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CHAPTER 1

INTRODUCTION

In the early days of quantum physics, the study of many-body systems was re-
garded as messy, ugly and undignified. The solution of the Schrédinger equation
for the hydrogen atom was the hallmark of modern physics. But trying to gen-
eralize this procedure to 1022 atoms interacting with each other, as is the case
in real materials, seems pointless. A huge number of approximations need to be
made before one can arrive at any concrete conclusions. Pauli, himself one of the
pioneers of the field, had called the study of many-body systems ‘dirt physics’.

Thanks to the hard work of several generations of researchers, including the
greatest names of all time, such as Lev Landau, John Bardeen, Ken Wilson,
Phil Anderson and Bob Laughlin, it has become clear today that many-body
physics, under the name Condensed Matter Physics replacing the old one Solid
State Physics, is indeed governed by deep and simple physical principles, which
are different from those governing the individual atoms constituting the system.
The symmetry of the macroscopic system can be different from that of the micro-
scopic Hamiltonian. The excitations of the macroscopic system can have different
charge, spin and statistics as compared to the constituent microscopic particles.
These new principles operating at the macroscopic scale are called emergent. The
appearance of this theme led Anderson to coin the phrase ‘More is Different’, em-
phasizing that the study of many-body physics is as equal and fundamental as,
say the study of the elementary particles. Sometimes these new principles are
written in terms of the sophisticated and beautiful language of higher mathe-
matics, and the Einstein-Dirac type thinking can lead to fruitful discoveries in
many-body physics.
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The two most important organizing principles that came out of the several
decades’ investigation of emergent phenomena are spontaneous symmetry break-
ing (SSB) and adiabatic continuity. SSB refers to the fact that the symmetry
of the ground state is different from the symmetry of space or the Hamiltonian
describing the system. This is actually something we meet constantly in our
everyday life: our desk does not have the translational and rotational symmetry
that the Schrodinger equation describing its atomic degrees of freedom possesses.
Nevertheless this principle is extremely powerful: instead of describing the sys-
tem using 1022 variables, which is an impossible task, we can now use only one
or a few. These few variables are called order parameters (OP). SSB is a quite
universal principle, capturing the physics of diverse phenomena, ranging from
simple crystals to various density waves, smectic and nematic ordering, from
magnetism to superfluidity and superconductivity, even generation of mass. The
order parameters can fluctuate in space and time, and field-theoretical methods
can be employed. This has opened the door to a whole new world. Later on
gauge fields were incorporated, and very recently even gravitational fields have
been used to model condensed matter systems.

The prototype of adiabatic continuity is Landau’s theory of Fermi liquids.
It describes strongly interacting electron systems, for which naive perturbation
theory obviously breaks down. The basic insight is that the low energy and low
temperature properties of such systems are governed by Fermi-Dirac statistics.
The simplest system that possesses this statistics is the free Fermi gas. One can
imagine the following process: start from the non-interacting free Fermi gas, and
gradually turn on interactions. As long as the system stays away from any phase
transitions, the qualitative behavior of the system does not change. For Fermi
liquids at low temperature, the specific heat has a linear temperature dependence,
the resistivity is quadratic and the spin susceptibility nearly constant, as is the
case for free Fermi gas. The main focus here are the excitations. Let us think
about the energy levels of the system during this process. There is a shift in each
energy level, but they do not cross each other. In other words, the labeling of
the energy levels does not change. In this framework, such strongly interacting
many-body systems can again be characterized by a rather small number of
parameters.

These two principles are so powerful that they have dominated the landscape
of condensed matter physics for years, leaving most theorists doing just engineer-
ing work: bosonic order parameters + Fermi gas + perturbations around them.
However, as always, dark clouds appear in the perfect sky. In 1982, a new state
of matter was discovered in the two-dimensional electron gases under a strong
magnetic field, the so-called fractional quantum hall states. These states can not
be adiabatically continued to free fermions. They do not break any continuous
symmetry and can not be described by a conventional order parameter. They
are actually topological in nature. Investigations in this direction lead to fruitful
outcomes, with groundbreaking wavefunctions, beautiful field theories and even
predictions of new states of matter.



The second dark cloud that has develpoed into a serious intellectual crisis over
the last twenty years or so is in the condensed matter physics enterprise dealing
with strongly interacting electrons in solids. This field is flourishing right now
and there is a general perception that after a slump in the 1990’s the field has
reinvented itself. What is this intellectual crisis about? Substantial progress has
been made on the experimental side, both with regard to the discovery of elec-
tron systems in solids that behave in very interesting and puzzling ways (high-T.
superconductors [1] and other oxides [2], heavy fermion intermetallics [3], or-
ganics [4], 2DEG’s in semiconductors [5]), and in the rapid progress of new in-
struments that make it possible to probe deeper and farther in these mysterious
electron worlds (scanning tunneling spectroscopy [6], photoemission [7], neutron-
[8] and resonant X-ray scattering [9]). On the theoretical side there is also much
action. This is energized by the ‘quantum field theory’ (QFT) revolution that
started in the 1970’s in high energy physics, and is still in the process of un-
folding its full potential in the low energy realms, as exemplified by topological
quantum computation, quantum criticality and so forth. However, the QFT ap-
proach still lies within the framework of bosonic order parameters + Fermi gas
+ perturbations.

We are forced by experimentalists to face the problem of building a theory
for the system of strongly interacting fermions that can neither be adiabatically
continued to a free Fermi gas, nor be described in terms of bosonic order parame-
ters. And this will be the target of this thesis. In our opinion, the key point that
hinders this task is the fermion sign problem. Via the Euclidean path integral,
the theory of interacting bosons boils down to exercises in equilibrium statistical
physics. It is about computing probabilistic partition sums in euclidean space-
time following the recipe of Boltzmann and this seems to have no secrets left.
However, this Boltzmannian path integral logic does not work at all when one
wants to describe problems characterized by a finite density of fermionic particles.
The culprit is that the path integral is suffering from the fermion sign problem.
The Boltzmannian computation is spoiled by ‘negative probabilities’ rendering
the approach to be mathematically ill-defined. In fact, the mathematics is as
bad as can be: Troyer and Wiese [10] showed recently that the sign problem
falls in the mathematical complexity class ‘NP hard’, and the Clay Mathematics
Institute has put one of its seven one million dollar prizes on the proof that such
problems cannot be solved in polynomial time.

Although not always appreciated, the fermion sign problem is quite conse-
quential for the understanding of the physical world. Understanding matter
revolves around the understanding of the emergence principles prescribing how
a large number of simple constituents (like elementary particles) manage to ac-
quire very different properties when they form a wholeness. The path integral
is telling us that in the absence of the signs these principles are the same for
quantum matter as they are for classical matter. But these classical emergence
principles are in turn resting on Bolzmannian statistical physics. When this fails
because of the fermion signs, we can no longer be confident regarding our un-
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derstanding of emergence. To put it positively, dealing with fermionic quantum
matter there is room for surprises that can be very different from anything we
know from the classical realms that shape our intuition. In fact, we have only
comprehended one such form of fermionic matter: the Fermi gas, and its ‘deriva-
tive’ the Fermi liquid. The embarrassment is that we are completely in the dark
regarding the nature of other forms of fermionic matter, although we know that
they exist because the experiments are telling us so.

T

Figure 1.1: Illustration of the interplay of quantum criticality and superconduc-
tivity. z is the tuning parameter, which can be pressure, magnetic field or doping.
The superconducting temperature usually has the highest value right above the

QCP.

This thesis explores the emergent phenomena in the signful fermionic matters.
In section 1.1, we introduce the two prototype materials of this thesis: cuprates
and heavy fermions. The theme coming out the experimental findings is the
phase diagram (1.1). By applying pressure, magnetic field, or doping, a second-
order phase transition can be tuned to zero temperature, producing a quantum
critical point (QCP). Such a singular point spreads out influence over a wide re-
gion in the phase diagram. Anomalous scaling behaviors thus emerge in various
finite-temperature properties of the system, such as specific heat, resistivity and
magnetic susceptibility, which go far beyond our conventional understanding of
metals. Moreover, the QCP is a highly degenerate state. On approach to the
QCP, a perturbation that was deemed irrelevant initially, takes over and domi-
nates at low temperature, replacing the QCP by an alternative stable phase. In
this way new states of matter that can not be constructed from stable states like
normal metals or superconductors can be built. One common way to avoid the
critical singularity is that the electrons organize themselves collectively into a
superconducting state before they reach the critical point.

In section 1.2, we give a somewhat unconventional discussion of Fermi lig-
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uids. To get the problem sharply in focus, we step back from the usual textbook
viewpoint and instead consider the Fermi liquid from the perspective of the emer-
gence principles governing classical and bosonic matter. We then proceed in two
opposite directions. One direction is to go microscopic and try to deconstruct
the existing principles of emergence. We explore the worldline formulation of
many particle systems initiated by Feynman. A simple introduction is given in
section 1.3. The other direction is to go macroscopic and search for new organiz-
ing principles. The keyword here is quantum criticality, which will be introduced
in section 1.4. In section 1.5, we outline the basic structure of the remainder of
this thesis and summarize the main results.

1.1 The prototype materials of this thesis

1.1.1 Cuprates

Cuprates are a kind of transition metal oxides with layered structure made up of
one or more copper oxygen planes. The initial interest in cuprates was triggered
by the fact that they can become superconducting at anomalously high temper-
atures [11]. After more than 20 years’ extensive study, with sample preparation
sufficiently advanced and nearly all possible experimental tools applied, it has
become clear that cuprates means much more than a high transition tempera-
ture, a number that can be as large as 160. Their properties in the normal state
above the superconducting temperature are even more exotic, and that may also
account for the unusually high T, (see [12] for a comprehensive review).

It is now generally agreed that the active physics of cuprates lies in the CuOq
plane, and the effect of the c-axis is basically to tune the electronic structure of the
CuOg plane. For the parent compound without doping, each copper is surrounded
by 4 oxygens in the planes, with the copper ion in the d° configuration, providing
per unit cell a single 3d hole, and the oxygen ion in the p® configuration. The
tetragonal environment promotes the dg2_,2 orbital of the copper ions to higher
energy level, which further mixes with the oxygen p, and p, orbitals, forming
a strong covalent bond. The question is then where the holes reside. A crucial
insight is that there is a strong repulsion when two electrons or two holes are
placed on the same ion. The energy to doubly occupy the copper d orbital is
actually the largest energy scale in the problem. It also costs more energy for
the holes to be placed at the oxygen p orbitals than at the copper d orbitals.
When this energy difference is large enough, as is the case for cuprates, the
holes will mainly just stay at the lattice sites of copper atoms, forming a charge
transfer insulator with localized moments [13]. Virtual hopping to nearby oxygen
p orbitals induces an exchange interaction between these local moments, and the
insulator is actually in an antiferromagnetic ground state.

When replacing, say some La by Sr, more holes are added to the CuO4 plane.
These extra holes will occupy the oxygen p orbitals at the first place. A metallic
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state is formed when these holes hop around among the oxygen p orbitals. How-
ever, the Cu-O hybridization creates a new low lying resonate state, in which the
local moment on the copper lattice site forms a local spin singlet with the spin
of the doped hole residing on the neighboring square of the oxygen atoms [14].
These singlets can hop from one site to another, and the low energy physics is
captured by a one-band tight-binding model on the square lattice. This way,
cuprates present an almost perfect realization of the simple single-band Hubbard
model, with the energy difference between the oxygen p orbital and copper d
orbital playing the role of the Hubbard U. When this energy difference is large,
the problem is further reduced to the t-J model,

H=-P Z tijciacig P+ Z ngsz . Sj, (11)
<ij>,0 <ij>
where c;ro and ¢;, are the fermion creation and annihilation operators, and S; the

spin operator. The crucial part is the Gutzwiller projection operator P which
eliminates double occupancies. The essential physics of the t-J model is encap-
sulated by the trial wavefunctions proposed by Anderson: W;;(ry,---,ry) =
Poyp(ry, - ,ry), with ®gp a Hatree-Fock wavefunction for either conventional
Fermi liquid or BCS superconductor. The projection operator is a singular trans-
formation. Thus ¥j and $yxr can not be adiabatically continued to each other.

N TF T 2
N coh
‘\‘\ p’i‘ T l"’
- N e
p(T) . : . 2
S-shaped . ! P '(';r*' T

i e p~T"
upturns (1<n<2) T.7
in p(T) y -

=Tn>

0 005 01 015 02 025 03
Hole doping x

Figure 1.2: Phase diagram of cuprates as determined by transport measurements
(from Hussey [15]).
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Figure 1.3: Change of the cuprate Fermi surface between the overdoped and
underdoped regions deduced from quantum oscillation (from Jaudet et al. [16]).

Now let us look at the phase diagram of cuprates [15]. A large variety of
emergent phenomena flourish in the underdoped region, such as stripes, vertex
liquids, quantum liquid crystals and the intra-unit cell spontaneous diamagnetic
currents. This part of the phase diagram is still attracting most of the attentions
of the researchers in the field. There is ample evidence that at large doping (the
so-called overdoped region), cuprates gradually conform to the laws of Landau
Fermi liquid, with the 72 component of the resistivity dominating over the T-
linear component.

The arguably most mysterious part of the phase diagram is the strange metal
phase above the superconducting dome. The behavior in this region is actually
extremely simple and universal, of mathematical purity. The defining property
of such states is the linear temperature dependence of the resistivity for a wide
temperature range. The optical conductivity measurement (in optimally doped
BiaSraCag.92Y0.0sCuaOsy5) also shows clear scaling behavior. The absorptive
and reactive parts combine to produce a nearly perfect power law behavior in
the complex optical conductivity, with o(w) ~ (—iw)?~2, where the exponent is
determined to be y ~ 1.35.

So one would suspect that the strange metal phase is in some critical state.
And with temperature the most prominent energy scale in this regime, one would
be tempted to further associate this state with a zero temperature quantum
critical point near optimal doping. We notice that, different from the quantum
critical states in many heavy fermion systems, which will be the topic of the
next subsection, the electronic specific heat of this state displays an ordinary
Fermi liquid type behavior, C' = T, with v nearly constant for a wide range of
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temperature and doping. There is no evidence for quasiparticle mass divergence.
Neither is it inconsistent with quantum criticality. Anyhow, it is clear that the
stange metal phase is not a conventional Fermi liquid. It is well established by
ARPES measurements that in the normal state at optimal doping, although there
is well defined Fermi surface in momentum space, sharp quasi-particle peaks cease
to exist near the (7, 0) point of the Brillouin zone.

An immediate question would be what is changing across such a QCP. In the
overdoped regime, a large closed Fermi surface characteristic of a normal metal is
observed. In the underdoped regime, ARPES sees only disconnected arcs shape
residues of Fermi surface, while quantum oscillations reveal small closed pockets
of Fermi surface. It has also been proposed by Zaanen and Overbosch that such
QCP actually corresponds to a statistics changing transition [17]. The crucial
insight is that in the underdoped regime, the t-J model actually encodes a com-
pletely different quantum statistical principle, which is fundamentally different
from the Fermi-Dirac statistics governing the overdoped regime. It is a great the-
oretically challenge to reconcile such abrupt change with the second order nature
of the transition as expected from the scaling behavior in the normal state. To
our knowledge, up to now, we do not even have a simple proof-of-principle model
demonstrating such compatibility.

1.1.2 Heavy fermions

The term ‘heavy fermions’ stands for a class of rare earth or actinide compounds,
the electronic excitations of which can be as much as thousand times heavier than
that in copper. These systems show a diversity of orderings, including ferro-
magnetism, antiferromagnetism and unconventional superconductivity. The con-
ventional wisdom of mutual exclusion of magnetism and superconductivity was
invalidated by the discovery of superconductivity in such f-electron systems, first
in the compound CeCuySis by Steglich, Aarts et al. in 1976 [18] and confirmed
in 1983 in UBe;3 [19]. In 1994, von Lohneyson et al. discovered that by changing
pressure or the gold concentration, the heavy fermion alloy CeCug_yAuy can be
tuned through an antiferromagnetic quantum phase transition [20]. The finite
temperature properties of the system above the critical point show pronounced
deviations from the predictions of conventional Landau Fermi liquid theory (for
a comprehensive review see [21]).

The basic picture of the heavy fermion systems is that of a dense lattice of
magnetic moments immersed in the sea of conduction electrons. The f-electrons
associated with the rare earth or actinide ions have strong on-site Coulomb re-
pulsion and they localize into magnetic moments, as in the Mott insulators. The
local moments interact antiferromagnetically with the spin density of the con-
duction electron fluid, generating a lattice analog of the single ion Kondo effect.
A heavy electron band is thus formed out of the resonances created in each unit
cell. Resistivity drops down at low temperature when coherence develops. The
f-electrons are effectively dissolved in the conduction electron fluid, with the net



1.1 The prototype materials of this thesis 9

effect that the Fermi surface volume counts the number of both conduction elec-
trons and f-electrons.

The local moments also induce Friedel oscillations in the spin density of the
conduction electron liquid. These oscillations again couple to the other local mo-
ments, resulting in an effective magnetic interaction between the local moments.
Such conduction-electron-mediated interactions between magnetic moments are
called RKKY interactions, named after Ruderman, Kittel, Kasuya and Yosida.
The RKKY interaction favors an antiferromagnetic ground state for the local
moments. When the f-electrons are locked into the local moments, the Fermi
surface volume just counts the number of conduction electrons.

All these ingredients can be grouped together into the following Hamiltonian,
usually called the Kondo lattice model,

J
H = E EkCLaCka + 7[( E S, - cjaaagciﬁ + E J}}KKYSi .S, (1.2)
ka % 4,7

where ¢y, represents the conduction electrons and S; the local moments. Jx
parameterizes the Kondo coupling between the conduction electrons and the local
moments, and J}}KKY the RKKY interaction between the local moments. The
Kondo coupling is proportional to the square of the hybridization matrix element
V between the conduction electrons and f-electrons, Jx ~ V2, and the RKKY
interaction is proportional to the conduction electron density of states and the
square of the Kondo coupling, JREKY ~ 2 5.

The canonical picture of Kondo lattice, due to Doniach, is that the com-
petition between the Kondo coupling and RKKY interaction governs the phase
diagram [22]. Daniach’s reasoning is based on a comparison of energy scales.
There are two characteristic energy scales in such system: the single ion Kondo
temperature Tx = De~'/(27xP) with D the bandwidth and the RKKY temper-
ature Trxky = J#p. For Jxp large, the Kondo temperature is the larger one
and the ground state is the heavy Fermi liquid with a large Fermi surface. For
Jip small, the RKKY temperature is larger, resulting in an antiferromagnetic
ground state with a small Fermi surface.

Let us look at one example: the heavy fermion alloy CeCug_yxAu,. The par-
ent compound CeCug is a heavy fermion metal showing no long-range magnetic
order above 5 mK. Antiferromagnetic fluctuations have been observed in inelastic
neutron scattering. By replacing some copper atoms by gold atoms, the lattice
expands, leading to a reduction in the hybridization between the Ce 4f electrons
and the conduction electrons. And the RKKY interaction becomes more impor-
tant. Actually in the doping range 0.1 < < 1, the Neel temperature is linear in
x, Ty «x (x—0.1). By decreasing x or adding pressure, the Neel temperature can
be tuned to essentially zero, where we get a continuous phase transition at zero
temperature. Such phase transitions will be dominated by quantum mechanical
fluctuations, and are thus called quantum phase transitions (QPTs).

There are two aspects of such transitions. One is that the system goes from a
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magnetically ordered state to a magnetically disordered state, for which an order
parameter can be asigned that captures such a transition. The other aspect is
that the Fermi surface also changes across the transition. One would expect that
the Fermi surface changes continuously from the phase with a large Fermi surface
to the other phase with a small Fermi surface. A spin density wave transition
would give rise to such a result. However de Haas-van Alphen measurements have
shown that at least for some QPTs, e.g. the pressure-tuned QPT in CeRhlns,
there is a sudden change in the Fermi surface area right at the transition point
(see Fig.1.4). How to reconcile the second-order nature of the phase transition
with the sudden change in the Fermi surface area is a serious challenge to the-
orists, which obviously goes beyond the conventional paradigm of spontaneous
symmetry breaking.

r CeRhInS 60 CCRhl[‘lS ° .

'(m())

dHvVA Frequency (x1070e)
JES
™
mg

Pressure (GPa) Pressure (GPa)

Figure 1.4: Pressure dependence of the de Haas-van Alphen frequency and cy-
clotron mass in CeRhIns. P. denotes the critical pressure (from Gegenwart et
al. [23], measurement by Shishido et al. [24]).

Associated with such unconventional zero-temperature phase transitions are
the various exotic behaviors in the finite temperature properties of the system
above the QCPs, widely known as the non-Fermi liquid behavior (see [25] and
references therein), signaling our ignorance of such states. In various systems,
the specific heat coefficient shows an upturn at low temperature, which is usu-
ally best fitted by a logarithmic divergence, Cy /T ~ —logT, e.g. CeColns,
CeCug_xAuy, UsPtoln, U,Th;_CusSis, YbRhsSis, YbAgGe, and sometimes
equally well or even better fitted by a power-law divergence, Cy /T ~ T—1+*
with 0 < A < 1, e.g. Ce;_xThyRhSb, UCuy_«Pd;i+x, UxY1_xPds. Think-
ing Fermi liquid, this would mean that the quasiparticle effective mass diverges
m*/m — oo. The transport properties of such systems are also quite differ-
ent from that of Fermi liquid. For CeColns (along the c-axis), CeCusGes,
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CGCUG_XAUX, UCU4_XPd1+X, UCU4+XPt1_X, UQCu12A15, YthQSlQ7 YbAgGe
and YbRhySis_Gey, the resistivity has a (quasi-)linear temperature dependence,
reminiscent of the strange metal phase of cuprates. In many other systems,
the resistivity obeys the power law p = py + AT, with the power « obvi-
ously smaller than 2, e.g. CeCusSiy, CePdsSis, CeNiyGes, Ce(Ru;—_xRhy),Sia,
CeIrIn5, (1‘(31%114Sb127 UQCOQSD5, UBelg, UPtlg, UCOAI, UXThl_XCU2SiQ and
YbCussxAls_y. The Fermi-liquid-type scattering can not account for such be-
havior. The critical fluctuations evade the locking of the Fermi-Dirac statistics.

Another important feature of the quantum critical state in heavy fermion
systems, which is also observed in cuprates, is the so-called locality. For example,
for CeCug_xAuy, the scale-invariant part of the dynamical spin susceptibility
shows the same w/T scaling for different momenta, which implies that the critical
excitations are local.

It is surprisingly universal that as one lowers temperature, new phases appear
near the QCP. Most commonly observed to date is the superconducting phase
(see [26] and references therein). The phenomenon of a superconducting dome
enclosing the region near the QCP is quite general (see Fig.1.1). The proto-
type material in heavy fermions with such a phase diagram is the intermetallic
compound CePdsSis. At ambient pressure, CePdsSis orders antiferromagneti-
cally below about 10 K. Applying pressure reduces the Neel temperature, and at
about 28 kbar, the Neel temperature vanishes, where one expects the existence of
a QCP. However, in the immediate vicinity of the critical pressure, superconduc-
tivity appears, with highest T, about 0.4 K. Above the superconducting dome, the
electrical resistivity shows anomalous scaling behavior, with quasi-linear temper-
ature dependence over almost two orders of magnitude in temperature. Other
materials with a similar phase diagram include Celng, CeCusSiz, CeCuyGes,
UGez, URhGe and UCoGe.

1.2 Fermions: the main target of this thesis

The new experimental findings in cuprates and heavy fermions clearly indicate the
breakdown of the old paradigm of Landau. At this time, it is helpful to go back
to basics, deconstruct the old laws, and get detoxified from the stubborn beliefs
of the traditional way of thinking, which we have been following for decades.

The experimentalists measure systems formed from electrons and electrons are
fermions. The only exactly solvable many Fermion problem is the non-interacting
Fermi gas. Surely, every student in physics knows the canonical solution. Intro-
duce creation and annihilation operators that anti-commute,

{clegt = S (1.3a)
{cheb} = {epepy =0, (1.3b)
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and the Hamiltonian is
Hy = ZEkCL“CEv (1.4)
k

where k is some set of single particle quantum numbers; a representative example
is the spinless gas in the continuum where k represents single particle momen-
tum and e, = h%k?/2m. Tt follows from standard manipulations that its grand
canonical free energy is

Fo = —;zg:ln (1+e—5<€r“>>, (1.5)

where 8 = 1/(kgT) and p the chemical potential, tending to the Fermi-energy
Er when T'— 0. The particle number is

an, (1.6a)
E

B 1
"= eBleg—m) — 1’

N

(1.6b)

where n is recognized as the momentum distribution function. At zero temper-
ature this momentum distribution function turns into a step function: n; =1
for |E| < kp and zero otherwise where the Fermi-momentum kr = \/2mEp /h2.
The step smears at finite temperature, and this is another way of stating the fact
that only at zero temperature one is dealing with a Fermi-surface with a precise
locus in single particle momentum space separating occupied- and unoccupied
states.

The simplicity of the Fermi gas is deceptive. This can be highlighted by a
less familiar but illuminating argument. As Landau guessed correctly [27], the
Fermi gas can be adiabatically continued to the interacting Fermi liquid. The
meaning of this statement is that when one considers the system at sufficiently
large times and distances and sufficiently small temperatures(‘scaling limit’) a
state of interacting fermionic matter exists that is physically indistinguishable
from the Fermi gas. It is characterized by a sharp Fermi surface and a Fermi
energy but now these are formed from a gas of non-interacting quasiparticles that
have still a finite overlap (‘pole strength’ Z;) with the bare fermions, because the
former are just perturbatively dressed versions of the latter, differing from each
other only on microscopic scales [27]. This is the standard lore, but let us now
consider these matters with a bit more rigor. The term describing the interactions
between the bare fermions will have the general form,

H, = Z V(E, _7’@')c£.+40gc;_dck~/. (1.7)
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It is obvious that single particle momentum does not commute with the in-
teraction term,

[cch,Hl} #0, (1.8)

henceforth, single particle momentum is in the presence of interactions no longer
a quantum number and single particle momentum space becomes therefore a
fuzzy, quantum fluctuating entity. But according to Landau we can still point at
a surface with a sharp locus in this space although this space does not exist in a
rigorous manner in the presence of interactions!

In the textbook treatments of the Fermi liquid this obvious difficulty is worked
under the rug. Since the above argument is rigorous, it has to be the case that
the Fermi-surface does not exist when one is dealing with any finite number of
particles! Since we know empirically that the Fermi liquid exists in the precise
sense that interacting Fermi-systems are characterized by a Fermi-surface that
is precisely localized in momentum space in the thermodynamic limit it has to
be that this system profits from the singular nature of the thermodynamic limit,
in analogy with the mechanism of spontaneously symmetry breaking that rules
bosonic matter.

We refer to the peculiarity of bosonic- and classical systems that (quantum)
phases of matter acquire a sharp identity only when they are formed from an
infinity of constituents [28]. Consider for instance the quantum crystal, breaking
spatial translations and rotations. Surely, one can employ a STM needle to
find out that the atoms making up the crystal take definite positions in space
but this is manifestly violating the quantum mechanical requirement that ‘true’
quantum objects should delocalize over all of space when it is homogeneous and
isotropic. The resolution of this apparent paradox is well known. One should add
to the Hamiltonian an ‘order parameter’ potential V(R) where R refers to the
dN dimensional configuration space of N atoms in d dimensional space, having
little potential valleys at the real space positions of the atoms in the crystal. It
is then a matter of order of limits,

. . S =0 _
1\}13; ‘1/1310< Ez o(r — 7)) 0, (1.9a)
&grloj\}gr}g% 6(r; =) # 0, (1.9b)

where 7; and 79 are the position operator and the equilibrium position of the i-th
atom forming the crystal. Henceforth, the precise positions of the atoms in the
solid, violating the demands of quantum mechanical invariance, emerge in the
thermodynamic limit — we know that a small number of atoms cannot form a
crystal in a rigorous sense.

Returning to the Fermi liquid, the commonality with conventional symmetry
breaking is that in both cases non existent quantum numbers (position of atoms
in a crystal, single particle momentum in the Fermi liquid) come into existence
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via an ‘asymptotic’ emergence mechanism requiring an infinite number of con-
stituents, at least in principle. But this is as far the analogy goes. In every other
regard, the Fermi liquid has no dealings with the classical emergence principles,
that also govern bosonic matter.

Although it is unavoidable that the Fermi liquid needs the thermodynamic
limit it is not at all clear what to take for the order parameter potential V. In
this regard, the Fermi liquid is plainly mysterious. The textbook treatises of the
Fermi liquid, including the quite sophisticated ‘existence proofs’, share a very
perturbative attitude. The best treatments on the market are the ones based on
functional renormalization and the closely related constructive field theory [29].
Their essence is as follows: start out with a Fermi gas and add an infinitesimal
interaction, follow the (functional) renormalization flow from the UV to the IR to
find out that all interactions are irrelevant operators. Undoubtedly, the conclu-
sions from these tedious calculations that the Fermi gas is in a renormalization
group sense stable against small perturbations are correct. The problem is that
these perturbative treatments lack the mighty general emergence principles that
we worship when dealing with classical and bosonic matter.

To stress this further, let us consider a rather classic problem that seems to
be more or less forgotten although it was quite famous a long time ago: the
puzzle of the He Fermi liquid. The 3He liquid at temperatures in the Kelvin
range is not yet cohering and it is well understood that it forms a dense van der
Waals liquid. Such liquids have a bad reputation; all motions in such a classical
liquid are highly cooperative to an extent that all one can do is to put them into
a computer and solve the equations of motions by brute force using molecular
dynamics. When one cools this to the millikelvin range, quantum coherence
sets in and eventually one finds the impeccable textbook version of the Fermi
liquid: the macroscopic properties arise from dressed helium atoms that have
become completely transparent to each other, except that they communicate via
the Pauli principle, while they are roughly ten times as heavy as real *He atoms.
When one now measures the liquid structure factor using neutron scattering one
finds out that on microscopic scales this Helium Fermi liquid is more or less
indistinguishable from the classical van der Waals fluid! Hence, at microscopic
scales one is dealing with the same ‘crowded disco’ dynamics as in the classical
liquid except that now the atoms are kept going by the quantum zero-point
motions. On the microscopic scale there is of course no such thing as a Fermi
surface. For sure, the idea of renormalization flow should still apply, and since
one knows what is going on in the UV and IR one can guess the workings of the
renormalization flow in the He case: one starts out with a messy van der Waals
ultraviolet, and when one renormalizes by integrating out short distance degrees
of freedom one meets a ‘relevant operator creating the Fermi-surface’. At a time
scale that is supposedly coincident with the inverse renormalized Fermi-energy
this relevant operator takes over and drags the system to the stable Fermi liquid
fixed point. How to construct such a ‘Fermi-surface creation operator’? Nobody
seems to have a clue!
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Although the microscopic details are quite different, the situation one encoun-
ters in interesting electron system like the ones realized in manganites [2, 30],
heavy fermion intermetallics [3] and cuprate superconductors [1] is in gross out-
lines very similar as in *He. In various guises one finds coherent quasiparticles
(or variations on the theme, like the Bogoliubons in the cuprates) only at very
low energies and low temperatures. Undoubtedly the UV in these systems has
much more to do with the van der Waals quantum liquid than with a free Fermi
gas. Still, the only activity the theorists seem capable off is to declare the UV to
be a Fermi gas that is hit by small interactions. It is not because these theorists
are incompetent: humanity is facing the proverbial brick wall called the fermion
sign problem that frustrates any attempt to do better.

The other ‘anomaly’ of the Fermi liquid appears again as rather innocent when
one has just worked oneself through a fermiology textbook. However, giving this
a further thought, it is actually the most remarkable and most mysterious feature
of the Fermi liquid. Without exaggeration, one can call it a ‘UV-IR connection’,
indicating the rather unreasonable way in which microscopic information is re-
membered in the scaling limit. It refers to the well known fermiology fact that by
measuring magneto-oscillations in the electrical transport (De Haas-van Alphen,
and Shubnikov- de Haas effects) one can determine directly the average distance
between the microscopic fermions by executing measurements on a macroscopic
scale. This is as a rule fundamentally impossible in strongly interacting classical-
and sign free quantum matter. Surely, this is possible in a weakly interacting
and dilute classical gas, as used with great effect by van der Waals in the 19-th
century to proof the existence of molecules. But the trick does not work in dense,
strongly interacting classical fluids: from the hydrodynamics of water one cannot
extract any data regarding the properties of water molecules. Surely, the weakly
interacting Fermi gas is similar to the van der Waals gas but a more relevant ex-
ample is the strongly interacting >He, or either the heavy fermion Fermi liquid.
At microscopic scales it is of course trivial to measure the inter-particle distances
and the liquid structure factor of He will directly reveal that the helium atoms
are apart by 4 angstroms or so. But we already convinced the reader that there
is no such thing as a Fermi surface on these scales. Descending to the scaling
limit, a Fermi-surface emerges and it encloses a volume that is protected by the
famous Luttinger theorem [31,32]: it has to enclose the same volume as the non-
interacting Fermi gas at the same density. Using macroscopic magnetic fields,
macroscopic samples and macroscopic distances between the electrical contacts
one can now measure via de Haas van Alphen effect, etcetera, what kp is and
the Fermi momentum is just the inverse of the inter-particle distance modulo
factors of 2. This is strictly unreasonable. We repeat, on microscopic scales the
system has knowledge about the inter-particle distance but there is no Fermi-
surface; the Fermi surface emerges on a scale that is supposedly in some heavy
fermion systems a factor 100 or even 1000 larger than the microscopic scale. But
this emerging Fermi-surface still gets its information from somewhere, so that
it knows to fix its volume satisfying Luttinger’s rule! In Chapter 3 we hope to
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shed some light on the ‘mysteries’ addressed here using Ceperley’s path integral
but we are still completely in the dark regarding this particular issue. It might
well be that there are even much deeper meanings involved; we believe that it
has dealings with the famous anomalies in quantum field theories [33]. These
are tied to Dirac fermions and the bottom line is that these process in rather
mysterious ways ultraviolet (Planck scale) information to the infrared, with the
effect that a gauge symmetry that is manifest on the classical level is destroyed
by this ‘quantum effect’.

To summarize, in this section we have discussed the features of the Fermi
liquid that appear to be utterly mysterious to a physicist believing that any true
understanding of physics has to rest on Boltzmannian principle:

(i) What is the order parameter and order parameter potential of the zero tem-
perature Fermi liquid?

(ii) How to construct a ‘Fermi-surface creation operator’, which is supposed to
be the relevant operator associated with the IR stability in the renormalization
group flow?

(iii) Why is it possible to retrieve microscopic information via the Luttinger sum
rule by performing macroscopic magneto-transport measurements, even in the
asymptotically strongly interacting Fermi liquid?

1.3 Feynmanian deconstruction of the order pa-
rameter

A better way to understand symmetry breaking is to inspect the dual represen-
tation in terms of the worldline path integral [34,35], which will be the task of
Chapters 2 and 3 of this thesis. In such first-quantized formalism, the order
parameter is deconstructed, in the sense that the condensate can be expressed
directly in terms of the microscopic constituents of the system. The indistin-
guishability of the bosons and fermions translates into the recipe that one has to
trace about all possible ways the worldlines can wind around the periodic imag-
inary time axis. For a bosonic system, at the temperature where the average of
the topological winding number w becomes macroscopic, limpy_,o. (w)/N # 0, a
phase transition occurs either to the BEC or the superfluid. Bose condensation
means that a macroscopic number of particles ‘share the same worldline’ and
the only difference between a BEC and a superfluid is that in the latter this
condensate is somewhat depleted.

What is more attractive to us is that the worldline formalism has also the
merit of making the fermion sign most transparent. Fermionic worldlines with
an even winding number have positive signs, while those having an odd winding
number carry negative signs, and they are the origin of the fermion sign problem.
It is in this formalism that a partial solution of the sign problem is proposed
[Chapter 3]. The basic idea is to discard the worldlines with odd winding numbers
and in compensation, some of the even winding worldlines also need to be thrown



1.3 Feynmanian deconstruction of the order parameter 17

away.

Feynman’s worldline path integral formulation of many body system is now a
textbook problem, although we are aware of only one textbook where it is worked
out in detail: Kleinert’s Path integral book [36]. Consider the partition function
for Bosons or Fermions; this can be written as an integral over configuration
space R = (ry,...,ry) € RV of the diagonal density matrix evaluated at an
imaginary hg3,

Z =Tre PH = /dRp(R, R;3). (1.10)

The path integral formulation of the partition function rests on a formal anal-
ogy between the quantum mechanical time evolution operator in real timeAe*iH t/h
and the finite temperature quantum statistical density operator p = e~ # | where
the inverse temperature 8 = 1/kgT has to be identified with the imaginary time
it/h. The partition function defined as the trace of this operator and expres-
sion (1.10) simply evaluates this trace in position space. More formally this can
viewed as a Wick rotation of the quantum mechanical path integral, and requires
a proper analytic continuation to complex times. This rotation tells us that the
path integral defining the partition function lives in D-dimensional Euclidean
space, with D = d + 1 and d the spatial dimension of the equilibrium system.
This analogy tells us that to study the equilibrium statistical mechanics of a
quantum system in d space dimensions, we can study the quantum system in a
Euclidean space of dimension d + 1, where the extra dimension is now identified
as a ‘thermal’ circle of extent 8. At finite temperature this circle is compact and
world-lines of particles in the many-body path integral (1.10) then wrap around
the circle, with appropriate boundary conditions for bosons or fermions. The dis-
crete Matsubara frequencies that arise from Fourier transforming modes on this
circle carry the idea of Kaluza-Klein compactification to statistical mechanics.

For distinguishable particles interacting via a potential V' the density matrix
can be written in a worldline path integral form as,

/ DR exp(—S[R]/k), (1.11a)
R—R/

S[R] /Ow dr (%RQ(T) + V(R(T))) , (1.11b)

but for indistinguishable bosons or fermions one has also to sum over all N!
permutations P of the particle coordinates,

pi/r(RR: ) = 10 S (+1)pp (R, PR ), (112)
P

where p is he parity of the permutation. For the bosons one gets away with the
positive sign, but for fermions the contribution of a permutation with uneven
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Figure 1.5: Worldline configuration corresponding to a cyclic exchange of three
particles, 1 — 2, 2 — 3, and 3 — 1, or in short notation (123) (upper left).
On a cylinder (upper right), the worldlines form a closed loop winding w = 3
times around the cylinder. In the extended zone scheme (bottom), the exchange
process of three particles can be identified with a worldline of a single particle at
an effective inverse temperature 34.

parity to the partition sum is a ‘negative probability’, as required by the anti-
symmetry of the fermionic density matrix. This is the origin of the fermion sign
problem, which will be discussed in more detail in section 2.

The partition sum describes worldlines that ‘lasso’ the circle in the time di-
rection. Every permutation in the sum is composed out of so called permutation
cycles. For instance, consider three particles. One particular contribution is given
by a cyclic exchange of the three particles corresponding with a single worldline
that winds three times around the time direction with winding number w = 3 (see
Fig. 1.5), a next class of contributions correspond with a ‘one cycle’ with w =1
and a two-cycle with w = 2 (one particle returns to itself while the other two
particles are exchanged), and finally one can have three one cycles (all particles
return to their initial positions).

The crucial insight of Feynman was that quantum mechanics actually renders
a strongly interacting Bose or Fermi liquid to act like a system of free particles,
with renormalized parameters ( [34], [35]). The main task here is to characterize
the important trajectories for the partition sum. One can neglect the contribu-
tions from configurations R(0) and motions R(7) which give small contributions.
Let us consider the contribution from moving a single particle ¢ from its initial
position r;(0) to a final position r;(8). r;() might be the same as r;(0), or
r;(0) for another particle j. As a simple model that captures the essence of the



1.3 Feynmanian deconstruction of the order parameter 19

problem, imagine the interaction to be of very short range. So the important
initial configurations are those for which particles are far apart. There may be
other particles in the way of the path r;(7), and they will interact with particle
¢ due to the potential energy V. It is also possible that as particle ¢ moves, the
other particles move out of its way, avoiding to interact with it. For some special
paths R(7), it can be that the particles have adjusted their motions so well that
during the whole motion, the total potential energy of all the particles is nearly
equal to the potential energy of the original configuration R(0). Instead of in-
creasing their potential energy, for which the time integral is proportional to 5,
the particles just need to pay an increase of kinetic energy for the readjustment
of their coordinates, which varies as the square of the velocity of particle ¢ and
has time integral inversely proportional to 5. The change in kinetic energy can
be accounted for by assigning a larger mass to particle 7. The net effect is that for
every trajectory, the particle behaves like a free particle with a shifted effective
mass.

So we can proceed by considering as fixed point theory the non-interacting
Bose and Fermi gas, keeping in mind that mass m is now a renormalized quantity.
The evaluation of their path integrals reduces to a combinatorial exercise. Let us
first illustrate these matters for the example of N = 3 particles. It is straightfor-
ward to demonstrate, that the identity permutation gives a contribution Zy(3)3
to the partition function (here Zy(/3) denotes the partition function of a single
particle), whereas an exchange of all three particles contribute as Zy(33). The
meaning is simple: in the absence of interactions the 3-cycle can be identified
with a single particle worldline returning to its initial position at an effective
inverse temperature 33 (see Fig. 1.5). Further on, a permutation consisting of
aw =1and a w = 2 cycle contributes with Zy(3)Z(25). To write down the
canonical partition function for N = 3 non-interacting bosons or fermions we
only have to know the combinatorial factors (e.g. there are 3 permutations made
out of a w =1 and a w = 2 cycle) and the parity of the permutation to obtain

Ziyr (B) =

BJF 3 L1Z6(8)° + 320(8)Z0(28) + 220(38)]. (1.13)

This result can easily be generalized to N particles. We denote the number
of 1-cycles, 2-cycles, 3-cycles, ... N-cycles the permutation is build of with C1,
Cy, Cs,..., Cny and denote the combinatorial factors counting the numbers of
permutations with the same cycle decomposition Cy,...Cn with M(Cy,...Cy).
For N particles we have to respect the overall constraint N = ) C,, and obtain

1 N=32,Cu N
zgjm):ﬁ ST M(Cy, .. Cn) (D) H Zo(wpB)]“™ . (1.14)
" C1,..CNn w=1

Although the combinatorial factors can be written down in closed form,

N!

M(Cl,CN): W,

(1.15)
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the canonical partition function (1.14) is very clumsy to work with because of the
constraint acting on the sum over cycle decompositions. The constraint problem
can be circumvented by going to the grand-canonical ensemble. After simple
algebraic manipulations we arrive at the grand-canonical partition function

oo

Za(Bm) = Y ZGp(B)eN
N=0
- _1Zo(wB)
= £l e | 1.16
o (S 2000, (110
corresponding to a grand-canonical free energy
Fo(B) = —fanG (B, ) = Z +1)v B) efun, (1.17)

B

with the + inside the sum referring to bosons (+) and fermions (—), respectively.
This is a quite elegant result: in the grand-canonical ensemble one can just sum
over worldlines that wind w times around the time axis; the cycle combinatorics
just adds a factor 1/w while Zy(wp) exp (Bwpu) refers to the return probability
of a single worldline of overall length wf. In the case of zero external potential
we can further simplify
d
Zo(wp) = S .

/B —a/2°
N

to obtain for the free energy and average particle number Ng, respectively,

(1.18)

Z0<5) = w— efur
Fo = — 3 21&1) 1 — (1.19a)
— BFG — fo w—1 eﬁwﬂ

To establish contact with the textbook results for the Bose and Fermi gas one
just needs that the sums over windings can be written in an integral representa-
tion as,

o eﬂwu 1 o0 2,:_11—1
+1)w! = d 1.2
S T [ e (120

and one recognizes the usual expressions involving an integral of the density of
states (N (g) ~ %2 in d space dimensions) weighted by Bose-Einstein or Fermi-
Dirac factors.

For bosons, by using the worldline path integral formalism, the quantum me-
chanical problem is reduced to a purely classical equilibrium ring polymer prob-
lem. At the transition p — 0, one directly infers from Eq. (1.19) that very long
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worldlines corresponding with winding numbers w ~ N are no longer penalized,
while there are many more long winding- than short winding contributions in the
sum. It is straightforward to show that in the thermodynamic limit worldlines
with w between v/ N and N have a vanishing weight above the BEC temperature,
while these infinite long lines dominate the partition sum in the condensate [37].
One starts with a summation over a finite number of winding worldlines and take
the infinite winding limit, or equivalently the infinite particle number limit, at
the end of the day.
The number of particles contained in worldlines with winding number w is

ewsh (D ( D ,m\]"
Vo= (3w (°5)] (21

2 . .
where W (z) = Y7 e~ """ comes from a summation over all discrete momen-

n=—oo
tums, and A = hy/278/m is the de Broglie thermal wavelength. It is easy to
show that for d = 3 the fraction of particles contained in the long loops is

1 XN 0 forT > 1T,
lim — Ny = 3/2 1.22
NgnooN Z 1-— (%) for T < T.,. ( )

w=vN ¢
while for d = 2 the result is
1 & 0 forT>0
I\/lgnoo N Z Nu = { 1 for T =0. (1.23)
w=vN

A related issue is the well known fact that the non-interacting Bose-Einstein
condensate and the superfluid that occurs in the presence of finite repulsions are
adiabatically connected: when one switches on interactions the free condensate
just turns smoothly into the superfluid and there is no sign of a phase transition.
This can be seen easily from the canonical Bogoliubov theory. Again, although
the algebra is fine matters are a bit mysterious. The superfluid breaks sponta-
neous U(1) symmetry, thereby carrying rigidity as examplified by the fact that
it carries a Goldstone sound mode while it expels vorticity. The free conden-
sate is a non-rigid state, that does not break symmetry manifestly, so why are
they adiabatically connected? The answer is obvious in the path-integral rep-
resentation [38,39]. The superfluid density ps can be written in terms of the
mean-squared winding number in the spatial direction,

E <W2> L27d

R T (1.24)

Here periodic boundary condition is imposed. d is the dimensionality, L is the
size of the periodic cell, which is assumed to be the same for all spatial directions.
The winding number W describes the net number of times the paths of the N
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particles have wound around the periodic cell, WL = Zi\;(r% —r;). Although
interactions will hinder the free meandering of the polymers, a lot of this hin-
drance is required to make it impossible for worldlines to become infinitely long
below some temperature. The fraction of infinitely long worldlines is just the
condensate fraction ps/p and even in the very strongly coupled *He superfluid
these still make up for roughly 30% of all worldlines! The only way one can get
rid of the infinite windings in the interacting system is to turn it into a static
array of one cycles - the *He crystal.

1.4 Quantum criticality: a new organizing prin-
ciple

Quantum criticality is an important concept that has dominated the landscape
of modern condensed matter physics for the last decade [40]. The idea behind
quantum criticality is simple and powerful. Imagine competing interactions that
typically drive the transitions between different phases. Logically one has to
allow for the possibility that the relative strength of these competing interactions
is tunable as a function of the external control parameters such as pressure,
magnetic field or doping; we deliberately omit temperature as a control parameter
since quantum phase transitions (QPTs) will occur at T=0. The simplest route
to arrive at a QPT is to consider a line of finite temperature phase transition as
a function of some control parameter, such as pressure P, magnetic field B or
doping x. At T = 0 this line will indicate a critical value of the control parameter.
This specific value of the control parameter, where one expects a precise balance
between tendency to different phases or states, is called a quantum critical point
(QCP). Near this point, competing interactions nearly compensate each other.
It is often asserted that it is the physics of frustration and competition which
leads to the finite temperature transition, and that also controls and enables the
interesting properties of materials as they are brought to the T'= 0 QCP.

In this section, we intend to give a short introduction to the theoretical idea
of quantum criticality. In the previous section, we have seen the experimental
evidence that by applying pressure, magnetic field, or doping, a second-order
phase transition can be tuned to zero temperature, producing a quantum crit-
ical point. Associated with such a singular point, ordinarily anomalous scaling
behaviors emerge in various finite-temperature properties of the system, such as
specific heat, resistivity and magnetic susceptibility, which goes far beyond our
conventional understanding of metals. One of the basic questions arising from
the experimental findings is how the zero temperature phase transition point is
related to the finite temperature behavior of the system. The theoretical idea of
quantum criticality states that the zero temperature QCPs actually profoundly
modify finite temperature properties of the quantum critical metals.

The basic concepts of quantum criticality is best illustrated by a simple model:
the 1+1-dimensional Ising chain in a transverse field. This model can be solved
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exactly and it is the hydrogen atom of quantum phase transitions. One can
find a comprehensive introduction to this model in Sachdev’s book [40]. We will
summarize the essential points here. The Hamiltonian is of the form,

Hy=—JY (67671 +957). (1.25)

Here the overall coefficient J > 0 is an exchange constant. It sets the microscopic
energy scale of the system. When temperature is much larger than J, the proper-
ties are nonuniversal. In the following, we consider temperature within the range
T <« J. &’s are the Pauli matrices. g > 0 is a dimensionless coupling. When
g = 0, the ground state is a product of eigenstates of 7. It is a ferromagnetic
state, with all the spins aligned up, either all in the spin up state or all in the
spin down state. The Zy symmetry, 67 = —67,67 — 07, is broken. For g — oo,
the ground state is a product of eigenstates of 67, | —); = (| 1 + | 1)i)/V2.
This state restores the above Zs symmetry. Then the question is what happens
in-between the two limits.

This quantum model can be mapped to a classical model in 2 dimension.
Temperature in the quantum model corresponds to the total length of the classical
system in the time direction, and gap in the quantum model is mapped to the
correlation length along the time direction. One can introduce the concept of
dynamical critical exponent z, which relates the scaling in the time direction to
the space direction, and frequency scales with momentum as w ~ k?. In the
quantum Ising model, z = 1.

The immediate consequence of this mapping is that the zero temperature
phase transition in the quantum Ising model is second order. The Hamil-
tonian is invariant under the above Z5 transformation. So this symmetry
can only be broken spontaneously, which also points to a second order phase
transition. For g > 1, the correlation in &7 is short-ranged, decaying as
(0]676%10) ~ exp(—|z; — x;|/§) at long distance, with § the correlation length.
For g < 1, there is spontaneous symmetry breaking, with (0|67]0) finite.

This model can be mapped to a free fermion problem and solved exactly.
By making the Jordan-Wigner transformation, with the spin axes rotated by
/4 about the y axis, 67 = 1 — 26101, 67 = —1L.(1 - 2C}Cj)(c7; + cj)7 the
Hamiltonian reads in momentum space

H; = JZ (2[9 - cos(k:a)]clck - isin(ka)[cikcl + c_keg] — g) , (1.26)
k

where a is the lattice spacing. A Bogliubov transformation ¢, = ugvyi + ivk'yik

brings the above quadratic Hamiltonian into the simple form, Hy = )", e, ('y;'yk —

%), with e, = 2J4/1 + g2 — 2gcosk. For g # 1, there is an energy gap at k = 0,
with amplitude 2J|1 — g|, which vanishes at g = 1. So g = 1 is expected to be the

phase transition point, at which fermions dominate the low energy properties.
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Near this point, the system is described by a universal continuum field theory,
with partition function

B
Z= /D\pmﬁ exp (—/ dexLI>
0

(1.27)
’raﬂ ¢ <\IJT8\IIT f\paj

L=V +

AUTY
or 2 > + ’

ox x
with higher order terms all irrelevant. Here the continuum Fermi field ¥(z;) =
ci/+/a, and coupling constants ¢ = 2Ja, A = 2J(1 — g). At the critical point,
g=1and A = 0. We also notice that above the energy scale J, lattice effects
will be important, and the above critical field theory is no longer adequate to
describe the system. So J is the ultraviolet cutoff w, of the critical theory. Here
A is the most relevant perturbation about the QCP and it has scaling dimension
1. The correlation length scales as & ~ |g—g.| ™", and one can read off the critical
exponent v = 1.
The two-point correlation functions read for 7 > 0,

T 1 1
(@ (z,7)01(0,0)) = (sin(wT(T “ia/)) | sm(xT(r + ix/CD) ’

(1.28)

(¥ (x, 7)¥(0,0)) =i <sm<wT(T —irfc)  sin(nT(r + m‘/@)> '

The T = 0 result and T' > 0 result is connected by the conformal mapping from
a plane to a cylinder,

c T
cT tix — —sin | —(c7 L£ix) | . 1.29
sin (T er i) (1.29)

The central object of this model is the order parameter correlation function
C(z,t) = (6%(x;,t)6%(0,0)). The equal-time correlation function can be cal-
culated from the fermion representation. At long distance, it has the scaling

form A T A
lim C(x,0) = ZT*G; (T> exp [':'FI <T)] : (1.30)

|z|— 00

The operator 6* has dimension s = 1/8. F; and G are universal scaling func-
tions, and they are smooth across the critical point A = 0. One can see clearly
from the above expression that there is only long-range order at zero temperature.
At any finite temperature, the correlation decays exponentially, with correlation
length ¢ = ¢/(TFy). With £ behaving qualitatively differently in different re-
gions of the parameter space, the phase diagram is divided into several different
regions. This can already been seen by just comparing the two energy scales A
and T. And the crossover lines are at A ~ T. When A > 0,7 < A, one has
¢ = (2|A|T/nc?) 2 exp(—|A|/T). For A < 0,T < |Al, the correlation length
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is given by ¢! = |A|/c+ (2|A|T/7c?)'/? exp(—|A|/T) and reaches a finite value
as T — 0. In the region with 7' > |A|, the correlation length is £ = 4¢/7T,
which has the quantum critical scaling form 7~/# and this region is called the
quantum critical region (see Fig. (1.6)).

>
8c g

Figure 1.6: Theoretical phase diagram of the 14+1-dimensional quantum Ising
model. The dashed lines are the crossover lines |A| = 2J|g — g.| ~ T, with the
critical coupling g. = 1. The dotted line represents the ultraviolet cutoff energy
scale T' ~ J. The thick solid line at 7'= 0,0 < g < g. is the region in the phase
diagram with long-range order. The ground state at 7' =0, g > g. is a quantum
paramagnet. The triangular region in the center is the quantum critical region.

In the quantum critical region, the order parameter susceptibility can be
easily derived from the universal two-point correlator at an imaginary time 7.
One starts from the equal-time correlator at T'= 0, A = 0,

C(x,0) ! (1.31)
z,0) ~ ———-. .
(lz[/c)?s
The consideration here is quite general, not just restricted to the Ising model,
which has s = 1/8. Due to Lorentz invariance, the time direction can be included
simply,
1
(72 + 22/c2)s

The finite temperature result can be obtained through the transformation (1.29),

C(x,7) ~ (1.32)

) T2
4 (sin[rT(7 — iz)] sin[7T(T +ix)])*

Clz,7) = (1.33)

The analytical continuation to real time 7 — 4t yields the real time two-point
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correlation function

~ T25
Cx,t) =2 1.34
(@) = 2 b Tt = )l b T £ 2] (1:34)
with a Fourier transform corresponding to the dynamic structure factor
S(k,w) = / da / dtC(z, t)ekr=wt), (1.35)

A convenient way to perform the Fourier transform is by factorizing C(z,t) into
left-moving and right-moving modes, C(z,t) = C_(t — 2)C1(t + x), to subse-
quently integrate over ¢t + x. The result is
o 1 w+k w+k w—k W —
S(k,w) = Ze T7T2(1723)B(8+Z TS T LT )B(s+1i TS T LT )

(1.36)
where B is the beta function, and the overall numerical coefficient Z =
245=372(s=1) 7 The fluctuation-dissipation theorem

2

_ "
S(k,w) = R (k,w) (1.37)
then yields the imaginary part of the order parameter susceptibility,
Y __sinh(g%) wHk wHtk w—k w—k
X' (k,w) = ZiTZ(l—ZS) B(s+i T ST T )B(s+i T ST T ). (1.38)

Indeed x”(w) — 0 in a linear fashion with w with a slope set by 1/T, while for
w >> T the temperature dependence drops out, recovering the power law. The
crossover occurs at w ~ 2kpT/h where x” (w) has a maximum. This result will be
used in the later chapters when we consider superconductivity in quantum critical
metals. The real part can be computed from the Kramers-Kronig transform,
/ —ir  sin(2sm—g%) I'(2s)0
X/(k,w) = TQ(?—QS) (S .t;ﬂc qgnh(QT) ) D2 2WT2WT)

3F5(2s, s—z“”k 2s — lk 1+sfz“’+k 27rT; 1)+ (k— —k)) (1.39)

where F' is the generalized hypergeometrlc function.

In summary, we have shown that for the 1+1-dimensional quantum Ising chain
in the quantum critical region |A| < T < J, the finite temperature properties
of the system are related to its property at the zero temperature critical point
A =0,T = 0 simply by conformal mapping (1.29). As one approaches the QCP,
the correlation length scales as £ ~ |g — g.|~", and the correlation time scales as
&, ~ &%, Here the critical exponents are z = 1,v = 1. For higher dimensional
systems, the mapping will be more complex. But the basic idea of finite size
scaling in the temporal direction is the same. The critical exponents are different
for different universal classes. The fact that there is only long-range order at
zero temperature is the special property of 141 dimension. In higher dimensional
systems, the ordered phase can extend to finite temperature, occupying a finite
region in the phase diagram.
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1.5 This thesis

This thesis is divided into two parts. The first part (Chapters 2 and 3) is about
worldline path integrals and the fermion nodal structure. The second part (Chap-
ters 4, 5, 6) is about quantum criticality and its interplay with superconductivity.
There are actually intrinsic connections between the two, though they look far
apart at first glance. The study of the nodal structure of the fermionic wavefunc-
tions and density matrices serves as an antidote to the conventional Fermi gas
way of thinking. What we learn from exploring the nodes is that the world of
condensed matter systems is not just about the single particle Green’s functions,
and the many-body entanglement perspective is crucial for the understanding of
emergent phenomena. Nature has already revealed this to us when the FQHE
was discovered: Laughlin’s wavefunction contains much more information than
a single particle Green’s function, or even earlier, when Schrieffer wrote down
the simple wave function for the superconducting ground state. A simple step
going beyond the Fermi gas way of thinking would be to consider the two particle
correlation functions, e.g. charge susceptibility, spin susceptibility and pairing
susceptibility, to be as fundamental as the single particle Green’s functions, which
is the basic idea of Chapter 5.

We start in Chapter 2 with the signful worldline path integrals. The Feyn-
manian deconstruction of the order parameter is shown explicitly by calculating,
in the first quantized path integral formalism, the effect of the condensation of a
gas of charged particles in the background magnetic field. Coupling to a bosonic
condensate generates a mass term for the background magnetic field, leading to
the Anderson-Higgs effect. The value of the mass is determined by the number
density of the condensed particles. In this formalism, the fermionic statistics
are encoded via the inclusion of additional Grassmann coordinates in a manner
that leads to a manifest worldline supersymmetry. This extra symmetry is key
in demonstrating the absence of the Anderson-Higgs effect for charged fermions.

In Chapter 3, we study the fermion sign problem in the worldline path inte-
gral formalism. The insightful work of Ceperley in constructing fermionic path
integrals in terms of constrained world-lines is reviewed. In this representation,
the minus signs associated with Fermi-Dirac statistics are self consistently trans-
lated into a geometrical constraint structure, the nodal hypersurface, acting on
an effective bosonic dynamics. Working with the path integral in momentum
space, we then show that the Fermi gas can be understood by analogy to a Mott
insulator in a harmonic trap. Going back to real space, we discuss the topological
properties of the nodal cells, and suggest a new holographic conjecture relating
Fermi liquids in higher dimensions to soft-core bosons in one dimension.

We turn to the exploration of quantum criticality in Chapter 4. In this chap-
ter, we consider the dynamics of the bosonic order parameters around the QCPs,
assuming that the fermionic degrees of freedom can be integrated out. We are
interested in the stability of QCPs in the presence of two competing phases.
These phases near QCPs are assumed to be either classical or quantum and as-
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sumed to repulsively interact via square-square interactions. We find that for
any dynamical exponents and for any dimensionality strong enough interaction
renders QCPs unstable, and drives transitions to become first order. We propose
that this instability and the onset of first-order transitions lead to spatially inho-
mogeneous states in practical materials near putative QCPs. Our analysis also
leads us to suggest that there is a breakdown of Conformal Field Theory (CFT)
scaling in the Anti de Sitter models, and in fact these models contain first-order
transitions in the strong coupling limit.

In particular, we carry out the renormalization group (RG) analysis of two
coupled order parameters with different dynamical exponents, and we find a line
of fixed points in such theories. The RG analysis of such models is not an easy
task. The conventional picture is that in d spatial dimensions, the quantum field
theory of a bosonic field with dynamical exponent z is equivalent to a classical
field theory in d 4+ z dimensions. This picture still holds when there are more than
one field, but all the fields have the same dynamical exponent. However, when
the coupled fields have different dynamical exponents, this picture is no longer
valid: the fields are frustrated in choosing their effective dimensions. Techni-
cally, this problem arises in the RG analysis for example when one calculates
the loop diagrams containing internal lines corresponding to fields with different
dynamical exponents. If we think more carefully about how one arrives at the
conventional way of counting effective dimensions, we will find that one has to
rescale the parameters to absorb the generally dimensionfull coefficient in the fre-
quency dependent terms, the presence of which ensures these terms to have the
right dimensions. We will show explicitly such rescaling. With distinct dynam-
ical exponents, one can no longer rescale out these coefficients. They actually
lead to dramatically different scaling behavior in the RG structure.

In Chapter 5, we present a simple phenomenological scaling theory for the
pairing instability of a quantum critical metal. It can be viewed as a minimal
generalization of the classical BCS theory of superconductivity for normal Fermi
liquid metals. We assume that attractive interactions are induced in the fermion
system by an external bosonic glue that is strongly retarded. Resting on the
small Migdal parameter, all the required information from the fermion system
needed to address the superconductivity enters through the pairing susceptibility.
Asserting that the normal state is a strongly interacting quantum critical state
of fermions, the form of this susceptibility is governed by conformal invariance
and one only has the scaling dimension of the pair operator as free parameter.
Within this scaling framework, conventional BCS theory appears as the marginal
case but it is now easily generalized to the (ir)relevant scaling regimes. In the
relevant regime an algebraic singularity takes over from the BCS logarithm with
the obvious effect that the pairing instability becomes stronger. However, it is
more surprising that this effect is strongest for small couplings and small Migdal
parameters, highlighting an unanticipated important role of retardation. Using
exact forms for the finite-temperature pair susceptibility from 141D conformal
field theory as models, we study the transition temperatures, finding that the gap
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to transition temperature ratios is generically large compared to the BCS case,
showing, however, an opposite trend as a function of the coupling strength com-
pared to the conventional Migdal-Eliashberg theory. We show that our scaling
theory naturally produces the superconducting domes surrounding the quantum
critical points, even when the coupling to the glue itself is not changing at all.
We argue that hidden relations will exist between the location of the crossover
lines to the Fermi liquids away from the quantum critical points and the detailed
form of the dome when the glue strength is independent of the zero-temperature
control parameter. Finally, we discuss the behavior of the orbital-limited upper
critical magnetic field as a function of the zero-temperature coupling constant.
Compared to the variation in the transition temperature, the critical field might
show a much stronger variation pending the value of the dynamical critical ex-
ponent.

In Chapter 6, we propose to use the second order Josephson effect as a direct
probe of the Cooper channel of quantum critical metals, to shed light on the
problem of unconventional superconductivity in such systems. We review the
idea of Ferrell and Scalapino who suggested a superconductor-insulator-normal
(SIN) tunneling setup in which a strong superconductor acts as an effective ex-
ternal probe for a normal metallic state above its superconducting transition
temperature T,. The fluctuating pair field of the metal is coupled to the rigid
pair-field of the strong superconductor, and this leads to an additional contri-
bution to the total tunneling current, on top of the well-known SIN-junction
quasiparticle current. This additional tunneling current is proportional to the
imaginary part of the pair(ing) susceptibility in the metallic state. We calculate
the pair susceptibility for several different scenarios of the pairing mechanism for
quantum critical metals, to provide templates for experimentalists. We find that
different models differ qualitatively.
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CHAPTER 2

FERMIONS IN THE WORLDLINE PATH
INTEGRAL: ABSENCE OF
ANDERSON-HIGGS MECHANISM

2.1 Introduction

The Meissner effect [41], the expulsion of magnetic fields from superconducting
regions, is a salient feature of superconductivity which distinguishes it from per-
fect conductivity. It can be described in a phenomenological way via the London
equations [42], but a microscopic understanding requires an accounting of the
pairing mechanism [43—45] leading to condensation in the ground state, and the
concomitant generation of an effective mass for the photon, [46,47]. The modern
viewpoint takes the spontaneous breaking of a gauge invariance as the central
idea, though of course this is strictly speaking not correct, as a gauge symmetry
can never be broken, but rather serves as a good description in a perturbative
expansion around the breaking of a global symmetry. The breaking of a global
symmetry is also relevant to the study of Bose-Einstein condensation. An under-
standing of this phenomena, in the case of strongly interacting Helium and the
superfluid transition, was advanced by the introduction of the methods of first
quantized path integrals [48,49], wherein it is understood as the proliferation of
worldlines of bosons [50,51]. In fact, the partition function for the worldlines can
be mapped onto a second quantized Euclidean path integral (over fields) of the
Landau-Ginzburg type.
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The idea of spontaneously broken gauge symmetry has been used to great
advantage in high energy physics. It had long been assumed that a renormaliz-
able theory of massive vector bosons could not be gauge invariant, until it was
suggested [52-57] that a microscopic gauge invariant theory involving massless
vector bosons could still account for massive vector bosons at low energy (like
the W* and Z° in electroweak theory), if the symmetry gauged by such modes
is spontaneously broken at some scale (assumed to be around a few hundred
GeV for electroweak theory). This realization guided the construction of the
electroweak theory [58,59], now a cornerstone of the standard model of particle
physics.

In electroweak theory the symmetry breaking is driven by condensation of a
bosonic Higgs field, the search for which is one of the main motivations for recent
efforts in experimental high energy physics. Various technical issues (such as the
hierarchy problem) have led to the suggestion that the Higgs particle is not in fact
elementary, but gives an effective description of some as yet unknown underlying
physics (such as technicolor [60]), in much the same way that superconductivity
is often described as Bose-Einstein condensation of bound Cooper pairs [61].

One might wonder if this mechanism is specific to bosons, or whether it can
be realized using fermionic constituents. In relativistically invariant systems,
condensation of fermionic operators would lead to a breaking of Lorentz invari-
ance. More generaly such a condensation leads to a vacuum expectation value
for the fields of the form (0]O[0) = v, with |0) the vacuum state of the system,
and O either a bosonic or fermionic operator. Since fermionic operators connect
bosonic states to fermionic ones and vice-versa, and it assumed that the vacuum
state has a definite character (in fact nearly always assumed bosonic), the vev
v must necessarily vanish. This argument shows that spontaneous symmetry
breaking driven by fermions (if at all possible) must take a form different from
the familiar picture described in terms of bosonic order parameters. In fact this
argument can also be made in the sense of superselection rules, which limit the
allowed possible observations made on a quantum system by disallowing matrix
elements between certain classes of states, and separating the Hilbert space into
superselction sectors from which linear combinations of basis vectors can not be
made. It has been suggested [62] that a superselection rule exists which obstructs
the assembling of states which are superpositions of bosons and fermions. Since
a coherent state of fermions would necessarily mix both bosonic and fermionic
statistics, it is then not possible to construct condensates of fermions. In fact,
the question of whether such a superselection rule is operative is one to be de-
termined by experiment, and it has recently been proposed [63] that observation
of coherent superpositions of even and odd numbers of fermions in mesoscopic
quantum dots can be used as a test of supersymmetry.

Considering the importance of, and the many mysterious issues surrounding
the mechanism of spontaneous symmetry breaking, it is valuable to have an
alternative view of it. Here we will explore the formalism due to Feynmann [48,
49], where one considers a representation in terms of the worldline path integral.
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The indistinguishability of the bosons translates into the recipie that one has to
trace over all possible ways the worldlines can wind around the periodic imaginary
time axis. At the temperature where the average of the topological winding
number w becomes macroscopic, limy_ oo (w)/N # 0, the system undergoes a
phase transition either to a Bose-Einstein condensate, or a superfluid. Bose-
Einstein condensation means that a macroscopic number of particles ‘share the
same worldline’ with difference between BEC and superfluidity being that in
the latter this condensate is somewhat depleted. This formalism turns out to
be very efficient for numerical calculation of properties of strongly interacting
bosonic systems such as Helium? [50,51], where it is also shown that the average
winding number corresponds directly to the superfluid density.

It is more difficult but perhaps even more interesting to consider the fermionic
particles in this formalism. One can easily show [36] that below the Fermi temper-
ature, worldlines with macroscopic winding number also proliferate in fermionic
systems; this leads to a puzzle: the macroscopic worldlines lead to a Meissner ef-
fect, via the Anderson-Higgs mechanism, in charged bosonic systems, but surely
such phenomenon can not happen in charged fermionic systems *.

It is the aim of this chapter to show in the worldline formalism, in a certain
limit, that particles obeying fermionic statistics can not drive an Anderson-Higgs
transition. In the next section we begin by recalling the single particle path
integral for a spinless boson, which we couple to a background magnetic field, and
write the partition function for the many-body system, from which we compute
the second order perturbative correction to the effective action. Focusing on a
special subclass of winding modes, we demonstrate the appearance of a mass for
the magnetic field. We then generalize this logic to the case of a spin-1/2 particle
by way of introduction of appropriate terms in the action for Grassmannian
degrees of freedom coupled to the particle worldlines. Underlying our observation
on the behaviour of fermionic systems in this language is the existence of a
worldline (though not target space, where the particle trajectory is embedded)
supersymmetry. The inclusion of the particle statistics leads to an additional term
in the effective action, and this addition is shown to lead to the disappearance of
the effect manifested for charged bosons.

n the BCS theory of superconductivity, pairs of fermions form Cooper pairs, which have
a bosonic character, and whose condensation then leads to superconductivity.



34 Fermions in the Worldline Path Integral

2.2 Spinless Bosons in background Magnetic
Field

We begin by considering a single spinless boson, in the non-relativistic limit,
whose action reads 2

Aeo = / dr 5i3(7) 2.1)
with 7 the proper time along the particle’s worldline. In the presence of the
electromagnetic field, one needs to add the interaction term 3

Th .
Acint = te / dr &' (1) A;(x(1)) , (2.2)

a

where the dot in & denotes a derivative with respect to proper time of the particle,
which should not be confused with the Euclidean time in target space. Here
i,7 = 1,--- ,d, with d the dimension of space. We shall only be interested in
the study of particles immersed in an external magnetic field. Hence, in the
following we set the electric field to zero, E* = 0, and consider only the response
to a magnetic field B*. We drop the inter-particle Coulomb repulsion.

Since we are interested in using the single- and many-body path integrals
in first-quantized form, we are restricted to considering non-relativistic physics.
Standard problems with negative probabilities and pair production would force
us to rely on the second-quantized quantum field theory language to address the
relativistic problem.

We now study the condensation of bosonic particles in a background magnetic
field, giving a new vantage point on the Meissner effect, before we turn to apply
the same ideas to the study of fermionic systems. The partition function of NV
identical bosons sums over all permutations P of the particle coordinates (with
no relative minus sign)

ZN = ]\1”/d;z:l.../de;H(xp(i),m:Ei,O) , (2.3)

with
Lp(4) A
(zp(i),mxi,()) = / Dxe e . (2.4)
x;
We study the system at finite temperature, which is reflected in the fact that the
worldlines wrap around the imaginary (thermal) time direction, with 7 running
from 0 to 3, i.e. the action involves A = [ ...dr.

2As shown by Feynman [48,49], interactions in the worldline formalism are best handled
by working in a relativistic formalism, where worldlines are parameterized in terms of a local
proper-time coordinate. Our approach, while non-relativistic, uses a similar parametrization of
worldlines.

3We work throughout in units where i = ¢ = 1.



2.2 Spinless Bosons in background Magnetic Field 35

Consider a general partition of the orbits of IV particles grouped into different
winding cycles via permutation,

N
N=> wC,. (2.5)
w=1

In this decomposition we keep track of the number of cycles (which we denote
by C,) each of length w, so that with each permutation we associate a series
of numbers C,,, with w = 1,..., N. Then, a sum over all permutations can be
rewritten as a sum over all integers assigned to the various C,, subject of course
to an overall constraint, this constraint being that the total length of all cycles
taken together must be N (for a discussion of this point, see ). The number of
permutations with such a decomposition is

N!

M(Cl,027~-~ 7CN): m .

(2.6)

The partition function of IV bosons is a summation over different partitions

N
% Y. M- Cn) [T1Z(wB) (2.7)

“{C1,,On} w=1

2% (8) =

where for each loop one has
Z(wp) = / Az / D e~ JoP dr(H &’ +itaiAl) (2.8)
Cw

with the loop winding w times around the imaginary time direction.

We consider first a single winding loop with length w. To study the Meissner
effects, we employ a standard procedure, namely to first expand the interaction
part of the partition function exp(—ie [ dri;A’) as a power series, and then
compute the average of each term with respect to the free particle action, which
leads to corrections of the form (A™),, i.e. averages taken with respect to the
free system. Define for this particular winding loop the correction to the effective
action to be AT'(wf) = Z(wpB) — Zo(wp). Here the lowest order non-trivial term
is of order A2, and its contribution to the Euclidean effective action reads

AT(wf) = §< / dr, / dry £:(r)A'(e(m)) () A (o)) L (29)

where by definition the average of the operator O with respect to the free
action is < O[z] >o~ [dz [Dre 4 O[z], up to a normalization factor.
We will work with the Fourier transform of the gauge potential A(z) =

4See appendix of [64].
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Ik (d ’)“d ¢®* A(k), and will have to evaluate expectation values of the form <

etk1@(m) gtk22(2) 3 (1) )i (15) >0. To do so, we expand the position as the sum
of an average and a fluctuation part x(7) = xo + dx(7), where the average is the
same for all coordinates appearing above. The desired expectation value then
factorizes into < e!(F1F2)0 > < 53 (1) )eF192(1) i (14)e*292(72) > (indices have
been suppressed in an obvious fashion). The first factor is easily shown to result
in a delta function (2w/L)%3 (k1 + k2), ensuring momentum conservation, and we
evaluate the second factor by applying Wick’s theorem. We get that

2 2
arws) =g 11 / @k 8k + ha) A (ke) B (k)

5 8G 3G 2 2 ’
ij i1J (k1+k3)G
/ dﬁ/ dro {37’187'25 + ki kla 57 e )

(2.10)

Note that the 7 integrals now run from 0 to wB. Here we used the standard
language of Green’s functions, which is explained as follows: for a single particle,
the Green’s function is defined as

6ijG1(7'1,7'2) = <$i(7'1)l'j(7'2)>0 s (2.11)
which in the path integral formalism reads

Gi(m,m2) = /ddm/’D:r e~ Aeog () z(Ty) . (2.12)

This Green’s function can be derived from the zero frequency limit of the finite
temperature harmonic oscillator, after a subtraction of an infinite contribution
due to the zero Matsubara frequency, yielding

non (n-n' B (2.13)

Gim,m) = —— 23 12

For a many particle system, we define the Green’s function for a particular per-
mutation pattern as

Tp(1) Tp(N) N
GN(T1,TQ)E/d$1'~'dl‘N/ Dx(l)/ DJ)( )

ef(Agl)*“*AgN))17(71):8(72) )

or

0YGN (11, 72) = <m’(7‘1)x3(7'2)>73 , (2.15)
and the result for the chosen winding loop is just the one-particle Green’s function
with 3 replaced by w/j

T1—’7'2+(T1—’7'2)2 %

Cu(m,m) = —— 2wp 12

(2.16)
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Furthermore, the subtracted Green’s function ° is defined as
GI(TZ',’T]‘) EG(Ti,Tj)—G(TZ‘,Ti). (217)

We now proceed to calculate the correction to the effective action (2.10). The §-
function forces k1 = —ko, and since the integrand only depends on the difference
71 — 7o, one of the 7 integrals can be easily calculated, giving only an overall
factor. In this way (2.10) simplifies to

wpie?

Al' = ———
2M2 L4

/ de A'(k)AT(—k) Qi;(k) , (2.18)

where all the relevant information is encapsulated in the momentum dependent
function

acii _ piggy [ 1,y B (-3+55)
Qw(k)z(k‘ 5J—]<}]€J)/O dr <_2+wﬁ> eM 27 2wg’l | (219)
When w is finite, including the case with only a single particle, the k?6% —k'k7
term will give rise to two differentials on the gauge field when transformed back
to real space, giving the spatial part of the well known vacuum polarization

/ die Fyy(x) TH(—0%) FY(x) , (2.20)

with the field strength Fj;(x) = 0;4;(x) — 0;A;(z). II(—9?) is the self-energy
of the electromagnetic field, with corrections arising from polarization effects
induced by the bosons which are coupled to the electromagnetic field.

In the limit w — oo, a partial integration on Eq.(2.19) leads to the result

Qi5(k) = (k267 — k"kj)% <1 - /2 dye“’ﬁ;fff(yzl/“)) ; (2.21)

with y = 7/wf — 1/2. The second term in the bracket vanishes when w — oc.
Thus the k? term is killed, and we get a mass term for the transverse component
of the gauge field

m2
Al = =~ / diz AF A, (2.22)

with A = (6;; — 0;0;/0?)A;. This is exactly the desired Meissner effect. The
contribution to the mass term coming from a single winding loop is

AT (wf) o« ———A7, (2.23)

5This Green’s function can be related to the zero frequency limit of a harmonic oscilla-
tor Green’s function, and the subtraction removes a divergent term arising in this limit; the
divergence can be traced to the contribution of the zero Matsubara frequency.
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where n = N/L? is the number density. In the following, we ignore the backre-
action of A on the condensate.

To get the mass of the gauge field, one needs to sum over different cycle
decompositions. The correction to the effective action of the whole system is

i Z M({Cy}) H Zo(wpB)]C ZC’ AT (wf) . (2.24)

{Cuw} w=1 w=1

The mass term is gotten by taking the thermodynamic limit of the above equation
and keeping only terms with infinite winding. Here we need to be careful about
the order of limits to take. As shown above, only those permutation patterns
containing infinitely long winding loops (in the thermodynamic limit), will con-
tribute to the mass term. So we will first take the limit that the winding number
goes to infinity. To do so, we also need to take the total number of particles
N, and the size of the system L, to infinity, while keeping the particle number
density n = N/L? fixed. We employ a cutoff N, for the winding number, which
goes to infinity as the particle number N — oo, and count only those winding
loops longer than N.. For example, one can take N, to be N® with 0 < a < 1.
In a box with side length L, the partition function of free bosons for a winding
loop with length w is

d
Zo(wpB) = <)\\f Z e )2“7;) , (2.25)

n=—oo

with the thermal de Broglie wavelength A = /273/M. Consider the case of
three dimensions, where Bose-Einstein condensation is known to occur at finite
temperature, and where 2/3 < a < 1. In the limit w — oo, L/Ay/w goes to zero
and Zg(wp) — 1 for w > N.. Thus for a particular cycle decomposition, the
contribution to the mass term from the long loops reads

N 6277, N
> CuAT(wp) ~ N ( > w cw> A2 (2.26)

w=N, w=N,.

Here Zg: ~, WO,y just counts the number of long loops in this cycle decompo-
sition, and since it is only these longs loops which contribute, the mass square
becomes

o MG (5 O\ (0 _y, w'Cu
m* = QM%;}N! <wH_1[Zo<w5>10 ) (%) - (221)

Since for w large, Zp(wB) ~ 1, the temperature dependence is fully encoded in
the contributions from small w. When tempereture goes to zero, Zo(wgB) — 1
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even for small w. The mass square thus reads

2 _ ezl M({Cu}) Zw N. U’Cw'

- 2M N! N
{Cuw}

m (2.28)

The combinatorial factor in the above equation can be calculated by using random
permutation theory [65,66]. It can be rewritten in the form

[N/ w]

1 N
5 > kwP(Cy, = k) , (2.29)

w=N., k=

—

where P(C,, = k) is the probability to have k cycles of length w, and according
to [65,60], is
_p [N/w]—k

P(Cy=k)=— > (-1=. (2:30)

|
=0 I

We can estimate the magnitude of the combinatorial factor as follows. For large
winding number w, the probability to have large number k of them is extremely
small. Thus we can concentrate on small k, where P(C,, = k) is approximately
%e‘”“’w‘k. Summing over k gives roughly >, kwP(Cy, = k) ~ 1. Taking N,
to be of order v/N, the combinatorial factor is then approximately one. Thus as
the temperature goes to zero, the mass square goes over to

2 e?

m° = — . 2.31

. (2:31)

With the closed-form formula given above, one can also calculate the combina-

torial factor numerically and it converges to one very quickly . The bottom line

is that a finite value of mass can be gotten by summing over the long winding
loops.

It is conceptually the same, but technically even easier to work in the grand-

canonical ensemble, where the partition function for free bosons is

Z (1)t ZO Zo(wh) ewhr (2.32)

m\'—‘

with the plus sign for bosons and the minus sign for fermions. In the presence
of an electromagnetic field, one needs only to replace Zy(wfB) by Z(wp3). The
change in the free energy due to the background field is

1e’n e

AF = ——— LNZ

SFor N = 100, 10000, 40000, it is correspondingly 0.91,0.9901, 0, 995025.

(2.33)
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The quantity N = > o N, eP is just the number of particles residing in the
long loops, or equivalently the number of particles in the condensate. This can
be shown by counting the number of particles

N = f: Zo(wpB)evPr (2.34)
w=1

For small winding, Zo(wp) is approximately (L/A/w)?, while for large winding
approximately (L/Ay/w)? + 1. Thus N can be rewritten as

o) d o)
L
N=Y (=] e"rs Y evwdr 2.35
w_1(/\ Tu) e —l—w:N e 3 ( )

where the first term represents the number of particles Ng living in the short
loops, and the second term the long loops. Consider again the case of three di-
mensions, where the critical temperature 7, is determined by setting the chemical
potential ;4 = 0 and equating N = Ng, that is N = fo:l(L/AC)Sw*g/z, where
Ae = /27 /T, M. In this way the ratio of the size of the system and the thermal
de Broglie wavelength can be expressed as

§ N (<<:’]>V/2>>1/3 (TT>/ ' (2:36)

This result can be derived via standard statistical mechanics methods; see for
example [36] and references therein. Omne can show that when Bose-Einstein
condensation occurs (and thus g = 0), the number of particles winding in the

short loops is
TN\ 3/2

Thus the fraction of the particles living in the long loops is

N T 3/2

When there is no condensation (and thus p < 0), N5 /N vanishes in an obvi-
ous way. The conclusion is that the mass square of the transverse photons is

determined by the number density of the condensed particles
2 627’Z’C0d (2 39)

m* = ——. .
M

It has been shown [67] using perturbation theory that for an ideal charged
Bose gas, with the Coulomb interaction ignored and only the magnetic coupling
p - A, when there is condensation, there is a Meissner effect. The inverse screen-
ing length squared is known to be 1/A? = (e?/M)neoq. The calculation above
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agrees perfectly with this result. Inclusion of the Coulomb repulsion between
the charged particles would lead to a renormalization of the superfluid density.
These phenomena are well understood in quantum field theory. The above first
quantized formalism gives a new picture of these well known effects.

2.3 Inclusion of Spin and Fermionic Statistics

We begin by recalling that the Hilbert space structure of a system is given by
the path integral for zero Hamiltonian (H = 0), wherein the exponent appearing
in the path integral sum consists simply of a Berry phase term of the form
pq, arising from overlaps of complete sets of position and momentum states at
neighboring time slices. Consider a non-relativistic point particle system in three
space dimensions, given by the following path integral for Grassmann variables
0'(t) [36]

7 = /D9 i [ at50,6" for j=1,2,3, (2.40)

which is a pure Berry phase term. This path integral takes as its starting point the
classical mechanics of spin, and can be constructed via spin coherent states [68]".
The momentum conjugate to 67 (¢) is given by p; = —(i/4)67, the sign arising from
the Grassmann nature of §. The equation of motion forces the variable 6 to be
time independent, 67 (t) = 0. That the momentum is proportional to the position
is a reflection of the fact that systems that are first order in time derivatives (like
the Dirac equation) represent constrained systems. The second-class constraints
are

)
X5 = Pj + ZGJ =0. (241)

The origin of the constraint lies in the fact that the transformation from La-
grangian configuration space ¢, ¢, to the phase space ¢,p, is singular with a
vanishing Jacobian determinant, which means we can not invert the velocities
to solve for the momenta, and results in a Hamiltonian which is defined only on
the constraint surface. Dirac [70] has shown that such systems can be handled if
one extends the notion of Poisson brackets to Dirac brackets, defined as

{A’B}D = {AvB} - {AaXi} chl {vaB} ) (2.42)

and C*J are the components of the matrix inverse of C', whose elements are are
built from the Poisson brackets of the constraints

Ci; = {xi x5} - (2.43)

7See [69] for a general review of applications of worldline formalism to perturbative quantum
field theory
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Care must be taken that the Poisson brackets of Grassmann valued fields are
defined as [71]

0f 99, 9% ﬁ) , (2.44)

UOup).00.0)) = ~ (G555 + 505t

in order to satisfy natural algebraic properties and yield a proper quantization
for fermions. With these, we see that the Dirac bracket associated to (2.40) is

1
{pi,0;}p = *551',3' . (2.45)
Canonical quantization proceeds by replacing the Dirac bracket with the anti-
commutator (for fermions), as {,}p — —i[,],. Making this substitution and
enforcing the constraints (2.41), we have the operator equation

[6:, 6], = 26 - (2.46)
In three dimensions, the operators % can be defined via their matrix elements as
(lf/18) = ol 5 (2.47)

with the range of the spinor indices a,8 = 1,2, and the ¢ matrices being the
standard Pauli matrices, after which (2.46) is a simple identity for the Pauli
matrices. A classical spin vector can also be defined

Si = —ieiﬂ“eie’f : (2.48)

which after canonical quantization, gives an operator representation of the spin
algebra
(%, 87 = iedkgk (2.49)
Now consider the addition to the zero Hamiltonian path integral a term de-
scribing the coupling of a spin to an external magnetic field E, H=-§. é, the
spin vector having already been defined by (2.48). Taking account of (2.47), we
see that [36] matrix elements of the operator

et JdtB-§ (2.50)
has the path integral representation
/ DY ¢/ At (0507 + MBI (2.51)

The trace of the operator (2.50) can then be computed by summing the path
integral (2.51) over all anti-periodic paths, for which 6’(m,) = —67(7,). For
zero external magnetic field this fixes the normalization of the Berry phase term
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(2.40). This normalization simply counts the dimension of the relevant spinor
representation in d dimensions

) To=Ta ..

which for d = 3 coincides with the dimension of the Pauli matrices (2.47).
The free particle action (2.1) can now be modified for the inclusion of spin
degrees of freedom as follows [36]

Auy = /T " ar (]g[iﬂ(ﬂ - iaj(r)éi(r)) , (2.53)

a

while the coupling to the electromagnetic field becomes
Acint = i /Tb dr | 2;A7 + i Feigk (2.54)
e,int — c . J 4M ik . .

This action contains an “orbital” contribution associated with the particle’s mo-
tion z, together with a “spin” contribution arising from the Grassmann coor-
dinates . The Grassmann field obeys antiperiodic boundary condition with
0(1p) = —6(7,), in contrast to the periodic boundary condition for x.

An important property of the spinfull interacting action (2.53) and (2.54),
is an underlying worldline supersymmetry, mixing the bosonic and fermionic
degrees of freedom, given by [36, 72]

5IJ:(T) = iaf).j(T),
00 (r) = ail(7), (2.55)

with a an arbitrary Grassmann parameter. We will show that this symmetry has
far reaching consequences for the properties of the fermionic system. The non-
existence of the Anderson-Higgs effect can be traced to a non-renormalization
resulting from this symmetry. Note that this worldline supersymmetry does
not imply a supersymmetric system in the target space in which the particle is
embedded, which represents just a bosonic system; it acts as a short-hand to
capture the particle statistics in the target space.

We now turn our attention to the study of NV spin—% fermions, which follows
essentially the same logic as for bosons, except that now we must deal with
the action given in (2.53) and (2.54), which as already pointed out manifests a
worldline supersymmetry. In the presence of many particles, the worldline can
wind many times around the temporal direction, and the functional integral over
the Grassman fields we introduced serves to keep track of the exchange statistics,

;[ .
/Dﬂexp [i/ d79j9]] o (=1)v (2.56)
0
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providing a minus sign for an even winding (corresponding to an odd permuta-
tion), and a plus sign for odd winding (corresponding to an even permutation),
and the proportionality constant counting the number of fermionic degrees of
freedom. This sign agrees with the (—1)“~! factor in the grand-canonical for-
malism (2.32).

Proceeding as we did earlier for bosons, we set the electric field to zero,
pick out the long windings and expand the interaction term, and we get for the
effective action the correction

62 . .
arws) =5 ( [ dn [ dn {a(n) 4 (m) &) 4 (x() -

1 Ry
e )P ()0 ()} )
Here in addition to the bosonic Green’s function, we also need the fermionic
contribution

26" G, (r1,72) = (0'(11)0 (2)) (2.58)

N,O

which is calculated to be
1
Gl (m1,72) = 59(7'1 —T2), (2.59)

with 6(7) the step function. Carrying out the steps as before, we get the same
result for the effective actions as in (2.18), with the observation that we need
to add a fermionic contribution to ;;(k), which shifts the term (-3 + NL5)2 to

(=5 +ng)° — 1, that is
1 T

. o wf 1 2 2
O (k) = (k284 _ kiki oty ) e (CEtes) 2.
o) = (297 —kn?) | dr(( 3+ 03 4>6M DL (2.60)

and the new addition will make a critical impact.

The qualitative picture remains the same for w finite. There is still the
vacuum polarization effect. However, in the limit w — oo, the picture changes
completely. The integral appearing in ;;(k) (2.60), becomes

(2.61)

M VT (0 +2) _y =
=—(1—— e BV /2] )
(-9 s
with @ = wp %, and the imaginary error function given by Erfi[z] = % fow et dt.
One can see that the function (2.61) vanishes in the limit w — oo, thus

w—r 00
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a result that can also arrived at by making a saddle point expansion of the left-
hand side. That is to say that the contribution to the effective action arising
from the fermionic part cancels precisely that of the bosonic part in the limit
of large N. In the Grassmannian language, it is the worldline supersymmetry
between the bosonic coordinate x and the fermionic coordinate 6 that destroys
the Anderson-Higgs or Meissner effect. We note again that the Grassmann fields
simply encapsulate the fermion signs, and it is these signs which transform the
behaviour in the case of fermions in an essential way.

2.4 Conclusions

Below some finite critical temperature, infinitely long windings proliferate in
both bosonic and fermionic systems. For the former this drives Bose-Einstein
condensation, while for the latter it occurs at the Fermi temperature Tp. Owing
to the statistics of the particles involved though, the long windings generate
vastly different physics. For the Bose system, it gives rise to superfluidity for
neutral systems and superconductivity for charged ones. Both are consequences
of spontaneous symmetry breaking, breaking a global symmetry in the neutral
superfluid and a gauge symmetry for the charged superconductor (seen as the
Anderson-Higgs mechanism, and responsible for the Meissner effect).

We have attacked the question of whether fermions can drive spontaneous
symmetry breaking of a local nature with the tools of the signful path integral.
We managed the fermion signs by introducing a new Grassmannian coordinate,
leading to a supersymmetric worldline theory. It is supersymmetry then that
eliminates the Meissner effect for a gas of charged fermions. The question still
remains whether one can find an order parameter for the phase transition involv-
ing fermions, even in the free case, and how to understand the sharpness of the
Fermi surface.
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CHAPTER 3

FERMIONS IN THE CONSTRAINED
PATH INTEGRAL: TOWARDS THE
MINUS SIGN PROBLEM

3.1 Introduction

The ‘quantum weirdness’ of the Fermi-gas is obvious: how to understand the
Fermi-surface, the Fermi-energy and so forth, just knowing about classical sta-
tistical physics? The interacting Fermi-liquid is a bit more than the Fermi-gas,
but focusing on the emergence principles it is deep inside the same thing. As
Landau pointed out, the Fermi-liquid is connected by adiabatic continuation to
the Fermi-gas meaning that the two are qualitatively indistinguishable at the
long times and distances where emergence is in full effect. The great framework
of diagrammatic perturbation theory developed in the 1950’s [27] does allow to
arrive at quite non trivial statements associated with the presence of the interac-
tions but it only works under the condition that the Fermi-liquid is adiabatically
connected to the Fermi gas. But conventional Feynman diagrams are impotent
with regard to revealing the nature of ‘non Fermi liquids’. To complete the
‘fermionic’ repertoire of theoretical physics, Bardeen, Cooper and Schrieffer dis-
covered the ‘Hartree-Fock’ mechanism, showing how the Fermi-gas can become
unstable towards a bosonic state, like the superfluids- and conductors, charge-
and spin density wave states and so forth. Despite fermionic peculiarities (like
the gap function), this is eventually a recipe telling us how the fermi-gas can
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turn into bosonic matter that is in turn ruled by the Ginzburg-Landau-Wilson
classical emergence rules.

Given the present repertoire of theoretical physics, all we know to do with
fermionic matter is to hope that it is a Fermi gas or bound in bosons. But we
are facing a zoo of ‘non-Fermi-liquid’ states of electrons coming out of the exper-
imental laboratories and the theorists are standing empty handed because the
fermion signs render all the fancy theoretical technologies to be useless. The NP
hardness of the sign problem tells us that there is no mathematically exact solu-
tion but how many features of the physical world we understand well are actually
based on exact mathematics? Nearly all of it is based on an effective description,
mathematics that is tractable while it does describe accurately what nature is
doing although it is not derived with exact mathematics from the first principles.
Is there a way to handle non-Fermi-liquid matter on this phenomenological level?

The remainder of this chapter is dedicated to the case that there is reason to
be optimistic. This optimism is based on a brilliant discovery some fifteen years
ago of an alternative path-integral description of the fermion problem by David
Ceperley [73,74]. This ‘constrained’ or ‘Ceperley’ path integral has a Boltzman-
nian structure (i.e., only positive probabilities) but the signs are traded in for
another unfamiliar structure: a structure of constraints acting on a ‘bosonic’ con-
figuration space that is coding for all the effects of Fermi-Dirac statistics. This is
called the reach and it amounts to the requirement that for all imaginary times
7 between zero and A8 (8 = 1/(kgT)) the worldline configurations should not
cross the hypersurface determined by the zero’s of the full N-particle, imaginary
time density matrix. Although the constrained path integral suffers from a self-
consistency problem since the exact constrain structure is not known except for
the non-interacting Fermi-gas, it appears that this path integral is quite power-
ful for the construction of phenomenological effective theories. The information
carried by the reach lives ‘inside’ the functional integral and should therefore be
averaged. This implies that only global- and averaged properties of this reach
should matter for the physics in the scaling limit. The reach is in essence a high
dimensional geometrical object, closely related to the more familiar ‘nodal hy-
persurface’ associated with the sign changes of ground state wave function. The
theoretical program is to classify the geometrical and topological properties of
the reach in general terms, to find out how this information is averaged over in
the path integral, with the potential to yield eventually a systematic classification
of phenomenological theories of fermionic matter.

Given that Ceperley derived his path integral already quite some time ago,
why is it not famous affair? These path integral are not so easy to handle.
Although various interesting results were obtained [75], even the attempt to re-
construct the Fermi-liquid in this language stalled. But these efforts were limited
to a very small community, with a focus on large scale numerical calculations.
The potential of the Ceperley path integral to address matters of principle ap-
pears to be overlooked in the past. We discovered the Ceperley path integral in
an attempt to understand the scale invariant fermionic quantum critical states as
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found in the heavy fermion intermetallics. We started out on the more primitive
level of wave function nodal structure, discovering by accident the much more
powerful Ceperley path integral approach. We believe that we have delivered
proof of principle that this language gives penetrating insights in the nature of a
prominent non-Fermi liquid state: the fermionic quantum critical states realized
in the heavy fermion intermetallics. Since this work is still under review we will
not address it in any detail. However, to make further progress, we were con-
fronted with the need to better understand the detailed workings of the Ceperley
path integral and we decided to revisit the description of the Fermi gas and the
Fermi liquid. The outcomes of this pursuit are summarized in this chapter.

This remainder of this chapter is organized as follows. In section 3.2 we
introduce the Ceperley path integral, reviewing it’s derivation as well as various
other technical issues. Section 3.3 is intended to be the highlight of this chapter.
We present a quite simple solution of the Ceperley path integral for the Fermi-
gas: the Fermi-gas turns out to be in one-to-one correspondence with a system
of cold atoms in an harmonic trap, subjected to a deep optical lattice potential
such that the atoms form a perfect Bose Mott-insulator! Finally in section 3.4
we turn to the real space description of the Fermi-gas. The presence of the reach
changes radically the winding statistics as compared to the boson case and it
appears that the windings of the Ceperley particles in any higher dimension are
counted as if they are the windings associated with soft core bosons living in one
space dimension.

3.2 Ceperley’s constrained path integral

In this section we review Ceperley’s 1991 discovery of a path integral represen-
tation for arbitrary fermion problems that is not suffering from the ‘negative
probabilities’ of the standard formulation [73]. Surely, one cannot negotiate with
the NP-hardness of the fermion problem and Ceperley’s path integral is not
solving this problem in a mathematical sense. However, the negative signs are
transformed away at the expense of a structure of constraints limiting the Boltz-
mannian sum over world-line configurations. These constraints in turn can be
related to a geometrical manifold embedded in configuration space: the ‘reach’,
which is a generalization of the nodal hypersurface characterizing wave functions
to the fermion density matrix. This reach should be computed self-consistently:
it is governed by the constrained path integral that needs itself the reach to
be computed. This is again a NP-hard problem and Ceperley’s path integral
is therefore not solving the sign problem. However, the reach contains all the
data associated with the differences between bosonic and fermionic matter, and
only its average and global properties should matter for the physics in the scal-
ing limit since it acts on worldline configurations that themselves are averaged.
Henceforth, it should be possible in principle to classify all forms of fermionic
matter in a phenomenological way by classifying the average geometrical- and
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topological properties of the reach, to subsequently use this data as an input to
solve the resulting bosonic path integral problem. This procedure is supposedly
a unique extension of the Ginzburg-Landau-Wilson paradigm for bosonic matter
to fermionic matter. We do not have a mathematical proof that this procedure
will yield a complete classification of fermionic matter, but we have some very
strong circumferential evidences in the offering that it will work. The status of
our claim is conjectural in the mathematical sense.

Let us start out presenting the answer. Ceperley proved in 1991 that the
following path integral is strictly equivalent to the standard fermion path integral
Eq. (1.11,1.12), as we reviewed in the introduction,

1 vels(R)
pr(RR) = Y [ DRe S (3.1)
' Pleven  TR-PR
This is quite like the standard path integral, except that one should only
sum over even permutations (the reason to address this in section IV), while the
allowed worldline configurations v are constrained to lie ‘within the reach I".
This reach is defined as,

Is(R) = {7: R = R/|pp(R,R(7);7) # 0} (3.2)

for all imaginary times 0 < 7 < Af. In words, only those wordline configurations
should be taken into account in Eq. (3.1) that do not cause a sign change of
the full density matrix at every intermediate imaginary time between 0 and £5.
In outline, the proof of this result is as follows. The fermion density matrix is
defined as a solution to the Bloch equation

dpr(Ro, R;
dor@o.RiP) _ ) (Ry.R: ) (3.3)
ds
with initial conditions
1
pr(Ro,R; f=0) = > (-1)?6(Ro — PR). (3.4)
P

In the following we fix the reference point Ry and define the reach I'(Ryg,7) as
before as the set of points {R.;} for which there exists a continuous space-time
path with pr(Rg, R;;7') > 0 for 0 < 7/ < 7. Suppose that the reach is known in
advance. It is a simple matter to show that the problematical initial condition,
Eq. (3.4), imposing the anti-symmetry can be replaced by a zero boundary
condition on the surface of the reach. It follows because the fermion density
matrix is a unique solution to the Bloch equation (3.3) with the zero boundary
condition. One can now find a path integral solution without the minus signs.
One simply restricts the paths to lie in the reach I'(Rg,7) imposing the zero
boundary condition on the surface of the reach. The odd permutations fall for
sure out of the reach since pr(Ro, PodaRo) = —pr(Ro, Ro).
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The Ceperley path integral revolves around the reach. How to think about
this object? The way the path integral is constructed seems to break imaginary
time translations. One has to first pick some ‘reference point’ R in configuration
space at imaginary time 0 or i8. Starting from this set of particle coordinates, one
has to spread them out in the form of wordline configurations to check at every
time slice that the density matrix does not change sign. The dimensionality of
the density matrix is 2dN +1 (twice configuration space plus a time axis) and the
dimensionality of the reach is therefore 2d/N (one overall constraint). However,
when we first pick a reference point R and we focus on a particular imaginary
time the dimensionality of this restricted reach is dN — 1. In the limit 7 — oo
this restricted reach turns into a more familiar object: the nodal hypersurface
associated with the ground state wave function. The density matrix becomes for
a given R in this limit,

p(R,R; = o) = U (R)U(R) (3.5)

and the zero’s of the density matrix are just coincident with the nodes of the
ground-state wave function, U(R) = 0, where we have assumed that the ground
state is non-degenerate. The wave function is anti-symmetric in terms of the
fermion coordinates,

R S EETS . [ (PR ST P ST ) (3.6)
and therefore the nodal hypersurface
Q= {R e RYY¥(R) = 0} (3.7)

is a manifold of dimensionality dim{2 = Nd — 1 embedded in Nd-dimensional
configuration space. This nodal surface ) is surely an object that is simpler
than the full reach T' and it is rather natural to train the intuition using the
former. According to Ceperley’s numerical results [73], it appears that at least
for the Fermi gas the main features of the reach are already encoded in Q2. In a
way, the dependence on imaginary time is remarkably smooth and unspectacular.
A greater concern is the role of the reference point, or either the fact that the
reach depends on two configuration space coordinates. In the long imaginary
time limit, the reach factorizes in the nodal surfaces (Eq. (3.5)), which means
that one can get away just considering the nodal surface of the ground state
wave function, but this is not the case at finite imaginary times. It is not at
all that clear what role the ‘relative distance’ R — R’ plays, although there is
some evidence that it can be quite important as we will discuss in Section IX.
Notice that the conventional ‘fixed-node’ quantum Monte-Carlo methods aim at
a description of the ground state, using typically diffusion Monte-Carlo methods.
As input for the ‘fermionic-side’, these only require the wave function nodal
structure. The difference between the reach and this nodal structure is telling us
eventually about the special nature of the excitations in the fermion systems since
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Figure 3.1: Cut through the nodal hypersurface of the ground-state wave function
of N = 49 free, spinless fermions in a two-dimensional box with periodic boundary
conditions. The cut is obtained by fixing N — 1 fermions at random positions
(black dots) and moving the remaining particle (white dot) over the system. The
lines indicate the zeros of the wave function (nodes). Note that the nodal surface
cut has to connect the N — 1 fixed particles since the Pauli surface is a lower
dimensional submanifold of dimension Nd—d included in the nodal hypersurface
with dimension Nd — 1.

the Ceperley path integral can be used to calculate dynamics, either in the form
of finite temperature thermodynamics or, by Wick rotation to real time, about
dynamical linear response. At this moment in time it is not well understood
what the precise meaning is of these ‘dynamical signs’ encoded in the non-local
nature of the reach.

Another useful geometrical object associated with Fermi-Dirac statistics is the
Pauli surface, corresponding with the hypersurface in configuration space where
the wave function vanishes because the fermions are coincident in real space,

p = |JP;
i#]
Pij = {R S RNd|I'i = I‘j}. (38)

Obviously, the Pauli surface is a submanifold of the nodal hypersurface of
dimension dimP = Nd—d. The specialty of one dimension is that the Pauli- and
nodal hypersurfaces are coincident. This property that the nodes are ‘attached’
to the particles is the key to the special status of one dimensional physics as we
will explain in detail in the next section.

In the next sections we will discuss in more detail the few facts that are known
about the reach and nodal hypersurface geometry and topology. To complete the
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Figure 3.2: Nodal constraint structure in space-time seen by one particular par-
ticle. In the constraint path integral only world-line configurations {r,} are
allowed that do not cross or touch a node of the density matrix on all time slices,
pr(Ro,R;,7) # 0 for 0 < 7 < hf8. Therefore, a particular particle (white cir-
cle) is constrained by the dynamical nodal tent (grey surface) spanned by the
N —1 remaining particles trajectories (black circles). In a Fermi liquid the nodal
tent has a characteristic dimensions and particles feel the nodal constraints at
an average time scale 7.. Later we will see that these scales are in one-to-one
correspondence with the Fermi degeneracy scale Ep.

discussion of the basic structure of the Ceperley Path Integral, let us once more
emphasize that according to its definition Eq. (3.1) one still has to sum over
even permutations in so far these do not violate the reach. As for the signful
path integral, this translates via the sum over cycles into a sum over winding
numbers that are now associated with triple exchanges of particles. We explained
already in detail in section IV that this has the peculiar consequence that it
codes for supersymmetry when one is dealing with the free quantum gas that
just knows about the even permutation requirement. Because of the constraints,
the ‘particles’ of the Ceperley path integral are actually very strongly interacting
and it is unclear to what extent this supersymmetry is of any relevance to the
final solution. In fact, we do know for the Fermi-gas that the combined effect
of the constraints and the triple exchanges is to eventually give back a free gas
with Fermi-Dirac statistics. As we discussed in section IV, there is a ‘don’t worry
theorem’ at work because the thermodynamics of the supersymmetric gas is quite
similar to the Bose gas.

In conclusion, Ceperley has demonstrated that in principle fermion problems
can be formulated in a probabilistic, Boltzmannian mathematical language, pay-
ing the prize of a far from trivial constraint structure that is a-priori not known
while it cannot be exactly computed. Qualitatively, the reach is like the nodal
structure of a wave function. It is obvious that the nodal structure codes for
physics but this connection is largely unexplored, while the remainder of this
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chapter is dedicated to the case that it is actually quite easy to make progress,
at least with regard to the Fermi-liquid. One particular property is so important
that it should be already introduced here. Any wave function of a system of
fermions has the anti-symmetry property Eq. (3.6) and naively one could inter-
pret this as ‘any physical system of fermions has its fermionic physics encoded in
a Nd — 1 dimensional nodal surface’. This is obviously not the case. It is easy
to identify a variety of fermionic systems where many more nodes are present
in the fermion wave function than are required to encode the physics. A first
example are Mott-insulating antiferromagnets on bipartite lattices. Because the
electrons are localized they become effectively distinguishable. One can therefore
transform away remnant signs in the Heisenberg spin problem by Marshall sign
transformations: the bottom line is that such Mott-insulators can be handled by
standard bosonic quantum Monte Carlo methods. A next example is physics in
one dimensions, as we will discuss in the next section, where again the fermion
signs can be transformed away completely, in a way that can be neatly under-
stood in terms of the topology of the nodal surface. Nodal structure is therefore
like a gauge field: it carries redundant information that is inconsequential for the
physics. Nodal structure that is in this ‘gauge volume’ we call reducible nodal
structure, while the ‘gauge invariant’ (physical) part of the nodal structure we call
irreducible, and as a first step one should always first isolate the true, irreducible
signs.

3.3 The Fermi gas as a cold atom Mott-insulator
in momentum space

The Fermi-gas of the canonical formalism is very easy to solve exactly, and one
would expect that in one or the other way this should mean that the constrained
path integral is also easy to solve. This is not true at all in the position rep-
resentation, as we will discuss in the next section. However, considering the
derivation of the Ceperley path integral there is actually no preferred status of
real space. The construction is completely independent of the representation one
chooses for the single particle states. On the canonical side momentum space is
the convenient representation to start from in the galilean continuum, or either
any other basis that diagonalizes the single particle problem. As we will show in
this section, also the Ceperley path integral of the Fermi-gas becomes very easy
indeed when one chooses to formulate it in momentum space. After a couple of
straightforward manipulations one finds a sign free, Boltzmannian path integral
showing a most entertaining correspondence: the Fermi-gas is in one-to-one cor-
respondence with a system of classical atoms forming a Mott insulating state in
the presence of a commensurate optical lattice of infinite strength, living in a
harmonic potential trap of finite strength (see Fig. 3.3a). This is literal and the
only oddity is that this trap lives in momentum space instead of real space; the
Fermi surface is just the boundary between the occupied optical lattice sites and
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Figure 3.3: (a) a system of classical atoms forming a Mott insulating state in the
presence of a commensurate optical lattice of infinite strength, living in a har-
monic potential trap V(7) = ar? of finite strength; (b) the trap in momentum
space ks, ky instead of real space; the Fermi surface is just the boundary between
the occupied optical lattice sites and the empty ones; (c¢) a grid of allowed mo-
mentum states k = (27/L)(ky, ky, ks, ....) where the k;’s are the usual integers
and any worldline just closes on itself along the imaginary time 7 direction 0 — (8
: single particle momentum conservations prohibit anything but the one cycles.

the empty ones. This boundary is sharp at zero temperature but it smears at
finite temperature because of the entropy that can be gained by exciting atoms
out of the trap! When you are quick, you should already have realized that
this trap interpretation is actually consistent with everything we know about the
Fermi-gas. Let us now proof it by constructing the Ceperley path integral.

The central wheel of the Ceperley path integral is the fermion density matrix.
One should first guess an ansatz, use it to construct the path integral, to check
if the same density matrix is produced by the path integral. Surely we know the
full fermion density matrix for the Fermi gas, and in momentum space this turns
out to be a remarkably simple affair. The k-space density matrix can be written
as the determinant formed from imaginary time single particle propagators in
the galilean continuum,

[k|27

gk, k';7) =2n(k — k')e znar (3.9)

Since we live in the space of exact single quantum numbers these propaga-
tors are diagonal; in the galilean continuum this just means the conservation of
momentum, but when translational symmetry is broken one should use here just
the basis diagonalizing the single particle Hamiltonian.

Consider now the full momentum configuration space K = (ky, ..., ky) imag-
inary time density matrix,

N

1
pr(K K5 m) = o> (=1 [T 9 (ko) G5 7) - (3.10)
P i=1
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We find that the delta functions cause a great simplification. Substituting
the single-fermion expression Eq. (3.9) in this expression for the density matrix
Eq. (3.10) we obtain:

| S N 1 s
—e i=1 2hM
N!

N
<Y (—1P [ [ 270(kp ) — K). (3.11)
P i=1

pr(K,K';7) =

Since the single particle propagators are eigenstates of the Hamiltonian, the
momentum world lines go ‘straight up’ in the time direction until they arrive at
the time 7 where the reconnections can take place associated with the permuta-
tions. But the ¢ function enforces that the permuted momentum has to be the
same as the non-permuted one, and the worldlines can therefore not wind except
when the momenta of some pairs of fermions coincide. But now the sum of the
permutations in Eq. (3.11) is zero due to the Pauli principle. Mathematically,
this follows from the fact that the expression on the right hand side of Eq. (3.11)
is actually a Slater determinant formed from the delta-functions 276 (k, ;) — k;j)
as the matrix elements of the Nd x Nd matrix, that are indexed by momenta
{kp(i), ki }. Hence, when two of the momenta coincide (e.g. k; = k;, i # j )there
are two coinciding raws/columns in the matrix and the Slater determinant equals
zero. The result is that Eq. (3.10) factorizes in N! relabeling copies, associated
with V! nodal cells like in 141D, of the following simple density matrix describing
distinguishable and localized particles in momentum space,

N .
pr(KKi7) = [ 2rok, — K)e wr (3.12)
ki #ky#- - F#kn

This has the structure of a Boltzmannian partition sum of a system subjected
to steric constraints: it is actually the solution of the Ceperley path integral for
the Fermi gas in momentum space! Let us apply periodic boundary conditions
so that on every time slice of the Ceperley path integral we find a grid of allowed
momentum states k; = (2m/L)(k; », ki y, ki =, ....) where the k; s are the usual
integers (see Fig. 3.3b). We learn directly from Eq. (3.12) that we can ascribe
a distinguishable particle with every momentum cell, with a worldline that just
closes on itself along the time direction: single particle momentum conservation
prohibits anything but the one cycles (see Fig. 3.3c). In addition, we find that
the reach just collapses to the Pauli hypersurface, just as in one dimensions: per
momentum space cell either zero or one worldline can be present. These world-
lines are given by Eq. (3.9): since we are living in exact quantum number space
these just go straight up along the time direction, since there are no quantum
fluctuations: these are actually classical particles living in momentum space. We
do have to remember that these world ‘rods’ carry a fugacity set by a potential
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“;L‘—MT. Henceforth, we have a problem of an ensemble of classical hard core parti-

cles that live on a lattice of ‘cells’ in momentum space where every cell can either
contain one or no particle, with an overall harmonic potential envelope centered
at k = 0: this is literally the problem of cold atoms living in a harmonic trap,
subjected to an infinite strong optical lattice potential, tuned such that they form
a Mott-insulating state. The ground state is simple: occupy the cells starting
at k = 0, while the particles are put into cells at increasing trap potential until
the trap is filled up with the available particles. At zero temperature there are
no fluctuations and when one exceeds the chemical potential the cells remain
empty, and there is a sharp (d — 1)-dimensional interface between the occupied-
and unoccupied trap states. This is of course the way we explain the Fermi-gas
to our undergraduate students. It invokes an odd metaphor that however turns
out to express an exact identification since we learned to handle the Ceperley
path integral!

Having a statistical physics interpretation, can we now address the questions
posed in section 11?7 First, what is the order parameter of the Fermi-liquid? The
answer is: the same order parameter that governs the Mott-insulator. This order
parameter is well understood, although it is of an unconventional kind: it is the
‘stay at home’ emergent U(1) gauge symmetry [76], stating that at every site
and at all times there is precisely one particle per site. The particle number is
locally conserved and henceforth a local U(1) symmetry emerges. The ‘disorder
operators’ that govern the finite temperature fate of the order parameter are just
substitutional-interstitial defects: there is a finite thermal probability to excite a
particle out of the trap, and the presence of the vacancies destroys the U(1) gauge
symmetry. Since the disorder operators are zero-dimensional particles regardless
the dimensionality of momentum space, thermal melting of the Mott-insulator
occurs at any finite temperature regardless dimensionality.

We repeat, this is just a rephrasing of the standard Fermi gas wisdoms in
a non-standard language. The strange powers of the Ceperley path integral
become more obvious when interactions are switched on. In the presence of the
interactions single-particle momentum is no longer conserved, and this means
that the worldlines of the Ceperley particles in momentum states get quantized:
it is analogous to making the optical potential barriers finite in the cold gas Mott-
insulator with the effect that the particles acquire a finite tunneling rate between
the potential wells. One gets directly a hint regarding the stability of the Fermi-
liquid: Mott-insulators are stable states that need a rather large tunneling rate to
get destroyed. But the story is quite a bit more interesting than that, as can be
easily argued from the knowledge on the canonical side. Let’s consider first what
would happen in a literal cold atom Mott insulator when we start to quantize the
atoms. Deep inside the trap motions are only possibly by doubly occupying the
nodal cells and given that in the non-interacting limit the ‘Hubbard U’ is infinite
(expressing the Pauli surface) such processes are strongly suppressed. In the bulk
of the trap the Mott state would be very robust. However, at the boundary one
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can make cheap particle-hole excitations, and at any finite ¢ the interface would
no longer be infinitely sharp on the microscopic scale: the density profile would
change smoothly. Eventually one would meet the ‘wedding cake’ situation where
the bulk is still Mott-insulating while the interface would turn into a superfluid
(we live in a bosonic world). How different is the Fermi-liquid! We know how it
behaves from the canonical side. The single-fermion self-energy tells us directly
about the fate of the k-space Mott insulator. We learn that the time required
to loose information on single-particle momentum is just given by the imaginary
part of the self-energy and that behaves as [27] 1/7; ~ (k — kr)?, Henceforth,
it diverges at the interface while it get shorter moving into the bulk. In the
Ceperley bosonic language the Fermi-liquid is like a grilled marshmallow: It has
a ‘crispy’, solid Mott insulating crust while it becomes increasingly fluid when
one moves inside!

More precisely, the worldlines near the interface are fluctuating at short times,
since we know that the momentum distribution of the bare electrons do smear
around the Fermi-momentum - they do ‘spill out of the trap’. However, the effect
of integrating out these microscopic fluctuations is to renormalize the ‘optical
lattice potential’ upwards. This has to be the case because in the scaling limit
the renormalized worldlines represent the quasiparticles and since they produce
a perfectly sharp interface (i.e. unit jump in the quasiparticle ng), the Mottness
has to be perfect. This can only be caused by infinitely high effective potential
barriers. This physics is of course coming from the modifications happening in
the reach when interactions are turned on. The phase space restrictions giving
rise to X" ~ w? are rooted in Fermi-Dirac statistics and all the statistical effects
are coded in the reach when dealing with the Ceperley formalism. These aspects
can be computed by controlled perturbation theory and in a future publication
they will be analyzed in detail.

3.4 The Fermi-liquid in real space: holographic
duality

We showed in the previous section that at least for the Fermi gas the momentum
space Ceperley path integral becomes a quite simple affair. Momentum space
is a natural place to be when one is dealing with a quantum gas or -liquid, but
dealing with a bosonic- or statistical physics systems one invariably runs into the
general notion of duality [77,78]. Dealing with conjugate degrees of freedom, like
momentum and position or phase and number, one can reformulate the mani-
festly local order on one ‘side’ into some non-local topological order parameter
on the dual side. An elementary example is the Bose-Einstein condensate. In
the language of the previous section, one can either form a ‘black hole’ in the
momentum space ‘trap’, by putting all bosons in the k = 0 ‘optical lattice cell’.
But one can also view it in real space, to discover the lively world of Section III
where the local order in momentum space translates into a global, topological



3.4 The Fermi-liquid in real space: holographic duality 59

description revolving around the infinite windings of worldlines around the time
direction. Such duality structures are ubiquitous in Bolzmannian systems, and
they are at the heart of our complete understanding of such systems: when one
has a complete duality ‘map’ one understands the system from all possible sides
and there is no room for surprises. For instance, when one is dealing with a
strongly interacting system like “He one prefers the real space side because it
is much easier to track the effects of the interactions [38]. Also in the strongly
interacting fermion systems one expects that one is better off on the real space
side. In this concluding section we will address the issue of the dual, real space
description of the Fermi-liquid in the Ceperley path integral formalism. This real
space side is remarkably complex: despite an intense effort even Ceperley and
coworkers got stuck to the degree that they even did not manage to get things
working by brute computer force. They ran into a rather mysterious ‘reference
point glassification’ problem in their quantum Monte Carlo simulations, likely
related to a contrived ‘energy landscape’ problem associated with the workings
of the reach.

This is a fascinating problem: there has to be a simple, dual real space de-
scription of the Fermi gas. The obvious difficulty as compared to straightforward
bosonic duality is the presence of the reach. One has to dualize not only the ‘life
of the worldlines’ but also the constraints coding for the Fermi-Dirac statistics.
Topology is at the heart of duality constructions and in this regard Ceperley [73],
and more recently Mitas [79], have obtained some remarkably deep results, which
will be discussed at length in the first subsection: the topology of the reach of
the Fermi-liquid in d > 2 is such that the reach is open for all cycles of Ceperley
worldlines based on even permutations or triple exchange. Henceforth, there is
no topological principle that prevents infinitely long worldlines to occur and in
subsection B we will argue that the zero temperature order of the Fermi-liquid
has to be a Bose condensate of the ‘Ceperley particles’. This is conjectural but
if it proves to be correct the Fermi-liquid holography we discussed in section 3.2
acquires a fascinating meaning: the scaling limit thermodynamics of the Fermi-
gas in any spatial dimension d > 1 is governed entirely by the statistical physics
associated with distributing the Ceperley worldlines over the cycles associated
with even permutations, and this effective partition sum is indistinguishable from
the partition sum enumerating the cycles of a soft-core boson system in one space
dimension.

3.4.1 The topology of the Fermi-liquid nodal surface

To decipher the structure of constraints as needed for the real space Ceperley path
integral one has to find out where the zero’s of the real space density matrix are.
By continuation, these should be in qualitative regards the same in the Fermi-
liquid as in the Fermi gas, and in the latter case we have an expression of the
full density matrix in closed form,
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pr(Ro, R; 7) = (47A7)~N/2 % det exp [—W] , (3.13)
where \ = h%2/(2M). Henceforth, one needs to find out the zero’s of this quantity
for all Ry, R in the imaginary time interval 0 < 7 < (. In real space, this
is not an easy task. Part of the trouble is that at low temperature the zero’s
of the determinant depend on all coordinates at the same time. Only in the
high temperature limit (7 — 0) the nodal surface of the density matrix becomes
extremely simple [73]. To see this, define first a permutation cell Ap(Ry) as the
set of points closer to PRy than to any other P’Rg. Obviously, the configuration
space is divided into N! permutation cells which are convex polyhedra bounded
by hyperplanes, R - (PRy — P'Ry) = 0. The density matrix is simply a sum over
all permutations and for R € Ap(Rg) and sufficiently high temperatures this
sum is completely dominated by the term (—1)P exp[—(R — PRy)?/(4A7)] since
all the other terms are exponentially damped relative to it. Therefore, in the high
temperature limit, pr(Ro, R; 7) will have the sign of P inside of Ap(Ryg) and the
nodal hypersurface is simply given by the common faces shared by permutation
cells of different parities.

The reach acts both in a local way, much in the same way as we learned in
the (14+1)-dimensional case as a special ‘steric hindrance’ structure having to do
with entropic interactions, etcetera. However, it also carries global, topological
properties and these are now well understood because of some remarkable results
by Mitas [79], who managed to proof the ‘two nodal cell’ (or ‘nodal domain’)
property of the higher dimensional Fermi-gas reach [73]. The topology of the
nodal surface is associated with the structure of cycles as discussed in section ITI
but now for the Ceperley path integral. The latter can be written as

2= [ arop(R.P.R:) (3.14)
Pe

where P, refers to even permutations, while pp refers to the density matrix of
distinguishable particles that are however still subjected to the reach constraints.
As in the case of the Feynman path integral, this sum over even permutations
can be recasted in a sum over cycles associated with all possible ways one can
reconnect the worldlines at the temporal boundary, of course limiting this sum to
those cycles that are associated with even permutations. We learned in section
IV that for free wordlines even permutations translate into the supersymmetric
quantum gas. But the Ceperley particles are not at all free, and the topology
of the nodal surface tells us about global restrictions on the cycles that can
contribute to Eq. (3.14).

It is immediately clear that the counting of cycles is governed by topology:
to find out how to reconnect wordlines arriving at the temporal boundary from
the imaginary time past, to worldlines that depart to the imaginary time future
one needs obviously global data. This global information residing in the reach is
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just the division of the reach in nodal cells we already encountered in the (141)-
dimensional context and the momentum space Fermi gas. There we found that
the space of all permutations got divided in N! nodal cells, with the ramification
that the sum in Eq. (3.14) is actually reduced to one cycles. Mitas has delivered
the proof that in d > 2 the reach carries a two nodal cell topology, implying
that all cycles based on even permutations lie within the reach. Since only
this topological property of the reach can impose that certain cycles have to
rigorously disappear from the cycle sum, this does imply that all cycles based
on even permutations can contribute to the partition sum, including the cycles
containing macroscopic winding numbers. Henceforth, the Ceperley worldlines
can Bose condense in principle and it is now just matter of finding out what
the distributions of the winding numbers are as function of temperature. This is
what really matters for the main line of this story. Finding out the the way that
Mitas determined the two-cell property is quite interesting and we will sketch it
here for those who are interested. When you just want to understand the big
picture, you might want to skip the remainder of this subsection.

Quite recently Mitas [79] proved a conjecture due to Ceperley [73], stating that
the reach of the higher dimensional Fermi gas is ‘maximal’ in the sense that, for
a given Rg and 7, the nodal surface of pr(Ryo, R;7) separates the configuration
space in just two nodal cells, corresponding with pr being positive- and negative
respectively. This is a quite remarkable property: for every pair R and R/ in the
same domain (lets say pr > 0), one can change R into R’ without encountering
a zero crossing of pp.

The easy way to prove this property goes as follows [79]. First, it can be
demonstrated [73] that once there are only two nodal cells at some initial 79 than
this property has to hold for any 7 > 7y. This follows straightforwardly from the
imaginary time Bloch equation for the density matrix,

Ip(R,R/;
_OrRRET) o moR ) (3.15)
or
with initial condition,
p(R,R';0) = det [6(r; —rf)] (3.16)

and the Bloch equation is a linear equation. This is a very powerful result because
it gives away that the two-cell property ‘descents for the ultraviolet’: one has just
to prove it at an arbitrary short imaginary time which is the same as arbitrary
high temperature. Ignoring Planck scale uncertainties, etcetera, the form Eq.
(3.13) has to become asymptotically exact for sufficiently small 8, also in the
presence of arbitrary interactions as long as they are not UV-singular! As we
already noticed, this high temperature limit is rather tractable.

We now need to realize that we still have to take into account the ‘remnant’
of quantum statistics in the form of even permutations. Every even permutation
can be written as a succession of exchanges of three particles i,j5,k — j,k,i
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because these amount to two particle exchanges. When such an exchange does
not cross a node (i.e. it resides inside the reach) the three particles are called
‘connected’. By successions of three particle exchanges one can build up clusters
of connected particles. All one has now to demonstrate is that a point R; exists
where all particles are connected in a single cluster, because this complete set of
even permutations exhaust all permutations for a cell of one sign, because the
odd permutations necessarily change the sign. One now needs a second property
called tiling stating that when the particles are connected for the special point
R; this has also to be the case for all points in the cell. And tiling is proved
by Ceperley for non-degenerate ground states and also for finite temperature.
Actually due to the linearity of the Bloch equation, its fixed node solution is
unique, and the tiling property in the high temperature limit will lead to the
same property at any lower temperature.

Before we prove that the above holds for the high temperature limit density
matrix, let us just dwell for a second on what this means for the winding proper-
ties of the constrained path integral. The even permutation requirement means
that, as for the standard worldline pathintegrals, we have to connect the world-
lines with each other at the temporal boundary, but now we have to take care
that we single out those cycles corresponding with even (or three particle) ex-
changes. The ‘maximal reach’ just means that cycles containing worldlines that
wind an arbitrary large number of times around the time axis never encounter
a node ! As noted before by Ceperley, this has the peculiar implication that
in some non-obvious way the Fermi-gas has to know about Bose condensation.
Since nodal constraints do allow for infinite windings there seems to be no ‘force
in the universe’ that can forbid these infinite windings to happen and since the
Cepereley path integral is probabilistic, when these infinite windings happen one
has to accept it as Bose condensation. We will come back to this theme in a
moment.

Following Mitas, one can now prove the two cell property of the high temper-
ature limit using an inductive method. Assume that all IV particles in the low £
limit at a fixed Rg are connected in one cluster, to see what happens when an
additional N + 1 particle is added. Single out two other particles N — 1, N and
move these three particles away from the rest without crossing a node. Now we
can profit from the fact that in the low S limit the density becomes factorizable:
the determinant factors into a product of the determinant of the three special
particles and the determinant of the rest. It is easy to show that the three par-
ticle determinant has the two cell property, proving that the N+1’s particle is in
the cluster of N particles. Since this is true for any NV, the starting assumption
that all particles in the cluster is hereby proven.

For free fermions, Mitas also proved the two nodal cell property for non-
degenerate ground states using a similar induction procedure. The trick is to
choose a special point R; in the configuration space, at which one can easily show
how all the particles are connected into a single cluster. Once proven for this
single point, tiling ensures that the same is true for the entire nodal cell. Mitas
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aligned the particles into lines and planes, thus forming some square lattice in the
real space. This way the number of arguments of the wave functions is reduced
and more importantly, the higher dimensional wave functions can be factorized
into products of sine functions and the one dimensional wave functions, which
are much easier to deal with than their higher dimensional counterparts. One
distinct property of the 1 dimensional wave functions is that they are invariant
under cyclic exchanges of odd numbers of particles, namely for N odd,

Cﬁl\PlD(la e 7N) = \IllD(17' o aN)v (317)

where C{; represents the action to move every particle by one site in the +z
direction, with the last particle moved to the position of the first one, that is
1—-22—3,---,N—1.

Consider for example the non-degenerate ground state of 5 particles in 2 di-
mensions. For this state, it becomes straightforward to show that each group
of the 3 near neighbors living in the real space square lattice are connected by
products of four triplet exchanges, which are all performed along the 1 dimen-
sional lines. Proven this, one can proceed as in the high temperature limit, by
adding more particles to the lattice. And these newly added particles can be
shown to be connected to the original particles’ cluster by the similar method
used for 5 particles. The only difference is that now one needs to consider the
whole line of particles, on which the new particle is added, and thus a sequence of
four cyclic exchanges, instead of the special triplet exchanges are required. Since
for non-degenerate ground states, there are odd number of particles on each line,
cyclic exchanges will not produce extra minus signs, thus leading to the same
result as triplet exchanges. This completes the proof for 2 dimensions, and the
high dimensional cases are essentially the same.

However, winding is a topological property that should be independent of
representation. In the long time 8 — oo limit the path integral contains the
same information as the ground state wave function, and for the Fermi-gas we can
actually easily determine the winding properties inside one of the nodal cells using
the random permutation theory. This demonstrates that at zero temperature the
Fermi-gas is indeed precisely equivalent to the Bose gas, within the nodal cell.

3.4.2 There is only room for winding at the bottom

The conclusion of the previous subsection is that the Ceperley wordlines can in
principle become infinitely long because the topology of the reach allows them to
become macroscopic. Does this mean that the zero-temperature order parameter
of the Fermi-liquid is just an algebraic bose condensate of Ceperley wordlines
characterized by a domination of the partition sum by macroscopic cycles? The
two nodal cell topological property is a necessary but insufficient condition for
this to be true. However, there are more reasons to believe that the Fermi-liquid
has to be of this kind.
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However the zero- and finite temperature Fermi-liquid are separated by a
phase transition and it appears that only the winding sector of the Ceperley
path integral can be responsible for this transition. The argument is simple and
general. With regard to ordering dynamics the real space Ceperley path integral
is governed by Boltzmannian principle and let us find out what ‘substance’ is
available to form an order parameter. The nodal surface in isolation cannot be
responsible, since it is an immaterial object that just governs the behavior of the
‘Ceperley particles’ . Henceforth, whatever its (singular) properties, these have
to be reflected in the behavior of the matter. In principle one can imagine subtle
topological changes occurring in the nodal surface but in the previous subsec-
tion we found this not to be the case in the Fermi-gas. Henceforth, searching
for the thermodynamic singularity we should keep our eyes on the worldlines
and these should be subjected to the generalities associated with bosonic matter.
One source of thermodynamic singularity is that the system of bosons breaks the
translational- and/or rotational symmetry of space, forming a crystal or some
liquid crystal. Although the one dimensional Fermi-gas is such a crystal in dis-
guise, it is impossible to hide a (partial) crystallization in higher dimensions:
the higher dimensional Fermi-liquid is undoubtedly a true liquid. The worldlines
have to be delocalized, b