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CHAPTER 1

Introduction

In this chapter we introduce the topic of discrete tomography and explain the basic
concepts. We then describe the part of discrete tomography that this thesis is focused
on. We discuss the problems that are considered as well as the main results of the
thesis.

1.1 Discrete tomography

Let F be a finite subset of Z2. If a point of Z2 is an element of F, we say that the
point has value one, or that there is a one in this point. If on the other hand a point
of Z? is not an element of F, we say that the point has value zero, or that there is
a zero in this point. In this way we can view the set F' as a function that attaches
a value from {0, 1} to every point in Z?2, where only finitely many points have value
one. We also call this a binary image. Rather than considering the whole of Z2, we
usually restrict the image to a rectangle containing all points with value one.

For integers a and b we can consider a line in the direction (a,b), that is, all points
(x,y) € Z? satisfying ay — bz = h for a certain integer h. We can count the number
of elements of F' on this line; this is called the line sum of F' along this line. We can
take all lines in the direction (a,b) that pass through integer points by varying h
over Z. The infinite sequence of line sums we find in this way we call the projection
of the binary image in the direction (a,b). Instead of considering all possible lines in
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the direction (a,b), we usually consider a finite set of consecutive lines that contains
all lines that pass through points of F. Then the projection becomes a finite sequence
of line sums containing all the nonzero line sums.

Given a binary image, the projection in any lattice direction is of course determined.
If on the other hand the image is unknown, but the projections in several directions
are given, it is not so clear whether the image is determined by these projections,
or even whether there exists an image satisfying these projections. The problem of
reconstructing binary images from given projections in several lattice directions is
what discrete tomography is concerned with. An image satisfying given projections
is called a reconstruction. There may be more than one reconstruction corresponding
to given projections, or none at all. If there is exactly one reconstruction, then we
say that the projections uniquely determine the image.

The term discrete tomography is also used for a wider scope of reconstruction prob-
lems, such as reconstructing a binary image on R? rather than Z2. Then the domain
of the function is no longer discrete, but the possible values of the function form
a discrete set, which is why this is still called discrete tomography. And even if we
restrict ourselves to functions on lattices, there are still some variations possible.
For example, one may consider a function on Z? that has a (small) discrete set of
values, rather than just {0, 1}. It is also possible to do discrete tomography in more
dimensions, using ZF rather than Z?, or on a hexagonal grid rather than a square
grid. A complete overview of discrete tomography is given in [14].

1.2 Applications

The most direct application of discrete tomography is the reconstruction of nanocrys-
tals at atomic resolution. In such a crystal, the atoms usually lie on a regular grid,
and only a few types of atoms occur. By electron microscopy, two-dimensional pro-
jection images are acquired from various angles by tilting the sample. Recently, new
algorithms have been developed that allow a fast and accurate reconstruction from
a small number of projection images [7, 17].

There are also some applications in medical imaging [15, 25]. However, much more
widely used in medical imaging (among other fields) is the technique of continuous
or computerised tomography [13]. Here images can have values in a continuous set
rather than a discrete set, and the object that is being reconstructed does not have
a lattice structure, but a continuous structure. For the reconstruction of such images
projections in very many directions are needed. The most well-known application
of this type of tomography is the CT-scan, where CT stands for “computerised
tomography”.
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Further applications of discrete tomography are for example in nuclear science [19,
20] and materials science [27].

1.3 Two directions

The first discrete tomography problems arose in the literature in 1957, when Ryser
published a paper on reconstructing binary images from their projections in the
horizontal and vertical directions [24]. He was the first to describe an algorithm to
do this, and he gave sufficient and necessary conditions on the projections for a
reconstruction to exist.
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Figure 1.1: A uniquely determined set. The row and column sums are indicated.

Let (r1,r2,...,7m) be the sequence of row sums (the horizontal projection) and let
(c1,¢2,...,¢,) be the sequence of column sums (the vertical projection). We must
have 77 7 = Y77 ¢j, since both sums are equal to the number of elements of
the binary image. As long as we are only interested in the number of possible recon-
structions (and not in special properties of those reconstructions) we can without
loss of generality order the rows and columns such that vy > ro > ... > r,, and
1 >cy>...> ¢y Fori=1,2,...,m define b; = #{j : ¢; > i}. Ryser proved that
there exists a set F' with those row and column sums if and only if

b; > T for k=1,2,...,m.
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He also showed that the reconstruction is unique if and only if

bi: T fork:l,Z,...,m,
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or, equivalently,
b; =r; fori=1,2,...,m.
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Such a uniquely determined image has a particular shape [26]. After all, r; = by =
#{j : ¢; > 1} means that for every column j with ¢; > 1 there must be an element
of Fin (1,7). And then 7o = by = #{j : ¢; > 2} implies that for every column j
with ¢; > 2 there must be an element of F' in (2, j), since any column j with ¢; =1
contains only one element of F', which is (1, j). By continuing this argument, we find
that (¢,7) € F' if and only if ¢; > 4. This means that

e in row ¢ the elements of F' are precisely the points (i, 1), (¢,2), ..., (¢,7;);

e in column j the elements of F' are precisely the points (1, j), (2,7), ..., (¢;,])-

See Figure 1.1 for an example of a uniquely determined set.

Unfortunately, in discrete tomography with three or more directions such nice prop-
erties do not exist. The problem of deciding whether an image is uniquely determined,
given projections in three or more directions, is NP-hard. The same holds for the
problem of reconstructing an image from its projections in three or more directions

11].

The research in this thesis concerns only discrete tomography in two directions, the
horizontal and vertical directions. In the remainder of this chapter we will therefore
always use discrete tomography with only horizontal and vertical line sums, unless
explicitly mentioned otherwise.

1.4 Stability

Suppose line sums that uniquely determine an image are given. If we slightly tweak
those line sums, say by adding 1 to a few row sums and subtracting 1 from exactly as
many other row sums, then the resulting line sums may no longer uniquely determine
an image. A question that naturally arises from this is: do the reconstructions of the
new line sums still look a lot like the original, uniquely determined image, or is it
possible that an image satisfying the new line sums is completely different from the
original image? This concerns what we call stability: the more the reconstructions
from the new line sums have in common with the original image, the more stable
the original image is.

In the case of three or more directions Alpers et al. showed that there can exist
two images, both uniquely determined by their line sums, that are disjoint but have
almost the same line sums [1, 3]. So in the case of three or more directions, even
uniquely determined images are highly unstable. However, this does not hold for
discrete tomography with two directions.
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Consider given column sums C = (cj,c¢a,...,¢,), and define B = (by,ba,...,by)
as b; = #{j : cj > i} for 1 < i < m. We have seen in the previous section that
the row sums B and column sums C uniquely determine an image F;. Now suppose
we have slightly different row sums R = (r1,72,...,7), such that there exists at
least one binary image F5 with row sums R and column sums C. Let N = Z?zl cj.

Furthermore define .

az%zvi_bil'

i=1
Note that « is an integer, since 2« is congruent to

m m m

Z(Ti‘f'bi) ZZH—FZbi =2N =0 mod 2.
i=1 i=1

i=1

The parameter o measures the difference in the row sums of F; and F5. The stability
question now translates into: can it happen that the symmetric difference Fy A Fy
is large (compared to N, the number of elements of F}), while « is small?

Alpers et al. [1, 2] proved two results related to this question. They showed that if
Fi N Fy = (), then
N < a2

So if F1 and Fy are disjoint, then o must be large compared to N. On the other
hand, they considered the case a = 1 and showed that

|y AFy| <8N +1-1.

In Chapter 2 of this thesis we consider the stability problem for general a. We
generalise the above bound to

|F1 A Fy| < aVv8N +1 — a.
We also prove a different bound. Write p = |Fy N Fy|, then
|Fy A Fy| < 200+ 2(a + p) log(a + p).
By using this bound with p = 0, we can derive that if F; and F5 are disjoint, then
N < a1l +loga),

which improves the bound of Alpers et al. for disjoint F; and Fs.

1.5 Difference between reconstructions

Another interesting question, related to stability, is how much two reconstructions
from the same projections can possibly differ. We already know that there exist
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images that are uniquely determined. On the other hand, it is not so hard to find
images that are disjoint, but have the same line sums. See Figure 1.2(a) for the
smallest example and Figure 1.2(b) for a more complex example. But perhaps it is
possible to define a collection of “almost uniquely determined images” of which any
two reconstructions always must have large intersection?
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Figure 1.2: Each picture shows two disjoint sets with the same line sums. One set consists
of the white points, the other set consists of the black points.

In Chapter 3 we consider this question. First we define a parameter that indicates in
some sense how close an image is to being uniquely determined. For this we use the
parameter « that we introduced before. As we have seen in the previous section, «
measures the distance between a given set F5 and a given uniquely determined set
Fy. For a fixed F5 we can characterise the sets F that yield the smallest «, and the
a corresponding to such a set F} is the one we will use.

We study the difference between two sets with the same line sums and small «,
and we prove that this difference is bounded from above, using the results from
Chapter 2. We also indicate a subset of points that must contain a sizeable part of
any reconstruction. On the other hand, we show that o must be large if there exist
two disjoint reconstructions. And finally, we generalise everything to reconstructions
from different sets of row and column sums.

In Chapter 4 we consider the complementary problem: given line sums, find two
reconstructions that are as different as possible. Again the parameter a plays an
important role, and we show constructively that if & > 1 (that is, if the projections
do not uniquely determine the image) there exist two reconstructions that have a
symmetric difference of at least 2a + 2.



1.6 Boundary length 7

1.6 Boundary length

Rather than viewing a binary image as consisting of points in Z? that each have
value zero or one, we can also view a binary image as consisting of pixels (cells of 1
by 1) that each are white or black. See also Figure 1.3. Now there is a natural way
to define the boundary of the image: it consists precisely of all the line segments that
separate black cells from white cells. Equivalently, the boundary is the set of pairs
of points (4,7) and (i, j') in Z? such that

e the points are adjacent, that is: i =i’ and [j—j'| = 1, or |i —4¢'| = 1 and j = j;

e (i,j) € Fand (7,j') ¢ F.

The length of the boundary is the number of pairs of points in this set.

OO Ol 3 3
O00O O5s 5
00O Ol 5 5
OO0 O 4 4
O 1 1
OO0 OO Of5 5
O00O0 4 4
000000 |7 7

3566 4415 3566 4415
(a) The image is represented (b) The image is represented
by the white points. by the grey cells. The length
of the boundary of this image

is 62.

Figure 1.3: The same binary image represented in two different ways. The numbers indi-
cate the row and column sums.

Recall from Section 1.3 the special shape of a uniquely determined set with monotone
row and column sums. In every row and columuns all the points with value one (or
the black cells) are connected, so each row and each column with a nonzero line sum
contributes 2 to the length of the boundary. So if there are m nonzero row sums
and n nonzero column sums, then the total length of the boundary is 2m + 2n. This
is obviously the smallest possible length of the boundary of any set with the same
number of nonzero row sums and nonzero column sums.

This minimum is not only attained for uniquely determined sets with monotone line
sums. There are also other sets that have this property. In general a set with m
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nonzero row sums, n nonzero column sums and a boundary of length 2m + 2n is
called hv-convex. See Figure 1.4 for an example of an hv-convex set and another set
(not hv-convex) that have the same line sums (so this hv-convex set is not uniquely
determined). Deciding whether there exists an hv-convex reconstruction for given
row and columns sums, is NP-complete [28] and hence it is also NP-complete to
decide whether there exists a reconstruction with boundary length equal to 2m + 2n.

1 1
3 3
2 2
1 1
3 3
2 2

142221 1422 21

(a) This image is (b) This image is not
hv-convex. The length hv-convex. The length
of the boundary is 24. of the boundary is 34.

Figure 1.4: Two binary images with the same line sums.

However, that does not mean that it is always hard to decide from the line sums
whether the boundary can have length 2m + 2n or not. There exist arguments that
can be used in part of the cases to prove easily that a boundary of length 2m + 2n
is impossible. Suppose for example that we have 10 columns with nonzero sum, and
that the first three row sums are (in that order) 10, 2 and 10. Then all columns
have black cell rows 1 and 3, while only two columns have a black cell in row 2.
Hence it is certain that there are at most two columns in which the black cells are
connected. The other eight columns must contribute at least 4 each to the length of
the boundary, so the length of the boundary must be at least 2m +2-2 48 - 4.

In Chapter 5 we generalise this principle to find a new lower bound on the length
of the boundary, depending not only on m and n but on all row and column sums.
In many cases our bound gives a better result than the straightforward lower bound
2m + 2n.

In Chapter 6 we consider the complementary problem: given line sums, can you
construct an image that satisfies these line sums and has relatively small boundary?
Here we restrict ourselves to the case that the line sums are monotone. In this
chapter a makes another appearance. Above we had already seen that when a set
is uniquely determined by its line sums (that is equivalent with @ = 0) the length
of the boundary is equal to 2m + 2n. One of the main results of this chapter is a
generalisation of this: when for the row and column sums we have n = ry > ry >
..>rmand m=c > ¢y > ... > ¢y, and the line sums are consistent, then there
exists a reconstruction for which the length of the boundary is at most 2m -+ 2n +4a.
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1.7 Shape of binary images

In Chapter 7 we study the connection between the length of the boundary, the
number of black cells, and the general shape of a binary image. Intuitively, it seems
clear that when the number of black cells is large, but the boundary is small, the
black cells must form some solid, roundish object. In this chapter, we will make this
more precise.

Suppose we are given the length of the boundary and the number of black cells of an
unknown binary image. We study the following question: what is the minimal size
of the largest connected component in this image? Here we use 4-adjacency [21] to
define connected; that is, two cells are adjacent if they share an edge (and not just
a vertex).

We can define the distance of a black cell to the boundary as follows: a black cell
has distance 0 to the boundary if it is adjacent to a white cell, and it has distance
k + 1 to the boundary if k£ is the minimal distance to the boundary of the cells it is
adjacent to. This distance function is also called the city block distance [23]. This
leads to the second question we are interested in: what is the largest distance to the
boundary that must occur in the image? A different way to phrase this: what is the
minimal size of the largest ball of black cells that is contained in the image? We
derive results about this question both in the case that the connected components
are all simply connected (that is, they do not have any holes [21]) and in the general
case.

Note that this chapter is only about properties of binary images, and discrete to-
mography plays no role here.

1.8 Overview

In Chapter 2 we prove new stability results for the reconstruction of binary images
from their horizontal and vertical projections. We consider an image that is uniquely
determined by its projections and possible reconstructions from slightly different
projections. We show that for a given difference in the projections, the reconstruction
can only be disjoint from the original image if the size of the image is not too
large. We also prove an upper bound on the size of the image given the error in the
projections and the size of the intersection between the image and the reconstruction.

In Chapter 3 we consider different reconstructions from the same horizontal and
vertical projections. We present a condition that the projections must necessarily
satisfy when there exist two disjoint reconstructions from those projections. More
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generally, we derive an upper bound on the symmetric difference of two reconstruc-
tions from the same projections. We also consider two reconstructions from two
different sets of projections and prove an upper bound on the symmetric difference
in this case.

In Chapter 4 we prove constructively that if there exists more than one reconstruc-
tion from given horizontal and vertical projections, then there exist two reconstruc-
tions that have a symmetric difference of at least 2« + 2. Here « is a parameter
depending on the line sums and indicating how close (in some sense) the image is to
being uniquely determined.

In Chapter 5 we study the following question: for given horizontal and vertical
projections, what is the smallest length of the boundary that a reconstruction from
those projections can have? We prove a new lower bound that, in contrast to simple
bounds that have been derived previously, combines the information of both row
and column sums.

In Chapter 6 we construct from given monotone row and column sums an image
satisfying those line sums that has a small boundary. We prove several bounds on
the length of this boundary, and we give a few examples for which we show that no
smaller boundary is possible than the one of our construction.

In Chapter 7 we consider an unknown binary image, of which the length of the
boundary and the area of the image are given. We derive from this some properties
about the general shape of the image. First, we prove sharp lower bounds on the
size of the largest connected component. Second, we derive some results about the
size of the largest ball containing only ones, both in the case that the connected
components of the image are all simply connected and in the general case.

Each of the chapters can be read independently of the others. When results from
earlier chapters are used, these are explicitly referred to. The notation will be defined
separately for each chapter. Although the notation is fairly consistent throughout
the thesis, there sometimes are subtle changes from one chapter to another.



CHAPTER 2

Stability results for uniquely determined sets

This chapter (with minor modifications) has been published as: Birgit van Dalen,
“Stability results for uniquely determined sets from two directions in discrete to-
mography”, Discrete Mathematics 309 (2009) 3905-3916.

2.1 Introduction

An interesting problem in discrete tomography is the stability of reconstructions.
This concerns the following question: for a given binary image that is uniquely
determined, can there exist a second image that is very different from the first one,
but has almost the same line sums? For three or more directions, the answer is yes:
there even exist two disjoint, arbitrarily large, uniquely determined images of which
the line sums differ only very slightly [1, 3].

Here we focus on the same question, but with only two directions. Alpers et al. [1, 2]
showed that in this case a total error of at most 2 in the projections can only cause
a small difference in the reconstruction. They also obtained a lower bound on the
error if the reconstruction is disjoint from the original image.

In this chapter we improve this bound, and we resolve the open problem of stability
with a projection error greater than 2.
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2.2 Notation and statement of the problems

Let Fy and F» be two finite subsets of Z? with characteristic functions x; and ya.
(That is, xp(z,y) = 1 if and only if (z,y) € Fy, h € {1,2}.) For i € Z, we define
row i as the set {(k,l) € Z? : k = i}. We call i the index of the row. For j € Z, we
define column j as the set {(k,l) € Z? : | = j}. We call j the index of the column.
Note that we follow matrix notation: we indicate a point (i, ) by first its row index
¢ and then its column index j. Also, we use row numbers that increase when going
downwards and column numbers that increase when going to the right.

(h)

)

(h) _

The row sum r;" is the number of elements of the set Fj, in row 4, that is r; ’ =

> jez Xn (i, j). The column sum c;h) of F}, is the number of elements of F}, in column

Jj, that is c§h) = > ez Xn(i,j). We refer to both row and column sums as the line
sums of F},.

Throughout this chapter, we assume that Fj is uniquely determined by its row and
column sums. Such sets were studied by, among others, Ryser [24] and Wang [26].
Let a be the number of rows and b the number of columns that contain elements of
Fi. We renumber the rows and columns such that we have

P> > s s,

cﬁl) > cgl) > ... > cgl) >0,

and such that all elements of F5 are contained in rows and columns with positive
indices. By [26, Theorem 2.3] we have the following property of F} (see Figure 2.1):

e in row ¢ the elements of F} are precisely the points (i, 1), (¢,2), ..., (4, 7“1(1)),
e in column j the elements of F; are precisely the points (1, j), (2,7), ..., (c§1),j).

We will refer to this property as the triangular shape of Fy.

Everywhere except in Section 2.6 we assume that |Fy| = |Fz|. Note that we do not
assume F5 to be uniquely determined.

As Fy and F3 are different and Fj is uniquely determined by its line sums, F5 cannot
have exactly the same line sums as F. Define the difference or error in the line sums

as
2 : 1 2 2 : 1 2

i>1 i>1
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Figure 2.1: A uniquely determined set with the assumed row and column ordering.

As in general |t — s| =t + s mod 2, the above expression is congruent to

Z (cgl) + cj@)) + Z (Tzﬁl) + rz@)) =2|Fy|+2|F2|=0 mod 2,

j>1 i>1

hence the error in the line sums is always even. We will denote it by 2a;, where « is
a positive integer.

For notational convenience, we will often write p for |Fy N Fy|.

We consider two problems concerning stability.

Problem 2.1. Suppose F1 N Fy = 0. How large can |Fy| be in terms of a?

Alpers et al. [2, Theorem 29] proved that |Fy| < o?. They also showed that there is
no constant ¢ such that |Fy| < ca for all F; and Fs. In Section 2.4 we will prove the
new bound |F;| < a(1 + log ) and show that this bound is asymptotically sharp.

Problem 2.2. How small can |Fy N Fy| be in terms of |F1| and «, or, equivalently,
how large can |Fy| be in terms of |Fy N Fs| and a?

Alpers ([1, Theorem 5.1.18]) showed in the case o = 1 that

[Fi NPl > [P+ 5 —/21F] + 1.

This bound is sharp: if |[F;| = n(n+1) for some positive integer n, then there exists
an example for which equality holds. A similar result is stated in [2, Theorem 19].

While [1, 2] only deal with the case a = 1, we will give stability results for general

a. In Section 2.5 we will give two different upper bounds for |Fi|. The bounds have
different asymptotic behaviour. Writing p for |Fy N Fy|, the second bound (Theorem

2.8) reduces to
|Fi|<p+1++2p+1
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in case a = 1, which is equivalent to

pz |F1| — \/Q‘Fl‘.

Hence the second new bound can be viewed as a generalisation of Alpers’ bound.
The first new bound (Corollary 2.5) is different and better in the case that « is very
large.

In Section 2.6 we will generalise the results to the case |Fy| # |Fal.

2.3 Staircases

Alpers introduced the notion of a staircase to characterise F; A F5 in the case
a = 1. We will use a slightly different definition and then show that for general «
the symmetric difference Fy A F5 consists of « staircases.

Definition 2.1. A set of points (p1,D2,...,pn) in Z? is called a staircase if the
following two conditions are satisfied:

e for each i with 1 < i < n—1 one of the points p; and p;y1 is an element of
Fi\Fy and the other is an element of Fo\Fy;

e cither for all i the points pa; and pe;+1 are in the same column and the points
P2it1 and pai+o are in the same row, or for all i the points ps; and pa+1 are
in the same row and the points pe;+1 and pai+o are in the same column.

This definition is different from [1, 2] in the following way. Firstly, the number of
points does not need to be even. Secondly, the points p; and p, can both be either
in F1\F5 or in Fy\Fy. So this definition is slightly more general than the one used
in [1, 2] for the case o = 1.

Il I-ten
eeogo

Figure 2.2: A staircase. The set F; consists of the white and the black-and-white points,
while F» consists of the black and the black-and-white points. The staircase is indicated by
the dashed line segments.

Consider a point p; € Fy\Fy of a staircase (p1,p2,...,pn). Assume p;_; is in the
same column as p; and p; 41 is in the same row as p;. Because of the triangular shape
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of F, the row index of p;_; must be larger than the row index of p;, and the column
index of p;+1 must be larger than the column index of p;. Therefore, the staircase
looks like a real-world staircase (see Figure 2.2). From now on, we assume for all
staircases that p; is the point with the largest row index and the smallest column
index, while p,, is the point with the smallest row index and the largest column
index. We say that the staircase begins with p; and ends with p,.

Lemma 2.1. Let Fy and F» be finite subsets of Z? such that

o [ is uniquely determined by its row and column sums, and

o |F1] = [Fy.

Let « be defined as in Section 2.2. Then the set F1 A Fy is the disjoint union of «
staircases.

Proof. We will construct the staircases one by one and delete them from F} A Fy.
For a subset A of I} A F5, define

pi(A) = Hj€eZ:(i,j)eAnF}—-|{jE€Z:(i,j)e ANFy}|, i€Z,
oi(Ad) = [{ie€eZ:(i,j)) e ANF}—-|{i€Z:(i,j) e ANF}|, j€Z,
T(4) =

S oA+ D oy (A)]

We have 2o = 7(Fy A Fy).

Assume that the rows and columns are ordered as in Section 2.2. Because of the
triangular shape of Fi, for any point (i, ) € F1\Fz and any point (k,1) € F3\F; we
then have k > i or [ > j.

Suppose we have deleted some staircases and are now left with a non-empty subset A
of Fy A Fs. Let (p1,pa,...,pn) be a staircase of maximal length that is contained in
A. Let (x1,y1) and (2, yn) be the coordinates of the points p; and p,, respectively.
Each of those two points can be either in A N F} or in A N Fy, so there are four
different cases. (If n = 1, so p; and p,, are the same point, then there are only two
cases.) We consider two cases; the other two are similar.

First suppose p1 € ANF; and p, € ANFy. If (x,y1) is a point of AN F5 in the same
column as p1, then = > 1, so we can extend the staircase by adding this point. That
contradicts the maximal length of the staircase. So there are no points of AN F5 in
column y;. Therefore o, (A4) > 0.

Similarly, since p, € A N Fy, there are no points of AN F} in the same column as
Pn- Therefore o, (A) < 0.



16 Chapter 2 Stability results for uniquely determined sets

All rows and all columns that contain points of the staircase, except columns y; and
Yn, contain exactly two points of the staircase, one in A N F; and one in AN F5.
Let A" = A\{p1,p2,...,pn}. Then p;(A") = p;(A) for all i, and 0;(A") = ¢;(A4) for
all j # v1, yp. Furthermore, o, (4’) = 0y, (4) — 1 and oy, (4") = 0y, (A) + 1. Since
oy, (A) > 0 and oy, (A) <0, this gives 7(A") = 7(A4) — 2.

Now consider the case py € AN Fy and p, € AN Fy. As above, we have oy, (4) > 0.
Suppose (z,,y) is a point of AN F; in the same row as p,. Then y > y,,, so we can
extend the staircase by adding this point. That contradicts the maximal length of
the staircase. So there are no points of AN Fy in row x,,. Therefore p,, (A) > 0.

All rows and all columns that contain points of the staircase, except column y; and
row x,, contain exactly two points of the staircase, one in AN F; and one in AN F5.
Let A" = A\{p1,p2,...,pn}. Then p;(A’) = p;(A) for all i # z,, and 0,;(A’) = 0;(4)
for all j # yi. Furthermore, o, (A") = 0,, (A) — 1 and p,,, (4’) = pg, (4) — 1. Since
oy, (A) > 0 and p,, (A) > 0, this gives 7(A") = 7(A4) — 2.

We can continue deleting staircases in this way until all points of F; A F5 have been
deleted. Since 7(A) > 0 for all subsets A C F; A F», this must happen after deleting
exactly a staircases. O

Remark 2.1. Some remarks about the above lemma and its proof.

(i) The « staircases from the previous lemma have 2a endpoints in total (where we
count the same point twice in case of a staircase consisting of one point). Each
endpoint contributes a difference of 1 to the line sums in one row or column.
Since all these differences must add up to 2«, they cannot cancel each other.

(i) A staircase consisting of more than one point can be split into two or more
staircases. So it may be possible to write Fy A\ Fy as the disjoint union of
more than « staircases. However, in that case some of the contributions of
the endpoints of staircases to the difference in the line sums cancel each other.
On the other hand, it is impossible to decompose Fy /\ Fy into fewer than «
staircases.

(ii) The endpoints of a staircase can be in F1\Fy or Fo\Fy. For a staircase T of
which the two endpoints are in different sets, we have |T N Fy| = |T N Fs|.
For a staircase T of which the two endpoints are in the same set, we have
‘Tﬂ Fl‘ =1+ |Tﬂ F2| or |Tﬁ F2| =1 + |T N F1| Since ‘Fl\FQ‘ = ‘FQ\F1|,
the number of staircases with two endpoints in F1\Fy must be equal to the
number of staircases with two endpoints in Fo\Fy. This implies that of the 2«
endpoints, exactly a are in the set F1\Fy and a are in the set Fy\F}.

Consider a decomposition of F} A Fy as in the proof of Lemma 2.1. We will now
show that for our purposes we may assume that all these staircases begin with a
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point p; € F1\F» and end with a point p,, € F\F;.

Suppose there is a staircase beginning with a point (x,y) € F5\Fy. Then there also
exists a staircase ending with a point (2’,y") € F1\Fa: otherwise more than half of
the 2a endpoints would be in F»\Fi, which is a contradiction to Remark 2.1(iii).
Because of Remark 2.1(i) we must have rg(gl) < rf’ and ril/) > 7'9(5).

Let y” be such that (2',y”) € Fi U Fy. Delete the point (x,y) from F» and add
the point (2’,y”) to Fy. Then r$?) decreases by 1 and TS) increases by 1, so the
difference in the row sums decreases by 2. Meanwhile, the difference in the column
sums increases by at most 2. So o does not increase, while Fy, |Fz| and |Fy A Fy|
do not change. So the new situation is just as good or better than the old one.
The staircase that began with (z,y) in the old situation now begins with a point
of Fy\Fy. The point that we added becomes the new endpoint of the staircase that
previously ended with (2’ y").

Therefore, in our investigations we may assume that all staircases begin with a point
of F1\F; and end with a point of F5\F}. This is an important assumption that we
will use in the proofs throughout the chapter. An immediate consequence of it is

that 7"51) = 1"52) for all ¢. The only difference between corresponding line sums occurs
in the columns.

2.4 A new bound for the disjoint case

Using the concept of staircases, we can prove a new bound for Problem 2.1.

Theorem 2.2. Let F} and F» be finite subsets of Z2 such that

o [ is uniquely determined by its row and column sums,
o |Fy| = |Fy|, and
o FiNFy=0.

Let o be defined as in Section 2.2. Then

Ry (5]

Proof. Assume that the rows and columns are ordered as in Section 2.2. Let a be
the number of rows and b the number of columns that contain elements of Fj. Let
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(k,1) € Fy. Then all the points in the rectangle {(i,7) : 1 < i < k,1 < j <[} are
elements of Fy. Since F; and F; are disjoint, none of the points in this rectangle is
an element of Fy, and all the points belong to Fy A F5. So all of the kl points must
belong to different staircases, which implies a > kl. For all ¢ with 1 < ¢ < a we have
(1)) € Fy, hence r'") @

(4,7, ;< %.Since r;”” must be an integer, we have

F1= Yo <3 9)
=1

i=1

Since (a, 1) € Fy, we have a < a, so

Ry (5

O
Corollary 2.3. Let Fy, F5 and « be defined as in Theorem 2.2. Then
|Fi| < a(1 +loga).
Proof. We have
|« 1 *1
F<PJ< 7<1/—d:11.
| 1|_; ; _a;i_a< + 7 a:) a(l+loga)
O

The following example shows that the upper bound cannot even be improved by a

1 ~
factor TTog3 ~ 0.72.

Example 2.1. (taken from [1]) Let m > 1 be an integer. We construct sets Fy and
F5 as follows (see also Figure 2.3).

e Row 1:

- (1,j)e Fyfor1 <j<2m,
— (1,5) € Fy for 2m +1 < j < 2mth

e Let 0 <! <m—1. Row i, where 2! +1 <4 < 21+

- (,j)eFfor1<j< gm—i-1,
- (27]) € F; for gm—Il—-1 +1< j< gm—1_
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oJololojojoleier X X X X X X X J
OJO)0)0X X X X J

coee

ococee

Figure 2.3: The construction from Example 2.1 with m = 3.

The construction is almost completely symmetrical: if (¢,7) € Fy, then (j,4) € Fy;
and if (i,7) € Fy with ¢ > 1, then (j,7) € F». Since it is clear from the construction
that each row contains exactly as many points of F} as points of F5, we conclude
that each column j with 2 < j < 2™ contains exactly as many points of F} as points
of Fy as well. The only difference in the line sums occurs in the first column (which
has 2™ points of F; and none of Fy) and in columns 2™ + 1 up to 2™*! (each of
which contains one point of F5 and none of F7). So we have

a=2".
Furthermore,
m—1
|F1| — 2’m + Z 2l2m—l—1 — 2m + m2m—l.
=0

Hence for this family of examples it holds that
1
B = o+ Salogy a,

which is very close to the bound we proved in Corollary 2.3.

2.5 Two bounds for general o

In case F; and Fs are not disjoint, we can use an approach very similar to Section
2.4 in order to derive a bound for Problem 2.2.
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Theorem 2.4. Let Fi and F» be finite subsets of Z? such that

e I is uniquely determined by its row and column sums, and

o |Fy| = |Fy.

Let « be defined as in Section 2.2, and let p = |Fy N Fy|. Then

o o+
|F1§Z{ ; J

=1

Proof. Assume that the rows and columns are ordered as in Section 2.2. Let (k,1) €
Fy. Then all the points in the rectangle {(7,7) : 1 <1i < k,1 < j <1} are elements
of Fi. At most p of the points in this rectangle are elements of Fy, so at least kl —p
points belong to £y A F5. None of the points in the rectangle is an element of Fo\ Fi,
so all of the kIl — p points of F} A Fy in the rectangle must belong to different
staircases, which implies « 4+ p > kl. For all ¢ with 1 < ¢ < a we have (i, rgl)) € Fi,
(1) < O‘Tﬂj. Since 7“(1) must be an integer, we have

i %

LR
=1 i=1

Since (a,1) € F1, we have a < a + p, so

a+p a+p
|F1§Z{ ; J

hence r

i=1
O
Corollary 2.5. Let Fy, F5, o and p be defined as in Theorem 2.4. Then
[F1| < (a+p)(1 + log(a + p)).
Proof. Analogous to the proof of Corollary 2.3. O

The following example shows that the upper bound cannot even be improved by a
factor ngz ~ 0.72, provided that o > 21&% log(p + 1).

Example 2.2. Let & and m be integers satisfying £k > 2 and m > 2k — 2. We
construct sets Fy and Fy as follows (see also Figures 2.4 and 2.5).
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e Row 1:
- (1,j) e FiNF; for 1 Sjgzk—l’
— (1,j) € Fyfor 2k=1 1< j<om 2kl 41,
— (1,j) € Fy for 2™ —2k=1 42 < j < om¥l gk _ k=149

Let 0 <1<k —2. Row 4, where 2! +1 < ¢ < 2/*1:

— (i,1)€F10F27
— (i,j) € Fy for 2 < j < om—i-l _gk=l=2 4 1
_ (Z,]) c F2 for 2m—l—1 _ 2k—l—2 +2 S j S 2m—l _ 2k—l—1 +1.

Let k—1<1<m—k. Row 4, where 2! +1 < i < 2!+1:

— (i,j) € [y for 1 < j < 2m~i=1
- (Za]) € F, for gm=i-1 41 <j< gm—1_

Let m —k+1<1<m—1. Row i, where 2! — 2l=m+k=1 1 2 < j < 241 _
gl-mtk 4 1,

- (i,j)eFfor1<j< 2m71717
— (i,j) € Fy for 2m~1=1 1 < j < 2mL,

©eee0000000OO0LCe00000000
cJojoleloiey X X X X X J

oJoy ¥ X J

o)) X X J
|
|
|

OO0O0O0O0OOOOID
0000000 OO0

Figure 2.4: The construction from Example 2.2 with k = 3 and m = 4.

The construction is almost symmetrical: if (¢,7) € Fy, then (j,7) € Fy; if (i,j) €
Fi N Fy, then (j,Z) € Fi1 N Fy; and if (Z,]) € Fy with 7 > 1, then (j,Z) € F,. Since
it is clear from the construction that each row contains exactly as many points of
F) as points of Fy, we conclude that each column j with 2 < j < 2™ —2k-1 1
contains exactly as many points of F; as points of F5 as well. The only difference in
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the line sums occurs in the first column (which has 2 — 2*=! 4 1 points of F} and
only 271 of F3) and in columns 2™ — 2¥~1 42 up to 2m+! — 2k —2k=1 1 9 (each of
which contains one point of F» and none of F}). So we have

1
a — 5 ((2777, - 2]671 4 1) - 2]671 4 (2m+1 _ 2]€ _ 2]671 + 2) _ (2m o 2]{71 + 1))

= 2m_9F 11,

It is easy to see that
p= |F1 ﬂFQ‘ :2k—1

Now we count the number of elements of Fy.

e Row 1 contains 2™ — 2F=1 + 1 elements of Fj.

e Let 0 <1< k—2. Rows 2'4+1 up to 2!T! together contain 2!(2m—1—1 —2k=1=2 4
1) = 2m~1 — 2k=2 1 9l elements of F}.

e Letk—1 <1< m—k. Rows 2/ +1 up to gi+1 together contain ol.gm—Ii-1 — gm—1
elements of Fy.

o Let m —k+1<1<m—1. Rows 2l —2l=m+k=1 L 9 yp to 2!+ — 2l=m+k 1 1
together contain (2! — 2!=m+k=1)(gm=l-1) = 9m—1 _ 9k=2 elements of F}.

ivleololeloleieieoleoloieieiel X X X X X X X X X N X X J
SJojojejejeierer X X X X X X /

oJololey X X X J

oJojoiex X X ¥ J

0Cee

oCee

coee

Figure 2.5: The construction from Example 2.2 with £ = 2 and m = 4.
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Hence the number of elements of F} is
k—2
| o= 2m =2t (k@@ -2+ )
1=0
+(m =2k +2)2m 71 4 (k—1)(2m 1 — 272
— 2771, + m2m—l + 2k—1 _ k‘Qk—l.

For this family of examples we now have

a+p p+1 p+1
5 logg(a+p)+T— 5

|Fi|=a+p+ log,(p+1).

We will now prove another bound, which is better if p = |Fy N F| is large compared
to a. Let u be an integer such that 2u = |Fy A Fy|. We will first derive an upper
bound on w in terms of a, b and «. Then we will derive a lower bound on |Fj| in
terms of a, b and «. By combining these two, we find an upper bound on u in terms
of o and p.

Lemma 2.6. Let Fy and F» be finite subsets of Z2 such that

o [ is uniquely determined by its row and column sums, and

o |F]=|Fy.

Let o, a and b be defined as in Section 2.2. Define u as 2u = |Fy A Fs|. Then we

have
«

2
u” <
— 4

(a+b)a+b+a—1).

Proof. Decompose F; A Fy into « staircases as in Lemma 2.1, and let 7 be the set
consisting of these staircases. Let T € T be a staircase and ¢ < a + 1 a positive
integer. Consider the elements of T'N F5 in rows ¢, ¢ + 1, ..., a. If such elements
exist, then let w;(T) be the largest column index that occurs among these elements.
If there are no elements of T'N Fy in those rows, then let w;(T) be equal to the
smallest column index of an element of T'N F; (no longer restricted to rows i, ...,
a). We have w;(T) > 1. Define Wy = 3 .. w;(T).

Let d; be the number of elements of Fi\Fy in row i. Let y1 < ... < yq4, be the
column indices of the elements of Fy\F in row 4, and let y; < ... < gy, be the
column indices of the elements of Fy\F in row i. Let 7; C T be the set of staircases
with elements in row i. The elements in F»\ F; of these staircases are in columns y/,
Yo, -+ Yy, hence the set {w;(T) : T' € T} is equal to the set {y1,v5,...,yg }- The
elements in F}\Fy are in columns yi, y2, ..., yq and are either the first element of
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a staircase or correspond to an element of F5\Fj in the same column but in a row
with index at least i + 1. In either case, for a staircase T' € T; we have w;1(T) = y;
for some j. Hence the set {w;+1(T) : T € T;} is equal to the set {y1,ya2,...,yq4, }. We

have
d; d; 1
Z wi1(T) = Z Z Ya, —J +1) = diya, — 2(di - 1)d;,
TET; Jj=1 j=1
and
d; d;
SowilT) =4 > (Ya, +7) = diva, + 5 (d +1)d;.
TeT; j=1 j=1
Hence
Wi = Wi+ > (wilT) = wisr (T))
TETl
> Wipi+ 2 (d +1)d; + = (d —1)d;
= Wiy + di .

Since W41 > «, we find
Wi >a+d;+-+d2

We may assume that if (z,y) is the endpoint of a staircase, then (z,y’) is an element
of Fy UF; for 1 <y’ < y (i.e. there are no gaps between the endpoints and other
elements of F; UF; on the same row). After all, by moving the endpoint of a staircase
to another empty position on the same row, the error in the columns can only become
smaller (if the new position of the endpoint happens to be in the same column as
the first point of another staircase, in which case the two staircases fuse together to
one) but not larger, and u, a and b do not change.

So on the other hand, as Wi is the sum of the column indices of the endpoints of
the staircases, we have

1
Wi<(b+1)+(b+2)+ -+ (b+a)=ab+ sala+1),

We conclude

= 1
a—l—Zd? <ab+ 504(04—5—1).
i=1

Note that Z?Zl d; = u. By the Cauchy-Schwarz inequality, we have

(S) (£1) = (£) -
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SO
u
Z: =

From this it follows that

bt taas1)zar L
« - (0% —
2 - a’

or, equivalently,

1
u? < aab + 504(04 —1a.
By symmetry we also have
9 1
u® < aab+ Ea(a —1)b.

Hence .
u? < aab + Za(a —1)(a+0).

Using that Vab < “TH’, we find

2 SO{(@wbﬂ N (al)(a+b)>

a
= — —1).
1 1 4(a,—|—b)(a—|—b+oz )

Lemma 2.7. Let F) and F» be finite subsets of Z* such that

o [ is uniquely determined by its row and column sums, and

o |Fi] = [Fy.

Let a, a and b be defined as in Section 2.2. Then we have

(a + b)?

‘F1|_m

Proof. Without loss of generality, we may assume that all rows and columns that
contain elements of F also contain at least one point F; A F5: if a row or column
does not contain any points of F; /A F5, we may delete it. By doing so, F1 /A F» does
not change, while |F| becomes smaller, so the situation becomes better.

First consider the case 7"1( +)1 < 7"( ) —a for some i. We will show that this is impossible.

If a column does not contain an element of Fy\Fj, then by the assumption above
it contains an element of Fy\F», which must then be the first point of a staircase.
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Consider all points of Fy\F; and all first points of staircases in columns 7;41 + 1,
rit1 + 2, ..., r;. Since these are more than a columns, at least two of those points
must belong to the same staircase. On the other hand, if (z,y) € Fy\Fy is the first
point of a staircase with r;41 < y < r;, then we have z < i, so the second point
(z’,y') in the staircase, which is in F5\F}, must satisfy 2’ < i and therefore 3’ > r;.
So the second point cannot also be in one of the columns r;41 +1, rip1 +2, ..., ;. If
two points of F5\F in columns r;11+1, 74142, ..., r; belong to the same staircase,
then they must be connected by a point of F\F» in the same columns. However, by
a similar argument this forces the next point to be outside the mentioned columns,
while we assumed that it was in those columns. We conclude that it is impossible
for row sums of two consecutive rows to differ by more than a.

By the same argument, column sums of two consecutive columns cannot differ by

(1) VIS 6(1)
J

more than . Hence we have r; "} > 7"1(1) —aforall 4, and ¢; /) > — o for all j.

We now have Tél) >b—aq, rél) > b—2a, and so on. Also, cgl) >a—a, cz())l) > a—2a,

and so on. Using this, we can derive a lower bound on |F | for fixed a and b. Consider
Figure 2.6. The points of F} are indicated by black dots. The number of points is
equal to the grey area in the picture, which consists of all 1 x 1-squares with a point
of F} in the upper left corner. We can estimate this area from below by drawing a
line with slope a through the point (¢ + 1,1) and a line with slope é through the
point (b + 1,1); the area closed in by these two lines and the two axes is less than
or equal to the number of points of Fj.

Figure 2.6: The number of points of F; (indicated by small black dots) is equal to the
grey area.

For a = 1 those lines do not have a point of intersection. Under the assumption we
made at the beginning of this proof, we must in this case have a = b and the number
of points of F} is equal to

ala+1) - a? (a+0b)?

2 T a+l 4la+1)

so in this case we are done.

In order to compute the area for o > 2 we switch to the usual coordinates in R2,
see Figure 2.7. The equation of the first line is y = ax — a, and the equation of the
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second line is y = ix — L1b. We find that the point of intersection is given by

(2,1) aax—b —ba+a

) =(——,—— |-
Y a?2—-1" a2-1
The area of the grey part of Figure 2.7 is equal to

1 aa-—0b 1 ba—a a?a + b2a — 2ab
—a- + —b- =
27 a?2-1 2 a?2-1 2(a? - 1)

We now have

a(a® + b?) — 2ab - a@— % _ (a+0b)?
T P R ) P Mot D)

(07 —CL)

Figure 2.7: Computing the area bounded by the two lines and the two axes.

Theorem 2.8. Let F} and F» be finite subsets of Z? such that

o [ is uniquely determined by its row and column sums, and

o |F1|=|Fy.

Let o be defined as in Section 2.2, and let p = |Fy N Fy|. Write 8 = /a(a+1). Then

1>2 (a—1)%

2

|F1|§p+\/2(5+\/ﬁ(a1)+4(a+1)p+ﬁg+a— .

Proof. Write s = a + b for convenience of notation. From Lemma 2.6 we derive

ws ¥ (s 550

2 2
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We substitute |F;| = u + p in Lemma 2.7 and use the above bound for u:

-1
(e

s2

> |F| > —.
)z Al

2

Solving for s, we find

s < \/a(a+l)+\/\/a(a271)+4(a+1)p+a(a+1)2
= B+Bla+1)+4(a+1)p+p2

Finally we substitute this in Lemma 2.6:

1)2 _(a—1?a

u<\/Z<5+\/B(a—1)+4(a+1)p+52+a_ T

2

This, together with |Fy| = u + p, yields the claimed result. O

Remark 2.2. By a straightforward generalisation of [2, Proposition 18 and Lemma
16], we find a bound very similar to the one in Theorem 2.8:

(2a0 — 1)2

1
Bl < p+(a+ Da—5)+(a+1)y/2p+ =

Theorem 2.8 says that |F}| is asymptotically bounded by p 4+ a/p + o®. The next
example shows that |F}| can be asymptotically as large as p + 2,/ap + a.

Example 2.3. Let N be a positive integer. We construct F; and F, with total
difference in the line sums equal to 2« as follows (see also Figure 2.8). Let (7,j) €
FiNFEyforl1 <i<N,1<j<N. Furthermore, for 1 <i < N:

e Let (i,5),(j,i) e FENFy for N4+1<j <N+ (N —i)a.
o Let (4,5),(5,i) € Fyfor N+ (N —i)a+1<j< N+ (N —i+1)a.

o Let (i,7),(jyi) e Fofor N+ (N—i+1)a+1<j< N+ (N—-i+2)a.

Finally, for 1 <t < «, let (i,j) € Fo withi=N+tand j=N+a+1—t.

The only differences in the line sums occur in the first column (a difference of «)
and in columns N + Na + 1 up to N + Na + « (a difference of 1 in each column).
We have

1
p:N2+2-§N(N—1)a:N2+N2a—Na,
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Figure 2.8: The construction from Example 2.3 with N =4 and « = 3.

and
1
|Fy | :N2+2'§N(N+1)&:N2+N2a+Na.

From the first equality we derive

e P a?
= + + .
2(a+1) at+1l  4(a+1)2

Hence

a? 4a2p at
Fi| = 2Na = .
Fif =p+2Na ZH_04—1—1—’_ a+1+(a+1)2

2.6 Generalisation to unequal sizes

Until now, we have assumed that |Fy| = |Fz|. However, we can easily generalise all
the results to the case |Fi| # |Fa|.

Suppose |Fy| > |F3|. Then there must be a row ¢ with r > 1 Let j > b be such

i %

that (i,7) € F» and define F3 = F» U {(4,5)}. We have rgg) = TEZ) + 1, so the error
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in row ¢ has decreased by one, while the error in column j has increased by one.
In this way, we can keep adding points until F» together with the extra points is
just as large as Fi, while the total difference in the line sums is still 2c. Note that
p = |Fy N F3| and |Fy| have not changed during this process, so the results from
Theorem 2.8 and Corollary 2.5 are still valid in exactly the same form.

Suppose on the other hand that |Fy| < |F»|. Then there must be a row with rgl) <
TZ@). Let j be such that (i, j) € F5\F; and define F3 = F5\{(¢,j)}. The error in row ¢
has now decreased by one, while the error in column j has at most increased by one,
so the total error in the line sums has not increased. We can keep deleting points of
F5 until there are exactly |Fy| points left, while the total difference in the line sums

is at most 2a.

By using |Fy A Fy| = 2(]F1| — p), we can state the results from Theorem 2.8 and
Corollary 2.5 in a more symmetric way, not depending on the size of Fj.

Theorem 2.9. Let Iy, and I, be finite subsets of Z? such that Fy is uniquely de-
termined by its row and column sums. Let o be defined as in Section 2.2, and let
p = |F1 N Fy|. Write 8 = /a(la+1). Then

1. |Fy A Fy| <20+ 2(a + p) log(a + p).

2. |[F1 AFy| < \/04 (ﬁ—|—\/ﬁ(a—1)+4(a+l)p+52+a771>2—%.



CHAPTER 3

Upper bounds for the difference between
reconstructions

This chapter (with minor modifications) has been published as: Birgit van Dalen,
“On the difference between solutions of discrete tomography problems”, Journal of
Combinatorics and Number Theory 1 (2009) 15-29.

3.1 Introduction

When a binary image is not uniquely determined by its projections, the reconstruc-
tion may not be equal to the original image. In such a situation, it is interesting to
know whether the reconstruction is a good approximation of the original image. In
other words, we would like to find bounds on how much two images with the same
projections can differ, and to have conditions under which the two images can be
completely disjoint.

There exists a very simple such bound. If the image is contained in an m x n-rectangle
and a certain row sum is equal to a > n/2, then the difference in that row can be at
most 2a — n. If on the other hand a row sum is equal to b < n/2, then the difference
in the row can be at most 2b. Summing over all m rows gives an upper bound on the
size of the symmetric difference of two different reconstructions. While this bound
may be quite good in some special cases, it is not very good in general.
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In this chapter we will use a different approach, based on the work in Chapter 2.
There the concept of staircases, introduced by Alpers [1], was used to compare an
arbitrary image to a uniquely determined image. Here we generalise this method in
order to compare two arbitrary binary images. We use a uniquely determined image
that is as close as possible to the original image. We characterise such images in
Theorem 3.4. We then consider two reconstructions from the same horizontal and
vertical projections and prove bounds on the intersection and symmetric difference of
the two reconstructions in Theorems 3.5 and 3.7. As a consequence of these results,
we find a condition on the projections that must hold when the reconstruction and
the original image are disjoint.

In Theorem 3.6 we show that we can construct a uniquely determined image that
is guaranteed to have a large intersection with the original image. To complement
this result, we state conditions under which no individual point must necessarily
belong to the original image (these conditions are a direct consequence of a theorem
by Anstee [4]). Finally, we will consider two reconstructions from two different sets
of horizontal and vertical projections and prove an upper bound for the difference
between the two reconstructions.

3.2 Notation

Let F be a finite subset of Z? with characteristic function x. (That is, x(k,1) = 1
if (k,1) € F and x(k,l) = 0 otherwise.) For i € Z, we define row ¢ as the set
{(k,1) € Z* : k = i}. We call i the index of the row. For j € Z, we define column
j as the set {(k,l) € Z? : | = j}. We call j the index of the column. Note that we
follow matrix notation: we indicate a point (4,j) by first its row index ¢ and then
its column index j. Also, we use row numbers that increase when going downwards
and column numbers that increase when going to the right.

The row sum r; is the number of elements of F' in row 4, that is r; = ZjeZ x(2, 7).
The column sum c¢; of F' is the number of elements of F' in column j, that is ¢; =
> iz X(4,7). We refer to both row and column sums as the line sums of F. We will
usually only consider finite sequences (r1,72,...,7,) and (¢1,ca, ..., ¢y,) of row and
column sums that contain all the nonzero line sums.

We call F' uniquely determined by its line sums or simply uniquely determined if
the following property holds: if F’ is a subset of Z? with exactly the same row and
column sums as F, then F/ = F. Suppose F is uniquely determined and has row
sums ry, T2, ..., I'my. For each j with 1 < 7 < max;r; we can count the number
#{l:r; > j} of row sums that are at least j. These numbers are exactly the nonzero
column sums of F' (in some order). This is an immediate consequence of Ryser’s
theorem ([24], see also [14, Theorem 1.7]).
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Suppose we have two finite subsets F; and F, of Z2. For h = 1,2 we denote the row

and column sums of F}, by rl(h), i € Z, and cg.h), j € Z, respectively. Define

1 1 2 1 2
Q(FlaFQ):i Z|c§>,cg>|+z|rg )
JEZ 1EZL

Note that «a(Fy, F») is an integer, since 2a(F1, F») is congruent to

Z (cél) + c§2)) + Z (7}(1) " 7”2(2)> —2|Fy| +2[F5| =0 mod 2.
JEZ 1€EZL

We will sometimes refer to >,y \cg-l) - 05-2)| as the difference in the column sums

and to ) ., \7’51) — r£2)| as the difference in the row sums.

In order to describe the symmetric difference between two sets F; and F5, we use
the notion of a staircase, first introduced by Alpers [1].

Definition 3.1. A set of points (p1,D2,...,pn) in Z? is called a staircase if the
following two conditions are satisfied:

e for each i with 1 < i < n —1 one of the points p; and p;y1 is an element of
Fi\F, and the other is an element of F3\Fi;

e cither for all i the points pa; and pa;+1 are in the same column and the points
DP2i+1 and pairo are in the same row, or for all i the points ps; and pe;1 are
in the same row and the points pe;+1 and pai+o are in the same column.

3.3 Some lemmas

We prove some lemmas that we will use later for our main results.

Lemma 3.1. Leta; > as > ... > a, be non-negative integers. Let m > max; a;. For
1<i<m,defineb; =#{j:a; >i}. Then for1 < j < n we havea; = #{i:b; > j}.
Proof. We have by > by > ... > b,,. Hence for 1 < j < n we have

#{i:b; > j} = max{i: b, > j} = max{i: max{l: a; > i} > j}.
For a fixed i we have

max{l:aq >i}>j <= a;>1,
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hence
max{i : max{l:a; > i} > j} = max{i:a; > i} = a;.

This completes the proof. O

Lemma 3.2. Let F be a uniquely determined finite subset of Z? with row sums r;,
1 € Z, and column sums c;, j € Z, respectively. If for integers i1, i2 and jo we have
(il,j()) € F and (ig,jo) g F, then iy > Tigy-

Proof. As F is uniquely determined, we have the following characterisation of its
elements [14, p. 17]: a point (z,y) is an element of F'if and only if r, > #{l: ¢; > ¢, }.
So if (i1, jo) € F and (i2,jo) € F, we have ri, > #{l:¢; > ¢;o} > 14,. O

Let F} and F, be finite subsets of Z2, such that F; is uniquely determined and
|Fi| = |Fz|. Denote the row sums of Fy by r;, i € Z. Let a = «(F, F3). The sym-
metric difference Fy; A F is the disjoint union of « staircases (see Lemma 2.1).
Consider such a staircase with points (z1,y1), (Z2,¥2), ..., (¢, y:) € F1\F> and
(x2,91), (x3,y2) .- -, (x4, yt—1) € Fo\Fy. (The staircase may contain another point
of F5\F} in row z; and another one in column y;, but this is irrelevant here.) By
Lemma 3.2 we have
Tgy > Tag > ooo > Ty

Hence the rows x1, x2, ..., x; of F] have pairwise different line sums.

Lemma 3.3. We have

|F1 AF2| < Oé\/8|F1| +1-—oa.

Proof. Let n be the largest positive integer such that |Fy| > n(n+1)/2. Suppose F;
has at least n + 1 distinct positive row sums. Then

1
[Fil 21424 Fn+(n+1)=5(n+1)(n+2),

which contradicts the maximality of n. So F; has at most n distinct positive row
sums. Any staircase of F; A Fy therefore contains elements of F;\Fy in at most n
different rows. So the total number of elements of F;\F» cannot exceed an. Hence
|Fi A F3| < 2an. On the other hand, we have 2|Fy| > n? +n = (n +1/2)% — 1/4,

thus n < /2|F| + 1/4 — 1/2. We conclude
IFl AF2| S Ck\/8|F1| +1—a.

Remark 3.1. We will also use the slightly weaker estimate

|F1 A F2| § 2&\/ 2|F1|
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3.4 Uniquely determined neighbours

Consider a set F5 that is not uniquely determined by its line sums. We are inter-
ested in how close — in some sense — this set is to being uniquely determined. We
define the distance between F» and a uniquely determined set Fy as a(Fs, Fy). The
smallest possible value of a(F», Fy) then indicates how close F; is to being uniquely
determined. It turns out that we can characterise in a very simple way the sets F}
for which a(Fy, F1) is minimal.

Theorem 3.4. Let Fy be a finite subset of Z> with nonzero row sums ri > ro >
... > Ty and nonzero column sums ¢1 > ¢ > ... > ¢y. Put aj = #{i 1 > j},
1<j<mn,andb = #{j:¢; > i}, 1 <i < m. Define oy = min{a(F>, F) :
F is a uniquely determined set}. Let Fy be a uniquely determined set with row sums
uy > ug > ..., and column sums vy > ve > .... Then the following conditions are
equivalent:

(Z) Q(FQ,Fl) = Qy,

in(a;,¢;) < vj < o) if1<j<
(i) for all j > 1 we have min(a;,c;) < v; < max(aj,¢;) if1< J. <mn,
v; =0 otherwise,

min(b;, ;) < w; <max(b;, ;) if 1 <i<m,

u; =0 otherwise.

(iii) for all i > 1 we have {

Proof. We will prove the equivalence of (i) and (i7). By symmetry the equivalence
of (7) and (#47) then follows. During the proof, we will use several times the fact that
u; = #{j :v; > i}, i >1, as F; is uniquely determined (see Section 3.2).

(1) = (i3). Suppose Fi does not satisfy (i7). Then either v; # 0 for some j > n, or
v; < min(aj,c¢;) for some j with 1 < j < n, or v; > max(a;,c;) for some j with
1 < j < n. In each of those three cases we will prove that there exists a uniquely
determined set F] such that a(Fy, F]) < a(Fs, F1), which implies that F; does not
satisfy (7).

Case 1: there is an | > n such that v; # 0. As for all j € {1,2,...,n} we have
vj > vy, we must have u,, = #{j : v; > v;} > n+ 1. Now consider the set F| with
the same row and column sums as Fj, except that the column sum with index [ is
exactly 1 smaller and the row sum with index v; is exactly 1 smaller. Note that this
set is uniquely determined. Since either v; > m (so r,, does not exist) or r,, < n,
the difference in the row sums of Fj] and Fb is 1 less than the difference in the
row sums of F; and F5. The same holds for the differences in the column sums. So
CY(FQ,F{) < Oé(FQ, Fl)
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Case 2: there is a k € {1,2,...,n} such that vy, < min(ag,cx). Assume that k is the
smallest positive integer with this property. Define F] such that its row sums ) and

column sums vé- are as follows:

, u; + 1 ifi:’Uk—I—l,
u; = .
Uu; otherwise,

y {vk.+1 if j =k,
v otherwise.
If k =1, then the column sums of F] are obviously non-increasing. If k > 2, then
Vg—1 > min(ag_1,ck—1) > min(ag, cx) > vg,

SO V},_; = Uk—1 > v + 1 = v}, hence the column sums are non-increasing in this
case as well. For the row sums we have u; = #{j : vj > i}, which shows that the
row sums are non-increasing and that F7 is uniquely determined.

Clearly, the difference in the column sums has decreased by 1 when changing from
F) to F|. The difference in the row sums has changed by |uy, 11 + 1 — 7y, 41| —
|ty +1 — Tvp+1|- We have wy, 1 = #{j : v; > vx + 1} < k. By Lemma 3.1 we have
Top+1 = #{j : a; > vp+1} and therefore r,, 11 > k, using ax > min(ag, ¢x) > v+ 1.
Hence uy, +1 < 74,41 and therefore the difference in the row sums has decreased by
1. So OZ(FQ,F{) < Q(FQ,Fl).

Case 3: there is a k € {1,2,...,n} such that vy > max(ay,cx). This is analogous to
Case 2.

(#9) = (i). Suppose Fi satisfies (i7). Consider the uniquely determined set with
column sums min(aj,¢;), 1 < j < n, and non-increasing row sums. Then we can
build F} starting from this set by adding new points one by one. Starting in the
column with index 1, we add points to each column until there are v; points in
column j. The points added in column j are in rows min(a;,¢;) + 1, ..., v; in that
order. In this way, in every step the constructed set has non-increasing row and
column sums and is uniquely determined. We will prove that the value of a does not
change in each step, which implies that the value of « of the set we started with is
equal to a(Fy, F1). That proves that all sets Fy satisfying (#¢) have the same value
a(Fy, F1). This must then be the minimal value «p, since we proved in the first part
that the minimal value occurs among the sets Fy satisfying (i7).

Now assume that Fj satisfies (ii) and let k be such that vy < max(ag,cx) and if
k > 2, then vy < vg_1. It suffices to prove that if we add the point (k, v + 1) to F7,
then the value of a does not change. (Whenever we add a point in the procedure
described above, the conditions v < max(ag,cx) and vg < vg—1 hold.) So define Fy
as the uniquely determined set with row sums u; and column sums v’; satisfying

, u; +1 if i =wvp +1,
U; otherwise,
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. [ow+1 if 5=k,
KO —
/ oy otherwise.

We will prove that a(Fs, F]) = a(Fz, F1). We distinguish between two cases.

Case 1: ap < vg < ¢k. By changing from Fj to Fj the difference in the column sums
has decreased by 1. We have w,, 41 = #{j : v; > vy +1} = k — 1, as either k = 1
or vg—1 > vk + 1. Also, by Lemma 3.1 we have r,, 411 = #{j : a; > v + 1} <k —1,
since ar < v + 1. SO Uy, +1 > Tw,+1, which shows that the difference in the row
sums has increased by 1. Hence a(Fy, Fy) = a(Fs, F1).

Case 2: ¢, < vy < ag. By changing from Fj to Fy the difference in the column sums
has increased by 1. We have u,, 1 = k—1 as in Case 1. Also, by Lemma 3.1 we have
Top+1 = #{J 1 a; > v + 1} > k, since ap > vi + 1. S0 wy4+1 < Ty,41, which shows
that the difference in the row sums has decreased by 1. Hence a(F», F|) = a(Fs, F).

This completes the proof of the theorem. O

Remark 3.2. We can always permute the rows and columns such that the row and
column sums of Fy are non-increasing, so this condition in the above theorem is not
a restriction. However, the monotony of the line sums of Iy is a slight restriction.
There may be a uniquely determined set Fy satisfying a(Fa, F1) = ag while its row
and column sums are not non-increasing. However, reordering the row and column
sums so that they are non-increasing never increases the differences with the row
and column sums of F. So define in that case a set F| with the same row and
column sums as Fy, except that the line sums of F| are ordered non-increasingly.
Then a(Fy, FY) = a(Fs, Fy) = ap, so F| satisfies the conditions of the theorem and
(i) and therefore satisfies (ii) and (4i7).

Let Fy be a set with row sums rq, ro, ..., 7, and column sums ¢y, C3, ..., Cp,
not necessarily non-increasing. Let o be a permutation of {1,2,...,n} such that
Co(l) = Co(2) = -+- = Co(n)- Comnsider the uniquely determined set F7 with row
sums uy; = 11, Ug = T9, ..., Uy = Ty and column sums vy, v, ..., vy such that
Vp(1) = Ug(2) = -+ = VUg(n). According to Theorem 3.4 we have a(Fs, 1) = ag,
where ap = min{«a(Fs, F') : F' is a uniquely determined set}. Such a set F} we call a
uniquely determined neighbour of F5. Note that F» may have more than one uniquely
determined neighbour, as there may be more possibilities for ¢ if some of the column
sums of Fy are equal. Also note that if F3 is another set with row sums r1, ro, ...,
7m and column sums ¢y, co, ..., C,, then F is a uniquely determined neighbour of
F3 if and only if it is a uniquely determined neighbour of F.

It is easy to compute the line sums of a uniquely determined neighbour of Fy and
hence it is easy to find «aq.

Example 3.1. Consider the set Fy with row sums (r1,...,76) = (5,5,3,2,2,1) and
column sums (cy,...,¢) = (3,1,5,4,2,3). To find a uniquely determined neighbour
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of F5 and to compute aq, we first sort the column sums such that they are non-
increasing: (5,4,3,3,2,1). Note that we can use two permutations to achieve this:
either the first column ends up as the third column, while the sixth column ends up
as the fourth column, or the other way around.

Now we compute the column sums of the uniquely determined set having the same
row sums as Fb and having non-increasing column sums. The column sums are the
numbers #{l : r; > j} for j = 1,...,6, which gives (6,5, 3,2,2,0). Comparing this
to the ordered column sums (5,4,3,3,2,1) of F», we see that the total difference in
the column sums is 4, which means that ag = 2.

As there are two possible permutations, there exist two different uniquely determined
neighbours of Fy. The first one has column sums (3,0, 6,5,2,2), while the second
one has column sums (2,0, 6,5, 2, 3).

3.5 Sets with equal line sums

Consider a set F5 that is not uniquely determined by its line sums. When attempting
to reconstruct F5 from its line sums, one may end up with a different set F3 that has
the same line sums as F5. It is interesting to know whether Fj is a good approxima-
tion of Fy or not. In some cases, F3 may be disjoint from F5, but in other cases, F3
and F3 must have a large intersection. We shall derive an upper bound on Fy A Fj
that depends on the size of F; and on how close F5 is to being uniquely determined,
in the sense of the previous section. Both parameters can easily be computed from
the line sums of F5.

Theorem 3.5. Let Fy and F3 be finite subsets of Z2 with the same line sums. Let
Fy be a uniquely determined neighbour of Fo and F3. Put a = «a(Fs, Fy). Then

|F2AF3| §20é 8|F2|+1*205

Proof. By Lemma 3.3 we have aiy/8|F»| + 1 —« as an upper bound for both |Fy A Fy|
and |Fy A F3|. Hence

|F2AF3|§|F1 AF2|+|F1 AFg‘SQO& 8|F2|—|—1—2a
O

While we may not be able to reconstruct the set Fb, as it is not uniquely determined,
we can reconstruct a uniquely determined neighbour F} of F;. When F; is quite close
to being uniquely determined, it must have a large intersection with F;. Hence we
know that at least a certain fraction of the points of F must belong to F5. The next
theorem gives a bound for this fraction.
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Theorem 3.6. Let F, be a subset of Z2. Let Fy be a uniquely determined neighbour
of Fy. Put a = a(Fy, Fy). Then

|F20F1| > \/50[

I3 \/|F2|.

Proof. By Remark 3.1 we have |F} A F5| < 2a4/2|F3|. Hence
1
|F1 ﬂF2| = |F2| — §|F1 AFQ‘ > |F2| — a\/Q\F2|.

Dividing by |F»| yields the theorem. O

Similarly, we can find a lower bound on the part of F5 that must belong to any other
reconstruction Fj.

Theorem 3.7. Let 5 and F3 be finite subsets of Z* with the same line sums. Let
Fy be a uniquely determined neighbour of Fo and F3. Put a = a(Fs, F1). Then

|F2ﬂF3| >1_ 2\/§OL

I3 VIF]

Proof. By Remark 3.1 we have |Fy A Fy| < 2ay/2|Fy| and |Fy A F3| < 2a,/2|Fy|.
Hence

|F2 A F3| S 4&\/ 2|F2|
So
1
|F2 ﬁF3| = |F2| - §|F2 AF3| Z |F2| - 20{\/2|F2|.

Dividing by |F3| yields the theorem. O
Corollary 3.8. If F5 and F3 are disjoint sets with the same line sums, then

|F2| S 80(2.

Proof. If F5 and Fj are disjoint sets, then |Fy N F3| = 0, so by Theorem 3.7

0>1_2\/§a

= /7|F2|a

which we can rewrite as |Fy| < 8a?. O
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Theorem 3.6 shows that for given row and column sums that a set F» must satisfy,
we can find a set of points F} such that any possible set F5, must contain a subset of
Fy of a certain size. However, it may happen that none of the individual points of
F} must necessarily belong to such a set F5. It is possible to determine from the line
sums the intersection of all possible sets Fy, see e.g. [4, Theorem 3.4]. The following
statement is a particular case of that theorem.

Theorem 3.9. Let F, be a subset of Z2 with column sums c§2) > ch) > ... > cg).
Let Fy be a uniquely determined neighbour of Fy with column sums cgl) > cél) >
o> c%l). Suppose

l l

chl) >Zc§-2) forl=1,2,... n—1.

Jj=1 Jj=1

Then for all (i,7) € Fy there exists a set F3 with the same row and column sums as
Fy such that (i,7) ¢ Fs.

We illustrate the theorems in this section by the following example.

Example 3.2. Let m and n be positive integers. Let row sums 71, r2, ..., 7, be
given by r;, = (n — i + 1)m for 1 < i < n. Let column sums ¢y, ca, ..., C(n+1)m be
given by

eci=n—1forl1<j<m,
o Cimyj=n—lfor1<i<n—-1,1<j5<m.

eci=1fornm+1<j5<(n+1)m.

The uniquely determined set F; with row sums 71, 72, ..., r, has column sums
cy, ey oo, Cén-ﬁ-l)m given by ¢}, =n—1lfor 0 <1 <mn, 1<j<m Forany
set Fy with row sums rq, r2, ...7, and column sum ¢y, ¢, ..., C¢(nt1)m We have

a = a(Fy, F») = m: the row sums of Fy and F5 are the same, while the column sums
of the first m and last m columns differ by exactly 1.

Construct sets Fr and F3 as follows. In row 4, 1 < i < n, the elements of Fy are
in columns 1, 2, ..., (n —4)m and in columns (n —i+ )m+1, (n — i+ 1)m + 2,
o, (n—i+2)m. Inrow i, 1 <i < n—1, the elements of F3 are in columns 1, 2,
.., (n— i+ 1)m. In row n the elements of F3 are in columns nm + 1, nm+2, ...,
(n+ 1)m. The sets Fy and F3 both have row sums rq, 79, ... 7, and column sum ¢y,
C2, -y Cnglym- We have |Fy| = |F3| = |Fi| = mn(n +1)/2.

Theorem 3.5 states that

|Fy A F3| < 2ma/4mn(n+ 1)+ 1 —2m,
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0000002000000
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Figure 3.1: Example 3.2 with n = 5 and m = 3. The set F> consists of the white and
black-and-white points, while F3 consists of the black and black-and-white points.

while it actually holds that |Fy A F3| = 2mn.

Theorem 3.6 states that

|Fy N By V2m 2y/m

Z 1-— 2 1- ’
| £ smn(n + 1) "
while it actually holds that
[FiNE|  gmn(n—1) n—1 2
Il imnn+1) n+1 n+1

Finally note that F meets the conditions of Theorem 3.9, so none of the points of
F5 is contained in every set that has the same line sums as Fb.

3.6 Sets with different line sums

First consider two uniquely determined finite subsets F; and F| of Z2. Let the row
sums of Fy be denoted by 71, ra, ..., ry and let the row sums of F| be denoted by
ry, rhy ..., . Without loss of generality, we may assume that r; >ry > ... > 7.

Define a; = a(F1y, FY). According to Lemma 2.1, the symmetric difference F; A Fy
of the two sets can be decomposed into «; staircases. (In the aforementioned lemma
the assumption is made that both sets considered have equal size; however, this is
not used in the proof. Therefore, the statement holds for sets of any size, which we
use here.) Let T' be one of those staircases, of which the elements are contained in
the rows i1 < ig < ... < ig. Let (ig,j) € Fi\F] and (it41,7) € F{\F1 be elements
of T. By Lemma 3.2 we have r;, > r;,,, and rj < . Row i3 must contain an
element of F1\F] of T, and row i, must contain an element of F{\F; of T. Hence
we can apply this for t =1,2,...,k — 1, and we find

Tiy > Tig > oo > Ty
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! / !
i, <rp, <...<Th

Assume without loss of generality that there is at least one value of ¢ for which

i, — 13, > 0. (Otherwise, reverse the roles of 7} and r; in what follows.) Let

w=min{r;, —r;, 17 —r;, >0}

t

and let s be such that rés — r;, = u. We distinguish two cases: v =0 and u > 1.

Case 1: suppose u = 0. For ¢ > s we have r;, <r;, — (t —s) and rj, > 7] + (t —s),
hence

i, —Ti, > — Ty, +2(t—s) =2t —s) >0,
0

!
|7“it

— 1| > 2(t—s).
For t < s we have r;, > r;, + (s —t) and rj, <r; — (s —1t), hence

i, —Ti, <=1y, —2(s —t) = =2(s —t) <0,

it
SO

|r£t — 1] > 2(s —t).

Now we have

k
Z|r§t—n—t| > Z s—t +Z t—s)
t=1

= 282+ (— 2k—2)s+(k2+k)
1 1
> 2(’“;) + (- 2k—2)k%+(k2+k)

_ 1321
- Qk 2°

Case 2: suppose u > 1. Similarly to the first case, we have for ¢t > s:

i, —ri,| > 2(t —s)+ 1.

If s = 1, there are no ¢ < s to consider. Assume s > 2. Thenr;  —r;,_, <7] —r; =
U, SO by the minimality of v we must have r; = —r; , < —1 Similarly to above,
we have

vl —ri,| >2(s—1t)— 1.

1t

Hence
k s—1 k
Z|r§t7nt| > Z(?sft +Z (t—s)+1)
t=1 t=1

= 252+(72k74)s+(k +2k +2)
2
> 2(’“2) (-2 — 4)%+(k2+2k+2)

_ 12
= 12



3.6 Sets with different line sums 43

k :
In both cases we have Y, |}, —ri,| > 3k% — %, and since the sum must be an
integer, we have

E
DI =il > 157
t=1

Hence the difference between the row sums of F; and F} is at least [£?/2]. Similarly,
if T is a staircase that contains elements in k columns, the difference between the
column sums of Fy and FY is at least |k?/2].

Theorem 3.10. Let Fy and F| be uniquely determined finite subsets of Z*. Put
ay = a(Fy, FY). Then

|F1 AF“ S 20[1\/20[1 + 1-— .

Proof. Consider all staircases in Fy A F{, and let T be one with the maximal number
of elements. We distinguish two cases.

e Suppose T has 2k + 1 elements for some k > 0. Then exactly k£ + 1 rows and
k + 1 columns contain elements of T'. By the argument above, we have

200 > [3(k+1)°| + [3(k+ 1% > (k+1)> — 1=k + 2k
This implies k + 1 < y/2a7 + 1 and therefore 2k + 1 < 24/2a7 + 1 — 1.

e Suppose T has 2k elements for some k& > 1. Then either k& rows and k + 1
columns or k + 1 rows and k columns contain elements of 7. By the argument
above, we have

201 > 30k + 12 + |37 = 3 (b + 1)? + 3h% — 5 = K + k.

This implies k + 1/2 < y/2a; + 1/4 and therefore 2k < 24/2c;7 + 1/4 — 1.

All oy staircases of Fy /A F| have at most as many elements as T, so in both cases
we have

|F1 AF1/| S 2&1\/20[1 +1-— aq.
O

Remark 3.3. It is remarkable that the bound in Theorem 3.10 does not depend on
the sizes of Fy and F|. Such a dependency cannot be avoided if one of the two sets
is not uniquely determined, as in Lemma 3.3. To show this, notice that in Example
3.2 for fired « = m the symmetric difference |Fy A\ F3| becomes arbitrarily large
when n tends to infinity. Theorem 38.10 shows that this cannot happen if both sets
are uniquely determined.
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Example 3.3. Let n > 1 be an integer. Define r;, = n—i for 1 <i < n and 7/, = n.

Let Fy be the uniquely determined set with row and column sums rq, 73, ..., 7y.
Let F| be the uniquely determined set with row and column sums 71, 7o, ..., rn_1,
r],. We have oy = a(F, F]) = n. Consider row i, where 1 <4 < n — 1. The elements
of F in this row are in columns 1, 2, ..., n — i, while the elements of F} in this row
are in columns 1, 2, ..., n —i — 1 and n. In row n there are n elements of F] and
none of Fj.

eecsees00

eee®O ©

ees0o o

VI O) o

@) o

O o

0000000

Figure 3.2: Example 3.3 with n = 7. The set F; consists of the white and black-and-white
points, while F} consists of the black and black-and-white points.

Hence
|Fi AF{|=2(n—1)+n=3n—2,

while Theorem 3.10 states that

|Fy A F| <2nvV2n+1—n.

Finally we derive a bound on the symmetric difference of two sets F» and F3 with
arbitrary line sums.

Theorem 3.11. Let F, and Fy be finite subsets of Z2. Let Iy be a uniquely deter-
mined neighbour of Fy, and let F| be a uniquely determined neighbour of F3. Put
as = a(Fy, Fy), ag = a(F], F3) and a; = a(Fy, F}). Then

|F2 AF3| < 052\/8|F2‘ +1— a9 +0¢3\/8|F3‘ +1—a3+4+201v2a1 +1— .

Proof. This is an immediate result of Lemma 3.3 and Theorem 3.10. O
Example 3.4. Let n be a positive integer. We construct sets F» and F3 as follows.
e In row 4, where 1 < i < n, the elements of F are in columns 1, 2, ..., 2(n —1)

as well as columns 2(n — i) + 2 and 2(n — i) + 3.

e In row n + 1, there is a single element of F, in column 1.
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e Inrow i, where 1 < i < n, the elements of F3 are in columns 1, 2, ..., 2(n—i)+1
as well as column 2(n — i) + 4.

e In row n + 1 there are no elements of Fj.

0000820000
eeee820000
0000

Cedd

Figure 3.3: Example 3.4 with n = 5. The set F» consists of the white and black-and-white
points, while F3 consists of the black and black-and-white points.

The row sums of Fy are given by

L@ _ [ 2n—it1) ifl<i<n,
L 1 ifi=n+1.

The column sums of Fy are given by

n— |G if1<j<2n,

¢ = 1 if j =20 +1,
0 if j =2n+ 2.
The row sums of F3 are given by

r® =2n—i+1), 1<i<n+1.

The column sums of F3 are given by

n ifj=1,

n—1 if j =2,
=4 - |F] if3<j<2m,
0 if j=2n+1,
1 if j = 2n +2.

Let F} be the uniquely determined set with the same row sums as Fb and non-
increasing column sums. Let F| be the uniquely determined set with the same row
sums as F3 and non-increasing column sums. We have

QQZQ(FQ,Fl):l, a3:a(F3,F1/):1, (651) :O[(Fl,Fl/):].

Furthermore, |F3| = n(n+1) + 1 and |F5| = n(n + 1).
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Theorem 3.11 states that

|Fy A Fs| < /8n(n+1)+9+/8n(n+1)+142V3 -3~ 4v2n,

while actually

3.7 Concluding remarks

We have proved an upper bound on the difference between two images with the
same row and column sums, as well as on the difference between two images with
different row and column sums. The bounds heavily depend on the parameter «,
which indicates how close an image is to being uniquely determined. If a set of given
line sums “almost uniquely determines” the image (i.e. v is very small) it may still
happen that no points belong to all possible images with those line sums. However,
using the results from this chapter we can find a set of points of which a subset of
certain size is guaranteed to belong to the image.

There is still a gap between the examples we have found and the bounds we have
proved. It appears that all bounds can be improved by a factor \/a. For this it would
suffice to improve both Lemma 3.3 and Theorem 3.10 by a factor v/«, but so far we
did not manage to improve either of those.

The results of this chapter can be applied to projections in more than two directions
as well: simply pick two directions and forget about the others. One would expect
this to give bad results, but that is actually not always the case. It is possible to
construct examples with projections in more than two directions where the bound
using only two of the directions is still only a factor v/« off. However, in many cases
it should be (somehow) possible to use the projections in all directions to get better
results.



CHAPTER 4

A lower bound on the largest possible
difference

This chapter (with minor modifications) has been published as: Birgit van Dalen “On
the difference between solutions of discrete tomography problems II”, Pure Mathe-
matics and Applications 20 (2009) 103-112.

4.1 Introduction

In Chapter 3 we studied the possible difference between two binary images with the
same line sums. We introduced a parameter « that indicates how close given line
sums are to line sums that uniquely determine an image. We proved upper bounds on
the size of the symmetric difference between two solutions of the same projections,
depending on a.

In this chapter we consider the complementary problem: find the best lower bound
for the symmetric difference between two solutions that you can at least achieve
given a set of projections. For each set of projections that has at least two solutions,
we construct two solutions that have a symmetric difference of at least 2a + 2. We
also show that this bound is sharp.
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4.2 Definitions and notation

Let F be a finite subset of Z? with characteristic function x. (That is, x(k,1) = 1
if (k,1) € F and x(k,l) = 0 otherwise.) For ¢ € Z, we define row ¢ as the set
{(k,1) € Z* : k = i}. We call i the index of the row. For j € Z, we define column
j as the set {(k,l) € Z% : | = j}. We call j the index of the column. Note that we
follow matrix notation: we indicate a point (4,j) by first its row index i and then
its column index j. Also, we use row numbers that increase when going downwards
and column numbers that increase when going to the right.

The row sum r; is the number of elements of F' in row 4, that is r; = 37,7 x(i, j).
The column sum c; of F' is the number of elements of F' in column j, that is ¢; =
> icz X(1, 7). We refer to both row and column sums as the line sums of I'. We will
usually only consider finite sequences R = (r1,72,...,7n) and C = (c1,¢2,...,¢Cn)
of row and column sums that contain all the nonzero line sums. We may assume
without loss of generality that 1 >ro > ... >rp,and g >0 > ... > ¢y

Given sequences of integers R = (r1,r2,...,7m) and C = (¢1, ca, . . ., ¢y ), we say that
(R,C) is consistent if there exists a set F' with row sums R and column sums C.
We say that the line sums (R, C) uniquely determine such a set F' if the following
property holds: if F’ is another subset of Z? with line sums (R,C), then F’ = F. In
this case we call F' uniquely determined.

We will now define a uniquely determined neighbour of a set F'. This is a uniquely
determined set that is in some sense the closest to F'. See also Section 3.4.

Definition 4.1. Suppose F' has row sums ry > ro > ... > rp, and column sums
1> > ... > ¢y Forl <j<mn,letv, =#{l:r > j}. Then the row sums rq,
79, ..., Tm and column sums vy, va, ..., vy uniquely determine a set Fy, which we
will call the uniquely determined neighbour of F'.

Note that if F’ is another set with row sums 1, ra, ..., 7, and column sums ¢y, ca,
..., Cp, then F7 is a uniquely determined neighbour of F” if and only if it is a uniquely
determined neighbour of F'. Hence F; only depends on the row and column sums
and not on the choice of the set F'. We will therefore also speak about the uniquely
determined neighbour corresponding to the line sums (R, C), without mentioning the
set F'.

Suppose line sums R = (r1,72,...,7m) and C = (c1,¢2,...,¢,) are given, where
ry>re > ... >rymand cp > e > ... > ¢y Let the uniquely determined neighbour
corresponding to (R,C) have column sums v; > vg > ... > v,. Then we define

n

1
a(R,C) = §Z|cj — vjl.

Jj=1
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Note that a(R,C) is an integer, since 2a(R,C) is congruent to

n

n n n
Z(Cj +v;) = ch +Zvj = Qch =0 mod 2.
J=1 J=1 Jj=1

Jj=1

Consider a set F with line sums (R,C) and its uniquely determined neighbour Fj.
Let a = a(R,C). It was proved in Lemma 2.1 that the symmetric difference FF A Fy
consists of a staircases. In this chapter we will only use staircases of length 2, which
we will define below. For the general definition of a staircase, see Chapter 2.

Definition 4.2. A staircase of length 2 in F A Fy is a pair of points (p1,p2) in Z>
such that

e p1 and ps are in the same row,
e py is an element of F\Fy,

e po is an element of F1\F'.

4.3 Main result

Suppose row sums R = (r1,72,...,7y) and column sums C = (¢, ¢, ...,¢,) are
given, where 11 > r9 > ... > 1y, and ¢; > cg > ... > ¢,. Assume that the line sums
are consistent but do not uniquely determine a set F' (hence at least two different
sets with these line sums exist). Let « = (R, C).

In Chapter 3 it was shown that for all F» and F3 satisfying these line sums, we have

|F2 A F3| S 40{\/2|F2|.

One may wonder how close we can get to achieving this bound. Our theorem shows
that we can construct two sets that have a symmetric difference of size at least
200 + 2.

Theorem 4.1. Let be given row sums R = (r1,72,...,rm) and column sums C =
(c1,¢2,...,¢pn), wherery > 19 > ... > 1y and ¢1 > ¢g > ... > ¢,. Assume that the
line sums are consistent but do not uniquely determine a set F. Let « = a(R,C).
Then there exist sets Fy and F3 with these line sums such that

|F2AF3| Z20l+2

This bound is sharp: for each a > 1 there are line sums (R,C) with a = a(R,C)
such that for any Fy and F3 satisfying these line sums we have |Fy A F3| < 2a+ 2.
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4.4 Proof

In this entire section, the row sums R = (r1,72,...,7,) and column sums C =
(c1,¢2y...,¢n) With 71 > 79 > ... > 1 and ¢1 > 2 > ... > ¢, are fixed. Fur-
thermore, F; is the uniquely determined neighbour corresponding to (R,C), and
a = a(R,C). We denote the column sums of Fy by vy > v > ... > vp.

The proof is constructive. We will construct F, and F3 such that they have the
desired property. We will do this by changing a set F' step by step. Only the final
result of the construction will be called Fy (or F3); the intermediate sets will always
be called F or F’. In Section 4.5 the construction is illustrated by an example.

Let the columns j for which v; > ¢; have indices j; < jo» < ... < ja, where each
such j occurs v; —c; times. Similarly, let the columns 4 for which v; < ¢; have indices
i1 < i < ... <4, where each such 7 occurs ¢; — v; times. Define a column pair as a
pair (i, j:). The consistency of the given line sums assures that i; > j; for all ¢. For
convenience, define i9g = jo = 0 and iq+1 = jotr1 =n + 1.

We will construct both F, and F3 by starting from F = F; and then for each ¢
moving an element of F' from column j; to column i; in the same row. After we
have done that for t = 1,2,...,a, the row sums of F' have not changed, while the
columns of F' have changed from vy, va, ..., v, to c1, C2, ..., ¢y. The symmetric
difference Fy A F' then consists of « staircases of length 2. Each staircase is confined
to a single row and corresponds to a column pair (i, j;). We will show that we have
a certain freedom in choosing the staircases.

Suppose we have moved an element for each of the column pairs (i1,71), (i2,Jj2),

.oy (t4—1,j¢—1), where t > 1. The resulting set is called F' and has column sums
ey, ¢y ..., c,. Now we want to move an element from column j; to column ;.
For this we need a row [ such that the point (I,j;) € F' and (I,i;) ¢ F. We have
c; > ¢y, > ¢, > cgt, SO c;t > cgt + 2. Hence there must be at least two rows that
contain an element of F' in column j; but not in column i;. This proves the existence
of such a row [, and in fact at least two choices for [ are possible. Now we move the
element (I, j;) to (I,4¢). The row sums of F' do not change, while the column sum of

column j; decreases by one and the column sum of column ; increases by one.

We construct both F, and F3 using the construction above. First we construct Fb,
making arbitrary choices for the rows in which we move elements. Then we will
construct F3. For this we let the choices in the construction depend on F, in a way
we will describe below.

Let Py, Ps, ..., P, be the distinct column pairs, where P has multiplicity kp: the
column pair P; is equal to each of the pairs (i1,51), ..., (ik,,Jjk, ), the column pair
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P, is equal to each of the pairs (i, +1, ki +1) -+ (bhytkosJkitks), and so on. We
have k1 + ko + - - -+ k, = . For two consecutive column pairs (i¢, j:) and (iry1, jrr1)
that are not equal we have ;11 > 4, je41 > Je O G441 > U¢, Jeg41 > Jt, S0 the second
pair contains a column that did not occur in any of the previous pairs. This means
that in Py, ..., P, at least r + 1 different columns are involved. For each Py, we
denote one of the columns in P, as the final column of Pj, in the following way.

e If one of the columns in P, also occurs in Py, 41, then the other does not occur
in Pyyq, ..., P.. We call the latter the final column of the pair.

e If both columns in P}, do not occur in Pp41, ..., P., and one of the columns
occurs in P,_1, then the other does not occur in Py, ..., P,_1. We call the
former the final column of the pair.

e If both columns in P}, do not occur in Py, ..., P,_1 norin P44, ..., P, then
we arbitrarily pick one of the columns in Pj, and call it the final column of the
pair.

By definition, we have the following properties: the final column of P}, does not occur
in Pyy1, ..., Pr, and if the other column does not occur in Pyq, ..., P, either,
then the latter column only occurs in Pj.

Our goal is to construct F3 in such a way that, for all 4, in the final column of P} the
symmetric difference between Fy and F3 is at least 2k, while in any other column
that occurs in one of the column pairs the symmetric difference between Fy and F3
is at least 2. (There is at least one such a column, since there are exactly r final
columns, while at least 7 + 1 columns are involved in the column pairs.) If we can
achieve that, then we have

|Fy A F3| > 2ky + 2ko + ...+ 2k, +2 = 20 + 2.

To achieve this, we choose the rows in which elements are moved for all equal column
pairs at once. First we choose the rows for all pairs equal to P, then for all pairs
equal to P», and so on.

Let ¢ be the index of the last column pair in a sequence of k equal column pairs
(it—kt1s Jt—kt1) = (Gt—kt2, Je—kr2) = ... = (it, Jie),

where (it—k, je—r) # (Gt—k+1,Jt—k41) and (i, ji) # (it41,je+1). Suppose we have
moved elements already for the column pairs (i1,71), ..., (it—, ji—x). Call the re-
sulting set F', with column sums ¢}, ..., ¢/,. Assume that i; is the final column of
(i¢, j) (the case where j; is the final column, is analogous). So we have i; # i;41.
Also, we have one of the following two properties:
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(A) jt = jes1s
(B) jt # je+1, and g # Je—kt1-

As this is the last time column i; occurs, we need to choose the rows in such a way
that by moving the elements of F' the symmetric difference between F' and F5 in
this column becomes at least 2k. Also, in case (B) we want the symmetric difference
in column j; to be at least 2.

Since we need to move k elements out of column j; into column ¢;, we have c}t >
cj, +k > ci, +k > cj +2k, so there are at least 2k rows [ such that (I, j;) € F' and
(I,9¢) € F. Let R be the set of those 2k rows. (If there are more than 2k possible
rows, then pick 2k of them.) We distinguish between two cases.

Case 1. Suppose there are k different rows [ in R such that (I,4;) € F5. Then we
move elements from column j; to column ¢; in each of those k rows. Call the resulting
set F'. We have (I,i;) € F'\F;, for k different values of I. The number of elements
of F’ in column ¢; must be equal to the number of elements of F3 in column i, so
there are also k different values of [ for which (I,4;) € F»\F’. Hence the symmetric
difference between F’ and Fb in this column is at least 2k.

In case (A) we are now done, as column j; will be handled in a later column
pair. Suppose we are in case (B). The column j; only occurs in the column pairs
($t—kt1, Jt—k+1)s - - -5 (it,J¢), which are all equal. If for a row [ we have (I,i;) & Fa,
then in the construction of Fj this row was not used for a staircase corresponding
to the column pair (i, j;) (or one of the equal ones), so we must have (I, j;) € Fb.
Hence after moving elements we have k different values of [ for which (I, j;) € Fo\F'.
So in column j; the symmetric difference between F’ and Fy is at least 2k > 2.

Case 2. Suppose there are at least k + 1 different rows [ in R such that (I,i;) € Fb.
Let R’ be a set of k + 1 of those rows. Pick one of the rows in R’ and call it [g.
Let R consist of lp and the k — 1 other rows in R\R’ (for which it may or may
not hold that (I,i;) € Fy). Move elements from column j; to column ; in each of
the k rows in R”. Call the resulting set F’. Then for all k rows [ in R\R" we have
(I,4t) € Fo\F’. Similarly to above, we find that the symmetric difference between
F’ and F, in column i, is at least 2k.

Again, in case (A) we are done. Suppose we are in case (B). As column j; only occurs
in the column pairs (it—g+1,jt—k+1)s - - -, (it, jt), which are all equal, for at most k
rows [ in R we have (I, j;) ¢ F>. This means that we can choose Iy above in such a
way that (lg, j¢) € Fo. After moving the elements, we then have (lg, j:) € Fo\F’. So
the symmetric difference between F’ and F» in column j; is at least 2.

At least one of Case 1 and Case 2 above must hold, since there are 2k rows in R.
Therefore we have finished the construction of F» and F3 such that Fy A F3 > 2a+2.
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We will now prove the second part of Theorem 4.1 by giving a family of examples for
which the bound of 2a+2 is sharp. Let s > 1 be an integer. Take m = n = s+1 and let
all row and column sums be equal to 1. These line sums are consistent. The uniquely

determined neighbour F; has column sums v; = s+ 1, v9 =vg = ... =v441 = 0, so
a=s.

Suppose Fy and Fj satisfy the given row and column sums. We have |Fy| = |F3| =
s+ 1, hence

|Fo A F| < |Fo| 4+ |F3| =2(s + 1) = 2o + 2.

This completes the proof of Theorem 4.1. O

Remark 4.1. There do not seem to be very many examples for which the bound of
2ac+ 2 is sharp. In particular, they all seem to have m =n = a+ 1. However, even
in more general cases, when « is much larger than n, the bound is not very far off.
Toke for example m = n and let all line sums be equal to k, where k < %n The
uniquely determined neighbour has k column sums equal to n and n—k column sums
equal to 0, so a = k(n — k). Asn—k > %n, we have o > %kn. Suppose Fy and F3
satisfy the given row and column sums, then |Fy| = |F3| = kn, hence

4.5 Example

We illustrate the construction in the proof by an example. Let be given row sums
(5,5,5,4,4,2,1,1) and column sums (6, 6,6, 3, 3, 3). The uniquely determined neigh-
bour Fy has the same row sums, but column sums (8, 6, 5,5, 3, 0) (see Figure 4.1(a)).
From this we derive that @ = 4 and that the four column pairs are (3,1), (6,1),
(6,4) and (6, 4).

To construct Fy, we move one element from column 1 to column 3, one element from
column 1 to column 6, and two elements from column 4 to column 6. We choose the
rows to move elements in arbitrarily from the available rows. If we choose rows 7, 1,
2 and 3 respectively, we arrive at the set F shown in Figure 4.1(b).

Now we construct the set Fj3 step-by-step, following the proof of the theorem. We
start with Fj, shown again in Figure 4.2(a). For the first column pair, we need to
move an element from column 1 to column 3. The available rows are 6, 7 and 8. We
need only two of them, so let us take R = {7,8}. Column 3 is the final column in this
column pair, so in this column we need to make sure that we achieve a symmetric
difference of at least 2 with F,. We have (8,3) & F», so we are in case 1 and we
pick row 8 for our staircase. Hence we delete the element (8,1) and add the element
(8,3). The new situation is shown in Figure 4.2(b).
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O000O0O |5 OO00O00|5
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(a) The set F; with its (b) The set F» with its
row and column sums. row and column sums.

Figure 4.1

The next column pair is (6,1). Now column 1 is the final column of the pair, and
all rows except row 8 are available. We are again in case 1 and pick row 4. Figure
4.2(c) shows the new situation, after deleting (4,1) and adding (4, 6).

Finally, we need to move two elements at once for the column pair (6,4), which
occurs twice. Column 6 is the final column, so we need to achieve a symmetric
difference of at least 4 with F3 in this column. We also need a symmetric difference
of at least 2 in column 4 (case (B)). We have R = {1,2,3,5}. As (1,8), (2,8) and
(3,8) are all elements of Fy, we are in case 2. We have R’ = {1,2,3} and we need
to find an Iy € R’ such that (lp,4) € F». The only possible choice is lp = 1. We
find R” = {1,5}, so we delete (1,4) and (5,4), and we add (1,6) and (5,6). This
completes the construction of F3. The resulting set is shown in Figure 4.2(d).

The construction guarantees that the symmetric difference between Fy and F3 is at
least 2a+2 = 10, but we have in fact constructed two sets with symmetric difference
14.
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Figure 4.2: The construction of the set F3.
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CHAPTER 5

Minimal boundary length of a reconstruction

This chapter (with minor modifications) will be published in STAM Journal on Dis-
crete Mathematics. A preprint is available as Birgit van Dalen, “Boundary length of
reconstructions in discrete tomography”, arXiv:1006.4449 [math.CO] (2010) 25 pp.

5.1 Introduction

If there are multiple images corresponding to one set of line sums, it is interesting to
reconstruct an image with a special property. In order to find reconstructions that
look rather like a real object, two special properties in particular are often imposed
on the reconstructions. The first is connectivity of the points with value one in the
picture [6, 8, 28]. The second is hv-convezity: if in each row and each column, the
points with value one form one connected block, the image is called hv-convezr. The
reconstruction of hv-convex images, either connected or not necessarily connected,
has been studied extensively [5, 6, 8, 9, 28].

Another relevant concept in this context is the boundary of a binary image. The
boundary can be defined as the set of pairs consisting of two adjacent points, one
with value 0 and one with value 1. Here we use 4-adjacency: that is, a point is
adjacent to its two vertical and to its two horizontal neighbours [21]. The number
of such pairs of adjacent points with two different values is called the length of the
boundary or sometimes the perimeter length [12].
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In this chapter we will consider given line sums that may correspond to more than
one binary image. Since the boundary of real objects is often small compared to the
area, it makes sense to look for reconstructions of which the length of the boundary
is as small as possible. In particular, if there exists an hv-convex reconstruction, then
the length of the boundary of that image is the smallest possible. In that sense, the
length of the boundary is a more general concept than hv-convexity.

The question we are interested in in this chapter is: given line sums, what is the
smallest length of the boundary that a reconstruction fitting those line sums can
have? We can give two straightforward lower bounds on the length of the boundary,
given the row and column sums. Both are equivalent to bounds given by Dahl and
Flatberg in [9, Section 2].

The first is that every column with a nonzero sum contributes at least 2 to the length
of the horizontal boundary, while every row with nonzero sum contributes at least
2 to the length of the vertical boundary. So if there are m nonzero row sums and n
nonzero column sums, then the total length of the boundary is at least 2n + 2m.

For the second bound we use that if the row sums of two consecutive rows are
different, then the length of the horizontal boundary between those rows is at least
the absolute difference between those row sums. A similar result holds for the column
sums and the vertical boundary. So if an image has row sums 71, 79, ..., T, and
column sums ¢y, ¢, ..., ¢y, then the length of the boundary is at least

m—1 n—1

Tl—‘y-z ‘Ti_Ti+1|+7'm+cl+Z|Cj_cj+1‘+cn~

i=1 j=1

Despite being simple, these bounds are sharp in many cases. For example, the first
bound is sharp if and only if there exists a hv-convex image that satisfies the line
sums. On the other hand it is clear that much information is disregarded in these
bounds. The first bound does not use the actual value of the nonzero line sums at
all, while the second bound only uses the column sums to estimate the length of the
vertical boundary and only the row sums to estimate the length of the horizontal
boundary.

In this chapter we prove a new lower bound on the length of the boundary that
combines the row and column sums. After introducing some notation in Section 5.2,
we prove this bound in Section 5.3. Some examples and a corollary are in Section
5.4. Finally, in Section 5.5 we derive an extension of the bound that gives better
results in certain cases.
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5.2 Definitions and notation

Let F be a finite subset of Z? with characteristic function x. (That is, x(k,1) = 1
if (k,1) € F and x(k,l) = 0 otherwise.) For ¢ € Z, we define row ¢ as the set
{(k,1) € Z* : k = i}. We call i the index of the row. For j € Z, we define column
j as the set {(k,l) € Z% : | = j}. We call j the index of the column. Note that we
follow matrix notation: we indicate a point (4,j) by first its row index i and then
its column index j. Also, we use row numbers that increase when going downwards
and column numbers that increase when going to the right.

The row sum r; is the number of elements of F' in row 4, that is r; = 37,7 x(i, j).
The column sum c; of F' is the number of elements of F' in column j, that is ¢; =
> icz X(1, 7). We refer to both row and column sums as the line sums of I'. We will
usually only consider finite sequences R = (r1,72,...,7n) and C = (c1,¢2,...,¢Cn)
of row and column sums that contain all the nonzero line sums.

Given sequences of integers R = (ry,72,...,7y) and C = (¢1,¢a,...,¢,) with 0 <
ri < n, 0 < ¢; <m, we say that (R,C) is consistent if there exists a set F' with
row sums R and column sums C. Define b; = #{j : ¢; > i} for i = 1,2,...,m.
Note that by definition we have 371", b; = >0, ¢;. Ryser’s theorem [24] states
that if 4 > r9 > ... > ryp, then the line sums (R,C) are consistent if and only if
doi_1¢i = iy i and for each k = 1,2,...,m we have Sk b > YF  ri. From
this we can conclude a similar result for the case of not necessarily non-increasing
row sums: if the line sums (R,C) are consistent, then Y., ¢; = > ;" r; and for

j=1
each k =1,2,...,m we have
k k

i=1 i=1
The converse clearly does not hold.
We can view the set F' as a picture consisting of cells with zeroes and ones. Rather
than (i,7) € F, we might say that (¢, 7) has value 1 or that there is a one at (4, ).
Similarly, for (i,7) ¢ F we sometimes say that (i,) has value zero or that there is

a zero at (i,7).

We define the boundary of F as the set consisting of all pairs of points ((i, ), (¢',j'))
such that

ei=¢and|j—j|=10r|i—i|=1and j=j, and

o (i,j) € Fand (¢,j') € F.

One element of this set we call one piece of the boundary. We can partition the
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boundary into two subsets, one containing the pairs of points with ¢ = i’ and the
other containing the pairs of points with j = j’. The former set we call the vertical
boundary and the latter set we call the horizontal boundary. We define the length
of the (horizontal, vertical) boundary as the number of elements in the (horizontal,
vertical) boundary.

5.3 The main theorem

Theorem 5.1. Let be given row sums R = (r1,72,...,m) and column sums C =
(c1,¢2,...,¢n), where 11 = n, vy = 0. Let Ly, be the total length of the horizontal
boundary of an image with line sums (R,C). Define b; = #{j : ¢; > i} and d; =

bi —r; fori=1,2,...,m. For any integer t > 0 and any subset {i1,i2, ..., 99141} C
{1,2,...,m} with iy <is < ... <ig41 we have
Ly > 2n+ dil — di2 + di3 — = digt + 2di2t+1, (52)
Ly > 2n — di2t+1 + dim — di2t71 + -4+ d¢2 — 2di1. (53)

Proof. First we prove (5.2) by induction on n. In the initial case n = 0 we have
d; = b; = r; = 0 for all 4, hence we have to prove that L; > 0, which is obviously
true.

Now let n > 1 and consider a binary image F' with line sums (R,C). Let I C
{1,2,...,m} be the set of indices i such that cell (¢,n) has value 1. Note that
#I = ¢,. Let F' be the binary image we obtain by deleting column n from F. Let

/

(ri,rh, ..., 7)) be the row sums of F’. The column sums of F’ are (¢1,ca,...,Cn_1),

and define b; = #{j <n—1:¢; > i} and d; =0} —r] for i = 1,2,..., m. We have

) {ri ifidl,
r. =

! ri—1 ifiel,

bi—1 ifi<ec,,
b; ifi>Cn7

and therefore
d;—1 ifiglandi<cy,
d; =< d; ifi¢ Iandi>cp, ori€l andi<cy,
d;+1 ifielandi>c,.

As induction hypothesis we assume that (5.2) is true for the smaller image F’. So
for the total length L} of the horizontal boundary of F’ we have

Ly >2n—1)+d;, —d, +d, ——d, +2d

12t 12t+1"
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Let 2B be equal to the horizontal boundary in column n of F. Then L, = Lj +2B.
We want to prove (5.2), hence it suffices to prove

2B-2 > (dil _dgl)_(diz_d;2)+(di3 _d;3)_' ' '_(dizt_d/' )+2(di2t+1 —d; ) (54)

12¢ 12¢4+1
Write the right-hand side as

t

S (Wi =iy, ) = (g, = ) + 2y — ).

s=1
Note that

1 ifi¢g I andi<ecy,,
di—d;=¢0 ifi¢landi>c,, oriclandi<ec,,
—1 ifielandi>c,.

The only possible values of (di,, , —d;j, ) —(di,, —d;, ) are therefore —1, 0, 1 and
2. If we have igs_1,%05 < €, OF G95_1,%25 > Cp, then the value 2 is not possible and
(di%_l — d;zs_l) — (di2s — d/i2s) =1 = ’i2571 ¢ I and ’iQS el.
Furthermore note that of the 2B pieces of horizontal boundary in column n, one is
above row 1 (as 71 = n, so 1 € I) and exactly B — 1 are between a pair of cells with
row indices ¢ and 7 + 1, such that ¢ € I and ¢ + 1 € I. We now distinguish between

four cases.

Case 1. Suppose igi41 < ¢, and i1 & I. Then 2(dy,, ., — dgmﬂ) = 2. In the first ¢,
cells of column n, there is at least one cell (the one with row index i941) that has
value 0, hence B > 2 and there is a cell with row index greater than is 1 with value
1. This means that there are at most B — 2 pairs (igs_1,425) such that ios_1 & I and
i9s € I. Also, i95_1,12s < ¢, for all s. So

t
S (Wi = diy, ) = (A, = i) +2(disyy, —dy, ) < (B=2)+2= B < 2B-2.

125—1 12t 41
s=1

Case 2. Suppose ig11 < ¢, and ig11 € 1. Then 2(d;,, —d’i2t+1) = 0. Now there are
at most B — 1 pairs (igs_1, i2s) such that ios_1 & I and igs € 1. Also, i9s_1,12s < ¢y

for all s. So

S (i = iy ) = (i, = i) + 2(disyy, — ) SB—1<2B -2,

s=1

Case 3. Suppose izi11 > ¢, and B > 2. Then 2(d;,,,, — d;,,,,) < 0. Again there are

at most B — 1 pairs (igs_1,25) such that ias_1 & I and ias € I. If there does not
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exist an u such that is,_1 < ¢, and is, > ¢,, then we are done, as in the previous
case. If there does exist such an u, then

(di2u71 — d;zuil) — (dizu — d;éu) =2 = 19u—1 §_Z I and loy € 1.
If (diy, , —d;, ) — (di,, —d;, ) =2, then on the right-hand side of (5.4) we have
a 2 and at most B — 2 times a 1. If not, then we have no 2 and at most B times a

1. In both cases we find

Z <(di2571 - d;zsfl) - (diZS - d;25)> + 2(di2t+1 - d;2t+1) S B S 2B - 2'

s=1
Case 4. Suppose B =1. Then i € I < i < ¢,, hence d; = d; for all i. Therefore

Z ((dilsfl - dgzs,l) - (dizs - d;g\)) + 2(di2t+1 - dg,_,Hl) =0=2B-2.

In all possible cases we have now proved inequality (5.4), which finishes the proof of
(5.2).

Now we prove (5.3). Let F' be a binary m X n image with row sums R and column
sums C. Define I as the binary m x n image that has zeroes where F' has ones and
ones where F has zeroes. Let (71, ..., 7,,) be the row sums of F' and (¢y,...,¢,) the
column sums. Define b; = #{j : ¢; > i} and di = bj — Frpy1—i for i =1,2,...,m. As
73 =n —r; and ¢; = m — ¢; for all 4 and j, we have

bi=#{j m—c;>i}=#{j:c; <m—i}=n—#{j:c; >m+1—i} =n—byi1_i.

Hence o

di =b; — Prg1—s =N —bpgp1—i — N+ g1 = —dmy1—-
As 71 = 0 and 7, = n, we may apply (5.2) to the row sums (7p,, Fm—1,...,71). We
write the subset of the row indices we use as (m+1—1i9t11,m+1—i9s, ..., m+1—17)

with i1 <ig < ... < ig1. We find that for the total length Lj of the horizontal
boundary of F holds:

Eh 2 2n + CZTVL+1—7:2t+1 - CZm—i—l—igt + J?n-‘rl—izt,l - CZm—&-l—ig + 2J7n+1—i1
=2n— di2t+1 + dizt - di2t71 et di2 - 2di1'

In each column of F, the number of horizontal pieces of boundary is equal to the
number of pairs of neighbouring cells such that one cell has value 1 and the other has
value 0, plus one for the boundary below row m. In each column of F', the number
of horizontal pieces of boundary is equal to the number of pairs of neighbouring cells
such that one cell has value 1 and the other has value 0, plus one for the boundary
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above row 1. As in each column the number of pairs of neighbouring cells such that
one cell has value 1 and the other has value 0, is the same in I and in F', we have
Ly = L. Hence

Ly > 2n — di2t+1 + dim - di2t71 + -4 diz — Qdil-

5.4 Some examples and a corollary

To illustrate Theorem 5.1, we apply it to two small examples.

Example 5.1. Let m = n = 10 and let row sums (10,7,7,5,4,3,5,6,1,0) and
column sums (8,8,8,8,6,3,2,2,2,1) be given. We compute b; and d;, i = 1,2,...,10
as shown below.

v |1 2 3 4 5 6 7 8 9 10
b; |10 9 6 5 5 ) 4 4 0 0
r; | 10 7 7T 5 4 3 5) 6 1 0
|0 42 -1 0 41 +2 -1 -2 -1 0

We take t =1, 41 = 2, i = 3 and i3 = 6. Now (5.2) tells us that
Lp,>20+2—-(-1)+2-2=2T.

Alternatively, we take t = 2, iy = 2, is = 3, i3 = 6, i4 = 8 and i5 = 10. Now (5.2)
tells us that

Lp>20+2—(-1)+2—-(-2)+2-0=27.
As Ly, must be even, we conclude Ly > 28. This bound is sharp: in Figure 5.1(a) a

binary image F' with the given row and column sums is shown, for which L, = 28.

Example 5.2. Let m = n = 10 and let row sums (10,9,7,6,8,4,5,2,3,0) and
column sums (9, 8,8,6,6,4,4,4,3,2) be given. We compute b; and d;, i =1,2,...,10
as shown below.

v | 1 2 3 4 5 6 7 8 9 10
b |10 10 9 8 ) ) 3 3 1 0
r; | 10 9 7 6 8 4 ) 2 3 0
di| 0 +1 +2 +2 -3 +1 -2 +1 -2 0

We take t = 2,41 =5, io =6, i3 =7, i4 = 8 and i5 = 9. Now (5.3) tells us that

Ly >20—(=2)+1—(=2)+1—2-(=3) =32
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This bound is sharp: in Figure 5.1(b) a binary image F' with the given row and
column sums is shown, for which L, = 32.

—_
e}
[
(e}

O~ O Ot W ok Ot 3
O W NN UL R 0O ©

8§ 8 8 8 6 3 2 2 21 9 8 8 6 6 4 4 4 3 2

(a) The length of the horizontal (b) The length of the horizontal
boundary of this image is 28. boundary of this image is 32.

Figure 5.1: The binary images from Examples 5.1 and 5.2. The grey cells have value 1,
the other cells value 0. The numbers indicate the row and column sums.

In the Introduction we mentioned two simple bounds of the length of the boundary.
We recall them here, just for the horizontal boundary. The first one uses that in
every column, there are at least two pieces of boundary, so if there are n columns
with nonzero sums, then

Ly > 2n. (5.5)

The other bound computes the sum of the absolute differences between consecutive
row sums, which yields

m—1

Lh2T1+Z|Ti—T’i+1‘+Tm. (56)
i=1

In order to compare the bounds in Theorem 5.1 to these two simple bounds, we

construct two families of examples.

Example 5.3. Let the number of columns n be even. Let m = n + 2. Define line
sums

C=Mmnn—-2n-2,...,4,4,2,2), R=(nn—-1,n—-1,n-3,n-3,...,3,3,1,1,0).
We calculate

(b1,ba,...,bym) =(n,n,m—2,n—2,...,2,2,0,0),
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(di,da,...,dm) = (0,41, -1,41,—-1,...,4+1,—1,+1,—-1,0).
Now (5.2) tells us that

Ly 22n+g-(1——1)+2~0:3n.
On the other hand, (5.5) says Ly > 2n, while (5.6) gives
n—2
Lizn+l+-—5=-2+1=2n.

So Theorem 5.1 gives a much better bound in this family of examples. In fact, it
is sharp: there exists a binary image with the length of the boundary equal to 3n.
Such an image is easy to construct; see for an example Figure 5.2(a).

Example 5.4. Let m = n + 2. Define line sums
C=(222,...,2,2,2), R=(n,1,1,1,...,1,1,1,0).

We calculate
(b1,b2,...,bm) = (n,n,0,0,0,...,0,0,0),
(d17d27 ceey dm) = (07 +(n - 1)7 _]-7 _17 _]-7 ceey _]-a _17 _]-a 0)
Now (5.2) tells us that

Lp>2n42-(n—1)=4n—2.
On the other hand, (5.5) says Lj > 2n, while (5.6) gives
Lp>n+(n—1)+1=2n.

So again Theorem 5.1 gives a much better bound. In fact, it is sharp: there exists
a binary image with the length of the boundary equal to 4n — 2. Such an image is
easy to construct; see for an example Figure 5.2(b).

We can easily generalise the result from Theorem 5.1 to the case where the conditions
r1 = n and r,, = 0 are not satisfied.

Corollary 5.2. Let be given row sums R = (r1,72,...,7m) and column sums C =
(c1,¢2,...,¢n). Let Ly, be the total length of the horizontal boundary of an image
with line sums (R,C). Define b; = #{j : ¢; > i} and d; =b; —r; fori=1,2,...,m.
Also set dy = dpmy1 = 0. For any integer t > 0 and any subset {i1,i2,..., 1211} C
{0,1,2,....,m,m+ 1} with iy <z < ... < igy1 we have

Ly >2r + dil — diz + dig — = dim + 2di2t+17 (57)
Ly > 2r — di21+1 + di2t — di2t71 —+ -+ di2 — 2di1- (58)
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(a) The length of the horizontal (b) The length of the horizontal
boundary of this image is boundary of this image is

24 = 3n. 30 =4n — 2.

Figure 5.2: Binary images from Examples 5.3 and 5.4, with n = 8. The grey cells have
value 1, the other cells value 0. The numbers indicate the row and column sums.

Proof. Let F be a binary image with line sums (R,C) and a horizontal boundary of
total length L. Construct F’ by adding a row above row 1 with row sum n and a
row below row m with row sum 0. Let L} be the length of the horizontal boundary

of F'. We have Lj, = Lj + 2(n — r1). The column sums of F" are ¢} = ¢; + 1,

j=1,2,...,n. The row sums are r} = n, v, = r;_; for i = 2,3,...,m + 1 and
Trge = 0. Let b = #{j : ¢, > i} and d} = b} — 7} for i = 1,2,...,m. Then for all
1 =2,3,...,m+ 1 we have

bi=#{jicj+12i} =#{j:ic; i1} =biy,
so dj = bj_y —ri—1 = di—1. Also, di = dy = 0 and d},, 5 = dpq1 = 0. We apply
Theorem 5.1 to F’ with the set of indices {i1 + 1,i2 + 1,...,i2:41 + 1} and we find
L;l > 2n+ d;1+1 - d;2+1 + d;3+1 - d;2t+1 + 2d;2t+1+1
=2n+ dil - diQ + dl% - diQt + 2di2t+17
L;l >2n — d;2t+1+1 + d{£2t+1 - dg2t—1+1 +ot d;2+1 - 2d£1+1
=2n— di2t+1 + dizt - diQt—l R di2 - Qdiu

and therefore

Ly >2r1+diy —diy +diyg — -+ — diy, +2diy, 4,
Ly > 2r — di21+1 + dizt - di2t71 +o diz - 2di1'
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5.5 An extension

Theorem 5.3. Let be given row sums R = (r1,72,...,rm) and column sums C =
(c1,¢2,...,¢n), where r1 = n, r,, = 0. Suppose there exists an image F with line
sums (R,C) and let Ly(F') be the total length of the horizontal boundary of this
image. Define by = #{j : ¢; > i} and d; = b; —r; fori=1,2,...,m. Let k be an
integer with 2 < k < m — 1 such that dy, < 0 and dg41 > 0. Let 0 = Zle d;. For
any integers t,s > 0 and any sets {i1,iz,..., 9211} C {1,2,...,k — 1,k,m} with
i1 <y < ... <lgq1 and {21,12,.. 12§+1} c{Lk+1L,k+2,...,m—1,m} with
h<ir<..< i2s+1 we have

L;L(F) > 27’L+di1 _d’ig +di3 — —di% + 2d;

12t+1

+d; —d;, +d;, — - —d;, +2d; —o. (5.9)

12541

Proof. We will prove the theorem by induction on o. Note that by (5.1) we have
o > 0, since the line sums are consistent.

As we are only considering the horizontal boundary, we may for convenience assume
that ¢y > co > ... > ¢c,.

Suppose ¢ = 0. Then

Zn Zb —Z#{] ¢ >i} = Z ¢+ Z k.

Jlej <k jlej >k

So in any column j with ¢; > k we must have (i,5) € F for 1 <i <k, and in any
column j with ¢; < k we must have (¢, j) ¢ F for k+ 1 < ¢ < m. This means that
we can split the image F' into four smaller images, one of which contains only ones
and one of which contains only zeroes. The other two parts we call F; and Fy (see
Figure 5.3). In order to have images with the first row filled with ones and the last
row filled with zeroes, we glue row m to F; and row 1 to F5. More precisely, let F}
consist of rows 1,2,...,k — 1,k and m of F' and the columns j with ¢; < k; let F}
consist of rows 1 and k+1,k+2,...,m —1,m of F' and the columns j with ¢; > k.

The columns of F' with sum at most k are exactly the columns with indices greater
than bgy1. Define h = bk+1 Let r( ), (1), ceey ,(Cl),rm) be the row sums of Fj, and

let r(2) r,g)l, ceey S,QL) 15 rm be the row sums of F5. We have

rEl):rifh, for 1 <i <k, and r(l):rm,

r® =r; fork+1<i<m,and T§2):h:r1—(n—h)-

K2
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1
1 "

k
Iy 0

m

cj > k h Cj <k
Figure 5.3: Splitting the image F' into four smaller images.

Let 0&217 0214)_2, e 0511217 c$}) be the column sums of Fi, and let c§2)7 cg2), ce 022_)17

ch 2) he the column sums of F5. We have

C§,l) = ij and 05.2) = Cj — (k‘ — 1) fOI‘ all ]

Define
o =g = h+ 1 > 13, b =i <h:d? > 1),
b<” #{j 2z h+1: <-1> > 2}, b2, = #{j<h:c? >2),
B = #i=ht 1) 2 E), b = <h:c® >m—k},
bﬁi) =#{j>h+1:Y >k+1), b =#{j<h:c? >m—k+1}.

For 1 <4 < k we have
=iz h+1:dV > =i <nie; > —#{i<hie; > i} =bi—h
Also,b%):():b . For k +1 <i<m we have
b =i <h: P >i k1 =H#{j<h:c¢ >0}
:#{]<n'cj>l}—#{j>h+1'0j>Z}:b'—0:b'

Also, b2) =h=0b—(n—h). Nowdeﬁned(l) —b )forze {1,2,...,k=1,k,m}
andaliz)—bl(-2 E)forze{l,k;—&—l,k;—i—Q,..., 1,m}. We find

dY =bi—h—(ri—h)=d;, forl1<i<k,
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A = by, — 1 = dpm,
dl@):bi—ri:di fork+1<i<m
d§2) =bi—(n—h)—(r1—(n—h)) =d.
All in all we conclude dgl) = d; and d,EQ) = d; for all 1.

The total length of the horizontal boundary of F' in the columns j with ¢; < &
is exactly the same as the total length L, (F}) of the horizontal boundary of Fj.
The total length of the horizontal boundary of F' in the columns j with ¢; > k is
exactly the same as the total length Lj(F3) of the horizontal boundary of F5. So
Ly(F) = Ly(F1) + L,(Fy). Note that Fy has n — bgy1 columns and F» has bgyq
columns. By Theorem 5.1 applied to F; we know that for any integer ¢ > 0 and any
set {i1,42,...,d9t41} C {1,2,...,k — 1, k,m} with i1 < iy < ... <41 we have
Lp(Fy) >2(n—bgp1) +diy —diy +diy — - —diy, +2d

12¢41°
By the same theorem applied to F5 we know that for any integer ¢ > 0 and any set
{il,ig,...,i25+1} C {17k+17k+2,...7m—1,m} with 47 <9 < ... < 19541 We have

Ly(F2) > 2bgyy +d;, —dy, +d;, — - —d;, +2d;

12541 "

Adding these two results yields (5.9).

Now let ¢ > 1 and suppose that we have already proven the theorem for any image
with S°F  d; < 0. Let

A= max{dil - di2 + dis - dizf, + 2di2t+1}v

Ay = max{d;l — d;Q + dzs — = d;u + 2d;2s+1},
where the first maximum is taken over all integers ¢ > 0 and sets {iy, 42, ..., 4241} C
{1,2,...,k—1,k,m} with 43 <ip < ... <ig41, and the second maximum over all
integers s > 0 and sets {i1,i2,... 9241} C {1,k + 1,k +2,...,m — 1,m} with
11 <19 < ...<1ig2s41. Furthermore, fix i1,42,...,49:41 and 41,42, ..., %2541 such that

these maxima are attained.

Since di < 0 by definition of &, and since d,, = 0, we have
diy —diy +dig — -+ —djy, +2di, < djy —diy, +diy — - — diy, + 2d,.
If 49411 = k, this would contradict the maximality of A;, so we conclude

iot+1 7 k. (5.10)

We also know di11 > 0 by definition of k, and dy = 0. So if s > 1, then

di —dgs1 +dy, — - —d;, +2d; <d:

Q2541 — 13

— o —d;, +2d;

12541 "
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This means that if s > 1, we may assume without loss of generality that (51722) #*
(1,k+1). Also,

d1—d;2+d23—--'—d525+2d7

12541

Sdk+1—d52+d;3—---—d;25+2d~.

12541 "

This means that if s > 1 and 75 > k + 1, we may assume that 7 # 1. Finally,
2d; < 2dj41, so if s =1 we may also assume that 7; # 1.

All in all we may assume in all cases that

i1 # 1. (5.11)

It suffices to prove
Lp(F)>2n+ A1 + Ay — 0. (5.12)

Let j with 1 < j < n be such that #({(l,j), (2,7)y-+, (k,j)}ﬁF) < min(e;, k), i.e.

in column j there is at least one one in rows k+ 1,k +2,...,m and at least one zero
in rows 1,2,...,k. Such a column exists, because
k
dor<d b= #Hiregzit= 3 G+ Yk
i=1 i=1 i=1 les <k Fles>k

We will now consider various cases.

Case 1. Suppose that there exist integers [ > 2, h > k 4+ 1 and u > 0 such that
l+u<k, h+u<m-—1and

(I—1,5) € F, and

(6,4), 1+ 1,5),--., (I +u,j) ¢ F, and

(h,j),(h+1,5),...,(h+u,j) € F, and

(h+u+1,j) ¢ F, and

(l+u+1l,j)eFor(h—1,j)¢F.

We define a new image F’ by moving the ones at (h,j),(h +1,5),...,(h+u,j) to
(l7j)7(l+ 17j)7"'7(l+uﬂj); that iS?

F =FU{(l,7),l+1,7),....,0+u, ) \{(h,75), (h+1,5),....,(h+u,j)}
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| L]

] g
l+u ]

H | [ltu

| :h

| |» | Jn+u

nlre u

Figure 5.4: Two possibilities for column j in Case 1. The grey cells have value 1, the other
cells value 0.

The column sums of F’ are identical to the column sums of F. The row sums 7} of
F’ are given by
i1 ifl<i<l+u,
ri=<r—1 ifh<i<h+u,

T else.

Define d; = b; —r} and ¢’ = Zle d; = 0 — (u+1). By the induction hypothesis, we
have for the total length Ly (F"’) of the horizontal boundary of F’

Lp(F'Y>2n+ A] + A, — o',

where
All = d;l - d;z =+ d'IL; - d;lzt + 2d;2t+17
I —d —d L. !
A2 - dgl di'z + dis di2s + 2di2s+1'

By moving the u+1 ones in column j, the piece of horizontal boundary between row
[ — 1 and row [ has vanished, just like the piece of horizontal boundary between row
h+wuvand h+u+1.If {+u+1,j) € F, the piece of horizontal boundary between
row [ + u and row [ 4+ u + 1 has also vanished, but there may be a new piece of
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horizontal boundary between row h — 1 and h. On the other hand, if (h —1,j) € F,
the piece of horizontal boundary between row h — 1 and row h has vanished, but
there may be a new piece of horizontal boundary between row | + u and [ + u + 1.
At least one of both is the case. All in all, we have Ly (F') < L,(F) — 2.

p— p— p— p—
— — - —1
— — — —
p— — — —1
_— —1 — —
— — — —
| — | | | | — [ |
— — p— —

Figure 5.5: Moving ones in Case 1, in both possible configurations. The grey cells have
value 1, the other cells value 0.

Furthermore, some of the d; involved in A} or A) may be different from the cor-
responding d;. Since {i1,42,...,42t41} C {1,2,...,k — 1,k,m}, we have d;, = d; or
d; =d;—1for i € {i1,ia,...,%2t41}. The values of ¢ for which d; = d; —1, are all con-
secutive. Since the coefficients for d; in A; are alternatingly positive and negative,
and there is only one positive coefficient that is +2 rather than +1, we have

/1 = d;l —d;z —|—d:3 —e—d! +2d/» > dil _di2 —|—di3 — -—d,»2t+2d

12t 12t4+1

—2=A,-2.

12t +1

Since {gllfgz. .. ,E2§+1} C{l,k+1,k+2,...,m—1,m}, wehave d, = d; ord; = d;+1
for ¢ € {i1,42,...,%2s+1}. By a similar argument as above and by the fact that all
negative coefficients in A are equal to —1, we have

Ay > Ay — 1.
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Finally, we have 0/ =0 — (u+ 1) < 0 — 1. We conclude

Lh(F) ZLh(F/)+2
>2n+ Ay + Ay — o' +2
>o2n+ (A1 —2)+ (A2 —1)—(c—1)+2
=2n+A; + Ay — 0.

This proves (5.12) in Case 1.

Case 2. Suppose that the conditions of Case 1 do not hold and furthermore that
(k,j) € F and (k+1,5) € F. Then there exist integers I > 2, h < k and u > 0 such
that h>1+ 1, k+1<h+u<m-—1and

e (I-1,j)€F, and

e (I,j),(I+1,7),...,(h—1,j) ¢ F, and

o (h,j),(h+1,j),....,(h+u,j) € F, and
(

h
e (h+u+1,j5)¢F.
As Case 1 does not apply, we cannot change all zeroes in (I, j), (I+1,5), ..., (h—1,7)
into ones by moving ones from (k+1,7), (k+2,7), ..., (h+u, j). This implies that
h—=1>(h+u)—k>1,s0l<h—1. We will now distinguish between several cases.

Case 2a. Suppose that there does not exist an integer r with 0 < r < ¢ such that
I = igr41. We define a new image F’ by moving the one at (h + u,j) to (I,4); that
is,

F'=FU{(L,)\{(h+u,j)}-
We define 7}, di, o', A}, A} and Ly (F’) similarly as in Case 1. As in Case 1 we have
Al > As — 1. However, of the d; with i € {1,2,...,k—1,k, m} only one has changed
(namely d; = d; — 1), and we know that d; does not have a positive coefficient in
Ay. So A} > A;. Furthermore, Ly (F') = Lp(F) and ¢/ = 0 — 1. By applying the
induction hypothesis to F’, we find
Ln(F) = Ln(F')

>+ A+ A — o’

>+ A1+ (A2 -1) = (0 - 1)

=2n+ A; + Ay — 0.

This proves (5.12) in Case 2a.
Case 2b. Suppose that there does not exist an integer r with 0 < r < ¢ such that

h—1 =i9.11. We define a new image F’ by moving the one at (h+u, j) to (h—1, j);
the rest of the proof is the same as in Case 2a.
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l
- - - - -
h
k
h+u
(a) An (b) Moving the ones in (c) Moving the ones in
example of Case 2a. Case 2b.
column j in
Case 2.

Figure 5.6: Illustrations for Case 2 of the proof. The grey cells have value 1, the other
cells value 0.

Case 2c. Suppose neither Case 2a nor Case 2b applies. Then there are integers r;
and 7o with 0 < r; < ro <t such that ! = i9,, 41 and h—1 = 49,,11. Note that r < ¢,
so d; has coefficient +1 in A;. Now let v = ig,, 42 < h — 1. Again, we distinguish
between two cases.

Case 2cl. Suppose that k +1 < h 4+ u — v 4+ . Then we define a new image F’ by
moving the ones at (h+u—v+1,j), (h+u—v+Ii+1,75),..., (h+u,j) to(l,7),
(1+1,4), ..., (v,5); that is,

F' = FU{(,), (1+1,4), - -, (0, )\ (htu—v+L, ), (htu—v+i+1, ), ., (hetu, )}

We define 7}, d;, o', A}, A, and Ly (F’) similarly as in Case 1. As in Case 2a we have
Al > Ay — 1 and Lp(F') = Ly(F). Also, o/ < o — 1. Furthermore, of the d; with
ie{l,2,...,k—1,k,m} exactly two have changed: dj =d; —1 and d, = d, — 1. As
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75

v
(%
— —
(a) Moving the ones in (b) Moving the ones in
Case 2cl. Case 2c2.

Figure 5.7: More illustrations for Case 2 of the proof. The grey cells have value 1, the

other cells value 0.

d; has coefficient +1 in A; and d,, has coefficient —1 in A;, we have A} = A;. By

applying the induction hypothesis to F’, we find
Ly(F) = Ly(F')
>2n+ Al + AL — o
>2n+ A1+ (Ay—1)— (0 —1)
:2R+A1 +A2*O’.

This proves (5.12) in Case 2cl.

Case 2¢2. Suppose that k +1 > h +u — v + [. Then we define a new image F’
by moving the ones at (k + 1,7), (k+2,7), ..., (h+wu,j) to (I,5), 1+ 1,5), ...,

(l+h+u—k—1,7); that is,

F' =Fu{(l,7),(+1,7),...,(I+h+u—k—=1,7) \{(k+1,7), (k+2,7),..., (h+u,j)}.
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We define 7}, d, o', A}, A, and L (F’) similarly as in Case 1. As in Case 2cl we
have Lp(F') = Lp(F) and ¢/ <o —1.Since [+ h+u—k — 1 < v, of the d; with
ie{l,2,...,k—1,k, m} exactly one has changed: dj = d; — 1. As d; has coefficient

+1in Ay, we have A} = Ay — 1.

Now we consider A). Some of the d; with i € {21, Qg .. ,Ezsﬂ} may have increased
by 1. If 44 > h + u, none of the row indices k + 1, k + 2, ..., h + u occurs in
{51, Q... ,E23+1}, and we have A, = As. If not, then k+1 < i1 < h+u (using (5.11)).
The values of i for which d; = d; + 1, are all consecutive. Since the coefficients for
d; in A, are alternatingly positive and negative, and since i, (which has a positive
coefficient in A;) is included in {k+ 1,k +2,...,h +u}, we have A, > As.

By applying the induction hypothesis to F’, we find

Ly(F) = Ly(F")
>2n+ A + Ay — o
>2n+ (A1 —1)+ 42— (c—1)
=2n+ A+ A —o.

This proves (5.12) in Case 2¢2, which completes the proof of Case 2.

Case 3. Suppose that the conditions of Case 1 and Case 2 do not hold. By definition
of j we know that in column j there is at least one one in rows k+ 1, k+2, ...,
m. As Case 2 does not apply, we have (k,j) ¢ For (k+1,5) ¢ F. If (k,j) € F (so
(k+1,7) € F) we can apply Case 1: let [ be the smallest integer such that (I,5) € F,
let A’ be the greatest integer such that (h/,j) € F, and let u be maximal such that
(i,j) ¢ Fforl <i<l4wand (i,j) € F for B’ —u < i < h'. Define h = b’ —u. Since
(k,j) € Fand (k+1,7) € F', we have [+ u < k and h > k + 1, so all conditions of
Case 1 are satisfied.

Hence we have (k,j) ¢ F. Now there exist integers h > k + 1 and « > 0 such that
h+u<m-—1and

e (h—1,7) ¢ F, and
e (i,j) € Ffor h<i<h-+u,and
o (h+u+1,j)&F.

Furthermore, let I < k be such that (I —1,j) € F and (I,j) ¢ F. Since Case 1 does
not apply, there does not exist an integer u’ such that | + v < k, (i,j) € F for
Il <i<l+4+d and (I +u +1,j) € F. This means that (i,j) ¢ F for all i with
I <i<k+1. Also, we could still apply Case 1 if there are at least as many zeroes in
(1,7), A+ 1,7), ... (k,j) as there are ones in (h,7), (h+1,5), ..., (h +u, 7). Hence
we must have u+1 >k -1+ 1.
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[] B I [] []
L | [] | []
| | [] LN B
- _k—o - H - - || - - H - - H -
| | | | |
(] O | O |
|+ u ] [ ] ]

(a) An (b) Moving the ones in (c) Moving the ones in
example of Case 3a. Case 3b.
column j in

Case 3.

Figure 5.8: Illustrations for Case 3 of the proof. The grey cells have value 1, the other
cells value 0.

We will distinguish between various cases.

Case 3a. Suppose that either ig; 1 < [ or igs1 1 = m. This means that none of
the d; with [ < ¢ < k has coefficient +2 in A;. Since u +1 > k — [ + 1, we have
h+k—1< h+u, so there are ones at (h,j), (h+1,7), ..., (h+k—1,7). We define
a new image F’ by moving those ones to (I,5), (I +1,7), ..., (k,j); that is

F=FU{(l,7),0+1,7),....,(k, HhI\{(h,5),(h+1,5),...,(h+k—1,7)}.

We define 1, d, o/, A}, A} and Ly (F’) similarly as in Case 1. As in Case 1 we have
Al > Ay — 1. Furthermore, Ly, (F') = Ly (F).

Suppose | = k. Then only one d; with i € {1,2,...,k—1,k, m} has changed, namely
dj, = di — 1. We know that dj, does not have a positive coefficient in A, since
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k # igiq1 (see (5.10)) and ig—1 < k— 1. So A} > Ay. Also, ¢/ = 0 — 1, so by
applying the induction hypothesis to F’, we find

Ly(F) = Ly(F')
>2n+ A+ Ay — o
>+ A+ (A —1)— (0 — 1)
=2n+ A, + Ay — 0.

Now suppose that I < k. Then we have ¢/ < ¢ — 2. Furthermore, none of the d;
with | < i < k has coefficient 42 in Ay, so A] > A; — 1. By applying the induction
hypothesis to F’, we find

Lp(F) = Ly (F")
>2n+ Al + AL — o
>2n+ (A1 —1)+(A2—1)— (0 —2)
=2n+ A; + Ay — 0.

This proves (5.12) in Case 3a.

Case 3b. Suppose that ig;41 > 1, G9;41 # m and i911 # k — 1. Using (5.10), we
then have | <919 <k —2.Sinceu+1>k—-101+1, we find that u > k—-1+1>
(I+2)—1+41> 3. We define a new image F’ by moving the ones at (h,7), (h+1,7)
and (h+2,j) to (I,7), (I +1,7) and (I +2,7); that is,

Fr=FU{(,5),(+1,5), 0+ 2,)\{(h, ), (h+1,5), (h +2,)}.

We define r}, d., o', A}, A, and Ly, (F’) similarly as in Case 1. As in Case 1, we have
A} > Ay — 2 and A, > Ay — 1. Furthermore, Ly(F') = Ly (F) and ¢/ = 0 — 3. By
applying the induction hypothesis to F’, we find
Ly(F) = Ln(F")
>2n+ Al + AL — o
>2n+ (A1 —2)+ (A2 —1) = (0 = 3)
:2TL+A1 +A2*O’.

This proves (5.12) in Case 3b.

Case 3c. Suppose that neither Case 3a nor Case 3b applies. Then we have i1 =
k—1. Using (5.11), this means that ¢; > k+1 > k—1 = dgs11. We~no~w apply Theorem
5.1 to the image F' and the row indices {i1,42,... 921,k — 1, k, 41,92, .., 92541}
Ly(F)>2n+d;, —dijy, + - —di,, + di—1 _dk‘f'd{l —d;Q —‘r~-~—d;28 +2d;25+1
=2n+ A1 —di_1 — di + As.
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By Ryser’s theorem [24] we have Zi:f d; > 0, since the line sums are consistent, so

k k—2
o=y di=) di+di1+dp>dy1+dy
i=1 i=1

Hence
Lp(F)>2n+ A1 —dp—1 —dp+As > 2n+ A1 + Ay — 0,

which proves (5.12) in Case 3c.
This finishes the proof of the theorem. O

Example 5.5. Let m = n = 12 and let row sums (12,8,9,8,8,5,5,2,3,2,1,0)
and column sums (10, 8,8,8,6,6,6,3,2,2,2,2) be given. We compute b; and d;, i =
1,2,...,12 as shown below.

v | 1 2 3 4 5 6 7 8 9 10 11 12
b; |12 12 8 7 7 7 4 4 1 1 0 0
r; | 128 9 8 8 ) 5 2 3 2 1 0
|0 44 -1 -1 -1 42 -1 +2 -2 -1 -1 O

Here (5.2) yields at most
Lp>24+4—(-1)+2—-(-1)+2-2= 36,
and (5.3) yields at most
Lp>24—(-2)+2—-(-1)+2—-(-1)+4—-2-0=36.

However, we can apply Theorem 5.3 with k =5 (note that d5 < 0 and dg > 0). We
have o0 = 1. If we take t =0, s =0, i1 = 2, 21—6 12—7and23—8 then we find

Ln>24+2-4+42—(—-1)+2-2—1=38.

So in this example, Theorem 5.3 gives a better bound than Theorem 5.1. In fact,
the bound of Theorem 5.3 is sharp in this example: in Figure 5.9 a binary image F’
with the given row and column sums is shown, for which L, = 38.

Corollary 5.4. Let be given row sums R = (r1,72,...,7m) and column sums C =
(c1,¢2,...,Cn). Suppose there exists an image F' with line sums (R,C) and let Ly (F)
be the total length of the horizontal boundary of this image. Define b; = #{j : ¢; > i}
and d; = b;—r; fori=1,2,...,m. Also set dy = dyn+1 = 0. Let k be an integer with
1 <k <m suchthatdy <0 anddiy+1 > 0. Let o = Zle d;. For any integerst,s > 0
and any sets {11712, ceydoir1y CH{O L, k=1 k,m 41} with i < g < ... <gpyr
and {11,12,.. 'LQS+1} CcH{0,k+1,k+2,...,m,m+ 1} with W <ip<...< ggsﬂ we
have

Lh(F) >2r + dil - diQ + dig - diQt + 2di2t+1

+d;17d;2+d237“'7d5 + 2d- — 0.

12s+1
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—
[\

S = N W N OOt o 0 © 0

108 8 8 6 6 6 3 2 2 2 2

Figure 5.9: The binary image from Examples 5.5. The grey cells have value 1, the other
cells value 0. The numbers indicate the row and column sums. The length of the horizontal
boundary of this image is 38.

Proof. Completely analogous to the proof of Corollary 5.2. O



CHAPTER 6

Reconstructions with small boundary

This chapter (with minor modifications) is available as a preprint as: Birgit van
Dalen, “Discrete tomography reconstructions with small boundary”, arXiv:1011.5351
[math.COJ (2010) 18 pp.

6.1 Introduction

In Chapter 5 we proved a lower bound on the length of the boundary for any re-
construction of an image with given line sums. In this chapter we complement this
result by giving a reconstruction that has a relatively small boundary in the case
that both the row and the column sums are monotone.

After introducing some notation in Section 6.2, we describe the construction of a
solution to the discrete tomography problem in Section 6.3. In Section 6.4 we prove
upper bounds on the length of the boundary of this constructed solution. We show
by examples that these bounds are sharp in Section 6.5, and finally in Section 6.6
we generalise the results slightly.
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6.2 Definitions and notation

Let F be a finite subset of Z? with characteristic function x. (That is, x(k,1) = 1
if (k,1) € F and x(k,l) = 0 otherwise.) For ¢ € Z, we define row ¢ as the set
{(k,1) € Z*? : k = i}. We call i the index of the row. For j € Z, we define column
j as the set {(k,l) € Z% : | = j}. We call j the index of the column. Note that we
follow matrix notation: we indicate a point (4,j) by first its row index ¢ and then
its column index j. Also, we use row numbers that increase when going downwards
and column numbers that increase when going to the right.

The row sum r; is the number of elements of F in row 4, that is r; = 37,7 x(i,j).
The column sum c; of F' is the number of elements of F' in column j, that is ¢; =
> icz X(1, 7). We refer to both row and column sums as the line sums of I'. We will
usually only consider finite sequences R = (r1,72,...,7,) and C = (c1,¢2,...,¢Cp)
of row and column sums that contain all the nonzero line sums. In this chapter we
will always assume that the line sums are monotone, that is ry > ry > ... > r,, and
C1>C > ...2Cp.

Given sequences of integers R = (r1,72,...,7y) and C = (c1,¢a,...,¢p) with 0 <
ri <mn, 0 < ¢ < m, we say that (R,C) is consistent if there exists a set F' with
row sums R and column sums C. Define b, = #{j : ¢; > i} for i = 1,2,...,m.
Note that by definition we have 77", b; = > 7, ¢;. Ryser’s theorem [24] states
that if 4 > ro > ... > 7, the line sums (R,C) are consistent if and only if
> i=1¢j = > ieyri and for each k =1,2,...,m we have S >

We say that the line sums (R,C) uniquely determine such a set F' if the following
property holds: if F’ is another subset of Z? with line sums (R,C), then F’ = F. In
this case we call F' uniquely determined.

We will now define a uniquely determined neighbour corresponding to line sums
(R,C). This is a uniquely determined set that is in some sense the closest to any set
with those line sums. See also Section 3.4.

Definition 6.1. Let be given row sums R = (r1,72,...,7m) and column sums C =
(c1,¢2,...,¢n), wheren =11 > 19 > ... 21y and m =c¢; > ¢y > ... > ¢,. Let
by =#{j:¢c; > i} fori=1,2,...,m. Then the column sums ci, ¢z, ..., ¢p and row
sums by, ba, ..., by, uniquely determine a set Fy, which we will call the uniquely
determined neighbour corresponding to line sums (R,C).

Suppose line sums R = (r1,72,...,7,) and C = (c1,¢9,...,¢,) are given, where
ry>re>...>rymand cp > ¢ > ... > ¢y Let the uniquely determined neighbour
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corresponding to (R,C) have row sums by > by > ... > b,. Then we define

m

1
a(R,C) = izm — byl.

i=1

Note that a(R,C) is an integer, since 2a(R,C) is congruent to

v (ri +b;) :zm:ri—i-zm:bi :2§:ri =0 mod 2.
i=1 i=1 i=1

=1

If we write d; = b; — r; for all i, then because > .~ 7, = > ", b;, we have

a=>Y di=-) d.

We can view the set F' as a picture consisting of cells with zeroes and ones. Rather
than (i,7) € F, we might say that (¢, ) has value 1 or that there is a one at (4, 7).
Similarly, for (i,7) ¢ F we sometimes say that (i,) has value zero or that there is
a zero at (i,7).

We define the boundary of F as the set consisting of all pairs of points ((i,j), (i’,j’))
such that

ei=¢and|j—j|=10r|i—i|=1and j=j, and

e (i,j)€ Fand (¢,j') € F.

One element of this set we call one piece of the boundary. We can partition the
boundary into two subsets, one containing the pairs of points with ¢ = i’ and the
other containing the pairs of points with j = j’. The former set we call the vertical
boundary and the latter set we call the horizontal boundary. We define the length
of the (horizontal, vertical) boundary as the number of elements in the (horizontal,
vertical) boundary. For a given set F' we denote the length of the horizontal boundary
by Ly(F) and the length of the vertical boundary by L, (F).

6.3 The construction

In this section we will construct a set F5 satisfying given monotone row and column
sums that are consistent. First we will describe one step of this construction.

Let row sums R = (r1,72,...,7y) and column sums C = (c¢1,¢9,...,¢,) be given,
such that n = r1 > ro > ... > rp,and m = ¢y > ¢o > ... > ¢,. Assume that
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those line sums are consistent. For ¢ = 1,2,...,m define b; = #{j : ¢; > i} and
d; = b; —r;. For convenience we define r,,41 = b1 = dpy1 = 0. We have n = by >
bo > ... > by > by

Let F; be the uniquely determined neighbour corresponding to the line sums (R, C).
Then F; has row sums (b1,bs,...,b,) and column sums (c1,co, ..., c,). Moreover,
in every column j the elements of I are exactly in the first c¢; rows.

If r; = b; for all 4, then F) already satisfies the line sums (R, C), and there is nothing
to be done. Now assume that not for all ¢ we have r; = b;. Then there is at least
one i with d; > 0 and one 7 with d; < 0. Also, because of the consistency of the line
sums the smallest 7 with d; # 0 satisfies d; > 0.

Let ¢; be minimal such that d;;, > 0 and let i3 be minimal such that d;, > 0 and
di,+1 <0.Let R* = {iy,i1+1,...,42}. Similarly, let i3 be minimal such that di; <0
and let ¢4 be minimal such that d;, < 0 and d;,+1 > 0. Such i4 exists, since d,,,+1 = 0.
Let R~ = {i3,i3+ 1,...,i4}. Now d; > 0 for all i € R and d; < 0 for all i € R™.

If |[RT| < |R™|, we execute an A-step, while if |RT| > |R™|, we execute a B-step.
We will now describe these two different steps.

A-step. Let j be maximal such that ¢; € RT. Such a j exists, because as b;, 11 <
Tis+1 < Tiy < bj,, there exists a column with sum é. Define s = ¢; — i1 + 1; this is
the number of rows ¢ with iy < i < ¢;. We will be moving the ones in the s cells
(11,7), .-+, (¢j,7) to other cells. To determine to which cells those ones are moved,
consider ig,i3 + 1,...,43 + s — 1. Since iy —i3 +1 = |R™| > |RT| > s, we have
ig+s—1 <4 s0 {ig,is+1,...,i3+s—1} C R™. If rj,45-1 > 7Tis4s, then let
1= {ig,i3+17...,i3+8—1}.

Now suppose 7j,4s—1 = Tis+s- Let t1 be minimal such that i3 < ¢ <i3+s—1
and 1y, = 7i,4s—1. Let t2 be such that to > i35 + s and rj,45-1 = Tty > Tey41-
Since we have d;,11 > 0, we have 7,411 < b,+1 < b;, < 7y, hence to < i4. Let
tg =to+t; —ig—s+1. Asty >i3+s, wehavets >t1 +1,and ast; <ig+s—1,
we have t3 < t5. Now define I = {i3,i5+1,...,t;1 —1}U{t3,t3+1,...,t2}. We have
|I| = (tl —i3)+(—t1 +i3+8) = S.

In both cases we have now defined a set I C R~ with |[I| = s = ¢; —4; + 1 and
satisfying the following property: if i € [ and i + 1 ¢ I, then r; > r;41.

Now we move the ones from the rows ¢ with ;1 < i < ¢; to the rows ¢ € I. This
column will later be one of the columns of F». We delete the column and change the
line sums accordingly: define for i = 1,2,...,m the new row sums r;, which is equal
to r; if there was no one in this row in column j, and equal to r; — 1 if there was a
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one in this row in column j. We have

ri —1 fori <iq,

o T for i; <14 <¢j,
¢ ri—1 foriel,
5 fori>cjand i & I.

Also let b be the number of columns not equal to j with column sum at least i. We
have

b bi—1 fori<cy,
! b; for i > Cj-
Note that the set FY, defined as F; without column j, has row sums b}, b,,...,b.

We now want to show that the new row sums are non-increasing and that they are
consistent, together with the column sums without column j, that is, that Zle b >

Zler’- for k=1,2,...,m.

7

Suppose for some i we have r; < r;, ;. Then we must have r; = r;—1 and rj ;| = ri41,
since 1; > r341. So either 4 =43 — 1 ori € [ and i + 1 ¢ I. In the latter case we
know 7; > r;; 1, hence 7{ > rj ;. If on the other hand ¢ = i; — 1, we have d; = 0 and
diy1 > 0,80 r; = b; > bip1 > riy1, hence 1) > r§+1. We conclude that it can never
happen that r; <rj ;. Son—1=r; >ry >...>7r,.

Now we prove consistency. For ¢ < 4; we have d; = 0, hence
b, —r;=(b;—1)—(r; — 1) =d; = 0.
For i1 <i < ¢; we have d; > 0, hence
b, —ri=(b;—1)—r;=d;—1>0.
For ¢; +1 <4 < i3 — 1 we have d; > 0, hence
b, — 1l =b; —r; =d; > 0.

So for k < i3 — 1 we clearly have

k

> (W) >o0.

i=1

On the other hand, for k > i, we have Zle(bi —1r;) > 0 because of the consistency
of the original line sums, hence

k k k k
Z(b;’—T;) = <Zbi—cj> - (ZH-Q) :Z(bi—m) > 0.

i=1
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For i3 <1 < i4 we have d; < 0, so
b;—TéZbi—Ti:di<0 lf’LgI,

Hence for i3 < k <i4 — 1 we have

k iq 2
- =Y -y = Y (b)) >0
=1 =1 i=k+1

This proves the consistency.

B-step. Let j be minimal such that ¢; +1 € R™. Such a j exists, because as
bis—1 > ri;—1 > Ty > by, there exists a column with sum i3 — 1. Similarly to the
A-step, we find a set I C R* such that |I| = i4 — ¢; with the following property: if
i¢Tandi+1¢€l, then r; >7r;q1.

Now we move the ones from the rows ¢ with 7 € I to the rows ¢ with ¢; +1 <4 <y,
This column will later be one of the columns of F5. We delete the column and change
the line sums accordingly. Analogously to above we prove that the new line sums are
non-increasing and consistent, and that the set F| that we have left, is the uniquely
determined neighbour corresponding to these new line sums.

The procedure described above, which changes line sums (R, C) and their uniquely
determined neighbour F; to new line sums (R’,C’) and their uniquely determined
neighbour F], we denote by ¢. Since the new line sums satisfy all the necessary
properties, we can apply ¢ also to (R/,C’) and Fj. We can repeat this until we
arrive at a situation where the uniquely determined neighbour already satisfies the
line sums. One by one we can then put the deleted columns back in the right position
(first the column that was last deleted, then the one that was deleted before that,
and so on, to make sure that the resulting set F5 has its columns in the right order).
Every time we put back a column, the line sums change back to what they were
before that instance of ¢ was applied. When all the columns are back in place, the
line sums are therefore equal to (R,C) and the resulting set satisfies these line sums.
This proves the following theorem.

Theorem 6.1. Let be given row sums R = (r1,72,...,7m) and column sums C =
(c1,¢2,...,¢n), Wheren =11 > 19 > ... 2 1rp and m = ¢ > ¢3 > ... > ¢y, As-
sume that the line sums are consistent. Let Fy be the uniquely determined neighbour
corresponding to the line sums (R,C). If we start with Fy and repeatedly apply ¢
until this is no longer possible, and then put all the deleted columns back in the right
position, then the result is a set Fy that satisfies the line sums (R,C).

Now we show an example of this construction. Let m = 12, n = 11 and define line
sums

R = (11,10,8,8,8,6,6,6,3,3,3,2),  C=(12,10,7,6,6,6,6,6,6,6,3).
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We have
(b1,...,b12) = (11,11,11,10, 10,10, 3,2,2,2,1,1),
(dy, ..

We will now do the construction step by step, illustrated by Figures 6.1 and 6.2. The
r; and d; in every step are indicated in the figure. We start with the uniquely deter-

.y di2) = (0,41, 43,42, +2,+4, -3, -4, -1, -1, -2, —1).

mined neighbour Fy, that is, the set with column sums C and row sums (by, ..., b12).

O00O0OOOOOOOl 11

OO0O0O0OOOOOOOX 10 +1

00000000008 +3

0000000000 |8 +2

O00O0OO0O0OOO (|8 +2

O00O0OOO0OOO |6 +4

OO0 @6 -3

OO @6 —4

OO 3 -1

)@, 3 -1

O 3 -2

©) 2 -1

12107 6 6 6 6 6 6 6 3

(a) Step 1.
OO0O00O0OOOOO|10 OO00O0O0O0O0O0O|9
OO0O0O0OO0OOOO| 10 000000009
000000008 +2 OO 0O000000OI8 +1
000000008 +2 000000008 +1
000000008 +2 000000008 +1
OO000O0O0O0OOC6 +4 OO0OZ000000[6 +3
000 @5 -2 000 4 -1
OO ®5 -3 COe 4 -2
OO 3 -1 coe 3 -1
OO @3 -1 OO 2
O ®3 2 O 2 -1
O 2 -1 O 2 -1
12107 6 6 6 6 6 6 6 12107 6 6 6 6 6 6
(b) Step 2. (c) Step 3.

Figure 6.1: The first steps of the construction of the set F5. The ones are indicated by
white circles. The dashed circles are ones that are deleted in that step, while the black
circles are ones that are newly added in that step. The numbers directly next to each figure
are the row sums, while the numbers next to that are the d;.
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Step 1. We have Rt = {2,3,4,5,6}, R~ = {7,8,9,10,11,12}. Since |RT| < |R™|,
we execute an A-step. The rightmost column j with ¢; € R is column 11, with sum
3. We delete the ones in (2,11) and (3,11). We find I = {7, 8}, since rg > r9. So we
add ones in (7,11) and (8,11). We then delete column 11.

Step 2. We have Rt = {3,4,5,6} and R~ = {7,8,9,10,11,12}. Since |RT| < |R™|,
we execute an A-step. The rightmost column j with ¢; € RT is column 10, with
sum 6. We delete the ones in this column in rows 3, 4, 5 and 6. Since r1g = 711,
we cannot use I = {7,8,9,10}. Instead we take I = {7,8,10,11}. This works since
rg > 19 and 7117 > r12. So we add ones