lp—p(d.B)|<e £2R

for e small enough, which uses the fact that G 5 is bounded from above and wu(6,8)>0. O

4. Fix ¢ € R and set
(3.70) Tn = — +cv/n = nv(d, B) + ev/n
uy

with py = —[a% log As,5(14)] y=pu(5,8) @s in Lemma (the second equality in follows
from the definition in of the speed v(9, 3)).

Let us next look at the probability in with = z,,. For simplicity, we first forget
about the constraint {3j € N: Y; = n—ny —ng, M;_l = b}. Recall . We prove that,
for fixed na,ng € N and a € Ny,

00 ,—22/[20,(6,8)2
B71) lim PO(Y,, < nomg—nd | M —a) = 0(0), 00 = [ ez,
n—00 ¢ 27-[-0-1)(57 6)2

where 0, (6, 3) is defined in (1.34)). Indeed,
Pa’B(YIn <n-ny —nf | Mj =a)
=P Yy, — 200(8,8) 7 < —cu(6,8) 2/ [L+o(1)] | M =a),
and so the claim follows from Lemma and the fact that o, (6, 8)? = v(6, B)%0%, by .

5. Adapting the argument below [33, Eq. (4.20)], we show that, for fixed ngy, nd and a, b,
(3.73)
P‘m(Ymn <n-ng—ng,3jEN: Y;=n—ng — n(J)r,thl =b|M" =a) T 0(c)m(b),

(3.72)

for an explicit positive constant m(b). Indeed, by the standard ergodic theorem for positive
recurrent aperiodic Markov chains, P*# (M = b | My = a) — v2(b) as n — oo, which
ensures in particular that (M) is tight, since 7, cy, v2(b) = 1. As a consequence, the
analogue of [33, Eq. (4.20)] holds, i.e., lim sup,_, ., sup,eny P*? (M} =b | Mj" = a) = 0.

6. We may now conclude the proof by showing that

(3.74) lim P%° (S = nv(8, 8) + cv/n) = 6(c).

n—o0

First, note that
efﬂ(avﬁ)nZ;ﬁ’B(Sn = x)
e—H(E.B)ng% 08

(3.75) PA(S, = z) =

9

so that, by Lemma [3.4]
(3.76)

6?ﬂ

PR" (S, ==

B8 (S > mu(5, 6) + ey) = et 5n =0
erN PR” (Sn = )

Za,b,na,nz’)— U(Tl/a, TL(T, a, b)P(S”B (Yxn <n-— ’I’La — ng’
_ 3 €8: ¥, = n— g~ My = b =

> wbng nt g g, a,b)PP (35 €N Yy =n—ng —ng, M, =b| M =a)

o
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Equation follows from (3.73)) and (3.76)) by letting n — oco. If we set
(3.77) J(n)=sup{j e N: Y; <n} -1,
then the limit is justified by the following points:

(1) 3= & qulng,ng,a,b) < oo for all b,

0> Mgy @

+ s, - _ o+ + _ + ) —
(2 )hgl—?ol;pilelll\)l Z u(ng ,ng ,a,b)P B(n—no —ng EY,MJ(n)_1 =b|My =a)=0.

ng Mg 0

b>B
Note that allows us to truncate the sums in the numerator and denominator of (3.76)
to b < B, after which allows us to apply dominated convergence. To see why and

hold, we first note that, by the definition (1.12)) of A,
(3.78) A(n,0) "X emnlutlos2)

where the log 2 comes from @(n, 0), cf. (1.9), and we note that G* gives a negligible contri-
bution, by Proposition [A-1] Since, by Lemma [B.3] below,

(3.79) v(n) e v(n) T e, p = log cosh(r) > r —log2,
it follows that
A
(3.80) sup (n,0) < 00,
neN I/(TL)

from which, recalling (3.61]), we deduce that for some positive constant C,
Y ulng,nd,a,b) < Cp(a,b) PP (M = a),

— o+
TLO ,nO

A(My
e o) 80 [0 PO |
n(My )v(a) (Mz
We remind that the second expectation does not actually depend on z, by the Markov
property. Moreover, we claim that for every € > 0 there exists C' < oo such that

(3.81)

(3.82) E® M[ = b} <Ce?, beN,.

L) \
In fact, recalling the definition of the transition kernel Qs g of (M),

+ v v
(3.83)  E®O8 [%’M; - b} - kzN: VEZ;A(b, k) V((IZ)) - 1/(1b) k% (k) A(D, k) .

Since v(b) > ce /2 (recall (3.79)), it suffices to show that > ken, V(K) A(b k) <
C e (r=¢/2b Tq this end, we show that
(3.84) 3 e<rs/2>b< S 5(k) Al k:)) <00

beNg keNp
Recalling the definition (1.11)) of A, we note that, since G* is bounded from above (by
Proposition ,

(3.85) A(b, k) < C e H+R) (b z k) ﬁ = %6_“(b+k) P(Spir = b— k),
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with S,, the simple symmetric random walk on Z. Since 7(k) < Ce™("=¢/2) (recall (3.79)),
setting i =b—k and j = b+ k, we get

Ze(rs/Z)b<Z ( ) ) <CZZ€T €/2)i 7/1313(5 _Z)

(3.86) beNo keNo j€No i€Z
=C Z e_NjE[e(r—E/Q)Sj] - C Z e(logcosh(r—a/2)—,u)j < o0
Jj€No j€N

because p = log cosh(r) > log cosh(r — £) (recall (3.79))). We have proved (3.84)), and hence
B332).

To prove ([)), recall (3.49) and (2.26). Bound A(l,a) < CertHa) (hecause Q(4,a) < 1
and G™ is bounded from above by Proposition , to obtain via (3.81)) that

LS [0 s =) < > @)
(3.87) a€No el

<C Z e M+ (a)D(0) < co.
a,leNy
To prove , we first note that, by Cauchy-Schwarz,

P‘m(MJr:a,n—na—nf{GY,MJr _ L. =D

J(n—ng —ng)

<A\ /PSB(MS =a \/P‘w n—ng —ng EYM;F( +) =0b) <v(a)v(b),
n— no_no

because P*# (M = a) = v(a)? (recall (3.49)), and the relation

(3.89) sup PY(k € Y, Mj ) =b) = v(b)*

proved below. Recalling (3.61)) and (3.81))—(3.82]), we can finally estimate

Z u(ng ,ng,a,b)P*?(n —ng —ng EY,Mj(n) = b| My = a)

(3.88)

ng,nar,a
(3.90) P

<c ¥ @(a,b)y(a)y(b)§C<ZE55[A D(Ze% )

a€Np>B aeNo (M, b>B

Since v(b) < e~ (recall (3.79)), the sum in the second parenthesis converges, and vanishes
as B — oo. To complete the proof of , it suffices to show that the first parenthesis is
finite. Similarly as above, recalling (3.49), (8.79) and bounding A(i, j) < C e #(*) (recall
(12.26)), we get

(3.91) 3 EW[ ] C Y enerp

a€Np a,lENy
It only remains to prove (3.89). If we define p(™(b) = SUPg < Po8(k ¢ Y,Mj(k)
then

(3.92) sup P*P(n e Y, M ¥,
eN Jm)
n€Ng

=b),

=b) = p)(b) = lim p(b).

n—oo
Note that
(3.93) P (b) > p Y (b) = v(b)?,
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while, for all b > 1,

(3.94)
é, +
P*?(n €Y, Mj, =)
0, it2b+1>n
={ v(b)? if2b+1=n

di<a<nap 1 P(n—2b—1€Y, M Jn—2b-1) = =a)Q%(a,b), if20+1<n.

If 2b + 1 < n, then we have in particular that p™ (b) < 3", ..., p" D (a)Q%%(a,b).
Therefore o

(3.95) P (b) < v(6)* Ligpri=n} + P VQ™)(B)Li2ps1<n),
from which we get for n € N (with the convention p(®) = 0),
Ip™ 1 < w(n)® +[Ip" Q|

(3.96)
<v(n)* + "V,

‘\

17
n > 1, so [[p®||; < 1 by Fatou’s lemma. By letting n — oo in (3:95)), we obtain p )(b)
(p>)Q%P)(b) for all b > 1. But ||p(>)Q%P||; < [|p®)|)1, which imphes that p(°®) = p(>) Qo8
and there exists a constant ¢ such that p(®) = ev2. Necessarily, ¢ < 1, so p(oo)(b) S v(b)2.
This completes the proof of , and hence the proof of the central limit theorem for the
speed. [l

because Q%? is stochastic. Since |[p(V|; = v(1)?, we get Hp(” H1 < S, v(k)? = 1, for
B

In Appendix [B] we list the key ingredients necessary to extend the above argument to
prove the central limit theorem for the charge.

3.5. Laws of large numbers for the speed and the charge. In this section we prove

Theorems [[.3HT 4]

Proof. If B # 5.(0) (“off the critical curve”), then the following hold:

e The rate function I§ 4 for the speed in - has a unique zero at v(9, f) = 67( B,0)

(corresponding to v = 0), which equals (|1 .
e The rate function Ig’ﬁ for the charge in - 1.31]) has a unique zero at p(d, 5) = 86 L(5,8)

(corresponding to 4" = 0), which equals (1
Hence the laws of large numbers follow from the large deviation principles. (Note: The
condition S, > 0 in ([1.23)) is put in to fix a direction for the speed: by the symmetry of the
simple random walk the same large deviation principle holds to the left.) If, on the other
hand, 8 = 5.(0) (“on the critical curve”), then the rate functions have a horizontal piece,
and hence the laws of large numbers need a separate argument.
We first note that v(d, 5.(6)) > 0, as it appears from (1.25) and Lemma Thanks to
the strict convexity of I3 4 5o(5) At the right of v(4, 8.(9)), it suffices to prove that
(3.97) lim IW(S < (1=e)w(8,Be(0)n| S, >0)=0  Ve>0.
n—oo
We will use the representation of Pf{ﬂ (S, = x), x € Z, as developed in the proof of Theo-
rem Reproducing Steps 1-6 with z, = (1 — £)v(0, 5.(0))n, we are left with controlling
k—1
(3.98) PYP(Y,, >n) with Yy=>) (2M, +1),
y=0
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where (ngr )yen is the stationary Markov chain whose transition matrix is given by (3.55)),

for the choice of parameters 8 = (.(0) and pu = (0, 5:(0)) = 0. It will be shown in the
proof of Lemma [4.4| below that Y,y iv/(i)* < oo, which means that the Markov chain has

finite mean. Furthermore, E(Y},) = m Since n > v((slg;g(a))xnv we only need that

(3.99) ILm P(Y, — E[Y,] > en) =0,
but this follows from the law of large numbers for stationary Markov chains. O

4. ASYMPTOTIC PROPERTIES: PROOF OF THE MAIN THEOREMS

Section [£.1] contains the proof of the scaling of 3.(d) for § — oo stated in Theorem [1.§(2).
Section [4.2] explains why the phase transition is first order as claimed in Theorem [I.9]
Section contains the proof of the scaling of 5,(0) for 6 | 0 stated in Theorem [L.8[1),
and also deals with the weak interaction limit 6, 3 | 0 in Theorem [I.10}

4.1. Scaling of the critical curve. In this section we give the proof of Theorem (2)
We begin by stating a rough but helpful lemma. Recall ([1.10)):

(4.1) G 5(0) = logE [eme—ﬁﬂi} — logE [65914(1—%92)} _
Lemma 4.1. The following hold:

(1) If G5 5(¢) <0 for all £ €N, then 3 > Bc(0).
(2) If there exists £ € N such that f_ngﬁ(f) > log 2, then f < :(0).

Proof. (1) This is immediate from (1.15)) and (2.18H2.19)).
(2) Let £ € N such that EilG; 5(€) > log 2. We restrict the partition function 7" to the
trajectory s = (s;)en, defined by sp = 0 and

Soat+2p+1 =2a+ 1, a €Ny, 0<b</,

4.2
(42) Soatt2(b+1) = 2a+2, a€Ng, 0 <b <L

For a € N, we can estimate

*,0, x
(4.3) Z3%P > 2060 P(S[0,2a0) = 8[0,2a))-
Take ﬁ log on both sides of (4.3]), let a — oo and recall (2.18)), to obtain that F™*(, 5) >
(1G5 5(€) —log2 > 0. O

With the help of Lemma the asymptotics of 8.() for § — oo is proved as follows.

Lattice case: Recall (1.42]). We prove that there exists a ¢; > 0 such that

) C1
T T2
To prove the upper bound in (4.4)), note that P(£2, € (0,7")) = 0 for all ¢ € N. Therefore,

choosing f = 6/T in the right-hand side of (4.1)), we obtain that (1 — %QZ) < 0 for
all /£ € N and P-a.e. w. Consequently, GEJ/T(E) < 0 for 6 > 0 and ¢ € N which, by

Lemma [£.1|(1), implies that 8.(8) < 6/T for § > 0.

(4.4) < Bo(6) < % ¥5 > 0.
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To prove the lower bound in (4.4)), note that there exists an ¢ € N such that P(2, =T") > 0
(Durrett [I5, Theorem 3.5.2]). Therefore, choosing 8 = B(8,T) = §/T — ¢1/T? in the right-
hand side of (4.1)), we obtain

X 59, (1-28Tq
(45) Gé,ﬁ(é,T)(g) > lOgE |:€ l( 6 Z) ]'{QZ:T}:|

—logP(Q = T) + 6T (1 - %’T)T) = logP(Q = T) +c1,
hence

1 1
(4.6) 7 G (0) —log2 > Jlog P(Qy = T) + A og2.

L l
The right-hand side of (4.6]) is strictly positive for ¢; large enough, uniformly in 6. Therefore,
by Lemma [1.1]2), we have (6, 3(6,T)) € B, which completes the proof of (4.4).

Non-lattice case: We show that

(4.7) li6m inf B.(9)/d = oc.

Pick C > 0. The proof of will be complete once we show that (0,C9) € B for ¢
large enough. To that end we note that for any n > 0 there exists an £ € N such that
P(Q, € (0,m7)) > 0 (by the non-lattice assumption; recall with 7" = 0). Choosing
n=1/C, we get

* > 3 (1-Cy)
(4.8) Goorl) 2 losk | Hoeo.))
> logP( € (0, 4)) + 6 E[Q(1 — C) | Q4 € (0, 5)].

Since E[Qy(1-Cy) | Q¢ € (0, %)] > 0, the right-hand side tends to co as § — oo, and hence
8_1G§705 (¢) > log 2 for ¢ large enough. This completes the proof of (4.7) by Lemma

Non-lattice case with density: Suppose that wy has a density g1 with respect to the Lebesgue
measure A. Then, for all £ € N, 2, has a density gy with respect to A.

Lemma 4.2. liminfs_, 3:(5)/(6%/logd) > 1.
Proof. Using (4.1]), we may write

* _B
(4.9) Gy 5(0) > logE [6594(1 5901{92@(0,%)}] .

Suppose that g has a finite L>°(\)-norm. Then gy is bounded and continuous for £ € N\{1},
with g¢(0) > 0 for ¢ large enough, by the local central limit theorem (see Feller [16, Theorem
2 in Section XV.5|). By continuity, for every ¢ € (0,1) there exists a v > 0 such that
(1 —2)ge(0) < go(x) < (14¢€)ge(0) for all x € (0,7). If % < 7, then we can write

* s(1—B5
G5 5(0) :log/Re‘s (=3 )1{36(0,%)}96(5)@9'

s(1-8s
(4.10) > log [(1—5)95(0)/]1%@5 (1-3 )1{86(07%)}ds]

ﬁs(l—s)(s
> log[(1 — )gu(0)] +og | | €7 1 e ds].
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Choosing 3 = C6%/logd, with C' > 0 fixed and § large enough, we get that the condition
d/B < v is satisfied and

(4.11) G34(0) Zlog[/Ré

s(1—s)

1ise(0,1)yds| — logd + loglog d + log[(1 — £)g¢(0)] — log C.

For every ¢ € (0,1), there exists a C. > —oo such that log[fRés(lc_S)1{86(0,1)}&9] >

l—e

%logé + C., and so limg_, GEHB(E) = oo when % > 1. Since € € (0,1) is arbitrary,
it follows from Lemma that (§,C6%/logd) € B for any C < i and § large enough. [

Lemma 4.3. limsups_, . 8:(6)/(6%/log§) < 1.

Proof. Here we assume that the density g; of wy is bounded, i.e., ||g1]|co < 00. Then ||gllco <
lg1]|oo for all £ € N. Note that, for every ¢ > 0,

(4.12) E [emz(l—%ﬂw%mgm%)}} < e L P € [-e,00 U5, ] +e]) < e + 2l

because §(1 — gﬂe) < —de when Qy < —¢ or 0y > % + ¢, and (1 — gQg) < 0 on the
whole domain of integration {2y ¢ (0, %)} Choosing € = %, we get

- 50 (1-20

(4.13) lim E [e «(1=3 6)1{91&(07%)}} ~0
uniformly in ¢ € N. On the other hand, since maXyc, < s 0z(1 — %z) = %, we can write

5Q(1-29y) L b L g
(4.14) £ [e R 1{Qee(0,%)}} < eP P €(0,3)) < e llgrlloo 5-
We now choose 3 = C'6?/log§ with C' > 0, to get

_8 1 logd

(4.15) E [" 050, c0.yy] < llgnlloo 676 52,

and when C' > % the right-hand side vanishes as § — oo uniformly in ¢ € N. Altogether,
we have shown that lims_,oc G 5(¢) = —oo for any C' > % and 3 = C62/logd, uniformly

in £ € N. It follows from Lemma that (6,C6%/logd) € S for any C' > % and § large
enough. O

4.2. Order of the phase transition. In this section we give the proof of Theorem [I.9]
It follows from ((1.13)) that

N (6. 8)) DA 5.8) 4 o s(u0. ) =0, (5.6) € it (B)

8H NCAVANS 8ﬂ ) 8/8 5,8 {0, — Y ) .

Since F*(6,8) = wu(6,8) by (1.18), and F*(J,5.(0)) = 0, Lemmas below imply
(1.44)—(1.45) in Theorem

Lemma 4.4. For all § € (0,00),

(4.16)

O\
(4.17) [ 5,545)(#)} € (0, 00)
ou =0
Proof. For (i,j) € N2,
0 . o .
(4.18) [_aAm&B(ZJ)} = (47 +1)A0s809)-
/‘I’ u:(]
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In the following, ¢ is kept fixed and 5 = f.(d), which is the value of 3 for which A5 5(0) = 1.
Let x = Xo,5,8.(5) be the right eigenvector of Ay s g,(5) associated with the eigenvalue 1.
Recall Proposition Since Ay s, (5) is Hilbert-Schmidt and symmetric, x € £2(Np) and
X is a left eigenvector as well. We choose x such that ||x|[2 = 1. Our starting point is the
relation

OAs,6.(5) (1) N o
(4.19) [—5%“)} = 30 X0+ 5+ D Aoss s 9 X0)
H n=0 ;i jeN,

which follows by (4.18) and by (x, aﬂx) = %%Hng = 0. From Proposition in Appen-
dix [A] we know that

(4.20) Cisthit) < € e,
(i+j+1)
for some constant C. Therefore, recalling (1.11)) and (2.7]), we need to show that
(4.21) S XXVt G+ 1P(Siry =i — j) < oc.
1,7€No

This is done in 5 steps. In Steps 1-4 we derive successively stronger tail estimates on . In
Step 5 we use these to prove (4.21)). In what follows, C is a constant that may change from
line to line (and depend on other choices of constants).

1. Estimate

DX =D Agsslis §)x(0)x(5)

i>k i>k jeNg
<CY x(i) Y ——==P(Sit; =i—j) x(j)
(4.22) i>k jeNo Vi
1/2 9. 1/2
<D ox®?* (Do X T P =i =) x()
i>k i>k \jeNy
and
| X =P =i =) <Zzip Sivs =i —j)2
(4.23) izk \J€No i>k jeNo 1
<) - 2< = 2 —2
—ZUP( Z P(Sh =0) < Cu? < Ck2.
u>k u>k u>k
VEZ
Combining (4.22)—(4.23), we get
1
(4.24) D x(i)? < Ck2.
>k

Abbreviating oa(k) = 3,5, x(i)?, we find that, for any o € (0, 3),

D ix(i)? =) i%oa(i) — oa(i+ 1))

1€Np 1€Np

—Z (i—1)* <C’Zz°‘l ')gCZiai%<oo.

€N 1€EN i€EN

(4.25)
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2. Next we use (4.25)) to prove that x € £,.(Np) for all r > %. Indeed, let € € (0, %) and
r= % + £, and use Holder’s inequality to estimate

(4.26) Z (i) < (ZX rplgp) /p(ZZ )1/q

i€Ng i€Ng 1€Ng

with p = (% + %)*1 and ¢ = (% — %)*1. Since rp = 2, %p < % and %q > 1, we can use (4.25))
to get that both sums in the right-hand side are finite.

3. Next we prove that -, x(i Ni=E < Ck™ S+ for all € € (0, 3). Indeed, since

(4.27) =" A(i ) cy ﬁ Sivj =i —3)x(),

j€Np j€Np

we can use Holder’s inequality with p =4 — ¢ and ¢ = g%i > % to estimate

i 1/(4-e) (3-2)/(4-2)
(4.28) x() < (3 (45 EP(Siyy = i)' ) ) (3 x(ti-=re-9) o
j€Np J€Np

Hence, using that the second sum is finite as shown in (4.26]), we get

D ox@E<CY Y i+ 4) P (S =i — ) °

i>k i>k jeNg
4.29 E 7 5
429) <C Z u T2 P(S, =v)tE < CZU—WE < Ck 2%,
“Zg u>k
veE

where in the next-to-last inequality we use that

1
P(Su:v)<P(S €{-1,0,1}) <Cu 2 VYueN veZ,

(4.30) Y P(Sy=v)"=P(S2, =0) VueN.
VEZ

4. Next we prove that ;. Vix(i)? < co. Let € € (0,1). By Hélder’s inequality with
—(2-5)/(1-%andg=3—5,

(1-5)/(2-35) 1/(2-5)
(4.31) Z\/X (Zz (+3 > <Zz x (@ ) :

ieN €N €N
The first term converges. Abbreviating o4—c(k) = ;5 x(i)47¢, we find that
3
(432) P =) [P = (i = 1)?ouc(i) SCY ioa (i) <CY i 2t < oo,
i€No iEN i€EN ieN

where we use the estimate in (4.29)).
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5. We can now give the proof of (4.21)). The change of variables u =i+ j and v =i — j
yields

> XOXG)Vi+ G+ 1P(Siy; =i — )

1,j€ENg
(433) =2 Vi x (3 (5P =v)
S (RS

By the Cauchy-Schwarz inequality and the symmetry of the simple random walk, the right-
hand side is bounded from above by

(4.34) > Vut1E[y (“JFSH Z\/FZ (“+”) (Sy = v).

u€Np u€Ng

Split the sum into two parts: [v| > Zu and |v| < 1u. The first part can be estimated by
(recall that ||x|[2 = 1)

DD (“EY P(s. =)

uE€Ng

(4.35) ol> 3
< Z Vu+1P(1Sy] > 3u) < Z u+1e %% < o0
u€Np u€Np

The second part can be estimated by

2
u€Np |U|§§u
U+v U+ v\2
<CY Y\ H5x(F) Psu=v)
(436) u€No |v\§%u
<C> Vix(i)? Y P(Siy; =i j)
1€Np j€Ng
=20 Vix(i),
i€Np
where we use (2.47)) in the last equality. O
Lemma 4.5. For all § € (0,00),
05 5(0
(4.37) [—g‘*”] € (0, 00).
B Ls=p)
Proof. Since we fix ||x||2 = 1, we have (x, %)O = %%HXHQ = 0, hence

0

(%Gaﬁ(l +J = 1)| Aope(5),5(8,7)-

sy |2l ™ o X [
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Note that, for £ € Ny,

o . E[Q2} &% 5]
(4.39) F2Gsa(0) = —— Lo
op [ [ed$%—B%%]
Use Lemma [£L.6] below to conclude that the sum in the numerator is finite. O

Lemma 4.6. inf, a%Gg‘ﬂ(E) > —00.

Proof. Recall (4.39)) above. An argument similar to (A.2)) gives

(4.40) E[e®2F%] > ¢ ¢71/2,
and an argument similar to (A.3]) gives
(4.41) E[02 5%—8%) < ¢ (Z er‘Sk*Bkz‘) 12,
keN
which ends the proof. O

4.3. Weak interaction limit. In this section we give the proof of Theorems 1) and

Recall (1.11)) and (2.14]). The proof comes in 10 Steps.

1. To study limits of variational formulas, we make use of the notion of epi-convergence
(which was used in the derivation of scaling limits for weakly self-avoiding walks as well;
see van der Hofstad and den Hollander [21]).

Definition 4.7. Let (Z,7) be a metrizable topological space, and let 7' C Z be dense in Z.
Given Ug: Z — R with 3 € (0,00) and U: Z — R, the family (Ug)ge(0,00) 5 said to be
epi-convergent to U on Z', written

. im £y on Z',
4.42 lim U @)y on 2!
when the following properties hold:

Vzg = zin Z':  limsupUg(zp) < U(z),

(4.43) pio
25 5z in 2" lirgiionf Us(zg) > U(z).

The importance of the notion of epi-convergence is contained in the following proposition,
for which we refer to Attouch [3, Theorem 1.10 and Proposition 1.14].

Proposition 4.8. Suppose that

(1) Timgyo Us ‘2 U on 2.
(II) For all B € (0,00), Ug is continuous on Z and has a unique mazimiser Zg € Z.
(IIT) There exists a K C Z' such that K is T-relatively compact in Z, U has a unique
mazimizer 2 € K, and there exists a sequence (28) pe(0,00) 1M K such that z5—%3 50
and Ug(z3) — Up(Z3) = 0 as 5 1 0.

Then, as 58 | 0,

(4.44) sup Ug(z) — sup U(z), 25 — Z.
z2€Z z€Z
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Below we will apply Proposition [4.8 with the following choices:

Z = {f € L2<(O7OO)): f >0, Hf”2 = 1},

7' =¢,

T = topology induced by the L?-norm,

K=K.={feC: U(f) > —c},
Ug = B""1sp,

U= aU1 — bU2 — U3,
where C is the set defined in (1.37)), Uy, Us, Us are the functions defined in (4.55) below,
Isp is the functional defined in ([£.50) below, n = Z (or n = %) for Theorem 1) (or

Theorem [1.10)), while ¢ is a constant chosen large enough so that K. # (). The constants a
and b are chosen as we go along.

(4.45)

2. From the Rayleigh formula, we have

(4.46) Xop(p) — 1= sup { > Aussi (i) — ZUW},
;fgéﬁ(lﬁo) | #i€No i€No
v>0, ||v]|2=

We begin by showing that the supremum can actually be taken over functions in L?((0, c0)).
Indeed, for n > 0 write

(447)  R(h) = ﬂln/ooo dx/ooo Ayh(@)h) Auss (| 5] [ 35]). 1 e L2000

Let f € L?((0,00)) with ||f]|2 = 1. Define the piecewise constant function

I _
(4.48) g(x) = Zcil{ﬁn(i—1)<x§ﬁni}7 x € (0,00), ¢ = 77/ f(z)dz, ieN.
e B Janii-

Then ||gl|3 = [;° g(2)*dz = 7,y ¢ which, by Jensen’s inequality, is smaller than or
equal to [ f(x)*dz = 1. Next, denote the renormalised version of g by § = g/||g|l2. Then

N 1 1
(4.49) R(G) —1=—5R(g) —1=—5R(f)—1>R(f) - L.
lgll3 lgll5
Therefore we may write
(4.50) Nsg(p) —1= sup  I55(f)
feL?((0,00))

with

1 o0 o0 o0
450 Dol = [ a [T an @t duss(| 5| | 5]) - [ derter
3. Next, recall . Using that, for all z,

(4.52) ;}/OOOQQ;YJ T, L%J)dyzl,

we decompose the variational formula in (4.50) as
(4~53) IS,,B(f) = Ic%,ﬁ(f) - Ig,g(f),
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where
(4.54)

/ oo [ st w({ﬁnHé’nD—w(M“Mﬂ
/dx/ dy [f(z) = f(y)]? ;,,Au,w({;ybynp

We are interested in the behaviour of the quantity in (4.53) as 8 | 0. Define
(4.55)

0ii) = | Tdr o) f(@)? Ua(f) = / T de (20 f(@)?, Us(f) = / " dzolf (@),

with Us(f) = oo when f’ does not exist everywhere. Our key observation is the following
lemma. Parts (1) and (2) settle requirement in (I) in Proposition Part (3) settles
requirement (III), while requirement (II) follows from the fact that (4.46) has a unique
maximiser and hence so does .

Lemma 4.9. (1) Pick B,C € R and put = BB*3, 162 — 3= C(36%)*/3, n = 2. Then

1 (epl)
lim —— I3 5(f) (C = B)UL(f) — Us(f),
(4.56) o

1 epi
i |~ 3 2a0)]| 2 -0

(2) Pick B € R and put p = —f(8) — BB*3, n = . Then

1 ep1
i 1 Lo (1) B BUWS) = psta (1),

lgiﬂ)l [_511/3[35(]")] 2 ~Us(f),

(4.57)

where ps = B9 [w]. B
(3) Fiz p,0,5 € (0,00) and let KC ={f €C: U(f) > —c}. Let fg € Z be the unique
mazximizer of Ug in Z defined in . Then there exist fg € K., B€(0,00), such that

(4.58) tm 75 fﬂHz =0, 1m[Us(fi) = Us(Fp)| = 0.

The same holds for § = §(B) satisfying 16 — 8 = C(%52)4/3, C € (0,00).

Sketch of the proof. We give a brief sketch, the details of which will be worked out in Steps
7-9 below. Using Proposition [A.2]in Appendix [A] we get, for 3 | 0,

Sl [3][2])- 23]+ [2])
(4.59) = [eCas TR CE) ]ﬁan< {;J +1, {BZ/WJ )

(302 - 8- (@ +y) — B2 (w +y)? }mQ( M’?J o %J )

Inserting into the first line of (4.54) and using Proposition in Appendix [A] we
find the first lines of (4.56)(4.57). Inserting into the second line of (4.54)) and using
Proposition in Appendix [A} we find the second lines of (4.56)—(4.57). Part (3) will be
achieved by taking for fg the linear interpolation of fg. O
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4. Proof of Theorem (1) We look at the scaling of 8:(8) — £6% as § | 0. Put

(4.60) n=2  u=BBi, =18 -C()S.

Then , Proposition and Lemma (1,3) imply that

(4.61) lin 575 [N — 1) = X(C = B, 1),

where

(4.62) x(a,1) = ?Lég {/000 dz [f(z)?a(2z) — (22)°] — 3 f'(z)?(22)] } , aeR.

with C the set defined in ([1.37)). Via integration by parts, the variational formula in (4.62))
can be rewritten as

(4.63)  x(a,1) = %g(f, o), (LY f)(@) = af"(@) + f'(x) + [a(22) - (22)°] f(2),

which is the variational representation of the largest eigenvalue x(a,1) of the Sturm-

Liouville operator £%! introduced in (1.36)(1.38). Pick B = 0 in (4.61) and use that
C +— x(C,1) changes sign at C = a* according to (1.39)), to obtain that (4.61]) yields the

scaling for the critical curve given in ([1.40]).

5. Proof of Theorem [1.10|(2). This a consequence of (4.61)) and the shape of b — x(a,b)
(recall Fig. [6). Indeed, let 8 be as in (4.60). Then

(4.64) F* (5, 157 - 0(552)3) ~[C—a*())(26%)3,  bpL0.

The right-hand side is equivalent to .(0) — § as soon as [.(d) — § = §8/3.

2
6. Proof of Theorem [1.10(1). Set = —f(d) — BS3. Then (4.53)), Proposition and
Lemma [4.9(2,3) imply that

N
(4.65) tim 375 Do) — 1] = X(B. py).

2
from which we get p(d, 8) = —f(9)—a*(ps) 53 [1+0(1)]. Because F'(4, ) = u(d, 5)+f(9), this
proves the asymptotics for the free energy in the first part of (1.46]). As to the asymptotics
for the speed, recall (1.25]), which reads

9 -1
(4.66) 0(6.8) = |~ 5ol
K p=p(6,8)
because A5 g(u(d, 3)) = 1. We have just proven that
2 1
(4.67) Nog (= f(6) = BA3) =14+ X(B.ps)B3[1 +o(1)],  BL0.
By convexity, we may take the derivative of (4.67) with respect to B, to get
2] 0 0 1

aos) =58 [ sl 2 = [ (.| 830+ o)

O n=-r10)-Bs3 OB

Using monotonicity of y +— %)\57 5(1) and continuity of B +— a% X(B, ps), we in turn deduce
that
469 [ opx(Bew)| i)
. A58 =— |35 X(B,ps ;
o p=n(5,8) oB B=a*(ps)
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which via proves the second part of . To get the asymptotics for the charge we
note that

0 0
We know that F(8,3) ~ —a*(ps)5%? as f | 0. Hence we get the third part of (L.46)),
provided we show that the differentiation w.r.t. § and the limit 5 | 0 may be interchanged.
This can be justified as follows. Fix ¢ € (0, 00). For d1,d2 € (0, 00), estimate

(4.71)
575 R(5,8) — Sel-a*(ps)]| < B3| P (5,8) - F“hgf — 2.5)
L |BT3FG10) + 0 (ps)) — (33 F (5, 8) + a* ()
01 — 09
a*(psy) —a*(ps,) d, .
e AL

The second term in the right-hand side tends to zero as 5 | 0 for every choice of §1, 2. The
third term does not depend on 8, and tends to zero as d1,d2 — . To control the first term
it is enough to prove that for some Sy € (0, 00),

2 P —F(6
(4.72) lim sup (73 2F(é,ﬁ)— (01, 8) = F'( 2’5)’ = 0.
1,02—8 8e(0,8) a6 01 — 0
A sufficient condition for the latter is that there exist By, &9 € (0,00) such that
2 2
(4.73) sup B3 sup —QF(é',ﬂ) < 00.
BEOpo)  10—dl<e0 90

. 2
Finally, from (T34), 25 F (0, 8) = 2y (8, 8) + 52 1(6) = 02(6, 8) — 02(6,0).
7. In the remaining steps we prove Lemma[4.9] Along the way we need two technical lemmas.

Lemma 4.10. As { — oo,

vm € No:  E[Q2™] = ¢y £™[1 + 0o(1)] with ¢y =1 x 3% ... x (2m — 1),
(4.74) vm e N:  E[Q™H <, 6™ for some constant c,, depending on m.
Proof. The computations are straightforward and are left to the reader. O

Lemma 4.11. For every a > 1 there exists a constant ¢, such that

(4.75) D i+ §)°Q,5) < cai®, i€ N.

JENg
Proof. Note that (i+7)® < 2'7%(i%+ %), and use (2.7) to show that > jen, JOQL j) < Ci®
for some constant C. O

8. Lemmas below prove the epi-convergence claimed in Lemma[4.9(1,2), which is
requirement (I) in Proposition [4.8]

Lemma 4.12. Let 8 = %52 — C’(%52)4/3 and p = BBY3. Then, for all fs L—2> fincC,

(4.76) lirgf[;lpﬁgfiﬁ(fﬁ) < (C = B)UL(f) — Uz(f).
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Proof. For simplicity, we start with the case B = 0. For ¢ € N, let e53(¢) = 6y — BQ?.
Note that

2
(4.77) supess(®) < 10 =1l 4o1),  AL0.
¢eN e

We expand e®:8() — 1 to fifth order in 3, so that the expansion includes the limiting term.
There exists a constant ¢ such that

(4.78) ecs.8(0) _ 1 < 65’5(5) + %6575(5)2 + %65,5(5)3 + 7148575(5)4 + 065,6(6)51{%75(@)20}-

Keep in mind that ¢ will later be replaced by i + j, where 0 < 4,5 < N 67; Reordering the
terms of the expansion according to 3, we get

(4.79) Ee®#0) —1] < (367 — B)E[Q7F] + (357 — 2628+ 56 E[Q] + Rs5(0),
where Rsg({) is a remainder term given by

(450) Rsp(0) = (56° — 6B)EIQ]] + (308° — §°B)E[Q7] + 16°B°E[Qf] — $05°EQ]]
' + L BUEIQF] + SPR[QF] + 108°B2E[Q]] + 565 E[Q]).
Recall the first line of (£.54)), and set n = 2. Estimate Ic%,ﬁ(fﬂ) < Ig’ﬁl(fg) + I;’g(fg), where

(4.81)

5 (fp) = 5/ dx/ dyfﬁ Q<L$B—2/3J+1’ Ly5—2/3J)

6

’ {(%62 ~OE [Q Wﬂ/ﬂﬂyﬂ”“ﬂ +(38% = 30°B+ 3;0°)E [Qlfxﬁfz/xjﬂyﬁﬂmﬂ }
and
(4.82) 13500 =57 /0°° d /OOO dy f3(2) Q (|28 +1. |95~ )

s (o2 o)

Let us first deal with I ( fs). We cut the integrals over x and y at € > 0. Using Lem-
mas [L.I0HAT1] we get that for all € > 0 small enough, there exists a constant ¢ such that
(4.83)

Ic%:,b’l(fﬁ) < Cgﬁg +[1+0(1)] B~ 3/ dx/ dyfﬁ [J;B—Q/?’J +1, [yﬁ—2/3J)
x [C(z +y) — (z +1)?) B3.

Therefore,
(4.84)

lingfoup ﬁ_% Ii’ﬁl(f/g) < lingfoup B‘% /000 dzx /000 dyfg(x) Q Q:E’B_Q/?)J +1, Lyﬁ-ﬂiﬁj)

< [Clz +y) = (z +y)°]
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Recall (2.47). Making the change of variables u = z + y and v = x — y, we obtain
2 o0 (o.9) _ 3
575 [ao [y @)@ (0520 + 1,570 ) (O ) - o+ )
0 0
2 oo 00 u4v 2
Slﬁ 3/ du/ d/UfQ CU—UZPSU,/ = 1)/8 3
S . 5(2)( )P(Spup-2a) = L0875 )

= [T a() um eyl ()

%/Oood(;) (Cu—u2)f<g>2.

We next deal with the remainder term I ( f5) and show it is o(5%/3). For brevity we deal

with the first term of Rsg(¢) only, and leave the reader to check that the other terms in
Rs(¢) can be handled in the same way. Using Lemmas [4.10[{4.11] we get
(4.86)

/ o [ ans B Q (o725 1 |5 ) (150 59 [0y
< ¥ /0 do f3(e) [ e Q ([ 672 ] + 1. |58 [+ )62

0
<8 [ 30 [a67)  o6l0 [T dwa (o)
0 0

We next indicate how to deal with the case B > 0. The left-hand side of has to be
replaced by e.8()=# _ 1 Since ul is of order 42/3, the first term in the right-hand side
of becomes (362 — 8 — p)E(Q2) (recall that E(Q7) = ¢). Moreover, 6% — 3 — p is
equivalent to (C — 3)54/ 3 so we may repeat the computations for the case B = 0 after

(4.85)

replacing C' by C — B. O
Lemma 4.13. Let g = %52 — C’(%52)4/3 and p = BBY3. Then, for all f € C,
(4.87) liminf 572/155(f) = (C = BYUL(f) = Ua(f).
Proof. Instead of (4.78)), use
(4.88) e — 1> e55(0) + 3e5.5(0) + ges s () + gre5,5(0)" + mgess(0)°.
The analysis for small 5 in Lemma essentially carries over. O
Lemma 4.14. Let f = 162 — C(562)%/3 and ju = BBY3. Then, for all f3 5 f € C,
(4.89) timsup { — 572124(f5) } < ~Us(f).
B0
Proof. We need a lower bound for
(4.90)

I 5(fs) = / dl’/ dy [f3(x) — f5(y))?
x 3723 G pll=t+y)B B3 N —p([(z+y)B=2/3)) 9] Qxﬁfz/sj +1, {yﬁ—ww) .

Fix M > 1 and observe that
(4.91) eGE,,@(Z) > e—ﬂMQZ—éM\/ZP< Q < M)

\[
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Fix 0 < € < N. Then, restricting the integral over x to the interval (¢, N) and the integral
over y to (x + 8 5N ), we obtain for € and 8 small enough
572/3]?,3(]“[9) > 67351/3M2N7361/6M\/N73B[32/3N

> inf P (‘QZ < M>
5525 \|VE

<4/ S / )~ o @ (287 1, [ ]).

_Bl/BN
For fixed €, N, M, the exponential term goes to 1 and the infimum tends to P(JA/(0,1)] < M)
as 6,5} 0. Put w= (y — x)6_1/3 and use (A.8), so that the integral becomes

N N 1 W
4.93 1+ 0(8%? / dz / dw 8723 [f5(z) = f3(z + BY3w)]? ———e 200
@93 [+oE) [ e [ 5(2) = I o o
We are now in the same situation as in the proof of [2I, Lemma 7, Eq. (2.14)]. We refer
to [21, Egs. (2.17)—(2.26)| to show that the limit of this integral as 8 | 0 is the integral

with [wf’(x)]? in place of 572/3 [f5(x) — fg(x + BY/3w)]? in the integrand. Letting ¢ | 0 and

(4.92)

N, M — oo, we get the desired result. (I
Lemma 4.15. Let § = %(52 - C’(%52)4/3 and = BBY3. Then, for all f € C,
(4.94) limint { 871 5(f)} > ~Us ().

Proof. Since p > 0, a first upper bound on ,6_2/3.7(%5(}‘1) is
B72PI34(f) < 5 /O de [ dyp~2[f(z) - f())?

(4.95) « Cial@B=) (LzB_Q/?’J +1, W_MJ) '

Recall that
(4.96) et = E[efﬁg%mé] < /48 = Ve[l +o(1)], asplo,

and that the maximum of z ++ —(22 + 6z is achieved at z = §/28 ~ 1/4/28, as 3 | 0. As
in the proof of |21, Lemma 8|, we split the integral into three parts (note that 3 there is
2 here). Fix ¢ > 0. Part 1 corresponds to = > ¢B~Y3 or y > ¢B7Y/3. We may use (£.96)
and [21] Egs. (2.28)—(2.29)| to show that this part is negligible. In Part 2 we integrate over
z,y < cBf~V/3 and |z —y| > Y12, Again, ([@.96) and [21}, Eq. (2.32)] are enough to conclude.
Finally, in Part 3 we integrate over z,y < ¢~/ and |z —y| < £/!2. We only need to prove
that the factor exp(Gj 5(| (= + y)B2/3)]) is harmless. Indeed, let x < 1/v/2. Abbreviating

(= (z+y)B7%3, we get

—BQ2+46Q —K? 2
E[eﬂg“l‘ ]§6“+“‘[,

ll{QESH/\/B}
E[e 0%, o m] < Vet o] B(% > (s/V20)VE).

Therefore we get the result by first letting 5 | 0 (see |21, Eq. (2.34)—(2.43)]), then ¢ | 0,
and finally & { 0. O

(4.97)

9. The analogues of Lemmas for 5} 0 and 6 € (0, 00) fixed are proved in the same
manner as in Steps 8 and 9. The details are left to the reader. Thus we have completed the

proof of Lemmas [4.9)(1,2).
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10. The proof of Lemma [£.9(3), which is requirement (III) in Proposition is given in
Appendix [C]
APPENDIX A. PROPERTIES OF THE WEIGHT FUNCTION

We prove three properties of the function G 5 defined in (|1.10]) that were used in Sec-
tions and [£.3]

Proposition A.1. For (6,5) € Q,
(A.1) Gss(0) = —5logl + O(1),  — 0.
Proof. Recall that 0, = Zi:l wp. With the help of the local limit theorem we can estimate

G53(0) = logE [6694—/395 1{(2@6[0,1]}]

(A.2)
> C(6,8) + log P(€ € [0,1]) ~ —3 log ¥, { — oo,
and
(A.3) G5 5(¢) <log [Z e‘sm_ﬁmQP(Qg € (mm+1])| < log(Ce~1/?),
meZ
from which the claim follows. O

Proposition A.2. Let Dsp(l) = exp{G}4(()} — 1. For B = 102 — C(30%)Y3 and ¢ =
lup 23],
(A4) Dsp(0) ~ (Cu—u?)B**, B0

Proof. Abbreviate Z;, = Qy/v{, a = —p¢ and b = §v/{. Note that ab = O(y/B), while
E[(Z,)?] = O(£~/?) — 0 and E[(Z;)*] — 3. By expanding the exponential below to fourth
order and keeping only the terms that are of order lower than or equal to 32/3, we obtain

D p(l) = E(e_mzf +5‘/’EZZ) -1
(A.5) = (a+ 10%) + 2a® + Sab? + Lb* + o(8%?)
_ CB4/3£_[@2£2 +0(62/3)7
which is the desired result. 0

Proposition A.3. For{ €N, B+ Gj 5({) is strictly decreasing on [0,00) and § — G 5()
is strictly convex on [0, 00).

Proof. For g € (0,00), compute

E [ 20692692
(A.6) Qagﬂ(z) _ W

op
which is strictly negative because wy is non-degenerate. For § € (0, 00), compute

i E[ () e/ —%

(A.7) @Gaﬂ(f) = (QF) — ()* > 0, ()= R [e7—69)

Therefore 6 — G 5(¢) is stricly convex on (0, c0). O

)
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Proposition A.4. (van der Hofstad and den Hollander |21, Lemma 3|)

(A.8) Ql+1,j)= MQXP {_;Z(;szz)} <1 o <W>>

fori,j — oo with i —j = O((i + §)¥/?).

APPENDIX B. KEY INGREDIENTS FOR THE CHARGE CENTRAL LIMIT THEOREM

In Section [3.4] we gave the proof of the central limit theorem for the speed. In this
appendix we list the key ingredients necessary to extend the argument to the charge. This
comes in 3 Steps.

1. Write, for A € R (recall (L.6)-(L.7)),
#,0+(A/v/n),B

0 [ex[ﬂn—np(wn/ﬁ] _ o 0(6.8)v/m Ln =
(B.1) Zy*
—u(8+(N/VR).B)n 70+ V).

e*#(ayﬁ)nz;ﬁ’a’ﬁ
By (1.28)) and the analyticity of § — (0, 8), as n — oo the first factor converges to

_ oG Bt 15+ VR).B)—u(8,8) | n €

82
(B.2) exp [%AQ@ (8, B)},

which is the desired limit, see (|1.34]). Therefore we need to prove that the ratio in the second
factor converges to 1. An adaptation of Lemma [3.4] gives
(B.3)
e_”(‘s’ﬁ)”Z;"S”B = Z u(ny,ng,a,b) P‘s’ﬂ(ﬂj: Yj=n—n — ng,M;r_l =b M(;r = a).
avb7n17n2
Recalling points — on page it is enough to show that the probabilities
(B.4)
PP (3j: Yy =n, M =b| M =a), PTMVIEE Y =n MI =b| Mf =a),

both converge to m(b) as n — oo (recall (3.73)). The difficulty is that in the second
probability one of the parameters depends on n. To handle this, we need the following
uniform renewal theorem.

Lemma B.1. Suppose that (P(”))neN is a sequence of inter-arrival time distributions, each
with finite mean, converging to an inter-arrival time distribution P, also with finite mean.
Suppose further that there exists a constant ¢ € (0,00) such that

(B.5) sup P (1 = k) < e~ k e N.
neN
Then, lim,_, |P"™ (n € 7) — 1/E[ry]| = 0, where 7 = (7;)ien denotes the sequence of

arrival times.

Proof. By (B.F) and dominated convergence, we have lim,_,o, E™[ry] = E[r]. According
to Ney [35], there exists a constant ¢y such that

N
(B.6) 1P™(ner)—EM )Y < ¢g P™ <Z Zi > n> ,

i=1
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where the Z;’s are i.i.d. with P (Z; > k) < c1e™%, and PM(N > k) < co(1 — 8)* for all
k € N with § € (0,1). Moreover, condition (B.5|) ensures that the constants co,c1,co are
uniform in n € N, and that § is bounded away from 0 uniformly in n € N. O

2. Abbreviate P(") = pi+tA/Vns, Apply Lemma to the renewal process whose inter-
arrival times have law

(B.7)  Kh(0) =Y PUWM #b,... MY #b, M =0bY;=0| M =b), (€N,
€N

delayed by a first inter-arrival time with law

(B8) Kpb(e)=> PMW(MF #£b,... M #b M =bY;=¢|My =a), (€N
€N

We can now explain why (B.5]) holds. For simplicity, we restrict to the case without delay,

ie., a =b. Let K € N be such that b < K, and put o = inf{i € N: Mf < K}. Define

My = Zlgiga 2Mi+ + 1. We rely on the following lemma, whose proof is given in Step 3

below.

Lemma B.2. There exists a ¢ > 0 (depending on K ) such that

(B.9) sup sup E™ (ed\71 ’MJ = 2) < 00.
1<i<K neN

This implies that there exists a C > 0 such that

(B.10) sup PW(M, >n| M =i)<Ce™ ™,  neN.
1<i<K

Define, recursively, op = 0 and o; = inf{k > o;_1: M,j' < K}, 1 €N, as well as the random
processes

(B.11) My= > @M +1), Ap=M} k eN.

Ok
Op—1<t1<0g

Note that the pair (Mk, Ak)ken constitutes a Markov renewal process, and that

_ . (n) _ _
(B.12) =, inf infP (A =i|Ao=j)>0.

We can now derive an exponential upper bound on K% (¢). Indeed, write

(B.13) KL(0) = ZP<n><J\71 kM=l A £ b, Ay £ b A =b ) M = b).
1€EN

Split the sum according to i < v¢ and ¢ > ¢, with v € (0,1) a constant to be determined

later. We have
(B.14)

24 .
K(0) < POV (DM > €) + PO # b, Ay £ b) < e B0 (X D) (1),
i=1

where o > 0. Using Lemma [B-2] we know that

(B.15) E™ (eaZ?ﬁlﬁ’) < exp (78 log sup supE™ [eO‘MI\MJ = z]),
1<i<K neN
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which is finite for a small enough. Therefore, choosing v small enough, we find a ¢ > 0 such
that

(B.16) sup K2 () < e, (eN.
neN

3. We conclude by giving the proof of Lemma

Proof. For the moment, ignore the dependence on n and write P, E instead of P(™ EM®)
(see the comment at the end of the proof). As we will see, the difficulty lies in the lack of
uniform exponential decay for the one-step transition probability of (M, ),en, W.r.t. the
initial state. Instead, we will analyse the exponential decay of Qs g(k,ak) as k — oo, and
prove that the maximum is attained at ap < 1 (Step I below). Consequently, even when
the Markov chain starts at a large initial state, it quickly returns to a predetermined finite
subset of its state space (Step II below).

Step I. By (3.55) and ([1.11]) (recall also (2.47))
Qs,5(i, ) = ¢ THHDHEIDQ(i 41, ) V((j;
v(i
G* (i+j+1)—p(i+j+1) P(Siv; =1i—7) v(j)
2 v(i)’
where Q(+, -) was defined in (1.9)), we denote by (Sy)n>0 the simple symmetric random walk

on Z, and we suppress the dependence on § and 5 on G* and v. We first need to control
the exponential decay of v. This is the content of the following lemma.

(B.17)

=€

Lemma B.3. The limit
1
(B.18) r=— lim —logv(n),

n—oo n

exists and is the positive solution of logcosh(r) = u. The same holds when v is replaced by

V.

Proof. Let
_ 1 l _ n
(B.19) r = —limsup — log v(n), V(z) = Z e“"v(n), x €R.
n—oo T neN
Let € > 0. Since G* is bounded, by Proposition , by (B.17)) we get, for a constant ¢, > 0,
(B.20) v(n) <c. Z eTHMEP(S, i = n —m)e” T,
meN

Therefore, using the change of variables k = n + m and £ = n — m, we obtain

V() < c. Z ew(%)—uk—(r—d(%)p(gk =),

keNLeZ
(B.21) S CEZek(%_“‘%>E[e5k<%+’“?>],
keN
.73 r—e r+r—e
<ece %exp {kb THT 5 + log cosh (?H },

from which we deduce, by evaluating at = r + ¢, that logcosh(r) > u — e. Letting € | 0,
we get

(B.22) log cosh(r) > p.
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Let us next prove that r is a limit. Define

(B.23) s = —liminf 1 logv(n).

n—oo n

By a standard large deviations estimate,

1

(B.24) lim —logP(S, = |an]) = —I(x),

n—oo N
where

1 1-—
(B.25) I(x) = ;L$ log(1+4 z) + i log(1 — z), |z] < 1.
From (B.17)) we get (henceforth we assume that an := |an|, etc. for notational convenience)
(B.26) v(n) > c eG*(”+“")6_“("+“”)P(S(1+a)n = (1—a)n)v(an), a>0,
where c¢ is a constant. Therefore, using Proposition [A71] we get
1—

(B.27) —s>—p(l+a)—(1+ a)I(ﬁ) —as, a>0.

Setting a = 0 we obtain, in particular, that s < co. We can rewrite the previous relation as

1—a
< = —pu(l 1-— —(1 1
wpe(sa) S0, pls,a) = —pll+a)+ (1 —a)s — L+l (1)
1—a7

= (1+a) <u+{51+a IG;Z)})

Let us recall that the Fenchel-Legendre transform of the rate function I(z) is the log-moment
generating function of the the simple random walk: sup,<;{sz — I(z)} = logcosh(s). By

direct computation, the sup in (B.28)) is uniquely attained at z = (1 —e=2%)/(1 +e~2%), so
that

(B.29) (s, e ) =(1+ 6_28)( — p+ log cosh(s)),
—28)

(B.28)

and in order to have (s, e < 0 we must have u > log cosh(s). Since by definition s > r,
and hence log cosh(s) > log cosh(r), it follows from (B.22) that s = = log cosh ™ (u).

Only a few minor modifications lead to the same result for v. O
Note that
1
(B.30) v(a) = p(s,a) = klim Z log Qs (K, ak), a>0,
—00

p(a) = ¢(s,a) is defined in with s = 7 = logcosh™!(u). Setting ap = ™2 < 1,
we know that ¢(ap) = 0, while p(a) < 0 for a # ap. Henceforth we fix ¢ > 0 so that
ag = ag+¢ < 1. Again by (B:28)), we have lim,—,o0 ¢(a)/a = —p — s — I(—1) < 0, hence
SUP,> ot o(z)/x < 0.

We next choose n > 0 small, so that

(B.31) &= —:;1(% {n(l + %) + cpSU)} > 0,

Let us reinforce (B.30). We fix Ky < oo such that e~ "+ < p(i) < e~ for i > Kj,.
Since G* is bounded, and we can replace lim,,_,o by sup, ¢y in (B.24) by super-additivity,
we get the following upper bound from (B.17)), for ¢,k > Kj:

L=k

(B.32) Qs 5(L, k) < C k) o=r(+O=r(=0=(+01GTE) — ¢ n(tHk) glo(y),
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where C' is an absolute constant. In particular, recalling (B.31) and setting K = Ky/ a('{ ,
we get

(B.33) Qspll,k)<Ce I>K, k>aft.
In the next step we complete the proof of Lemma choosing ¢ < €.
Step II. Define

(B.34) My = BZLMT N eN,

for some R € (0,u) to be determined later. Define the filtration Fy = o(M;",i < N),
N € Ny. Then

+
(B.35) E(Mn+1|Fn) = MyE(e™N41| M),
so the process defined by

N N
(B.36) My = exp {RZM;F - ZlogE(eRMﬂMi‘tl)}’ NeN,

i=1 i=1
is a martingale with respect to (Fy)nen. (Even though we do not know yet if My is
integrable, we know by that log E(eRJ‘/ﬁr |M;",) is a.s. finite for R > 0 small, and so
My is well-defined with integral 1.) Since o0 = inf{i € N: Mf < K} is a stopping time, we
get E(MNAU) =1.
We next provide an upper bound on E(eRMz+|MZ-t1) for1 <i<o. Lete > 0 be such

that ag = ag+¢ < 1. We know from Step I that typically M; * is at most ao 1- We split
accordingly:

(e M (M)

(B.37) = E(eRngl{M+>a0 sart 3 IMGE) + B (M L ar<at e 3| M551)
< E(eREMjl{Mjmng_l}‘Mi—l) + efeas My

Recalling , for ¢ > K,

R.MT Rk Ro)k
(B38) E(e g 1{M+>a0 M+ }‘ -1 = E) Z Qéﬂ K k: Z Ce 5
k>ad e k>ad ¢
which is finite for R. < . Combining (B.38)) with (B.37)), we have (possibly enlarging K)
(B.39) E(e™M Mt ) < exp(Real (1+2)M",), 1<i<o.

In the sequel, we redefine ag as ag (14 ¢€), which we may safely assume to be < 1. We get,

since MO+ =b< K as.,
(B.40) 1 = E[Mpp,] > B(efel700) I M —Read Ky

Note that o is a.s. finite, because the Markov chain (M]'\?) NeN, is positive recurrent. There-
fore, by Fatou’s lemma,

(B.41) E(eRe(1-a0) X M) < eReag K o,

which is the desired result.
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Recall that P is originally P = pi+A/ Vb To deal with uniformity in n, it is enough
to note that § — (9, 8) is continuous, so the limit 7 in Lemma and the function ¢ in
(B.30]) are continuous in d, and hence in n. The details are left to the reader. O

APPENDIX C. TAIL ESTIMATE FOR THE EIGENVECTOR

In this appendix we prove Lemma (3) The proof strategy is that of [2I, Proposition
4]. For the sake of conciseness, we only write the proof in the regime

(C.1) BlLo, 8 =p+CpY%  p=Bp

The regime g8 | 0 with § fixed follows the same line of argument and is left to the reader.
In what follows we use Ag and A($) as shorthand notation for A, ;3 and Asg(p) with i, 0
as in .

We choose for fg the linear and renormalised interpolation of the solution of the discrete
variational problem. Namely, if 75 is the normed eigenvector of Ag associated with A(3),
then we define

(C.2)
#a(u) = B3 m5() + @B = i)[rs(0) =i — DI}, (-1 <u<ipi ieN,

and we pick fg = 75/||75||2 as an approximate maximiser. Mimicking [2I, Lemmas 9-10],
we see that it is enough to prove the following adaptation of [2I, Lemma 11]: for 8 small
enough,

() Yoeni®r2() < CLAY3, (i) YeniArd(i) < G285,
(i) 2(0) < C38%%log(1/8), (iv) ||Ars]3 < C4Blog(1/B),

where A7g(i) = 75(1) —13(i — 1), i € N, and the C;’s are constants whose precise values are
irrelevant. The estimates in are proved in two steps: Gaussian disorder (Section
below) and General disorder (Section below). The first allows for explicit formulas, the
second makes use of Gaussian approximations and Taylor expansions. To avoid a lengthy
proof, we only indicate the necessary modifications to the proof in [21].

Recall and . In what follows we use the short-hand notation

(C.3)

(C.4) A(i,j) = P PG 5), 4,5 € N,
with
. N N A )
€ Pid=Qit1)= (") g e =6 - e

C.1. Gaussian disorder.

Proof of (i) in (C.3). 1. Recall (2.20). We have

h(z) 2%y (1+ 28z)
€T) = —_ = ) — uUx
(C.6) R 2;
X
= (60 =B =)o 3% o, + 5 (262~ log(l 4 250)].

Recall (C.1). A Taylor expansion as = | 0 (uniformly over 3, as long as Sz — 0) yields
(C.7) h(z) = (%52 —B—p)z— (52 - B) Bz* 4+ O ((max{%éQ, B}$)3) ,
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and hence
(C.8) h(z) = (C — B)Y3z — g%a® — 208%1342 + O((Bz)?).

Henceforth we fix € > 0 such that O((8z)3) < 28%2? for all z < /. In this way we get
C9 h(z) < C—Bﬁ4/3x—162a:2 ngi.
( 2 /6

Also note that h(gz) ~ —+e? as B ] 0, and hence h(z3) < — =2 for B > 0 small
enough. We show in the proof of Lemma below that h attains its global maximum at
Z = O(B%/3), and that = — h(z) is decreasing for = > Z. Since Z < g5 for § > 0 small, we
have shown that

(C.10) hiz) < ——e  Va>

Note that (C.9) is the analogue of [21], eq. (2.5) (i)] in our context. The analogue of [21] eq.
(2.5) (ii)] is given by the next lemma, where we estimate the global maximum of f.

Lemma C.1.

o if B> C,
(C.11) i hz) = {52/3 (S52) +0(8)., ifB<C.
Proof. Note that
152
(12) Wia) = —20 e

(1+2Bz)2 1+28x

Setting z = ﬁ, we have h'(Z) = 0 if and only if %62z2 — Bz — p = 0, whose positive

2
3 (6) Ap
502 J LR 562

solution (if any) is

(C.13) z

N[ =

Recalling (C.1]), we have ;SZ’ —1=—-CBY3 +0(p*?), and hence

(C.14) z=1 {1 — B3+ \/1 +2(2B — C)B\/3 + 0(52/3)} = 1—(C—B)BY3+0(p*3).
Since z = Téw‘: =1-28z + O((B7)?), we get

(C.15) z=SGa L o87').

Recalling (C.8), we get

sup h(z) = h(z) = (C — B)FPC5E — g2/3 (S58)* — 208 (S5E)* + 0(8)
(C.16) =20
= (2)° 7+ o)

which is the claim. O
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Before continuing with the main line of the proof, we provide two estimattes‘that are the
analogue of [21}, Lemma 13] (see (C.18)-(C.19) below). Note that A(i, j) = e"HH+D P(4 4) <
ecﬁz/sP(i,j) by Lemmalg Arguing as in 21 eq. (4.16)], we get

©17) AB) = 3 mOAGHTG) < e YD TP A)T() < e

i,7€Ng 1,j€Ng

because || Pllop <1 and 3, n, 75(i)? = 1. Consequently,

: AB) —
C.18 limsup —-~+— < ¢ < 0.
For an analogous lower bound, arguing as in |21} eq. (4.17)-(4.20)], we get
, 1—-A(B)
C.19 limsup ———=— < o©
( ) IBiO 52/3

Recall that we want to prove (i) in - We start by proving the analogue of [21], Steps 1
and 2, pages 419-420].

Lemma C.2. The following relations hold (where e > 0 is fized so that (C.9)) is in force):

(C.20) > iPra(i)® < C5 873, > (i)’ < Cr g7
zgfﬂ Z>8[3

Proof. In analogy with |21}, eq. (3.15)], from the trivial inequality

(C.21) > [rs(i) = ms()IP A, 5) > 0
4,j€ENg
we get
(C.22) L= X(B)+ > 7(i)* Y [P+ —1]P(i, 5) > 0.
1€Np j€Np

Note that there exists a tg > 0 such that et < 1+¢+¢2 for all t € (—o0, tg]. By Lemma
sup,>q h(z) < to provided 3 is small enough. Therefore

0<1=XB)+ > 75(0)* D [h(i+j+1) +hi+j+ 1)*|P(i, )

(C 23) 1€Ng j€Np
' <1-XB)+ Y () Y h(i+j+1)PGi,5) + 05,
i€Ng j€Np

where the second inequality follows again by Lemma and the fact that ). jeNo P(i,j) =
1. By (C.10] , we can write

2 2

5 £ £

. _ < 5 L& o &

(C.24) E h(i+j+1)P(i,j) 0 E P(i,5) 0’ i> 3
J€No j€Ng

On the other hand, for ¢ < 45 we can bound

(C.25) > i+ +1)P(i,§) < Y h(i+ 5+ 1)P(i, §),

J€Ng J<35
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because for j > ﬁ we have i +j +1 > 53 5 = 85, and consequently h(z + 7+ 1) <0 again
by (C.10 - ). Having thus restricted the range of j, wehave i +j+ 1< £ 3 and we can apply

(C.9):

(C-26)
1= iﬁ D Miti+ PG < ) {054/3(2' +j+1) - %ﬂQ(z’ +j+ 1)2} P(i, j)
Jeto <5

with ¢ = C' — B. The sums have been evaluated in [21], eq. (1.17)| when j runs over all of
No. Here we have the restriction j < %, which is harmless. In fact, since ¢ < ﬁ, the range
of summation for j includes j < 2i, and we know that the mass of P(i,7) is concentrated
around the diagonal, and decays exponentially in ¢,j when |j —i| > i for any § > 0.
Consequently, for some c¢1,co € (0,00) we have

(C.27) i< g g\; Wi+ j+ 1)P(i,5) < 1843 — 8%,
0

Substituting (C.24)) and (C.27) into (C.23)), we get

2
(C28) 0<1—X(B)+O(BY3) + 18 Y irg(i)® — eaf® D> iPrp(i)* — — Z 75(0)%
i< ‘fﬁ i<i5 6 i>ﬁ

Let us abbreviate I = Zigﬁ i’15(i)% and J = Zi>ﬁ 75(i)2. Note that 1 — A\(8) < ¢38%/°

by (C.19). By Cauchy-Schwarz, ), : it5(i)? < VI, since Y, 73(i)> = 1. Hence (C-2§)
>3
yields

2
(C29) BT+ 50 < e3P+ O(8Y%) + et 8V
Setting ¢4 = % and dividing by 5%/%, we obtain

(C.30) 2 (BY3T) + ea(B23T) < 34 o(1) + 11/ B3I

Since J > 0, we can drop it from the left-hand side. Setting x = %31, se see that the
inequality becomes cox < ¢3 + o(1) + ¢4/, which can only hold when z is bounded from
above, say z < C5. We have thus shown that 8431 < Cs, i.e., the first relation in .
Next, we can drop I from the left-hand side of , getting ¢4 (872/3J) < 3 + o(1) +
c1v/Cs, which shows that also 5_2/ 3] is bounded from above, say $72/3J < C7. This almost
proves the second relation in , in the sense that we have proved it with 5 instead

of £ 35 However, recalling (C , we see that -7 and ( - ) still hold When ﬁ

is replaced by g 55 Consequently, writing with replaced by £ 55 we complete the

proof of - O
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We can now complete the proof of (i). Arguing as in [21], eq. (3.24)], by (C.10]), for every
0 > 0 (which will be fixed later) there is C'(6) > 0 such that

2
€ 10
e 4/ Z (@, 5)75(j /\(ﬁ) ; (4, 5)75(j)
2 .
(C.31) <@+8)e 0 Y Pli,j)ma(j) + O(e €O
j>(1—5)‘
(1 +(5 6 o Z z ] TB _|_O( (5)1')7
j>(1-6)i

where the last inequality holds by Cauchy-Schwarz. Indeed, P(i, ) \/ P(i,5) \/ P(i,7)
and hence

(C.32) Z P(i,5)m5(j Z Z (¢,7) 18(J

j>(1-6)i j>(1-6)i j>(1-6)i

and 3 jen, P(i,5) < 1. Since 35, < i%e™ ) = o(1) as § 1.0, we get

Z’L 75(i)% < ( - {Z Z (2,7) 184 }[l—i-o(l)]

5 J>0=6)

413
2 2
(C.33) égfgge—%t > 1) D] Pig) p 1+ 0(1)]
i>(1-0)5 i<ils
2 2
S e X I MO Ry
7>(1=8)75

because » ;cn, P(4,5) < 1. Consequently,

V)

2
Zi%ﬁ(i)?ggfgf% > i (i) + Z. 2 75(i)% ¢ [1+ o(1)]

P> >4 (1—6)ﬁ<z§ﬁ
(C.34) (1+6)?* 2 2 a2 e 2
) < = 6)26 5 Z i“Tg(1)" + 1652 78(1)° p [1 4+ o(1)]
>3 i>(1-6) 75

where in the last inequality we use the second relation in ), provided we choose 5 < 2

so that (1—6)45 > g5. Fixing 6 > 0 small enough so that (1 + 0(1)) 8@326 <e~ 107 we
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get
2 Y Crei ) )
(C.35) (1—e"10) Z i215(1)? < Tﬁ 43 4 o(B43) = 0(B~?).
>4
Recalling the first relation in , we have completed the proof of (i) in . O

Proof of (ii) in (C.3). The proof works similarly as in [2I]. The only estimate we need is
an upper bound on h(¢) — h(£ + 1) (see [21, Eq. (3.32)]). Recall (C.6|). Explicit calculation

gives

_h(0) = 12 L -1 20 )~ Ba¥s
(C36)  h(E+1) = h(0) = 20" o g T 28 + 1) plon 1+ 1) ~ 29

Using that log(1 + z) < z and (C.1)), we get, for some constant c,

- 1 182 _ 3 _ 2 i 4/3
(C.37) ME+1) =~k 2 (1+2B0)(1+28(0+1)) [2‘5 B—25°(C+ 1)} B
> cf*® — 2%

Inserting this estimate into the analogue of |21, Eq. (3.32)], we get
(C.38) 3" iAT3(i) < Cmax {54/3 S i), 82y i%g(i)}

1€Ng i€Ng i€Np
for some constant C' < oo. An application of Cauchy-Schwarz and (i) in (C.3) gives the
result. O
Proof of (iii) in (C.3). The proof is the same as in [21]. O

Proof of (iv) in (C.3). Again, retracing the proof in [2I], we see that an upper bound on
h(¢+1) — h(¢) is needed. Recall (C.36]). Using that log(1 + ) > z — 2% for x small enough,
we get

1 253 432
1) — < 152 _1 _ - B 4/3
(©.39) ME+1) =10 = 39" G550 2<1+255 (1+26£)2> b
’ 1
< 152 932
—(1+255)2<25 §+28%),
which is less than a constant times 843, by (C.1)). O

C.2. General disorder. Here, the function h defined in is denoted by h, when
wy ~ N(0,1). We use the proofs of (i)-(iv) for Gaussian disorder as a reference frame and
focus on the necessary modifications only. Below ¢ denotes a positive and finite constant
that may change from line to line.

Proof of (i) in (C.3). The first step is to prove (C.9)) for general disorder via a Taylor

expansion. Since Hy = —BQ% + 0€)p is bounded from above, we may write

1 1 1
(C.40) et <14+ Ho+ 5%3 + 6%2 + 2—43%;% + | H|?
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We expand and take the expectation, keeping in mind that 5¢ will be chosen small and that
5Vl ~ (280)1/2, by (C.1)). This gives

(C.41)
E(e™) <1 - BE(Q7)
+ 38°E(Q)) — BOE(2}) + 30°E()
— §8°E(Qf) + 3870E() — 585°E(}) + §6°E(Q})
+ 918'E(Q}) — §8°0B(Q7) + 1B2E(9F) — §85°E(Q)) + 516 E()
+ 0{551@(9;0) + BYOE(1Q) + B20%E(Q7) + 25 E(|Q|7) + B6E(QF) + 55E(Iﬂel5)}~
By discarding all the terms that are o({8¢}?), we obtain
(C.42) E(e™) <1+ CBY20— 1+ 0(1)](80)? + o({BL}?),  {— .
Therefore there exists £y € Ny and ¢ € (0, 00) such that, for 5 small enough,
(C.43) h(f) = log E(e™) — ut < (C — B)BY30 — 1(B0)%, 4y <t<e/B.

The second step is to extend (C.10|) to general disorder. This will be a consequence of

inequality ((C.45) in Lemma below.
Finally, supyen h(¢) < ¢8?/3. Indeed, we have that h(¢) < 0 when £ > £/3, whereas h({) <

(C’—B)B4/3€—%(B€)2 when ¢y < £ < e/ and supzeR{(C’—B)ﬁl/?’z—%f} = %(0—3)252/3.
Moreover, the inequality is clearly satisfied for the finite set of values £ € {1,...,¢y}. O

Lemma C.3. For every € > 0 there exists a C. > 0 such that, for B small enough and for

pl > e,
(C.44) [{h(£+1) = h(0)} — {hg(L+ 1) — hy(0)}| < C=53/2,
and
(C.45) Ih(e) — hy(0)] < &2
. o0l

Proof. In the proof we use the additional assumption on the charge distribution stated in
. We give the proof only for case (b), namely, wy is continuous with a density
that is in LP for some p > 1. The proof requires that the fifth moment of w; is finite
(which is amply guaranteed by ) and that there exists a v > 1 such that the function
t — |[E(e™1)]7 is integrable on R (which is guaranteed by (L.35))(b)). The proof for case
(1.35))(a) is analogous and is omitted. We refer to Petrov [36, Theorem 13, Chapter VII]| for
the necessary details on local limit theorems.

We recall and note that in the proof we may remove the term —puz from the
definition of h because we are only considering differences of h-functions. We will use c.
to denote a strictly positive constant that depends on € only and whose value may change
from line to line. We begin with the proof of .

To prove , we use an Edgeworth expansion for the density m; of €/ Ve (see [17,
Theorem 2, Chapter XVI, Section 2]). Let n(z) denote the standard normal density. Then
there are three polynomials Q3, @4, Q5 such that

(C.46)  sup,cq ’mg@) ~n(x) [1 +30 e—<%—1>Qk($)} ‘ =o(732), 1>,
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where, for k € {3,4,5}, Qr(X) = ZI;:O ay,s X*® with a; s € R for each 0 < s < k. We recall
(C.1), and from ([2.20) deduce that

Us.e

e 2 o 0% 1+CpY/3
(1 +280)1/2 BT 1280 T 1+ 1/(280)

A similar computation allows us to write, for s € N and Z a standard normal random
variable,

feN.

(C.47) ehe(8) =

s.e s )
e 2 S . s5—J
(C.48) ] AT ) [ — () E(Z7) (Y4g,0) = .
(1+280)% =0 M (H2:)
Combining ((C.46)) and (C.48), we get
(C.49)

s—=j

5 k s

4 ) ’ 1 1/2
e [1+ PIPIL s (1+260)'/2 ] (
e e E Q,s, = +o ) — 00, Bl > ¢,
k=3 s=0 j=0 ’ (142p0)2 51 ((54)1/2@/2)

where

(C.50) hoj = (j) are;E(Z) €R,  ke{3,4,5},0<s<k 0<j<s.

In the remainder term in the right-hand side of (C.49), the factor (30)~Y/2 comes from
the integral [ e~ Pl +0Vlr gy while the factor (1 + 28¢)Y/2 comes from the factorisation of
ehs(f) (recall ) and the fact that 4z, is bounded from above and below by two strictly
positive constants depending on &, uniformly in 8¢ > e. The product of these factors is
harmless when 8¢ > €. Also note that the term between brackets in the right-hand side of
converges to 1 as ¢ — oo, uniformly in 8¢ > e.

We next take the logarithm of for £ and £+ 1, and use the fact that  — log(1+x)
is Lipschitz on [—%, o0), so that there exists a ¢ > 0 such that

(C.51)
SR t=t+1 (14+280)!/2
[(E+1) = hy(t+ 1) = h(0) + hy(D] < DD |[Shaa(B:8)] | +o( G ).
k=3 s=0 j=0 -

{— o0, Bl > ¢,

where
5—J . s—j—k
5 p) §s—iplt z

(C.52) Ty,s,5(8,) = (ts.) =

(1+28t)3 271 (1428t %
Differentiating t — T, 5 ;(5,t), we get

o e s—j—k .
L BT (1 == )a+200 - (G- 20)51
2
(C.53) e
< ce B 2o E/B_Et_hgk
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Using (C.53), we have, for k € {3,4,5},0<s<kand 0 <j <s,
l+1
< max

(C.54) ' [‘Ik,s,j(ﬁv t)]e te[e,6+1] ‘ ot

Combining (C.51} and , we get (C.44] -
-

To prove ( ), we agaln use the Edgeworth expansion introduced in (C.46)) but until
k = 3 only, i.e.,
(C.55) SUD,cR ‘mg(iﬂ) —n(z) [1 + \[Q3 } ’ = 0(&2)’ = oo,

where Q3(X) = 3 #(X? — 3X) with p3 = E(w}). We compute " and combine (C.48))
and ((C.55) with the observation that E(Z) = E(Z3) = 0, to obtain

1/2
o) _ by [ M3 (L) (14280)1/2 -
(C.56) O = ¢ [1 (1+25£)3/25\[< 65€>+ ( 2 ) . Lo o0, BL>e
Since g, is bounded by strictly positive constants uniformly in 8¢ > ¢, it follows from
(C.47) that ’1 % is bounded for all 3¢ > e. Thus, we can rewrite (C.56)) in the form

B < hg(0) BVE (1+280)1/2
e < e [1+C€(1—|—2/B€)3/2 o( NG )

k:s,j(ﬁﬂf)‘ §C€ﬂ3/27 KZS/B

(C.57)

< ehs(0) [1 + ce £ — 00, Bl >e.

1
VBl AV ]
The reverse inequality holds with c. replaced by —c.. Taking the logarithm, we conclude
that

1 Ce
(C.58)  h(l) < hy(f) + log [1 + CEW + 0(\}@)] < hg(€) + 77 {— o0, Bl > ¢,
and similarly h(€) > hy(¢) — %, which completes the proof of (C.45)). O

Proof of (i) in (C.3). We need an upper bound on 1 — M+~ (see [21] (3.27)]). Write

—BO, +60
(C.59) 1 — eh+D)=h() _ q _ E(e B eh)

E(e—ﬂﬁf—&-éﬂe)

Case ¢ < ¢/f. Define

E(e*ﬂ(ﬂﬁtwwl)2+5(Qz+twe+1))
E<6—59§+5Q£>

which is a function interpolating between G(0) = 0 and G(1) = eP(E+D=E _ 1 Rewrite

(C.61) G(t)=E(efr) =1,  Hy; = —2BtQuwp1 + Stweyy — Bl

where

(C.60) G(t) =

—1, 0<t<l,

- E[ () e—ﬁﬂ%éﬂe]
(C.62) P() = E [~ POFH0]

Note that (the derivatives are w.r.t. the parameter t)

k) _

(C.63) H| = —28Qwy 1+ dwe1 — 2Btwi,,, H! =—28wi,,, HM =0, k>3
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A Taylor expansion to fifth order gives

1 1— 4
(C.64) G(1) =G (0) + 36"(0) + 1g®(0) + LGW(0) + /0 ( 5 4” GO (4)dt.
Moreover,
(C.65)

g'(t) = E(H;th), G (t) = IE([H;’ + H;Q]th), GO (1) = E([gHt’Hg' + Ht’?’]th),
GW(t) = IE([3H;’2 +6HPH! + Hg‘*]th), GgO(1) = E([15H5Hg’2 +10HPH! + H;5]th)

and
(C.66)

G'(0)=0,  G"(0)=0%—28+4B°E(Q]) — 4B0E(%),
G®(0) = E(wé){lQﬁZIE(Qg) — 686 — SBE(Q3) + 12682E(Q2) — 6552 E(Qy) + 53},

G (0) = E(wl) { 1252 — ASBE(Q2) + 48520E(Q) — 12862 + 165E(02) } |

—32330E(Q3) + 24526%E(02) — 8BS E(Q) + 6.

The terms arising from G©® in (C.64) can be shown to be of negligible order. Therefore
we obtain, for § small enough,

(C.67) G(1) > CBY3 — c[B3PE(Qy) + BPE(Q}) + BE(Q7)].
It remains to provide upper bounds on IE(Q?) for k € {1,2,3}. To that end, let us write
E ($2ge A% 0% )

E<e—m§+5m> '

(C.68) E(Qy) =

On the one hand, by a first order expansion of the exponential we get

(C.69) E(Qze*m?”ﬂé) < 50+ B2 + B¥?) < V2BY(1 4 0232 + V2,
On the other hand, since 8¢ < ¢ we get

(C.70) E<6_595+6Qé> >1—e.

Therefore

(C.71) E(Q) < B

With the same method of proof we obtain
(C.72) E(Q7) <cl,  EQ}) <c(l+ BY202).
Inserting (C.71)) and (C.72) into (C.67)), we arrive at

(C.73) G(1) > B3 — B,
which is the desired estimate, cf. (C.37).
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Case ¢ > ¢/. Decompose

1 — M=k h(f) — h(£ +1)
{h () = hg(€+ 1)} + {h(f) — hg(O)} — {R(L+1) — hg(£ +1)}.

We already know that hy(¢) — hy(€ + 1) < ¢2(. Moreover, by Lemma

(C.74)

(C.75) {h(0) = hg(O)} = {h(€ +1) = hg(€ + 1)} < 5,

from which we get

(C.76) 1 — ehlt+D=h(0) < .52 (1 n W> < cB2(1 + 71 5Y2),
which is the desired estimate, cf. (C.38). O
Proof of (iii) in (C.3)). The proof is the same as in [21]. O

Proof of (iv) in (C.3). It is enough to prove that 1 — eMO=hE+1) < c34/3 (see [21], (3.35)]).
In the analogue of |21], (3.35)], we decompose the sum in two parts: (a) £ =i+ j > ¢/f;
(b) L= itj<e/p.

For (a) we use a Gaussian approximation. Write
(C.77)

1— MO < (04 1) = h(0) < hy(L+1) — hg(£)+ {R(L+1) — hy(0+ 1)} — {h(£) — hg(£)}.
We already know that hy(£ + 1) — hy(€) < c¢4%/3. Moreover, by Lemma
(C.78) {hg(£+1) = h(£ + 1)} = {h(£) = he(0)} < B> < 512,

which is the desired estimate.
For (b) we write

_ B E(eH‘fH)

_ _h(£)—h(£+1) - h(l+1)=h(t) 1 _ =\ )
(C.79) l—e <h(l+1)—h()<e 1= E(cr) 1,
where Hy = —BQ% + 0€2. Using

(C.80) 1+ He+ 317+ 113 < eM <14+ Ho+ 1HE + | Hol?,

we get

(081) W—l S 1+OB4/3€_C/83/2£_CB7/3£2 —1§Cﬂ +C,8 £-.

Inserting this estimate into the analogue of [21], (3.35)], and noting that

(C.82) B3y iPra(i)” < eBP,

1€Np

which we know from (i) in , we get the claim. ]
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APPENDIX D. QUENCHED MODEL

As promised in Section[I.]] in this appendix we prove two modest results for the quenched
version of the model, which has path measure P%* defined by (recall ([1.6/{1.8))

(JJ“B
dPr” oy 1 -smz(s)

(D.1) =5 ,

S ell,

where II is the set of nearest-neighbour paths starting at 0 and Z,, 2 is the quenched partition
function of length n.
Recall ((1.50)). The range of S up to time n is

(D.2) R, (S)=|{zx € Z: L,(S,z) > 0}
We first show that R,,(S) grows linearly in n when the average charge is non-zero.

Proposition D.1. Suppose that 6,5 € (0,00). Then there exist ¢1,co > 0 (depending on
8,3) such that, for P’-a.e. w,

(D.3) PB(R,(S) < eyn) < e-2ntoln),

Proof. Let 7 be the one-sided path that takes right-steps only, i.e., m; = 7 for ¢ € Ny. Recall
(1.2) and estimate

w n —BHYP n_— o w? n _—pBn+o(n
(D.4) Zn"B > (%) E{e BHy " (S) 1{S¢=W¢V1§i§n}] - (%) e Briziwi — (%) e—Bnto(n)

Moreover, by Jensen’s inequality we have (recall ([1.8]))

n 2 n 2
HY(S) = > (Zwil{six}) — Ru(S) Rl@) 3 <lei1{5im}>
=1 i=

D5) Lo (5im)>0 2 Ln(5,2)>0
> Ry (9) - Z Zn:wil{S:m} - Q2.
R.(S) & ' R (S)
Lp(S,z)>0

Combining (D.4HD.5)), we obtain
B

PR 0 (5) < an) <28 o {275 0 10

1

By the strong law of large numbers for w, we have lim, oo n"'Q, = (0/96)log M(§) =
m(8) > 0 for P-a.a. w, and so the term between square brackets equals c3[1 + o(1)] with
cg = %m(5)2 —-1- %. Therefore, by choosing ¢; > 0 small enough so that c¢3 > 0, we get
D.3 with Cy = ,803. O

(D.6)

We next show that the polymer chain is ballistic when the charges are sufficiently biased.
Proposition D.2. For every 3 € (0,00) there ezists a g = do(8) € (0,00) such that
(D.7) V& > 6y Je =e(d) > 0: lim PP (nS, > ¢S, >0) =1
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Proof. Fix 8 € (0,00). Pick dg such that

(D.8) m(do) = /% (1 + 1%2)

If § > dg, then we can choose ¢ > % in Proposition and use the inequality

(D.9)

[{z € Z: Lo(S,2) = 1| | 2Ra(5)

-1

to conclude that a positive fraction of the sites is visited precisely once. Consequently, if
the polymer chain chooses to go to the right, then S,,/n has a strictly positive liminf. O
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