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Brownian survival among Poissonian traps with random shapes
at critical intensity

Abstract

In this paper we consider a standard Brownian motion in Kd, starting at 0 and observed until time t. The
Brownian motion takes place in the presence of a Poisson random field of traps, whose centers have
intensity vt and whose shapes are drawn randomly and independently according to a probability
distribution n, on the set of closed subsets of Rd, subject to appropriate conditions. The Brownian
motion is killed as soon as it hits one of the traps. With the help of a large deviation technique
developed in an earlier paper, we find the tail of the probability S, that the Brownian motion survives up
to time / when where ¢ e (0. o) is a parameter. This choice of intensity corresponds to a critical scaling.
We give a detailed analysis of the rate constant in the tail of St as a function of ¢, including its limiting
behaviour as ¢ — o or ¢ | 0. For d > 3, we find that there are two regimes, depending on the choice of n.
In one of the regimes there is a collapse transition at a critical value c* e (0, 0o), where the optimal
survival strategy changes from being diffusive to being subdiffusive. At c*, the slope of the rate constant
is discontinuous. For d = 2, there is again a collapse transition, but the rate constant is independent of n
and its slope at ¢ = c* is continuous.
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Abstract

In this paper we consider a standard Brownian motion in R?, starting at 0 and observed
until time ¢. The Brownian motion takes place in the presence of a Poisson random
field of traps, whose centers have intensity v; and whose shapes are drawn randomly and
independently according to a probability distribution II on a certain class of compact
subsets of R?. The Brownian motion is killed as soon as it hits one of the traps. With the
help of a large deviation technique developed in an earlier paper, we find the tail of the
probability S; that the Brownian motion survives up to time ¢ when

ct—2/4, d>3,
U —
¢ ct™1 log2 t, d=2,

where ¢ € (0,00) is a parameter. This choice of intensity corresponds to a critical scaling.
We give a detailed analysis of the rate constant in the tail of Sy as a function of ¢, including
its limiting behaviour as ¢ — oo or ¢ | 0. For d > 3, we find that there are three different
regimes, depending on the choice of II. In one of the regimes there is a collapse transition
at a critical value ¢* € (0,00), where the optimal survival strategy changes from being
diffusive to being subdiffusive. This transition comes with a slope discontinuity. For d = 2,
the rate constant is independent of II, and the collapse transition has a continuous slope.
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1 Introduction and main results

1.1 Motivation
The model studied in this paper has two random ingredients:

1. Let 3 = {B(s): s > 0} be the standard Brownian motion in R? — the Markov process
with generator A/2 — starting at 0. We write P, E to denote probability and expectation
with respect to 3.

2. For t > 0, let
K=o+ 4], (1.1.1)

TEWE

where w; is a Poisson point process with intensity

ct=2/d d>3
= ’ -7 1.1.2
g { ct—tlog?t, d=2, ( )
¢ € (0,00) is a parameter and, given wy,
AI, T € Wy, (113)

are i.i.d. random sets drawn according to a probability distribution II on the class Q of
subsets of R? given by

= {A c RY: A compact, A = cl(int(A)), int(A4) o} , (1.1.4)

where cl(A) denotes the closure of A and int(A) the interior of A. We write Py, E; to
denote probability and expectation with respect to K.

The construction of a probability distribution II on the class of closed subsets of R%:
C ={A C R?: Aclosed} is given in Molchanov [10, Chapter 1]. This class is endowed with
the topology generated by the Hausdorff metric pg: C x C — [0, 00] given by

pr (A1, As) =inf{e > 0: A C A5, Ay C AT}, (1.1.5)

where A¢ = UgeaB(x) is the e-environment of A (with B.(z) the closed ball of radius e
centred at z). The probability distribution II lives on the Borel sigma-algebra generated by
pr- In the present paper we assume that IT is such that II(Q) = 1 and

[ 1A1maa) < . (1.16)
Q
Let
Tk, = inf{s > 0: B(s) € K} (1.1.7)
and
St = (Ey x P)(7K, > 1). (1.1.8)

In other words, we view K; as a collection of randomly located and randomly shaped traps,
Tk, as the trapping time for the Brownian motion, and S; as the probability of survival up to
time ¢. The goal of the present paper is to identify the asymptotic behaviour of S; for large ¢.



As will become clear later on, the choice of intensity in (1.1.2) corresponds to a critical scaling.
Our main results show that the tail of S; has an interesting dependence on the parameter c,
with three different regimes for d > 3, depending on the choice of II, and one regime for d = 2.
The proof of these results relies on a large deviation technique developed in van den Berg,
Bolthausen and den Hollander [2]. For each of the regimes we provide a detailed analysis of
the rate constant controlling the tail behaviour of Sy, including its scaling as ¢ — oo or ¢ | 0.
We show that for d > 3, in one of the regimes, the rate constant exhibits a collapse transition
in the optimal survival strategy at a critical value ¢* € (0,00). We analyse the behaviour of
the rate constant near ¢* and show that a slope discontinuity occurs. For d = 2 there is a
collapse transition with a continuous slope.

1.2 Representation in terms of Wiener sausages

The starting point of our analysis is a representation formula expressing S; as an exponential
functional of a family of Wiener sausages with varying shape. This formula is the analogue of
the well-known formula for the fixed shape case.

The Wiener sausage with shape A € Q is the random process defined by

wA®) = |J [8(s)+4], t=o0. (1.2.1)
0<s<t

Proposition 1.2.1 For anyd > 1,11 € M{(Q) and t >0,
S;=E <exp {_,,t/ II(dA) |WA(7:)|D : (1.2.2)
Q

Proof. Let TI~,TIT € M{(Q) be discrete probability distributions such that
I~ <II<II" (1.2.3)
in the sense of stochastic ordering by inclusion. Then
Se(IT) < Sy(IT) < Sy(I17), t > 0. (1.2.4)

For II a discrete probability distribution, say,

T=Y anba, > an=10a,>0 A, €0, (1.2.5)

neN neN

the Poisson random field of traps with random shapes drawn according to Il and intensity vy
is an independent superposition of Poisson random fields of traps with shape A, and intensity
anV¢. The probability, under the law Py, that up to time ¢ the traps labelled by n avoid a
given Brownian path (3 equals exp[—vi(a,|W4»(t)])]. The probability that up to time ¢ all
the traps avoid the given 3 is the product of the latter quantity over n, which is the same as
the right-hand side of (1.2.2) for IT = II.

Any IT € M7 (Q) can be sandwiched, as in (1.2.3), by sequences (ﬁ]_) and (ﬁ;“) of discrete
probability distributions, of the type (1.2.5), such that

If =1  asj— oo (1.2.6)



(= denotes weak convergence). One way to do this is by approximating A € Q from the inside
and from the outside by a union of hypercubes of size € and letting € | 0. Since A +— |[WA(t)]
is continuous on Q in the Hausdorff metric pg, we get from (1.2.6) that

. T+ A _ A
jh_)rgo QH]- (dA) [W(t)| = /QH(dA) |W()]. (1.2.7)
Therefore (1.2.2) holds for all IT € M (Q).

Note that (1.1.6) guarantees that the integral in the right-hand side of (1.2.2) is finite
P-a.s. n

1.3 Survival theorems

This section contains our main results for the tail behaviour of S; as t — oo.

For d > 3, let k(A) be the Newtonian capacity of A associated with the Green function of
(—4a/2)7t

Theorem 1.3.1 Let d > 3 and fiz 11 € M7 (Q). For every ¢ > 0,

lim W log S = —J(c) (1.3.1)
with
TI(E) = inf {3163+ cFJ(6?): & € H(RY, 613 = 1) (132)
where
FC{I(qﬁ?):/ dx/H(dA) (1—6—“<A>¢2<x>>. (1.3.3)
R4 Q

Theorem 1.3.1 identifies the tail of .S; for d > 3 in terms of a variational problem involving II.
Since the dependence on II enters only via the capacity of the random set A, we may rewrite
(1.3.3) as

Fil(¢?) = /Rd dz /Ooo O(dk) (1 — e—*“f’g(x)) (1.3.4)

with © = IT o k=1 the probability distribution on (0,00) induced from II by x. Note that
k(A) € (0,00) for all A € Q.
A similar result holds for d = 2, but without a role for II.

Theorem 1.3.2 Let d =2 and fiz 11 € M7 (Q). For every ¢ > 0,

tllglo lolgtk)g Sy = —Ja(c) (1.3.5)
with
Jo(c) = inf {L[ VO[3 + cFa(¢?): 6 € H'R), o3 =1}, (1.3.6)
where
Fy(¢?) :/ dz (1 —e—2ﬂ¢2<x>). (1.3.7)
R2

The scale of the large deviation in Theorem 1.3.2 is different from that in Theorem 1.3.1. This
is due to the different choice of intensity in (1.1.2). However, the variational formula has the
same structure. The difference is that x(A) is replaced by 27, so that the dependence on IT
drops out. This fact turns out to be related to the recurrence of planar Brownian motion.



1.4 Analysis of the variational problems

In this section we give a detailed analysis of ¢ — JI(c) in (1.3.2) and ¢ — Jo(c) in (1.3.6).

Let (-) denote expectation with respect to ©. For d > 3 there are three regimes:

(I) (k) < oo, and

Je) = elk) for0<e<ecr, (1.4.1)
< (k) forc>c*, o
for some ¢* € (0, 00).
(IT) (k) < oo, and (1.4.1) with ¢* = 0.

(IIT) (k) = oo.
We consider two subclasses for © with (k) < oco:

S; = {O: there existrg € (0,00) and K € (0,00) such that for all k > kg

O(dr) < K™= dr },
S = {O: there exist k1 € (0,00)and L: [k1,00) — (0,00) (1.4.2)

non-decreasing with lim L(k) = oo such that for all k > k;
K—0O
O(dr) > L(/ﬁ;)/i_l_d%fdlﬁ, and (k) < co}.
Note that the separation between the classes S; and Sjy is thin, and is very close to where

(k(d+2)/d) diverges.

Theorem 1.4.1 Let d > 3.
(i) For every Il € M{(Q), ¢+ J(c) is continuous, strictly increasing and concave on (0, 00),

with J3(0) = 0.
(ii) If © € Sy, then JI falls in regime (1). If, in addition, (k") < oo for some n > d‘fTQ, then
the variational problem in (1.3.2) has a minimiser with full support for ¢ = c¢*, and
[T (¢ 4) < (k). (1.4.3)
(iii) If © € Syr, then JY falls in regime (1), and
[T (04) = (k). (1.4.4)
(iv) In regime (11I),
[T (04) = oo. (1.4.5)

(v) The variational problem in (1.3.2) has a minimiser with full support for

c>c* when © € Sy,

c>0 when © € S[[ or </§> = 00. (1.4.6)



Theorem 1.4.2 Let d > 3.
(i) For every Il € M{(Q),

lim ¢ 2/(4+2) jiT(¢) 7

C—00 2

_d+2 (Ad>d/(d+2) (147)

where \g is the principal Dirichlet eigenvalue of —A on the ball of unit volume.
(ii) For © € Sy1, let O(dk) = 0(k)dk with 0(k) = Kk~ 7[1 +0(1)] as k — 00 and 1 < v <
442 0 < K < 0o. Then

d
lim {2KT (=)} 707D [ef) — Jil(e)] = 3 Ma(), (1.4.8)

where
Ma(y) = —inf{uwn% = [ v e Y, i = 1} € (0, 00). (1.4.9)

(iii) In regime (III), let O(dr) = O(rk)dk with O(k) = Kk 71 + 0o(1)] as kK — oo and
0<v<1,0< K <o0. Then

lim {26 [T (=)]e} @D il () = §Ma(), (1.4.10)
where
Ma(y) = inf{wwn% + [ v e E, Il = 1} € (0,5). (1.4.11)

The qualitative behaviour of ¢ — J3!(c) found in Theorems 1.4.1 and 1.4.2 is summarized
below.

& m )

0 c* 0 0
Fig. Qualitative behaviour of ¢ +— JI(c) in the three regimes for d > 3.

Theorem 1.4.3 Let d = 2.
(1) c— Ja(c) is continuous, strictly increasing and concave on (0,00), with J2(0) = 0.
(ii) There ezists a number ¢* € (0,00), given by

L L [IVel3 12 -
¢ =i mf{ ot ¢ € H (R%), \¢II2—1}, (1.4.12)



such that

JQ(C) = 2mc fOT 0 S C*S c, (1413)
< 2mc  forc > c¥,
and
() = 2 (1.4.14)

(i1i) Formula (1.4.7) holds with d = 2.
(iv) The variational problem in (1.3.6) has a minimiser if and only if ¢ > ¢*. This minimiser
has full support.

1.5 Discussion

The idea behind Theorem 1.3.1 is that for d > 3 the optimal strategy for the Brownian motion
to survive the traps is to behave like a Brownian motion in a drift field zt'/% — (V¢ /¢)(z)
for some smooth ¢: R? — [0,00). The cost, under the law P, of adopting this drift during a
time ¢ is

exp [—t X t2/d;/Rd dz |v¢(g;)y2} : (1.5.1)

The effect of the drift is to push the Brownian motion towards the origin, so that it lives on
space scale t1/9, which is well below the diffusive scale. Conditioned on adopting the drift,
the Brownian motion spends time ¢?(z) per unit volume in the neighbourhood of x4 and
it turns out that, for each A, the Wiener sausage with shape A associated with the Brownian
motion covers a fraction 1 — exp[—k(A)$?(x)] of that unit volume. The cost, under the law
Py, of the traps avoiding the Brownian motion is

exp [—ctz/d X t/ dw/ II(dA) (1 - e”(A)‘W:’”))} (1.5.2)
R4 Q

(recall the superposition argument in the proof of Proposition 1.2.1). Combining (1.5.1) and
(1.5.2), we see that the best choice of the drift field is therefore given by a minimiser of the
variational problem in (1.3.2), or by a minimising sequence.

Theorem 1.3.2 shows that for d = 2 the survival probability decays polynomially rather
than exponentially fast. The optimal survival strategy is of the same type as for d > 3,
but now the Brownian motion lives on space scale /t/logt, which is only slightly below the
diffusive scale. Apparently, the limiting behaviour does not depend on II, which says that the
Brownian motion manages to stay far away from the traps.

Theorems 1.4.1 and 1.4.2 show that for d > 3 there are three regimes: !

(I) There is a critical threshold (¢* > 0). For ¢ < ¢*, the Brownian motion prefers to ignore
the survival strategies parametrised by ¢ and to move on space scale v/£. In doing so,
it behaves like a typical Brownian motion and sees the average trap capacity, i.e., also
the traps field is typical . For ¢ > ¢*, on the other hand, the Brownian motion prefers
to follow the survival strategy parametrised by a minimiser ¢ and to move on space
scale t'/?. In doing so, it does a large deviation and sees less than the average trap
capacity. Also the trap field does a large deviation, because it keeps traps out of the

!Even though we interpret our results in terms of an optimal survival strategy, we do not have pathwise
statements. More work would be needed to prove that, conditional on survival, the Brownian motion and the
trap field behave as suggested.



“spongy structure” that is formed by the Brownian motion. Since ¢ has full support, the
Brownian motion “sneeks around the traps and moves about” rather than “finds a large
trap free hole and stays there”. At ¢ = ¢* there is a collapse transition from diffusive
behavior to subdiffusive behavior. This collapse transition is discontinuous because a
minimiser persists at the critical threshold, which leads to a slope discontinuity of J(?
at ¢ = c*.

(IT) There is no critical threshold (¢* = 0). There is a minimiser ¢ for all ¢ > 0, meaning that
the optimal survival strategy is always subdiffusive. As ¢ | 0, this minimiser flattens
out, the Brownian motion gradually covers more space and gradually sees the average
trap capacity. The thinner the tail of II (i.e., the closer II to the boundary with regime
(I), the faster JI! approaches the line with slope (k).

(ITI) The behaviour is similar as in regime (II), but with an infinite slope at ¢ = 0. The
thicker the tail of II (i.e., the farther IT from the boundary with regime (II)), the steeper
Jg approaches the vertical axis.

Theorem 1.4.3 shows that for d = 2 the behaviour is similar to that for d > 3 in regime
(I). There is again a collapse transition, associated with a crossover in the optimal strategy.
Hoever, this collapse transition is continuous because no minimiser persists as ¢ | c*.

The high intensity limit ¢ — oo corresponds to the minimiser contracting to a high and
narrow peak. This corresponds to the optimal survival strategy looking more and more like
“find a large trap free hole and stay there”. This is the optimal survival strategy for all
intensities that are larger than the one in (1.1.2), which is why the choice in (1.1.2) is critical.

Finally, the results in the present paper belong to a regime of critical scaling. Results of
a similar nature appear in van den Berg, Bolthausen and den Hollander [3], where the large
deviation behaviour of the volume of the intersection of two Wiener sausages is identified,
and in a sequence of papers by Merkl and Wiithrich [7], [8], [9], which look at the principal
eigenvalue of the Schrodinger operator —A 4V, with V; a potential consisting of a Poisson field
of obstacles with a height that shrinks to zero in a critical manner with ¢ and with Dirichlet
boundary conditions on a box of size t.

1.6 Outline

Theorems 1.3.1 and 1.3.2 are proved in Section 2. The proof closely follows Sections 2, 3 and
4 in van den Berg, Bolthausen and den Hollander [2] (henceforth referred to as vdBBdH).
We sketch the main line of the argument, so that the present paper can be read almost
independently. Theorems 1.4.1, 1.4.2 and 1.4.3 are proved in Section 3 and rely on variational
calculus and Sobolev inequalities.

2 Proof of Theorems 1.3.1 and 1.3.2

2.1 Scaling, compactifying and coarse-graining

Recalling (1.1.2), we have from Proposition 1.2.1 that

exp [—t@=D/d s cVI(H)], d>3
D ’ ’ (2.1.1)
exp [— logt x cVH(t)] ) d=2,

8



where we define

Ly ),z
VI(t) = (2.1.2)
08 [ 11(aa)y wAW), d=2.
Q

It follows from Spitzer [11] that, for every A € Q,

k(A)t, d>3,

E]WA(t)| =[1+4+o0(1)] x { ont/logt, d—2 t — oo. (2.1.3)
Hence
: 11 _ <"{>a d > 37
fim BVE(E) = { o, d=2. (2.14)

Thus, by (2.1.1), the large deviations of V(¢) driving Theorems 1.3.1 and 1.3.2 take place
on the scale of its mean, which is order 1 for d > 3 when (k) < oo and order 1 for d = 2.

2.1.1 Scaling

By Brownian scaling,

LA = WA D) g,

lont (2.1.5)
SR WwA@) = WAVt log )], d =2,
where = denotes equality in distribution. Hence, abbreviating
(d-2)/d 2/(d—2)
)t » 423, T, =1 » 423, (2.1.6)
log t, d=2, e’ /T, d=2,
we find from (2.1.1) and (2.1.2) that
Sy = E (exp [—erV(1)]) (2.1.7)
with
Vi(r) = / TI(dA) WAV (7). (2.1.8)
Q

The right-hand side involves Wiener sausages at time 7 with a shape that shrinks with 1//T.
We aim for the large deviations of V(7).

2.1.2 Compactifying

We will obtain upper and lower bounds on S; by wrapping the scaled Brownian motion around
a finite torus, respectively, by killing it at the boundary of this torus. This compactification
will be exploited in Sections 2.2 and 2.3, where we prove a large deviation principle (LDP) for
(VI(7)) >0 restricted to the torus and use it to compute asymptotics of exponential moments.
This LDP will lead to a lower, respectively, upper bound on the variational characterisation
of the rate functions JC? and Jy in Theorems 1.3.1 and 1.3.2. By letting the torus tend to R¢

afterwards, we will obtain the variational characterisation as claimed.



2.1.3 Coarse-graining

The proof of the LDP for the Brownian motion on the torus consists of three steps, taken
from vdBBdH:

e Step 1: For € > 0, we chop the Brownian motion into excursions of length €, and define

XT,G = {/BN(iE)}lgiS‘r/ea (219)

which is the collection of the endpoints of the excursions. The lower index NN refers to
the restriction to the torus of size N, and for notational convenience we assume that 7/e
is integer. Let VTI’IN(T) be the analogue of (2.1.8) for the Brownian motion on the torus
of size N. We approximate VTHN(T) by E7—75(VT1:[N(T)), where E; . denotes the conditional
expectation given X, .. We prove that the difference between VI (1) and E, (VL (7))
is negligible in the limit as 7 — oo followed by € | 0. This is done by an applicaﬁion of
a concentration inequality of Talagrand.

e Step 2: We represent ET7€(VT1:[N(T)) as a functional of the bivariate empirical measure

T/€

Lre=12 z} O (B3 (- B (0) (2.1.10)

According to Donsker and Varadhan, (L, )~ satisfies an LDP. We need some further
approximations to get the dependence of E7—7€(VTI’IN(T)) on L;. in a suitable form, but

based on just this LDP we get an LDP for (ET,E(VTI?N(T)))T>O via a contraction principle.

e Step 3: We take the limit € | 0. By Step 2 we already know that VTI?N(T) is well approx-
imated by ET,g(VTI:IN(T)). It therefore suffices to have an appropriate approximation for
the variational formula in the LDP for (E; (VL (7)))r>0.

These steps were used in vdBBdH to derive an LDP for the quantity in (2.1.8) when
II = ép,(0), the point measure on the ball of radius a € (0,00) centred at 0. All we therefore
have to do is to see how the integral over IT can be incorporated and carried along. A priori,
this is not difficult. However, the argument in vdBBdH is rather delicate, involving various
estimates on Brownian motion and hitting times of shrinking balls. We need to check that
these estimates can be handled when the balls are replaced by sets with a random shape.
Therefore we provide a sketch of the main ingredients of the argument and guide the reader
along.

In Sections 2.2 and 2.3 we give the proof for d > 3 when II has finite support, i.e.,

n n
II= ZaméAm, Zamzl, am >0, A, € @, neN. (2.1.11)
m=1

m=1

In Section 2.4 we explain why the proof for arbitrary II follows via sandwiching, as in the
proof of Proposition 1.2.1. In Section 2.5 we briefly indicate how to amend the proof for the
case d = 2, taking (2.1.6)—(2.1.8) into account.

10



2.2 Upper bound in d > 3

Write Ay to denote the torus of size N, i.e., [~N/2, N/2)¢ with periodic boundary conditions.
Let Bn(s), s > 0, be the Brownian motion wrapped around Ay. Let

WiV sy, s>, (2.2.1)

denote its Wiener sausage with shape A scaled down by /7T, and let
A/NTr
Vi) = [ aa) W ) (22.2)

The wrapping lowers the volume of the Wiener sausages, and so we have, recalling (2.1.7) and
(2.1.8),
Sy < E (exp [—CTVTI:IN(T)]) . (2.2.3)

The desired upper bound on S; will therefore come out of the following LDP:
Theorem 2.2.1 (‘/TI’IN(T))T>0 satisfies the LDP on (0, 00) with rate T and with rate function
IC?N given by

Lin(b) = inf {J[IVo[3: ¢ € H'(An), |9]5 = 1, F(¢*) = b} (2.2.4)
with FI given by (1.3.3).
Proof. Any 11 € M{(Q) can be approximated from below, in the sense of (1.2.3), by a se-
quence (I1,,) in M (Q) with finite support, as in (2.1.11). Such an approximation provides
an approximating sequence of upper bounds on S;. So we may assume that II has the form

(2.1.11). In Section 2.4 we will take care of the continuum limit and show why this carries
through.

We follow the three steps indicated in Section 2.1.3.

Step 1:
Proposition 2.2.2 For any 6 > 0,

1
th01 limsup — log P (|[V;y (1) = Er (Vi (7)) = §) = —oo. (2.2.5)

T—oo T

Proof. For II of the form (2.1.11), we decompose (2.2.2) as

Vi) =Y an WiV (7). (2.2.6)

T?
m=1

The proof of Proposition 4 in vdBBdH can be copied to show that, for any § > 0 and
1<m < n,

lim lim sup — log P (| V@) = B (W V(@) [ 26) = —o0,  (227)

Glo T—00 T -
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which yields the claim. The only property we need to check for (2.2.7) is the analogue of
(2.23) in vdBBdH, which plays a pivotal role in the proof and which here reads

sup E (exp [1\WA’”(T)]]) < 00. (2.2.8)
T>1 T
Now, the left-hand side is bounded above by the same expression with A,, replaced by Bg(0),
where R = maxj<m<n R(Ap,) with R(A,,) the radius of the smallest ball containing A,,
centred at 0. But for a ball with an arbitrary finite radius the bound in (2.2.8) is known to
be true (see van den Berg and Bolthausen [1]). n

Step 2: Let 1. M (An x Ay) = [0,00] be the entropy function

1O(y) = { h(plpr @ me) i pn = po, (2.2.9)

€ o0 otherwise,

where h(-|-) denotes relative entropy between measures, p1 and pg are the two marginals of
w, and 7 (z,dy) = p.(y — x)dy is the Brownian transition kernel on Ay associated with an
e-excursion. Furthermore, let @{I/e: M (An x Ax) = [0,00) be the function

@1}/6(#) = /QH(dA) /AN dx (1 — exp [—“(EA) /ANXAN 0y —x, 2 — x)p(dy, dz)]) (2.2.10)

with .
fo ds ps(—y)pe—s(2)

1) (2.2.11)

Spe(ya Z) =

Proposition 2.2.3 (E7—76(VT1:[N(T)))7—>[) satisfies the LDP on (0,00) with rate T and with rate
function

b inf {119) (1): € MT(An x Ay), @ (1) = b} . (2.2.12)
€

Proof. The claim is the analogue of Proposition 5 in vdBBdH. We indicate how the proof is
adapted.

First, we fix K > 0 and cut out holes of radius K/+/T around the endpoints of the
e-excursions. To that end, we define

W = Wi [Bieyyar (B (i = D)) U By yar (B (ie))] (2.2.13)
with
Wik = [8(s) + AT (2.2.14)
(i—1)e<s<ie
and we put
T/€
VI () = /H(dA) Uwi, (2.2.15)
i=1

which is VTHN(T) in (2.2.2) but with the holes cut out. Note that
0 < V(1) = V.RE (1) < (7 + D wa(K/VTp)* < 2Ky /€T (2.2.16)
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(recall (2.1.6); wq is the volume of the ball with unit radius). The right-hand side tends to
zero as T — oo for any K < oo, so the cutting is harmless when we let K — oo afterwards.

Next, we express ET,E(VH]’VK(T)) in terms of the empirical measure L, ¢ defined in (2.1.10):

ET,({ (VTI:[jVK(T)>
T/€
:/ H(dA)/ dv [1-Pc |og |JWRS
Q AN ’

1=1
T/€

:/QH(dA)/ANd:c 1—H{1—Pne (xGWfva)}

:/QH(dA)/ANdm _

(1 — exp E /ANX/\N log (1 —(y—x,z2—x) ]-{yfx,zfx(iBK/\/ﬁ(O)}) Lr,e(d%dZ)D-

(2.2.17)
Here,
qﬂée(ya Z) = Pe,y,z (UA/\/QT < 5) (2.2.18)
with 04 - the first time the Brownian motion enters A/ VT, and
Pey(-) = P(Bn([0.€]) € - | Bn(0) =y, Bn(e) = 2) (2.2.19)

the probability law of the Brownian bridge of length € from y to z.

The key property of the quantity in (2.2.18) needed in the proof is the following analogue
of Lemma 2 in vd BBdH:
(a) lim limsup sup qf,e(y, z)=0forall A€ Q, e>0,
K—00 700 y.2¢By, 7=(0)

() lim  sup |7¢2.(y,2) — k(A)p(y,2)| =0forall 0 < p< N/4and A€ Q, ¢ > 0.

(2.2.20)
Property (2.2.20)(a) is immediate, since q;‘fﬁ(y, z) is non-decreasing in A and for A = Br(0)
the proof is in vdBBdH. For property (2.2.20)(b) the key ingredient is the analogue of (2.64)
in vdBBdH, which reads

I
b0 K(bA)

with Py(-) = Py(8([0,00)) € - | B(0) =y) (see Le Gall [5]). It is through this relation that

k(A) appears on the stage.

1 t
————P,(opa <t) = / ps(—y)ds forally e R t>0 AecQ (2.2.21)
0

Next, (2.2.20) allows us to linearise the logarithm in the last line of (2.2.17) and to replace
it by —k(A)pe(y — z,z — x)/7, which brings us to (2.2.10) with g = L. To do this properly
we need some continuity properties, which are the analogues of Lemmas 3 and 4 in vdBBdH
and which rely on (2.2.20)(b). Since II has finite support, this part of the extension is again
straightforward.

The combination of (2.2.16), (2.2.17) and (2.2.20) leads us to the conclusion that
ET,E(VTT,[N(T)) - (I)?/E(LT,e)

Finally, we note the following;:

lim
T—00

—0 foralle>0. (2.2.22)
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(1) p— o /e (u) is continuous in the total variation norm.

(2) (Lre)r>0 satisfies the LDP on M{ (Ay x Ay) with rate 7 and with rate function %Ig).

Therefore the claim in Proposition 2.2.3 now follows by using the contraction principle in
combination with (2.2.22). n

Step 3: This step consists of two approximation lemmas.

A) /O " ds /A i ps(:n—y)u(dy)]>. (2.2.23)

lim  sup (@1/6 \Iﬂf/e(m)‘ —0. (2.2.24)
€0 1,2
M 616 (:U')

o Let \IIH : M7 (Ay) = [0,00) be the function

\Ill/e( v) = /QH(dA) /AN dx (1 — exp [_

Lemma 2.2.4 For any K > 0,

Proof. For II of the form (2.1.11), we decompose (2.2.10) and (2.2.23) as

&1 (p Z a,, ® 6Am vl (v Z am, f?m (2.2.25)

The proof of Lemma 6 in vd BBdH can be copied to show that, for any K > 0and 1 <m < n,

lim  sup ‘qff;‘m [ — \p‘j;‘m(ul)’:o, (2.2.26)
Wy @y 6

which yields the claim. The only property needed for the proof of (2.2.26) is k(A;,) < co. 1

e Let I: M{(An) — [0,00] be the standard large deviation rate function for the empirical
distribution of the Brownian motion, given by

I(v) = 5[y, IVoP()dz if ¥ = ¢? with ¢ € H'(Ay),

= o otherwise. (22.27)
Let I.: M{(An) +— [0, 00] be the projection of 1% onto M (An), given by
I.(v) = inf {19(#); [ = ,,} . (2.2.28)
Then 1
leilrgl Efe(l/) =I(v) for all v € M (Ay) (2.2.29)
(see vdBBdH Lemma 5).
Lemma 2.2.5 For any K > 0,
lim  sup WY (v) — Fj' (%) =0 (2.2.30)

€l0 . %IE(V)SK

with FY' given by (1.3.3). (Note that if I.(v) < oo, then dv < dx because v @ T, < dz @ dy
by (2.2.9) and (2.2.28)).
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Proof. For II of the form (2.1.11), we decompose (2.2.23) and (1.3.3) as

n
v° 5
VA Z an V() FL%) =) anF M (6P). (2.2.31)
m=1
The proof of Lemma 7 in vdBBdH can be copied to show that, for any K > 0 and 1 < m < n,

lim ‘\p‘”‘m V) — FfAm ()] = o, (2.2.32)

E‘LO :11( 1/6

which yields the claim. The only property needed for the proof of (2.2.32) is k(A;,) < oco. R

Having completed Steps 1-3, the proof of Theorem 2.2.1 now follows easily. Indeed, for
any f: (0,00) — R bounded and continuous we have

lim —logE(eXp [Tf( n(T ))])

=lim lim p logE (exp [ f(Ere(VEN(T))])

e€l0 T—00
— 0 () — 21
—1gfgsgp{f(@1/e(ﬂ)) L)
. . 1
= lim lim sup {f(q)gl/e(,u,)) - 61—6(2)(M)}
<K

K—oo €]0
0 118 ()<

~ g sy lf/e(ﬂl))—lfe@)(ﬂ)}
<K

Koooeld | 1/, (2.2.33)

= lim lim  sup {f A 116(1/)}
€

K—o0 €l0 . lI V) <K

Sty e (7 () - e}
zsgp{f <Fd <Zg>> —I(V)}

= s s - 5IVel

deH (AN): ||o||3=1

Here, the first equality uses Proposition 2.2.2, the second equality Proposition 2.2.3, the fourth
equality Lemma 2.2.4, the fifth equality (2.2.29), the sixth equality Lemma 2.2.5, while the
last equality comes from (2.2.27). The claim in Theorem 2.2.1 follows by applying to (2.2.33)
the inverse of Varadhan’s lemma due to Bryc [4]. n

It follows from (2.2.3) and Theorem 2.2.1 that

lim sup —log St < —Jg () (2.2.34)

T—oo T

with
JCEIN(C) = inf {cb—i— IgN(b): be (O,oo)}

= inf {3]|VgI3 + cF}(¢°): ¢ € H' (An), |9l =1}

(2.2.35)
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This is the same as (1.3.2), but with R? replaced by Ay. Thus, to complete the proof of the
upper bound for II with finite support it suffices to show that

Jim Jin(e) = T3 (c). (2.2.36)

The latter is a standard exercise, for which the reader is referred to vdBBdH Section 2.6.

2.3 Lower bound in d > 3

If II has unbounded support, then it cannot be approximated from above, in the sense of
(1.2.3), by a sequence (II,,) with finite support. However, we can truncate and estimate
(2.2.2) by

V() S VI () +0r[AN],  R>0, (2.3.1)
where
Ve = /QH(dA) L{r(A)<R} WA (7)), (2.3.2)

with R(A) the radius of the smallest ball containing A centred at 0, and dp = II({A €
Q: R(A) > R}). Since limp .~ dr = 0, it suffices to give the proof for VT{IN7R(T). The point
is that II restricted to {R(A) < R} can be approximated by a sequence with finite support.
Thus, we may again assume that II has the form (2.1.11).

A lower bound on the survival probability is obtained by killing the Brownian motion at
OAN_pg)7;- Therefore we have from (2.3.1), recalling (2.1.7) and (2.1.8), that

Sy > e cTORIANI B (exp [—CTVTIZIN7R(T)] 1CN,R(T)> , (2.3.3)

where Cn r(7) is the event that the Brownian motion does not hit OAN_R/\/TT until time 7.
On the event Cn g(7) we can use Theorem 2.2.1, which leads us to

1 1
liminf = log Sy > —cdp|An| — An + lim —log E (exp [—CTVTHN(T)] | Cn.r(T))
T—00 T T—00 T ’

(2.3.4)

= —c0g|AN| — AN — JEM*(C).

Here, Ay is the principal Dirichlet eigenvalue of —A/2 on Ay, while Jc?N, ,(c) is given by
(2.2.4), except that ¢ has the additional restriction supp(¢) N dAxy = 0. First let R — oo
to get rid of the first term in the right-hand side of (2.3.4). Next let N — oo and use that
limpy— oo An = 0 to see that it suffices to show that

Jim Jin . (c) = T3 (c). (2.3.5)

The latter is again a standard exercise, for which the reader is referred to vdBBdH Section
2.6.

2.4 Continuum limit of II

The bounds in (2.2.34) and (2.3.4) in combination with the limits in (2.2.36) and (2.3.5) yield
Theorem 1.3.1 for all IT with finite support, as assumed in (2.1.11). It therefore remains to
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show that the variational characterisation of JI in (1.3.2) is stable under the continuum limit
on II. In order to do so, we note that

{A,, A€ Q, pu(A,,A) -0} = {k(4,) — k(A4)}. (2.4.1)
Consequently,

{l, = M in M{(Q)} = {6,= 0 in M{((0,00))} (2.4.2)
with © = IT o k~!. Hence it suffices to show stability under the continuum limit on ©. This

is again a standard exercise. We refer the reader to the analysis in Section 3.

2.5 Extension to d =2

The extension to d = 2 is minor and follows vdBBdH Section 4. The ingredients (2.2.8),
(2.2.20) and (2.2.21) need to be properly modified, for which we refer to (4.8), Lemma 8 and
(4.14) in vdBBdH, respectively. The rest of the argument is the same, with the notation
introduced in (2.1.6).

3 Proof of Theorems 1.4.1, 1.4.2 and 1.4.3

3.1 Proof of Theorem 1.4.1(i) and Theorem 1.4.3(i)

According to (1.3.2) and (1.3.6), ¢ — JI(c) and ¢ — Jy(c) are infima over functions that are
linear. Consequently, both are concave, and therefore also continuous except possibly at the
boundary point ¢ = 0. It is obvious that J'(0) = J2(0) = 0. From the general upper bound
proved in (3.6.5) below, it follows that lim.|o J3 (c) = lim,|o J2(c) = 0. Therefore continuity
extends to the boundary. It is further obvious from (1.3.2) and (1.3.6) that Ji(c) and Ja(c)
are non-decreasing in c. By concavity, both are strictly increasing in ¢ unless they are constant
from some finite ¢ onwards. But this is ruled out by the asymptotics for ¢ — oo in Theorem
1.4.2(i) and Theorem 1.4.3(iii) respectively.

3.2 Proof of Theorem 1.4.1(ii)

Lemma 3.2.1 Let d > 3. Then Ji(c) < ¢(k) for all ¢ > 0.

Proof. Since 1 — e™® < x, > 0, we have from (1.3.3) that Fi(¢?) < (k)| ¢||3. Hence the
claim follows from (1.3.2), since inf{||V¢||3: ||¢||3 =1} = 0. n

The critical value ¢* is the unique threshold such that Ji!(c) < ¢(x) if and only if ¢ > c*.

In Lemma 3.2.2 below we derive a lower bound on ¢* in regime (I). To do so, we first rewrite
(1.3.2) as
elr) — JM(e) = —inf {31V@]3 — cGIN(¢?): [|¢ll3 = 1, 6 RSN}, (3.2.1)

where RSNI means radially symmetric and non-increasing (see vdBBdH Lemma 10), and

GH(g?) = /R e /0 ~ 6(dr) (e**@?(ﬂf) 1+ wQ(x)) . (3.2.2)
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From (3.2.1) we see that

¢* = inf %HHW‘Q'%: |o|l3=1,¢ RSNI § . (3.2.3)
Gy (9°)
Lemma 3.2.2 Letd > 3. If © € S;, then
Ly d*KN\ T
C>‘< Z Sd (4/€g/(d 1) + d—2) (324)

where Sy is the Sobolev constant given in (3.2.15).

Proof. We estimate the contribution to the double integral in (3.2.2) as follows.

First let A < oo. The contribution of the rectangle (0,xq) x {z € R?: ¢?*(z) < A} is
bounded from above by

Ko
/ @(d/{)/ dx k2t (z) < K%AQ(d_Q)/d/ dx 242/ (), (3.2.5)
0 {¢2<A} R4

where we have used that e™* — 1+ 2 < 22, > 0. On the other hand, the contribution of the
rectangle (0, ko) x {x € R?: ¢?(x) > A} is bounded from above by

g ) . ¢2<x>>2/d
/0 O(dk) /{¢>2>A} dx ko (z) < Ko /{¢>2>A} dx ¢*(x) ( i

< H0A2/d/ dx ¢2(d+2)/d(x).
R4

(3.2.6)

We choose A = nadﬂ(d_l) to get from (3.2.5) and (3.2.6) that the contribution of (0, kg) is
bounded from above by

2/ (=) /R da P2(d+2)/d (g (3.2.7)

Next, the contribution of the rectangle [rg, 00) x { € R%: ¢?(z) < 1/k¢} is bounded from
above by

1/6%(x) 00
/ dz / O(dr) K2¢* () + / dx / O(dk) k()
{#*<1/ro} o {o2<1/ro}  J1/92(x)

1/¢* () o0
<K dx / di k™24 (z) + K / dx / dr k= HD/d42 (1)
{#2<1/ko} Ko {#2<1/ro} 1

/()
1/¢2(x)
<K dx¢4(x)/ dmﬁ_Q/dJrK/
0 {

dz ¢ (x) / dr 5~ (4+2)/d
{¢2<1/ko} 1/¢?(z)

$2<1/ko}
2K /
— dm¢2(d+2)/d ),
2(d = 2) J{g2<1/mo} @) .
3.2.8
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where we have used the upper bound on ©(dk) that defines S;. On the other hand, the
contribution of the rectangle [k, 00) x {z € R%: ¢?(x) > 1/k¢} is bounded from above by

o) [ee]
/ dz / O(dk) k¢*(z) < K/ dx ¢2(x)/ dr k~(d+2)/d
{¢?>1/k0} K0 {¢?>1/k0o} Ko

dK _
- / da 2 (x) g/ (3.2.9)
$2>1/K0}
dK
< =
2 Jig2=1/r0)
Combining (3.2.7), (3.2.8) and (3.2.9), we arrive at

2
() < <2f’~6” Nt 2)> | de i), (3:2.10)

Next, for any 0 < o < 1 and conjugate exponents p,q > 1, we estimate

1/ 1/
/¢2(d+2)/d < (/ ¢[2(d+2)/d}ap> ’ (/ dﬂz(d“)/d]“‘“)q) y (3.2.11)

Choosing «, p, g such that

dx ¢2(d+2)/d(.’1}).

[2(d+2)/dlap =2d/(d—2), [2(d+2)/d](l—a)q=2, (3.2.12)
ie.,
p=d/(d—2), ¢q=4d/2, a=d/(d+2), (3.2.13)
and using that ||¢||3 = 1, we obtain
(d—2)/d
[t < ([ ean) T < ol 00 (3:214)
By the Sobolev inequality (see Lieb and Loss [6] page 190)
IVl > Sallol34)a—2) (3.2.15)
we obtain that
[ e < 9ol (32.16)
We obtain the claim by (3.2.3), (3.2.10) and (3.2. 16) n

We proceed by proving the slope discontinuity at c*.

Lemma 3.2.3 Let d > 3. For © € Sy, if (k") < 0o for some > T2 then lim. .- [J(c) —

g (¢)]/(e = c*) < (k).

Proof. Let 1.~ be any minimiser for (1.3.2) at ¢ = ¢*, the existence of which we prove in
Lemma 3.5.3 below under the condition stated. Then

TE) = LIV 3+ ¢ FR(2.). (3.2.17)
But, for any § > 0, we have
Ji (¢ +0) < 3lIVer |3 + (¢ + 0)FH(92). (3.2.18)
Combining this with (3 2.17), we get

S [T +8) — J(e)] < FRW2) < T8 = (). (3.2.19)
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3.3 Proof of Theorem 1.4.1(iii)

Lemma 3.3.1 Let d > 3. If © € Sy, then limjo 2J}(c) = (k).

Proof. As shown in Lemma 3.5.2 below, for all ¢ > 0 we have the existence of a minimiser for
(1.3.2), say 1. Hence

Loy = w2 . e
Ji(c) = =||Vell3 + dx O(drk) (1 —e . (3.3.1)
Cc C Rd 0

Let € > 0 and R < co. Then, since e~ x—1+:c<1x x > 0, we have

ZJ0e) > / dw / O(dk) (1 *Wc@))
¢ {2<e} {k<R}
1
> / dx / O(dk) </<n/;§(x) - m2¢f(aj)> (3.3.2)
i< J{s<m) 2
2/ dwg(x)/ @(d/@)n—lee,
{y2<e {v<R} 2

where we have used that [|1.||3 = 1. We will show that, for any € > 0,

lim dz?(z) = 0. (3.3.3)
el J{yz>e}

Combining this with (3.3.2) and again using that ||1.]|3 = 1, we obtain

lim inf — Jd (c) > / O(dk) Kk — 1R2e. (3.3.4)
cl0 ¢ {k<R} 2

By letting € | 0 and then letting R — oo, we arrive at

hr?l%)nf ch () > (k). (3.3.5)

This proves the claim, since we already know from Lemma 3.2.1 that 1JI(c) < (k).

It remains to prove (3.3.3). We have

2/(d-2)
[ ww@s [ e (W)
{p2>e} {y2>e} €

< 62/(d2)/ d(IJ‘de/ (d—2) ( ) (336)
R4

< 6_2/(d_2)Sd_d/(d_2 vacugd/(d—%,

where we have used the Sobolev inequality (3.2.15). But lim.|o Ji(c) = 0 by Lemma 3.2.1,
and therefore lim,|q ||V1/¢||3 = 0. Consequently, (3.3.6) implies (3.3.3). ]

Lemma 3.3.2 Letd > 3. If © € S;, then ¢* = 0.
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Proof. By (3.2.2) and the lower bound on ©(dk) that defines Sy, we have

Gl(g?) > /

dx / dr L(r)r— 1~ (d+2)/d (e_”‘z’?(x) -1+ md)Q(x)) . (3.3.7)
Rd

Hence we get, for all ¢ € H'(R?) that are RSNI with ||¢[|3 = 1 and x;¢%(0) < 1,
Gg (¢%) > /R L dz / e drk L(k)k—1(@+2)/d (e—m?(x) 14 H¢z(x)>
> 1 () foe [ (O )
< ) / / —(d+2)/d < ¢2(l‘)>
(&

where we have used that e ™* — 1+ x > x/e, x > 1. Inserting (3.3.8) into (3.2.3), we find

(3.3.8)

2(d+2) /d( )

9

e. 1 Vo
< dmf{ LJ30 f(‘)p d+”22/d lloll3 =1, ¢ RSNI, r142(0) < 1} . (3.3.9)
The choice .
o(x) = e2emm /2] e>0, (3.3.10)

yields that, for all 0 < ¢ < r; /4,

erm
< [(d+2)/d)Y? : 311
We obtain the claim by letting € | 0 and using that lim L(k) = oo. |

3.4 Proof of Theorem 1.4.1(iv)

Lemma 3.4.1 Let d > 3. In regime (III), lciﬁ)l 1) = oc.

Proof. The limit in (3.3.3) and the lower bound in (3.3.4) are valid also in regime (III).
Therefore the claim is immediate from (k) = co. |

3.5 Proof of Theorem 1.4.1(v)

Lemma 3.5.1 Let d > 3. In regime (III), (1.3.2) has a minimiser for all ¢ > 0, which is
RSNI.

Proof. Fix ¢ > 0, and let (¢;) be a minimising sequence for the variational problem in (1.3.2).
We can extract a subsequence, also denoted by (1);), such that ¢; — 1. as j — oo for some
1. almost everywhere and in D' (R%). It follows that 1. is RSNI, and that

1
Ja'(c) 2 §HV¢CII§ + ey (42). (3.5.1)
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If we manage to show that [|¢.]|3 = 1, then

1
Ji'(e) < IVl + cFy (2), (3.5.2)

and we may conclude that 1. is a minimiser.
To prove that [|1.]|3 = 1, we let € € (0,1) be arbitrary and use that

d+2 /) d/(d+2)
Je) < % <dd> A/ (d+2), (3.5.3)

which will be proved in (3.6.5) below. Since (k) = oo, there exists a ke < oo such that

41 [ Hd+2 (AN e
p (/0 ﬁ@(dﬂ)) —5— <d> c <e. (3.5.4)
We put
o\ 1/d
R. = <> : (3.5.5)
Wy

and estimate that, for j large enough,

1
2J3(¢) = SIIVUsll3 + cFy ()
>c HE@ dk / dz (1 — e i@
/O (dr) |, ( ) (3.5.6)
> c/ ) @(dl{))/ dx (1 - e_“¢12($)> .
0 {|z|>Re}

Since 1; is RSNI and |[1;]|3 = 1, for any R > 0 we have that
wde@/JJZ(:r) <1, |z| > R. (3.5.7)
It follows from (3.5.5) and (3.5.7) that
K (x) <1 (3.5.8)

on the set (0, k) x {x € R?: |z| > R.}. Hence, by (3.5.6) and the inequality 1 —e™® > x/2,
0 <x <1, we have

271 (c) > < / O(dr) K / dx 3 (z). (3.5.9)
2 Jo {J2|>Rc}
By the choice of k¢ in (3.5.4), the bounds in (3.5.3) and (3.5.9) combine to yield
/ dx 11)]2(:5) < €. (3.5.10)
{|z]>Re}
Since 1; — 1. as j — 0o almost everywhere, we get
/ dz % (z) > / dr?(z) >1—e (3.5.11)
Rd {Jz|<Re}
Since € € (0,1) was arbitrary, we conclude that ¢, = 1. n
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Lemma 3.5.2 Let d > 3. If (k) < 0o, then (1.3.2) has a minimiser in regimes I and II for
all ¢ > ¢* (with ¢ =0 in regime II).

Proof. By definition of ¢* we have J¥(c) < ¢(k) for ¢ > ¢*. For ¢ > 0, define

Ki(e)
1 e 2
_ inf{Quwug —c/o O (dr) /R dr (W 1t p2(@)) ¢ [l =1, v RSNI},
K3 (c)
1 > 2
_ inf{2|yv¢u§ —c/o O(dk) /Rd dx (e*w (@) _ 1+mp2(x)) el <1, W RSNI}.
(3.5.12)
Then, for ¢ > c*,
Ke) < Klle) <. (3.5.13)

Let (7;) be a minimising sequence of the variational problem for I?g (¢). As in the proof of
Lemma 3.5.1, we extract a subsequence, also denoted by (¢;), such that t; — 1. as j — oo
for some . almost everywhere and in D'(R?). It follows that . is RSNI and that 1, is a
minimiser for I?Cll](c) Moreover, [[1.]|3 > 0 (because |[1¢]|3 = 0 would imply 1. = 0 almost
everywhere, which in turn would imply K (c) = 0, which contradicts (3.5.13)). Suppose that
|¥el2 =1 — p with 0 < p < 1. Define

1
P(x) = 6¢c(qx)a (3.5.14)
where we choose ¢ > 0 such that |43 =1, i.e.,
g=(1—p)t/*+2). (3.5.15)
Then
IV6l3 = (1= p)~ 2| Vae|l3 (3.5.16)
and

c /0 ~ 0(dn) /R (@ 14 ng ()

_ o (1= p)—2/(d+2) 2 (o _
—o(1—p) d/(d+2)/0 O(dx) /Rd (6 (A=p) 2/ HDE@) _ g | e _ ) 2/<d+2>¢3(g:))

> ¢(1 — p)~ ¥/ (d+2) /00 @(d/{)/ (e_’wz(x) -1+ m,b?(m)) )
0 R4

(3.5.17)
Inserting (3.5.16) and (3.5.17) into the definition of K}(c), and using the definition of K!!(c),
we get

K (e) < (1= p)" ¥R (). (3.5.18)
By (3.5.13) and (3.5.18) we conclude that p = 0. Hence [|¢¢||3 = 1, and 1), is a minimiser for
K(e). n

Lemma 3.5.3 Let d > 3. For © € Sp, if (k") < oo for some n > dff, then (1.3.2) has a
minimiser for ¢ = c*.
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Proof. Define

¢=inf %HHW!%: 0<|¢|3d<1, ¢ RSNI;. (3.5.19)
Gq(9?)

We begin by showing that ¢ = ¢*. Trivially, by comparing (3.2.3) and (3.5.19), we get ¢ < c™.

To prove the converse, let (¢;) be a minimising sequence for (3.5.19). Put 0 < a; = ||¢;]|5 < 1,

and

6;(x) = a7 /DG, (ajl-/ (d+2)x> . (3.5.20)
Then [|¢;[3 = 1, and

coalIVeils _ EIVEIB 31Vl
TGO al(a; G2 T G(6?)

(3.5.21)

But the right-hand side of (3.5.21) converges to ¢ as j — oo. Hence, ¢* < ¢.

By extracting a subsequence, also denoted by (aj), we may assume that ggj — gg as j — oo

for some ¢ almost everywhere and weakly in DY(R?). Tt follows that qAﬁ is RSNI. Below we
will show that [|¢[|3 > 0. If ||¢||3 = 1, then ¢ is a minimiser of (3.2.3). If, on the other hand,

0 < [|¢||2 =1~ p < 1, then define, as in (3.5.14),

~

¢ (z) = §¢(qx), (3.5.22)

where ¢ is given by (3.5.15). Then |¢*||3 = 1 and, as in (3.5.21),

< 2IVEIE _ 5l

< &) < o — =" (3.5.23)

It follows that ¢* is a minimiser of (3.2.3). It then obviously also is a minimiser of (1.3.2) for
¢ =c* (recall (3.2.1), (3.2.2) and (3.2.3)).

It remains to prove that ||¢[|2 > 0. For this it suffices to show that there exist &, ¢ > 0
such that, for any minimising sequence (¢;) of (3.5.19),

{z e RY: ;;S\f(x) >ef| >4 for all j. (3.5.24)
Indeed, (3.5.24) implies that Hg/b\]”% > €6 for all j, and hence that

18]12 > €. (3.5.25)

To prove (3.5.24), we argue by contradiction. Suppose that there exists a minimising
sequence (¢;) of (3.5.19) with the property that, for all € > 0,

lim [{z € R®: ¢2(z) > e} = 0. (3.5.26)
j—00
Then, for all € > 0, there exists an Lj(e) € N such that, for all j > Lj(e),

{z € RY: ¢2(z) > €}] < ellr=(@+2/d)/2, (3.5.27)
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We already know that there exists an Lo € N such that, for all j > Lo,
3IVesl3 _
G (43)

To arrive at a contradiction, we will show that the left-hand side of (3.5.28) is at least 5¢/2
for j > Li(eg) V Lo for some ey > 0.

2¢. (3.5.28)

By the Sobolev inequality in (3.2.15), we have
IV;113 > Sall 51134/ (a2)- (3.5.29)

Since (k") < oo implies that (k") < oo for n < 7/, we may assume that &2 op <2
To estimate the contribution of the strip {<15j2 < €} to the integral for Gg(cf)f), we use that
e+ 1—x<z" x>0, to obtain, via (3.2.14),

OO@ dk dr (ko2 (z))" = (k" dr 62" (x
foewn [ i@y =t [ ad

< <,€77>€77—(d+2)/d/ dx ¢2(d+2 /d( ) (3.5.30)
{67<e}
< (M D612 gy

Furthermore, by Holder’s inequality and (3.5.27) we have, for j > Li(e),
T o dz kd2(z) = /dAZ L
| et /{ 112 D = 10) [ BN 30020

. (d-2)/d 2/d
< (R) (/}Rddxcj)j (x)) </Rdda;1{ ()>6}>

< (105 3 gy,
(3.5.31)
Combining (3.5.29), (3.5.30) and (3.5.31) we have, for j > Li(e),
~ 1 ~
G (67) < (k) + (k")) S*E"_(d“)/dllvsbjll%, (3.5.32)
d
or
2||V¢J||2 > ~[n—(d+2)/d] -1
> S U + (k" . 3.5.33
i 22 () + (7)) (3.5.33)
Now choose € = ¢y with ¢y the root of
1, —p- 1 9.
55 I=(ED/d) () 4 (k)T = S (3.5.34)
to get that (3.5.33) contradicts (3.5.28) for all j > Li(eg) V Lo. |
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3.6 Proof of Theorem 1.4.2(i) and Theorem 1.4.3(iii)

We give the proof for d > 3. The proof for d = 2 is the same but uses (1.3.7) instead of (1.3.4).
From (1.3.4) we have
Fi'(¢%) < |supp(9)|, (3.6.1)

and so (1.3.2) gives
JR(e) < inf {3 [V6[3 + ¢ supp(@)]: 6l3 =1} (3.6.2)

We get an upper bound on the infimum by restricting supp(¢) to a ball B with volume |B].
Therefore

1[IVl
2 |ol3

with A\g(B) the principal Dirichlet eigenvalue of —A on B. By scaling B, we have

Ji(e) < inf{ + c|B|: supp(¢) C B} =1)\i(B) +c¢|B|, (3.6.3)

Aa(B) = |B| "\, (3.6.4)

Substituting this into (3.6.3) and taking the infimum over |B|, we arrive at

Y d+2 (Mg Y2
JH(e) < l‘%f‘. {2)\d]B\ 2/d 1 cyB\} = (;) ANd+2), (3.6.5)
This proves the upper bound in (1.4.7).

To prove the lower bound we first scale ¢ to obtain

c—2/(d+2) Jcll_[ (C)

1 oo
= inf { HV¢||% =+ / d.’I)/ @(d:‘i) (1 — e—ncd/(d+2)¢2(m)> . quH% — 1, ¢ RSNI} .
2 R Jo

(3.6.6)
We know that this variational problem has a minimiser when ¢ > ¢*. Call this minimiser .
Pick 0 < 0 < 1/(2V Ag), and let

Bs = {x e RY: () > 5} . (3.6.7)

Restricting the z-integration to Bs, we get

1
rhs (3.6.6) > 2/

da |Veb(z)|? + | B| — / do / O (dr) e/ 428 (3.6.8)
Bs Bs 0

By Lebesgue’s dominated convergence theorem, for every e > 0 there exists a C' = C(J,¢,0)
such that

/ dl‘/ O(dk) et/ (D <e€ Ve > C. (3.6.9)
Bs 0
Hence
rhs (3.6.8) > 5 [ da [V (x)|* + |Bs| —e. (3.6.10)
Next, define ¢ by
| Y(x) -6 =€ By,
P(z) = { 0 e R\ By (3.6.11)
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Then ¢ is RSNI and satisfies the Dirichlet boundary condition on dBs. Since |[¢||3 = 1, we
have

/¢:/ W — 0| Bs| < |Bs|"/? — 4| Bs. (3.6.12)
Bs Bs

Hence
1:/ P? = (¢+5)2=521351+25/ o+ [ &
R Bs Bs Bs
(3.6.13)
< —02By| + 20| Bs| V2 + / &% < 28Bs]"/2 + |3
Bs

By (3.6.11) and the Rayleigh-Ritz variational characterisation of \4(Bjs), we have
VR = [ V6P 2 Ma(Bs) oI5, (3.6.14)
Bs Bs
Combining (3.6.6), (3.6.8), (3.6.10), (3.6.13) and (3.6.14), we obtain for ¢ > C,
1
D g e) = S ha(By) (1-261B5['?) + |Bs| — e
1
= Al Bs| 2/ (1= 261 B5[/2) + By — e

1 —2/d (1 _ _ _
22Ad|Ba| (1—-20) + |Bs| (1 —6Aa) — € (3.6.15)

1
> (GralBsl 24+ 1Bsl ) 1L - o2 )] -

d/(d+2)
< d+2 (Ad)

> (5 [1—6(2V )] —

where the second line uses (3.6.4) and the fifth line uses (3.6.5). Now let ¢ — oo, and
subsequently let d,¢ | 0, to get the lower bound in (1.4.7).

3.7 Proof of Theorems 1.4.2(ii) and 1.4.2(iii)
Fix e € (0, K/2). Then there exists an R, € (0, 00) such that
(K- 177 <0(r) < (K+e)rk 177, k>R (3.7.1)
By (3.2.1) and (3.2.2),
— J3'(c)
— it { 2)Vol - cGl(): Il = 1}
V0l - ¢ / o [~ 000 (0 @) ol =1

Vol e [ do [ " dn (e = gn (0 <1 ng@) ol =1

v

—inf

i
{
f
{

Y

= —inf

w\n—l N~ N~

Vol = =) | delota)" [ P G u¢u%=1}7
(3.7.2)
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where the second inequality uses the lower bound in (3.7.1). Inserting the scaling ¢(x) =
§%24(8x), § > 0, we obtain

elw) = J(e) = —int { V13 — (< = )50 [ da o)
(3.7.3)

></ drn T (e~ 14 ) - [l =1},
84 Rep2(x)

We choose § to be the root of %(52 = ¢(K — €)6%=1_ Since this root is greater or equal than
(cK)/(2=dv=1) " we obtain

- . K\ 2/@-dt-1)
(2cK)~2/C=40=D) [e(k) — T (e)] > 9 (K - 6)

x inf{nwn% - [ dxpp@p /(OO din T (e 1) 0 = 1}.

cK)d/(2=d(v=1) R.4)2(x)

(3.7.4)
Next we note that
/ der 177 (7" =1+ k) =T'(—7) € (0,00). (3.7.5)
0
Let 8 € (7,2]. Since e ™™ — 1+ k < kP, k >0, we have
(cK)¥ 2=d(v=D) R 42 (x) 8-
/ der™ 77 (e =1+ k) < 1 ((cK)d/(Z*d(Vfl))Resz(x)> "
0 B—
(3.7.6)
By (3.7.4)— (3.7.6) we obtain that
1 K\ 2/@2=d-1)
(2CK)—2/(2—d(’Y—1)) [c(/ﬂ;> — JCII_I(C)} > —5 (K >
— e (3.7.7)
i {9613 = T(=2) [ delwl@) + Bagleciv?): 915 =1]
with an error term
1
Epor(e,659%) = g RE () Pemomt) / dx | (2)|*. (3.7.8)
_ Rd

Furthermore for 0 < o < 1 and conjugate exponents p,q > 1, we estimate

1/p 1/q
28 2003 2(1—a)
Jotor < (fporor) = ([wrom) 879

Choosing «, 3, p, q such that
208p=2d/(d—2), p=d/(d—2), 2(1-—a)Bq=2, (3.7.10)
i.e.,

a=d/(d+2), B=d+2)/d  p=d/d—-2), q=d/2, (3.7.11)
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we obtain from (3.7.9), using ||#)||3 = 1 and the Sobolev inequality (3.2.15), that

—2/(2-d(y-1))
(2cK)~2/C=40=D) [e(g) — T (e)] > (A !
d - 2\K—c¢

(3.7.12)
i { (14 By (e 0) IVl - 1) [ dolo()Ps ol =1}

with an error term

d
E.(e,c) = RZ-d0=1)/d cK. 3.7.13
e ) =R Sa@—d(y 1) (-749)

Finally, we insert the scaling ¢(z) = n%?y(nz), n > 0, and choose 7 the root of n?(1+
E,(e,¢)) = T(—y)n?0~, to arrive at

2/(2—d(vy—1))
(26K ()} O el — ) 2 (e ) Ma(),
o (3.7.14)

where we have used the definition of My(7y) in (1.4.9). Now let ¢ | 0 and use that lim. o £ (e, c) =
0 for all € > 0. Then let € | 0, to get

lim (i)nf{2cKI‘(—’y)}_2/(2_61(7_1)) [e(r) — T3 (c)] > %Md(fy), (3.7.15)

which is the desired lower bound.

The proof of the upper bound runs as follows. Let ¢ and R, be as before. We estimate,
similarly as in (3.7.2),

c(k) = Jg'(c)

<t {5190l —c [ dr [ " 000) (0 <14 502@)) - Bole.cio?): \w(% - 1})
3.7.16

with an error term
(e, ¢; %) /Rd dx /R€ dr 0(k _“d’z(x) -1+ H¢2(l‘)) . (3.7.17)
Since e — 1+ z < z@+2)/d 2 >0, we may use the Sobolev inequality (3.2.15) to estimate
Eyle,c;62) < c /R o / " e () (562 (2)) < camg(e) SV, (3.7.18)

where we abbreviate mg(e f dr §(r) kl4+2)/4 Combining (3.7.16) and (3.7.18), we obtain,
for ¢ small enough,

e) = I (o)
< —inf{ (5 - cma(arsi") 17413
c(K + ¢) /Rdda:/é a7 (€7 1 4 k() ¢ 6l =1} (3.7.19)
< —int { (3 - ema(1s;" ) I¥6l3
— (K + )T (—7) /R dz |p(x)[* = By (e, ¢;¢°): \\¢\|§=1}7
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where in the second inequality we use the upper bound in (3.7.1) and the identity in (3.7.5),
and introduce an error term

E (e,¢;¢0%) = (K +¢) /]Rd dw/ dr k™1™ 7 e ") _ 1—|—m;52(x)). (3.7.20)

The integral in (3.7.20) can be estimated from above along the lines of the argument connecting
(3.7.7), (3.7.8) with (3.7.12), (3.7.13). This leads to

e(k) = Jg' (0)

. 1 (3.7.21)
< -t { (5= B0 ) IV0l = (& + 1) [ dolo@P: ol =1}
Rd
with an error term
B (e,¢) = cma(e) + (K + €) R2-40-1)/d d (3.7.22)

Sa(2—d(y - 1))

Via the scaling ¢(z) = 6%2¢(6x), § > 0, with & the root of §%(3 — cEy(e,0)) = (K +
€)T(=7)64=1) | we arrive at

oyt K4e 1 2/(2—d(y~1))
2K el (=)} 2/ e M .
(2D ()} ete) =) < 5 (5 =557 1)
(3.7.23)
Now let ¢ | 0 and use that lim. o £ (e,c) = 0 for all € > 0. Then let € | 0, to get
1
lim sup{2K [ (—)} =% @=40=D) [e(r) — Ji(c)] < 5 Ma(y), (3.7.24)
cl0

which is the desired upper bound.

It remains to prove that My(y) € (0,00) for all v € (1,(d+2)/d). By scaling we have, for
any € > 0,

M) = ~int { V0l - @00 [loprs g =1} 1)
We get a strictly positive lower bound by choosing for v the function
Y(z) = n4elel/2 (3.7.26)

and by subsequently choosing € sufficiently small.

To prove that My(~) is finite for v € (1, %2), we use the Sobolev inequality (3.2.15) to

(1.4.9). This gives

Ma(y) < — in {sduwuéd/(d_z) - / 2 )3 = 1}. (3.7.27)

Since ||¢]|3 =1 and v € (1,d/(d — 2)), Holder’s inequality gives
(d=2)(v=1)/2
Jiwer < ([ropse) . (3.7.29
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Inserting this into (3.7.27), we get

d —
Ma(y) < sup {[llggis ) = Sallluya—s: 1413 =1}

< sup {p“”_l)—-Sﬁpg}-
p€(0,00)

(3.7.29)

The supremum in the right-hand side is finite because d(y — 1) < 2.

This completes the proof of Theorem 1.4.2(ii). The proof of Theorem 1.4.2(iii) is very
similar. The argument needs one order less in the expansion since there is no term c¢(k) to
subtract.

3.8 Proof of Theorem 1.4.3(ii)

In d = 2 the analogue of (3.2.3) reads (recall that « is replaced by 2)

5l Vell3
* 2 . 2 _
c_m{%wywmA (G.81)
with
R2

Lemma 3.8.1 (3.8.1) has no minimiser. If (¢n) is a minimising sequence that is RSNI, then
limy,— o0 f{¢n>5} dx =0 for any § > 0.

Proof. Suppose that the variational problem for the right hand side of(3.8.1) has a minimiser,
say ¥*. Then

3IVe*Ii3
* __ 2
¢ = Ca(0?) (3.8.3)
For € > 0, put
Pl (x) = ep™(ex). (3.8.4)

Since H@ZJ:H% =1, we have
1 * (|2 1 *2
Ly 511V
o< 2Vl sl VRl (3.8.5)
Go(2?) e 4Ga(e2p*?)

Next, we claim that
1
y— — (7 =1+ ry), y >0, (3.8.6)
Yy

is strictly decreasing on (0,00) for any x > 0. Indeed, its derivative at y equals

2[0-) -0+ )] s

Abbreviate z = ky/2 and note that z +— (1+2)e 2?42, z > 0, is strictly increasing on [0, 00),
and equal to 1 at z = 0, to get the claim. Finally, using that (3.8.6) is strictly decreasing, we
get from (3.8.2) that € — e 4Go(e?1)*?) is strictly decreasing, which clearly contradicts (3.8.3)
and (3.8.5) when e < 1.
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To prove the last claim, let (¢,,) be a minimising sequence for (3.8.1). Then, for any ¢ > 0,

lim dzx = 0. (3.8.8)
o0 S pn>6}

Indeed, if (3.8.8) fails, then there exists an n > 0 and a subsequence (¢y,) such that

/ dx > . (3.8.9)
{¢”j >5}
But now the above argument shows that the sequence (¢, ) with ¢f, (z) = €¢n,(ez) yields a
strictly lower infimum when € < 1, which is a contradiction. [ |
Lemma 3.8.2 Let d =2. Then
1 [IVels 2
cF=— 1nf{ sl =1 (3.8.10)
4 [l

* 7
and ¢ € [, 37
Proof. Since e™* <1 —x + %xQ, x >0, we get from (3.8.2) that
Ga(¢?) < 272||¢|I1. (3.8.11)

Substituting (3.8.11) into (3.8.1), we obtain the desired lower bound

¢ > — inf ol =15 3.8.12
g 10 -

To prove the converse of (3.8.12), let (¢,) be a minimising sequence for (3.8.10) that is
RSNI. Then (¢5) with ¢¢(z) = ¢y (ex) is a minimising sequence too. Replacing € by €/¢,,(0),
we may assume that ¢,(0) = 1. It suffices to show that

, , IVenlls IVl
lim sup lim sup ( S n <0. (3.8.13)
o n—oo \G2(5?) 272 g5 14
Since (¢5,) is a minimising sequence, there exists an N such that for n > IV,
3 (0) =, [IVerll3/llonlli < oo, o5l = 1. (3.8.14)
Since e™® — 1+ 2 — %x2 > —%xB’, x >0, it follows from (3.8.2) that
1 1 2me?
@mﬁz/b@mm26@mmﬂz%ﬂ1§}/mﬂ (3.8.15)

where we use that ¢, < ¢,,(0) = e. Hence, for n > N,

. 1 1 2me2] ! IVerl3
VoS 2( - )5 {1_ ] 1) Telt e
VLIl Ca(2)  2n%gcll) = 22 3 5,3 ( )

As n — o0, the quotient in the right-hand side converges to 2¢*. Now let € | 0, to get the
claim in (3.8.13).
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Finally, the numerical bounds on ¢* are obtained as follows. First note that in d = 2 we
have the Sobolev inequality
IVell3 > S52llgl17 — NIl (3.8.17)
(see Lieb and Loss [6] page 190). With the substitution ¢,(x) = ¢(x/p), p > 0, this inequality
transforms into

IVl > Saiplleli —p? 613 (3.8.18)
After optimisation over p this yields the Sobolev inequality
IVol3 > 1Sy allolillely” (3.8.19)
Substituting (3.8.19) into (3.8.12), we find the lower bound
T -
> o Sy4- (3.8.20)

This implies that ¢* > 27/64m, because Siff = 27xw /4. To obtain the upper bound on ¢*, we
pick ¢ as in (3.7.26) with d = 2. Since |[V¢|3 =1, [[¢]|3 = 1 and [|[¢[|] = 5=, subsitution into
(3.8.10) yields that ¢* < 1/27. ]

Lemma 3.8.3 Let d = 2. Then lim.|c+[Ja(c) — Jo(c*)]/(c — ¢*) = 2.

Proof. By the concavity of ¢ — Ja(c) stated in Theorem 1.4.3(i), it suffices to prove that
_ k
lim inf Jale) = Ble) (¢) = Ja(e”)

> or. (3.8.21)
cle* c—c*
Since Js does not depend on II, it is given by the expression we obtained in vdBBdH Theorem

2 and Corollary 2 for the case where Il = dp, ) with a > 0 arbitrary, namely,

= inf |bc+ I3(b .8.22
Re) = inf, e+ 1a(0) (3522)
with .
B = {3190l o € 1'E2), ol =1, [ o] (3.8.23)
(see also vdBBdH Equations (5.7) and (5.13)). Now, from vdBBdH Theorems 3(i) and 4(ii)
we know that L)
b — 8.24
- (3:8.24)
is strictly decreasing on (0, 27), with
I(b) L. 2 12 2 4 *
im 20— Lt (190l o€ HUR, ol =1, ol =1} = @829
(compare with (3.8.10)). Put
I5(b)
A(b) = —c" 8.2
(b) = 5 —c (3.8.26)
Using (3.8.22), we may then write
— * 2T — b)A
Ja(c) — Ja(c¥) — inf b+< ™ —b)A(b) (3.8.27)
c—c* 0<b<2m c—c*

Since A(b) > 0 for all 0 < b < 27, the minimiser in the right-hand side tends to 27 as ¢ | ¥,
which yields (3.8.21). n
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3.9 Proof of Theorem 1.4.3(iv)

The proof is the same as that of Lemma 3.5.2.
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