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1Introdu
tion
1.1 Interference in optics

1.1.1 Young’s experiment: interference of waves

Around 1801, the British scientist Thomas Young demonstrated that light prop-

agates like a wave. Light waves, in contrast to light rays, can form interference

patterns. Young illuminated a mask with two parallel slits with monochromatic

spatially coherent light and projected the transmitted light onto a screen. He ob-

served a periodic intensity pattern of bright and dark lines, which he explained as an

interference pattern. Figure 1.1 illustrates a simulation of a wave passing through a

mask with two slits. The two waves that emerge from the slits expand in a circular

manner such that they cross each others path. In the low-intensity regions, the

phases of the two waves are opposite, and the waves interfere destructively at any

instant of time. In the high-intensity regions, both waves interfere constructively

yielding a larger detected intensity.

Later, in 1865, James Clerk Maxwell theoretically showed that the electric field

and the magnetic field, together, can form a wave that propagates at exactly the

speed of light [1]. Ever since, light is understood as a wave of the electromagnetic

field. Classically, the state of the electromagnetic field is determined by the electric

field E(r, t) and the magnetic field B(r, t). The time evolution of these fields is

described by Maxwell’s equations. [2].

1



1. INTRODUCTION

Figure 1.1: (a) Simulation of a wave propagating through a mask with two slits. The grey
scale represents the wave displacement at some instant of time. (b) An interference pattern is
formed in the time-averaged intensity profile behind the mask. Around 1801, Thomas Young
demonstrated that light produces such intensity pattern. He visualized this interference pattern
by projecting the transmitted light onto a screen.

1.1.2 One-photon and two-photon interference

The quantum theory of light describes the quantum state |Ψ〉 of the electromagnetic

field [3,4]. Formally, this theory is obtained by applying a procedure called canonical

quantization to the classical theory of the electromagnetic field. The foundation of

multiphoton interference within quantum optics was laid by Glauber in 1963 in his

influential work on quantum optical coherence [5]. The quantum theory replicates

the occurrence of the classical interference patterns of the intensity similar to the

one shown in Fig. 1.1(b). Additionally, Glauber’s analysis makes clear that quantum

interference can occur in n-fold intensity correlations between n separate detectors.

This type of optical interference is now referred to as n-photon interference.

Young’s classical interference pattern in Fig. 1.1 is a one-photon interference

phenomenon. One-photon interference refers to a structure in the photon detection

rate in a single detector. The photon detection rate is [5]

R(1)(r, t) ∝ 〈Ψ|Ê−(r, t)Ê+(r, t)|Ψ〉, (1.1)

where Ê±(r, t) are the positive and negative frequency electric-field operators at

position r and time t. A one-photon interference pattern can in principle be formed

by a single photon only. So if one would perform Young’s experiment with a single

photon, the probability of where the photon can be absorbed corresponds to the

intensity pattern obtained from the classical wave theory [see Fig.1.1(b)].

Two-photon interference refers to a structure in the coincidence rate between

2



1.1. INTERFERENCE IN OPTICS
two detectors. Glauber argued that this coincidence rate is [5]

R(2)(r1, t1; r2, t2) ∝ 〈Ψ|Ê−(r1, t1)Ê
−(r2, t2)Ê

+(r2, t2)Ê
+(r1, t1)|Ψ〉, (1.2)

where r1,2 and t1,2 are space and time coordinates of the two detectors. It may not

be obvious from Eq. (1.2) how two-photon interference can occur. Let us therefore

construct the two-photon state∗

|Ψ〉 =
1√
2

∫

dk1dk2 φ(2)(k1,k2)â
†(k1)â

†(k2)|vac〉, (1.3)

where φ(2)(k1,k2) = φ(2)(k2,k1) without loss of generality, |vac〉 is the continuous-

mode vacuum, and â†(k) is the continuous-mode photon creation operator with

momentum k. For our interest in simplicity, we have restricted ourselves to one po-

larization only. Let us also specialize to paraxial light where φ(2)(k1,k2) is nonzero

only for k vectors that are oriented paraxially. By combining Eqs. (1.2) and (1.3),

we find the two-photon interference pattern†

R(2)(r1, t1; r2, t2) ∝
∣

∣

∣

∣

∣

∫

dk1dk2 φ(2)(k1,k2) exp (ik1 · r1 − i|k1|ct1)

× exp (ik2 · r2 − i|k2|ct2)
∣

∣

∣

∣

∣

2

, (1.4)

where c is the speed of light. The absolute square operation directly reveals the

interference mechanism behind two-photon interference. The expression between

|..|2 is the two-photon wave packet, which is a complex (rotating) amplitude as a

function of two coordinates. Each coordinate is propagated according to the scalar

wave equation of light.

Two-photon interference is especially interesting if the two photons in Eq. (1.3)

are entangled. In the entangled case, the two-photon amplitude does not factorize

in two functions‡, i.e.,

φ(2)(k1,k2) 6= f(k1)f(k2).

∗ We use the continuous-mode formalism with usual commutation relations and field op-
erators given by Eqs. (10.10-1)-(10.10-4) in Ref. [3]. Normalization then corresponds to
∫

dk1dk2|φ(2)(k1, k2)|2 = 1, where we have imposed φ(2)(k1, k2) = φ(2)(k2, k1) without
loss of generality since any asymmetry drops out of Eq. (1.3).

† We adjusted the electric-field operator in Eq. (1.2) to a similar operator related to the square
root of the photon density (the continuous-mode version of equation (12.3-1) in Ref. [3]).

The expression for this adjusted field operator (in single-polarization form) is V̂ +(r, t) =
√

(2π)−3
∫

dk â(k) exp[ik · r − i|k|ct].
‡ It is debatable whether inseparability also implies entanglement. For example: is it correct to

call φ(2)(k1, k2) = f(k1)g(k2) + f(k2)g(k1) entangled? We will refer to this two-mode form
of inseparability as entanglement between indistinguishable photons (see chapter 4).

3



1. INTRODUCTION
Figure 1.2: Experimental geometry for the operation of spontaneous parametric down-
conversion. The down-converted light is spatially multimode (indicated by the arrows). Each
down-converted photon pair is spatially entangled due to conservation of transverse momentum
in the down-conversion process.

If this function would factorize, the two-photon interference pattern would become

a trivial multiplication of the one-photon interference patterns, i.e.,

R(2)(r1, t1; r2, t2) ∝ R(1)(r1, t1)R
(1)(r2, t2) [if φ(2)(k1,k2) factorizes].

If the two-photon amplitude does not factorize, the one-photon interference pattern

generally gets washed out, but, at the same time, the two-photon interference pat-

tern retains its high visibility. Two-photon interference occurs most prominently

in a two-photon state. The presence of a three-photon component (or more pho-

tons) will lower the visibility of the two-photon interference pattern if φ(2)(k1,k2)

is not factorizable. Therefore, one requires two-photon states to study interesting

two-photon interference phenomena with high visibility.

1.1.3 Spontaneous parametric down-conversion: a source of pairs of entangled

photons

Nowadays, two-photon interference experiments are commonly performed with pho-

ton pairs produced by the nonlinear χ(2) process of spontaneous parametric down-

conversion (SPDC). The process is operated by directing a coherent pump laser

through a nonlinear crystal (see Fig. 1.2). SPDC refers to the occasional sponta-

neous splitting of a pump photon into two photons of lower energy (see Sec. 1.3 for

details). These photon pairs can be observed as simultaneous clicks by two single

photon detectors, as was first observed in 1970 [6]. Most interestingly, the photons

within a pair are spatially entangled resulting from the conservation of transverse

momentum in the down-conversion process. Loosely speaking, each photon is inco-

herently emitted in many spatial modes, but, at the same time, the pair as a whole

is pure and has the well defined transverse momentum distribution of the pump

beam. Section 1.3 describes how the down-converted stream of photon pairs can

be identified with a two-photon wave packet similar to Eq. (1.3). The photon pairs

produced by SPDC are thus excellent candidates for the research on two-photon

4



1.2. RESEARCH TOPICS IN THIS THESES
Figure 1.3: Generic scheme of the two-photon interference experiments discussed in this
thesis. Two-photon interference phenomena are experimentally observed via the coincidence
count rate in the plane of the detectors.

interference. Two-photon interference was first observed in 1987 by Ghosh, Hong,

Ou, and Mandel [7, 8].

1.2 Research topics in this theses

1.2.1 Two-photon interference: three themes

The research in this thesis addresses spatial aspects of two-photon interference. The

work is mainly experimental although our experiments are supported by theoretical

models. The research can be divided into three research themes: We address (1)

orbital angular momentum entanglement, (2) two-photon diffraction from a double

slit, and (3) two-photon scattering of a random medium.

Despite their diversity, all themes are strongly related to one another. This is

because two-photon interference and spatial entanglement play dominant roles in

all themes. A generic scheme of all interference experiments is displayed in Fig. 1.3.

Pairs of spatially entangled photons are emitted by the SPDC source and propa-

gate through the experimental setup before being detected by two single-photon

detectors. The propagation part is different for each experiment depending on the

addressed research theme. Figure 1.4 illustrates the three setups that correspond to

the three research themes. These research themes are discussed below in Secs. 1.2.2-

1.2.4.

1.2.2 Theme 1: Orbital angular momentum entanglement

The spatial entanglement in the down-converted photon pair is of a high-dimensional

form [9,10]. This aspect is attracting a lot of attention because of its potential ap-

plicability in the field of quantum information processing [11–14]. The best studied

basis of the spatial entanglement involves the orbital angular momentum (OAM)

eigenstates [15–19]. If one photon is detected with OAM +~l then the other photon

5



1. INTRODUCTION
must collapse into a spatial profile with −~l. This is because the pump beam is

just a Gaussian l = 0 beam, and OAM is conserved in the down-conversion process.

The quantum state of the photon pair can thus be tentatively written as∗

|Ψ〉 ∼
∞
∑

l=−∞

√

Pl

∣

∣ + l~
〉

1
⊗

∣

∣ − l~
〉

2
[omitting radial properties],

where the probabilities Pl = P−l correspond to the distribution over the orbital

angular momentum spectrum.

The distribution of the Pl coefficients can, in principle, be determined from the

incoherent OAM distribution of just one of the photons [20, 21]. Such a measure-

ment does, however, not depend on whether the photons are really entangled or not.

The photons could equally well be a pair of independent incoherent photons with

some OAM spectrum. In the literature, it was argued that the OAM distribution

could also be determined via two-photon interference involving both entangled pho-

tons [22]. The experimental technique for this experiment is illustrated in Fig. 1.4

(theme 1). The orbital-angular momentum spectrum is contained in the visibility of

the multimode Hong-Ou-Mandel dip as a function of the rotation angle of the image

rotator [22]. In this thesis, we have used this challenging technique to determine

the OAM distribution of the entangled photons. We also consider several special

cases and provide a more detailed theoretical analysis supporting the experiment.

1.2.3 Theme 2: Two-photon diffraction from a double slit

Starting from 1994, a lot of experiments have addressed two-photon diffraction from

a double-slit [23–35]. So why would one still want to study this topic? The reason

is that the diversity of possible two-photon interference patterns behind a double

slit has, we believe, not been widely appreciated. In fact, most of the possible forms

of spatial entanglement behind the double slit have remained unexplored so far.

The most general two-photon state behind the double-slit (under symmetric

two-photon illumination) can be written as

|Ψ〉 = cos (α/2)

( |↑↓〉 + |↓↑〉√
2

)

+ eiϕ sin (α/2)

( |↑↑〉 + |↓↓〉√
2

)

, (1.5)

where | ↑〉 and | ↓〉 represent transmissions through the top and bottom slit, and

parameters α and ϕ determine the quantum state. This state can be recognized as

a superposition of two maximally entangled Bell states. The first Bell state cor-

responds to photons going through opposite slits; the second term corresponds to

∗ The full Schmidt decomposition also involves the radial properties of the mode profiles (see

Ref. [9] and chapter 2): |Ψ〉 =
∞
∑

l=−∞

∞
∑

p=0

√

Pl,p |l~, p〉1 ⊗ | − l~, p〉2.

6



1.2. RESEARCH TOPICS IN THIS THESES

Figure 1.4: Three themes addressing two-photon interference in this thesis. The illustrations
represent the propagation-boxes that can be inserted into Fig. 1.3.

7



1. INTRODUCTION
photons choosing the same slit. So far, no attention has been paid to the experi-

mental tuning of the phase ϕ. However, this phase is extremely important for the

degree and type of entanglement. One could, for example, consider the maximally

entangled state at α = ϕ = 1
2π. In this form of entanglement, the path of photon

1 is quantum correlated with the state | ↑〉 ± i| ↓〉 of photon 2, while path-path

correlation is absent.

In comparison to other experiments on the two-photon double slit, our research

is novel in three different ways. First, we demonstrate how to engineer the spatial

entanglement with full control over state parameters α and ϕ. Secondly, our anal-

ysis provides a deeper understanding of the spatial structure in the entanglement

between down-converted photons. We address, for the first time, phase-sensitive

aspects of the two-photon field in the near-field of the generating crystal. Finally,

we measure entire two-photon diffraction patterns in the far-field of the double

slit with unprecedented quality. Our experiments reveal, in a very pure manner

(namely: double-slit diffraction), the large diversity of two-photon interference pat-

terns.

1.2.4 Theme 3: Two-photon scattering

This theme is the most advanced. Until now, the propagation of entangled photon

pairs through a random medium has never been investigated experimentally. Only

recently, a few theoretical papers have appeared [36–38]. Why would one want to

study such a topic? The reason is simple. One-photon interference effects in ran-

dom media are widely studied and have proven to be extremely interesting and di-

verse [39,40]. Interesting phenomena within one-photon scattering are speckle [41],

enhanced backscattering [42, 43], universal conductance fluctuations [44], and An-

derson localization of light [43, 45–47]. Can we discover similar phenomena for

two-photon interference in the case of two-photon scattering?

There are thus enough interesting questions to ask about two-photon scattering.

How does two-photon speckle look like? How does scattering affect the entanglement

between the photons? In which way does the scattered two-photon state contain

information about the scattering medium? Do there exist two-photon interference

phenomena that survive averaging over different realizations of disorder? In this

thesis, all the above questions are, to a large extent, answered and experimentally

demonstrated.

8



1.3. QUANTUM DESCRIPTION OF SPDC LIGHT
1.3 Quantum description of SPDC light

1.3.1 Motivation

In the previous section, we presented an overview of the topics that are investigated

in this thesis. Despite the diversity, all experiments address the same observable: the

time-averaged coincidence count rate in continuous-wave (cw) pumped, low-gain∗

SPDC light. For each experiment, we have made a theoretical model providing a

solid understanding of the experimental results. All models are based on a quantum

description of SPDC light. More specifically, the models are based on a single

concept called the two-photon field. As the two-photon field plays a central role

in this thesis, we have devoted Secs. 1.3.2-1.3.5 to a discussion of the theoretical

foundation of this concept.

1.3.2 Two approaches to describe SPDC light

The description of SPDC light requires a quantum-mechanical treatment of the

SPDC process†. There is a substantial amount of literature on the theory of

SPDC [3,4,49,51–65]. The treatments can be divided into two categories depending

on the approach.

The first approach uses the quantized version of the input-output relations of

a parametric amplifier [3, 4, 49, 60–62, 64]. The light in the output channels is de-

scribed as a noisy signals exhibiting quantum Gaussian noise [49,58]. This approach

is suitable for both the low-gain and high-gain regime of SPDC and has gained pop-

ularity in the last decade [50,60,62,64,66]. Most papers just analyse a two-channel

parametric amplifier (signal and idler), although spatially multimode SPDC has

also been treated in this way [60, 61, 67].

The second approach is based on a first-order perturbative analysis of the time-

evolution operator [3, 51, 53–55, 57, 59, 63, 65, 68]. This approach only works in the

low-gain regime since a first-order perturbation analysis yields at most a single pho-

ton pair. All spatial and temporal correlations between the photons are contained

in the resulting quantum state. As all experiments in this thesis are performed in

∗ Parametric gain corresponds to the strength at which the signal and idler fields are amplified
due to parametric interaction with the strong pump beam. Low gain means that a generated
photon pair has low probability (≪ 1) to stimulate the generation of another pair (thus
creating four photons) during transmission through the crystal.

† Other χ(2) processes like second harmonic generation and sum/difference frequency generation
can be understood classically. These processes can be described as radiation emitted by a
classically oscillating polarization of the nonlinear medium. This is not possible for the SPDC
process. Besides, high-visibility two-photon interference phenomena can not be understood
classically either. One can, in theory at least, construct classical signals that exhibit some
form of two-photon interference with a strongly reduced visibility. The maximum visibility
that can be constructed classically is a rather complicated issue [48–50].
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1. INTRODUCTION
the low-gain regime, we use a description of the SPDC light that is based on the

perturbative approach (see Sec. 1.3.3).

1.3.3 Two-photon field

Based on the perturbative approach, the concept of the two-photon field was put

forward in Refs. [54, 56] by Rubin, Klyshko, Shih, and Sergienko. In the first-order

perturbation method, the quantum state of the generated SPDC light is calculated

as [3, 53–55,59, 65, 68]

|Ψ(τ)〉 ≈ |vac〉 − i

~

τ
∫

0

dt ĤI(t)|vac, 〉 (1.6)

where τ is the interaction time, and ĤI(t) is the interaction Hamiltonian of the χ(2)

nonlinear process driven by a classical, paraxial, and monochromatic pump beam

E(r, t) [3, 53, 59]. The interaction Hamiltonian contains two photon creation oper-

ators and depends linearly on the driving field of the pump beam, the interaction

volume, and the second-order nonlinear susceptibility χ(2) of the crystal.

The second term in Eq. (1.6) is a two-photon component. The norm of this

component grows linearly with the interaction time∗. Intuitively, state |Ψ(τ)〉 is

only experimentally meaningful if the norm of the two-photon component stays

way below unity even for interaction times τ much greater than the transmission

time through the crystal (which implies the low-gain regime). Then, the interaction

time for which this norm equals unity corresponds to the average time between

successive down-conversions†. The quantum state |Ψ(τ)〉 contains all spatial and

temporal correlations between the down-converted photons and is thus effective in

describing multimode two-photon interference experiments [51, 68, 69].

The normalization of |Ψ(τ)〉 breaks down dramatically for large interaction

times [3]. Nonetheless, this normalization issue is often ignored in the literature; in

many papers, the interaction time is simply taken to infinite yielding [54,57,59,63,68]

|Ψ∞〉 ≡ |vac〉 − i

~

∞
∫

−∞

dt ĤI(t)|vac〉. (1.7)

The normalizability of |Ψ∞〉 breaks down on account of the first-order perturbation

method, the infinite interaction time, and the infinite duration of the driving cw

pump beam (thus 〈Ψ∞|Ψ∞〉 = ∞). Quite remarkably, this normalization issue

is hardly ever discussed; it is, to the best of our knowledge, only addressed by

∗ See equations (22.4-23) to (22.4-25) in Ref. [3].
† Compare equations (22.4-25) and (22.4-31) in Ref. [3].
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1.3. QUANTUM DESCRIPTION OF SPDC LIGHT
Shapiro et al. in Refs. [50, 62]. Mathematically, the state |Ψ∞〉 contains only two

photons. In the laboratory, however, a typical SPDC source produces millions of

photon pairs per second.

The two-photon field is defined as [54, 56]

A(x1, t1,x2, t2; z) ≡ 〈vac|Ê+(x2, t2; z)Ê+(x1, t1; z)|Ψ∞〉, (1.8)

where Ê+(x, t; z) is the positive frequency electric-field operator at transverse posi-

tion x, time t, and longitudinal position z. In the paraxial and narrow-band regime

(∆ω ≪ ω), the electric field operators can be expressed∗ in units of
√

photons/m2s.

The two-photon field then acquires units (m2s)−1. The divergence of |Ψ∞〉 is also

present in the two-photon field in a sense that it is not square integrable over all

positions x1,2 and times t1,2. The reason is that the two-photon field stretches out

over an infinite amount of time. Nevertheless, its square amplitude in the time

domain is finite and relates to the photon flux [54, 55, 62]. The two-photon field

should thus be regarded as an unnormalizable two-photon wave packet† for which

its amplitude in the time domain is related to the photon flux.

Based on Refs. [54, 56], the time-averaged coincidence count rate between two

detectors at transverse positions x1 and x2 becomes

Rcc(x1,x2; z) ∝
(

1

2
×

)
∫

A1

d2x′
1

∫

A2

d2x′
2

+ 1

2
τg

∫

− 1

2
τg

dt′
∣

∣

∣
A(x1 + x′

1, t,x2 + x′
2, t + t′; z)

∣

∣

∣

2

, (1.9)

where A1,2 are the transverse integration areas of the two detectors and τg is the

gating time window of the coincidence logic. In typical experiments, the gate time

τg is much larger than the spread in arrival times of the photons. Therefore, the

integral over dt′ can be taken over an infinite interval without changing the outcome

of the integral. The factor 1
2 between parentheses applies to type-I SPDC and is

absent in type-II SPDC. This is because in type-I SPDC, the electric field operators

in Eq. (1.8) have the same polarization and sense both photons in the two-photon

state. In type-II SPDC, the electric field operators in Eq. (1.8) are assumed to have

orthogonal polarizations and individually address only one of the photons, which

are now distinguishable instead of indistinguishable. The square absolute value

operation in Eq. (1.9) directly reveals the two-photon interference mechanism.

∗ The expression for the electric-field operator in units of square-root photon flux is Ê+(r, t) =
√

c/(2π)3
∫

dk â(k) exp[ik · r − i|k|ct].
† For type-I SPDC, the identification with the symmetrized paraxial two-photon amplitude

φ(2)(k1,k2) in Eq. (1.3) becomes:

A(r1, t1, r2, t2) = c
√

2
(2π)3

∫

dk1dk2 φ(2)(k1,k2) exp [ik1 · r1 + ik2 · r2 − i|k1|ct1 − i|k2|ct2].
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1. INTRODUCTION
Spatial propagation of the two-photon field from z = 0 to z = zd is described by

applying the Maxwell electric-field propagators to each of the electric-field operators

in Eq. (1.8). Naturally, spatial propagation is written down after a temporal Fourier

transform, i.e,

A(x1, ω1,x2, ω2; zd) =

∫

d2x′
1d

2x′
2 h(x1, zd,x

′
1, 0; ω1)h(x2, zd,x

′
2, 0; ω2)

×A(x′
1, ω1,x

′
2, ω2; 0), (1.10)

where h(xf , zf ,xi, zi; ω) is the electric field propagator for any forward-propagating

frequency-conserving optical system (see for example Ref. [70]). In principle, with

the tools presented in this section, one can describe any low-gain two-photon inter-

ference experiment in the form of Fig. 1.3.

The absence of an equality sign in Eq. (1.9) is rather unfortunate. Although

Rubin et al. [54,56] actually use an equality sign there, they state that their equation

“defines” rather than calculates the coincidence count rate [54]. From our point of

view, an analysis of the relationship between the photon flux and the unnormalizable

two-photon state |Ψ∞〉 is not clearly present in the literature∗. We conjecture,

however, that the proportionality sign can be replaced by an equality sign (assuming

high detection efficiency). Our argument is that if one would plug in a normalized

paraxial two-photon state in Eq. (1.8), one would precisely get a single coincidence

count when integrating
(

1
2×

)

|A(x1, t1,x2, t2; z)|2 over coordinates x1,2 and t1,2.

The norm of |Ψ(τ)〉 in Eq. (1.6) can be interpreted as the expected number of

photon down-conversions and grows linearly with interaction time τ . Therefore,

it seems reasonable to assume that the proportionality sign in Eq. (1.9) can be

replaced by an equality sign.

1.3.4 Expression for the two-photon field

Based on the treatments in Refs. [51, 69], and assuming the crystal to be infinitely

wide in both transverse directions, the Fourier-transformed two-photon field of

Eq. (1.8) is

A(q1, ω1,q2, ω2; 0) ∝ δ[ωp − (ω1 + ω2)]Ep(q1 + q2; z = 0)

×sinc

[

L

2
∆kz(q1, ω1,q2, ω2)

]

, (1.11)

where δ(ω) is the Dirac-delta function, sinc(x) ≡ sin(x)/x, q1,2 are transverse

momenta of the two-photon field, ωp is the angular frequency of the pump beam,

L is the crystal length, and Ep(q; z = 0) is the complex amplitude of the cw pump

∗ Wong et al. [62] get rather close, although, eventually, a quantitative comparison between
|Ψ∞〉 and their quantum Gaussian noise description is absent.
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1.3. QUANTUM DESCRIPTION OF SPDC LIGHT
beam in momentum representation (in the crystal-center plane). The function

∆kz(q1, ω1,q2, ω2) ≡ kz(q1 + q2, ωp) − kz(q1, ω1) − kz(q2, ω2), (1.12)

is the wave vector mismatch along the z direction of the crystal. Here, kz(q, ω) is the

z component of the wave vector of a plane wave inside the crystal with transverse

momentum q and angular frequency ω. The proportionality in Eq. (1.11) contains

a linear dependence on the effective nonlinearity and the length of the crystal. The

two-photon field in Eq. (1.11) contains all you need to know to describe spatial and

temporal effects in two-photon interference experiments. It is also very general as it

applies to all cw-pumped, low-gain SPDC processes in any kind of phase-matching

geometry: type-I (same polarization), type-II (different polarizations), and quasi

phase matching∗.

Let us discuss some properties of the generated two-photon field in Eq. (1.11).

First, the delta function δ[ωp−(ω1+ω2)] ensures conservation of energy of the down-

converted photons. The delta function also demonstrates that the two-photon field

is unnormalizable since it spreads out infinitely long in the time domain. Secondly,

the spread in the total transverse momentum of the down-converted photon pair

is limited by the spread in momentum of the incident beam E(q1 + q2). Third,

the phase-matching condition in Eq. (1.12) limits the spread along the (q1 − q2)

and (ω1 − ω2) coordinates. The spread in the arrival time difference between the

two down-converted photons is inversely proportional to the phase-matching band-

width, i.e., the spread in the (ω1 − ω2) coordinate. For type-I phase matching, the

symmetry of the two-photon field under sign reversal of (ω1 − ω2) implies that the

average arrival time difference between the photons is zero. Finally, and maybe most

importantly, the two photons are entangled because Eq. (1.11) does not factorize

into two functions of the individual coordinates.

1.3.5 Klyshko picture

The Klyshko picture provides a very intuitive interpretation of spatial correlations

between down-converted photons [48, 52, 71]. This interpretation follows one de-

tected photon at x1 backwards in time to the generating crystal where is is con-

verted into the second forward propagating photon via a virtual reflection at the

(possibly curved) pump beam profile. The spatial profile of the coincidence rate

Rcc(x1,x2) is now given by how well the two detectors “see each other” via this

∗ We note that the phase matching condition in Eq. (1.12) needs to be adjusted somewhat
to properly describe type-II SPDC and quasi phase-matched processes. For type-II SPDC
one must impose different functions kz(q, ω) for photon 1 and photon 2. For quasi phase-
matched processes one must compensate the wave-vector mismatch with the poling period
(see for example chapters 3 and 4).
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1. INTRODUCTION
reflecting path. The Klyshko picture is very convenient in use and will often provide

a good first guess of what can be expected in two-photon coincidence experiments.

Nevertheless, the Klyshko picture has severe limitations as it does not involve

aspects of phase matching. The phase-matching condition generally confines the

angular spread of down-converted light and causes spectral and spatial aspects of

the two-photon field to be correlated. The two-photon field in Eq. (1.11) can be

adapted to a Klyshko-picture form by simply removing the sinc-function part, i.e.,

A(q1, ω1,q2, ω2; 0) ∼ δ[ωp − (ω1 + ω2)]Ep(q1 + q2; z = 0) [Klyshko picture].

The Klyshko picture works well in the thin-crystal limit where L → 0 in Eq. (1.11).

Phase-matching aspects are very important in this thesis. Therefore, the

Klyshko picture is generally insufficient to understand our experimental results.

In chapter 4, we utilize near-field aspects of the two-photon field, which result from

the phase-matching condition. In chapter 5, the phase-matching condition limits

the dimensionality of the entanglement and the size of the two-photon speckle spots.

In chapter 6, we use type-II down-conversion where the allowed optical detection

bandwidth is drastically reduced by the phase-matching condition as compared to

type-I phase matching. Chapter 3 is entirely devoted to a detailed investigation of

the phase-matching condition in our crystals.

1.4 Thesis outline

This thesis contains four published papers (chapters 2-5) and one yet unpublished

work (chapter 6) on two-photon interference. All works can be read independently.

You might wish to read only a few of them. Below, we have provided a catchy

description of each chapter to facilitate your choice.

• Chapter 2: It is well known that light can carry orbital angular momentum.

The down-converted photons in SPDC light are entangled via their orbital

angular momentum. If one of the photons is detected with orbital angular

momentum +l~ then the other collapses into −l~ since the total amount of

orbital angular momentum is conserved in the down-conversion process. In

chapter 2, we experimentally determine the Schmidt coefficients of

the OAM eigenstates via two-photon interference.
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1.4. THESIS OUTLINE
• Chapter 3: This chapter contains a thorough characterization of

SPDC and second harmonic generation (SHG) in periodically poled

KTiOPO4. The investigated spatial aspects of the phase-matching condition

are essential for the two-photon field used in chapters 4-6. As a bonus, we dis-

covered how the observed phase-matching rings in SPDC light contain quan-

titative information on the quality of the poling structure in the nonlinear

crystal.

• Chapter 4: Finally, more than 200 years after Young’s double-slit experi-

ment, we present a complete and comprehensive description of the

double-slit experiment for the two-photon case. Two-photon interfer-

ence allows for a wide variety of different fringe patterns. We are the first to

measure them all and with unprecedented quality (see cover of printed thesis).

Our results are backed-up by our simple comprehensive model for two-photon

double-slit fringe patterns. Special attention is paid to the two-photon phase

front, an important aspect that has often been overlooked. To generate these

patterns, we utilize phase-sensitive properties of the two-photon field in both

the near-field and far-field of the non-linear crystal.

• Chapter 5: Wave propagation in random media has intrigued and occupied

many physicists in the last five decades. The most prominent feature of a

multiply scattered wave is its random interference pattern called speckle. We

wondered what two-photon speckle patters with spatial entanglement would

look like. In chapter 5 we present the first observation of two-photon

speckle patterns. We have found out how the spatial structure within two-

photon speckle patterns is related to the structure of the scattering medium.

Spatial entanglement gives two-photon speckle a much richer structure than

ordinary one-photon speckle.

• Chapter 6: Only a few exotic one-photon interference phenomena are known

to survive averaging over different realizations of disorder. Examples are en-

hanced backscattering and Anderson localization of light. Read chapter 6

for a sneak preview in yet unpublished work on the first observation of a

two-photon interference phenomenon that survives averaging over

different realizations of disorder.
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2Orbital angular momentumanalysis of high-dimensionalentanglement
We describe a simple experiment that is ideally suited to analyze the high-

dimensional entanglement contained in the orbital angular momenta (OAM) of en-

tangled photon pairs. For this purpose we use a two-photon interferometer with a

built-in image rotator and measure the two-photon visibility versus rotation angle.

Mode selection with apertures allows one to tune the dimensionality of the entan-

glement; mode selection with spiral phase plates and fibers allows detection of a

single OAM mode. The experiment is analyzed in two different ways: either via

the continuous two-photon amplitude function or via a discrete modal (Schmidt)

decomposition of this function. The latter approach proves to be very fruitful, as it

provides a complete characterization of the OAM entanglement.

W. H. Peeters, E. J. K. Verstegen, and M. P. van Exter, Orbital angular momentum

analysis of high-dimensional entanglement, Physical Review A 76, 042302 (2007)

(Selected for the Virtual Journal of Quantum Information, October 2007)
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2. ORBITAL ANGULAR MOMENTUM ANALYSIS OF HIGH-DIMENSIONAL ENTANGLEMENT
2.1 Introduction

Spontaneous parametric down-conversion (SPDC), in which a pump photon splits

into two photons of lower energy, is a common technique to produce quantum-

entangled photon pairs [8,16,72,73]. The generated photon pairs can be entangled

in three degrees of freedom. The best studied form of entanglement is that of the

polarization [72], which spans a two-dimensional space and can thus be described

in terms of qubits. The two other forms of entanglement involve either the time-

frequency entanglement or the position-momentum entanglement within the photon

pair. As these forms of entanglement involve continuous variables, the states are

contained in a space of much higher dimension and described by qunits instead of

qubits. One of the first experiments on time-frequency entanglement was the two-

photon interference experiment of Hong, Ou, and Mandel [8], who demonstrated

photon bunching at equal arrival times. Other forms of time-frequency entangle-

ment have recently been studied by Gisin et al. [73].

In this chapter, we will discuss the nature of spatial entanglement, where a

measurement on the position-momentum of one photon fixes the spatial profile of

the other. This form of entanglement is rapidly attracting more attention [16, 18,

74–77]. We will separate the spatial profiles in radial and azimuthal components

and concentrate on the azimuthal part, which can be described in terms of the

photon’s orbital angular momentum (OAM).

The questions that we will address both theoretically and experimentally deal

with the nature of the spatial entanglement: “How many modes are involved in the

spatial entanglement?,” “What is the profile of these spatial eigenmodes?,” “How

can we separate the radial and azimuthal components?,” and “What is the inten-

sity distribution over the orbital angular momentum (OAM) modes and the related

Schmidt number?” For our experimental analysis of the nature of the OAM entan-

glement, we will use a two-photon interferometer with an odd number of mirrors and

an image rotator in one of its arms. A measurement of the two-photon interference

as a function of the rotation angle proves to be sufficient for a full characterization

of the OAM entanglement. This chapter addresses the theory and confirms and

extends earlier experimental results from our group [22].

This chapter is organized as follows. In Secs. 2.2 and 2.3 we present two dif-

ferent theoretical descriptions of the interference in a two-photon Hong-Ou-Mandel

(HOM) interferometer with a built-in rotator. The first analysis is based on a con-

tinuous representation of the two-photon amplitude function A(x1,x2). The second

analysis uses a modal decomposition of the detected two-photon amplitude into a

discrete set of eigenmodes. This analysis yields an important and intuitively simple

expression for the angle-dependent two-photon interference as a Fourier series over

the OAM eigenmodes. In Sec. 2.4 we present our setup and the obtained experi-

mental results. We demonstrate that our method allows for a full characterization
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2.2. CONTINUOUS TWO-PHOTON AMPLITUDE
of the entanglement in orbital angular momentum. We apply this method both to

a spatially filtered beam and a single-mode beam with a fixed OAM. We end with

a concluding discussion in Sec. 2.5.

2.2 Continuous two-photon amplitude

2.2.1 Generated two-photon amplitude

The two-photon amplitude that is generated in spontaneous parametric down-

conversion (SPDC) is relatively simple in the quasi-monochromatic paraxial thin-

crystal limit, which applies to our experiment. We use a cw monochromatic

pump (at angular frequency ωp) with perfect spatial coherence and consider almost

frequency-degenerate SPDC, where both photons have approximately the same an-

gular frequency ω0 ≡ ωp/2. We operate in the paraxial regime, with generated

beams close to the direction of the pump beam. Finally, we take care to operate

in the thin-crystal limit, where phase matching is well satisfied within the narrow

spectral bandwidth and limited spatial extent of the detection system [56].

In the thin-crystal limit, the generated two-photon field amplitude is [78]

Ag(rs, ri) ∝
∫

h(rs,x)h(ri,x)Ep(x)dx, (2.1)

where Ep(x) is the field profile of the pump beam at the crystal (z = 0) with

transverse coordinate x. The three dimensional vectors rs and ri are the coor-

dinates of the two-photon amplitude. The one-photon propagators h(rs,i,x) =

ks,i/(2πiLs,i) exp(iks,iLs,i) describe free space propagation of either signal or idler

photon from the crystal to the detector, where ks,i ≡ ωs,i/c are their wave numbers

(obeying ωs + ωi = ωp) and Ls,i = |rs,i − (x, 0)| their path lengths.

In the quasimonochromatic paraxial thin-crystal limit, one can express the gen-

erated two-photon amplitude in terms of the pump field behind the crystal. The

precise form of this relation depends on the chosen coordinate system [69,79]. For

noncollinear SPDC, we will use “beam coordinates” in which the signal and idler

coordinates of the generated two-photon amplitude are defined with respect to two

fixed beam axes pointing in the −θ0 and +θ0 directions, respectively. We use δxs,i

for the transverse coordinates of the signal and idler photon and L0 for the prop-

agation length along each beam axis (see Fig. 2.1). In the paraxial limit (θ0 ≪ 1

and |x|, |δxs,i| ≪ L0) the photon propagation lengths Ls,i become

Ls,i = L0 ± xxθ0 +
|δxs,i − x|2

2L0
, (2.2)

where xx is the x-component of x, which is the component in the plane defined by
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2. ORBITAL ANGULAR MOMENTUM ANALYSIS OF HIGH-DIMENSIONAL ENTANGLEMENT
Figure 2.1: Sketch of a two-photon interferometer containing a built-in image transformation
U and the definition of various beam coordinates. We use the following transverse coordinates:
δxs and δxi for the relative positions within the signal and idler beams, and x1 and x2 for the
positions at the detectors, again with respect to fixed beam lines. L0 is the distance along a
fixed beam line from the crystal to the detection planes. The photon propagation lengths Li,s

and the transverse position on the crystal x are used in the integrand of Eq. (2.1) to calculate
the two-photon amplitude.

the z axis and the two beam axes. Finally, also working in the quasimonochromatic

limit (|ks − ki| ≪ kp), the generated two-photon amplitude of Eq. (2.1) becomes

Ag(δxs, δxi, L0) ∝
Ez

[

1
2 (δxs + δxi)

]

L0
exp

(

ikp

8L0
|δxs − δxi|2

)

, (2.3)

where Ez(x) is the pump profile in the transverse plane at a distance z = L0 behind

the crystal [79]. The advantage of beam coordinates in comparison with Cartesian

coordinates is that the phase factor relating Ez and Ag is much smaller in beam

coordinates. Equation (2.3) shows that the generated two-photon amplitude is not

only invariant under permutation of the Cartesian coordinates rs ↔ ri, but even

remains unchanged under permutation of the local beam coordinates δxs ↔ δxi.

2.2.2 Interference after image rotation

In this subsection we will first present a theoretical description of a two-photon

interferometer with an image transformation U in one of its arms (see Fig. 2.1).

An image transformation U acts as a coordinate transformation of the form

Eout(xout) = Eout(Uxin) = Ein(xin) = Ein(U−1xout). We will then derive an

expression for the two-photon bunching visibility, assuming U to be an orthogonal

matrix (comprising image rotations and reflections) and the pump beam to be ro-

tationally symmetric. In the final part we will focus on the important experimental

case of an interferometer with an odd number of mirrors and an image rotator, as

only this interferometer allows for a characterization of the OAM entanglement (see

below).

In order to calculate the detected coincidence rate, we need to express the
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2.2. CONTINUOUS TWO-PHOTON AMPLITUDE
two-photon amplitude at the detectors A12(x1,x2) in terms of the generated field

Ag(δxs, δxi). We do so by accumulating all image operations for the two relevant

propagation channels, being the “double transmission” and “double reflection” of

the incident photon pair at the beam splitter. For the double transmission channel,

these operations are x2 = UMyxs and x1 = Myxi, whereas the double reflection

channel corresponds to x1 = MyUMyxs and x2 = xi. Here, the operations My

arise from reflections on the mirrors and beam splitter in the interferometer. The

two-photon amplitude at the detectors thus becomes

A12(x1,x2; ∆ω) = Tbse
−i 1

2
∆ωτAg(MyU−1x2, Myx1)

−Rbse
i 1

2
∆ωτAg(MyU

−1Myx1,x2), (2.4)

where ∆ω ≡ ω1 − ω2 is the angular frequency difference between photons 1 and

2 and τ ≡ (Ls − Li)/c is the time delay difference in the interferometer. Tbs and

Rbs are the intensity transmission and reflection coefficients of the beam splitter,

which can also be written as Tbs = t2 and −Rbs = (ir)2, where t and r are the real-

valued amplitude transmission and reflection coefficients of the beam splitter. We

will assume the beam splitter to be balanced at Tbs = Rbs = 1
2 . The coincidence

rate for simultaneous photon detection with large (bucket) detectors behind two

apertures with transmission profiles T1(x1) and T2(x2) is obtained after spatial and

spectral integration via

Rcc(τ) ∝
∫∫∫

|A12(x1,x2; ∆ω)|2T1(x1)T2(x2)Ttot(∆ω)dx1dx2d∆ω, (2.5)

where Ttot(∆ω) ≡ Tf1(ω0 + 1
2∆ω)Tf2(ω0 − 1

2∆ω) and Tf1(ω) and Tf2(ω) are the

intensity transmission spectra of the bandpass filters situated in front of detectors

1 and 2.

Two-photon interference can best be observed by measuring the coincidence

rate Rcc as a function of the time delay τ experienced in the interferometer. We

distinguish two extreme cases for the time delay: τ = ∞, where interference is

absent, and τ = 0, where the interference is strong and where one generally observes

a so-called Hong-Ou-Mandel (HOM) dip [8] in the coincidence rate Rcc(τ). We

quantify the strength of the two-photon interference, i.e., the depth of HOM dip,

by defining the two-photon bunching visibility as

V ≡ 1 − Rcc(τ = 0)

Rcc(τ = ∞)
. (2.6)

The two-photon bunching visibility of our interferometer with built-in image

transformation U (see Fig. 2.1) can now be calculated by combining Eqs. (2.3)-(2.6).

In order to simplify the final expression we will restrict our analysis in three ways.
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2. ORBITAL ANGULAR MOMENTUM ANALYSIS OF HIGH-DIMENSIONAL ENTANGLEMENT

Figure 2.2: Graphical representation of the two generic orthogonal image transformations
M(φ) and R(θ) in a plane orthogonal to a beam line. The beam line is pointing out of the
paper. M(φ) is a reflection in a line making an angle φ with the y axis. R(θ) is a rotation of
an angle θ around the beam line.

First, we assume the pump field to be rotationally-symmetric with zero orbital

angular momentum. Second, we consider only orthogonal image transformations

which comprise any combination of image reflections and image rotations (see Fig.

2.2). We define M(φ) as an image reflection in a line oriented at an angle φ with

respect to the y axis, and R(θ) as an image rotation over an angle θ. Finally, we

assume one aperture to be fully open, i.e., T1(x1) = 1.

The first two restrictions allow us to combine all image operations into a single

matrix Utot = UMyUMy and reduce the two-photon amplitudes in Eq. (2.4) to

Ag(x1,x2) and Ag(x1, Utotx2). The third restriction allows us to isolate the trans-

verse correlation function of the pump field. The expression for the two-photon

bunching visibility thus becomes

V (θ) =

∫

g̃z

[

1
2 (Utot − 1)x2

]

T2(x2)dx2

∫

g̃z(0)T2(x2)dx2

, (2.7)

where the normalized correlation function of the pump field (in spherical coordi-

nates) is defined as

g̃z(δx) =

∫

Ẽ∗
z

(

x + 1
2δx

)

Ẽz

(

x − 1
2δx

)

dx
∫

∣

∣

∣
Ẽz(x)

∣

∣

∣

2

dx

. (2.8)

This function is always real-valued due to the symmetry of the pump. The pump
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2.2. CONTINUOUS TWO-PHOTON AMPLITUDE
field Ẽz(x) in spherical coordinates is related to the pump field in Cartesian coor-

dinates as

Ẽz(x) ≡ Ez(x) exp

(

− ikp

2z
|x|2

)

. (2.9)

Note that we have incorporated all phase factors in Ẽz(x), by choosing a con-

venient spherical coordinate system that has its origin at the center of the pump

spot on the crystal. The pump profile Ẽz(x) becomes real-valued in the far field,

but is complex in the near field. As a result, only the far-field correlation function

is directly related to the intensity profile of the pump in the detection plane. The

near-field correlation function on the other hand is much narrower than the pump

profile in the corresponding plane. For the experimentally important case of a Gaus-

sian TEM00 pump that is mildly focussed at the crystal as E0(x) ∝ exp (−|x|2/w2
0),

this correlation function is

g̃z(x) ∝ exp

[

− |x|2
2w2

z

(

1 +
z2
0

z2

)]

, (2.10)

where wz = w0

√

1 + (z/z0)2 is width of the pump beam in the detection plane and

z0 ≡ 1
2kpw

2
0 is the Rayleigh range of the pump beam.

There are two distinct possibilities for the orthogonal matrix Utot. If the built-in

operation in Fig 2.1 is an image rotation U = R(θ), the combined matrix Utot is

equal to unity and hardly interesting. If the built-in operation is an image reflection

U = M(φ) = R(2φ)My, the combined operation Utot = R(4φ) is a rotation over

an angle 4φ. If the interferometer contains more than two mirrors, it can still be

reduced to one of these two generic cases by absorbing the extra reflections in the

effective image transformation U in Fig 2.1.

We will study the case where the effective image transformation U is an image

reflection in more detail. We call this system an “odd-R” interferometer, to indicate

that it operates as an interferometer containing an odd number of mirrors in between

crystal and beam splitter and an image rotator R(θ) = M(θ/2)My in one of its

arms. We will evaluate Eq. (2.7) for this odd-R geometry, where the relation Utot =

R(2θ) yields
∣

∣

1
2 (Utot − 1)x2

∣

∣ = sin θ|x2|. We consider a geometry that comprises a

Gaussian TEM00 pump beam and a “hard-edged” circular aperture with a top-hat

transmission profile T2(x2) = Θ(1 − |x2|/a) of radius a positioned in the far field

of this beam (L0 ≫ z0). For this geometry, the two-photon bunching visibility

[Eq. (2.7)] becomes

V (θ) =
1 − exp (−ξ)

ξ
, (2.11)

where ξ = 1
2 (a/wz)

2 sin2 θ. Note that the predicted two-photon visibility V (θ) is

symmetric under inversion of the rotation angle [V (−θ) = V (θ)] and periodic in π

instead of 2π radian [V (θ + π) = V (θ)].
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2. ORBITAL ANGULAR MOMENTUM ANALYSIS OF HIGH-DIMENSIONAL ENTANGLEMENT
Our key result of Eq. (2.11) quantifies the effect of spatial labeling on the two-

photon interference. If the aperture T2(x) is much smaller than the transverse

correlation length wz of the pump, we expect V (θ) ≈ 1 irrespective of the rota-

tional angle θ, as the diffraction limit of the aperture frustrates the observation

of any image rotation or reflection. If the aperture is much larger, diffraction will

be less restrictive and V (θ) will decay rapidly away from θ = 0. The two-photon

interference should disappear if one can distinguish the signal from the idler path

based on any conceivable photon position measurement at the detector side, even if

that measurement is not actually performed but only possible in principle. Mathe-

matically, the criterion for spatial labeling translates into
√

2ξ = (a/wz) sin(θ) ≫ 1.

2.3 Discrete modal analysis

2.3.1 Schmidt decomposition of the detected two-photon amplitude

In the previous section we have analyzed two-photon interference in a two-photon

interferometer with an image transformation U in one of its arms (see Fig. 2.1).

We considered the case of a rotationally symmetric pump profile and an orthogonal

image transformation matrix U , comprising any combination of image reflections

and rotations as visualized in Fig. 2.2. We found out that the two-photon bunching

visibility is only affected by U if U is an image reflection M(θ/2), which is equivalent

to an image rotation in combination with an extra mirror R(θ)My. An expression

for V (θ) is given by Eq. (2.11) for detection through a hard-edged circular aperture

in front of one of the detectors. Our analysis that lead to this result was based on

calculations of the continuous two-photon amplitude in the quasi-monochromatic

paraxial thin-crystal limit.

In this subsection we will analyze the two-photon interference that leads to

Eq. (2.11) from a different perspective, namely by decomposing the continuous

two-photon amplitude into a countable set of discrete spatial modes. We will con-

sider the detected two photon amplitude [80] in stead of the generated two-photon

amplitude [9, 81]. As we will show, the rotational symmetry of the pump and the

apertures allows for a decomposition of the detected two-photon amplitude in a

Fourier series of orbital angular momenta. This azimuthal decomposition is a first

step towards a full Schmidt decomposition [9, 82, 83] of the detected field. Our

Schmidt decomposition of the detected field is mathematically equivalent to the

Schmidt decomposition of the generated field as performed in ref. [9].

We have shown in the previous section that rotational symmetry of the pump

field (l = 0 pumping) leads to invariancy of the two-photon amplitude under any

orthogonal transformation U on both beam coordinates, i.e., that Ag(Uδxs, Uδxi) =

Ag(δxs, δxi). Based on this symmetry we can rewrite Ag(δxs, δxi) as Ag(rs, ri, φsi),

where φsi ≡ φs−φi. Here, we have introduced polar coordinates δxs,i ↔ (rs,i, φs,i),
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2.3. DISCRETE MODAL ANALYSIS
Figure 2.3: Graphical representation of what we call the detected two-photon amplitude
Ain(δxs, δxi) in relation to the generated two-photon amplitude Ag(δxs, δxi).

where φ is the angle with the y axis and the sign of φ is defined in analogy with

the definition of R(θ) in Fig. 2.2. The detected two-photon amplitude is obtained

by including the spatial filtering of two rotationally symmetric apertures Ts,i(rs,i)

in the signal and idler beam (see Fig. 2.3). We analyze the angular dependence of

this detected field by decomposing it in a Fourier series of orbital angular momenta

l, via

Ain(rs, ri, φsi) ≡
√

Ts(rs)Ti(ri)Ag(rs, ri, φsi)

= A

∞
∑

l=−∞
Fl(rs, ri)

√

Pl eilφsi/2π, (2.12)

where A2 ≡
∫∫

|Ain(δxs, δxi)|2dδxsdδxi is the average squared amplitude. Further-

more we have Fl(rs, ri) = F−l(rs, ri) and P−l = Pl, because of mirror symmetry.

The functions Fl(rs, ri) are normalized via [9]

∫ ∞

0

∫ ∞

0

|Fl(rs, ri)|2rsridrsdri = 1, (2.13)

so that
∑

Pl = 1.

Equation (2.12) is a first step towards a full Schmidt decomposition of the de-

tected two-photon amplitude. This decomposition can be completed by expand-

ing [9]

Fl(rs, ri)
√

rsri =

∞
∑

p=0

√
γl,pfl,p(rs)gl,p(ri), (2.14)

where the radial mode number p quantifies the number of nodal lines in the radial

profile of fl,p(rs) and gl,p(ri). The functions fl,p(rs) and gl,p(ri) are normalized via

the standard inner product so that
∑

p γl,p = 1. The full Schmidt decomposition of
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2. ORBITAL ANGULAR MOMENTUM ANALYSIS OF HIGH-DIMENSIONAL ENTANGLEMENT
the detected two-photon amplitude now reads

Ain(δxs, δxi) = A

∞
∑

l=−∞

∞
∑

p=0

√

λl,pul,p(δxs)v−l,p(δxi) , (2.15)

where λl,p ≡ Plγl,p and ul,p(δxs) ≡ eilφsfl,p(rs)/
√

2πrs and vl,p(δxi) ≡
eilφigl,p(ri)/

√
2πri.

We now return to the HOM interference setup visualized in Fig. 2.1 with an

image transformation U = R(θ)My. We reposition the apertures Ts(rs) and Ti(ri) in

front of the detectors 2 and 1, respectively. Because the generated field Ag(δxs, δxi)

is invariant under a coordinate swap δxs ↔ δxi, we can write the two-photon

amplitude behind the apertures T1 and T2 in terms of the detected two-photon

amplitude, i.e.,

AHOM(x1,x2) = Tbse
−i 1

2
∆ωτAin(r2, r1, φ1 + φ2 − θ)

−Rbse
i 1

2
∆ωτAin(r2, r1, φ1 + φ2 + θ) , (2.16)

where ∆ω ≡ ω1 − ω2 is the angular frequency difference between photons 1 and

2 and τ ≡ (Ls − Li)/c is the time delay difference in the interferometer. The

only difference between Eq. (2.4) and Eq. (2.16) is that the latter incorporates the

transmission profiles of the detection apertures whereas Eq. (2.4) does not.

The two-photon bunching visibility as defined in Section 2.2 is now easily cal-

culated by using the azimuthal Schmidt decomposition of the detected two-photon

amplitude as given in Eq. (2.12). By substituting Eq. (2.12) in Eq. (2.16), assuming

a balanced beam splitter Rbs = Tbs = 1
2 , and using the prescriptions of Eqs. (2.5)

and (2.6) one quickly finds

V (θ) =

∞
∑

l=−∞
Pl cos (2lθ). (2.17)

In other words, a measurement of V (θ) with the HOM setup as visualized in Fig. 2.1

(with U = R(θ)My) reveals the azimuthal Schmidt coefficients Pl of the detected

two-photon amplitude. This key result will be discussed in more detail in Subsec-

tion 2.3.3.

The OAM weights Pl depend on the size and radial shape of the circular de-

tection apertures T1,2 in relation to the profile of the pump laser in the detection

plane, as these determine the detected two-photon amplitude Ain(rs, ri, φsi) and its

angular Fourier components AFl(rs, ri)
√

Pl/2π. These OAM weights are often dif-

ficult to calculate. For our geometry with a Gaussian pump and a single hard-edged

aperture, we didn’t find analytic expressions for Pl, as we couldn’t solve the Fourier

decomposition of Eq. (2.11) or Eq. (2.12) analytically.
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2.3.2 Modal decomposition and the Schmidt number

In this subsection we will introduce a convenient coordinate free bra-ket notation

for the detected two-photon state (see Fig. 2.3) and use the Schmidt decomposition

to quickly rederive the previous results of Eq. (2.16) and Eq. (2.17). We will also

introduce two different Schmidt numbers.

A Schmidt decomposition of the detected two photon state |Ψ〉in in bra-ket form

is

|Ψ〉in =
∑

µ

√

λµ |uµ〉 ⊗ |vµ〉, (2.18)

where {|uµ〉} and {|vµ〉} are two sets of orthogonal mode functions, which are

identical only if the aperture profiles Ts and Ti are identical. The effective number

of modes involved in this decomposition is defined by the so-called (2D) Schmidt

number

K2D ≡

(

∑

µ λµ

)2

∑

µ λ2
µ

. (2.19)

The rotation symmetry of the detected two-photon amplitude

Ain(Uδxs, Uδxi) = Ain(δxs, δxi) allows one to separate the mode index µ

into an azimuthal mode number l and a radial mode number p. It also enforces the

conservation of OAM in the paraxial SPDC process [84] and changes the modal

decomposition of Eq. (2.18) to

|Ψ〉in =

∞
∑

l=−∞

∞
∑

p=0

√

λl,p |l, p〉′ ⊗ | − l, p〉′′, (2.20)

where |l, p〉′ and | − l, p〉′′ are the LG-like Schmidt eigenmodes of the detected two-

photon amplitude. This equation is the bra-ket notation of Eq. (2.15), where |l, p〉′
and | − l, p〉′′ correspond to the functions ul,p(δxs) and v−l,p(δxi), respectively. As

the amplitude coefficients
√

λl,p already contain the effects of aperture filtering,

they will decrease rapidly both for high p and high l values (high l states are quite

extended even for p = 0). We define the OAM probability as Pl ≡
∑

p λl,p and the

related azimuthal Schmidt number as

Kaz ≡
1

∑

l P
2
l

, (2.21)

for
∑

l Pl = 1 ∗. The relation between the azimuthal Schmidt number Kaz and

the full 2D Schmidt number K2D, depends on the radial profile of the detection

∗ The OAM probability Pl and azimuthal Schmidt number Kaz that we introduce are closely
related to the spiral weight and spiral bandwidth introduced in refs. [81] and [85]; both single
out the azimuthal behavior by summing over all radial mode numbers
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aperture.

We now return to the HOM interference setup visualized in Fig. 2.1 with an

image transformation U . Starting from the modal decomposition of Eq. (2.20), it

is relatively easy to apply the rotation and mirror operations that are needed to

evaluate the doubly reflected and doubly transmitted field and the visibility of their

interference. For the even-R geometry [U = R(θ)], the generated (l,−l) pairs are

also detected as (l,−l) pairs behind the beam splitter and we expect good two-

photon interference, i.e., V (θ = 1), at any rotation angle. For the odd-R geometry

[U = R(θ)My], the OAM inversion produced by the extra mirror leads to the

detection of (l, l) and (−l,−l) pairs instead. As the OAM at the rotator is now

different for the doubly reflected and doubly transmitted path, so is the effect of

rotation. For rotation over an angle θ the combined two-photon state after HOM

interference can now be written as

|Ψ〉HOM =
∑

l,p

[

Tbs

√

λl,p e−i(lθ+ 1

2
∆ωτ)

−Rbs

√

λ−l,p ei(lθ+ 1

2
∆ωτ)

]

|l, p〉′ ⊗ |l, p〉′′. (2.22)

This is the bra-ket notation of Eq. (2.16). Next, we assume a balanced beam splitter

(Rbs = Tbs = 1
2 ) and use the reflection symmetry λl,p = λ−l,p (and Pl = P−l) to

obtain

V (θ) =

∞
∑

l=−∞
Pl cos (2lθ), (2.23)

where we normalized to
∑

l Pl = 1 [equivalent to V (0) = 1]. With the convenient

bra-ket notation, we thus recover the important Eq. (2.17) in only a few steps.

2.3.3 The physical significance of V (θ)

Equation (2.23) shows how the observed visibility V (θ) is a weighted sum over

contributions from groups of l modes, each contribution oscillating between Vl = 1

(HOM dip) and Vl = −1 (HOM peak) with its own angular dependence cos (2lθ). It

thereby shows how the visibility V (θ) and the modal distribution {Pl} are related

via a simple Fourier series. As a Fourier transformation of V (θ) directly yields the

full OAM distribution {Pl}, it thus provides for a complete characterization of the

angular structure of the two-photon amplitude.

The azimuthal Schmidt number Kaz is a measure for the angular structure in

the detected two-photon amplitude. More precisely, by averaging V (θ)2 over the

full rotation range one finds

Kaz =
1

∑

P 2
l

=
1

〈V (θ)2〉 . (2.24)
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When V (θ) remains close to V (0) = 1 over its full range, this relation gives Kaz ≈ 1.

When V (θ) = cos (2lθ) this relation gives Kaz = 2 as expected for Pl = P−l = 1
2 .

When V (θ) ≈ 1 only in a very limited range around θ = 0 and zero for all other

angles, Kaz ≫ 1 is inversely proportional to the angular width of V (θ).

In one of our experiments we use a single-mode detector that only selects photons

with a specific OAM value ld. We predict that the coincidence rate versus time delay

Rcc(θ, τ) now contains both a symmetric and (surprisingly) also an anti-symmetric

part with respect to time delay τ . Using the detected two-photon state after HOM

interference of Eq. (2.22) for a single l = ld number we find

Rcc(θ, τ) ∝
∫

[1 + cos(∆ωτ + 2ldθ)] Ttot(∆ω)d∆ω, (2.25)

where Ttot(∆ω) is defined below Eq. (2.5). This equation shows that Rcc(θ, τ) will

have an antisymmetric component with respect to τ only if Ttot(∆ω) is asymmetric

and if sin(2lθ) 6= 0. Note that Ttot(∆ω) is only asymmetric if the filter transmission

spectra Tf1(ω) and Tf2(ω) are different. For the two-photon bunching visibility at

zero delay, which solely depends on the symmetric part, we find the earlier result

of Eq. (2.23), which now reduces to V (θ) = cos (2ldθ).

Finally, one might wonder what the observed visibility V (θ) tells us about the

nature of the spatial entanglement, i.e., whether it proofs that the two-photon am-

plitude is indeed described by the pure state of Eq. (2.20) with its perfect OAM

entanglement? This question is best answered by arguing backwards from hypo-

thetical detected pairs (l1, l2). For an even-R interferometer, our experimental ob-

servation that V (θ) ≈ 1 irrespective of rotation angle indeed proofs the conservation

of OAM; it shows that the two-photon field at the detectors contains only (l,−l)

pairs, as any other pairs (l1, l2) would introduce an angle dependence of the form

cos (2(l1 + l2)θ) in V (θ). However, as the same result V (θ) ≈ 1 would have been

obtained for any classical mixture of (l,−l) pairs, this observation doesn’t proof the

existence of quantum entanglement. For the odd-R interferometer, the observations

on V (θ) discussed in this chapter does proof some form of quantum entanglement.

It shows that the two-photon amplitude contains only coherent superpositions of

the form |Ψ〉 = |l,−l〉 + | − l, l〉. Again, we cannot exclude any incoherent mixture

of these superposition states.

2.4 Experimental results

2.4.1 Experimental setup

Our experimental setup, as shown in Fig. 2.4, is a two-photon (Hong-Ou-Mandel

type) interferometer with an odd number of mirrors and an image rotator in one of

the arms. A cw krypton-ion laser (Coherent Innova 300) emits 210 mW at 413.1 nm
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Figure 2.4: Experimental setup: A two-photon interferometer with an odd number of mirrors
and a built-in image rotator. The τ -icon represents an adjustable delay line. Behind the beam
splitter three different detection geometries can be chosen: A, B, or C.

in a vertically polarized pure TEM00 mode. The beam is mildly focussed (wp =

270 µm is the radius at e−2 of maximum irradiance) on a 1 mm thick β-BaB2O4

crystal (BBO) with a cutting angle of 29.2◦. The crystal is tilted such that we obtain

type I spontaneous parametric down conversion (SPDC) where the SPDC light is

emitted in a cone extending over a full opening angle of 2θ0 = 3.2◦ around the pump

beam. After multiple reflections and a single transit through the image rotator, two

opposite parts of this cone are combined on a beam splitter. The crucial angular

alignment of this beam splitter is performed with computer-controlled actuators.

Behind the 50/50 beam splitter, three different detection geometries can be chosen

(described in more detail in the next paragraph). Color filters are positioned in front

of the detectors in all detection geometries. The filters are custom-made bandpass

filters (Chroma Technology Corporation), filtering around 826 nm with a FWHM

of 5 nm. The detectors in all three detection geometries are single photon sensitive

avalanche photodiodes (Perkin Elmer SPCM-AQR-14).

Detection geometry A consists of a relatively large (bucket) detector behind an

aperture (at 0.10 m from the beam splitter) in each detection arm. Each detector

will collect all the light that passes through its aperture. In detection geometry B,

each detector is connected to a single-mode fiber collecting only the fundamental

Gaussian mode. In detection geometry C, one of the detectors is connected to a

single-mode fiber in combination with a spiral phase plate (SPP) making it effec-

tively a single-mode l = 1 detector, while the other detecting arm contains a bucket

detector. A more detailed description of the l = 1 single-mode detector and the
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Figure 2.5: Scheme of the different components of our image rotator, drawn in the xz plane
(see Fig 2.1). Light enters with an in-plane linear polarization. The rotatable part (drawn
here in the φ = 0 situation) can be rotated as a whole around the indicated axis, and it is
responsible for an image reflection M(φ) as defined in Fig. 2.2. The polarizer selects the
in-plane polarization.

fabrication of the SPP can be found in Subsection 2.4.2. The apertures (in geometry

A) and the position of the objectives (in geometries B and C) define the signal and

idler path. The beam splitter is positioned on the crossing of the signal and idler

path and is angle tuned such that the detection apertures obey mirror symmetry

with respect to the beam splitter plane. The signal and idler arm of the interfer-

ometer each have a length of 1.6 m. The direction of the pump beam is centered in

between the directions of the signal and idler path. The idler arm contains a delay

line with which the length of the arm, and hence the relative arrival times of the

photons at the beam splitter, can be adjusted.

The microscope objectives in detection geometry B are Leica 10x/0.25 infinity-

corrected objectives with an effective focal length of 20 mm. They are positioned at

0.6 m from the beam splitter and image the tip of the single-mode fiber (Thorlabs

SM800-5.6-125) onto the BBO crystal. The radius (at e−2 of maximum irradi-

ance) of this image of the detected mode on the BBO crystal is measured to be

280 µm. We use slightly different optics in detection geometry C, in order to ob-

tain a narrower waist of the detected mode on the BBO crystal. The radius (at

e−2 of maximum irradiance) of the detected l = 0 mode, i.e. whenever the SPP is

temporally removed from the apparatus, on the BBO crystal is now 220 µm. The

radius of the characteristic ring of the detected l = 1 mode, i.e. whenever the SPP

is in the apparatus, is 180 µm. This value is somewhat larger than the value of
1
2

√
2 × 220 µm = 156 µm expected for the (l = 1, p = 0) mode due to the presence

of higher order p modes.

The image rotator includes five optical components as shown in Fig. 2.5. The

rotatable part is responsible for an image reflection M(φ) in a line making an angle

φ with the y axis (see Fig. 2.2). It consists of three discrete mirrors instead of a

commercial available glass Dove prism, in order to avoid any detrimental effects of

wavelength dispersion. We are able to align the rotatable part within ±0.2 mrad in
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the far field and ±0.5 mm in the near field, measured over a full rotation. The fixed

mirror on the left causes an image reflection M(0) so that the combined action of

the unit is a rotation R(θ) = R(2φ) = M(φ)M(0).

Although an image rotation is generally accompanied by a polarization rota-

tion [86], our rotator transfers at most only 8% of the power into the orthogonal

polarization. This convenient property is obtained by using silver mirrors (protected

by a thin SiO2 cover layer) instead of dielectric mirrors. The measured phase dif-

ference between the (three-fold) reflected s- and p-polarized light is φs−p = 0.81π,

which is sufficiently close to the ideal value of φs−p = π needed for a polarization-

insensitive rotator∗. As both polarization components have the same spatial profile,

we simply remove this small unwanted orthogonal component with a fixed polarizer

(see Fig. 2.5).

2.4.2 Spiral phase plate

A spiral phase plate (SPP) is a transparent plate whose thickness increases pro-

portional to the azimuthal angle [87]. It imposes an azimuth-dependent optical

retardation on the optical field. Our SPP is custom made by Philips Research

Laboratories with dimensions suited for our application; the imposed optical retar-

dation over a full rotation equals one optical cycle of the 826.2 nm SPDC light. The

SPP operates as a lowering operator on l-numbers of the incoming modes at this

wavelength. In detection geometry C, a single-mode fiber is used to detect solely

the fundamental Gaussian mode (l = 0) behind the SPP which implies that it solely

detects an l = 1 mode in front of the SPP.

The SPP is manufactured using photo replication technology [88]. To this end

a high accuracy brass mould, the negative of the SPP we wish to produce, is

machined using a programmable computer driven diamond tool. A transparent

copy of the mould is obtained by using a reactive monomer encapsulated between

the mould and a cover glass plate. The final SPP is obtained after polymeriza-

tion of the monomer by UV radiation. The demand for an optical retardation of

826 nm in one cycle requires proper definition of step height and refractive index.

We use a step height of 1.66 µm and a refractive index of 1.50. Some technical

details on the production process are as follows: We use an adhesion promoter

γ-(methacryloyloxypropyl)trimethoxysilane to allow for a firm coupling between

the resulting polymer and the cover. We use a mixture of poly(ethyleneglycol)

dimethacrylate with a refractive index of 1.48 and Ebecryl 604 (75% epoxyacrylate

in hexanedioldiacrylate, a product of UCB chemicals) with a refractive index of 1.54

in a ratio of 2 : 1 to obtain an effective index of 1.50. To enable the photopolymer-

∗ A precise quantitative check of this value based upon the optical constants of silver is ham-
pered by the fact that we do not know the precise thickness and porosity of the protective
SiO2 coating.
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ization reaction 2% of a mixture of photoinitiators (Irgacure 651 and Irgacure 184)

was added.

2.4.3 Alignment

We will discuss the alignment procedure in more detail because we think it can

be helpful for anyone who wants to reproduce the experiment. We consider the

position of the beam splitter as well as the position of the pump spot on the BBO

crystal as fixed. Leaving out the rotator from the discussion we need to deal with

the following degrees of freedom: angle of the pump beam θp and the angle of the

beam splitter θbs. In detection geometry A, we additionally need to consider the

position of the apertures. In detection geometries B and C, we additionally need

to consider the positions of the objectives as well as the positions of the fibers

(determining the position and angle of the detected mode on the crystal), assuming

that the SPP is positioned correctly in geometry C. The correct alignment of θp and

θbs are independent of the choice of detection geometry. Therefore, we are allowed

to switch to another detection geometry halfway the alignment procedure.

We start the alignment procedure by aligning the angle of the beam splitter

in detection geometry B. We do this by firstly moving the fiber in the transverse

plane in order to maximize the single count rate of each fiber for the corresponding

transmission channel only. Secondly, we tune θbs to maximize the single count

rates of the reflection channels. The accuracy of this alignment step is ∆θbs =

±70 µrad. The correct alignment of the angle of the beam splitter depends on the

position of the pump spot on the BBO as well as the alignment of the optics in the

interferometer arms. From now on we do not change either of these.

The next goal is to align the angle of the pump beam. We control θp with a

mirror that is positioned very close to the BBO crystal. Changing the angle of the

pump beam with this mirror has a negligible effect on the position of the pump beam

on the BBO crystal. The angle of the pump beam must become centered in between

the detected directions in the signal and idler arm. We do this by maximizing the

coincidence count rate Rcc,ref far away from HOM interference. Note that one may

only perform this operation if the apertures/objectives are positioned correctly,

obeying mirror symmetry with respect to the beam splitter plane. This positioning

of apertures (detection geometry A) or fiber-detectors detectors (detection geometry

B and C) is done by eye, using a visible HeNe-laser.

To measure the correct visibility in detection geometry A with a large aperture

diameter, an even higher precision of the alignment of the angle of the beam split-

ter is required (∆θbs = ±40 µrad set by the diffraction limit). We improve the

alignment by simply minimizing the coincidence count rate inside the HOM dip

in detection geometry A. One may only apply this alignment technique if all the
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other components are aligned correctly, for minimizing the coincidence count rate

can sometimes also be achieved by misaligning any other component in the setup.

The alignment of the fiber-detector in detection geometry C deserves some extra

attention. The problem is that placing the spiral phase plate (SPP) in front of the

single-mode fiber will slightly shift the central position of the detected mode on

the BBO crystal (∼ 1 mm) due to a small wedge in the SPP. As a consequence,

one has to reposition the fiber with respect to the microscope objective in order

to get the position of the detected mode centered at the pump beam again. From

experimental experience we know that the shape of Rcc(τ), and hence also the

visibility, is extremely sensitive to the position of the projection of the detected

l = 1 mode on the BBO crystal. A transverse shift of only 25 µm on the BBO can

lead to a decrease of the HOM visibility of 9 percent points in the case of an image

rotation of θ = 90◦. This means that an alignment precision below ∆θdet < 10 µrad

is required. We achieve this accuracy by imaging the projection of the detected l = 1

mode on the BBO crystal onto a CCD camera.

We want to stress that fine tuning the position fiber in detection geometry C by

optimizing two-photon interference effects (i.e. maximizing the absolute visibility)

may result in an incorrectly aligned system. Figure 2.10 shows two results which

are obtained with an incorrectly positioned projection of the detected l = 1 mode

on the BBO crystal. The figure makes clear that an incorrectly aligned system may

give an absolute visibility that is even higher than the visibility that would have

been obtained with a correctly aligned system.

2.4.4 Experimental results for detection through circular apertures

We have measured the two-photon bunching visibility as a function of image rotation

with the setup shown in Fig. 2.4. In this subsection we present the results obtained

in detection geometry A (detection through circular apertures) and in detection

geometry B (detection of solely the fundamental Gaussian mode). We compare

these measurements with the theoretical predictions and we determine the azimuthal

Schmidt number Kaz, which is the effective dimensionality of the entanglement in

orbital angular momentum.

The effect of an image rotation on the two-photon bunching visibility is clearly

illustrated in Fig. 2.6. The figure shows measurements of the coincidence count

rate as a function time delay for two different rotation angles θ = 0◦ and θ = 20◦

in detection geometry A (aperture diameter of 10 mm). Both cases exhibit a drop

of the coincidence count rate near τ = 0 reaching almost ideal photon bunching

(V = 92%) in the non-rotated case. The dip in the case of θ = 20◦ on the other

hand, has a strongly reduced visibility of only 36%.

The two visibilities extracted from Fig. 2.6 correspond to two points in Fig. 2.7.

In this figure we have plotted the bunching visibility V (θ) as a function of the
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Figure 2.6: Two-photon coincidence count rate versus the time delay τ for two different
rotation angles. The measurements are performed in detection geometry A (see Fig. 2.4)
where one aperture has a diameter of 10 mm and the other aperture is open. The two-photon
bunching visibilities are 92% and 36% for θ = 0◦ and θ = 20◦, respectively.

rotation angle for various aperture diameters (detection geometry A) and for two

fiber-coupled detectors (detection geometry B). As expected, we observe almost

ideal photon bunching for all detection geometries as long as we apply no image

rotation. If we apply a certain image rotation, however, the two-photon bunching

visibility becomes different for different detection geometries. The measurement

with fiber-coupled detectors serves as a reference measurement, demonstrating that

the bunching visibility of the rotational symmetric fundamental Gaussian mode is

independent of the angle of rotation (remaining V > 98.7%). Our measurements in

detection geometry A show that a larger aperture corresponds to a narrower peak

of V (θ) around θ = 0. This is in agreement with our expectations based on the

calculation of the continuous two-photon amplitude [Eq. (2.11)]. The figure shows

theoretical curves of V (θ) for aperture diameters of 1 mm, 4 mm, and 10 mm. The

latter two are in good agreement with the measurements, but the 1 mm case shows

a slight deviation which we believe is the result of imperfect alignment.

Apart from the three cases mentioned above, where the second aperture is set

completely open, we have also measured V (θ) in the case where both apertures are

set to a diameter of 4 mm (see Fig. 2.7). Closing the second aperture to the size of

the first one slightly broadens the V (θ) curve. The detection of one photon within

an aperture minimizes the position uncertainty of the other (brother) photon to
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Figure 2.7: Measured two-photon bunching visibility versus angle of rotation for various
detection geometries (see Fig. 2.4): two single-mode fibers (circles), 1 mm-open apertures
(diamonds), 4 mm-4 mm apertures (stars), 4 mm-open apertures (squares) and 10 mm-
open apertures (triangles). The three solid curves are predicted by theory [Eq. (2.11)] and
correspond from top till bottom to the measurements of the diamonds, the squares, and the
triangles, respectively.

twice the width of the pump beam in the detection plane [see Eq. (2.3)]. The fact

that the position of the second photon is still not completely fixed after detection

of the first one explains why it matters whether or not an identical aperture in

front of the second detector is present. Closing the second aperture to the same

size indeed also reduces the reference coincidence rate Rcc(∞). We have not plotted

the corresponding theoretical curve in Fig. 2.7 simply because we have no analytic

expression for V (θ) in a detection geometry with two equally closed apertures.

Now what do the measurements in Fig. 2.7 tell us about the generated two-

photon state? From symmetry arguments (Gaussian pump beam, paraxial angle

of the SPDC cone, and circular detection apertures) we know that we can write

the detected part of the generated two-photon state in the form of Eq. (2.20). By

applying a cosine transform on the measured curve V (θ) we find all the orbital

angular momentum (OAM) probability coefficients Pl conform Eq. (2.23). This

means that a measurement of V (θ) provides a complete characterization of the high

dimensional entanglement that exists between the orbital angular momenta of the

two photons.

We have performed such modal decompositions on our measured curves V (θ).
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Figure 2.8: Measured weight factors Pl of the orbital angular momentum terms in the entan-
gled two-photon state for the three specified detection geometries. Not shown are the weight
factors for l > 4 and negative l, for which P−l = Pl.

Detector 1 Detector 2 Kaz

SM-fiber SM-fiber 1.01 ± 0.01
1 mm open 1.26 ± 0.06
4 mm 4 mm 2.08 ± 0.08
4 mm open 2.7 ± 0.1
10 mm open 7.3 ± 0.3

Table 2.1: Measured azimuthal Schmidt number (Kaz) of the detected two-photon state for
various detection geometries (see Fig 2.4). The first row is measured in detection geometry B;
the other four rows are measured in detection geometry A, for which the aperture diameters
are specified.
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The resulting coefficients Pl for three (of five) detection geometries are shown in

Fig. 2.8. It is clearly visible that the contributions of the smallest l numbers become

more dominant if the detection apertures become narrower. The measurement with

single mode fibers (detection geometry B) serves as a reference, and shows that the

detected two-photon state contains only photons with zero orbital angular momen-

tum, i.e., with l = 0. From the measured values of Pl we calculate the azimuthal

Schmidt number [using Eq. (2.24)], which is the effective number of modes that

participate in the entanglement. The values are listed in Table 2.1. For detection

through single-mode fibers (detection geometry B) we find Kaz = 1.01 ± 0.01 and

in detection geometry A the azimuthal Schmidt number ranges between 1.26± 0.06

and 7.3 ± 0.3 depending on the aperture diameter.

2.4.5 Experimental results for l = 1 detection

In this subsection we present the measurements that we have performed in detection

geometry C, where one of the detectors is coupled to a single-mode l = 1 selector

(see Fig. 2.4). Again, we have measured the coincidence count rate Rcc(τ) as a

function of delay time. The results for various angles of rotation are presented in

Fig. 2.9. As expected from Eq. (2.23) we observe photon bunching in the case of

no image rotation and photon anti-bunching if a rotation of θ = 90◦ is applied.

For angles between 0 < θ < 90◦ we observe an asymmetric curve for Rcc(τ).

This phenomenon can be fully explained from the spectral shape of the color filters.

The theoretical shape of Rcc(θ, τ) is given by Eq. (2.25) from which we conclude

that Rcc(τ) will have an anti-symmetric component only if the filters are not exactly

identical, making Ttot(ω) asymmetric, and if sin(2θ) 6= 0. We had intended to use

identical filters; however, due to the limited fabrication accuracy, the transmission

spectra of the two filters were slightly different. One of the filters has a transmission

spectrum that is centered around λ = 824.7 nm instead of λ = 826.2 nm, whereas

the other filter is neatly centered around λ = 826.2 nm. This difference is responsible

for the anti-symmetric component in Rcc(τ) in Fig. 2.9.

The dotted curve shows the calculated coincidence count rate for θ = 45◦ as

expected from Eq. (2.25) using measured spectral transmission functions of the

filters. The strength of the contribution of the asymmetric component in Rcc(τ) is

in excellent agreement with our measurements of the spectra. Serving as an extra

check of Eq. (2.25), we have also exchanged the two filters and observe, as expected,

an asymmetry of Rcc(τ) that is flipped around the vertical τ = 0 axis.

From the measured curves of Rcc(τ) for various angles of rotations, we have

extracted the two-photon bunching visibility defined in Eq. (2.6). According to this

definition, V (θ) depends only on the symmetric component of Rcc(τ) and hence

Eq. (2.23) is fully applicable to the outcome of our measurement of V (θ). The re-
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Figure 2.9: Coincidence count rate versus time delay τ , measured in a single-mode l = 1
detection geometry, for various angles of rotation θ. The five solid curves (from top till
bottom) are measured at θ = 90o, 67.5o, 45o, 22.5o, and 0o, respectively. The dotted curve
is calculated for θ = 45◦, making use of Eq. (2.25) and the measured spectral transmissions
of the bandpass filters.

Figure 2.10: Two-photon bunching visibility versus angle of rotation (circles), where only a
single mode with orbital angular momentum l = 1 is detected. The triangles are two results
obtained with an experimental apparatus that is improperly aligned (see Subsection 2.4.3).
The uncertainty of the measured visibility is ±0.05. The solid curve is predicted by theory
[Eq. (2.23) with P−1 = P1 = 1

2
and al other Pl coefficients zero].
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sulting values are presented in Fig. 2.10 and are very well described by the predicted

V (θ) = cos(2θ).

As shown in Fig. 2.10, we have performed several measurements of V (θ) twice

and observed a small spread which, we believe, is caused by the limited achievable

accuracy of the alignment. This limited accuracy of the alignment is the dominant

contribution to the uncertainty of ±0.05 in the measurements of V (θ). We further-

more observe that the two-photon bunching visibility at θ = 90◦ is only −82±5% in

stead of the predicted −100%. This may be explained by the observation that our

detected l = 1 mode (detection geometry C) is not perfectly rotational symmetric

for yet unknown reasons.

2.5 Concluding discussion

In conclusion, we have presented and demonstrated a new method to obtain a com-

plete characterization of the high-dimensional entanglement in orbital angular mo-

mentum (OAM) of down-converted photon pairs. The method is based on measure-

ments of the interference in a two-photon interferometer (Hong-Ou-Mandel-type)

with an odd number of mirrors and a built-in image rotator. We have theoretically

analyzed this method for the case of a rotationally symmetric (Gaussian) pump

profile and coincidence detection behind circular apertures, using two different ap-

proaches. In the first approach, we derive analytic expressions for the two-photon

(bunching) visibility V (θ) as a function of the rotation angle θ, by spatial integration

of the interference in the continuous two-photon amplitude. In the second approach,

we use a modal (Schmidt) decomposition of the detected two-photon amplitude to

derive a natural Fourier relation between V (θ) and the weight factors Pl of the OAM

terms in the entangled two-photon state: high OAM states result in fast changes of

V (θ) with angle, whereas low OAM states produce slower changes. These weight

factors are then combined to an azimuthal Schmidt number Kaz, which quantifies

the effective dimensionality of the OAM entanglement. Both approaches can easily

be generalized to pump profiles with an orbital angular momentum different from

l = 0.

We have shown that the experimental results are in close agreement with the

theoretical predictions. More specifically, an increase in the size of the detection

aperture results in an increase in the effective dimensionality Kaz, which is visible

as a reduction in the angular width of V (θ) around V (0) ≈ 1. We have tuned the

effective dimensionality between Kaz = 1.01 ± 0.01 and Kaz = 7.3 ± 0.3. Using a

single-mode OAM-selective (l = 1) detector, we have isolated one term in the Fourier

expansion and demonstrated a controllable change from photon bunching to photon

antibunching. At intermediate settings we have observed highly asymmetric HOM
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dips V (τ) versus time delay τ . We attribute this asymmetry to a difference between

the two spectral filters in front of the detectors.

The Klyshko picture provides for a simple intuitive way to understand the work-

ing principle of our OAM analysis method. The Klyshko approach is based on a

time-reversal of the path of one of the photons. The full path now runs (back-

wards in time) from one detector back to the generating crystal and after reflection

(forward in time) to the second detector. In the Klyshko picture, the two-photon

visibility results from the interference between the clockwise and counter-clockwise

paths, which are associated with the doubly reflected and doubly transmitted paths

at the beam splitter. Only if the total number of mirrors in the interferometer is

odd, will these two paths acquire an opposite image rotation, which in turn leads

to a reduction of the two-photon visibility. For an even number of mirror the image

rotation is identical for both paths.

One might wonder why our experimental results are limited to Kaz ≤ 7.3± 0.3.

The prime reason is the limited size of our pump spot. The simplest way to increase

the Schmidt numbers Kaz and K2D would therefore be an increase of the pump spot

from its present diameter of 270 µm to a larger value. A complication one might,

however, run into is the combined spectral and spatial labeling discussed in Ref. [79].

This labeling can be diminished by either reducing the detection bandwidth or the

angle between the signal and idler beam. An alternative method to increase the

Schmidt numbers is via an increase of the opening angle of the detection system.

However, with the current setup we are already close to the boundary set by the

thin-crystal limit.

A logical question for future research is if and how our method can be extended to

an analysis of the full spatial entanglement, comprising both the azimuthal and the

radial components. Recent experiments have shown how the 1D Schmidt number

can be determined by measuring the two-photon visibility as a function of the

transverse displacement of one beam with respect to the other [79]. It would be

interesting to investigate whether a combination of a 1D translation and an image

rotation will be sufficient to obtain enough information for a characterization of the

full 2D spatial entanglement.
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We demonstrate how the Maker fringes that are observable in spontaneous para-

metric down-conversion (SPDC) give a direct visualization of the poling quality of

a periodically poled crystal. Identical Maker fringes are observed in the optical

spectrum of collinear SPDC and the temperature dependence of second harmonic

generation. We analyze these Maker fringes via a unified treatment of the tuning

curve in crystals with small and slowly varying deformations of the poling struc-

ture. Our theoretical model, based on a Fourier analysis of the poling deformations,

distinguishes between duty-cycle variations and variations of the poling phase. The

analysis indicates that the poling phase is approximately fixed, while the duty-cycle

typically varies between 36% and 64%.

W. H. Peeters and M. P. van Exter, Optical characterization of periodically poled

KTiPO4, Optics Express 16, 7344 (2008)
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3.1 Introduction

Phase matching is required for an efficient operation of second-order nonlinear op-

tical processes such as second harmonic generation (SHG) and spontaneous para-

metric down-conversion (SPDC). In uniform crystals, phase matching is achieved

by utilizing the modal dispersion resulting from the crystal’s birefringence. Another

method called quasi phase matching (QPM) relies on the fabrication of a ferroelec-

tric domain structure with periodically inverting polarization. QPM allows for a

larger choice of optical frequencies and allows access to more, and potentially larger,

elements of the nonlinear χ(2) tensor. An extensive discussion on the tuning and

tolerances of QPM can be found in an article of Fejer et al. [89]. Different poling

techniques are discussed in Refs. [90, 91].

The quality of the fabricated poling structure is generally characterized via imag-

ing of the domain boundaries at the crystal surface. Important techniques comprise

surface-charge selective etching [92], electrostatic force microscopy [93], secondary-

electron microscopy [94], and piezoresponse-assisted atomic force microscopy [95].

Another way to characterize the poling quality is by studying the phase-matching

conditions of a second-order nonlinear process like SHG or SPDC. Common tech-

niques in this category use the wavelength dependence of the conversion efficiency of

SHG [96,97]. A three-dimensional characterization of the poling duty-cycle has been

demonstrated using ultrashort pulses and SGH [98]. A third technique characterizes

the crystal structure by mapping the angle-frequency distribution of radiation that

is generated via SPDC [99].

In this chapter we present high quality measurements and a detailed analysis of

the ring-shaped angular SPDC pattern, generated in a periodically poled KTiOPO4

crystal (PPKTP). Our analysis is very different from earlier results presented by

Kitaeva et al. [99], as these authors analyze the large scale angle-frequency distri-

bution of the SPDC pattern, whereas we concentrate on the fine structure close to

phase matching. We also demonstrate that the same fringe pattern is present in

the optical spectrum in collinear SPDC and the temperature dependence of SHG.

We denote the observed patterns as Maker fringes, as the typical sinc-type intensity

dependence was first discussed by Maker et al. [100]. We perform a meticulous

comparison between the measurements and our theoretical predictions of the fringe

shape, hereby using up to date knowledge of KTP’s material properties. Finally,

we analyze the observed fringe patterns in terms of small and slowly varying defor-

mations of the periodic poling structure.

The paper is organized as follows. Section 3.2 gives a theoretical description

of the temperature, angle, and wavelength dependence of the phase-matching con-

dition in periodically poled crystals. Section 3.3 describes the three experimental

setups that are used for (A) the measurement of the angular SPDC pattern, (B)

the spectrum of SPDC light, and (C) the temperature dependent conversion effi-
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ciency in SHG. Sections 3.4.1, 3.4.2, and 3.4.3 discuss the Maker fringes that are

experimentally obtained via the three above-mentioned methods. In Sec. 3.5, we

analyze the observed deviations from the ideal sinc-shaped Maker fringes in terms

of small and slowly varying deformations of the poling structure. We hereby use

a theoretical treatment, given in Sec. 3.5.1, that is based on a Fourier analysis of

small and slowly varying deformations of the poling structure.

3.2 Phase matching in a periodically poled crystal

We consider the nonlinear processes of second harmonic generation (SHG) and spon-

taneous parametric down-conversion (SPDC) in a periodically poled crystal. For

both processes, we assume loosely focussed cw-pumping (Rayleigh range pump ≫
crystal length) in the low conversion efficiency limit. The crystal is periodically

poled along its crystallographic z axis in domains perpendicular to the crystallo-

graphic x axis. The pump beam is z polarized and propagates along the x axis. We

consider the crystal to be infinite in the transverse directions. In the SHG configu-

ration, we pump the crystal at angular frequency ω so that the up-converted wave

has angular frequency 2ω. In the SPDC configuration, we pump the crystal at 2ω

so that the angular frequencies of the down-converted signal and idler waves can be

written as ωs = ω + Ω/2 and ωi = ω − Ω/2.

The SPDC process can be seen as the inverse process of SHG, when considering

the same spatial and spectral modes. The conversion efficiencies of both processes

(per spatial and spectral mode) are thus described by the same tuning curve, which

is the conversion efficiency as a function of wave vector mismatch ∆k along the x

direction of the crystal. The tuning curve depends on the precise position-dependent

nonlinear coefficient d(x). More specifically, the conversion efficiency as a function

of ∆k is proportional to the absolute value squared of the Fourier transform of

d(x) [89].

An ideal periodically poled crystal has a square-wave-shaped nonlinear coef-

ficient d(x) with amplitude ±deff , where the effective nonlinearity deff is a fixed

material property. The Fourier transform of a square-wave-shaped d(x) contains

odd-m harmonics of the form k±
m = ±2πm/Λ0, where Λ0 is the poling period of the

crystal. Hence, the conversion efficiency will become peaked around any wave vec-

tor mismatch ∆k = k±
m. The mismatch parameter φm, defined as the accumulated

phase mismatch over half the crystal length with respect to quasi-phase-matching

order m, is

φm =
L0

2

[

∣

∣∆k
∣

∣f(T ) − 2πm

Λ0

]

, (3.1)

where the crystal length L0 and the poling period Λ0 are specified at a certain

reference temperature T0. The function f(T ) is the temperature-dependent mate-
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rial expansion factor which is defined to equal unity at the reference temperature.

The conversion efficiency in the neighborhood of some m-order quasi phase match

condition now becomes [89]

ηm(φm) ∝
(

2

πm

)2

sinc2(φm), (3.2)

where the prefactor denotes the relative conversion efficiency, compared to the hy-

pothetical case of a perfectly phase matched uniform crystal with an identical ef-

fective nonlinearity. The sinc function in Eq. (3.2) results from the Fourier trans-

form of the hat-shaped crystal outline. In this chapter, we will restrict our anal-

ysis to quasi-phase-matching order m = 1, and we will drop the subscripts of φm

and ηm. In accordance with Ref. [89] we normalize η̂(φ) to its peak value via

η̂(φ) = η(φ)/η(φ = 0).

In order to calculate the mismatch parameter φ from Eq. (3.1), we must calculate

the wave vector mismatch ∆k along the x direction. The wave vector mismatch is

defined as the wave vector of the ‘blue’ photon minus the wave vectors of the two

‘red’ photons. For the SHG configuration, this wave vector mismatch becomes

∆kSHG = k(2ω, T )− 2k(ω, T ), (3.3)

where k(ω, T ) is the temperature-dependent dispersion relation of z polarized light

in the crystal. Eq. (3.3) shows that the wave vector mismatch in SHG can be tuned

in two different ways: via wavelength tuning and via temperature tuning. The

wavelength and temperature dependence are often separated via

∆kSHG = k(2ω, T0) − 2k(ω, T0)

+
2ω

c

[

∆nz(2ω, T )− ∆nz(ω, T )
]

, (3.4)

where ∆nz(ω, T ) ≡ nz(ω, T ) − nz(ω, T0) is a shorthand notation for the change in

refractive index caused by a deviation from the reference temperature T0 = 25 ◦C

[101,102].

The SPDC configuration differs from the SHG configuration in two ways. First

of all, the signal and idler wave may have components in transverse directions.

Secondly, any frequency difference Ω ≡ ωs −ωi between the signal and idler photon

is allowed. Therefore, the wave vector mismatch in SPDC can be tuned in not just

two, but four different ways: via wavelength tuning, via temperature tuning, via

tuning of the detection angle, and via tuning of the detection wavelength. The wave

vector mismatch in the SPDC configuration can be written as

∆kSPDC = k(2ω, T )− [ks,x + ki,x], (3.5)
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where ks,x and ki,x are the x components of the wave vectors of the signal and idler

waves in the crystal, respectively. Explicitly writing out the angle detuning and

frequency detuning in the small angle and small frequency-detuning limit, yields

∆kSPDC = k(2ω, T )− 2k(ω, T )

+k(ω, T )

[

θ2
y +

(

nz

nx

)2

θ2
z

]

− ∂2k

∂ω2

∣

∣

∣

∣

ω,T

(

Ω

2

)2

, (3.6)

where θ = (θy, θz) is the emission angle inside the crystal, and nz and nx are short-

hand notations for the refractive index of z and x polarized light, respectively. The

nz/nx factor in front of θz originates from the fact that down-converted light with

a certain transverse kz component carries a polarization with a small x component

too. The angle dependence of the refractive index is found by using the index ellip-

soid for our polarization. The latter term in Eq. (3.6) is obtained by performing a

Taylor expansion around zero frequency detuning.

Throughout the article we will regularly use Eqs. (3.1)-(3.6) to compare our ex-

perimental results with existing literature on KTP’s material properties. These

properties involve Sellmeier dispersion equations [103–107], temperature depen-

dence of the refractive index [101, 107, 108], and thermal expansion coefficients

[101,102]. We will use the most recent and mutually most compatible literature val-

ues: the z component of the refractive index from Ref. [106], the x and y component

of the refractive index from Ref. [107], the temperature dependence of the refractive

index from Ref. [101], and the thermal expansion coefficients from Ref. [102].

3.3 Experimental apparatuses

Figure 3.1 shows the three experimental setups that we used for the characterization

of the poling quality, either via SPDC [Figs. 3.1(a) and 3.1(b)] or SHG [Fig. 3.1(c)].

In this section we will give the experimental details of these three setups.

The pump part of the SPDC setups in Fig. 3.1(a) and Fig. 3.1(b) are identical. A

cw krypton-ion laser (Coherent Innova 300) emits 220 mW at a vacuum wavelength

of 413.1 nm in a TEM00 mode. This pump beam is mildly focussed (w0 = 190 µm

is the radius at e−2 of maximum irradiance) into a PPKTP crystal. The crystal

is manufactured by Raicol Crystals Ltd. with low temperature periodic electrical

poling, based on the application of a pulsed electric switching field to a patterned

electrode [109]. The crystal has a length of 5.09 mm in the x direction, a thickness

of 1 mm in the z direction and a width of 2 mm in the y direction. The pump beam

propagates along the crystallographic x axis and is z polarized, allowing us to use
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Figure 3.1: Three different experimental setups that are used to measure Maker fringes of a
periodically poled KTiOPO4 crystal (PPKTP). Setup A and B utilize the nonlinear processes of
spontaneous parametric down-conversion, while setup C uses second harmonic generation. The
indicated coordinate system corresponds to the crystallographic axes of the PPKTP crystal.
Setup A: The far field of a narrow spectral band of the down-converted light is projected onto
an intensified CCD camera (ICCD). Setup B: The spectral decomposition within a small angle
(selected by the aperture) of the down-converted light is measured by placing an ICCD camera
behind a spectrometer. Setup C: The power of the up-converted light is measured with a
photodiode, while the crystal temperature is varied.

the large nonlinear d33 coefficient of KTP. The pump beam is centered on the crystal

facets. The poling period of the crystal is specified to be Λ0 = 3.675 µm which is

designed for first-order quasi phase matching at 413.1 nm ↔ 826.2 nm. The crystal

is thermally contacted along the full crystal length to a bulky Aluminum mount via

a 100 µm thick Indium layer. The temperature is stabilized to ∆T < 0.1 ◦C using

a Dale 1T1002-5 thermistor, an ILX-Lightwave LDT5910 controller and a Peltier

element. The thermometer system is calibrated to an accuracy of ±(0.5%+0.2 ◦C)

by using a commercial ATAL RTD407907 thermometer. Phase matching in forward

direction is achieved at a temperature of 60.7 ◦C.

The detection part of Fig. 3.1(a) contains a lens with focal length of 10 cm in

an f -f geometry to project the far field onto an intensified CCD camera (ICCD)

of Princeton Instruments (I-MAX-512-T,18). A narrow-band color filter selects a

∆λ = 5 nm band around λ = 826 nm. This bandwidth is much smaller than the full

width of the main Maker fringe in the spectral domain (see Fig. 3.5). The bandpass

filter removes all angle-frequency correlations from the down-converted light.
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The detection part of Fig. 3.1(b) contains an aperture that is positioned at large

distance (≃ 0.5 m) in the far field of the sample. The aperture selects a cone-shaped

solid angle of 42 mrad2 in the forward direction. The selected solid angle is much

smaller than the solid angle of the main central Maker fringe (≈ 300 mrad2), so

that all angle-frequency correlations are removed. The light is then focussed onto

the input slit of a spectrometer (Jobin Yvon 320) and the output is projected on an

ICCD camera of Princeton Instruments (I-MAX-512-T,18). The dispersion of the

spectrometer is 570 µm per nanometer. The width of the ICCD chip is 12.8 mm

which corresponds to a full spectral width of a single image of ∆λ = 22 nm. The

center of the detected wavelength interval can be adjusted with a knob on the

spectrum analyzer. The spectral response of the ICCD camera and spectrometer

was calibrated by using a white light source and a non-intensified CCD with a well-

specified spectral response. The spectrometer’s offset was calibrated by using the

826.45 nm line of Argon.

The SHG setup in Fig. 3.1(c) is straightforward. A cw Ti:sapphire laser (Co-

herent 899 Ring Laser) emits 270 mW at a vacuum wavelength of 825.9 nm in a

TEM00 mode. The beam is mildly focussed into the center of the same PPKTP

crystal. The Rayleigh range of the beam is (14 ± 2) mm corresponding to a beam

radius at e−2 of maximum irradiance of w0 = (61 ± 4) µm. The pump propagates

along the x direction of the crystal and is z polarized. The PPKTP crystal, the

crystal mount and the temperature control part are the same as in the SPDC setup.

The intensity of the SHG light is measured with a photodiode (HUV1100BQ), a

homemade amplifier, and a voltmeter.

We have experimentally compared the peak conversion efficiencies of the 5-mm-

long PPKTP crystal and a 1-mm-long β-BaB2O4 crystal (BBO). The conversion

efficiency for both SPDC and SHG is expected to be much higher for PPKTP

than for BBO. At a cutting angle θc = 29.2◦, the effective nonlinearity of BBO

in type-I phase matching is expected to be deff = −d22cosθc = 2.0 pm/V, based

on data from Ref. [110]. For PPKTP, the effective nonlinearity corrected for first-

order quasi phase matching is expected to be (2/π)d33 = 9.8 pm/V, based on

data from Ref. [111]. When comparing crystals of equal length, it is thus expected

that PPKTP yields (9.8/2)2 = 24 times higher conversion efficiencies than BBO.

In our case, the PPKTP crystal is 5 times longer than the BBO crystal, so we

expect a conversion that is 52 × 24 = 600 times more efficient. We observe that the

SHG process is approximately 575 times more efficient than the BBO crystal. In

the inverse process of SPDC we observe an enhancement factor of approximately

700. Both observations are in reasonable agreement with the expected enhancement

factor of 600. We conclude that the quality of the periodically poled crystal must

be very good with a duty-cycle close to 50%.
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Figure 3.2: Measured angular intensity pattern of light generated via spontaneous parametric
down-conversion in a 5-mm-long periodically poled KTP crystal. The detection bandwidth
is much smaller than the inverse angular dispersion of the Maker fringes. The color scale
represents the logarithm (log10) of the intensity divided by the maximum intensity of the three
images. The full width and full height of each image is 96 mrad. The three images are taken
at different crystal temperatures: (a) 53.5 ◦C, (b) 60.7 ◦C, and (c) 72.0 ◦C. Phase matching
in forward direction is achieved in situation (b). The sixth and ninth fringe stand out and are
marked with triangles in each image. The same PPKTP crystal is used in Figs. 3.4, 3.3, 3.5,
and 3.6. The fringe patterns are slightly elliptical.

Figure 3.3: Measured SPDC ring pattern observed for pumping at two different positions on
the crystal. The conditions are similar to those described in Fig. 3.2. The crystal temperature
is now 69.7 ◦C and the image size is 90 x 90 mrad2. The pump positions on the crystal
are separated by 1.4 mm in the y direction. The images are very much alike. For instance,
the sixth and ninth fringe stand out and are marked with triangles in both images. Only
minor differences are visible. The patterns do not change upon a pump displacement in the z
direction. The same PPKTP crystal is used in Figs. 3.2, 3.4, 3.5, and 3.6.
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3.4 Experimental results

3.4.1 Maker fringes in angular intensity pattern of SPDC light

The angular intensity pattern of light generated via SPDC in a 5-mm-long periodi-

cally poled KTP crystal is measured with the setup in Fig. 3.1(a). The details of the

experimental apparatus are given in Sec. 3.3. Three images, taken at three differ-

ent temperatures are presented in Fig. 3.2. The images contain Maker fringes [100]

caused by the angle dependence of the phase-matching condition [see Eq. (3.6)]. We

observe continuous expansion of the fringe pattern upon reduction of temperature.

Several important aspects of the images will now be discussed. First of all,

the spacing between the successive rings decreases at large angles in such a way

that I ∝ sinc2(AΘ2 + B), where Θ is the detection angle outside the crystal. The

quadratic relation between detection angle and mismatch parameter is expected

from Eqs. (3.6) and (3.1). Secondly, we observe that the ring pattern in Fig. 3.2

is slightly elliptical. This effect is due to a difference in the refractive index of z

and x polarized light. Down-converted light with a certain kz component has a

polarization with a small x component, which causes the fringes to be elliptical

[nz 6= nx in Eq. (3.6)]. A third aspect concerns the peculiar deviations from the

ideal sinc-like fringe structure. The sixth and ninth fringe, for example, are standing

out with respect to neighboring fringes. These deviations are caused by small and

slowly varying deformations of the poling structure. This experiment thus provides

a simple and direct visualization of slowly varying deviations from perfect poling.

In order to quantify the ellipticity, we have performed some image processing.

The image is first transformed from Cartesian coordinates to polar coordinates

around the approximate center. Fourier analysis of this transformed image gives

components of the form fl(r) exp (ilϕ). The Fourier coefficients of this expansion

depend strongly on the chosen position of the center. We have determined the

optimal position of the center by minimizing the l = 1 coefficient. The ellipticity

is now linked to the l = 2 coefficient of the Fourier expansion around this best

center. We have accurately determined this ellipticity by stretching the image in

the z direction until the l = 2 coefficient is minimized. This procedure is applied to

25 images taken at different temperatures between 45 ◦C and 72 ◦C. The resulting

ellipticity is nz/nx = 1.056 ± 0.002 where all the 25 different values are within

the specified confidence region. Our measured value is in excellent agreement with

existing literature giving nz/nx = 1.0551 [106,107].

No ellipticity is left after the above-mentioned image stretching operation. This

allows for rotational averaging which results in a single curve as a function of Θ2
y for

each image. A composite curve, shown in Fig. 3.4, is generated by cutting, shifting,

and pasting 25 rotationally averaged images taken at different temperatures. The

main peak is shifted such that it coincides with the null of the Θ2
y axis. The result-
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Figure 3.4: Composite plot of the measured angular intensity pattern of light generated via
spontaneous parametric down-conversion in a 5-mm-long periodically poled KTP crystal. The
plot is obtained by combining 25 images of Maker fringes, like the ones shown in Fig. 3.2,
photographed at different crystal temperatures ranging from 45 ◦C to 89 ◦C. The horizontal
axis represents the square of the far field angle at a crystal temperature of 60.7 ◦C. The
intensity values of the nodes have limited quantitative meaning (see text for details). The
sixth and ninth fringe stand out and are marked with arrows. The same PPKTP crystal is used
in Figs. 3.2, 3.3, 3.5, and 3.6.

ing Θ2
y axis now relates without offset to the mismatch parameter φ in Eq. (3.2).

Unfortunately, the node intensities in Fig. 3.4 have limited quantitative meaning

as these intensities depend on the presence or absence of nearby bright fringes (see

below).

The average distance between subsequent side lobes in Fig. 3.4 is measured

to be ∆Θ2
y = (325 ± 8) mrad2. The angular dependence of the phase-matching

condition is theoretically described by Eq. (3.6). The measured external angle

corresponds to the internal angle in Eq. (3.6) via Θy ≈ nzθy. The expected distance

between subsequent side lobes thus becomes ∆Θ2
y = 2πcnz/Lω = 299 mrad2 using

the refractive index of Ref. [106]. We tentatively attribute the small discrepancy

between the measured and the expected value for ∆Θ2
y to an unintended but possibly

present 5% magnification in the imaging system.

Quite surprisingly, the minima in Fig. 3.2 do not go to zero, although all images

have already been corrected for dark counts and stray light. The images in Fig. 3.2

and the curve in Fig. 3.4 have an offset of about 10−2.85 ≈ 0.15% of the peak

intensity. The divergence of the pump laser of 0.7 mrad is too small to explain this

observation. Additionally, we have observed that the intensity in a node is strongly

reduced if we let a nearby bright fringe disappear from the image by increasing the

temperature. For example, the intensity in the first minimum drops from 2.72% at
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Figure 3.5: Spectrum of light generated via spontaneous parametric down-conversion in a
5-mm-long periodically poled KTP crystal. The crystal is pumped by a mildly focussed beam
at a wavelength of 413.1 nm. This spectrum is measured within a cone-shaped solid angle of
42 mrad2 in forward direction. The crystal temperature is 60.7 ◦C at which phase matching
is achieved in forward direction [see Fig. 3.2(b)]. The sixth fringe stands out and is marked
with an arrow. The same PPKTP crystal is used in Figs. 3.2, 3.4, 3.3, and 3.6.

T = 60.7 ◦C (collinear phase matching) to 0.56% at T = 63.6 ◦C, where the first

minimum is in the forward direction. It thus seems that the intensity in a node is

enhanced under the influence of nearby (bright) fringes. This effect can possibly

be explained by a small degree of scattering from the crystal, predominantly in

near-forward directions.

Characterization of the poling structure via the shape of the generated SPDC

rings, is ideally suited for rapid inspection. We have applied this technique not

only at the crystal center, but also over the full 1 mm x 2 mm cross-section of the

crystal. This inspection reveals a large uniformity in both transverse directions.

The observed ring patterns are almost identical at any position of the pump beam,

including the prominent appearance of the sixth and ninth ring. The minor variation

that we do observe occurs upon displacement in the 2 mm wide y direction and not

in the 1 mm thick z direction. Two fringe patterns, corresponding to two pump

positions that are 1.4 mm separated from each other along the y direction, are

shown in Fig. 3.3. These images show the largest differences that we have observed,

and even these are very small. The peak conversion efficiency (at phase-matching

temperature) varies at most 2.5% over the y direction and only 1% over the z

direction. We conclude that the observed deviations from perfect poling are present

over the full cross-section, and show minor variations along the y direction.
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Figure 3.6: Red curve: measured temperature dependence of the conversion efficiency in SHG
in a 5-mm-long periodically poled KTP crystal that is pumped by a weakly focussed beam
(w0 = 61±4 µm) at a wavelength of 825.9 nm and a pump power of 270 mW. The nonlinear
temperature dependence of the mismatch parameter φ is indicated by the nonequidistant
markers on the φ axis on top of the figure. The sixth and ninth fringe stand out and are
marked with arrows. The same PPKTP crystal is used in Figs. 3.2, 3.4, 3.3, and 3.5. Black
curve: plot of the ideal non-deformed tuning curve of Eq. (3.2).

Figure 3.7: Red curve: measured temperature dependence of the conversion efficiency in
SHG in a (different) 5-mm-long periodically poled KTP crystal that is pumped by a weakly
focussed beam (w0 = 61±4 µm) at a wavelength of 826.4 nm and a pump power of 270 mW.
The nonlinear temperature dependence of the mismatch parameter φ is indicated by the non-
equidistant markers on the φ axis on top of the figure. Black curve: plot of the ideal non-
deformed tuning curve of Eq. (3.2).
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3.4.2 Maker fringes in spectrum of SPDC light

The spectrum of the down-converted light of the same PPKTP crystal is measured

with the setup depicted in Fig. 3.1(b). We have tuned the temperature to 60.7 ◦C so

that phase matching is achieved in forward direction. Nine different spectral images

between 760 nm and 890 nm have been recorded, each having a spectral width of

∆λ = 22 nm. We have combined these images into a singe curve in Fig. 3.5 which

thus represents the spectrum of the down-converted light. The observed spectrum

contains Maker Fringes [100] as the curve’s shape is governed by the phase-matching

condition in the crystal.

The wave vector mismatch, given by Eq. (3.6), scales as the square frequency

detuning (Ω/2)2. If we convert the λ axis into a (Ω/2)2 axis we find, as expected, a

sinc-shaped tuning curve. The central peak is neatly centered around zero detuning

which corresponds to a wavelength of 826.2 nm, being twice the pump wavelength.

The spacing between subsequent side lobes is ∆(Ω/2)2 = (4.7±0.1)×1027 rad2/s2,

which is in excellent agreement with the literature value of 4.69 × 1027 rad2/s2

derived from the Sellmeier equation in Ref. [106]. The fact that the mismatch

parameter increases with the square of the frequency detuning causes the spectrum

to be very wide, having a FWHM of about 34 nm even for a 5-mm-long crystal.

Again, we observe that the sixth side lobe is standing out with respect to the

neighboring side lobes. This deviation is caused by small and slowly varying de-

formations of the poling structure. Finally, we observe that the Maker fringes on

the red side are weaker than the fringes on the blue side. We tentatively attribute

this unbalance to imperfections in the calibration of the spectral response of the

spectrometer and the intensified CCD camera.

3.4.3 Maker fringes in temperature dependence of SHG

The temperature-dependent conversion efficiency of the SHG process in the same

PPKTP crystal is measured with the setup in Fig. 3.1(c). The obtained result,

shown in Fig. 3.6, contains Maker Fringes [100] as the curve’s shape is again governed

by the phase-matching condition in the crystal. The spacing between the subsequent

side lobes decreases at large temperatures due the nonlinear relationship between

temperature and refractive index of KTP [101]. Again, the sixth and ninth side lobe

are standing out with respect to the neighboring peaks. These non-sinc-like features

are caused by small and slowly varying deformations in the poling structure. We

now achieve phase matching at a temperature of 54.1 ◦C, hereby using a pump

wavelength of 825.9 nm. Phase matching in the SPDC experiments (see Fig. 3.2)

was achieved at a different temperature of 60.7 ◦C because of the slightly longer

relevant SPDC wavelength of 826.2 nm.

It is preferred to plot the measured Maker fringes as a function of mismatch
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parameter φ rather than temperature. In order to make this conversion, accurate

knowledge of the temperature dependence of the refractive index is needed. The

temperature-dependent wave-vector mismatch in Eq. (3.4) is well described with

two coefficients c1 and c2, defined via

∆nz(2ω, T )− ∆nz(ω, T ) = c1[T − T0] + c2[T − T0]
2, (3.7)

because of the approximate quadratic temperature dependence of KTP’s refractive

index [101].

We have determined c1 and c2 from the measured tuning curve η(T ) by using

the following procedure. The peaks and nodes of the measured tuning curve serve as

markers for the mismatch parameter: φ = ±(n + 1/2)π at the peaks and φ = ±nπ

at the nodes. These markers yield the mismatch parameter φ at a number of

temperatures. Coefficients c1 and c2 are obtained from a parabolic fit of Eq. (3.1)

to the obtained set of mismatch parameters, after substituting Eqs. (3.7) and (3.4)

into Eq. (3.1). In order to obtain reliable values for c1 and c2, we have applied

this fitting method to five different PPKTP crystals. The tuning curve of one of

these crystals is shown in Fig. 3.7. It closely resembles the ideal sinc2-shape, thus

showing that the poling structure of this second 5 mm long crystal is almost without

any deformation. This curve is measured at a slightly longer pump wavelength of

826.4 nm instead of 825.9 nm causing phase matching to occur at 63.7 oC instead

of 54.1 oC.

Our resulting coefficients are c1 = (24.0 ± 0.2) × 10−6 ◦C−1 and c2 = (4.8 ±
0.3) × 10−8 ◦C−2 at an approximate pump wavelength of 826 nm and a reference

temperature of T0 = 25 ◦C. The influence of the thermal expansion [102] on φ is

only small (∼ 4%) compared to the influence of the change in refractive index. The

obtained coefficients are used to add a φ axis at the top of Fig. 3.6 and Fig. 3.7. The

conversion from the measured η(T ) to the preferred form of η(φ) is now completed.

We will use η(φ) for further analysis in Sec.3.5.

We now compare our values for c1 and c2 with existing literature. Reference [101]

gives an explicit expression for ∆nz(ω, T ) between vacuum wavelengths of 532 nm

and 1585 nm. From this expression we calculate c1 = 23.56 × 10−6 ◦C−1 and

c2 = 8.6× 10−8 ◦C−2. The c1 coefficient is in reasonable agreement with our value,

but there is a distinct discrepancy between the values for c2. We conclude that it

is inappropriate to extrapolate the expression for ∆nz(ω, T ) in Ref. [101] to our

pump wavelength of 413 nm. This wavelength is needed to calculate ∆nz(2ω, T ) in

Eq. (3.7).

Finally, we have measured the temperature dependence of SHG in five different

PPKTP crystals of various lengths: 2 mm, 5 mm (two crystals), 10 mm, and 20 mm.

The results of the two 5-mm-long crystals have already been presented in Figs. 3.6

and 3.7. For the three other crystals, the period of the sinc-pattern is inversely
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proportional to the length of the crystal, as expected from Eq. (3.1). All crystals

are of very high quality as the observed deviations from the ideal sinc-shape are

even weaker than the features visible in Fig. 3.6.

3.5 Interpretation of Maker fringes in terms of poling quality

3.5.1 Fourier analysis of small and slowly varying deformations of the poling

structure

An ideal periodically poled crystal has a sinc2-shaped tuning curve. In practice,

however, small deformations of the poling structure are often present, and such

deformations reveal themselves as non-sinc-like features in the tuning curve η̂(δ∆k).

Fejer et al. [89] have analyzed the effects of various types of deformations on the

tuning curve. In this subsection, we extend their treatment to a Fourier analysis

of small and slowly varying deformations of the poling structure along the crystal.

Faster deformations on a length scale of only a few lattice periods go unnoticed,

as they are associated with very high harmonics that fall outside the experimental

range of the observed Maker fringes. We make a clear distinction between slowly

varying deformations of the poling phase and slowly varying deformations of the

poling duty-cycle.

We consider second harmonic generation (SHG) and spontaneous parametric

down-conversion (SPDC) under the conditions described in Sec. 3.2. The crystal

length L0 and the number of domains N relate to the design value of the poling

period via Λ0 = 2L0/N . The tuning curve is peaked at any wave-vector mis-

match ∆k0 obeying |∆k0| = 2πm/Λ0, where m can be any odd-valued quasi-phase-

matching order. The positions of the domain boundaries required for perfect poling

are xn,0 = nΛ0/2.

Our analysis is restricted to imperfect positioning of the domain boundaries, i.e.,

to poling functions d(x) that occupy two discrete levels ±deff . We specify the spatial

deformations via the position error δxn ≡ xn − xn,0 of the nth domain boundary

and introduce the phase error at the domain boundaries for fixed ∆k = ∆k0 as

Φn ≡ ∆k0δxn. (3.8)

Note that our definition of Φn only contains the effects of the poling deformation.

This definition differs from the one used by Fejer et al. [89], as their Φn also includes

the accumulated phase due to the wave-vector mismatch δ∆k ≡ ∆k − ∆k0.

The conversion efficiencies of SHG and SPDC are affected by the poling defor-

mations. The up-converted electric field in the process of SHG, normalized to the
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field in case of perfect poling is [89]

Ê(δ∆k) ≡ E(δ∆k)

Eperfect
=

1

N

N
∑

n=1

e−iδ∆kxe−iΦn . (3.9)

Next, we note that the poled crystal contains N/2 “building blocks” each consisting

of two domains with opposite poling. Each building block is characterized by its

length, being approximately equal to Λ0, and its composition, i.e., the duty-cycle

of the poling. The variations in these two quantities are related to the sum and

differences of Φn and Φn+1. By introducing a slowly varying phase function Φ(x)

and amplitude function A(x) as

Φ(x̄n,0) ≡ 1
2 (Φn + Φn+1), (3.10)

A(x̄n,0) ≡ cos
[

1
2 (Φn − Φn+1)

]

, (3.11)

where x̄n,0 ≡ (n + 1
2 )Λ0/2, we can rewrite Eq. (3.9) as

Ê(δ∆k) ≈ 1

L

∫ L/2

−L/2

A(x)e−iΦ(x)e−iδ∆kxdx. (3.12)

The complex amplitude A(x) exp [−iΦ(x)] basically isolates the Fourier components

of the two-level poling function d(x) close to wave vector ∆k0. The phase function

Φ(x) quantifies the displacement of the building blocks, whereas the amplitude func-

tion A(x) is related to the duty-cycle of these blocks via A(x) = sin(π×dutycycle).

The tuning curve, defined as the normalized conversion efficiency, is

η̂(δ∆k) = |Ê(δ∆k)|2. (3.13)

Equations (3.12) and (3.13) also apply to the SPDC process (per spatial and spectral

mode), for which the wave-vector mismatch is calculated via Eq. (3.5).

Equation (3.12) exhibits the following symmetries. Deformations that are re-

stricted to duty-cycle variations only, thus having Φ(x) = 0, yield Ê(δ∆k) =

Ê∗(−δ∆k) and a symmetric tuning curve. Turning the crystal around corresponds

to the operations Φ(x) ⇒ −Φ(−x), A(x) ⇒ A(−x), and hence Ê(δ∆k) ⇒ Ê∗(δ∆k).

Therefore, a measurement of the tuning curve η̂(δ∆k) can not distinguish between

the two possible crystal orientations. Symmetrically deformed crystals have real-

valued Ê(δ∆k).

For further analysis we expand the phase function Φ(x) and the amplitude func-
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3.5. INTERPRETATION OF MAKER FRINGES IN TERMS OF POLING QUALITY
tion A(x) in Fourier series as

Φ(x) − a0

2
=

∞
∑

n=1

an cos

(

2πnx

L

)

+ bn sin

(

2πnx

L

)

, (3.14)

A(x)

A0
− 1 =

∞
∑

n=1

cn cos

(

2πnx

L

)

+ dn sin

(

2πnx

L

)

, (3.15)

where an, bn, cn, and dn are real-valued coefficients and 0 ≤ A0 ≤ 1 is the real-

valued average amplitude. Any nonzero a0 can be interpreted as a longitudinal

displacement of the crystal, which is obviously neither an internal crystal property

nor a parameter that influences the detected tuning curve. We shall assume small

deformations Φ(x) ≪ 1, so that a first-order Taylor expansion of exp[−iΦ(x)] ≈
1− iΦ(x) can be made. By inserting the Fourier decompositions in Eq. (3.12), and

hereby neglecting second-order terms with amplitudes like ancn, we find

Ê(φ)

A0
≈ sinc(φ) +

∞
∑

n=1

cn − ian + bn + idn

2
sinc(φ + nπ)

+

∞
∑

n=1

cn − ian − bn − idn

2
sinc(φ − nπ), (3.16)

where φ ≡ 1
2δ∆kL is the mismatch parameter. The dependence of the generated

field on the wave-vector mismatch δ∆k is thus found to comprise a series of shifted

sinc-functions with relative weights that contain essential information on the slow

(= large scale) variations of the poling period. The tuning curve η̂(φ) is symmetric

with respect to φ = 0 if at least all bn = 0 in combination with either all dn = 0 or

all an = 0.

We will now calculate the values of the tuning curve at the positions of the peaks

and nodes of the non-deformed sinc-function, as these give a good impression of the

poling deformation. Inserting Eq. (3.16) into Eq. (3.13) we find

η̂(φ = ±nπ) ≈ A2
0

∣

∣

∣

∣

∣

α̃n ∓ β̃n

2

∣

∣

∣

∣

∣

2

, (3.17)

η̂
(

φ = ±
[

s − 1
2

]

π
)

≈ A2
0

∣

∣

∣

∣

∣

1

(s − 1
2 )π

+
ζ̃s ∓ ξ̃s

2

∣

∣

∣

∣

∣

2

, (3.18)

for the nodes and peaks, respectively. The complex α̃n, β̃n, ζ̃s, and ξ̃s are linked to
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the deformation coefficients as

α̃n ≡ (−1)n [cn − ian], (3.19)

β̃n ≡ (−1)n [bn + idn], (3.20)

ζ̃s ≡ 2

π

∞
∑

n=1

α̃n

[

1

2(s − n) − 1
+

1

2(s + n) − 1

]

, (3.21)

ξ̃s ≡ 2

π

∞
∑

n=1

β̃n

[

1

2(s − n) − 1
− 1

2(s + n) − 1

]

. (3.22)

The {ζ̃s, ξ̃s} coefficients are uniquely determined by the deformation coefficients

{α̃n, β̃n}. The inverse transformations

α̃n =
2

π

∞
∑

s=1

ζ̃s

[

1

2(s − n) − 1
+

1

2(s + n) − 1

]

, (3.23)

β̃n =
2

π

∞
∑

s=1

ξ̃s

[

1

2(s − n) − 1
− 1

2(s + n) − 1

]

, (3.24)

and the following constraint
∞
∑

s=1

ζ̃s

2s − 1
= 0, (3.25)

can be derived from Eqs. (3.21) and (3.22). A sketch of this derivation and the

physical interpretation of the coefficients are discussed in the final paragraph of

this section. The fact that the inverse transformations exist, implies that both the

{α̃n, β̃n}-set and the {ζ̃s, ξ̃s}-set individually contain all information on the poling

deformations.

Equation (3.17) shows that the nth node at each side of the main sinc-peak

is determined by the α̃n coefficient and β̃n coefficient only. This is because the

maxima of the shifted sinc-functions in Eq. (3.16) coincide with the minima of

the fundamental and all other shifted sinc-functions. The α̃ coefficient affects both

nodes in a symmetric way, whereas the β̃ coefficient can create an unbalance between

the nodes. Equation (3.18) shows that the sth side maximum at each side of the

main sinc-peak is determined by the ζ̃(s+1) coefficient and ξ̃(s+1) coefficient only.

The reason being that ζ̃(s+1) and ξ̃(s+1) are the coefficients of sinc functions that

are shifted by (s + 1/2)π, thus exchanging the role of minima and maxima. The ζ̃

coefficient affects both side lobes in a symmetric way, whereas the ξ̃ coefficient can

create an unbalance between the side lobes.

The transformation from the {α̃n, β̃n} coefficients to the {ζ̃s, ξ̃s} coefficients

is related to a transformation from the Fourier basis {cos[2πnx/L], sin[2πnx/L]}
to an alternative basis comprising the shifted harmonic functions {cos[2π(s −
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1
2 )x/L], sin[2π(s− 1

2 )x/L]}. Apart from sign conventions, Eqs. (3.21)-(3.24) corre-

spond to projections between those two function bases with an imposed zero-offset

constraint. The explicit relation between the {ζ̃s, ξ̃s} coefficients and the poling

deformations is

Φ(x) − a0

2
=

∞
∑

s=1

{

(−1)sIm(ζ̃s) cos

[

2π
(

s− 1
2

)

x

L

]

+(−1)s+1Re(ξ̃s) sin

[

2π
(

s− 1
2

)

x

L

] }

, (3.26)

A(x)

A0
− 1 =

∞
∑

s=1

{

(−1)s+1Re(ζ̃s) cos

[

2π
(

s− 1
2

)

x

L

]

+(−1)s+1Im(ξ̃s) sin

[

2π
(

s− 1
2

)

x

L

] }

. (3.27)

The constraint in Eq. (3.25) ensures that the averages of the right-hand sides of

Eq. (3.26) and Eq. (3.27) are zero.

3.5.2 Analysis of Maker fringes in terms of poling quality

As a typical experimental example we will analyze the measured tuning curve shown

in Fig. 3.6 in a quantitative way. The poling quality of this crystal is very high as

its tuning curve almost perfectly resembles the sinc2-shape as given by Eq. (3.2).

However, small deviations from the ideal curve are clearly visible, as, for example,

the sixth and ninth side lobes are standing out with respect to the neighboring peaks.

These non-sinc-like features are caused by small and slowly varying deformations

in the poling structure that cover hundreds of poling periods. The reason is that

the measured φ range covers about 20 sinc-nodes only, whereas the total amount

of sinc-nodes in between two phase-matching orders, like m = 1 and m = 2, equals

the number of domains which is about 2L0/Λ0 = 2770.

An important ingredient of the Fourier analysis presented in Sec. 3.5.1 is the

subdivision of the crystal into “building blocks”, each block comprising two consec-

utive domains with opposite poling. The analysis distinguishes between variations

of the poling phase, i.e., the longitudinal displacement of the building blocks, and

variations of the poling duty-cycle that are related to the composition of the build-

ing blocks. The Fourier coefficients {an, bn}, defined in Eq. (3.14), correspond to

poling phase variations and the coefficients {cn, dn} in Eq. (3.15) correspond to

duty-cycle variations. We compare the experimental observations with our Fourier-

model by first considering the effects of solely poling phase variations and afterwards

considering the effects of solely duty-cycle variations.

We start by considering the effects of solely poling phase variations, mathemat-
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ically corresponding to cn = dn = 0. This assumption is inspired by the fact that

this category of deformations has a first-order effect on the tuning curve, whereas

duty-cycle variations are only visible in second-order [see Eqs. (3.10) and (3.11)].

The symmetry with respect to φ = 0 observed in Fig. 3.6 indicates that bn ≈ 0. The

most prominent features are observed in the ±6th and ±9th side lobes (one outside

figure). The tuning curve at the ±6th peaks is measured to be η̂ = 0.54%, whereas

the expected value is only η̂ = 0.24%. From these values and the assumption of

an approximate constant duty-cycle, we find ζ̃7 ≈ ±0.11i. The associated phase

function Φ(x) = ±0.11 cos(6 1
2 × 2πx

L ) corresponds to a periodic displacement of the

domain boundaries by only 0.11Λ0/2πm = 64 nm over a typical period of 1/6 1
2 of

the crystal length. This calculation shows that even very small variations in the

poling phase have the potential to strongly enhance the intensities of the side lobes.

The assumption of an approximately fixed duty-cycle is however incompatible

with the observation that the ±3rd and ±8th side lobes are lower than the expected

peak height at both sides of the central peak. Equation (3.18) shows that a pair of

side lobes can be lowered symmetrically, only if ℜ(ζ̃) < 0. Any nonzero real part

of ζ̃ is formed by nonzero cn coefficients and thus by variations of the poling duty-

cycle. We therefore conclude that the observed non-sinc-like features in Fig. 3.6 can

not be caused by slowly varying deformations of the poling phase alone.

Next, we consider the effects of solely duty-cycle variations, mathematically

corresponding to an = bn = 0. This assumption is inspired by the fact that the

observed tuning curve is almost perfectly symmetric, which is automatically the case

when solely duty-cycle variations are assumed. Equation (3.18) gives the height of

the side lobes, and it indicates that a real-valued ζ̃s has a first-order effect on

the side lobe strength, whereas an imaginary-valued ξ̃s has only a second-order

effect. Therefore, it is possible to make a good estimate of {ζ̃s} from the measured

side lobe strengths alone. For example, from the measured ±6th side lobes in

Fig. 3.6, it is found that ζ̃7 ≈ 0.049, corresponding to the amplitude function

A(x) = A0[1 + 0.049 cos(6 1
2 × 2πx

L )]. Assuming an average duty-cycle of 50%, the

9.8% variation in the amplitude function A(x) corresponds to a duty-cycle variation

between 36% and 64%. We thus find that the potential effect of duty-cycle variations

on the tuning curve is relatively weak compared to the potential effect of poling

phase deformations.

One might wonder whether or not it is possible to retrieve all deformation coef-

ficients from a measurement of the tuning curve η̂(φ). In general, it is not possible

to do this inversion. For example, a sign-flip of all an and dn coefficients will not

change the outcome of the measurement. The large number of free parameters in

the deformation model possibly limits the amount of retrievable information even

further. Under some assumptions on the nature of the deformations, like the ones

on duty-cycle variation discussed above, more stringent requirements on the ampli-
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tudes of the deformations apply. Whatever the assumptions, the observed tuning

curve always corresponds to a Fourier analysis of the amplitude function A(x) and

the poling phase function Φ(x). Non-sinc-like features in the tuning curve η̂(φ)

around the nth side minimum must correspond to variations in A(x) and Φ(x) with

a typical period of L/n.

Finally, we summarize the above-described analysis on the nature and strength

of the poling deformations. The approximate symmetry in Fig. 3.6 indicates that

all bn ≈ 0. The measurement also proves that some cn coefficients must be nonzero

as some pairs of side lobes are lowered symmetrically at both sides of the main

peak. In order to fully explain the observed symmetry in the tuning curve, it is also

needed that either all an ≈ 0 or all dn ≈ 0. We assume that an ≈ 0, as we suppose

that any realistic duty-cycle deformation mechanism would not distinguish between

the cn and dn coefficients. We thus conclude that the poling deformations in the

investigated PPKTP crystal comprise duty-cycle variations only. The stronger sixth

side lobes in Fig. 3.6 correspond to a periodic 9.8% peak-to-peak variation in the

amplitude function A(x) = sin(π × dutycycle).

It is likely that the origin of the variations of the duty-cycle lies in the fabrica-

tion process of PPKTP. The process for the fabrication of the domain pattern is

based on electric field poling [112]. An important issue during the patterning pro-

cess is domain broadening [109, 113]. The amount of domain broadening directly

determines the duty-cycle, and hence domain broadening is likely to be the origin

of the small deformations that we observe. Our observation in Sec. 3.4.1, that the

poling deformations are the same at any z position of the pump beam, is consis-

tent with the observation of Rosenman et al. [113], that domain broadening occurs

dominantly in the first few microns close to the electrical contacts needed for the

poling production.

3.6 Conclusions

We have demonstrated three different methods to measure the tuning curve of a pe-

riodically poled KTiOPO4 crystal (PPKTP), utilizing the processes of spontaneous

parametric down-conversion (SPDC) and second harmonic generation (SHG). The

three methods concern a measurement of the angular intensity pattern of collinear

SPDC light, the spectrum of SPDC light, and the temperature-dependent conver-

sion efficiency in SHG. We have shown that the three methods are fully consistent,

and that the outcomes are in agreement with current knowledge of KTP’s material

properties. We refer to the observed fringe pattern in the tuning curve as Maker

fringes [100]. The angular intensity pattern of SPDC light directly visualizes the

Maker fringes. We therefore consider this method to be an ideal tool to quickly

characterize the poling quality.
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The observed angular intensity pattern in SPDC exhibits two interesting as-

pects. First, we have observed that the fringe pattern is slightly elliptical, which is

caused by the birefringence of KTP. The observed ellipticity of 5.5% is in excellent

agreement with current knowledge of KTP’s birefringence. Secondly, we observe

that the images exhibit a small degree of fringe blurring and an offset intensity of

about 0.15%. These two observations can possibly be explained by a small degree

of scattering from the crystal, predominantly in near-forward directions.

Our measurements of the Maker fringes contain essential information about

slowly varying deformations of the poling structure. These large scale imperfections

of the poling structure manifest themselves as deformations of the tuning curve close

to the point of perfect phase matching. We have developed a Fourier analysis for

these deformations. An important ingredient of the analysis is the subdivision of

the crystal into “building blocks”, each block comprising two consecutive domains

with opposite poling. The Fourier analysis distinguishes between variations of the

poling phase, i.e., the longitudinal displacement of the blocks, and variations of the

poling duty-cycle that are related to the composition of the building blocks. We give

explicit expressions for the tuning curve, depending on the Fourier coefficients of

the deformations. Our measurements of the tuning curve exhibit small non-sinc-like

features. It is proven that these deviations can not be explained by slowly varying

deformations of the poling phase alone. We show that the observed features are

probably caused by variations of the poling duty-cycle alone. A specific feature in

the observed tuning curve corresponds to a variation of the duty-cycle between 36%

and 64%.

We have measured the angular intensity pattern of SPDC light for various pump

positions on the crystal. The measurements reveal a uniformity in both transverse

directions, as some prominent features in the fringe pattern are present at any

pump position. Closer inspection, however, reveals a very small variation of the

fringe pattern along the y direction of the crystal. We do not observe any variation

of the fringe pattern along the z direction. The ferroelectric poling structure is

fabricated via low temperature electrical poling, by applying a periodic electrode

pattern on one of the polar z surfaces of the crystal. We conclude that the poling

deformations must originate from close to the electrodes and remain uniform along

the z direction of the crystal.
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4Engineering of two-photonspatial quantum 
orrelationsbehind a double slit
This chapter demonstrates the engineering of spatially entangled two-photon states

behind a double slit by tailoring the incident pure two-photon state. We experi-

mentally characterize many different two-photon states by measuring their complete

two-photon interference patterns in the far field of the double slit. Spatial entangle-

ment right behind the double slit can reside in either the modulus or the phase of

the two-photon field. The balance between these two types of entanglement is fully

controlled by experimentally utilizing the phase-front curvatures of the pump beam

and the phase-matching profile. We project either a far-field image or a magni-

fied near-field image of the two-photon source onto the double slit. Our theoretical

analysis shows how the two-photon interference pattern behind the double slit ef-

fectively acts as a phase-sensitive probe of the incident two-photon field profile. We

thus present phase-sensitive measurements of the generated two-photon field profile

probed in an image plane of the two-photon source.

W. H. Peeters, J. J. Renema, and M. P. van Exter, Engineering of two-photon

spatial quantum correlations behind a double slit, Physical Review A 79, 043817

(2009)

(Selected for the Virtual Journal of Quantum Information, May 2009)

65



4. ENGINEERING OF TWO-PHOTON SPATIAL QUANTUM CORRELATIONS BEHIND A DOUBLE SLIT
4.1 Introduction

Two photons are spatially entangled if their spatial degrees of freedom, residing

in the phase space of transverse position and transverse momentum, are quan-

tum correlated. This form of entanglement can be easily generated via the non-

linear process of spontaneous parametric down-conversion (SPDC), where a sin-

gle pump photon splits into a pair of down-converted photons [59, 68]. Spatial

quantum correlations between two photons have played a pivotal role in many

landmark experiments on fourth-order spatial interference [7, 23], ghost imaging

and ghost interference [52, 68, 114, 115], quantum lithography [30, 116], and or-

bital angular-momentum entanglement [16,117]. Other experiments have addressed

wave-particle complementarity [25,29] and duality of one-photon and two-photon in-

terferences [27–29,78]. Identification of spatial entanglement has been demonstrated

via combined position-momentum measurements [118, 119] and a recent violation

of Bell inequalities [120,121].

Spatial entanglement created via SPDC is of a high-dimensional form, and the

spatial Schmidt modes are generally quite complicated [9]. This spatial structure

becomes less complicated by projecting each photon onto an array of holes. Be-

hind a double slit, for example, the spatial entanglement exists between two trans-

mitted photons of which each photon resides in a two-dimensional Hilbert space

spanned by the upper slit and lower slit modes. Two-photon transmission through

a double slit has been demonstrated with both indistinguishable [27, 29] and dis-

tinguishable photons [24–26, 28, 30–35]. Extensions to high-dimensional forms of

entanglement have been realized by using multi-slit apertures [122–125]. Methods

for characterizing spatial entanglement behind a double slit have been demonstrated

in Refs. [32, 33, 35].

To set the stage for further discussion, we restrict ourselves to double-slit illu-

mination schemes that obey mirror symmetry with respect to the optical axis. The

transmitted two-photon state then takes the form

|Ψ2ph〉 = cos (α/2)

( |↑↓〉 + |↓↑〉√
2

)

+ eiϕ sin (α/2)

( |↑↑〉 + |↓↓〉√
2

)

, (4.1)

where | ↑〉 and | ↓〉 represent transmissions through the upper slit and lower slit,

respectively, and where α and ϕ represent the state parameters. In principle, the

above expression covers a large variety of two-photon spatial quantum correlations

behind a double slit.

Experiments so far have addressed only a subclass of all two-photon states rep-

resented by Eq. (4.1). In many papers [24–29,32, 33, 35, 122–125], the double slit is

positioned far away from the two-photon source where transmission is dominated

by photons emerging from opposite slits so that 0 ≤ α ≤ 1
2π. Some of these papers
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have demonstrated how to control α within this range [28,29,33,125]. The opposite

case, where both photons emerge from the same slit and α = π, has been realized

by positioning the double slit very close to the two-photon source [30,34]. This two-

photon state plays a central role in the field of quantum lithography [116]. Until

now, parameter α has not been tuned within the range 1
2π ≤ α ≤ π. No attention

has been paid to the experimental tuning of ϕ either, and most experiments seem

to operate at ϕ ≈ 0. Yet, it is known that ϕ is highly relevant for the degree and

type of spatial entanglement behind the double slit [33]. One could, for example,

consider a maximally entangled state at α = ϕ = 1
2π where the entanglement re-

sides in the phase rather than the modulus of the two-photon field right behind the

double slit [126].

In this chapter we demonstrate full control over the state parameters α and ϕ.

We achieve this by tailoring the imaging system in between the two-photon source

and a single double slit. We switch between two imaging schemes: the near-field

imaging scheme and the far-field imaging scheme. The near-field imaging scheme

images (a plane close to) the two-photon source onto the double slit. We will call

ϕ the curvature phase because we control this phase by utilizing the phase front

curvatures of both the phase-matching profile and the pump beam profile. We

characterize more than 30 different two-photon states by measuring their complete

two-photon interference patterns in the far field of the double slit. Our theoretical

analysis provides a direct connection between the incident two-photon field profile

and the state parameters α and ϕ. We show that the two-photon interference

pattern behind the double slit effectively acts as a phase-sensitive probe of the

incident two-photon field profile.

In our experiments, we use frequency degenerate SPDC in a periodically poled

crystal where the signal and idler photons have the same polarization (type-I

SPDC). Hence, the obtained spatial quantum correlations exist between indistin-

guishable photons. Our theoretical analysis, however, also applies to type-I SPDC

in a uniform crystal and type-II SPDC in a periodically poled crystal. The analy-

sis in this chapter can thus also be used to engineer spatial quantum correlations

between distinguishable photons.

The chapter is organized as follows. The first theoretical part in Sec. 4.2 de-

scribes how to engineer two-photon spatial quantum correlations behind the double

slit. We describe how parameters α and ϕ depend on the incident two-photon

field for the far-field and near-field imaging schemes. The second theoretical part

in Sec. 4.3 describes one-photon and two-photon interferences behind the double

slit. Section 4.4 describes the experimental apparatus. The experimental results

can be found in Sec. 4.5. The tuning of the two-photon state is illustrated with a

number of measured two-photon interference patterns. The observed one-photon

and two-photon interference patterns are compared with theory. The chapter ends
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with a concluding section and a discussion on the possibility to tune two-photon

spatial quantum correlations in a higher-dimensional Hilbert space. The Appendix

discusses the validity of our engineering model for various types of phase matching.

4.2 Theory: Two-photon state engineering

4.2.1 Electromagnetic field behind double slit

The electromagnetic field behind a double slit is considered. We assume the field

to be the response to an incident quasimonochromatic two-photon field in a pure

state. Transmission through the double slit can happen in three ways: either both

photons come through, one photon comes through and the other one is blocked, or

both photons are blocked. The density matrix of the electromagnetic field behind

the double slit can thus be written as

ρ̂out = P0|vac〉〈vac| + P1ρ̂1p + P2|Ψ2ph〉〈Ψ2ph|, (4.2)

where the first term represents vacuum, the second term represents a mixed one-

photon field (one photon blocked), and the third term represents a pure two-photon

field (both photons transmitted). Equation (4.2) emphasizes that experiments in-

volving a single detector depend on both the one-photon component and the two-

photon component.

We now direct our attention to the two-photon part |Ψ2ph〉 of the transmitted

state. Each photon can pass the double slit through either the upper or lower slit.

We will denote these two spatial modes by | ↑〉 and | ↓〉, respectively. The most

general form of the two-photon part of the transmitted state can thus be written as

|Ψ2ph〉 = c1|↑↑〉 + c2|↑↓〉 + c3|↓↑〉 + c4|↓↓〉, (4.3)

where the two Hilbert spaces belong to the two photons. We will now restrict

ourselves to illumination setups that obey mirror symmetry with respect to the

optical axis (see Fig. 4.1). This symmetry implies that c1 = c4 and c2 = c3 so that

reversal of all arrows leaves the quantum state unaltered. With this restriction, the

most general form of the two-photon state becomes

|Ψ2ph〉 = cos (α/2)

( |↑↓〉 + |↓↑〉√
2

)

+ eiϕ sin (α/2)

( |↑↑〉 + |↓↓〉√
2

)

, (4.4)

being a coherent superposition of two states that we will denote as antipaired and

paired. In the antipaired state the two photons emerge from opposite slits. In the

paired state the photons stick together and emerge from the same slit, being either

the upper slit or the lower slit. Figure 4.2 shows how the two-photon state can be
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Figure 4.1: Detection part of the double-slit setup supporting the theoretical framework in
Secs. 4.2 and 4.3.

depicted as a point on a two-particle Bloch sphere. We call ϕ the curvature phase

because it depends on the phase-front curvature of the incident two-photon field

(details in Secs. 4.2.2-4.2.5).

The quantum state in Eq. (4.4) represents a spatially entangled qubit pair,

where the quantum information of each photonic qubit is encoded in its spatial

properties. The degree of entanglement within a qubit-pair is often quantified via

the concurrence [127,128]. For our case, the concurrence becomes [33]

C =

√

1 − sin2(α) cos2(ϕ). (4.5)

On the two-qubit Bloch sphere of Fig. 4.2, the concurrence equals the distance from

the point on the sphere to the vertical axis of the sphere. Quantum states on the

horizontal equator (ϕ = ±π/2) are maximally entangled regardless the value of α.

Quite remarkably, until now, hardly any attention has been paid to the experimental

tuning of ϕ. This chapter describes how to tune both α and ϕ.

In our experiments, the two photons are not distinguishable by their energy

or polarization. Probabilistic separation is achieved with a beam splitter behind

the double slit (see Fig. 4.1). The spatial quantum correlations are detected after

post selection on simultaneous clicks of two detectors in the output ports of the

beam splitter. The events in which the photons are reflected or transmitted in pairs

are discarded. The experiments could fairly easily be extended to distinguishable

spatially entangled photons by using type-II SPDC in a periodically poled crystal

(see Sec. 4.2.3).

4.2.2 Quantum state engineering

The main point of this chapter is to demonstrate full control over the two-photon

state behind the double slit as given by Eq. (4.4). We thus need to describe how α

and ϕ depend on the incident quasimonochomatic pure two-photon state |Ψin〉. The
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Figure 4.2: Bloch-sphere representation of a two-qubit state |Ψ2ph〉 that is restricted to the
two-dimensional expression shown above. The states |Φ+〉 and |Ψ+〉 are two of the four
maximally entangled Bell states. The indicated two-photon visibilities V12 = cos(α) and
Vcon = sin(α) cos(ϕ) directly relate to the position on the sphere. The concurrence of |Ψ2ph〉
is given by C =

√
1 − V 2

con. The two-qubit state is thus maximally entangled on the horizontal
equator.

incident state is fully characterized by the two-photon field profile in the double-slit

plane,

Aslits(x1, x2) ≡ 〈vac|Ê(+)
slits(x1)Ê

(+)
slits(x2)|Ψin〉. (4.6)

The operator Ê
(+)
slits(x) is the positive frequency electric field operator at transverse

position x in the double-slit plane. The two-photon field profile can be interpreted

as the complex probability amplitude for simultaneous detection of one photon at

position x1 and the other photon at transverse position x2.

The two-photon field profile behind the double slit is just the sampled ver-

sion of the incident two-photon field profile. We now assume that the slits are

narrower than any spatial structure of the incident two-photon field profile. The

transmitted two-photon state is then fully characterized by four complex ampli-

tudes Aslits(±d,±d), where 2d is the slit separation. Because of the assumed mirror

symmetry with respect to the optical axis we have Aslits(d, d) = Aslits(−d,−d) and
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Aslits(d,−d) = Aslits(−d, d). The first pair of two-photon amplitudes corresponds

to paired photons, and the latter pair corresponds to antipaired photons. The co-

efficients of the transmitted two-photon state in Eq. (4.4) can thus be associated

with the incident two-photon field profile via

p ≡ eiϕ tan
(α

2

)

=
Aslits(d, d)

Aslits(d,−d)
. (4.7)

Here, we have defined p as the engineering parameter, which fully determines the

transmitted two-photon state. Equation (4.7) plays a central role in this chapter

because it describes the relationship between the incident two-photon field profile

and the two-photon state behind the double slit.

4.2.3 Incident two-photon state

In this section we calculate the incident two-photon field profile for a two-photon

state produced via the nonlinear process of SPDC. We consider frequency degenerate

SPDC in the low-conversion regime with cw pumping along the positive z direction.

The nonlinear crystal has two parallel planar facets in transverse xy planes separated

by length L. We assume the divergence of the pump beam to be small such that the

Rayleigh range is much larger than the crystal length. The pump photon has energy

~ωp, and the signal and idler photons each has approximately energy ~ω0 = 1
2~ωp.

The phase-matching condition is essential for the precise form of the generated

two-photon field profile. All equations derived below are based on noncritical type-

I phase matching. Noncritical phase matching is generally applied in periodically

poled crystals, and it means that the pump beam is orientated along a principal axis

of the crystal. However, in the Appendix we show that our analysis also applies to

noncritical type-II as well as critical type-I phase matching. In the latter case, the

transverse walk-off distance of the pump should be much smaller than the pump

beam diameter, which can be achieved by sufficiently loose focusing of the pump.

The first step toward quantum state engineering is to calculate the two-photon

field profile in the crystal-center plane. Following Ref. [69], we write for the mo-

mentum representation of this two-photon field profile

Ãcrys(q1,q2) ∝ Ẽp(q1 + q2)ξ̃(q1 − q2), (4.8)

where the tilde symbol indicates the spatial Fourier transform, Ẽp(q) is the mo-

mentum representation of the pump profile in the crystal-center plane, and q1,2 are

the transverse wave vectors of the two photons. The phase-matching profile is

ξ̃(∆q) = sinc

(

φ0 +
L|∆q|2
8n0ω0/c

)

, (4.9)
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where sinc(x) ≡ sin(x)/x, L is the crystal length, and n0 is the refractive index at

the down-converted frequency. The φ0 term accounts for the phase mismatch in

forward direction.

The second step is to calculate the propagation from the crystal toward the

double slit. The propagation of the two-photon field profile is described via

Aslits(x1,x2) =

∫∫

Acrys(x
′,x′′)h(x1,x

′)h(x2,x
′′)dx′dx′′, (4.10)

where h(x,x′) is the (classical) electric field propagator [129] from the crystal to

the double slit at angular frequency ω0. The two-photon field profile remains fac-

torized after propagation through any paraxial ABCD lens system. Therefore, it

is convenient to think of the pump profile and the phase-matching profile as two

separately propagating profiles. The two-photon field profile at any position z along

the optical axis can thus be written as

A(x1,x2; z) ∝ Ep,z

(

x1 + x2

2
; z

)

ξz

(

x1 − x2

2
; z

)

, (4.11)

where Ep,z(x; z) is the pump beam, ξz(x; 0) ≡ ξ(x), and ξz(x; z) is the phase-

matching profile propagated at angular frequency ωp from the crystal center to

position z.

In the final step, we calculate the engineering parameter p from Eq. (4.7). This

calculation requires a one-dimensional description of the incident two-photon field

profile. Below, we argue why it is allowed to single out one transverse dimension in

Eq. (4.11) for the imaging schemes that we use. It may, however, not be concluded

that a one-dimensional treatment is permitted for any general imaging scheme.

The problem is that the phase-matching profile ξz(x; z) does not factorize in two

functions for the two transverse dimensions. The pump beam Ep,z(x; z), which

we will assume to have a Gaussian profile, nicely factorizes in the two transverse

directions.

In the far-field imaging scheme [see Fig. 4.3(b)], the slit separations that we

use are much smaller than the phase-matching profile. The phase-matching profile

is thus approximately constant in the region of the slits, and the two-photon field

scales with the pump profile. Singling out one dimension is thus allowed for the

far-field imaging scheme.

Our near-field imaging scheme [see Fig. 4.3(a)] is based on an astigmatic form of

imaging, where lens 1 is a cylinder lens and lens 2 is a standard lens. This astigmatic

form of imaging produces only a crystal image in the direction perpendicular to the

slits (x direction), while it retains the far-field image in the direction parallel to the

slits (y direction). The size of the phase-matching profile along the x direction is

now similar to the slit separation, whereas the profile is much more extensive along
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Figure 4.3: Two schemes for quantum state engineering. (a) Near-field imaging: a plane inside
or close to the crystal is imaged onto the double slit. The two engineering parameters are the
magnification M ≡ f2/f1 and the longitudinal position ∆z of lens 1. The illustration shows
∆z = 0, where the front focal plane of lens 1 coincides with the crystal center. (b) Far-field
imaging: the far field of the crystal, which is pumped by a Gaussian beam, is imaged onto
the double slit. The two engineering parameters are the pump divergence θp and longitudinal
position of the pump waist s.

the y direction. Furthermore, detection occurs via projection on round detection

modes that are much smaller than the phase-matching profile along y direction in

the double-slit plane (2.1 mm versus 9.2 mm full width at half maximum intensity).

The incident two-photon field profile is thus probed only around qy ≃ 0, and singling

out the x dimension is allowed.

4.2.4 Near-field imaging scheme

Our near-field imaging scheme can produce any two-photon state on the left hemi-

sphere of the two-qubit Bloch sphere (see Fig. 4.2). The working principle is that

the crystal is imaged onto the double slit. For collinear phase matching (|φ0| ≪ π),

the two photons leave the crystal from approximately the same transverse position,

and they arrive in the same way at the double slit [130]. Hence, the two-photon

state behind the double slit is dominated by the paired contribution.

The near-field imaging scheme is shown in Fig. 4.3(a). The pump beam is weakly

focused in the crystal-center plane. A plane close to the crystal center, i.e., within

the Rayleigh range of the pump beam, is imaged onto the double slit with two

lenses. The double slit is positioned in the back focal plane of the second lens;
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the corresponding object plane then coincides with the front focal plane of the first

lens. The precise position of the object plane can now be tuned by moving the

first lens longitudinally. We call this displacement the defocus distance ∆z, where

∆z = 0 if the object plane coincides with the crystal-center plane, and ∆z > 0 for

an increased distance between lens and crystal. The magnification of the imaging

system is M ≡ f2/f1, where f1 and f2 are the focal lengths of the first and the

second lens, respectively. The slit separation is 2d.

The profile at the double slit is just the magnified version of the two-photon

field profile in the object plane. The engineering parameter p, which completely

determines the two-photon state behind the double slit via Eq. (4.7), becomes

p =

A

(

+d

M
,
+d

M
; ∆z

)

A

(

+d

M
,
−d

M
; ∆z

) , (4.12)

where A(x1, x2; z) is the two-photon field profile of Eq. (4.11). Note that the object

plane inside the crystal has actually moved over a distance n0∆z. For convenience,

we have used the propagation length ∆z instead of n0∆z. This choice implies that

A(x1, x2; z) must be treated as a two-photon field profile that has propagated over

a distance z through an imaginary medium with refractive index n = 1.

It is important to realize that the phase-matching profile ξz(x; ∆z) is much

narrower than the pump profile Ep,z(x; ∆z). As a consequence, d/M is much smaller

than the waist of the pump beam in the relevant range of operation. Therefore, we

can approximate the engineering parameter via

p =

Ep,z

(

d

M
; ∆z

)

ξz(0; ∆z)

Ep,z(0; ∆z)ξz

(

d

M
; ∆z

) ≈ ξz(0; ∆z)

ξz

(

d

M
; ∆z

) . (4.13)

The argument and the absolute value of p are determined by the phase front cur-

vature of ξz(x; ∆z) and amplitude variations of ξz(x; ∆z), respectively.

By using the expression for the phase-matching profile in Eq. (4.9), we find the

explicit expression

p =

∫

sinc
(

φ0 + x2
)

exp(−ibx2)dx
∫

sinc
(

φ0 + x2
)

exp(−ibx2 − iax)dx

, (4.14)

where sinc(x) ≡ sin(x)/x and φ0 is the phase mismatch. The dimensionless param-
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eters

a ≡ 2d

M
√

Lc/(n0ωp)
, (4.15)

b ≡ ∆z

L/(2n0)
, (4.16)

are the scaled slit separation and the scaled defocus distance, respectively. The

two-photon state behind the double slit can be engineered by tailoring parameters

a and b. Unfortunately, there is no simple analytic expression for the integrals in

Eq. (4.14).

We can gain physical intuition for the influence of a and b on parameter p by

considering two general properties of the phase-matching profile ξz(x; z). First, the

phase front of ξz(x; z) is flat at the crystal center. This flatness causes parameter p

to be real valued for ∆z = 0 making the curvature phase ϕ = 0. Second, |p| > 1 at

any ∆z, as the maximum of ξz(x; z) stays at the optical axis during propagation.

Numerical evaluations show that 98% of the left hemisphere of the two-qubit Bloch

sphere is covered by varying a ∈ [0, 8] and b ∈ [−6, 6]. These evaluations also show

that the coverage can be brought arbitrarily close to 100% for larger ranges of a

and b.

4.2.5 Far-field imaging scheme

Our far-field imaging scheme can produce any two-photon state on the right-hand

hemisphere of the two-qubit Bloch sphere (see Fig. 4.2). The working principle

is that the far field of the crystal is imaged onto the double slit. The photons

propagate with approximate opposite transverse momenta, so the photons arrive

at approximate opposite transverse positions in the double-slit plane. Hence, the

two-photon state behind the double slit is dominated by the antipaired contribution.

The far-field imaging scheme is shown in Fig. 4.3(b). The crystal is pumped

with a weakly focused Gaussian beam with divergence θp defined via Ẽp(θωp/c) ∝
exp(−θ2/θ2

p). The waist of the pump beam lies at a distance s in front of the crystal

center. The far field of the crystal is symmetrically imaged onto the double slit by

a lens with focal length f2. The slit separation is 2d.

It is important to realize that the far-field pump profile Ẽp(q) is much narrower

than the far-field phase-matching profile ξ̃(q). As a consequence, d/f2 is much

smaller than the divergence of the phase-matching profile in the relevant range of
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operation. Therefore, the engineering parameter p can be approximated via

p =

Ẽp

(

dωp

f2c

)

ξ̃(0)

Ẽp(0)ξ̃

(

dωp

f2c

) ≈
Ẽp

(

dωp

f2c

)

Ẽp(0)
, (4.17)

where the first equality is found by combining Eqs. (4.7), (4.8), and (4.10).

Insertion of the described pump profile yields the explicit expression

p = exp

[

−
(

d

f2θp

)2 (

1 +
is

zR

)

]

, (4.18)

where zR ≡ 2c/(θ2
pωp) is the Rayleigh range of the pump beam. From this expression

it is clear that any two-photon state with |p| < 1 can be produced by tailoring the

divergence of the pump beam θp and its waist location s. These two-photon states

lie on the right-hand hemisphere of the two-qubit Bloch sphere in Fig. 4.2.

4.3 Theory: Interference behind the double slit

4.3.1 State determination by two-photon interference

This section describes how we analyze the engineered two-photon state. We show

that the two-photon interference pattern in the far field of the double slit serves

as a fingerprint of the quantum state described by Eq. (4.4). Figure 4.1 shows the

geometry of the detection setup. The far field of the double slit is formed in the

back focal plane of a lens with focal length f . The two photons are probabilistically

separated by a beam splitter (see Sec. 4.2.1). Two detectors are positioned in the

far-field planes formed in the two output ports of the beam splitter.

In the limit of narrow slits, the coincidence count rate in the far field of the

double slit becomes [33]

Rcc(x1, x2) ∝ 1 + Vdiff cos (φ1 − φ2)

+Vsum cos (φ1 + φ2)

+Vcon [cos(φ1) + cos(φ2)] , (4.19)

where the interslit phase differences φi relate to the detector positions xi via φi =

2dω0xi/fc, where 2d is the slit separation and ~ω0 is the energy of each photon.

76



4.3. THEORY: INTERFERENCE BEHIND THE DOUBLE SLIT
The coefficients are given by

Vdiff = cos2(α/2), (4.20)

Vsum = sin2(α/2), (4.21)

Vcon = sin(α) cos(ϕ), (4.22)

where we call Vsum the visibility in the sum of coordinates and Vdiff the visibility in

the difference of coordinates. Coefficient Vcon relates to the fringe pattern in the sin-

gle count rate conditioned on transmission of the second photon through the double

slit. Therefore, we call Vcon the conditional one-photon visibility. Note that Vcon is

allowed to become negative and that this sign has a clear and measurable physical

meaning. It is just for convenience that we incorporate the sign of sin(α) cos(ϕ) in

what we call the conditional one-photon visibility.

The visibilities in the sum and difference of coordinates obey Vdiff + Vsum = 1.

It is convenient to remove this redundancy and use only one quantity. Therefore,

we define

V12 ≡ Vdiff − Vsum = cos(α), (4.23)

as the two-photon visibility difference. The interference pattern of Eq. (4.19) is now

determined by just two quantities being V12 and Vcon.

The far-field two-photon interference pattern serves as a fingerprint of the two-

qubit state. State parameter α is determined by V12 = cos(α) and state parameter

|ϕ| is then determined by Vcon = sin(α) cos(ϕ). The two-qubit Bloch sphere in

Fig. 4.2 graphically connects these visibilities to the two-photon state: the in-plane

horizontal coordinate is V12 and the vertical coordinate is Vcon. The sign of ϕ,

indicating whether the state is on the front or rear side of the sphere, cannot be

determined from the two-photon interference pattern. This sign, however, has lim-

ited physical meaning as the two-photon interference pattern, anywhere behind the

double slit, is invariant under sign reversal of ϕ.

The experimental visibilities can easily be expressed in terms of the engineering

parameter p, which characterizes the two-photon state behind the double slit via

Eq. (4.7). By combining Eqs. (4.7), (4.22) and (4.23), we find

V12 =
1 − |p|2
1 + |p|2 , (4.24)

Vcon =
p + p∗

1 + |p|2 , (4.25)

enabling us to explicitly predict the outcome of the experiments based on the cal-

culated parameter p.
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4.3.2 Interpretation of the two-qubit Bloch sphere

The two-qubit Bloch sphere in Fig. 4.2 is a graphical representation of a pure two-

qubit state that is restricted to the indicated linear superposition of two Bell states.

All possible two-photon states on this sphere share a common Schmidt basis [33,83].

These Schmidt states are located on the north and south poles of the sphere, being

|η+〉|η+〉 and |η−〉|η−〉, respectively, where |η±〉 ≡ 1√
2

(| ↑〉 ± | ↓〉). The concurrence

C is thus directly related to the vertical coordinate Vcon on the sphere. By combining

Eqs. (4.5) and (4.22) we find [33]

C =
√

1 − V 2
con. (4.26)

The physical interpretation of Eq. (4.26) is simple. If the photon pair is strongly

entangled (C ≃ 1), the spatial state of each individual photon is necessarily mixed

and cannot produce a strong interference pattern on its own (Vcon ≃ 0). In the

opposite case of an approximately nonentangled state (C ≃ 0), the state of each

individual photon is almost pure and produces strong interference (Vcon ≃ 1).

The sphere provides a clear graphical interpretation of a well-known comple-

mentarity relation between between V12 and Vcon. By combining Eqs. (4.22) and

(4.23) it is easily shown that [131,132]

V 2
12 + V 2

con ≤ 1, (4.27)

or, after inserting Eq. (4.26),

V 2
12 ≤ C2. (4.28)

The stronger the entanglement, the larger |V12| is allowed to become. The abso-

lute two-photon visibility difference |V12| determines the correlation strength of the

transverse positions of the photons right behind the double slit. Absence of this

type of correlation, however, does not imply absence of entanglement because the

entanglement could also reside in the phase rather than the modules of the two-

photon field profile [126]. Inequality (4.27) becomes an equality for two-photon

states with zero curvature phase (ϕ = 0).

The two-qubit Bloch sphere also suggests the existence of a third visibility,

Vp ≡ sin(α) sin(ϕ) =
−i(p − p∗)

1 + |p|2 , (4.29)

being the coordinate along the “out of paper” direction. Together with V12 and

Vcon, this third coordinate forms an exact complementarity relation

V 2
12 + V 2

p = C2. (4.30)
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In the fully entangled case, where C = 1 and Vcon = 0, a projective measurement on

photon A provides all quantum information on photon B. The basis in which this

quantum information is obtained depends on the character of the entanglement. At

V12 = ±1 and Vp = 0, a projection of photon A in the slit basis |↑〉, |↓〉 provides full

“which path” information on photon B. At V12 = 0 and Vp = ±1, photon A must

be projected onto the states |↑〉 ± i|↓〉 to obtain which path information on photon

B. It is yet unclear how to experimentally determine the third coordinate Vp.

4.3.3 One-photon interference

We consider the pattern of the total intensity in the far field of a double slit that

is illuminated with a pure two-photon state. The visibility of this fringe pattern

is called the unconditional one-photon visibility Vunc. The unconditional and con-

ditional one-photon visibilities generally differ from each other because Vcon solely

depends on the two-photon component behind the double slit, whereas Vunc also

depends on the one-photon part. The electromagnetic field behind the double slit

is often even dominated by the one-photon part, i.e., P1 > P2 in Eq. (4.2).

For symmetric double-slit illumination, the intensity profile in the far-field plane

of the double slit (see Fig. 4.1) is of the form

I(x) ∝ 1 + Vunc cos(φ), (4.31)

where the interslit phase difference φ relates to the detector position x via φ =

2dω0x/fc. Equation (4.31) implicitly defines the unconditional one-photon visibility

Vunc. The second-order correlation function at the slits determines Vunc via [133]

Vunc =
G(1)(d,−d)

G(1)(d, d)
. (4.32)

The outcome of this equation is real valued due to the assumed illumination sym-

metry of the setup. Like the conditional one-photon visibility, we have defined the

unconditional one-photon visibility such that it can become negative.

To calculate Vunc, we need the second-order correlation function in the plane of

the double slit. The second-order correlation function in a transverse plane can be

calculated via [61]

G(1)(x1,x2; z) ∝
∫

A∗(x1,x; z)A(x2,x; z)dx, (4.33)

where A(x1,x2; z) ≡ 〈vac|Ê(+)(x1; z)Ê(+)(x2; z)|Ψin〉 is the two-photon field profile

and |Ψin〉 is a pure monochromatic two-photon state associated with light propa-

gating along the optical axis. Equation (4.33) has a broader range of validity than
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an alternative method based on the Van Cittert-Zernike theorem [78]. The latter

theorem can only be used beyond the Rayleigh range of the two-photon source, and

the two-photon source should be sufficiently spatially incoherent. The validity of

Eq. (4.33) is retained close to the two-photon source, even for partially coherent

(realistic) two-photon sources.

As a first case, we calculate Vunc for the near-field imaging scheme that is treated

in Sec. 4.2.4 and shown in Fig. 4.3(a). By combining the generated two-photon

field in Eqs. (4.8) and (4.9), the propagation to the double slit [Eq. (4.10)], and the

formulas for the unconditional one-photon visibility in Eqs. (4.32) and (4.33), we

find

Vunc,cr =

∫

sinc2
(

φ0 + x2
)

exp(iax)dx
∫

sinc2
(

φ0 + x2
)

dx

, (4.34)

where sinc(x) ≡ sin(x)/x and a is the (dimensionless) scaled slit separation defined

in Eq. (4.15). Again, we have assumed the pump profile to be much wider than the

phase-matching profile. Unfortunately, there is no simple analytic expression for

the integrals in Eq. (4.34).

As a second case, we consider the far-field imaging scheme that is treated in

Sec. 4.2.5 and shown in Fig. 4.3(b). By combining Eqs. (4.8), (4.10), (4.32), and

(4.33) we find

Vunc,ff = exp

[

−1

2

(

d

f2θp

)2 (

1 +
s2

z2
R

)

]

, (4.35)

where 2d is the slit separation, θp is the pump divergence, and zR ≡ 2c/(θ2
pωp) is

the Rayleigh range of the pump beam. Again, we have assumed the far-field phase-

matching profile to be much wider than the far-field pump profile. For this far-field

imaging case, Eq. (4.35) can also be obtained via the Van Cittert-Zernike theorem.

4.3.4 Duality between unconditional one-photon interference and two-photon

interference

The relationship between unconditional one-photon interference and (conditional)

two-photon interference was studied earlier in Refs. [27–29, 78]. Saleh et al. [78]

theoretically pointed out that there exists a profound duality between the two phe-

nomena if far-field imaging is applied. In this section, we show how this duality

manifests itself in our model. We find new duality relations that apply to our far-

field imaging scheme, and we point out that the precise form of the duality relations

strongly depends on the applied imaging scheme.

We consider far-field imaging [see Fig. 4.3(b)] with a pump beam that is loosely

focused in the crystal-center plane (s = 0). For this specific imaging scheme we find
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that p = V 2

unc,ff by comparing engineering parameter p in Eq. (4.18) with Vunc in

Eq. (4.35). By inserting p into via Eqs. (4.24) and (4.25), we directly find duality

relations

V12 =
1 − V 4

unc,ff

1 + V 4
unc,ff

(4.36)

Vcon =
2V 2

unc,ff

1 + V 4
unc,ff

(4.37)

which strictly correspond to the specified imaging geometry. Equations (4.36) and

(4.37) describe how the unconditional intensity pattern serves as a fingerprint of

the two-photon state.

In other imaging geometries, the duality relations become generally different or

might even be multivalued. For example, the duality between V12 and Vunc,ff was

reported differently in Eq. (3.16) in Ref. [78] because the authors assumed a top-hat-

shaped flat pump profile inside the crystal instead of a Gaussian-shaped flat pump

profile. As another example, no one-to-one duality relations exist for the near-field

imaging scheme [see Fig. 4.3(a)]. If near-field imaging is applied, some values of

Vunc individually correspond to multiple values of V12 and Vcon (see Fig. 4.6).

4.4 Experimental apparatus

4.4.1 General information

A schematic representation of the experimental apparatus is shown in Fig. 4.4.

This apparatus can implement the near-field imaging scheme as well as the far-

field imaging scheme. The working principles of these two imaging schemes are

explained in Secs. 4.2.4 and 4.2.5. The technical details of the apparatus are given

in Secs. 4.4.2 and 4.4.3.

4.4.2 Experimental apparatus in front of double slit

Photon pairs are generated via collinear spontaneous parametric down conversion

(SPDC) in a periodically poled KTiOPO4 (PPKTP) crystal. The conversion is such

that pump, signal, and idler waves have the same linear polarization. We pump the

crystal with a continuous-wave y-polarized Gaussian beam propagating along the z

direction (laser: Kr+, 200 mW at 413.1 nm). We operate in the quasimonochromatic

limit by applying detection behind narrow-band spectral filters (∆λ = 5 nm at

826.2 nm). The crystallographic x axis of the PPKTP is oriented along z direction

(pump direction) and the crystallographic z axis is oriented along the y direction

(poling direction). The crystal is L = 5.09 mm long, 1 mm thick in y direction,
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Figure 4.4: Schematic representation of the experimental apparatus. The down-converted
light propagates from the crystal to the double slit via either the near-field imaging scheme
(with cylinder lens) or the far-field imaging scheme (without cylinder lens). The longitudinal
position of the cylinder lens can be adjusted. The two-photon interference pattern in the far
field of the double slit is measured by scanning the fiber holders transversely. The two fiber
holders are identical and consist of a single-mode (SM) fiber and an objective. The &-symbol
represents the detection of simultaneous photon arrivals.

and 2 mm wide in x direction. The pump beam is absorbed behind the crystal by

a GaP wafer that is antireflection coated for 826 nm.

It is important to know the phase mismatch φ0 because it strongly affects the

engineering parameter p in the near-field imaging scheme [see Eq. (4.14)]. For our

5-mm-long crystal, the temperature dependence of the phase mismatch is measured

to be ∂φ0

∂T = 1.059 ◦C−1 [134]. The phase-match temperature is found to be T0 =

(60.39 ± 0.04) ◦C from measurements of the temperature-dependent spectrum of

the SPDC light in forward direction. All double-slit experiments are performed

at a temperature T = (60.70 ± 0.01) ◦C corresponding to a phase mismatch of

φ0 = 0.33 ± 0.05.

We illuminate the symmetric and centered double slit either with a centered far-

field image of the source using an f-f imaging system (far-field imaging scheme) or a

centered magnified image of the crystal by adding an extra cylinder lens (near-field

imaging scheme). The double slit is positioned at 80 cm from the crystal center, and

the fixed far-field imaging lens with focal length f2 = (400 ± 1) mm is positioned

halfway. The removable cylinder lens with focal length f1 produces a sharp image of

the crystal-center plane only in the direction perpendicular to the slits; the cylinder

lens leaves the imaging in the parallel direction unaffected. The cylinder lens can

be moved further away from the crystal by an amount that we call the defocus

distance ∆z. The y-oriented slits are created by wire electrical discharge machining

in a phosphor bronze plate.

Some size parameters of the experimental apparatus are adjustable in order to
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be able to engineer many different two-photon states behind the double slit. In the

near-field imaging scheme, we adjust the slit separation 2d, the focal length of the

cylinder lens f1, and the defocus distance ∆z. In the far-field imaging scheme, we

adjust the slit separation 2d, the pump divergence θp, and the distance from the

pump waist to the crystal center s.

We have used six double-slit apertures with slit separations of

{313, 510, 600, 758, 950, 1400} µm, all values with ±15 µm uncertainty. The

corresponding slit widths are {138, 150, 193, 135, 235, 225} µm. We used three

different cylinder lenses with focal lengths of 12.7, 19.0, and 25.4 mm, all values

with ±2% uncertainty. The defocus distance is varied between −0.20 and 3.30 mm.

The null position of ∆z corresponds to the point where the front focal plane

coincides with the crystal center. This position is calibrated to a precision of

±0.04 mm by reflecting a reference beam, which is backwardly focused in the

primary focal plane of the cylinder lens on the front and rear crystal facets

(reversed autocollimation). For the far-field imaging experiments with s = 0, we

used three different pump divergences 0.73, 1.31, and 2.27 mrad, all values with

10% uncertainty. Some measurements have been performed with pump waists in

front of the crystal such that s 6= 0.

4.4.3 Experimental apparatus behind double slit

The two photons behind the double slit are probabilistically separated with a beam

splitter behind the double slit. The events where the photons are both reflected or

both transmitted are discarded (see Sec. 4.2.1). A lens with focal length f = 400 mm

is positioned between the double slit and the beam splitter. The lens images the

far field of the double slit onto two intermediate detection planes in the two output

ports of the beam splitter.

Detection occurs via projection onto the mode profiles of two single-mode fibers.

In the double-slit plane, the centered Gaussian detection modes have (loose) waist

diameters of 2.1 mm for each mode (full widths at half maximum intensity). Corre-

spondingly, the detection modes have waist diameters of 70 µm in the intermediate

detection planes (full widths at half maximum intensity). The finite size of the detec-

tion modes does not affect the observed fringe visibility because the field projection

is phase sensitive, and the period of the two-photon fringe pattern is at least 240 µm

which is more than three times larger than the width of the detection modes. The

two-photon interference pattern is measured by scanning two computer-controlled

detection stages transversely. Each detection stage comprises the fiber tip and an

objective with an effective focal length of 8 mm. The detection modes thus only

move in the far field of the double slit, while their intensity profiles remain fixed in

the double-slit plane.

The single-mode fibers are coupled to single-photon counting modules (Perkin-
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Figure 4.5: Various measured two-photon interference patterns in the far field of a double slit.
Measurements (a)-(c) are obtained with the near-field imaging scheme and (d)-(f) are obtained
with the far-field imaging scheme. Measurements (c) and (f) have nonzero curvature phase.
The slit separation is 1.40 mm for measurements (a)-(d), 0.95 mm for measurement (e), and
0.76 mm for measurement (f). The indicated coincidence count rates have been corrected for
accidental coincidences.

Elmer SPCM-AQR-14-FC). Simultaneous photon detections are registered by co-

incidence electronics. The applied gate time of our pulse correlator is τg =

(1.73 ± 0.01) ns. If two photons from different photon pairs are detected within

this time window, it is fallaciously registered as a coincidence count. The count

rate of these so-called accidental counts is

Rac = R1R2τg, (4.38)

where R1 and R2 are the raw single count rates in detector 1 and detector 2, respec-

tively. The “real” coincidence count rate is obtained by subtracting the accidental

count rate from the measured coincidence count rate. In our experiments, the acci-

dental count rate typically accounts for about 10 % to 45 % of the rawly-measured

coincidence count rate. The photon count integration time is 1 s for each pixel of

the measured two-photon interference patterns.
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4.5 Experimental results

4.5.1 General information

In this section we demonstrate the engineering of many different two-photon states

behind the double slit. Each two-photon state is characterized via a measurement of

the two-photon interference pattern in the far field of the double slit. The interfer-

ence patterns provide the conditional one-photon visibility Vcon and the two-photon

visibility difference V12 for each two-photon state. The manner in which these vis-

ibilities relate to the engineered two-photon state is graphically indicated on the

two-qubit Bloch sphere in Fig. 4.2. The intensity fringe patterns are also recorded.

These yield the unconditional one-photon visibility Vunc. The analysis and tuning

of the two-photon interference pattern are discussed in Sec. 4.5.2. Quantitative

comparison with theory is performed in Secs. 4.5.3-4.5.6.

4.5.2 Analysis and tuning of two-photon interference patterns

Six examples of measured two-photon interference patters are shown in Figs. 4.5(a)-

4.5(f). This selection covers a whole range of different double-slit imaging types.

The upper row is measured with the near-field imaging scheme, and the lower row

is measured with the far-field imaging scheme. The left column contains the two

extreme cases where the slit separation is large compared to the coherence width of

the down-converted light at the double slit. The central column is measured with

slit separations similar to the coherence width. The right-hand column is measured

with a certain amount of defocusing, meaning that either ∆z 6= 0 for the near-field

imaging scheme or s 6= 0 for the far-field imaging scheme.

The general form of the two-photon interference pattern, given by Eq. (4.19),

allows for an insightful interpretation of the fringe visibilities. The three visibili-

ties Vsum, Vdiff and Vcon become isolated after projections on the +45◦ diagonal,

the −45◦ diagonal, and the horizontal axis, respectively. Mathematically, these

projections result in

R+45◦(x1 + x2) ∝ 1 + Vsum cos

(

x1 + x2

xs/2π

)

, (4.39)

R−45◦(x1 − x2) ∝ 1 + Vdiff cos

(

x1 − x2

xs/2π

)

, (4.40)

R0◦(x1) ∝ 1 + Vcon cos

(

x1

xs/2π

)

, (4.41)

where xs is the fringe period for coherent light at the down-converted wavelength.

In order not to deform the projection, it is important to select an integer number

of fringe periods in the direction orthogonal to the projection axis. Each fringe
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pattern has been analyzed by fitting these three projections after including the

effect of limited angular diffraction due to the finite slit width [33]. The two-photon

visibility difference is then found via its definition V12 ≡ Vdiff − Vsum. The sum

Vdiff + Vsum = 1 is automatically obeyed if the experimental apparatus is aligned

properly.

In the far-field imaging scheme, the two photons arrive at approximately opposite

positions in the double-slit plane. Hence, two-photon transmission is dominated

by the antipaired two-photon component causing V12 to be positive. One quickly

recognizes that the lower three interference patterns have positive V12 because the

fringes projected on the −45◦ diagonal are more distinct than the fringes projected

on the +45◦ diagonal. The extreme case, where the slit separation is large compared

to the pump divergence, is shown in Fig. 4.5(d). This two-photon state is almost

completely antipaired as we find V12 = (96 ± 1)%. Paired two-photon transmission

can be increased by increasing the pump divergence relative to the slit separation.

Such an increase has been applied to situation (e) where the fringe orientation is

hardly visible and V12 = (25 ± 3)%.

The tuning of V12 in the near-field imaging scheme is analogous. The photons

arrive at approximately equal positions in the double-slit plane. Hence, two-photon

transmission is dominated by the paired two-photon amplitude, causing V12 to be

negative. The extreme case is shown in Fig. 4.5(a), where the slit separation is large

compared to the size of the magnified phase-matching profile. The corresponding

two-photon state is almost completely paired and we determine V12 = −(96 ±
1)%. The antipaired two-photon transmission can be enhanced by increasing the

magnification of the imaging system or reducing the slit separation. In situation

(b), the slit separation is reduced to about the size of the magnified phase-matching

profile ξz

(

x
M ; ∆z = 0

)

resulting in V12 = −(89 ± 1)%.

The conditional one-photon visibility can be interpreted as the fringe visibility

produced by each individual photon of the transmitted pair. By projecting the two-

photon fringe pattern on the horizontal axis, it is easily recognized that patterns (a)

and (d) have Vcon ≈ 0. The conditional one-photon visibility is close to 100% for

pattern (e). Patterns (b) and (f) feature Vcon < 0 because each of these two patterns

has a minimum in the center of the image. The other four patterns have centered

maxima corresponding to Vcon ≥ 0. Calibration of detector positions x1,2 = 0

is performed via measurements of the coincidence count rate without double slit.

Patterns (b) and (f) correspond to two-photon states on the lower hemisphere of

the two-qubit Bloch sphere in Fig. 4.2.

Patterns (c) and (f) are special because they have nonzero curvature phase

ϕ. Such configurations can only be achieved with defocused two-photon imaging,

meaning that ∆z 6= 0 for near-field imaging or s 6= 0 for far-field imaging. The

characterizing feature of defocusing is the emergence of a checkerboardlike pattern.
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Figure 4.6: Measured visibilities obtained with the near-field imaging scheme of Fig. 4.3(a) at
∆z = 0, for various reduced slit separations 2d/M . The theoretical two-photon visibilities V12

and Vcon are calculated via Eqs. (4.24) and (4.25) for the two-photon state with engineering
parameter p from Eq. (4.14). The theoretical curve for the unconditional one-photon visibility
Vunc is calculated via Eq. (4.34). The uncertainty in the theoretical curves, indicated by finite
curve widths, originates from the uncertainty in the phase mismatch φ0 = 0.33 ± 0.05. No fit
parameters are used for the theoretical curves.

This changes the topology of the interference pattern by splitting the dark curves

of zero coincidences into patches of low coincidence counts. A checkerboardlike

pattern reduces the conditional one-photon visibility so that the two-photon state

is brought closer to the horizontal equator of the two-qubit Bloch sphere.

The degree of entanglement is directly related to the conditional one-photon

visibility via Eq. (4.26). Maximum entanglement manifests itself as Vcon = 0 and

a total absence of separability of the interference pattern in horizontal and vertical

directions. Patterns (a) and (d), on one hand, correspond to maximally entangled

states as these have zero conditional one-photon visibility. Pattern (e), on the

other hand, corresponds to an almost nonentangled two-photon state as the pattern

almost factorizes.

The curvature phase is highly relevant for the degree of entanglement. Pattern

(c), for example, has V12 = −0.14 ± 0.01 which is rather close to zero, and, at the

same time, it is strongly entangled with a concurrence of C = 0.906 ± 0.008. Such

combination is only possible if the curvature phase is nonzero. The curvature phase

is |ϕ| = (64.7±1.0)◦ for pattern (c). The entanglement has almost fully “migrated”

from the modulus to the phase of the two-photon field profile right behind the

double slit [126].
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4.5.3 Near-field imaging at ϕ = 0

This section presents the experimental results obtained with the near-field imaging

scheme of Fig. 4.3(a) with zero defocus ∆z = 0. We only vary the reduced slit

separation 2d/M , where M is the magnification of the imaging system. Working

at zero defocus, we expect to engineer two-photon states with zero curvature phase

ϕ = 0. Figure 4.6 depicts the measured visibilities V12, Vcon, and Vunc versus the

reduced slit separation. The vertical error bars are based on the internal errors and

scan resolutions of the two-photon interference patterns. The theoretical curves for

V12 and Vcon are based on Eqs. (4.24), (4.25), and (4.14). The theoretical curve for

Vunc is a plot of Eq. (4.34). We observe good agreement between experiment and

theory.

The three plots in Fig. 4.6 contain a wealth of information. First of all, the shape

of each curve is directly related to the phase-matching profile of the periodically

poled crystal. Our theoretical curves are based on the sinc-shaped phase-matching

profile in momentum representation [see Eq. (4.9)]. The observed agreement be-

tween experiment and theory means that the phase-matching profile is indeed sinc

shaped in its momentum representation. Second, we observe that Vcon and Vunc

are negative for some values of the reduced slit separation. Negativity of these

parameters means that we observe minima instead of maxima in the centers of the

measured interference patterns. Finally, we observe that Vcon and Vunc are different

from each other. For the near-field imaging scheme, there is no one-to-one duality

relation between these visibilities like there is for the far-field imaging scheme [see

Eq. (4.37)]. Interestingly, the experiments prove that Vunc can be zero, while the

two-photon state behind the double slit is not maximally entangled for the same

geometry (Vcon 6= 0).

Closer inspection of Fig. 4.6 indicates that the majority of the measurements

seem to be slightly on the right-hand side of the theoretical curves. We do not

know the origin of this systematic error for certain, but a suspicious parameter is

the phase mismatch φ0. It was determined to be φ0 = 0.33±0.05 from measurements

of the SPDC spectrum. However, if we would plot the theoretical visibilities using

φ0 = 0.65 we would observe excellent agreement between theory and measured

visibilities. This means that a systematic error of only 0.3 ◦C in the phase-matching

temperature would already explain the observed small systematic difference between

experiment and theory.

In Fig. 4.7 the engineered two-photon states are depicted as points in a square

with V12 and Vcon along the axes. The points on the left half plane correspond

to the measurements from the near-field imaging scheme. The measurements are

in excellent agreement with the complementarity relation V 2
12 + V 2

con = 1 that is

predicted for two-photon states with zero curvature phase ϕ = 0.

Previously, of the two-photon states with V12 < 0, only the fully paired two-
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Figure 4.7: Measured visibilities of engineered two-photon states with zero curvature phase
ϕ = 0. The two-photon states on the left side are prepared with the near-field imaging scheme
in Fig. 4.4(a) at ∆z = 0. The two-photon states on the right are prepared with the far-field
imaging scheme in Fig. 4.4(b) at s = 0. The annotated measurements correspond to fringe
patterns in Fig. 4.5. The exterior of the circle is forbidden by the complementarity relation
V 2

con + V 2
12 ≤ 1. Figure 4.2 graphically indicates how Vcon and V12 relate to the engineered

two-photon state.

photon state had been prepared by positioning a double slit with large slit separation

very close to the crystal [30,34,125]. We now demonstrate that the fully paired two-

photon state can also be prepared by imaging the two-photon source onto a double

slit. To the best of our knowledge, two-photon states corresponding to −1 < V12 < 0

or Vcon < 0 have never been prepared before. Our experiments with the near-field

imaging scheme are the first phase-sensitive measurements of the two-photon field

structure in the image plane of the crystal center. Our measurements of Vunc in

this regime are measurements of the second-order coherence function in the image

plane of the crystal center.

4.5.4 Far-field imaging at ϕ = 0

We present the experimental results obtained with the far-field imaging scheme of

Fig. 4.3(b) with zero defocus (s = 0), where we expect to engineer two-photon

states with zero curvature phase ϕ = 0. We only vary the relative slit separation

2d/(2f2θd), where 2f2θd is the diameter of the pump beam in the double-slit plane.
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Figure 4.8: Measured visibilities obtained with the far-field imaging scheme of Fig. 4.3(b)
at s = 0 for various configurations of the slit separation 2d relative to the Gaussian pump
diameter in the double-slit plane 2f2θp. The theoretical two-photon visibilities V12 and Vcon

are calculated via Eqs.(4.24) and (4.25) for the two-photon state with engineering parameter
p from Eq. (4.18). The expected curve for the unconditional one-photon visibility Vunc is
calculated via Eq. (4.35). No fit parameters are used for the theoretical curves.

Figure 4.8 depicts the measured visibilities V12, Vcon, and Vunc versus the relative

slit separation. The horizontal error bars are determined by the 10% uncertainty

in the pump divergence. The vertical error bars are based on the internal error and

scan resolution of the two-photon interference patterns. The theoretical curves for

V12 and Vcon are based on Eqs. (4.24), (4.25), and (4.18). The theoretical curve for

Vunc is a plot of Eq. (4.35).

We observe excellent agreement between theory and the measured visibilities.

For small slit separations we observe that the two-photon visibility difference V12 ≈
0, meaning that the moduli of the paths of the two photons are hardly correlated.

We also observe that these states are approximately nonentangled because Vcon ≈
1. For larger slit separations V12 approaches 1, indicating that the concurrence

increases, and Vcon goes down. Furthermore, we observe that the conditional and

the unconditional one-photon visibilities are different from each other. Interesting

is the observation that the curves for Vcon and Vunc cross each other. This crossing

has neither been predicted nor observed before. It is in agreement with the duality

relation of Eq. (4.37).

Each engineered two-photon state can be depicted as a point in a square with

V12 and Vcon along the axes. This representation is visualized in Fig. 4.7, where the

points on the right half plane correspond to our measurements from the far-field

imaging scheme. The measurements are in excellent agreement with the comple-

mentarity relation V 2
12 + V 2

con = 1 that is predicted for two-photon states with zero
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Figure 4.9: Measured visibilities of two-photon states engineered with the near-field imaging
scheme of Fig. 4.3(a) at increasing defocus ∆z. The series contains measurements at eight
equidistant displacements of the cylinder lens ranging from ∆z = −(0.20 ± 0.04) mm to
∆z = (3.30±0.04) mm at the annotated measurement (c). The theoretical curve is calculated
via Eqs. (4.24) and (4.25) with engineering parameter p from Eq. (4.14). The points on
the theoretical curve (diamonds) relate to the measured points in the indicated order. The
uncertainty of the theoretical curve originates from the phase mismatch ∆φ0 = 0.33 ± 0.05
and a ±3% uncertainty in the reduced slit separation 2d/M . The annotated measurement
corresponds to fringe pattern (c) in Fig. 4.5.

curvature phase ϕ = 0. Previously, an experimental demonstration of complemen-

tarity was performed by Abouraddy et al. [29], albeit with less accuracy.

4.5.5 Near-field imaging at nonzero curvature phase

Two-photon states with nonzero curvature phase have been engineered with the

near-field imaging scheme in Fig. 4.3(a) at nonzero defocus distance ∆z 6= 0. A

plane slightly behind the crystal center is imaged onto the double slit. Due to

the propagation away from the crystal-center plane, the phase-matching profile

ξz(z; ∆z) has developed a certain wave-front curvature. This wave-front curvature

causes the curvature phase ϕ to become nonzero. The curvature phase is highly

relevant for the two-photon interference pattern behind the double slit. The char-

acterizing feature of two-photon states with 0 < |ϕ| < π is that V 2
12 + V 2

con < 1,

implying that these states are located in the interior of the complementarity circle.

The curvature phase is also relevant for the degree of entanglement.
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Figure 4.9 shows the two-photon visibilities V12 and Vcon of eight two-photon

states that are engineered with the near-field imaging scheme at increasing defocus

distance ∆z. For this series, we have used a reduced slit separation of 2d/M =

(44.5±1.3) µm and eight equidistant values of ∆z. We observe that the two-photon

state at ∆z ≈ 0 has approximately zero curvature phase, as this measurement lies

on the complementarity circle V 2
12 + V 2

con = 1. For increasing defocus, we observe

that the two-photon states obtain nonzero curvature phases, as their two-photon

visibilities lie in the interior of the complementarity circle.

The theoretical curve, including its uncertainty region, is calculated from the

engineering parameter p given by Eq. (4.14). The visibilities V12 and Vcon are then

derived via Eqs. (4.24) and (4.25). The wiggly nature of the theoretical curve

in Fig. 4.9 originates from the Fresnel-type integrals in the equation for p. We

observe reasonable agreement between theory and experiment. All the more so, a

strong resemblance is found when considering the relative orientation of two points

within any pair of successive measurement points. This resemblance is striking

because these relative orientations are quite erratic while the defocus distance ∆z

is increased over equidistant values.

The measurements in Fig. 4.9 are the first phase-sensitive measurements of the

two-photon field structure in an image of a plane close to the crystal center, i.e.,

within the Rayleigh range of the phase-matching profile ξz(x; z).

4.5.6 Far-field imaging at nonzero curvature phase

Two-photon states with nonzero curvature phase have also been engineered with

the far-field imaging scheme in Fig. 4.3(b) at s 6= 0. The phase front of the pump

beam in the double-slit plane is curved now because the pump waist is located in

front of the nonlinear crystal. The wave-front curvature of the pump beam in the

double-slit plane causes the curvature phase ϕ to become nonzero. States with

nonzero curvature phase have V 2
12 + V 2

con < 1 implying that such states are located

in the interior of the complementarity circle. The curvature phase is relevant for

the two-photon interference pattern as well as the degree of entanglement.

Figure 4.10 shows the two-photon visibilities V12 and Vcon of six two-photon

states that are engineered with the far-field imaging scheme with s 6= 0. We observe

that the two-photon state behind the double slit has nonzero curvature phase as the

states lie inside the complementarity circle. We also demonstrate that it is possible

to reach the lower hemisphere of the two-qubit Bloch sphere (Vcon < 0 in Fig. 4.2)

by altering the pump beam. Two-photon states on the lower hemisphere have never

been prepared before.
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Figure 4.10: Measured visibilities of two-photon states engineered with the far-field imaging
scheme of Fig. 4.3(b) at pump beam defocus s 6= 0. The annotated measurement corresponds
to fringe pattern (f) in Fig. 4.5.

4.6 Conclusion

This chapter demonstrates the engineering and characterization of spatially entan-

gled two-photon states behind a double slit that is symmetrically illuminated with

a pure two-photon state. Engineering is achieved by tailoring the optical imaging

system in between the two-photon source and the double slit. We have discussed

a near-field imaging scheme where the two-photon source itself is imaged onto the

double slit. The curvature phase ϕ has also been introduced. It is shown that ϕ

is highly relevant for the two-photon interference pattern as well as the degree of

entanglement behind the double slit. State characterization is achieved by perform-

ing measurements of the complete two-photon interference pattern in the far field

of the double slit.

The presented analysis of two-photon state engineering is complete for illumina-

tion systems within the following three restrictions. First, we consider illumination

schemes and double slits that obey mirror symmetry around the optical axis (see

Sec. 4.2.1). Second, we assume slits that are narrower than the transverse coherence

width of the illumination (see Sec. 4.2.2). Third, the two-photon source is based

on any type of SPDC in a periodically poled crystal or type-I SPDC in a uniform

crystal provided that the transverse walk-off of the pump beam is negligible with

respect to its width (see Sec. 4.2.3 and Appendix).
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For a symmetric setup and narrow slits, the two-photon state behind the double

slit becomes a coherent superposition of a paired state, where the photons emerge

form the same slit, and an antipaired state, where the photons appear from opposite

slits. The relative phase between both contributions is the curvature phase ϕ. The

absolute balance between the paired and antipaired components is described by

state parameter α.

It is demonstrated how to engineer any two-photon state in this form. The

paired two-photon component dominates if the near-field imaging scheme is used.

The antipaired two-photon component dominates if the far field of the source is

imaged onto the double slit. The precise balance between the paired and antipaired

components is controlled by tailoring the magnification properties of these imaging

systems. The curvature phase ϕ is fully controlled by utilizing the phase-front

curvatures of the pump profile Ep,z(x; z) and phase-matching profile ξz(x; z). The

phase-matching profile governs the engineered two-photon state in the near-field

imaging scheme. The pump profile governs the engineered two-photon state in the

far-field imaging scheme.

We have shown that the two-photon interference pattern in the far field of the

double slit serves as a fingerprint of the engineered two-photon state. The pattern

directly yields the one-photon visibility Vcon and the two-photon visibility difference

V12. These visibilities conveniently relate to the position on the two-qubit Bloch

sphere that we have presented to graphically depict any engineered two-photon

state. This sphere is also highly convenient to read off the concurrence.

We have engineered and characterized more than 30 different two-photon states.

Good agreement between measurements and theory is observed. Two-photon states

exhibiting strong curvature phase, states with Vcon < 0, and states with −1 < V12 <

0 have never been prepared before. Our experiments with the near-field imaging

scheme are phase-sensitive measurements of the two-photon field structure in an

image of a plane close to the crystal center, i.e., within the Rayleigh range of the

phase-matching profile ξz(x; z).

Using the near-field imaging scheme, we have presented measurements of the

unconditional one-photon visibility Vunc in an image plane of the crystal center. In

the far-field imaging scheme, we have demonstrated the duality between Vcon and

Vunc for Gaussian pump profile that is loosely focused in the crystal-center plane.

The experimental results are in agreement with theory.

4.7 Discussion: tuning in high-dimensional Hilbert space

In this chapter, the tuning range of the engineered two-photon states has been

restricted to a two-dimensional Hilbert space spanned by two out of four maximally

entangled Bell states [see Eq. (4.4)]. However, spatially entangled two-photon states
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generated via SPDC allow for tuning in much higher-dimensional Hilbert space. We

will now discuss some experimental tuning parameters that remained untouched in

this chapter.

The entire four-dimensional Hilbert space of Eq. (4.3) becomes accessible if one

allows asymmetric illumination schemes with distinguishable photons. The coeffi-

cients c1 and c4 become uncoupled by allowing asymmetric illumination schemes.

Such asymmetry could be achieved by applying an asymmetric pump profile or by

moving the double slit transversely to a noncentered position. The coefficients c2

and c3 become uncoupled if one uses distinguishable photons in combination with

an asymmetric illumination scheme. Distinguishable spatially entangled photons

can be produced via type-II SPDC in a periodically poled crystal [31, 34, 115] or

by using two double-slit apertures positioned in the two output ports of a beam

splitter. An experiment where c2 = −c3 has been demonstrated in Ref. [31] by

placing birefringent crystals in front of the double slit.

One can also turn to multidimensionally entangled two-photon states by using

multi-slit apertures [122–125]. To tune between different multidimensionally entan-

gled states, one could use a variable pump profile based on a spatial light modu-

lator. Another interesting tuning parameter is the temperature-dependent phase

mismatch φ0 of the periodically poled crystal. The analysis in this chapter may

serve as a good starting point to make the extension to quantum state engineering

of multidimensionally entangled two-photon states.
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4.9 APPENDIX: Validity of the model for various phase-matching

geometries

The theoretical analysis in this chapter is based on noncritical type-I phase matching

(see Sec. 4.2.3). In this Appendix, however, we show that the analysis also applies

to noncritical type-II as well as critical type-I phase matching. Noncritical phase

matching is generally applied in quasi-phase-matched processes, and critical phase

matching is generally applied in uniform crystals.

We will first give expressions for the two-photon field profile in the crystal-center

plane for various phase-matching geometries. We consider a nonlinear crystal with

two parallel planar facets in transverse xy planes. For the critically phase-matched

cases treated below, the crystallographic optical axis lies in the positive yz plane.
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Following Refs. [69] and [89] we use a generic quasimonochromatic expression for

the two-photon field profile in the crystal-center plane.

Ãcrys(q1,q2) ∝ Ẽp(q1 + q2)sinc
[

1
2L∆kz(q1,q2)

]

, (4.42)

where sinc(x) ≡ sin(x)/x, and the wave-vector mismatch

∆kz(q1,q2) = kz(q1 + q2, ωp, σp) − kz(q1, ω0, σ1)

−kz(q2, ω0, σ2) −
(

2πΛ−1
)

, (4.43)

where kz(q, ω, σ) is the z component of the wave vector of a plane wave with trans-

verse wave vector q, angular frequency ω, and polarization σ. The fourth term

between parentheses does not apply to uniform crystals; it only applies to periodi-

cally poled crystals where Λ is the poling period. All other symbols are defined in

Sec. 4.2.3 of the main text. Equation (4.42) is valid for any type of phase matching

as it is based on a simple plane-wave expansion. The Taylor expansion of Eq. (4.43)

up to second-order becomes approximately

∆kz(q1,q2) ≈ C+
|q−|2

4n0ω0/c
+















0 for noncritical type-I and type-II,

−ρ[q+]y for critical type-I (e → oo),

+ 1
2ρ[q+ − q−]y for critical type-II (o → oe),

(4.44)

where C is the wave-vector mismatch in the forward direction, q± ≡ q1 ± q2, n0

is the refractive index at the down-converted frequency, and ρ is the walk-off angle

for extraordinary-polarized light (ρ > 0 if directed away from the crystallographic

optical axis). We have omitted the relatively small direction, frequency, and polar-

ization dependencies of the refractive index in all second-order terms. We have also

omitted the frequency dependence of the walk-off angle ρ.

In the noncritically phase-matched case, above equations directly lead to

Eqs. (4.8) and (4.9) describing the generated two-photon field profile in the main

text of this chapter. We therefore conclude that the analysis in this chapter ap-

plies to all noncritically phase-matched SPDC processes. For noncritical type-II

phase matching, one can easily add the polarization dependence of the refractive

index to the phase-matching profile in Eq. (4.9) of the main text by substitut-

ing n0 for 2n1n2/(n1 + n2), where n1 and n2 are the refractive indices of the two

down-converted photons.

For critical type-I phase matching, a linear term appears in the wave-vector

mismatch in Eq. (4.44). This linear term can be neglected if the pump beam

is sufficiently loosely focused; loose focusing causes the momentum representation

Ẽp(q+) to become compact such that it over-rules the much broader q+ dependence
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of ∆kz in Eq. (4.42). This criterion is met if the walk-off term 1

2Lρ[q+]y in the

argument of the sinc function is much smaller than a radian at a typical value of

[q+]y = 2/wp, where wp is the width of the Gaussian pump beam in real space

and 2/wp is the width of the pump beam in transverse momentum space. The

loose-focusing criterion thus becomes Lρ ≪ wp for critical type-I phase matching,

simply stating that the transverse walk-off distance Lρ must be much smaller than

the pump beam width. In Sec. 4.2.3, we have already assumed loose focusing

(Rayleigh range pump ≫ crystal length) in order to obtain simple expressions for

the engineering parameters in Eqs. (4.14) and (4.18). The loose-focusing criterion

Lρ ≪ wp for critical type-I phase matching is generally stronger.

For critical type-II phase matching, the linear term cannot be screened by loose

focusing. It is immediately clear from Eq. (4.44) that the linear term in [q−]y
affects Eq. (4.42) even if the momentum representation Ẽp(q+) is very compact.

It is therefore generally not correct to use Eqs. (4.8) and (4.9) for critical type-

II SPDC. Note, however, that even in this critical type-II case, our engineering

description remains valid if the slits are oriented in the y direction; the linear walk-

off term [q−]y becomes irrelevant if the transverse walk-off is directed along the

orientation of the slits.
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5Observation of two-photonspe
kle patterns
We report the observation of speckle patterns in quantum correlations within light

that is scattered by a disordered medium. The random medium is illuminated with

spatially entangled photon pairs, and fourth-order speckle patterns are spatially

resolved by two independently scanning detectors. Spatial entanglement gives two-

photon speckle a much richer structure than ordinary one-photon speckle. Our

experiments demonstrate that two-photon speckle from a surface scatterer and a

volume scatterer look entirely different.

W. H. Peeters, J. J. D. Moerman, and M. P. van Exter, Observation of two-photon

speckle patterns, Physical Review Letters 104, 173601 (2010)
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5. OBSERVATION OF TWO-PHOTON SPECKLE PATTERNS
5.1 Introduction

Optical speckle is the random interference pattern that is observed when coherent

radiation is scattered by a disordered scattering medium. The phenomenon has

been studied widely since the invention of the laser [41]. Textbook studies gen-

erally consider the scattered intensity, which can be regarded as the one-photon

probability density. Recently, the concept of speckle was theoretically extended to

the two-photon probability density, which is observable as the coincidence count

rate between two detectors [36]. The idea is to illuminate a random medium

with spatially entangled photon pairs, produced via spontaneous parametric down-

conversion (SPDC) [56,59,64,69], such that a two-photon speckle pattern is formed

in the coincidence count rate.

Two-photon speckle is of great interest for the research on multiple scattering of

nonclassical waves [36, 135–137]. The coincidence count rate is the key observable

when studying entangled states in random media, and two-photon speckle directly

visualizes the spatial structure of the entanglement in the scattered light. The

subject of two-photon speckle is related to a recent observation of spatial quan-

tum correlations in multiply scattered light [137]. In this observation, however,

only the spatially integrated power was measured. Until now, the structure within

spatial quantum correlations in multiply scattered light has remained unexplored.

Furthermore, two-photon speckle is important for the research on two-photon imag-

ing [52,66,78,114,138–140], in which random media have not been investigated thus

far.

In this chapter we report the experimental observation of two-photon speckle.

Spatially entangled photon pairs are scattered of random media, and quantum cor-

relations in the scattered light are spatially resolved by two independently scanning

detectors in the far field. First, we introduce a theoretical expression for the au-

tocorrelation function of the two-photon speckle pattern. Second, we present ex-

perimental two-photon speckle patterns for surface and volume scatterers, and we

demonstrate in which respect they are different. Finally, we discuss requirements

for the incident light necessary to generate two-photon speckle.

5.2 Theory

Figure 5.1 schematically depicts the experimental setup. A static linear scatter-

ing medium is illuminated with photon pairs that originate from a low-gain SPDC

source pumped by a continuous-wave laser with full spatial coherence. Detection oc-

curs quasimonochromatically in the far field of the scatterer in transmission geome-
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5.2. THEORY
Figure 5.1: Experimental scheme.

try∗. Scattered photons are probabilistically separated at a beam splitter, detected

by independently scanning single-photon counters, and correlated by coincidence

logic.

The transverse spatial properties of a pure spatially entangled photon pair are

described by the two-photon probability amplitude† [56]

A(x1,x2) ≡ 〈vac|Ê(+)(x1)Ê
(+)(x2)|Ψ〉, (5.1)

where Ê(+)(x) is the positive-frequency electric-field operator at transverse posi-

tion x. The profile A(x1,x2) is the complex probability amplitude for simultaneous

detection of one photon at transverse position x1 and the other photon at trans-

verse position x2. The coincidence count rate between two detectors thus scales as

R(x1,x2) ∝ |A(x1,x2)|2. Below, we refer to A(x1,x2) and R(x1,x2) as the two-

photon field and two-photon intensity, respectively. We will express the transverse

coordinates s1,2 in the far-field plane in terms of angles θ1,2 ≡ s1,2/fd, where fd is

the focal length of the far-field imaging lens (see Fig. 5.1).

The formation of two-photon speckle in the coincidence count rate occurs

via quantum interference in the randomly scattered two-photon field (theory in

Ref. [36]). Extending the analysis in Ref. [36], we concentrate on the average two-

photon speckle shape, which depends on both detector displacements in the far-field.

The speckle shape is contained in the autocorrelation function of the two-photon

speckle pattern

C(θ1, θ2; δθ1, δθ2) ≡ RFF

(

θ
−
1 , θ−

2

)

RFF

(

θ
+
1 , θ+

2

)

, (5.2)

∗ By quasimonochromatic we mean that the optical detection bandwidth ∆ν is small in compar-
ison with τ−1

scat, where τscat is the spread in scattering times. The two-photon speckle contrast
is expected to diminish for large bandwidth since the spatial electric-field propagator typically
varies over frequency intervals τ−1

scat .
† The sub-picosecond structure in the t2−t1 coordinate of the two-photon probability amplitude

is left out, because spatial-temporal correlations [64] will be absent within the applied optical
detection bandwidth ∆ν that is much smaller than the phase-matching bandwidth.

101



5. OBSERVATION OF TWO-PHOTON SPECKLE PATTERNS
where RFF (θ1, θ2) is the coincidence count rate in the far-field plane, and θ

±
1,2 ≡

θ1,2 ± 1
2δθ1,2. The bar denotes averaging over different realizations of disorder.

To arrive at a nice expression for the two-photon speckle autocorrelation function

C(θ1, θ2; δθ1, δθ2), we make two assumptions. First, we assume the opening angle

of the scattered light to be much wider than the diffraction angles associated with

the average two-photon intensity in the exit plane Rex(x1,x2) (strong-scattering

regime). Second, the scattered two-photon field is assumed to exhibit Gaussian

statistics∗. With these assumptions, Eq. (5.2) can be rewritten as (see appendix 5.8)

C(θ1, θ2; δθ1, δθ2) ≈ RFF(θ1, θ2)
2
[

1 +
∣

∣µ′(δθ−, δθ+)
∣

∣

2
]

, (5.3)

where the speckle shape function µ′(δθ−, δθ+) is expressed in a rotated basis where

δθ± ≡ 1√
2
(δθ1 ± δθ2). The key result is the speckle shape function

µ′(δθ−, δθ+) =
F

[

R′
ex(x−,x+)

]

(

kδθ−, kδθ+

)

F

[

R′
ex(x−,x+)

]

(

0, 0
)

, (5.4)

where F denotes the spatial Fourier transform, and k is the radial wavenumber

of a down-converted photon in vacuum. The average two-photon intensity in the

exit plane of the scatterer R′
ex(x−,x+) is expressed in a rotated basis where x± ≡

1√
2
(x1 ± x2), and x1,2 denote transverse positions of the photons in the exit plane.

The theoretical result in Eqs. (5.3)-(5.4) shows that the average shape of two-

photon speckle spots in the far field is Fourier related to the spatial structure of the

average two-photon intensity in the exit plane. Note that the two-photon speckle

size can be very different along the difference coordinate θ1 − θ2 and the sum

coordinate θ1 + θ2. The size of the speckle spots along the difference-coordinate

is inversely proportional to the distance between the photons in the exit plane,

whereas the size along the sum-coordinate depends on the sum-coordinate of the

photons in the exit plane.

Equations (5.3)-(5.4) have a well-known analog in ordinary one-photon speckle.

The one-photon speckle theorem assumes spatially coherent illumination, and it

states that the shape of one-photon speckle spots in the far field is Fourier related

to the average intensity in the exit plane [41]. The analogy is based on similarities

between the autocorrelation function of the electric-field amplitude E∗(x)E(x′) for

the one-photon case and the autocorrelation function of a pure two-photon proba-

bility amplitude A∗(x1,x2)A(x′
1,x

′
2) for the two-photon case†. The latter function

∗ This assumption is valid for high-dimensional entanglement and becomes approximate for
small Schmidt numbers (see Fig. 2 in Ref. [36])

† This analogy is different from a previously investigated duality between the first-order coher-
ence function and the two-photon probability amplitude [78, 138, 139]
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is closely related to the two-photon cross-spectral density function [141]. Both

functions mathematically denote two-photon field mixtures, either via a quantum

average (in Ref. [141]) or via different realizations of disorder (in our case).

5.3 Experimental setup

The experimental setup is depicted in Fig. 5.2. Photon pairs are generated via

SPDC in a cw-pumped collinear type-I geometry in a 5-mm-long periodically poled

KTiOPO4 crystal (pump 200 mW at 413 nm). The crystal center is imaged onto

the incident plane of the scatterer. Detection occurs via projection onto single-mode

fibers that are coupled to photon counters and coincidence logic (τgate = 1.73 ns).

Spatial resolution in the far-field planes is achieved with tight foci of the detection

modes (wdet = 140 µm). When the fiber holders are scanned transversely, the

detection modes move in their far-field planes but remain fixed in the exit plane of

the scatterer. The detectors are placed behind narrow band spectral filters such that

the experiment operates in the quasimonochromatic regime (5 nm at 826 nm). The

figures in this chapter show coincidence count rates that are corrected for accidental

coincidence counts. The generated two-photon field for our source is thoroughly

analyzed in Refs. [142, 143]. The Schmidt number of the spatial entanglement,

which quantifies the effective number of independent spatial modes, is K ≈ 83 [10].

Our experiments are designed to demonstrate the importance of the Fourier

relation for the two-photon speckle shape in Eqs. (5.3)-(5.4). Three different scatter

configurations are chosen (see Fig. 5.2). Configurations (a) and (b) represent surface

scatterers involving a single diffuser. Configuration (c) mimics a volume scatterer

comprising two diffusers positioned in one another’s far field. A surface scatterer

does not directly affect the transverse position of an incident photon. Hence, the

two-photon speckle shape will correspond to the strong positional correlations of

the incident light. A volume scatterer, on the other hand, is capable of moving a

photon transversely during the photon’s propagation from the incident plane to the

exit plane. As a consequence, the average positional correlation in the exit plane

will be smeared out, and the two-photon speckle shape is expected to be entirely

different. This is remarkable, since in the case of ordinary one-photon speckle,

speckle spots are identical for surface and volume scatterers [41].
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5. OBSERVATION OF TWO-PHOTON SPECKLE PATTERNS

Figure 5.2: Experimental setup. Scattered photons are probabilistically separated at a beam
splitter, collected by two single-mode (SM) fibers, and detected by photon counters and
coincidence logic. Three scatter configurations can be chosen (a)-(c). The full width at
half maximum scattering angle of each diffuser is 22 mrad. The indicated length scales are
wp = 160 µm, fc = 10 mm, and fd = 250 mm.

Figure 5.3: (a) Measured single count rate in the far field of a diffuser. (b) Measured coinci-
dence count rate in the same experiment. This two-photon speckle pattern is recorded while
keeping the position of detector 2 fixed. Panels (c) and (d) display the reference measurement.
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Figure 5.4: Measured two-photon speckle patterns recorded with two independently scanning
detectors. The patterns (a)-(c) directly correspond to scattering configurations (a)-(c) in
Fig. 5.2.

5.4 Experimental results

First, we discuss an experiment with one scanning and one fixed detector. The

experiment is performed in configuration (a) involving a single diffuser. Figures

5.3(a)-(b) show the single count rate and the coincidence count rate, respectively.

It is remarkable that speckle is only observed in the coincidence count rate. Because

of spatial entanglement, projection of the photon in the fixed detector corresponds to

a collapse of the other photon into a speckle pattern. The absence of any ordinary

one-photon speckle is consistent with the multimode character of the entangled

SPDC light. The reference experiment, in the absence of scattering, is displayed in

Figs. 5.3(c)-(d). The sharp peak in the coincidence count rate locates the mirrored

position of detector 2.

Second, we discuss experiments where the positions of both detectors are scanned

independently in a horizontal line (see Fig. 5.4). Only by scanning them both, one

gains knowledge about the size of the two-photon speckle spots along both the dif-

ference coordinate and the sum coordinate. The two-photon speckle patterns in

Figs. 5.4 (a)-(c) correspond to the three scattering configurations in Fig. 5.2. All

patterns obey mirror symmetry with respect to the diagonal due to the indistin-

guishability of the photons. Remarkable is the fact that the three patterns look

entirely different. The two-photon speckle spots are strongly elongated for the sin-

gle diffuser [Figs. 5.4(a) and 5.4(b)] while the spots are almost isotropic for the

volume scatterer [Figs. 5.4(c)].

In configuration (a) the two-photon source itself is imaged onto the diffuser.

The two photons arrive at approximate equal positions on the diffuser since they

are created in that way inside the nonlinear crystal. The two-photon intensity is

thus tight along the difference coordinate in the plane of the diffuser. In agreement

with the Fourier relationship in Eq. (5.4), two-photon speckle in Fig. 5.4(a) appears

elongated along the difference coordinate. In configuration (b) the far field of the
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two-photon source is imaged onto the diffuser, and the photons have approximately

opposite transverse positions. Accordingly, we observe two-photon speckle spots

that are elongated along the sum coordinate in Fig. 5.4(b). In configuration (c)

the second diffuser is illuminated with far-field patterns similar to Fig. 5.4 (a).

The average two-photon intensity is now wide in both x+ and x− directions. In

accordance, we observe two-photon speckle spots in Fig. 5.4(c) that are small along

both diagonal coordinates.

The orientation of the speckle spots in Figs. 5.4(a)-(b) and the isotropy in

Fig. 5.4(c) can be qualitatively understood via the Klyshko picture of two-photon

imaging [52,71]. This interpretation follows one detected photon backwards in time

to be converted into the second forward-propagating photon via a virtual reflection

at the nonlinear crystal. However, a quantitative understanding of the two-photon

speckle size requires detailed knowledge of the spatial and angular limitations of the

generating process [56, 69]; i.e., one needs the explicit expression for the generated

two-photon field for our source [142,143].

We now discuss a quantitative analysis of the two-photon speckle size for con-

figuration (a). Seven experimental speckle patterns yield average speckle sizes of

(0.44 ± 0.05) and (4.4 ± 0.2) mm along the sum diagonal and difference diago-

nal, respectively. The theoretical values are 0.41 and 5.4 mm as calculated from

Eqs. (5.3)-(5.4) and the generated two-photon field [142,143]. The confined dimen-

sion is in excellent agreement with theory while the elongated size is slightly smaller

than expected. We attribute this small disagreement to the fact that our experiment

does not fully operate in the strong-scattering regime assumed in Eqs. (5.3)-(5.4).

5.5 Discussion

Two-photon speckle becomes interesting only if the incident light contains multi-

mode spatial correlations. If the incident light were in a single spatial mode, any

scattered two-photon speckle pattern would factorize into the one-photon intensities

via R(θ1, θ2) ∝ I(θ1)I(θ2). This pattern obviously contains the same information

as the intensity pattern I(θ).

Correlations in thermal light cannot generate the nonfactorizable features in

Fig. 5.4. Thermal correlations are phase insensitive and are not affected by a diffuser

[66]. This is easily understood via the Klyshko-type picture for phase-insensitive

correlations, in which the crystal is replaced by a phase-conjugate mirror instead

of a real mirror [140]. Two-photon speckle is thus essentially different from ghost

imaging because the latter works fine with thermal light [138, 144]. The difference

stems from the fact that in our scheme both photons pass through the sample,

whereas in ghost imaging, one of the photons propagates through an empty reference

arm. The features in Fig. 5.4 require phase-sensitive correlations in the incident
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light [66]. These correlations are commonly generated via the nonlinear process

of SPDC and are not present in thermal light. Our experiments are performed

with nonclassical light where subsequent entangled photon pairs can be temporally

resolved [66].

The presence of the nonfactorizable features in Fig. 5.4 demonstrates that two-

photon speckle has a richer structure than ordinary one-photon speckle. Because

of the spatial entanglement between the photons, projection of one of the photons

corresponds to a full collapse of the other photon into a speckled mode profile [see

Fig. 5.3(b)]. The dimensionality of the entanglement quantifies the effective number

of different projected one-photon speckle patterns. If someone wishes to generate all

these speckle patterns with a coherent laser beam, she or he will have to adjust the

mode profile of the incident beam many times. Spatial entanglement allows one to

obtain many projected one-photon speckle patterns without changing the geometry

of the incident light.

5.6 Conclusion

We have observed two-photon speckle patterns in the far-field of disordered scat-

tering media. Spatial entanglement of the incident light gives two-photon speckle

a much richer structure than ordinary one-photon speckle. Our work paves the

way for future research on multiple scattering of entangled photons. It would be

interesting to establish the connection with universal conductance fluctuations [44]

and enhanced backscattering of light [42].
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5.8 APPENDIX: Derivation of the two-photon speckle autocorre-

lation function

This appendix presents a derivation of Eqs. (5.3)-(5.4) in the main text of this

chapter. Inspired by one-photon speckle analysis [41], we approximate the auto-

correlation function of the two-photon field in the exit plane of the scatterer by

a quasihomogeneous function [145]. In such a form the autocorrelation function

separates into a wide function of the average coordinate and a narrow function of
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the difference coordinate, i.e.,

Γex (x1,x2; δx1, δx2) ≡ A∗
ex

(

x−
1 ,x−

2

)

Aex

(

x+
1 ,x+

2

)

≈ Rex(x1,x2) × fex(δx1, δx2), (5.5)

where x±
1,2 ≡ x1,2 ± 1

2δx1,2, Aex(x1,x2) is the two-photon field in the exit plane

of the scatterer, and Rex(x1,x2) is the average two-photon intensity in the exit

plane. The compact function fex(δx1, δx2) is related to the opening angle of the

scattered light. We associate this approximation with strongly scattering surfaces

with large surface height fluctuations (≫ λ) and a transverse correlation of the

surface roughness that is short as compared to the structure in the average two-

photon intensity (strong-scattering regime).

Next, we propagate Γex to the far-field plane to obtain ΓFF being the two-

photon field correlation function in the far-field plane. Spatial propagation of a two-

photon field is described by applying the electric field propagator to each coordinate

individually, yielding [78]

AFF(s1, s2) =

∫

dx1dx2h(s1,x1)h(s2,x2)Aex(x1,x2), (5.6)

where s1,2 are the transverse positions in the far-field plane and

h(s,x) =
k

2πifd
exp

(

−ik
s · x
fd

)

, (5.7)

is the far-field propagator of the electric field, fd is the focal length of the far-

field imaging lens, and k is the radial wavenumber of a down-converted photon in

vacuum. By combining Eqs. (5.5)-(5.7) one obtains the two-photon field correlation

function in the far-field plane

ΓFF(s1, s2; δs1, δs2) =

(

k

2πfd

)4

F

[

Rex(x1,x2)
]

(

k
δs1

fd
, k

δs2

fd

)

×F [fex(δx1, δx2)]

(

k
s1

fd
, k

s2

fd

)

, (5.8)

where F denotes spatial Fourier transform. This correlation function has a similar

separable form as Eq. (5.5).

Finally, we assume Gaussian statistics of the two-photon field in the far-field of

the scatterer. This assumption requires high-dimensional entanglement of the input

field; it becomes approximate for small Schmidt numbers (see Fig. 2 in Ref. [36]).

The complex Gaussian moment theorem [41] now yields an expression for the desired
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coincidence correlation function C in terms of ΓFF

C(s1, s2; δs1, δs2) = RFF(s−1 , s−2 ) × RFF(s+
1 , s+

2 ) + |ΓFF (s1, s2; δs1, δs2) |2

≈ RFF(s1, s2)
2
+ |ΓFF (s1, s2; δs1, δs2) |2, (5.9)

where s±1,2 ≡ s1,2 ± 1
2δs1,2, and where we once more used strong scattering in the

second line.

By inserting Eq. (5.8) for ΓFF we find

C(s1, s2; δs1, δs2) = RFF(s1, s2)
2
[

1 +
∣

∣µ′(δs−, δs+)
∣

∣

2
]

, (5.10)

and δs± ≡ 1√
2
(δs1 ± δs2) and where the shape function

µ′(δs−, δs+) =

F

[

R′
ex(x−,x+)

]

(

k
δs−
fd

, k
δs+

fd

)

F

[

R′
ex(x−,x+)

]

(

0, 0
)

, (5.11)

is Fourier related to the average two-photon intensity in the exit plane R′
ex(x−,x+),

expressed in a rotated basis where x± ≡ 1√
2
(x1 ± x2). Equations (5.10)-(5.11)

become Eqs. (5.3)-(5.4) in the main text after a simple conversion to angles.

In the above derivation of the correlation functions, we neglected the effect of

the symmetry constraint of the two-photon field Aex(x1,x2) = Aex(x2,x1). This

symmetry results in average photon bunching close to the diagonal s1 ≈ s2. The

approximation is allowed since the number of spatial modes is sufficiently large for

the considered case of strong scattering and high-dimensional entanglement. In this

regime, the vast majority of the two-photon speckle spots is located far away from

the diagonal, where s1 6= s2 and the effect of photon bunching is not relevant.
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6Spatial pairing andantipairing of photons inrandom media
We experimentally demonstrate spatial pairing and spatial antipairing of two en-

tangled photons after propagation through a randomly scattering medium. This

two-photon interference phenomenon survives averaging over different realizations

of disorder. Despite the random nature of the scattering process, the labeled pho-

tons have a natural tendency to cluster together or to avoid each other depending

of the symmetry properties of the entanglement. Our experimental results are in

excellent agreement with our scattering model based on the random unitary ma-

trix ensemble. The (anti)-pairing behavior is closely related to particle exchange

symmetries: pairing for bosonic symmetry, antipairing for fermionic symmetry, and

anything in between for anyonic symmetry.
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6. SPATIAL PAIRING AND ANTIPAIRING OF PHOTONS IN RANDOM MEDIA
6.1 Introduction

In the previous chapter, we analyzed the spatial structure in individual two-photon

speckle patterns. These speckle patterns are visible for single realizations of the

scattering medium that is illuminated with a spatially entangled two-photon state.

Thus far, we have not yet discussed the scattered two-photon probability density

after averaging over different realizations of disorder. It is in particular interesting

to study the effect of two-photon particle symmetry A(x1,x2) = A(x2,x1) on the

ensemble-averaged two-photon probability density, since the scattered two-photon

probability amplitude needs to obey this symmetry in each realization of disorder.

To study the essence of the two-photon symmetry, it is desired to have a phys-

ical system that allows tuning of the symmetry properties. In other words, it is

desired that there is no particle exchange constraint to A(x1,x2) at all. To achieve

this, we must design the physical system in which photon 1 and photon 2 are la-

beled, either via their energies or via their polarizations. This labeling relieves the

symmetry constraint because the two spatial coordinates of A(x1,x2) now refer to

distinguishable photons that are individually addressable via their energy or po-

larization. To study how symmetry affects two-photon scattering, the scattering

process should not modify the labeling degree of freedom of the photons, and the

spatial scatter matrix should be identical for the two photons. These constraints

on the scattering process are quite stringent, but, as we shall demonstrate, such a

scattering system is experimentally feasible.

In this chapter, we study the ensemble-averaged spatial density matrix of the

multiply-scattered entangled photon pair. We find that the probability density

contains spatial structure depending on the symmetry properties of the incident

photon pair. The two photons exhibit a tendency to cluster together (pairing)

for bosonic spatial symmetry or to avoid each other (antipairing) for fermionic

spatial symmetry. We use the terminology (anti-)pairing instead of (anti-)bunching,

because the two photons never occupy the same optical mode due to their orthogonal

labels. In Sec. 6.2 we provide a theoretical model based on the random unitary

matrix ensemble. Section 6.3 describes experiments in which photon pairing and

antipairing is observed. Finally, Secs. 6.4-6.5 contain a concluding discussion and a

discussion on potential future research.

6.2 Random unitary scattering of labeled photons

In this section we provide a basic two-photon scattering model describing photon

pairing and antipairing after random unitary propagation. We start with a pure
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quasimonochromatic two-photon state

|Ψin〉 =

M
∑

k=1

M
∑

l=1

Aklâ
†
k b̂†l |vac〉, (6.1)

where â†
i and b̂†i are photon creation operators of photons with identical spatial

profiles i but with orthogonal polarization or energy. The number M ≥ 2 quantifies

the dimensionality of the spatial basis for each photon. The two photons are labeled

via their polarization or energy. Therefore, we may also write state Eq. (6.1) in

particle notation

|Ψin〉 =
M
∑

k=1

M
∑

l=1

Akl|k〉1 ⊗ |l〉2, (6.2)

where |k〉1 denotes the spatial k-state of the photon with label 1, and |l〉2 denotes

the spatial l-state of the photon with label 2. Normalization of the input state

requires
M
∑

k=1

M
∑

l=1

|Akl|2 = 1. (6.3)

The notation chosen in Eq. (6.2) directly shows how |Ψin〉 can be spatially entangled

for properly chosen Akl. State |Ψin〉 is entangled if it is impossible to write Eq. (6.2)

in a separable form.

The incident two-photon state will now undergo a quasimonochromatic, linear,

and lossless scattering process. We put two extra restrictions on this scattering

process:

(1) The spatial scattering process does not affect

the labeling property of the photons.

(2) The spatial scattering matrix is identical for

the two photons.

Under condition (1), the two photons remain distinguishable via their label

throughout the scattering process. By also obeying condition (2), we can use the

same unitary (=energy-conserving) spatial scattering matrix uij for photon 1 and

photon 2. We calculate the scattered output state via a coupling of modes formalism























ĉi =
M
∑

j=1

uij âj

d̂i =

M
∑

j=1

uij b̂j

⇐⇒























â†
j =

M
∑

i=1

uij ĉ
†
i

b̂†j =

M
∑

i=1

uij d̂
†
i

(6.4)
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where we used unitarity of uij , and where ĉi and d̂i are photon annihilation operators

in the output mode space of photon 1 and photon 2, respectively.

By substituting Eq. (6.4) into Eq. (6.1) we obtain the scattered output state

|Ψout〉 =

M
∑

k=1

M
∑

l=1

M
∑

m=1

M
∑

p=1

Aklumkuplĉ
†
md̂†p|vac〉, (6.5)

The aim is to perform averaging over different realizations of disorder. Therefore, it

is most suitable to describe the ensemble-averaged scattered light as a mixed state

with density operator

ρ̂(out) ≡ |Ψout〉〈Ψout|, (6.6)

where the bar denotes averaging over different realizations of disorder. For nota-

tional convenience we will express the density operator in a density-matrix form

ρ̂(out) =
M
∑

q=1

M
∑

r=1

M
∑

q′=1

M
∑

r′=1

ρ
(out)
qr,q′r′ ĉ

†
q d̂

†
r|vac〉〈vac|d̂r′ ĉq′ (6.7)

ρ
(out)
qr,q′r′ = 〈vac|d̂r ĉq ρ̂

(out)ĉ†q′ d̂
†
r′ |vac〉, (6.8)

where we used the completeness and orthonormality of the two-photon basis states

ĉ†qd̂
†
r|vac〉. By combining Eqs. (6.8), (6.6), and (6.5) we find the density matrix of

the scattered two-photon state

ρ
(out)
qr,q′r′ =

M
∑

k=1

M
∑

l=1

M
∑

k′=1

M
∑

l′=1

AklA
∗
k′l′uqkurlu∗

q′k′u∗
r′l′ . (6.9)

In order to perform ensemble averaging, we must choose an ensemble of unitary

scattering matrices. In many realistic multiple scattering geometries, the matrix

ensemble contains several correlations such as enhanced backscattering [42] and

universal conductance fluctuations [44]. We will however omit all these correlations

by using the random unitary matrix ensemble, also known as the circular unitary

ensemble (CUE)∗. This ensemble is implicitly defined via invariant integration over

the unitary group [147, 148], which means that any integral over the ensemble is

not affected by multiplication of the ensemble with any unitary matrix of choice

(see Eq. (21) in Ref. [148]). In a sense, the random unitary matrix ensemble is the

most random ensemble imaginable, since it remains unchanged after multiplication

by any unitary matrix. At this point, the choice of the CUE is useful because it is

∗ For example, enhanced backscattering is contained in the circular orthogonal ensemble (COE)
for the reflection matrix r, which means that r = UUT with U in the CUE [146]. The circular

orthogonal ensemble obeys |rii|2 = 2|rij |2 for i 6= j.
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likely that any two-photon interference phenomenon surviving this type of ensemble

averaging will also survive in realistic scattering geometries.

By using this additional assumption of the random unitary matrix ensemble, we

have derived explicit expressions (see Appendix) for the ensemble-averaged scat-

tered two-photon density matrix in Eq. (6.9). We find that the two photons have a

tendency to either pair up or to avoid each other, depending on the symmetry prop-

erties of the entanglement. The degree of pairing in the output can be quantified

in a single ratio

F ≡
ρ
(out)
11,11

ρ
(out)
12,12

, (6.10)

which we will call the pairing factor. The pairing factor is the two-photon detection

probability observed with two detectors looking into the same spatial channel di-

vided by the two-photon detection probability observed with two detectors looking

into different spatial channels. The key result of the calculation in the Appendix is

that F ∈ [0, 2] is

F =
1 + S

1 +
1 − S
M − 1

, (6.11)

where the symmetry parameter S ∈ [−1, 1] defined as

S ≡
M
∑

k=1

M
∑

l=1

AklA
∗
lk, (6.12)

quantifies the degree of spatial symmetry in the incident two-photon state. For large

scattering matrices (M ≫ 2) the pairing factor in Eq. (6.11) reduces to F = 1 + S.

It is intriguing that the phenomenon of (anti-)pairing survives averaging over the

random unitary ensemble. The direct dependence of F on S in Eq. (6.11) implies

that the symmetry parameter S is conserved under scattering for any realization of

the unitary matrix. We recall that the photons must retain their labeling parameter

throughout the scattering process and that the scatter matrix should be identical

for both photons. In scattering geometries that do not obey these restrictions, the

photons might bunch into the same mode (same energy and polarization), or the two

photons could encounter different scattering matrices such that S is not conserved

anymore.

We now discuss four classes of symmetry that could be imposed on coefficients

Akl of the incident two-photon state |Ψin〉. These four symmetry classes are listed

in Tab. 6.1. Each symmetry class corresponds to a certain symmetry parameter

S and thus to a certain degree of pairing F via Eq. (6.11). We have denoted the

first three symmetries as bosonic, fermionic and anyonic, because of their clear con-

nection with particle exchange symmetries in bosonic, fermionic and anyonic [149]
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symmetry name restriction on Akl symmetry parameter S

bosonic symmetry Akl = Alk S = 1
fermionic symmetry Akl = −Alk S = −1

anyonic symmetry [149] Ak≥l,l = eiθAlk S = cos(θ)
zero symmetry Ak≥l,l = 0 S = 0

Table 6.1: Definitions of four classes of symmetries, which can exist in the entangled two-
photon state in Eq. (6.1). The symmetry parameter S is defined in Eq. (6.12). This parameter
plays a central role because it is directly related to the pairing factor F in Eqs. (6.10)-(6.11).

quantum fields. This connection becomes clear in the particle notation of |Ψin〉 in

Eq. (6.2). This notation is mathematically equivalent to the first-quantization lan-

guage∗, which can be used for most quantum fields. When using this language for

a certain quantum field, one must manually symmetrize the pre-factors to achieve

the desired particle exchange symmetry [150]. The symmetry rules for bosonic,

fermionic, and anyonic quantum fields, are identical to the restrictions on Akl that

are listed in Tab. 6.1. This justifies the names that we have chosen for the different

kinds of symmetry in Akl.

If bosonic symmetry is imposed, the labeled photons have a tendency to pair

up in the random medium (S = 1 and F = 2). In case of fermionic symmetry,

the labeled photons will never scatter into identical spatial mode profiles (S =

−1 and F = 0). Remarkably, the labeled photons exhibit similar behavior as

true bosons (bunching) or true fermions (antibunching) depending on the imposed

class of symmetry. This similarity arises from the full mathematical equivalence

between the particle notation of the labeled photons in Eq. (6.2) and the first-

quantization language that can be applied to true bosonic and fermionic quantum

fields. Interestingly, our labeled photons allow anyonic symmetry as well. For this

symmetry, we expect behavior somewhere in between full pairing and full antipairing

(−1 < S < 1 and 0 < F < 2). Finally, one could also impose no symmetry at all,

which we call zero symmetry (Ak≥l,l = 0, S = 0, and F = 1). This option mimics

scattering of classical particles, where each particle carries an intrinsic identity label.

6.3 Experiments

6.3.1 Experimental scheme

In this section we describe an experimental scheme for the demonstration of two-

photon pairing and antipairing of multiply-scattered polarization-labeled photons.

∗ The first-quantization language is a quantum-mechanical description of elementary particles in
terms of wave functions for each particle. This language does not use creation and annihilation
operators.
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6.3. EXPERIMENTS
Figure 6.1: Scheme of the experimental process. Polarization-labeled photons are produced via
type-II SPDC. The spatial scatter properties of the diffusers are polarization independent, and
the diffusers do not affect the polarization. Scattered photons are deterministically separated at
a polarizing beam splitter (PBS), detected by independently scanning detectors, and correlated
by coincidence logic. Averaging over different realizations of disorder is achieved by fast rotation
of the diffusers around the optical axis.

The two-photon interference phenomenon of Eq. (6.11) will be demonstrated for

bosonic symmetry (S = 1) and fermionic symmetry (S = −1) in a scattering

geometry with a large dimension (M ≫ 2). The theoretical description is only valid

within certain physical conditions of the scattering process. We will address how

these conditions are implemented experimentally.

Figure 6.1 schematically depicts the scattering process. The photon pairs are

generated via type-II spontaneous parametric down-conversion (SPDC), which pro-

duces pairs of polarization-labeled photons [56, 59, 64, 69]. Spatial correlations be-

tween the photons arise from conservation of transverse momentum in the down-

conversion process. The spatial symmetry parameter S is tuned by inserting bire-

fringent plates in the far field of the SPDC process (see Sec. 6.3.2 for details∗).

In order to demonstrate Eq. (6.11), the scattering process is not allowed to affect

the labeling parameter of the photons, which in our case is the polarization. The

spatial scattering properties must be identical for both photons. These conditions

are met by considering paraxial scattering of diffusers. The random unitary en-

semble is approximated with two diffusers positioned in one another’s far field and

detection in the far field of the second diffuser. Averaging over different realizations

of disorder is achieved by relatively fast rotation of the diffusers (see below). The

photons are deterministically separated at a beam splitter. The two detectors ef-

fectively look at the same spatial profile if the position of detector 2 coincides with

the reflected position of detector 1.

∗ Only the implementation of bosonic and fermionic symmetry is discussed in Sec. 6.3.2. Any-
onic symmetry can be straightforwardly implemented by using different wave plates in the
anti-symmetrizer in Fig. 6.3. Zero symmetry can be implemented by adding a combina-
tion of a polarizer at 45◦ and a λ/4-plate at 0◦ in between the generating crystal and the
anti-symmetrizer.
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6.3.2 Details of experimental apparatus

The experimental apparatus is schematically depicted in Fig. 6.2. Photon pairs are

generated via type-II collinear spontaneous parametric down-conversion (SPDC) in

a 5-mm-long periodically poled KTiOPO4 (PPKTP) crystal. The orientation of the

crystallographic x, y, and z axes of the PPKTP is indicated in the figure. Down-

conversion is operated with a y-polarized pump beam (200 mW at 413.1 nm); the

down-converted photons are y and z polarized. Periodic poling is applied along

the ±z axis of the crystal with poling period 11.525 µm along the x axis. The

effective nonlinearity, corrected for first-order quasi phase matching, is (2/π)d24 =

2.5 pm/V [111]. This is 4 times less as compared to the nonlinearity in type-I SPDC

where the d33 of KTP is utilized. Collinear degenerate phase-matching is achieved

at T = 16◦C.

Detection occurs behind narrow band color filters with a full-width-at-half-

maximum spectral width of 1 nm around a center wavelength of 826.2 nm. This

optical detection bandwidth is below the phase-matching bandwidth∗ of 1.14 nm.

This is required for obtaining an almost spatially pure post-selected two-photon

field, after having traced out the subpicosecond structure in its t2 − t1 coordi-

nate [64]. Spatial purity is required for the generation of high visibility two-photon

speckle patterns in experiments with nonrotating diffusers [36]. The spatial prop-

erties of the generated two-photon field are practically identical to these of the

two-photon field studied in Chapters 4 and 5 because the crystal length, pump

beam, and refractive indices are almost identical. Similar two-photon fields have

been studied in Refs. [142, 151,152].

The pump beam is loosely focussed in the crystal-center plane such that the

Rayleigh range of the pump beam is much larger than the crystal length (waist

wp = 160 µm and Rayleigh range zR = πw2
p/λ = 20 cm). Two lenses (fa = 200 mm)

in a telescopic configuration directly image the crystal center onto the scattering

system.

The scattering system consists of two diffusers that are positioned in one an-

other’s far field. Each diffuser is positioned off-center (displaced by 1 cm) such that

rotating the diffusers at 15◦/s causes good ensemble averaging within the integra-

tion time of 12 − 14 s. Several hundreds of different two-photon speckle spots are

being averaged within the integration time of the measurement. The full-width-half-

∗ The mentioned phase-matching bandwidth ∆λ = 1.14 nm is much smaller than the phase-
matching bandwidth for type-I SPDC discussed in Chapter 3. This is because the two photons
now have orthogonal polarizations and thus propagate with different refractive indices. In the
type-II case, the phase-matching bandwidth (FWHM) is calculated from ∆λ = λ2

0∆ω/2πc and

the criterion sinc2
[

L∆ω
4

d
dω

[(nz(ω) − ny(ω))ω/c]
ω=ω0

]

= 1
2
, where L is the crystal length,

and λ0 and ω0 correspond to the vacuum wavelength and angular frequency of a down-
converted photon, respectively. The frequency dependent refractive indices of KTP are taken
from the Sellmeier dispersion equations in Refs. [106, 107].
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Figure 6.2: Experimental apparatus. Scattered photons are deterministically separated at
a polarizing beam splitter (PBS), collected by single mode fibers, and detected by photon
counters and coincidence logic. The polarization-labeled photons originate from type-II SPDC
having bosonic spatial symmetry. Fermionic spatial symmetry is achieved by adding the anti-
symmetrizer (see Fig. 6.3).

maximum scattering angle of each diffuser is 22 mrad. The focal length fc = 10 mm

of the lens in between the diffusers is chosen such that the irradiated areas on both

diffusers are approximately the same. This is not a strict requirement but merely a

convenient choice in relation to the number of speckles and the expected signal to

noise ratio.

Behind the scattering system, the two polarization-labeled photons are determin-

istically separated with a polarizing beam splitter. Detection occurs via projection

onto single-mode fibers that are coupled to photon counters and coincidence logic

(τgate = 1.73 ns). The far-field plane is located in the focal plane of a lens with focal

length fd = 250 mm. Spatial resolution in the far-field planes is achieved with tight

foci of the detection modes (wdet = 140 µm). When the fiber holders are scanned

transversely, the detection modes move in their far-field planes but remain fixed in

the plane the second diffuser.

An important element of the setup is the “anti-symmetrizer” depicted in Fig. 6.3.

When this element is positioned in the far field of the nonlinear crystal it changes

the spatial symmetry of the two-photon field from bosonic to fermionic. The anti-

symmetrizer consists of two λ/4-plates closely aligned next to each other (gap is

5 − 15 µm), and one plate is rotated 90◦ with respect to the other. The fast and

slow axes of the birefringent plates must be oriented parallel to the y and z axes

of the coordinate system (defined by the nonlinear crystal). As the photons leave

the crystal with approximately opposite transverse momenta, they will generally

pass through opposite sides of the anti-symmetrizer. Anti-symmetrization occurs

because the phase of the two-photon transmission channel “H-photon left, V-photon

right” is 2 × 90◦ = 180◦ different from the phase of the two-photon transmission

channel “V-photon left, H-photon right”. The performance of the anti-symmetrizer

is limited by the imperfect angular correlations between the photons, which in turn
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Figure 6.3: Front view of the anti-symmetrizer present in the experimental setup in Fig. 6.2.
The orientation in the experimental setup is such that the coordinate system in this figure
coincides with the coordinate system in Fig. 6.2.

are limited by the divergence of the pump beam. The probability that both photons

pass through the same side must be sufficiently low; the symmetry is only changed

when the two photons pass though opposite sides. A very rough estimation of the

probability that both photons pass through the same side is 1
2K− 1

2 = 0.05, where

K ≈ 83 is the Schmidt number of the entanglement for our source [10]. This limits

the symmetry parameter to approximately S = 0.95 ×−1 + 0.05 × 1 = −0.90.

The element of the anti-symmetrizer is closely related to experimental tech-

niques employed in Refs. [31, 153, 154]. These references use similar birefringent

plates in which the polarization state of the entangled light is controlled in a

position-dependent fashion. Combining entanglement of two degrees of freedom

has already been addressed in all possible combinations: polarization/energy en-

tanglement [155], polarization/transverse-position entanglement [31,74,76,153], and

energy/transverse-position entanglement [64]. Combining the entanglement in all

three degrees of freedom (polarization, transverse position, and energy) is called

hyperentanglement [156,157].

6.3.3 Experimental results

We have measured the coincidence count rate between two independently-scanning

detectors for 2 × 2 configurations: bosonic and fermionic symmetry, with rotating

and nonrotating diffusers for each symmetry. The four recorded two-photon coin-

cidence patterns are displayed in Figs. 6.4(a)-(d). Each data point is recorded with

an integration time of 12 − 14 s, and each pattern takes typically 22 hours to be

recorded. All displayed coincidence count rates have been corrected for accidental

coincidences, which typically account for 10% of the rawly measured coincidence

count rate.
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Figures 6.4(a) and (c) display two-photon speckle patterns for bosonic symmetry

and fermionic symmetry, respectively. Both patterns show high speckle contrasts,

which indicates that the incident two-photon state is spatially pure [36]. Further-

more, both patterns are symmetric with respect to the s1 = s2 diagonal. This

symmetry indicates that the incident two-photon state obeys exchange symmetry

(bosonic, fermionic, or anyonic), and that the spatial scatter properties of the scat-

tering system is the same for both photons (polarization independent scattering).

We are mainly interested in what happens on the diagonal s1 = s2, where both

detectors are looking at the same spatial profile. On this diagonal, the relative

two-photon speckle intensity is expected to depend on the type of symmetry that is

applied. For bosonic symmetry, the two-photon speckle spots on the diagonal are

expected to be twice as bright as compared to neighboring speckle spots (F = 2).

We indeed observe a couple of remarkably bright two-photon speckle spots on the

diagonal of Fig. 6.4(a). For fermionic symmetry, we expect antipairing; not a single

speckle spot is allowed to occur on the diagonal (F = 0). We indeed observe

complete two-photon darkness on the diagonal of Fig. 6.4(c).

The two-photon interference phenomenon survives averaging over different real-

izations of disorder. The two-photon speckle patterns are washed out in Figs. 6.4(b)

and (d) due to the fast rotation of the diffusers. In the case of bosonic symmetry

in figs. 6.4(b), the two-photon intensity on the diagonal clearly stands out. In the

case of fermionic symmetry in Fig. 6.4(d), the two photons never occur at the same

site.

To quantify the experimental degrees of pairing and antipairing, Fig. 6.5 displays

45◦-projections of the ensemble-averaged two-photon patterns. The peak for bosonic

symmetry and the dip for fermionic symmetry clearly stand out. The experimental

pairing factors are extracted from Gaussian fits through the resulting curves. We

obtain F = 1.89 ± 0.05 and F = 0.10 ± 0.01 for bosonic symmetry and fermionic

symmetry, respectively. Our results clearly demonstrate pairing and antipairing of

photons that have propagated through a random medium.

We do not fully understand the observed small deviation from perfect pairing

(F = 2) and perfect antipairing (F = 0). Imperfect antipairing might be caused by

the fact that a small portion of the photon pairs is transmitted through only one

side of the anti-symmetrizer, which will give S > −1 and F > 0 (see Sec. 6.3.2 for

details). In the pairing geometry, our experimental realization of a random scatterer

(two rotating diffusers) might not correspond to the full ensemble of random matri-

ces, which could cause F < 2. We note that the pairing factor does not depend on

the width of the detection modes because the phenomenon of (anti-)pairing is ex-

pected to appear in any mode basis. It is though very important that the detection

modes of both detectors have practically equal shapes. Any difference between the

mode profiles can have a degrading effect on the observed pairing factor. Although
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Figure 6.4: Four experimental two-photon patterns for four different configurations: (a) Static
random medium and bosonic spatial symmetry. (b) Moving random medium and bosonic spatial
symmetry. (c) Static random medium and fermionic spatial symmetry. (d) Moving random
medium and fermionic spatial symmetry. The dotted rectangles in panels (b) and (d) indicate
the selections that have been used for generating Fig. 6.5.
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Figure 6.5: Experimental demonstration of pairing for bosonic spatial symmetry and antipairing
for fermionic spatial symmetry. This effect has survived ensemble averaging since the random
medium was moving fast during recording. These experimental data are extracted from Fig. 6.4
by performing projection operations along the 45◦ diagonals within the dotted rectangles.

we carefully equalized the sizes of our detection modes in the far-field plane, we

observed up to 10% differences in divergence and astigmatism (probably caused by

limited quality of the fiber tips). This might have had a degrading effect on the

observed pairing factors.

We yet have little physical intuition for the physical processes that determine

the precise shape of the (anti-)pairing curves in Fig. 6.5. For future reference we

note that the FWHM of the peak in the coincidence count rate in Fig. 6.5 is (0.54±
0.03) mm. The fermionic dip is somewhat narrower at (0.40±0.02) mm and exhibits

small shoulders.

6.4 Concluding discussion

Our scattering experiments with labeled photons demonstrate, for the first time, a

(tunable) two-photon interference effect that survives averaging over different re-
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alizations of disorder∗. It is intriguing to see that some spatial structure survives

scattering from rotating diffusers. We have presented a basic theoretical frame-

work underlying the phenomenon. This framework is very effective in explaining

the experimental results and is very useful for understanding which experimental

parameters are essential. Spatial entanglement plays a central role because, within

our theoretical framework, fermionic and anyonic symmetry can not be achieved

without entanglement (see Tab. 6.1). The observed effect of (anti-)pairing is a two-

photon interference phenomenon since it can be tuned via the phases of the complex

two-photon probability amplitudes.

Our scheme provides an experimental toy model that nicely demonstrates the

influence of particle exchange symmetries on two-particle propagation. The spa-

tial symmetry between our polarization-labeled photons can be tuned such that

it is mathematically equivalent to particle exchange symmetries between indistin-

guishable (i.e. unlabeled) quantum particles: bosons, fermions and anyons. Our

experiments demonstrate how two particles with bosonic exchange symmetry have

the tendency to pair up under random unitary scattering. In fermionic symmetry,

the particles never come together. Of course, the two photons do not repel each

other; it is just that propagation of two fermionic particles to the same site never

happens.

Our experiments are closely related to the first observation of spatial antibunch-

ing of photons [31]. An observation of spatial antibunching proves nonclassicality

of light, but, formally, it is not allowed to use a polarizing beam splitter for such an

experiment [31]. We expect that our experimental results would have been quali-

tatively the same with a normal beam splitter (except for a factor 2 reduction in

the coincidence count rate). So if we had used a normal beam splitter, Fig. 6.4(d)

would likely have been another observation of spatial antibunching and a proof of

nonclassicality of light.

6.5 Outlook

Future research on this two-photon interference phenomenon could address several

aspects. First of all, it is desired to get a better understanding of how two-photon

(anti-)pairing is related to the geometry of the scattering medium. Currently, we

have no theoretical prediction for the shape and widths of the peak and dip in

Fig. 6.5. We have little physical intuition for the physical processes that determine

the precise shape of these curves.

∗ Two theoretical papers have recently appeared dealing with two-photon interference effects
that survive averaging over different realizations of disorder [37, 38]. Reference [37] studies
how Anderson localization in a 1D scatter configuration affects the structure in the ensemble
averaged two-photon density for various incident two-photon states. Reference [38] predicts
that a two-photon interference phenomenon should appear by itself for sufficiently long ran-
domly scattering wave guides.
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Future experiments could address anyonic symmetry to observe pairing factors

0 < F < 2. Another interesting option is to observe antipairing with energy-labeled

photons. Such a system is particularly interesting because the photons would retain

their labeling parameter also in 3D scattering random media. Photons from SPDC

are energy-labeled since the total energy of the photon pair is fixed to the photon

energy of the pump beam.

It would be very useful to study the phenomenon in scattering systems in which

either the labeling of the photons is degraded by the scattering process, or the two

photons encounter slightly different scattering matrices. The theoretical formalism

must then be extended to a 2M × 2M unitary scattering matrix; the upper-left

M × M submatrix for the first photon, the lower-right submatrix for the second,

and the two off-diagonal submatrices for the coupling between the subsystems of

the photons.

Finally, it would be interesting to investigate in which way the phenomenon of

two-photon (anti-)pairing is related to one-photon interference phenomena. Well-

known one-photon interference phenomena that survive averaging over different

realizations of disorder are enhanced backscattering and Anderson localization of

light [39, 42, 45, 158]. Recent simulations in 1D scattering systems have already

shown that profound correlations can exist between (one-photon) Anderson local-

ization and ensemble-averaged two-photon propagation [37].
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6.7 APPENDIX: Scattered density matrix

In this appendix we derive explicit expressions for the scattered two-photon density

matrix in Eq. (6.9), recapitulated,

ρ
(out)
qr,q′r′ =

∑

klk′ l′

AklA
∗
k′l′uqkurlu∗

q′k′u∗
r′l′ . (6.13)

The random unitary matrix ensemble will be used for averaging over different real-

izations of disorder. Any unitary integral of the form

ua1b1 ...uanbn
u∗

c1d1
...u∗

cndn

is nonzero if and only if c ∈ P (a) and d ∈ P (b), where P (x) is the collection of all

different permutations of x, [147,148]. Logically, there are four essentially different
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nonzero second-order integrals possible, being [147,148]

α1 ≡ u11u11u∗
11u

∗
11 =

2M

M2(M + 1)
, (6.14)

α2 ≡ u11u12u∗
11u

∗
12 =

M

M2(M + 1)
, (6.15)

α3 ≡ u11u22u∗
11u

∗
22 =

M2

M2(M + 1)(M − 1)
, (6.16)

α4 ≡ u11u22u∗
12u

∗
21 =

−M

M2(M + 1)(M − 1)
, (6.17)

where M is the dimension of the random unitary matrix. When applying this

knowledge to Eq. (6.13) it is found that the density matrix elements can take four

different values

ρ
(out)
qr,q′r′ =







































∑

klk′l′

AklA
∗
k′l′uqkuqlu∗

qk′u∗
ql′ , q = q′ = r = r′

∑

klk′l′

AklA
∗
k′l′uqkurlu∗

qk′u∗
rl′ , (q = q′) 6= (r = r′)

∑

klk′l′

AklA
∗
k′l′uqkurlu∗

rk′u∗
ql′ , (q = r′) 6= (r = q′)

0 , elsewhere.

(6.18)

Now it is a matter of bookkeeping to perform the summation and using the integrals

in Eqs. (6.14)-(6.17). The nonzero contributions in the summations of Eq. (6.18)

are listed in Tab. 6.2. By applying this list to Eq. (6.18) we obtain

ρ
(out)
qr,q′r′ =























α1D + α2(T − D) + α2(S − D) , q = q′ = r = r′

α2D + α3(T − D) + α4(S − D) , (q = q′) 6= (r = r′)

α2D + α4(T − D) + α3(S − D) , (q = r′) 6= (r = q′)

0 , elsewhere

, (6.19)

where we introduced three functionals of the input Akl being

T ≡
M
∑

k=1

M
∑

l=1

AklA
∗
kl (6.20)

D ≡
M
∑

k=1

AkkA∗
kk, (6.21)

S ≡
M
∑

k=1

M
∑

l=1

AklA
∗
lk. (6.22)
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uqkuqlu∗

qk′u∗
ql′ uqkurlu∗

qk′u∗
rl′ uqkurlu∗

rk′u∗
ql′

k = l = k′ = l′ α1 α2 α2

(k = k′) 6= (l = l′) α2 α3 α4

(k = l′) 6= (l = k′) α2 α4 α3

Table 6.2: Listing of nonzero outcomes for the three unitary integrals in Eq. (6.18) for different
combinations of the summation indices k, l, k′, and l′ (note that q 6= r). The coefficients αi

are defined in Eqs. (6.14)-(6.17).

The symbols T , D ∈ [0, T ], and S ∈ [−(T − D), +(T − D)] stand for total power,

diagonal power, and symmetry parameter, respectively.

By substituting Eqs. (6.14)-(6.17) for the unitary integrals αi in Eq. (6.19) we

find

ρ
(out)
qr,q′r′ =







































1

M

( T + S
M + 1

)

, q = q′ = r = r′

1

M(M − 1)

(

MT − S
M + 1

)

, (q = q′) 6= (r = r′)

1

M(M − 1)

(

MS − T
M + 1

)

, (q = r′) 6= (r = q′)

0 , elsewhere

(6.23)

We now make two remarks of mathematical interest. The first remark is that T and

S are functionals of Akl that are conserved under transformation via any unitary

scattering matrix. This can easily be demonstrated by combining the appropriate

elements of ρ
(out)
qr,qr to obtain the average T and S in the output state being

T (out) =
∑

qr

ρ(out)
qr,qr = Mρ

(out)
11,11 + M(M − 1)ρ

(out)
12,12 = T , (6.24)

S(out) =
∑

qr

ρ(out)
qr,rq = Mρ

(out)
11,11 + M(M − 1)ρ

(out)
12,21 = S. (6.25)

The second remark is that the unitary integrals in Eqs. (6.14)-(6.17) are uniquely

determined by stating that T is a conserved quantity for any M and any Akl. In

other words, by combining Eqs. (6.24) and (6.19) one retrieves Eqs. (6.14)-(6.17).

Actually, the unitary integrals are also uniquely determined by stating that S is a

conserved quantity for any M and any Akl. So by combining Eqs. (6.25) and (6.19)

one retrieves Eqs. (6.14)-(6.17) as well.

Finally, we restrict ourselves to T = 1, which corresponds to normalized two-

photon quantum states in Eq. (6.1). Furthermore, we concentrate on the on-

diagonal elements of the scattered density matrix only. The relative strength of
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these elements is given by the ratio

F ≡
ρ
(out)
11,11

ρ
(out)
12,12

=
1 + S

1 +
1 − S
M − 1

, (6.26)

which we will call the pairing factor, where S ∈ [−1, 1] and F ∈ [0, 2]. The pairing

factor is the two-photon detection probability observed with two detectors looking

into the same spatial channel divided by the two-photon detection probability ob-

served with two detectors looking into different spatial channels. Explicit values for

these probabilities are easily retrieved by using

Trρ
(out)
qr,q′r′ = Mρ

(out)
11,11 + M(M − 1)ρ

(out)
12,12 = 1, (6.27)

which is associated with energy-conserving scattering processes.
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Zeilinger, Violations of Local Realism by Two Entangled N -Dimensional Sys-
tems Are Stronger than for Two Qubits, Phys. Rev. Lett. 85, 4418 (2000).

[13] D. Collins, N. Gisin, N. Linden, S. Massar, and S. Popescu, Bell Inequalities
for Arbitrarily High-Dimensional Systems, Phys. Rev. Lett. 88, 040404 (2002).

[14] L. Zhang, C. Silberhorn, and I. A. Walmsley, Secure Quantum Key Distri-
bution using Continuous Variables of Single Photons, Phys. Rev. Lett. 100,
110504 (2008).

129



BIBLIOGRAPHY
[15] L. Allen, M. W. Beijersbergen, R. J. C. Spreeuw, and J. P. Woerdman, Orbital

angular momentum of light and the transformation of Laguerre-Gaussian laser
modes, Phys. Rev. A 45, 8185 (1992).

[16] A. Mair, A. Vaziri, G. Weihs, and A. Zeilinger, Entanglement of the orbital
angular momentum states of photons, Nature 412, 313 (2001).

[17] G. Molina-Terriza, J. P. Torres, and L.Torner, Orbital angular momentum of
photons in noncollinear parametric downconversion, Opt. Comm. 228, 155
(2003).

[18] S. S. R. Oemrawsingh, X. Ma, D. Voigt, A. Aiello, E. R. Eliel, G. W. ’t Hooft,
and J. P. Woerdman, Experimental Demonstration of Fractional Orbital An-
gular Momentum Entanglement of Two Photons, Phys. Rev. Lett. 95, 240501
(2005).

[19] G. Molina-Terriza, J. P. Torres, and L.Torner, Twisted Photons, Nature Phys.
3, 305 (2007).

[20] M. V. Vasnetsov, J. P. Torres, D. V. Petrov, and L. Torner, Observation of
the orbital angular momentum spectrum of a light beam, Opt. Lett. 28, 2285
(2003).

[21] R. Zambrini and S. M. Barnett, Quasi-Intrinsic Angular Momentum and the
Measurement of Its Spectrum, Phys. Rev. Lett. 96, 113901 (2006).

[22] M. P. van Exter, P. S. K. Lee, S. Doesburg, and J. P. Woerdman, Mode
Counting in High Dimensional Orbital Angular Momentum Entanglement,
Opt. Express 15, 6431 (2007).

[23] P. H. Souto Ribeiro, C. H. Monken, and G. A. Barbosa, Measurement of
coherence area in parametric downconversion luminescence, Appl. Opt. 33,
352 (1994).

[24] C. K. Hong and T. G. Noh, Two-photon double-slit interference experiment,
J. Opt. Soc. Am. B 15, 1192 (1998).

[25] T. G. Noh and C. K. Hong, Manifestation of complementarity in double-slit
interference, J. Korean Phys. Soc. 33, 383 (1998).

[26] E. J. S. Fonseca, C. H. Monken, and S. Pádua, Measurement of the de Broglie
wavelength of a multiphoton wavepacket, Phys. Rev. Lett. 82, 2868 (1999).

[27] E. J. S. Fonseca, C. H. Monken, S. Pádua, and G. A. Barbosa, Transverse
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Nederlandse samenvatting
Interferentie van fotonparenRuimtelijke aspe
ten van verstrengeling, di�ra
tie en verstrooiing

Het doel van het onderzoek in dit proefschrift is het beter begrijpen van de

ruimtelijke aspecten van kwantuminterferentie binnen een paar van verstrengelde

fotonen. Deze vorm van interferentie wordt in het vervolg van deze samenvatting

tweefotoninterferentie genoemd. Het werk in dit proefschrift is gericht op de

resultaten van natuurkundige experimenten. De beschreven theoretische modellen

vormen echter een belangrijk onderdeel omdat zij essentieel zijn voor een funda-

menteel begrip van de experimentele resultaten.Kwantumopti
a en tweefotoninterferentie
In de klassieke optica wordt licht beschreven als een elektromagnetische golf.

Deze beschrijving verklaart alledaagse eigenschappen van licht: kleur, richting, po-

larisatie, snelheid, diffractie en interferentie. Hoe de toestand van het elektromag-

netische veld propageert wordt beschreven door natuurwetten in een klassiekmecha-

nische vorm. In de hedendaagse natuurkunde kent een mechanische beschrijving van

de natuur naast de klassieke vorm ook nog de kwantummechanische vorm. Wanneer

men het elektromagnetische veld op een kwantummechanische manier gaat beschrij-

ven betreedt men het domein van de kwantumoptica. Het verschijnsel tweefotonin-

terferentie behoort uitsluitend tot de kwantumoptica.

De kwantummechanische beschrijving van het elektromagnetische veld maakt

gebruik van een reeks onderscheidbare toestanden waaruit de elektromagnetische

golf is opgebouwd. Deze basistoestanden worden gekarakteriseerd door hun fo-

tonaantal. De kwantummechanische toestand van licht bestaat dus uit een stukje

grondtoestand (nul fotonen), een stukje eenfotontoestand (één foton), een stukje

tweefotontoestand (twee fotonen), enzovoorts. De verhoudingen tussen deze ba-

sistoestanden alsmede de ruimtelijke structuur (golfprofiel) per basistoestand zijn
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de vrije parameters die de kwantumtoestand en al zijn meetbare eigenschappen

vastleggen.

Vanuit experimenteel oogpunt is het foton de kleinste hoeveelheid licht die een

lichtdetector kan absorberen. Wanneer men dus meerdere detectoren gelijkmatig

zou beschijnen met licht dat enkel uit de eenfotontoestand bestaat kan slechts één

detector een respons geven. Welke detector dit is kan niet voorspeld worden. De

kans waarmee iedere detector een respons geeft kan echter wél voorspeld worden en

wordt gegeven door het golfprofiel van het foton. Het feit dat het slechts voor één

detector is toegestaan om een respons te geven kan niet worden verklaard vanuit de

klassieke optica.

Het hoofdonderwerp in dit proefschrift, tweefotoninterferentie, vindt plaats

in de tweefotonbasistoestand. De ruimtelijke structuur van de tweefotonbasis-

toestand laat zich beschrijven door een golf als functie van twee coördinaten.

Deze tweefotongolf moet gëınterpreteerd worden als de complexe kansamplitude

die correspondeert met de kansverdeling waar men de twee fotonen tegelijk kan

detecteren met twee detectoren. Het interessante geval is wanneer de twee fotonen

ruimtelijk verstrengeld zijn. In dat geval bëınvloedt de plaats waar één van de

fotonen geabsorbeerd is instantaan de kansverdeling van de plaats waar men het

tweede foton kan detecteren. Hoe de ruimtelijke structuur van deze kwantumcor-

relatie eruitziet na propagatie, wordt bepaald door hoe de onderliggende complexe

tweefotongolf propageert. Tweefotoninterferentie speelt hierbij een belangrijke rol.Verstrengelde fotonparen in het laboratorium
Tweefotoninterferentie in verstrengelde fotonparen werd voor het eerst

waargenomen in 1987 door Ghosh, Hong, Ou en Mandel [S1]. Zij maakten de ver-

strengelde paren van fotonen in een niet-lineair optisch proces genaamd spontane

parametrische omlaagconversie (SPDC). In dit tweedeorde proces vervalt een hoog

energetisch foton spontaan in twee fotonen met een ieder een lagere energie. De

zijwaartse plaats en richting van ieder foton kan niet voorspeld worden. Men zegt

dan dat ieder foton op zichzelf gezien incoherent is. Echter, het fotonpaar als geheel

is wel coherent omdat de fotonen op dezelfde plaats gemaakt zijn en propageren met

een tegengestelde zijwaartse impuls. Wanneer men het golfprofiel van één van de

fotonen zou meten wordt het golfprofiel van het andere foton instantaan vastgelegd.

Wanneer deeltjes met een golfkarakter gecorreleerd zijn spreekt men van ver-

strengeling. Verstrengeling komt alleen in kwantummechanische systemen voor om-

dat daar ieder object ook een golfkarakter heeft. Het niet-lokale karakter van ver-

strengeling heeft mensen altijd gefascineerd. Hoe kan het zijn dat een meting aan

één van de deeltjes instantaan het golfprofiel van het andere deeltje vastlegt? Over

deze vraag is al veel geschreven sinds Einstein, Podolsky en Rosen deze curiositeit

aan het licht brachten middels hun EPR-paradox [S2]. Later toonde John Bell op
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wiskundige gronden aan dat het onmogelijk is om de voorspellingen van de kwan-

tummechanica na te bootsen met een theorie die verstrengelde systemen als volledig

onafhankelijk beschouwt [S3]. Verstrengeling is niet enkel een natuurkundige cu-

riositeit; verstrengeling speelt ook een centrale rol in de kwantuminformatiekunde

waarin men revolutionaire toepassingen in de informatietechnologie beoogt [S4].

Laten we terugkeren naar de SPDC-lichtbron van verstrengelde fotonen. Hoe

de kwantumcorrelaties eruitzien op een willekeurige afstand van de lichtbron hangt

af van hoe de tweefotongolf als geheel propageert. Hierbij spelen diffractie en

interferentie een belangrijke rol. Sinds de eerste waarneming van tweefotoninterfe-

rentie in 1987 is er wereldwijd veel onderzoek gedaan naar deze fenomenen. Er zijn

echter veel optische systemen waarvoor het nog onduidelijk is hoe zij de ruimtelijke

kwantumcorrelaties bëınvloeden. Verder kan ons inzicht in verschillende aspecten

van ruimtelijke verstrengeling scherper en algemener gemaakt worden.Het onderzoek in dit proefs
hrift
In dit proefschrift wordt op zowel experimentele als theoretische wijze

bestudeerd hoe de ruimtelijke kwantumcorrelatie tussen de verstrengelde fotonen

eruitziet na propagatie door verschillende optische systemen. Het onderzoek kan

worden onderverdeeld in drie onderzoeksthema’s.Verstrengeling van de baanimpuls
De ruimtelijke verstrengeling tussen de fotonen betekent dat een meting van

het golfprofiel van één van de fotonen instantaan het golfprofiel van het andere

foton vastlegt. De set van golfprofielen waarop men het eerste foton projecteert

wordt de meetbasis genoemd. Een van de best bestudeerde meetbases is die van

de baanimpuls. Als het eerste foton gedetecteerd wordt met baanimpuls +l~, dan

kan het tweede foton enkel gedetecteerd worden met baanimpuls −l~. Dit gebeurt

zo omdat het hoogenergetische moederfoton een baanimpuls gelijk aan nul heeft en

omdat de totale baanimpuls behouden dient te zijn in het conversieproces.

De kansverdeling van de baanimpuls per foton kan in principe gemeten worden

door slechts één van de fotonen te observeren. Zo’n experiment geeft echter geen

uitsluitsel over of de fotonen daadwerkelijk verstrengeld zijn. Het kan net zo goed

zijn dat ieder foton volledig onafhankelijk is. In de wetenschappelijke literatuur werd

er beargumenteerd dat de baanimpulsverdeling ook gemeten zou kunnen worden

door middel van een tweefotoninterferentie-effect [S5]. De experimentele techniek

hiervoor maakt gebruik van een tweefotoninterferometer (van het Hong-Ou-Mandel-

type) met een beelddraaier in één van de armen en een oneven aantal spiegels in

beide armen samen. De kansverdeling van de baanimpuls kan men nu afleiden uit

het contrast (of de zichtbaarheid) van het Hong-Ou-Mandel-dal als functie van de

hoeveelheid beeldverdraaiing.
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6. NEDERLANDSE SAMENVATTING
In dit proefschrift wordt deze uitdagende techniek gebruikt om de kansverdeling

van de baanimpulsverstrengeling te bepalen. Verder worden er enkele speciale

gevallen behandeld en wordt er een gedetailleerde theoretische onderbouwing

gegeven. Dit werk is gepubliceerd in Ref. [S6] en wordt beschreven in Hoofdstuk 2

van dit proefschrift.Tweefotoninterferentie a
hter een apertuur met twee spleten
In de historie van de natuurkunde speelt het apertuur met twee spleten een zeer

belangrijke rol. Dit apertuur, ook wel een dubbelspleet genoemd, werd rond 1801

gebruikt door de Britse fysicus Thomas Young om te demonstreren dat licht zich

gedraagt als een golf. Wanneer men een dubbelspleet belicht met monochromatisch

coherent licht zal men ver achter het apertuur een lijnenpatroon waarnemen in

plaats van de schaduwen van de twee spleten. Dit lijnenpatroon kan men verklaren

als een interferentiepatroon dat men verwacht voor een golf.

Het ligt dus voor de hand om ook tweefotoninterferentie te bestuderen achter

een dubbelspleet. Het fotonpaar als geheel gedraagt zich immers ook als een soort

golf, namelijk als een golf als functie van twee coördinaten. Er zijn dan ook vele

publicaties te vinden die tweefotoninterferentie achter een dubbelspleet bestuderen.

Maar ondanks al dit onderzoek is de rijke verscheidenheid aan mogelijke tweefoton-

interferentiepatronen nog onvoldoende bestudeerd. Het merendeel van de tweefo-

toninterferentiepatronen achter een dubbelspleet is nog nooit gemaakt en gemeten.

Verder is er weinig inzicht in hoe men alle mogelijke vormen van tweefotoninterfe-

rentiepatronen op een gecontroleerde manier kan verwezenlijken.

In dit proefschrift wordt een samenhangende en inzichtelijke beschrijving

gegeven van hoe de grote verscheidenheid aan mogelijke tweefotoninterferentiepa-

tronen achter een dubbelspleet gemaakt kan worden. Hiermee heeft het werk een

grote unificerende waarde in de wetenschappelijke literatuur. Uiteraard worden

deze technieken experimenteel gedemonstreerd. De experimentele data zijn van

ongeëvenaarde kwaliteit en zijn zeer illustratief voor de rijke diversiteit die het

fenomeen tweefotoninterferentie in zich heeft. Dit werk is gepubliceerd in Ref. [S7]

en wordt beschreven in Hoofdstuk 4 van dit proefschrift.

Verder wordt er in dit proefschrift betoogd dat de fase van het tweefo-

tongolfprofiel uitermate belangrijk is voor het type kwantumcorrelaties en het

tweefotoninterferentiepatroon. De fasekromming van het tweefotongolffront werd in

het verleden meestal genegeerd. Om volledige controle te hebben over het te maken

tweefotoninterferentiepatroon is een goed begrip van de faseaansluiting in het

niet-lineaire kristal van belang. Een gedetailleerde analyse van de faseaansluiting

wordt behandeld in Hoofdstuk 3 van dit proefschrift en is gepubliceerd in Ref. [S8].
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Verstrooiing van fotonparen aan wanordelijke materialen
Dit thema is het meest vooruitstrevend. De propagatie van verstrengelde foton-

paren door wanordelijke materialen was nog niet experimenteel onderzocht. Zeer

recentelijk zijn er enkele theoretische artikelen verschenen over dit onderwerp [S9].

Waarom is dit een interessant onderwerp? De reden is dat klassieke interferentie-

effecten in wanordelijke materialen ten grondslag liggen aan enkele zeer interes-

sante fenomenen zoals optische spikkel, bovenmatige terugverstrooiing en Anderson

lokalisatie. Nu doet zich de vraag voor of er ook interessante tweefotoninterferentie-

effecten kunnen worden ontdekt in wanordelijke materialen.

In Hoodstuk 5 van dit proefschrift wordt de eerste waarneming van tweefo-

tonspikkel beschreven [S10]. Deze spikkelpatronen zijn ontstaan ten gevolge van

verstrooiing van ruimtelijk verstrengelde fotonparen aan wanordelijke structuren.

Het werk wordt ondersteund door een theoretische beschrijving van de ruimtelijke

structuur in de kwantumcorrelaties in het verstrooide fotonpaar. De metingen laten

zien dat tweefotonspikkel van een volumineuze verstrooier en een platte verstrooier

volledig verschillend zijn. Dit is verrassend omdat klassieke spikkel er hetzelfde

uitziet voor deze verstrooiers.

Ten slotte beschrijft dit proefschrift het eerste experiment waarin een

tweefotoninterferentie-effect een middeling over meerdere realisaties van het

wanordelijke medium overleeft. Dit wordt gerealiseerd door de fotonen onderscheid-

baar te maken door de fotonen een verschillende polarisatie te geven. Het blijkt dat

de fotonen de neiging hebben samen te klonteren of elkaar juist te ontwijken waarbij

dit gedrag afhangt van de ruimtelijke symmetrie tussen de fotonen. Deze symme-

trieën zijn volledig analoog met symmetrieën die we kennen in echte bosonische,

fermionische en anyonische kwantumvelden.
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Nawoord
De afgelopen viereneenhalf jaar heb ik met veel mensen samengewerkt. Zonder
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