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Chapter 1

Number rings and counting
problems

A number field is a field that is finite as a vector space over Q, the field of rational
numbers. The dimension of the vector space is called the degree of the number field.
A number ring is a domain such that the field of fractions is a number field. Most of
the time, we will only consider number rings that are finitely generated as a group.
Another term for a finitely generated number ring is order.

To an order, we can assign two integers that measure the size of the order. The
first is the rank, which is the degree of the field of fractions of the order. The second is
the discriminant, which measures the density of the elements. A larger discriminant
tells us that the elements are farther apart. We can see this most easily in imaginary
quadratic orders; for positive integers d, the order Z[v/—d] has discriminant 4d, and
if we embed Z[v/—d] into C, the area of the parallelogram (0,v/—d,1 4+ v/—d, 1) is
V/d. This parallelogram is called a fundamental domain of the order. We denote the
discriminant of an order R by A(R). Note that what we call the discriminant here
is the absolute value of the usual discriminant.

Once we know the rank and the discriminant, we have almost determined the
order; for every rank and discriminant there are only finitely many orders with that
rank and discriminant. This fact is essential when we want to count orders, but it
does not help with creating them.

A way we can obtain an order is to take a monic, irreducible polynomial f € Z[X]
and divide out the ideal it generates. The resulting ring Z[X]/(f) has field of
fractions Q[X]/(f) and is therefore a number ring. It can be embedded into C
by fixing a root a € C of f and taking the map

ZIX/(f) — Zle]
X—a.

Orders of this type are called monogenic; we can generate them as Z-algebra by one
element. The rank of a monogenic order Z[a] = Z[X]/(f) is equal to the degree of f,



and the discriminant of this order is equal to the absolute value of the discriminant
of f.

Not every order is monogenic, for example, the order Z[v/—2, /5] is not mono-
genic. However, in every order R we can find an element « such that Z[a] is close
to R, by which we mean that Z[a] has finite index in R. For R = Z[y/—2,v/—5] we
can take for example a = /=2 + y/—5; the subring Z[a] C R has index 12.

In every number field we can order the suborders of that number field by inclu-
sion. Then there is a unique largest order, which contains all other orders. This
largest order is called the mazimal order of that number field. Every order R has
finite index in the maximal order of the field of fractions of R. For the example
R = Z[\/=2,+/—5] the field of fractions is Q[v/—2, v/—5]. The element a = FQ%‘/E
satisfies a? — 4a? + 9 = 0 and is therefore an element of the maximal order. The
maximal order of Q[v/—2, /5] is in fact O = Z {@’ \/TE)] and R has index 2
in O.

When an order R is contained in a larger order R’ of the same rank, then its
discriminant A(R) is divisible by the discriminant A(R’) of the larger order. The
quotient is the square of the index of the R in R'.

More information on number rings and orders can be found in for example the
lecture notes ‘Number rings’ by Peter Stevenhagen [11].

Counting problems
Depending on the way we look at number rings, there are several basic questions
that arise.

For the construction that uses polynomials, a first natural question would be
whether constructing an order by picking a random polynomial is usable in practice.
For example, what is the probability that a random monic polynomial is irreducible?
We measure the probability that a polynomial of degree n has a certain property P
in the following way.

Let for every positive integer H the set B, (H) consist of all monic polynomials
of degree n with coefficients that are at most H in absolute value. We define the
probability that a random monic polynomial of degree n has the property P to be

. #{f € B,(H) : f has property P}
=5 #B,,(H) ’

if that limit exists. A theorem by van der Waerden from 1934 states that for every
degree the probability that a monic polynomial is irreducible is 1, see [12].

Since each number field has a unique maximal order, a basic counting problem related
to number rings is the question how many number fields there are with discriminant
up to a given bound, where the discriminant of a number field is defined as the
discriminant of its maximal order.

For degree 2 there is classical result, which classifies the number fields by discrim-
inant. In 1969 and 1971, Davenport and Heilbronn published articles where they



studied number fields of degree 3, see [6]. They gave a classification by providing a
bijection between the set of isomorphism classes of cubic number fields and the set
of certain classes of integral binary cubic forms. In 2005 Manjul Bhargava handled
the case of degree 4 by first counting ring structures and then sieving out all but
the maximal orders [2]. The theory in chapter 8 from the present thesis is used by
Bhargava for the sieving step for degree 5, see [3].

The ideal structure of a maximal order can be studied via the class group, denoted by
Cl(O). It is a finite abelian group that measures for a maximal order O the difference
between the group of fractional O-ideals and the group of principal fractional O-
ideals. For example, the order Z[i] is a principal ideal ring, and its class group is
therefore the trivial group.

The size of the class group is called the class number and is denoted by h(O). A
bound on the size of ideals, the Minkowski bound, proved by Hermann Minkowski
in 1889, can be used to bound the class number from above; for a maximal order O
of rank n and discriminant A, we can bound the class number by

n/2 1 n—1
ho) < <2) A2 =1 +( ;05%'/2))

™

This bound is shown in [7, theorem 6.5].

As an example, we look at maximal quadratic orders, that is, maximal orders
of rank 2. For a square-free integer d with d # 1, we split these orders into two
categories, the imaginary orders, where d < 0 and the real orders, where d > 0.

In the first case, there are nine orders that have class number 1 like Z[i]. It
has been shown that in general there are only finitely many maximal imaginary
quadratic orders with class number below a given bound. In fact, the class numbers
are close to the bound given above. For the real quadratic orders, the class numbers
in general are small. It is believed that there are an infinite number of maximal
orders whose class number is 1.

The difference between these two cases comes from the fact that imaginary
quadratic orders have only a finite number of units, but real quadratic orders have
an infinite number. If we want to give a reasonable lower bound on the size of the
class group we need to account for the units. This is done by making use of the
regulator R(O) of O. For a maximal real quadratic order O C Q(v/d), the regulator
is log((x 4+ yv/d)/2), where x4 yv/d € O is the smallest element under the condition
that x and y are positive integers which are a non-trivial solution to the Pellian
equation z2 — dy? = +4.

The product h(O)R(O) has a better behaviour than the two factors separately.
Upper and lowers bound for this product of class group and regulator are given by
the Brauer-Siegel theorem, which can be stated as follows. For a number field K
with maximal order O, we define ex through the equation

hix Rk = A(Or)Y?* % when A(Of) # 1
€K — 0 when A(O[{) =1.



Then for each degree n and each positive real number ¢, there are only finitely many
number fields K of degree n such that |ex| > €.

This bound is ineffective, but there is an effective upper bound similar to the
upper bound on the class number.

In this thesis we will discuss three counting problems that are related to the three
counting problems described above. The first provides a link between the description
of orders in terms of polynomials and the one in terms of maximal orders. The
second problem is counting suborders of maximal orders. In the last chapter we will
generalize the bounds from the Brauer-Siegel theorem to general orders.

Square-free discriminants
Recall that if two orders R and R’ have the same rank and satisfy the inclusion
R C R/, then their discriminants are related by A(R) = (R’ : R)?A(R).

Let f be a monic polynomial. When the discriminant of f is square-free it is
implied that the order Z[X]/(f) is a maximal order. In chapter 3, we will determine
a heuristic for the probability that a polynomial has a square-free discriminant and
for the probability that a polynomial f is such that Z[X]/(f) is a maximal order. It
turns out that these probabilities are not equal, so that, heuristically, the converse
of the implication fails with positive probability.

For degree 2, we can prove these heuristics. The following two theorems hold.
The first is proven in section 3.6; the second has a proof that goes similarly.

Theorem 1.1. The probability that a random monic polynomial in Z[X] of degree 2
has square-free discriminant is 4/72.

Theorem 1.2. The probability that a for a random monic polynomial f € Z[X] of
degree 2 the order Z[X]/(f) is mazimal is 6/m2.

This chapter has been published in Experimental Mathematics in 2007 [1].

Suborders
The second counting problem covers several chapters. The main result is described
in chapter 5. We take a number field K and look at the orders that have K as field
of fractions. Each of those orders R is contained in the maximal order Ok and the
index (O : R) is finite. Furthermore, for every integer m the number of orders R
with index m can be bounded in terms of m and n, the degree of the number field K.
Let fx(m) be the number of orders R C Ok with index m. For example, when
K has degree 2, then for every integer m the only subring of O of index m is
Z + mOgk. So in that case fx(m) is 1.
For number fields of degree 3, there exist a formula for the Dirichlet series ng (s) =
> ooy fx(m)m™* in terms of the Riemann zeta function ((s) and the Dedekind zeta
function (x(s) of K. It is

_ Ck(8) _
N (s) = CK(QS)((QS)C(SS 1),

10



see [9, lemma 3.2]. By writing out the Euler factors and applying the following
proposition, which is proven in section 5.3, we obtain a bound on fx(m) that is
uniform in K.

Proposition 1.3. The following equality holds for all number fields K

limsup 08K L log fi (")
imsup ————= = limsup ———=
m—o0 logm pF—00 klogp

9

where m ranges over the set of positive integers and p* over the set of prime powers.

The bound we obtain is that for every real e > 0 there is a constant c¢;(€) such that
for all number fields K of degree 3 and all integers m we can bound

fre(m) < er(e)mt/3Fe,

Furthermore, for each number field K of degree 3 there exist infinitely many m such
that fx(m) > m!/37¢ holds as well.

For degree 4, Jin Nakagawa provides a similar, but more involved formula for
Nk (s) in [8]. His results do not cover all cases, but they seem to indicate that we
have, similarly to the degree 3 case, that for every real € > 0 there is a constant cs(€)
such that for all number fields K of degree 4 and all integers m we can bound

fre(m) < ea(€)m!/?Fe,

For each number field K of degree 4 there exist infinitely many m such that fx(m) >
m!/2=¢ holds as well.

For degree 5 and higher there are no formulas known for nx(s). In chapter 5, we
will study the following function

F(n) = limsup log(maxx{#R C Ok : R is a suborder of index m})

m— o0 10g m

i

where K ranges over the collection of number fields of degree n. We saw that
F(2) =0 and F(3) =1/3, and F(4) is probably equal to 1/2.

We will give explicit upper and lower bounds for F(n). For example, we will
show that F'(5) lies between 2/3 and 20/11. The bounds we prove for F(n) are not
very sharp. They show that F(3) = 1/3, but the value for F(4) already has a gap,
it lies somewhere between 1/2 and 1. For large n, they do have the same behaviour,
in the sense that the upper and lower bound for F(n) turn out to be both linear
in n.

Hall polynomials, first used by Ernst Steinitz in 1901, but named after Philip Hall
who redefined them in 1959, count the number of subgroups of finite abelian groups.
This theory can be used to give an upper bound on the number of subgroups of
maximal orders as well. The bound on F(n) this gives is already quite reasonable
and will be the basis of the theory.

The lower bound follows from the following lemma, which is proven in section 5.1.

11



Lemma 1.4. Every additive subgroup G of Ok that satisfies 7Z + m?Or C G C
Z + mQOg for some integer m is a subring.

To improve the upper bound, we consider the cotype of the order R, that is, the
isomorphism type of the finite abelian group Ok /R. For cocyclic subrings, that is,
subrings such that the cotype is a cyclic group, we use the following theorem, which
is proven in chapter 4.

Theorem 1.5. Let K be a number field of degree n and let Ok be its maximal order.
Let p¢ > 1 be a prime power and define the set W to be the set of subrings R C Ok
with O /R 2 7 /p°7Z as groups, which is a set of certain cocyclic subrings. Let V be
the set of Ok -ideals I with Oy /I = (Z/p°Z)? as groups. Then the maps

FiW vV
R+— {x € Ok : Ok C R}

and

g:V-w
I—7Z+1

are well-defined and each others two-sided inverse.
Furthermore, the set V' satisfies #V < (72’)

We generalize the notion of cocyclic to round rings. These are subrings such that
the cotype is of the form (Z/p°Z)? for some integers e and d. The cocyclic rings are
the round rings with d = 1.

For d > 2, we can also give bounds for the number of round rings. The reason
this works is that these round rings have more structure. For example, we have the
following theorem from chapter 6.

Theorem 1.6. Let p be a prime, n, d and e > 2 be integers and Z be the ring Z/p°Z.
Let A be a commutative Z-algebra such that A = Z™ as Z-module and suppose A is
an artinian principal ideal ring. Let B C A be a sub-Z-algebra such that A/B = Z¢
as Z-module. Then B is an artinian principal ideal ring.

The condition e > 2 in this theorem cannot be omitted. For e = 1 we use the
following, weaker result, which is proven in section 7.3.

Definition 1.7. Let A be a ring. A subring B of A is called maximal if there are
precisely two rings B’ with B C B’ C A, namely B' = B and B’ = A.

Proposition 1.8. Let p be a prime and A be a commutative principal ideal ring of
characteristic p, that is, a commutative principal ideal IFp-algebra, of finite dimen-
sion n as Fp-module. Then the number of mazimal subrings of A is at most (72’)

The other, non-round, subrings can sometimes be rounded to round subrings,
and this provides us with a new upper bound for the number of subrings of certain

12



cotypes. This rounding map is described and studied in section 5.5. Combining all
the roundings gives the upper bound for F(n).

Finally, in chapter 8 we take a closer look at suborders of number fields of de-
gree 5. We prove the following bound, which is used by Manjul Bhargava to count
the number of number fields of degree 5, see [3]. It plays the same role as the the-
orem by Jin Nakagawa does for degree 4, namely that it can be used to sieve the
maximal orders from all orders.

Theorem 1.9. Define for a number field K and integer m the number
fr(m)=#{R C Ok : R is a subring of index (Ok : R) = m}.

Then there is a constant cs such that for every number field K of degree 5 and every
prime p we can bound

3tk () <
k=1 p

Class semigroups

For a maximal order Ok in a number field K, we define the group Frac(O) to be the
semigroup of finitely generated fractional Og-ideals with ideal multiplication as op-
eration. Since O is a maximal order, every fractional Og-ideal is invertible. Hence
this semigroup is in fact a group. The subgroup PFrac(Ok) of principal fractional
Ok-ideals has finite index. The quotient group Cl(Ok) = Frac(Ok)/PFrac(Ok) is
called the class group or Picard group of Ok.

In chapter 9 we will generalize this notion of class group to general, not neces-
sarily maximal, orders and prove bounds similar to the bounds from Minkowski and
Brauer-Siegel. Since for general orders not every fractional ideal is invertible, we
can generalize the class group in two ways. For an order A, we let Frac(A) be the
semigroup of fractional A-ideals, Inv(A) the group of invertible fractional A-ideals
and PFrac(A4) the subgroup of principal fractional A-ideals. We define the Picard
group of A to be

Pic(A) = Inv(A)/PFrac(A)

and the class semigroup of A is
Cl(A) = Frac(A)/PFrac(A).

Note the the first quotient is dividing out a subgroup, while the quotient in the
second formula is dividing out by the action of PFrac(A) on Frac(A).

The upper bound from the Brauer-Siegel theorem has been generalized for the
Picard group by Jonathan Sands in 1991 [10]. The upper bound he gives is effective.

We prove upper and lower bounds on the size of the Picard group and class
semigroup of an order A by relating them to the class group of the maximal order Ok,
where K is the field of fractions of A. The difference can be expressed in terms of the
normalization kernel of A. This is the finite subsemigroup S4 of Frac(A) consisting

13



of the fractional A-ideals I that satisfy IOk = Og. In other words, it is the kernel
of the normalization map

Frac(A) — Frac(Ok)

This normalization kernel has been described by Dade-Taussky and Zassenhaus
in [5].

For example, let K be a number field and let n be its degree. Let p be an
inert prime and define the order A = Z + pOg in K. The set S4 consists of all
fractional A-ideals I that satisfy IOk = Opk. This implies that every I € Sy
satisfies pOx C I C Ok. On the other hand, for this A every subgroup N C Ok
with pOg C N is a fractional A-ideal and since pOf is a maximal Og-ideal, such a
subgroup also satisfies NOx = Og. So S, consists of all subgroups N C Ok that
satisfy pOx C N.

By providing bounds on the normalization kernel, we can use the known bounds for
the class group of O to give bounds on the Picard group and class semigroup of A.
We can, for example, bound the class semigroup in the following way.

Theorem 1.10. For all integers n and real numbers e > 0, there exist constants
cq(n, €) such that for all orders A of rank n we can bound

#CU(A) < ea(n, ) A(OK)*Fem™,
where K is the field of fractions of A and m is the index of A in Ok.

Another example of a bound we will prove is the following theorem. It is the
Brauer-Siegel theorem for the Picard group of general orders.

Theorem 1.11. For all integers n and real numbers € > 0, there exist constants
cs(n,€) > 0 and cg(n, €) such that for all orders A of rank n we can bound
#Pic(A) - R(A) 1/2—
e T > A(A)L/2e
oz e 9A)

and

#Pic(A) - R(A)
w(A)

where K is the field of fractions, R(A) the regulator and w(A) the number of roots
of unity of A and m is the index of A in Ok.

< cg(n, ) A(A) /2,

The upper bound of this theorem also follows immediately from the bound proven
by Sands.

Since the proofs of the bounds in chapter 9 use the Brauer-Siegel theorem, they
are ineffective. The upper bounds can be made effective by using the effective upper
bounds for maximal orders.

14
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Chapter 2

Conventions and notations

In this chapter we introduce some notation and standard notions that are used
throughout the rest of the chapters.

Number fields
A number field K is a finite field extension of Q, the field of rationals. We denote
the degree of K by deg(K) and the integral closure of Z in K by Ok.

p-adic numbers
For a prime number p we denote the ring of p-adic integers by Z, and the ring of
p-adic rationals by Q.

Finite étale algebras
For a field L, a finite étale L-algebra F is a finite product [, E; of finite separable
field extensions E; of L. The degree of E is its dimension over L; we denote the degree
of E by deg(E). We will in particular be interested in finite étale Q,-algebras.

For a finite étale Q,-algebra E we denote by O the integral closure of Z, in E.

Order notation

Let V and X be collections, and f; : V — R, fo: V — X and f3: V — R>(¢ maps.
By f1 = Op,(f3) we mean that for every z € X there exists ¢(z) € R>¢ such that
for all v € V with fo(v) = 2 we have |f1(v)| < ¢(z) f3(v).

Similarly, let V and X be collections, f1 : V — R, fo: V — X and f3: V — R,

maps and a € R a constant. By f; < f§+o‘f2(1) we mean that for each x € X and

each € € Ry there is a constant ¢(z, €) such that for all v € V' with fo(v) = « we
have |f1(v)] < e(f2(v), €)(f3(v))*T€. Similarly, by fi > f§+o‘f2(1) we mean that for
each x € X and each ¢ € Ry there is a constant c¢(x, €) > 0 such that for allv € V
with fa(v) = x we have |f1(v)| > ¢(f2(v), €)(f3(v))**.

By f1 = f3a+of2(1) we mean that both f; < f§+o‘f2(1) and f; > f§+of2(1) are
satisfied.

16



We usually will not explicitly name the collections and the maps. They should
be clear to the reader from the context they are in. For example, one of the results
of chapter 7 is stated as follows.

Let E be a finite étale Qp-algebra and let n be its degree. For integers e > 1 and
1<d<n-—1, let We q(E) be the set

{R C O : R is a sub-Zy,-algebra with O /R = (Z/p°Z)* as groups}.

Define for positive integers n the constants c19(n,1) = 0 and c19(n,2) =1. Fur-
thermore, define for integers n and d with 3 < d < n — 1 the constant c19(n,d) =
(d—1)(n—d—1). Then we can bound

#We a(E) = Oy, (pero™D),

where p ranges over the set of primes, E over the collection of finite étale Q-
algebras, e over the set of positive integers, d over {1,... ,deg(E) — 1}, and n is the
degree of E.

For this example the set V' consists of the quadruples (p, E,d,e), where p ranges
over the set of primes, £ over the collection of finite étale (Q,-algebras, e over the
set of positive integers and d ranges over {1,...,deg(E) — 1}. The set X is the set
of integers, and the maps are

fi: V=R
(p, E,d,e) — #W, q(E),
fo:V—oX
(p, E,d,e) — deg(E)
and
fg . V — RZO
(p, E,d, e) — pero(des(E).d),

Tensors
We denote the tensor product over a commutative ring R of R-modules M and N
by M ®r N.

Index
For groups M and subgroups N C M, we write (M : N) for the index of N in M.

Minimal polynomial

Let R be a commutative ring, A a commutative R-algebra and a € A an element.
A polynomial g € R[X] is called the minimal polynomial of a over R if g is monic
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and there is an isomorphism

R[X]/(g9) — Rla]
X —a

of R-algebras.

Semigroups
A set H together with an operation - : H x H — H such that - is associative and
commutative, and H contains a unit element with respect to this operation, is called
a Semigroup.

A morphism ¢ : Hi — Hy of semigroups is a map that sends the unit element
of Hi to the unit element of Hy and respects the operation.

For a semigroup H, we define H* to be the group of invertible elements, that
is, the elements h € H such that there exists b’ € H with h -k’ equal to the unit
element.

Fractional ideals

Let A be a domain with field of fractions K. A fractional A-ideal is a non-zero
finitely generated A-module I with I C K. Two fractional ideals I and J can be
multiplied; the result is the fractional ideal I - J generated by the products ij of
elements 7 € I and j € J. We can restrict the generating set of I - J to products of
generators of I and J. Hence I-J is also finitely generated. With this multiplication,
the set Frac(A) of fractional A-ideals becomes a semigroup.

We denote the group of invertible fractional ideals Frac(A)* by Inv(A). The
principal fractional ideals, that is, the fractional ideals generated by a single element
of K*, form a subgroup of the group of invertible fractional ideals. We denote the
group of principal fractional ideals by PFrac(A).
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Chapter 3

Equality of polynomial and
field discriminants

This chapter has been published as: Awvner Ash, Jos Brakenhoff, and Theodore
Zarrabi, “Equality of polynomial and field discriminants”, Experimental mathemat-
ics, volume 16, number 3 (2007), 367-374. Some minor corrections have been made.

Abstract. We give a conjecture concerning when the discriminant of an irreducible
monic integral polynomial equals the discriminant of the field defined by adjoining
one of its roots to Q. We discuss computational evidence for it. An appendix by the
second author gives a conjecture concerning when the discriminant of an irreducible
monic integral polynomial is square-free and some computational evidence for it.

3.1 Introduction

This paper arose out of a search for Ss-extensions of Q with small discriminant,
performed by the first and third authors. Using PARI, they made lists of irreducible
monic integral quintic polynomials f and computed both the polynomial discrim-
inant Dpoi(f) and the absolute discriminant of the splitting field Dgeia(f). They
noticed that these two discriminants were equal far more often than expected.

Call an irreducible monic integral polynomial f essential if Dyo1(f) = Dgela(f)-
It is well known that this implies that the ring of integers of the splitting field of f
is monogenic.

In reply to an inquiry, Hendrik Lenstra suggested the following:

Conjecture 3.1. Let n > 2. The probability that a random irreducible monic
integral polynomial of degree n and height < X is essential should tend to 6/72 as
X — 0.

For any irreducible monic integral polynomial f, Dpoi(f)/Dgeia(f) is a square in-
teger. Hence, f is essential if Dpoi(f) is square-free. However, this square-freeness
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does not account for 100% of essential polynomials, probabilistically speaking.

In section 3.3, we present a heuristic argument for conjecture 3.1, due to Lenstra
who kindly communicated it to us via email in October 2004. In section 3.4, we
ask when does a random polynomial have square-free discriminant? A conjecture
of Bjorn Poonen suggests that for a fixed degree, there should be an asymptotic
probability for this. In the appendix (section 3.6), the second author gives a precise
conjecture for the value of this probability. Unlike conjecture 3.1, this probability
depends on the degree of the polynomial.

In section 3.5 and the appendix we present our experimental evidence, gathered
using PARI and Magma, where we studied polynomials whose degrees ranged from 2
to 10. This evidence supports our conjectures.

3.2 Probability

In this paper we deal with two kinds of probability that are easily related. First, let
n, N be positive integers and let Z/NZ[z], denote the set of all monic polynomials
in Z/NZ[z] of degree n.

Suppose Q(f) is a predicate of a monic polynomial f of degree n in Z/NZ|[x].
For example, @) might be the property that f is irreducible.

Define the probability that f possesses @ to be

#{f € Z/NZ[x], | f has Q}
#LZ/NZ[xl, '

Now let R(T') be a predicate of an irreducible monic polynomial T' of degree n
in Z[z]. Define the height h(T) to be the maximum of the absolute value of the
coefficients of T'. Let B,,(X) be the set of all monic, irreducible T" of degree n with
h(T) < X. Then we define the probability that 7" has R to be

. #{T € B,(X) | T has R}
S #B,(X)

We make a similar definition for all polynomials (not necessarily irreducible) in a
similar way.
We have the following lemma:

Lemma 3.2. Let n, N be positive integers and Q, R predicates as above. Suppose
R(T) = Q(T mod N). Then the probability that T mod N has Q equals the proba-
bility that T has R.

Proof. Easy, given the fact that the probability that a monic integral polynomial of
degree n is irreducible equals 1 [7]. O
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3.3 Lenstra’s heuristic argument

Let p be a prime number, K a number field and A a sublattice of finite index of the
ring of integers Ok of K. We say that A is p-mazimal if p does not divide the index
of Ain OK.

Let T € Z[z] be a monic, irreducible polynomial with root § and K = Q[f]. It is
well known that the polynomial discriminant of 7" equals the field discriminant of K
if and only if Z[#)] is p-maximal for every prime p. (See for example [3, proposition 16
and remark 1, section 3.3].) We call such a T essential. Of course, if T is essential,
Ok is monogenic, that is, Ok is generated as a ring over Z by a single element.

We wish to determine the probability (as defined in section 3.2) that an irre-
ducible, monic T of degree n, is essential. Obviously, if n = 1 this probability
is 1. It will turn out that for n > 2, the probability we conjecture is independent
of n. Start with Dedekind’s criterion, as found, for example, in [1, section 6.1.2], as
part (2) of theorem 6.1.4.

Denote reduction modulo p by an overbar.

Lemma 3.3 (Dedekind’s criterion). Let T' € Z[x] be a monic, irreducible polynomial
with root @ and K = Q[f]. Let p be a prime number. Let

-l

be the factorization of T into monic irreducible polynomials in F,[x], where the
t; € Z[x] are arbitrary monic lifts of the ¢;. Let

g:Htu h:Ht?i717
so that h € Z[x] is a monic lift of T/g. Set f = (gh —T)/p € Z[zx]. Then Z[0] is
p-mazimal if and only if o
(f,g,h) =1
in Fplx].

From this we can derive the following corollary:

Corollary 3.4. With notation as above, Z[0] is p-maximal if and only if (x) there
does not exist a monic polynomial u € Z[z] such that @ is irreducible in Fplz] and
T € (p?,pu,u?) C Zlx].

Proof. First suppose that Z[f] is not p-maximal. Then f, g, h have a common factor,
which without loss of generality is £;. Therefore e; > 1. Set u = #;. Then T =
gh —pf = [1t5" — pf. Since @ divides f, we have au = f + pb for some integral
polynomials a,b. Hence pf € (p?,pu) and T € (p?, pu,u?) . Conversely, let u be as
in the statement of the corollary. Then T € (u?). Without loss of generality, u = t;
and e; > 1. Then % divides § and h. Now there are integral polynomials a, b, ¢ such
that T' = p?a + pub + u?c. Therefore, f = (gh —T)/p = —pa — ub + u? (%% - c) /.
By Gauss’s lemma, p must divide (%% — c). It follows that @ also divides f. O
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Continuing with the heuristic, we note that the probability that a monic integral
polynomial T satisfies (x) is independent of whether T is irreducible. This is because
the probability that T is irreducible is 1 [7]. We can then compute that probability
as follows: First note that (x) depends on 7' only modulo p?. Let R = (Z/p*Z)[x].
For each positive integer i, let R; denote the set of polynomials in R of degree < i
and let R,M°™¢ be the subset of monic polynomials of degree i. For any g € R
denote by I, the ideal (¢%,pg), I, = I, N R, and Ig?,“lo“ic = I, N R,™"¢  Note
that each of these sets depends only on g.

Lemma 3.5. Let g,h be monic polynomials in R of degrees d,e respectively such
that g and h are both square-free and relatively prime. Then Iy, NIy pn = Ignn.
Proof. 1f f € I, ,N I}, ,, then f = ag®+pbg and f = Ah?+pBh for some polynomials
a,b, A, B. Then f = ag? = Ah?, and hence equal to Cf’(gh)2 for some polynomial C.
Therefore f — C(gh)? = pk for some polynomial k. Then
ag® + pbg — Cg?h?* _ (a — Ch?)g?
b p

k=

+ bg.

Since g is monic, this implies that p divides a — Ch? and thus that k is divisible
by g. Similarly, k is divisible by h. It follows that f = C(gh)? + pD(gh) for some
polynomial D, and so f € I4,n. The converse is obvious. O

Proposition 3.6. Let g1,...,gx be monic polynomials in R such that the g; are
all irreducible and distinct. Let d be the sum of their degrees. Let f € R,m°M¢ pe
randomly chosen. Then the probability P(g1,...,gk) that f € Igi‘}gnic n-- -ﬂfgfjfl“ic
is 0 if 2d > n and p~>¢ otherwise.

Proof. Let g = g1 - gr. Then Igiﬁ‘gnic n-- -ﬁlgﬁznic = Iy nN NIy, nNR,MOME =
Igf?f“ic since by lemma 3.5 we have that Iy, , N--- N1y , = Ign.

We must show that the cardinality of I gf?f’“ic is 0if 2d > n and p?" 3 otherwise.
If f = ag?® + pbg for some a,b, since f and g are monic, looking modulo p we see
that 2d < n. So we may assume from now on that 2d < n.

Define a map of sets

(b. ’an%rzlic % Rnfdfl N Igfrrllonic
as follows: For each o € R ™9%¢ fix a lift a(a) € R,™4° and for each 3 € R,_4_1
fix a lift b(8) € Rnp_a_1. Set é(a, ) = ala)g® + pb(3)g. We will show that ¢ is
bijective.

1. ¢ is injective: If a(a)g? +pb(B)g = a(a’)g* +pb(3')g then a(a) = a(a’), which
means a = . Then pb(B)g = pb(3')g so b(B)g = b(B)g + pk for some polynomial
k and hence b(3) = b(f3"), which means 3 = /3.

2. ¢ is surjective: Let f = ag? + pbg for some a,b, where f is monic. Since a
must be monic of degree n — 2d, we may write a = a’ + pb’, where a’ is itself monic
of degree n — 2d. By adding b'g to b we may thus assume that a is already monic of
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degree n — 2d and (since we can add p times any polynomial we like to b) that the
degree of b is n — d or less.

Let b, be the coefficient of z"~¢ in b. Then f = ag? +pb.z" g+ p(b—b,.a"")g.
Now p(b — b,z"~%)g has degree less than n, so that ag? + pb.z"~%g must be monic
of degree n. Then @ is monic of degree n — 2d, so that a = a(«) + pk for some « and
some polynomial k of degree n — 2d or less. Therefore f = a(a)g? + p(b+ kg)g.

Since f, g,a(a) are all monic, the coefficient of "¢ in b+ kg (which has degree
n — d or less) must be divisible by p. Therefore (b + kg) = 3 for some 3 in R, _4_1
and p(b+ kg) = pb(B). Therefore f = a(a)g? + pb(3)g is in the image of ¢. It now
follows easily that P(gy,...,gx) = p~>¢ if 2d < n. O

Proposition 3.7. Let P, denote the probability that an element of R,™°™¢ is not
in 1y, for any g € R such that g is irreducible. Then if n > 2, P, =1 — p2.

Proof. Let H(t) =}, >, Pat". To evaluate this using our previous results, consider
$2d(v)
— (1 )1 _ __
K@ty =0-t"]] (1 de(fy)> :
v

where the product runs over all irreducible monic v in R and d(v) denotes the degree
of 7. The coefficient of t"™ in K (t) is

o> (=,

k>07Y15--Yk

where the inner sum runs over k-tuples of 7’s such that 2d = 2d(y1)+- - -+2d(vx) < n.
By proposition 3.6, using the usual inclusion-exclusion rule for independent
events, we see that the double sum equals P,. So H(t) = K(t).
On the other hand let Z(u) = ﬁ be the zeta function of ¥ = SpecF,[z].
Defining s by the equation u = p~*, the Euler product for the zeta function gives

Z(u) = [T =Ny,

where the product is taken over all the closed points y of Y. If y corresponds to the
irreducible polynomial v of degree d(7), its norm is given by N(y) = p*). Thus

zw) =111 _p—dm)s)’l “TL (- )

Y

-1

Hence as formal power series, we have

1—pu:H(1—ud(7)).

~
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Setting u = t?/p3 we obtain

2 $24(7)
559
¥
Thus
1 2
H(t)=(1-1%) <1 — ])2)

and the coefficient P, of t" is 1 —p~2 if n > 2.
O]

Finally, we assume that the probabilities that Z[f] is p-maximal, for varying p’s,
are independent. Applying this assumption to corollary 3.4 and proposition 3.7, we
obtain our conjecture 3.1 which we can restate as follows:

Conjecture. The probability that an irreducible monic integral polynomial T of
degree n > 2 with root 6 has its polynomial discriminant equal to the discriminant
of the number field Q(0) exists and equals [, (1 —p %) =6/r2.

3.4 Squarefreeness of polynomial discriminants

It might be thought that the reason conjecture 3.1 should be true is that almost all
polynomials might have square-free discriminant, since the probability that a random
integer is square-free is known to be 6/72. For if the irreducible, monic, integral
polynomial T'(z) has discriminant D(T') and the field discriminant of Q[z]/(T) is D,
then it is well-known that D(T)/D is an integral square. (See, for example, [3,
section 3.3].)

Section 3.6 presents a conjecture and numerical evidence for the value of the
probability that a random polynomial of fixed degree has square-free discriminant.
This result denies the “thought” of the previous paragraph.

We remark that the existence of such a probability is consistent with general
results of Bjorn Poonen, where the abc conjecture implies that there is a well-defined
density P, for the set of integral, monic polynomials T of fixed degree n with square-
free discriminant. The formula for the density is given by [6, theorem 3.2], applied
to the discriminant viewed as a polynomial in the coefficients of T'. Of course, there
is no easy way to evaluate Poonen’s formula directly.

3.5 Experimental evidence
The data in table 3a were generated (using PARI) from random samples of one
million polynomials per degree, chosen uniformly from a box of prescribed coefficient

height 10,000. The polynomials were first checked for reducibility and then the
irreducible polynomials had their field and polynomial discriminants compared.
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The last column shows the experimental value minus the expected value 6/72 ~
0.6079271 divided by the standard deviation. (The standard deviation o is computed
in the usual way for a binomial distribution with N trials assuming p = 6/72. That

is, 0 = /p(1 — p)/N, which in our case is ~ 0.00049.)

Degree  Percent coincidence Error/standard deviation

2 0.608356 0.8797

3 0.608551 1.2777

4 0.607761 —0.3391

5 0.607229 —1.4289

6 0.607297 —1.2908

7 0.607995 0.0443
Table 3a

3.6 Appendix — square-free discriminants

Let p be a prime and let I be the set of monic irreducible elements of Z/pZ[X]. If
f € Zy[X] is a monic polynomial, then we can write f mod p = [[ . g%. Using
Hensel’s lemma [8, 2.2.1] we can write f =[] c; fg, where f, € Z,[X] is monic and
satisfies f; = g® mod p. Recall that we let Dy, denote the polynomial discriminant
and we denote reduction modulo p by an overbar.

Denote by R(f,g) the resultant of f and g.

Lemma 3.8. Let f, g € Z,[X], with f monic. Ifged(f,g) =1, then ord,R(f,g) = 0.
Proof. Write f = (X —t1)-...- (X —t,), with the ¢; in some algebraic closure of F,,.
From the proof of [4, section IV.8, proposition 8.3] we have R(f,g) = [[\—, g(t;).

Now p | R(f,g) if and only if R(f,g) = 0, so g(t;) = 0 for some t;, that is, if ¢; is a
zero of g. O

Corollary 3.9. Let f,g € Z,[X] be monic. If gcd(f,g) = 1, then ord,(Dpo1)(fg)) =
Ordp(Dpol)(f)> + Ordp(Dpol(g))'

Proof. This follows from Dyo1(fg) = Dpol(f)Dpo(g)R(f, g)? and lemma 3.8. O

Corollary 3.10. Let f € Z,[X] be monic. If f is irreducible, then ord,(Dpoi(f)) = 0.

Proof. This follows from using lemma 3.8 with g = f’ and [4, section IV.8, proposi-
tion 8.5]. 0O
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Proposition 3.11. Let P, denote the probability that a monic polynomial f €
Zy[X] of degree n satisfies ord,Dpoi(f) = 0. If n <1, then Pp,o =1 and if n > 2,
then P,o=1—p~'.

Proof. Let H(t) = > ., Pnot". From lemma 3.8 and its corollaries, we see that
whether the polynomial f satisfies ord,Dpoi(f) = 0 depends only on f modulo p.
We have ord, Dpo1(f) = 0 if and only if for all g € I we have e, = 0 or 1, that is, if
and only if f is square-free.

Denote by M the set of monic polynomials in Z/pZ[X]. From unique factoriza-
tion in Z/pZ[X] we have the following formula.

Z udcgf _ qukdcgg

fem g€l k>0
Taking square-free parts left and right and replacing u by t/p, we obtain
n degg
Hit) =] <1+ (> )
g€l p
Now,

I <;>

g i>0

SR
:H degg :H 2\ degyg
9 1—(%) 9 1—(t )

3

SRS

&

So H(t) = (1 —1t)~! (1 - %) The coefficient P, o of t" is 1 if n <1 and 1 —p~!
otherwise. O

Lemma 3.12. Let R be a ring and r € R[X] be a monic polynomial. Denote by
Qrix)1/(r) /R the module of Kdihler differentials of R[X]/r over R. Then we have an
isomorphism Qrix)/ry/r = R[X]/(r,7").

Proof. Follows from [5, section 10.26] O

Write [(L) for the length of a finite-length Z,-module L, and set e(¢), L) = {(cok(¢)))—
l(ker(v)) for a Z,-module endomorphism ¢ : L — L.

Lemma 3.13. Let f € Z,[X] be monic and h € I. Then ordyDpoi(fr) > (en, — 1) -
degh. If also p | ep, then ord,Dpoi(fr) > en degh.
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Proof. Let
¢ Lp[X]/fn — Zp[X]/ fn
T fix

be multiplication by f;. Then cok(¢) = Z,[X]/(fn, fr) = Qz,x1/f4)/z, (lem-
ma 3.12).

From [2, lemma A.2.6] we get that e(¢,Z,[X]/f1n) = e(det(#),Z,) and from [2,
example A.2.1] we get det(¢) = R(fn, fi) = Dpol(fr). We have

porirProitin) — peldet@ ) > Oy %1402,

The map
Qz, X1/ ()20 = SUELIX)/ (1)) /F,
dg — dg

is surjective, so

H#Qz, X1/ 1) /20 = FHUE XY/ (1)) /F = FFp[X]/ (s 1)

_ [ #F,[X]/(her) = pordealh) if p|en
= FP[X]/(heh,*l) _ p(eh,*l) deg(h) otherwise,

which completes the proof. O

Proposition 3.14. A monic polynomial f € Zy[X] satisfies ord,Dpoi(f) =1 if and
only if the following conditions are met:

1. p#2;

2. there is a unique h € I for which e, > 2;

3. for this h we have degh =1 and e, = 2;

4. if h=X — @, and « is any lift of & to Z,, then fr(a) # 0 mod p.

Proof. Let I' be the set of all g € I with e, > 2.
From lemma 3.8, its corollaries and lemma 3.13, we see that

ord, (Dpo(f Z ord,(Dpoi(fy)) > Z(eg —1)degg.

gel’ gel’

This can equal 1 only if #I’ = 1 and the only h € I’ satisfies degh = 1 and e}, = 2.
Furthermore, if p = 2, then ord,(Dpoi(f)) > ep degh = 2. So p # 2.

If f satisfies conditions 1.-3., then there are b, ¢ € pZ,, such that f, = (X — )2+
b(X —a)+c and ord,(Dpoi(fr)) = ord,(b? —4c), which is 1 if and only if ord,(c) = 1,
independently of the choice of the lift a. O
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Theorem 3.15. Let P, 1 denote the probability that a monic polynomial f € Z,[X]
of degree n satisfies ord,(Dpoi(f)) = 1. The following table gives P, 1 for various n
and p.

| p=2]p#2
n=210 p T —p2
n=3|0 pt—2p724p3
n=4]0 (p =11 = (=p)~"?)/(P*(p + 1))

Proof. From proposition 3.14 we see that whether f satisfies ord,(Dpoi(f)) = 1
depends only on f modulo p?. So we have

P1= ﬁ#{f € Z/pZZ[X} : f monic, deg f = n, ord,(Dypal(f)) = 1}.

If p = 2, then proposition 3.14 tells us that the discriminant being square-free is
the same as it being a unit, so P, ; = 0.
Now let p # 2 and let H(t) =, oo Pno1t". Let N = {f € Z/p*Z[X] : f monic}
and N’ = {f € N : ord,(Dpoi(f)) = 1}. For h € I linear, let
N}L = {f e N : OI‘dprol(fh) = 1},
Npa={f € N:h*=f, f(a) # 0},
Nh72 = {f € N: OI‘dprol(f) = O,hff}

Then N’ = Uhel’deg n—1 N and for all h we have a bijection

Np — Np1 X Np o
f'_> (fhaf/fh)

So we have the following generating function

ZP"JPQnun = Z udegf — Z Z udegf

n>0 fEN' hel,deg h=1 fEN,
-5 ([ ) 5
hel,deg h=1 fENR fENR 2
d
= Y pe-ve I (1+ew™),
hel,deg h=1 gel,g#h

where we used proposition 3.14 and the proof of proposition 3.11 for the last step.
Setting u = t/p?, we obtain

mo= & e (5 1L, 0())

g€l,g#h
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By rewriting this formula and using proposition 3.11 we obtain

‘H@)]ﬁ2<pp3#>(1*;)_1rl<l*<;>d%g>
() (45) 00 (-5)
— 2 p—1 p—t’ 17%
= p%p+1)<1_t+_1+;>7

and the coefficient of " is given by

pQIZ;-il) (p + 1), n=2,
p—1 1
Po1=< PP+ P =3) ,
p—1

O

By combining proposition 3.11 and theorem 3.15, we obtain the probability that
ordpDpoi(f) < 1.

| p=2|p#2
n=2|1/2 1—1/p?
n=311/2 1-2/p?>+1/p3

(p=1)?(1—(=p) =" **)
n>4 /2 | (1=1/p)+ B

If we assume that all these probabilities are independent, then we obtain a heuristic
for the probability that a polynomial f € Z[X] has square-free discriminant, by
taking the product over all p.

For 2 < n < 7, table 3b gives approximations for the heuristic probability.
It is obtained by calculating the product for primes up to 1 million. It also gives
experimental values, which were obtained as the fraction of polynomials with square-
free discriminant out of a random set of 1 million polynomials of height at most
10,000. In the last column the experimental value is compared to the heuristic value
and then divided by the standard deviation.

For n = 2 we can calculate the heuristic probability exactly. It is

JL(-5) =50 5) -

p#2

The following theorem proves that this value is in fact correct.
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degree  heuristic value experimental value error/standard deviation

2 0.4052847 0.404588 —1.4191

3 0.3425997 0.342442 —0.3323

4 0.2997226 0.299933 0.4593

5 0.3090905 0.309574 1.0463

6 0.3064416 0.305986 —0.9883

7 0.3072498 0.307041 —0.4526
Table 3b

Theorem 3.16. The probability that a random monic polynomial in Z[X] of degree 2
has square-free discriminant is 4/7%. More exactly,

#{(b,c) € ([~z,2] x [~2,2]) N (Z X Z) : Dpt(X? 4+ bX + c) is square-free}
= %(233)2 +0(z7/*).
Proof. Write
P(x) = #{(b,c) € ([~z,z] x [~2,2]) N (Z X Z) : Dpoi(X? + bX + c) is square-free}.

If b is even, then Dyo1 (X2 +bX +¢) = b? —4c = 0 mod 4, so we only need to consider
odd b. Since Dpo1(X? + bX + ¢) is square-free if and only if Dpo(X? — bX + ¢) is
square-free, it suffices to count the case in which b > 0 twice. So we have

P(z) = 2#{(d,c) € ([0, (x —1)/2] x [~2,2]) N (Z X Z) : (2d + 1)* —4c is square-free}.

Now we can use inclusion-exclusion. Since |(2d + 1)? — 4c| < 2? + 4z < (z +2)?, it
suffices to do the inclusion-exclusion up to = + 2. We already dealt with the even
n, so the inclusion-exclusion only needs to be done over the odd n. Let p(n) denote
the Moebius function. Then we have

x+2

P@) =2 3 pun)A(),

n=1, odd
where
A(n) = #{(d,c) € ([0, (x — 1)/2] x [~z,2]) N (Z x Z) : (2d + 1)* — 4c = 0 mod n?}.
We split this sum into two parts,

23/4

Q@) =2 Y nu(n)An)

n=1, odd
and
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r+2

Q2(x) =2 Z w(n)A(n).

n=x3/4, odd

For the first part we observe that we have an element in the set only if ¢ =
471(2d + 1)> mod n?. So the number of ¢ is | 221 | or this number plus 1. Then we
sum over all d to get

Qo) = 2njz;u<n> | (B ).

where |B(n)| < 1. Now, [ZH] (2241) = z 4 O(z). Furthermore,

2374 23/4

z+1 r+1

> o |5 o< X |5 o,
n=1, odd n=1, odd
So

23/4 5

z 7/4

Qu(z) =2 ﬂzddum)ﬁ +0(@™/).

To count Q2(x), we observe that since (2d + 1)? — 4c # 0, we need (2d + 1)% >
n? +4c > 25/* — 4z, which can only happen if d > %x?’/‘l — /% — 1. So when d is
large enough to get a solution, the difference between (2(d + 1) +1)? and (2d + 1)?
is at least 423/4 — 82'/4, which is greater than z3/4, for x sufficiently large. Around
every multiple of n?, we have an interval of length 8z in which (2d + 1)? must lie
for solutions to occur. The number of d that can lie in such an interval is at most
8x/x3/* +1 = 8x'/* 41 and the number of intervals is at most 22/n? +1 < x2/4 4+ 1.
So per n, the number of solutions is at most 8x3/% 4+ O(x?/*). So

x+2
Q) <2 Y (BY*+0**) <1627/ + O@®*) = O(™/*).

n=x3/4, odd

Now we have
23/4

We use that

S 2Pu(n)/n? < /Oo 22J82dt = /(234 — 1) = O(a*/4)

n=z3/4, odd

to conclude that



Since

o0 o0 1 o0
S wl)fnt =S pem)/@nP =7 3 ptm)/m?
n=1, even m=1 m=1, odd
and -
> uln)/n® =6/x,
n=1
we obtain A
P(z) = 4:1:2—2 +O0(z"/*),
m
and the proof is complete. O
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Chapter 4

Cocyclic subrings

The next five chapters will all deal with subrings of commutative rings. This first
part will deal with cocyclic subrings. A commutative ring can be viewed as Z-
algebra; in that case the cocyclic subrings of a commutative ring A are subrings
R C A such that A/R = Z/mZ as groups for some positive integer m. In this
chapter we will use a more general view. We will look at commutative Z-algebras A,
for some commutative ring Z. Then cocyclic subrings are sub-Z-algebras R C A
such that A/R = Z/J as Z-modules for some Z-ideal J.
There is a link between these subrings and a certain class of A-ideals.

Theorem 4.1. Let Z be a commutative ring, J C Z an ideal and A a commutative
Z-algebra. Let W be the set of sub-Z-algebras R C A with A/R = Z/J as Z-modules,
which is a set of certain cocyclic subrings. Let V be the set of A-ideals I with
AJT = (Z)J)?* as Z-modules. Then the maps
f W=V
R—{reA:zACR}
and
g:V-w
I—Z+1

are well-defined and each others two-sided inverse.

We will prove this theorem in the next section. After the proof we will apply it to
the maximal order Op of a finite étale Q,-algebra B. For these rings we obtain an
upper bound on the number of cocyclic subrings in terms of the degree of B.

4.1 Cocyclic subrings and ideals

In this section we will prove theorem 4.1. To show the well-definedness of the map g
we will use the following lemma.
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Lemma 4.2. Let Z be a commutative ring and A a commutative quadratic Z -
algebra, that is, an algebra that is free of rank 2 as an Z-module. Then there exists
a basis of A over Z containing 1.

Proof. Let (a1, az2) be a basis for A. Write 1 = s1a1 +s2as with s1, 89 € Z. The ideal
(s1,82) generated by s; and sy satisfies (s1,52)A = A and therefore (s1,s2) = Z.
Hence, there exist t1,t2 € Z such that the matrix

S1 52
t1 o
is invertible. So (1,t1a;1 + taag) is a basis for A. O

For a commutative ring 7' and a T-module M, we denote the annihilator of M in T
by Annp(M).

Proof of theorem 4.1. First, we show the correctness of the maps. For every R € W,
the set f(R) = Anng(A/R) is clearly an A-ideal. The isomorphism Endz(A/R) =
Endz(Z/J) = Z/J shows that the map

¥: R — Endz(A/R)

r— (a—ra)
is surjective. We obtain the short exact sequence of Z-modules

0— f(R) - R— Endz(A/R) — 0
Y1 — (a— ra).

~

In fact, the map 1 is already surjective when restricted to Z, so we obtain R/ f(R) &
Z/J. Since we required A/R = Z/J, we have JA C R. From this we see JA C f(R)
and therefore we can view A/f(R) as an Z/J-module. The short exact sequence of
Z/J-modules

0—R/f(R)— A/f(R)— A/R—0
splits because A/R =2 Z/J is free. We obtain A/f(R) = (Z/J)?, and therefore f(R)
is an ideal of the required type.

For the correctness of g, we note that for each I € V the set Z+1 is equal to ¢~ 1¢(Z),
where ¢ : A — A/I is the canonical ring morphism. So Z 4+ I is a sub-Z-algebra
of A.

By definition, A/I is a quadratic Z/J-algebra. By lemma 4.2, there exists a basis
(1,a) of A/I over Z/J. Now, the isomorphism

ANZ+1) = (A/D))§(Z) = (1-Z)T ®a-2/D)/(1- 2/]) = a- 2/ = 2/ T

shows that g(I) is a ring of the required type.
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Let I C A be an ideal with A/I = (Z/J)?. From J = Annz(A/I) it follows that
J C ZNI. On the other hand, if z € ZN 1 is an element, then we have an inclusion
xA C I; this implies € Annz(A/I) = J, so Z NI = J also holds.

We finish the proof by showing f and g are inverses. Since g is well-defined,
A/(Z + I) is isomorphic to Z/J. Combining this with the fact that Z NI = J,
we obtain the Z-linear isomorphism A/(Z + 1) = Z/J = Z/(ZN1I) = (Z +1)/I1.
Since I acts trivially on both A/(Z +I) and (Z 4+ I)/I, this is in fact a Z + I-linear
isomorphism. Hence, for an ideal I € V we have fg(I) = Anngz,;(A/(Z + 1)) =
AnnZ+1((Z+I)/I) =1.

On the other hand, for each subring R € W, we have the inclusion gf(R) =
Z 4+ f(R) C R, and since Z maps via 1) surjectively to R/ f(R), the subrings gf(R)
and R are equal. O]

4.2 Cocyclic rings for p-adic orders

We will apply theorem 4.1 to the case where A = O, the ring of integers of a finite
étale Qp-algebra E, for a prime p. We view this ring as a Z,-algebra. Each non-zero
ideal of Z, is generated by some power p®, and for each of those ideals we can bound
the number of cocyclic subrings. The result is the following corollary. Note that the
bound is independent of e.

Corollary 4.3. For every integer n € Zsq, every prime p, every positive inte-
ger e and every finite étale Qp-algebra E of degree n, the number of sub-Zy-algebras
R C O such that Og/R = Z/p°Z as Z,-modules is bounded from above by (;’)

Proof. Since the subrings we are looking at are cocyclic, the theorem gives us a
bijection between the set of subrings R C O with Og/R = Z/p°Z and the set of
ideals I C Op with Op/I = (Z/p°Z)*. Write E =[] cspec(m) Em as a product of
field extensions of Q,. Every ideal I C O =[], Og,, can be written as I = [[,, I,
where I, C Op,, is an ideal. There are only two ways to obtain an ideal I C Op
with Op/I = (Z/p°Z)?. The first is the kernel of the map Og — Op,_ — Og_ /In,
where I, C Op, is an ideal such that O, /I = (Z/p°Z)?. The other is the kernel
of the map Op — Op,, xOp; — O, /[In % Og,_, /I, where m and m’ are different
and both I, C O, and Iy C Og_, are ideals such that Og, /In = Z/p°Z and
Og,, [In = Z/p°L.

For each m € Spec(FE), the ring Op,_ is a discrete valuation ring. The set of
ideals I, C Op,, such that Og,_ /I, is as a Z,-module isomorphic to a given finite
p-group, consists of at most one element. Furthermore, if Ey, is isomorphic to @,
then the set {I, C Op,, : Og, /In = (Z/p°Z)?} is empty for all k. If Ey is not
isomorphic to @Q,, then the degree deg(Ew) is at least 2.

Denote by s; the number #Spec(E) and by s the number #{m € Spec(E) :
deg(Ey,) > 2}. From the inequalities 1 < s1 + s9 < n and the previous remarks, we
obtain the result

{1 COp:0p/T=(Z2/p°L)?} < (2) +85 < (sl ; 52) < <Z> 0
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Chapter 5

Subrings of maximal orders

In this chapter K is a number field. We will determine bounds for the number of
subrings R of Ok of given finite additive index m. These bounds depend on the
degree of K and the index m.

More precisely, for an integer n € Z>, define Nf,, to be the collection of number
fields of degree n. Define for each K € Nf,, the function fx : Z>, — Z by

fr(m) =4#{R C Ok : R is a subring of index m}.

Note that if K € Nf,, and R is a subring of index m of O, then mOg C R. Since
Ok /mQOk is as a group isomorphic to (Z/mZ)™, the number fx(m) is bounded
from above by the number of subsets of (Z/mZ)™. This bound depends only on n
and m. Hence, the function f : Z>9 X Z>1 — 7Z defined by

f(n,m) = nax #{R C Ok : R is a subring of index m}
ENf,
is well-defined.

We will study the function f. We are in particular interested in the limit be-
haviour of f(n,m) for fixed n and m — co. The main result of this chapter is the
following theorem.

d(n—1—d)

Py gy and

Theorem 5.1. For an integer n > 2, define c7(n) = maxo<dq<n—1
define cs(n) by the following table.

n |2 3 4 5 6 7 8 9 10 11 12 13 >14
1 20 29 186 49 119 70 388 440 492 8
cs(n) ‘ 0 3 1 § 7§ %% T = 11 33 33 = N3

Then for each integer n > 2 the inequalities

1
c7(n) < limsup (W < cg(n)
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hold. Furthermore, we have

1 1
lim inf = lim sup w >3-92V2

n—o0 N m-ooo ogm -

and

1 1
lim sup — lim sup M <1.

n—oo T m—oo logm
For n = 2 the bounds c¢7(n) and cg(n) are equal. This is a classical result. Indeed,
the only subring of Ok of index m is Z+mOf. In [5] Nakagawa studies the Dirichlet

series
ni(s) =Y (Ok: R)™*
R

where R runs over all subrings of finite index (O : R). In his introduction, Naka-
gawa gives a formula for 1 (s) in the case where K has degree 3. From the formula
we can deduce that the lower bound, 1/3, is the correct value the case n = 3. Nak-
agawa also gives a hypothesis for a formula in the case where n = 4. If this formula
is true, we can deduce that limsup,,_, . % should be 1/2, equal to c¢7(4).

The fact that cg(5) < 2 will be used in chapter 8 to prove a theorem on quintic
rings requested by Manjul Bhargava.

In section 5.1, we will prove theorem 5.1 using some auxiliary results. In the rest
of this chapter and chapters 6 and 7 we will prove those results.

For n > 3, the upper bound of theorem 5.1 is different from the lower bound.
This can be seen by comparing the following table with the table of upper bounds.

n |2 3 4 6 7 8 9 10 11 12 13

5
11 2 6 6 15 20 12 15 35
cr(n) ‘ 0 5 5 35 7 1 3 1 13 7 8 17

Also 3 — 2v/2 ~ 0.1716, the lower bound of the final statement, is smaller than 1,
the upper bound. There clearly is room for improvement.

5.1 Articulation of the proof

In this section, we will prove theorem 5.1 from a few results we will prove in later
sections.

Vector spaces
For the lower bound, we construct a large set of subrings. We will count that set
using the following lemma.

Lemma 5.2. Let p be a prime and let n and d be integers such that 0 < d < n.
Then the number of F),-linear subspaces V- C Fy; of dimension d is
d pr — pi—1

d _ pi—1°
el
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Furthermore, there exists a constant cg > 0 such that for all prime numbers p and

all integers n and d with 0 < d < n, the number Hd pi=p d(n—d)

» :
=1 pT—pi=T 18 between p
d(n—d) d(n—d)—1

and p + cop

This lemma will be proven in section 5.2.

Localization
For a prime p and an integer n € Z>7 define Et,,, to be the collection of finite étale
Qp-algebras that have degree n.

For a prime p, an algebra E € Et, ,, and an integer k € Z>¢ define

fe(k) = #{R C O : R is a sub-Z,-algebra of index p*}

and fgi(n,p, k) = maxgegs, ,, fE(k).

To prove the upper bounds, we will prove bounds on fgi(n,p, k), the localized
version of f(n,m). The result we obtain locally, immediately gives a similar result
globally by the next proposition, which we will prove in section 5.3.

Proposition 5.3. The following equality holds for all integers n > 2.

! 1 n,p,k
lim sup M = lim sup M
—o0 1
m ogm P00 klogp

)

where m ranges over the set of positive integers and pk over the set of prime powers.

Cotype

For a finite étale algebra F, the ring of integers OF is free as a Zj,-module. Every
subring of Of contains 1 - Zj,, so there is a natural inclusion of the set of subrings
of OF to the set of subgroups of Og/Z,. We split the set of subgroups of Og/Z,
of finite index up according to the so-called cotype. For each cotype we will bound
the number of subgroups of that cotype, and hence the number of subrings of that
cotype.

Definition 5.4. A partition X is a sequence (\;)icz., of non-negative integers such
that \; > Xjy1 holds for all i € Z~y and \; # 0 for only finitely many i. Define the
length of A to be the number of non-zero coordinates of A.

Whenever we write a partition as a finite vector (A1, Aa, ..., \), then we mean that
A =0 forall i >n.

For partitions, we will sometimes use a parenthesis notation. The product
of two parentheses is concatenation. For example, (2)?(1)% denotes the partition
(2,2,1,1,1).

Definition 5.5. For a prime p and a finite abelian p-group G, define the type
of G to be the unique partition (A1,...,\q) such that G is isomorphic to the group

@, z/pNL.
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Definition 5.6. Let M be a finitely generated Z,-module. For a submodule N C M
of finite index, we define the cotype of N to be the type of M/N.

Note that this is an extension of the definition of cotype in Macdonald [3, chapter IT
(1.3)—(1.4)]. If p is the cotype of N C M, then p is also the cotype of N/p*M C
M/p®M for any integer a > .

Let M be a free Z,-module of rank n and let N C M be a submodule of finite
index. Then the cotype of N C M has length at most n. For a partition p of length
at most n, we define

S(M,u) ={N C M : N is a submodule of cotype p}

and (i, n) = Y7 (0 + 1 — 20)1).
The following proposition gives a bound on the number of subgroups, and hence
on the number of subrings.

Proposition 5.7. The set S(M, ) satisfies

#S(M, 1) = Oy, (p*=™)),

where p ranges over the set of primes, M over the collection of free Z,-modules of
finite rank and p over the set of partitions of length at most n, the rank of M.

For example, for a cotype pu = (e), the corresponding submodules are cocyclic. We
have the bound #S(M, (e)) = O, (p*(()™) = O, (p"~e).

We will prove the bound from this proposition, as well as a lower bound for
#S(M, p1), in section 5.4.

Bound for round rings
The Z,-module O /Z, has rank n—1, so every subring of O has a cotype of length
at most n — 1.

In chapter 4, we have seen that the number of subrings of Og of cotype (e) is at
most (g) This bound is better than the bound from proposition 5.7. In general, we
can obtain better bounds for subrings of cotype (e)?, so called round subrings. For
integers e > 1 and 1 < d < n — 1, define W, 4(F) to be the set

{R C Op : R is a sub-Z,-algebra of cotype (e)?}.

Proposition 5.8. Define for positive integers n the constants cip(n,1) = 0 and
c1o(n,2) = 1. Furthermore, define for integers n and d with 3 < d < n — 1 the
constant c1g(n,d) = (d —1)(n —d —1). Then we can bound

#We a(E) = Oy, (prro™D),

where p ranges over the set of primes, E over the collection of finite étale Q-
algebras, e over the set of positive integers, d ranges over {1,... ,deg(E) —1} andn
is the degree of E.
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In chapter 6 we look at extensions of commutative artinian principal ideal rings. In
chapter 7 we will apply the theory from chapter 6 to the ring Og/(p°Og) and derive
the proposition.

Rounding rings

For other, non-round cotypes, we can get bounds for the number of rings of that
cotype from the result on round subrings. This is done through a process called
rounding.

Let E be a finite étale Q)-algebra and let n be its degree. For a partition A of
length at most n — 1 define S(E, ) to be the set of sub-Z,-modules N C O of
cotype A with 1 € N. Note that {R C Op : R is a subring of cotype A} is a subset
of S(E,\).

Proposition 5.9. For each prime p, each integer n > 2, each finite étale Q,-
algebra E of degree n, each partition X of length at most n — 1 and each integer d
with \g > 2\g+1, there exists a map

pa: S(E,N) — S(E, (Mg — 2Xat1)?)
with the following properties:

1. every fibre of pq has the same cardinality; the number

n—1

c11(n,d, N) = —d(n —d —1)(Ag — 20a1) + D _ ((n — 20)\;)
=1

is such that #pgl(N) =0, (p“ll("’d’)‘)), where p ranges over the set of primes,
E over the collection of finite étale Qp,-algebras, A over the set of partitions
of length at most n, the degree of E, the integer d over integers such that
Ad > 2Xgy1 and N over S’(E, (Mg — 2/\d+1)d);

2. the image under pgq of a subring of O is a subring.

The map pq is the rounding map. In section 5.5 we will describe this map and show
it has the required properties.

Lower bounds of main theorem
First, we prove the lower bounds of theorem 5.1. Let K be a number field and let n
be its degree.

Lemma 5.10. Every additive subgroup G of Ok that satisfies Z + m?*Ox C G C
Z + mQOg for some integer m is a subring.

Proof. Clearly, 1is an element of G. Since G C Z+mQO, we can write any element of
Gasx+mywithz € Zandy € Ok. Let 1+my; and xo+mys be two such elements.
Then their product (z1 +my1)(xs +mys) = 129 + (MT1Yy2 + Ma2y1) + m2y1ys lies
inZ+G+m20k =G. O
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For any number field K € Nf,,, any prime p and any integer d with 0 < d <n —1
we can use the above lemma to bound

#{R C Ok : R is a subring of index p"~1*+4}
from below by
#{G C Ok : G is a subgroup,
Z+p*Ox C G CZ+ pOk,
dimg, (G/(Z + pOxk)) = d}.

For a prime p, the vector space (Z+pOp)/(Z+ p*Ok) has dimension n— 1 over F,,.
Hence, for each integer d with 0 < d < n — 1 there exists a bijection between this

set of subgroups and the set of IF,-linear subspaces V' C Fg_l of dimension d. By

lemma 5.2, this set of subspaces has cardinality at least pd(»—1=4),

Hence, for all n and 0 < d < n — 1 we have

. log f(n,m) _ .. din—1—d)logp
limsup ————= > limsup .
m—oo  logm p—oo  (m—1+4+d)logp

We obtain c¢7(n) as a lower bound by taking the maximum over all d.
The lower bound of the final statement of the theorem is proven by

. dn—1-4d) .on—1 4-(1 %)
lim — max —* = lim max
n—oo M 0<d<n—1 n—1-4+d n—oo N 0<d<n-—1 1+ %
z(1— )

max
zef0,1]] l1+x

3—2v/2.

Upper bounds of main theorem
Now, we will prove the upper bounds of theorem 5.1. By proposition 5.3, it suffices
to show the upper bounds for fgi(n,p, k). For this local version, we set up an integer
linear program.

For an integer n > 1 and a vector A € Z"~ 1, define the constant

n—1

012(71,0, )\) = Z((n — 22))”)

i=1

For an integer n with n > 1, a vector A € Z"~! and an integer d with 1 <d <n —2
define the constant

n—1

c1a(n,d, \) = cio(n,d) — d(n — d — 1)(\a — 20a41) + Y ((n = 20) 1),

i=1

with c19(n,d) as defined in proposition 5.8.
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Theorem 5.11. Let n > 1 be an integer. Suppose r € R is such that there is no

integral solution X = (A1, Ao, ..., An_1) to the following system of linear inequalities.
n—1
Clg(n,d,)\)ZT’Z)\i ford=0,...,n—2
i=1
Ad > Adt1 ford=1,...,n—2 (5.12)
/\nfl 2 0

n—1
a1
i=1

Then we can bound
1 k
lim sup 1og fm(n,p, k) <r
pkooo  Klogp

To prove the previous theorem, we will first combine all the bounds from the auxiliary
results.

Lemma 5.13. We can bound
fe(\) =#{R C Og : R is a subring of cotype \} = O, (pc”("’d’A))7

where p ranges over the set of primes, E over the collection of finite étale Qp-
algebras, A over the set of all partitions of length at most deg(E) — 1 and d over
{0,...,deg(E) — 2}, and where n is the degree of E.

Proof. By proposition 5.7, we have fr(\) < #S(Ogr/Z,, ) = O, (p“()"”_l)). Not-
ing that u(A,n — 1) = ¢12(n,0, \) proves the case d = 0.

If d > 0 and Ag — 2A441 < 0, then the inequality c¢12(n,d, \) > ¢12(n, 0, A) holds.
Hence, we are done in that case as well.

In the final case d > 0 and e = A\g—2\441 > 0. Define the partition yu = (e)?. By
the second property of the rounding map (see proposition 5.9) every ring R C O
of cotype A can be rounded to a ring of cotype pu.

If there exists no ring of cotype u, then there are also no rings of cotype A\. We
obtain fp(\) =0 = O, (p2("4V)

If there exists a ring of cotype p, denote by R, such a ring. By the first property
of the rounding map and proposition 5.8, we can bound

FE(N) < #Wea(E) - #p5" (Ry)
< On (pclo(n,d))On (pcu(n,d,)\))
— On (pclg(n,d,)\))’

which proves the last case. O
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Proof of theorem 5.11. By lemma 5.13, there exists for each integer m a constant
c13(n) such that for all primes p, all finite étale Qp-algebras E of degree n, all
partitions A of length at most n — 1 and all integers d with 0 < d < n — 2,
we have fg(A\) < ci13(n)p2(m@X . We can combine this to the bound fg()\) <
ming<g<n_2 c13(n)p2(mdY),

We denote the set of partitions A of size k and length n — 1 by A, (k). We see
that

k) = A
fee(n,p, k) P Aéﬁi’(‘k)f’f( )

< max  min (cpz(n)p2(mdN)

T €A, (k) 0<d<n-—2

< : Clg(n,d,k).
< au(n) max i,
We obtain the bound
1 1
i sup 28SE(LPR) (Ogcw@%) b max  min WM)
PF—o00 klogp PF—00 klogp AeA, (k) 0<d<n—2 k
Clg(n, d, )\)

limsup max n —
pF—oo AEAL(R)0<d<n—2 S RTLA

_ sup C12 (n, d, A)
U, An(k) 0Sdsn—2 SE7LN,

log frt(n,p,k)
klogp

partition A of length at most n — 1 such that ming<g<n—2

= r + € > r holds. Then there exists a non-zero
Clg(n,d,k)

Suppose limsup,,r_, o,

> r+ 5. Clearly,

Z?:_ll A
(M)} is a solution of system (5.12). O
If 7 is as in theorem 5.11, then we obtain limsup,,_, ., bgliéi:;m) < r by proposi-

tion 5.3. For n = 2 every partition gives the same bound, namely r = 0. For n = 3
and n = 4 system (5.12) is analysed in the following lemma.

Lemma 5.14. For n = 3 system (5.12) has no solutions for r with r > 1/3. It does
have solutions for r = 1/3.

For n =4 system (5.12) has no solutions for r with r > 1. It does have solutions
forr=1.

Proof. Suppose that for n = 3 the partition A is a solution with r for » > 1/3. The
first inequality for d = 0 is Ay — A2 > 7(A1 + A2) > 1/3(A\1 + A2). This can be
rewritten as Ay > 2Xg. The first inequality for d = 1 is —(A1 — 2X2) + A1 — Ay >
r(A1 + A2) > 1/3(A1 + A2). This can be rewritten as 2\ > A;. This contradicts
A1 > 2o and therefore proves the first claim.

As can be seen from this, for » = 1/3, the only possible solutions are of the form
(2X2, A2). Indeed, all these partitions are solutions for system (5.12).
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n | es(n) | A(n)

2 [0 1)

3 11/3 (2,1)

4 |1 (2,1,0)

5 |20/11 | (7,3,1,0)

6 |29/11 | (7,3,1,0,0)

7 | 186/53 | (31,14,6,2,0,0)

8 |49/11 | (12,6,3,1,0,0,0)

9 | 119/22 | (12,6,3,1,0,0,0,0)

10 | 70/11 | (12,6,3,1,0,0,0,0,0)

11 | 388/53 | (28,14,7,3,1,0,0,0,0,0)
12 | 440/53 | (28,14,7,3,1,0,0,0,0,0,0)
13 | 492/53 | (28,14,7,3,1,0,0,0,0,0,0,0)

Table 5a. Optimal solutions to system (5.12) for small n.

Suppose that for n = 4 the partition A is a solution with r for » > 1. The first
inequality ford=11is 72()\1 - 2)\2) + 2)\1 — 2)\3 Z 7"()\1 + )\2 + )\3) > Al + )\2 + A3.
This can be rewritten as 3A2 > Ay + 3A3. The first inequality for d = 2 is
1=2(A2 —2X3) +2A1 — 23 > (A1 + A2+ A3) > A1+ A2+ A3, This can be rewritten
as 1+ A1 + A3 > 3)Xo. Since every \; is an integer, we can conclude A\ + A3 > 3)o.

Combining these inequalities, we get A1 + A3 > 3A2 > A1 4+ 3A3. This can only
happen when )3 is negative, contradicting the third inequality of the system. This
shows the third claim of the lemma.

For r = 1, we obtain the inequality 1 + A\; + A3 > 3Xs > A1 + 3\3. This can
only occur when A3 = 0 and either \; = 3X\3 or \; = 3Ay — 1. Indeed, the partitions
(3A2,A2,0) and (3A2 — 1, A2,0) are solutions to the system for r = 1. O

For a fixed n and r, system (5.12) is an integer linear program without objective.
If we add an objective, a computer program can check whether there is a solution
for that r, and, by varying the objective, can check whether the solution is unique.
When a partition is a solution for the linear program with a fixed rg, it is also a
solution for r < rg. Hence, when we find a unique solution A for a number r, we
can use that solution to find the maximum r for with system (5.12) has a solution,
namely the largest r for which X is a solution.

For 5 < n < 13, it turns out that there exists a number r for which system (5.12)
has a unique solution. In table 5a the column cg(n) states the largest value for r
for which system (5.12) has an integral solution. These values are the upper bounds
from theorem 5.1. The partition A(n) is a solution for the system with r = cg(n); it
is unique for 5 < n < 13.

The upper bound for n > 14, as well as the upper bound for the final statement
of theorem 5.1 follow from the following proposition.
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Proposition 5.15. Let n > 5 be an integer. Then system (5.12) does not have any

solutions for r >n — %.

Proof. For ease of notation, write o = %. Suppose A = (A1,...,\,—1) is a solution
for system (5.12) for some r > n —4 + . Write A = Z?;ll i
In case \; < %A we obtain

n—1

012(71,0,)\)22((?1*22 <2)\1+Z n—4)\) <ad+(n—4)A<rA,

i=1

which is a contradiction with the first equation of the system for d = 0. If Ay > §A
and Ay < A hold, then we have the inequality

n—1

c12(n, 1,0) = —(A — 2X2)(n — 2) + > ((n — 2i)\;)
=1

IN

—(n— A1 +2(n— 2)As + nZ(w — i)

g—@—@%A+%n—m%A+m—®A
=(a+n—-4)A
<rA.

This is a contradiction with the first equation of the system for d = 1. For the

final case where Ay > $A and Ay > T A, the inequality \y + Ao > §A+ A=A
contradicts the A\; being non-negative. O

Since lim, o ”75/3 = 1 holds, this finishes the proof of theorem 5.1.

5.2 Vector spaces

In this section we will prove lemma 5.2, restated below for convenience.

Lemma 5.2. Let p be a prime and let n and d be integers such that 0 < d < n.
Then the number of Fy-linear subspaces V- C Fy of dimension d is

-1

Hp 7pz 1°

P_P

Furthermore, there exists a number cg > 0 such that for all pmme numbers p and

all integers n and d wzth 0 < d < n, the number 1_[z 1 % is between phn—9)
and pd(n d) -I-Cgpd(n d)—
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Proof. The number of ordered independent sets in [} of cardinality d is equal to

H?Zl(p" — pi~1). Each subspace V of dimension d is generated by H?Zl(pd —pi1)
of those sets. So the number of F-linear subspaces V' C F}; of dimension d is

-1

Hp _pz 1°

P_P

Taking the logarithm and using the Taylor expansion log(l —y) = — Z]Oil UJ—],
which converges for |y| < 1, we get

z 1 d—1 —n
p" " 1—p
log <| [ ) = log (pd( D] 1_p¢_d>
1=0

d
=log(p“™™D) +) " (log(1 — p'™) — log(1 — p'~ %))

|
—

T
[ ]

=log(p"" ") + >

i=0 j=1 J

_pli=m)i 4 pli=di

o) d 1 —dj —nj
10g d(n d) Z i= Op” J—p n])

J

oo P 4 —d] _p—nj)
_ 10g d(n d) +Z pJ
j=1

Vg <p¥2p7 and 0 < p~¥ —p™ < p=¥, we can
J

bound this from below by log(p®™~%)) and from above by log(pd(”_d))—i—z;il 2’% =
log(p!"= D) +log((1 — p~")7?) < log(p?™~?¥) +log(1 + 6p~"). m

5.3 Localization

In this section, we will show that the function f, defined in the introduction of
this chapter, is multiplicative in m and that it therefore suffices to determine only
f(n,p*) for prime powers p¥. Furthermore, the number of subrings of O of prime
power index p* can be determined from the localization K & Qp.-

The goal of this section is to prove proposition 5.3, which was stated in section 5.1.
A tool we will use is a weak approximation theorem for the field Q. This theorem is
useful in proving the results for all number fields and finite étale Qp-algebras, from
the results on specific ones. That is, we use it to link the functions f and fg, from
the introduction to the functions fg; and fg, defined in section 5.1.
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5.3.1 Weak approximation

In this section we state and prove a weak approximation theorem for the field Q.
We will use the following lemma, which is a variant of Krasner’s lemma.

Let L be a field with a discrete valuation v : L* — Z. Let |.| be an absolute value
corresponding to this valuation. For polynomials g, h € L[X], we define the distance
between g and h as |g — h| = max; |g; — h;|, where g = >, ¢; X" and h =, h; X".

Lemma 5.16. Let L be a field with a discrete valuation. Suppose L is complete with
respect to this valuation. Let g € L[X]| be a separable, monic polynomial. Then there
exists 0(g) > 0 such that for any monic polynomial h € L[X| of the same degree as g
with |g — h| < 6(g), the polynomial h is also separable and L[X]/(g) and L[X]/(h)
are isomorphic as L-algebras.

Proof. [6, lemma 5.5]. O
Now we state and prove a weak approximation theorem for the field Q.

Lemma 5.17. Let n > 1 be an integer and let P be a finite set of prime numbers.
Forp e P, let E, be a finite étale Qp-algebra of degree n. Then there exists a number
field K of degree n such that for all p € P the Qp-algebra K ® Q,, is isomorphic
to E,.

Proof. Let p be a prime in P. If E, is a finite étale Q,-algebra, then we can write
Ey = [lier(p) Ep,i» where each E,,; is a finite field extension of Q, and I(p) is a
finite set. For each of the fields F, ; there exists a separable, irreducible, monic
polynomial g, ; € Z,[X] such that E,; = Q,[X]/(gp,;). When some g, ; are equal,
we can, by lemma 5.16, modify them slightly such that they are different but still
satisfy Ep; = Qu[X]/(gp,i). Then the product g, = [[;c;(,) 9pi 18 also separable.
Note that E, is isomorphic to Q,[X]/(gp) and hence g, has degree n.

Next, we take a prime ¢ not in P and let g, € F,[X] be a monic irreducible
polynomial of degree n. Let g, € Q,[X] be a lift of §,. Define the algebra E, =
Qq4[X]/(gq). Since g, is irreducible, E, is a field extension of Qg of degree n.

The set P is finite, so by the Chinese remainder theorem we can choose a monic
polynomial h € Z[X] such that for all p € PU{q} we have |g, —h| < §(gp) in Q,[X].
Applying lemma 5.16 for each p € PU{q} to g, and h, we see (Q[X]/(h))®@Q, = E,.
The polynomial h is irreducible, since it is irreducible over Q,. Hence, K = Q[X]/(h)
satisfies the requirements. O

5.3.2 Local rings of integers

In this section, we will establish the connection between fr (p*) and the correspond-
ing function frg,q, (k). From this and the weak approximation, we will deduce that
for all n, p and k, the equality f(n,p*) = fg¢(n,p, k) holds.

Lemma 5.18. Let K be a number field. Then there exists a Ting isomorphism
Ok ®7z Zp = OK@QQP'
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Proof. Since Z,, is torsion-free over Z, the ring morphism Ok ®yz, Z, — K ®gz Z,, is
injective. Furthermore, there exists a ring isomorphism K ®qQ, = K ®q Q ®z Z, =
K ®gz 7Z,. Hence, we have a natural injective ring morphism Ok ®z Z, — K ®q Q,.
Every element of O ®z Z, is integral over Z,, so the image of this map lies
in OK@QQP'

Next, we can write K ®q Q, = Hp‘p K,, where K, is the completion of K at p.
Hence, the ring of integers of K ®q Q, is [[ Ok, . From [7, 4-8-13] we see that the
discriminant of O ®z Z, over Z, is equal to the product over all p that extend p
of the discriminant of Ok, over Z,. Hence the injection Ok ®z Z, — 11 Ok, is a
bijection.

Proposition 5.19. For all number fields K € Nf,, and prime powers p* we have
the equality fi (p*) = freq, (k).

Proof. An easy verification shows that the map from the set of subrings R C Og
of index (Ok : R) = p* to the set of sub-Z,-algebras S C Ok ® Z, of index
(Ox ® Z, : S) = p* that sends a subring R to the subalgebra R ® Z,, is a well-
defined bijection. Lemma 5.18 gives the isomorphism O ® Z, = Okgq,. Counting
these sets gives the result fx(p*) = fxeo, (k). O

Proposition 5.20. For all n,p and k, we have f(n,p*) = fri(n,p, k).

Proof. Let K € Nf,, be such that f(n,p*) = fx(p*). Then by proposition 5.19, we
can bound

f(nvpk) = fK(pk) = fK®Qp(k) < fEt(napa k)

On the other hand, let E € Et,, be such that fg¢(n,p,k) = fr(k). From
lemma 5.17, we know there exists a number field K such that K ® Q, = E. Hence,
we also have the bound

fre(n,p, k) = fu(k) = freq, (k) = fx®®) < f(n,p").

5.3.3 Multiplicativity

In this section, we will prove the multiplicativity of f and proposition 5.3. We start
by showing that fx is multiplicative.

Lemma 5.21. Let K be a number field. The function fx : Zso — Z>o defined by
fr(m) =#{R C Ok subring: (O : R) = m}

18 multiplicative.
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Proof. For each integer m, define the set V,,, = {R C Ok subring : (Ok : R) = m}.
For relatively prime, positive integers m; and ms, define the map

@ Vi, X Viny = Vinime
(Rl,Rz) — R1 N Rs.

The reader can easily verify that this map is well-defined and that it is a bijection.
Therefore we have fx(mims) = fix(m1)fx(mo). D

Proposition 5.22. The function f(n,m) is multiplicative in m.

Proof. Let my and ms be relatively prime positive integers and let P be the set of
all prime divisors of mimsy. For ¢ = 1,2, let K; be a number field that attains the
maximum value for fx(m;).

For each prime p in P with p | m;, define E,, = K;®Q,,. According to lemma 5.17,
there exists a number field K such that K ® Q, = E, for all p € P. For ¢ = 1,2 and
p* | mi, we have fx(p*) = fraq, (k) = fr.eq, (k) = fk,(p*) by proposition 5.19.
By lemma 5.21, we get fx(m;) = fx,(mi) = f(n,m;) and therefore f(n, mimsg) >
fre(mima) = f(n,m1) f(n, ms).

On the other hand let K’ be a number field of degree n that attains the maximum
value for fx(mims). Then we also have the bound

f(n,mima) = fr/(mimza) = fro(ma) fx(m2) < f(n,mq)f(n, m2).

Now we prove proposition 5.3, restated here for convenience.

Proposition 5.3. The following equality holds for all n.

: logf(n, m) T IngEt(n7pak)
limsup ———— = limsup ——————=
m— o0 logm pk—oco klogp
Proof. From proposition 5.20 we know
P IngEt(nap7 k) T Ing(nvpk) _
limsup ——————= =limsup ———F—— =z
Pk —oo klogp pbooc 10D

The set of prime powers is a subset of the integers, so we can bound

1
& < limsup 28 (1™
M— 00 logm

Hence, if z is infinite, we are done.
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Assume z is finite. Then for all € > 0 we have limys_, ﬁ%’ﬁi? = 0. Since f

is multiplicative, we can use [1, theorem 316] to obtain lim,, ff:ifrn) = 0. This

implies limsup,,,_, logl(gi%m) < x + ¢ for all € > 0. Hence, we also have the bound
I
i sup 28/
M—s 00 logm

5.4 Counting submodules

In this section, we will prove proposition 5.7, stated in section 5.1. We start by
stating a more general version of the proposition. We will use the extra statement
in section 5.5.

Recall the definition of u(p,n) = 37" ((n + 1 — 2i)p;).

Proposition 5.23. The set S(M, u) defined in section 5.1, satisfies

#S(M, p) = Oy (ﬁl(um))

and

where p ranges over the set of primes, M over the free Z,-modules of finite rank and
u over the partitions of length at most n, the rank of M.

One could use the theory of Hall polynomials to show that there exists a monic
polynomial g, , € Z[X], depending on the partition p and the rank n, of degree
u(p,n) such that for all primes p we have #S(M, 1) = gun(p). The existence of
such a polynomial would prove the first part of the proposition. For example, a book
by Macdonald [3, chapter I-1I] states the theory necessary for such an approach.
The second statement follows from the fact that the polynomials g, ,(p) have non-
negative coefficients when expanded in powers of p — 1, see [4]. It follows that for
every prime p and every partition p of length at most n the inequality g, ,(p) > 0
holds.

Note that we could explicitly find the exact polynomials as indicated after the
proof of [3, chapter II (4.1)]. One could, in theory, use these explicit polynomials
through this entire chapter to derive more precise statements. This would, however,
involve a lot of calculations.

We will give a different proof using the following observation.

For a prime p and a partition u, let A, , be a finite abelian p-group of type p,
see definition 5.5. Then for free Z,-modules M of rank at least the length of i, there
exists a bijection
S(M, ) = {¢: M — A, , surjective}

Aut(A, ;)
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This follows from the fact that every N € S(M, ) is the kernel of such a surjective
map. Two kernels are the same if and only if the maps differ by an automorphism
of A, ,. We will use this fact to bound #S(M, 1) by giving upper and lower bounds
for both #{¢ : M — A, , surjective} and #Aut(A, ).

Lemma 5.24. For every prime p, every positive integer n, every free Zy-module M
of rank n and every partition pu of length at most n, the following inequalities hold.

pt =1 _#{P: M Ay}
< <1
pt(p—1) ~ (#Aup)" N

Proof. To give a morphism ¢ : M — A, ,, it suffices to give the map on a set of
generators. Therefore, the number of such maps is (#A4,,)", which is an upper
bound for the number of surjective maps.

For the lower bound, we first note that a surjective map M — A, ,, exists, since
the number of generators of A, , is at most n. Let ¢ be such a surjective map.

If a morphism ¢ : M — A, , is not surjective, its image lies in a maximal
subgroup of A, ,,, that is, one of index p. Let Subgr,(A) and Subgr, (M) be the set
of subgroups of index p of A and M respectively. We see that

#{¢p: M — A, , not surjective} < # H {¢$ : M — B} = Z (#B)".

BeSubgr, (A) BeSubgr, (A)

If B € Subgr,(A) is a subgroup, then »~1(B) C M is a subgroup of index p.
Furthermore, since v is surjective, the map
Subgr, (A) — Subgr, (M)
B~ ¢~ (B)

is injective. Hence, we can bound #Subgr,(A) from above by #Subgr,(M). Since
Subgr, (M) = S(M, (1)), we can use the bijection

N {M — L/ pZ Surjective}
S(M, (1)) = Aut(Z/pZ)

to obtain #Subgr, (M) = p;%ll.
Combining this yields

#{p: M — Aup surjective} > (#Au,p)n - Z (#B)"

BeSubgr,(A)
pn -1 #Aup "
> A n __ P
S
pt—1

- #A ’ ' <1 - ) ’

(#Asp) pr(p—1)

the lower bound. O]
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For the bounds on Aut(A,, ), we use the following lemma.

Lemma 5.25. Let d > 0 and h > 1 be integers and P € Fp[Xl, ..., Xp] be a non-
zero homogeneous polynomial of total degree d. Then the number of zeroes of P
in ]F;)‘ is at most dp"~1.

Proof. We will do induction on h. If h = 1, then P = aX{ for some non-zero
constant a. When d = 0 the polynomial P has no zeroes, and when d > 1 it has one
zero. In either case, the number of zeroes is at most dp™~1.

Suppose the statement is true for all polynomials in less than h variables and
let P be a polynomial in h variables. If X} does not occur in P, then we can view
it as a polynomial in A — 1 variables. By the induction hypothesis, the number of
zeroes is at most p - dp"~2 = dp"~'. If X}, does occur, let d’ denote the maximal
degree of X}, in P. View P as a polynomial in X; and let Py be the coefficient
of X ;‘f,. Note that Py is a non-zero homogeneous polynomial in h — 1 variables of
degree d — d'.

Let (xi)i:ll run over FZ’l. If P(x1,22,...,2h—1,Xp) € Fp[Xp] is zero, then it
has p zeroes. Since in this case Py (x1,x2,...,2p_1) is zero, the number of times
this occurs is at most (d — d’)p"~2, the maximal number of zeroes of Py. On
the other hand, if P(x1,2s,...,25-1,X}p) is non-zero, then it has at most d’' ze-
roes. Combining these results, we obtain that the number of zeroes of P is at
most p- (d —d)p"=2+d -p'~! =dp"~1.

O

Lemma 5.26. For every prime p, every positive integer n and every partition p of
length at most n, we have

1< #End(Au,p) < p
#Aut(A,p) “p—n
when p > n and
< #End(A,,p) 2
~ #Aut(4,,)

when p < n.

Proof. The lower bounds are clear, since every automorphism is an endomorphism.
For the upper bounds, we define the map

Y End(A,p) — End(Aup/pAup)
¢ — ¢/pAu,p = {CI, +pAu,p = ¢(a) + pAu,p}-
This is well-defined, since pA,, ;, is mapped into itself by any endomorphism of A4, ;.
The set 1(End(A, p)) is an Fp-linear subspace of End(A, ,/pA, ). Let h be its
dimension.

If $ € End(4,,,) is invertible, then ¢~'/pA,, , is the inverse of ¢/pA, ,. On
the other hand, if ¢ € End(A4, ;) is such that ¢/pA, , is invertible, then we can

53



write A = pA + im(¢). By Nakayama’s lemma [2, X§4, lemma 4.1], we obtain that
A =im(¢), that is, ¢ is surjective. Since A, , is a finite set, ¢ is invertible. We see
P(Aut(A,p)) = P(End(A,p)) N Aut(A,p/pA,p).

Since an endomorphism ¢ € End(A, ,/pA, p) is an automorphism if and only if
det(¢) # 0, we look at the determinant map det : ¢ (End(A, ,)) — F,. It is given
by a non-zero homogeneous polynomial in A variables of degree equal to the length
of p. Since p has length at most n, by lemma 5.25, the number of zeroes of the
determinant is at most np"~!. Hence, we can bound

#AU(Ayy) _ #U(Aut(Ayy) | P -t pon

#End (A, p) B #Y(End(A,,,)) ph p

Y

When p is greater than n, then % > ( implies that we can invert this. We obtain
the first upper bound.
If p is at most n, we can improve this bound to

#(Aut(Aup)) o 1

0 (End(Ayp) = 77

by noting that #¢(Aut(4,,)) > 1 and h < n®. Inverting this fraction gives the
second upper bound. O

Now we combine lemmas 5.24 and 5.26 to prove proposition 5.23.

Proof of proposition 5.23. First, we will determine #End(A4,,). For positive in-
tegers a and b, a morphism ¢ € Hom(Z/p®Z,Z/p"Z) is determined by the image
of 1 in Z/p®Z. This element should be such that ¢(1)p® = 0. It follows that
the number #Hom(Z/p®Z,7Z/p’Z) is equal to min(p®,p®). Furthermore, for all
groups Ay, Ag, By and Bs, there exist group isomorphisms Hom(A; x As, By) —
Hom(A;, By) xHom(As, By) and Hom(A;, By X B) — Hom(A;, By) x Hom(Aq, Bs).
Using these facts for End(A4, ), we obtain

#End(Ay ) = H Hom(Z/p"Z,Z/p" 7)
ij=1
= pZ;l,le min(lu‘inu‘7) =p (21 1)

(#A,, p)

Hence, the equality p*(#™) = = ZEnd(A,

y follows from the definition of u(p,n).
We obtain the equality

#S(M, /1') . #{¢ M - A/t,p}/#Aut( i p)

prlwm) (#Aup)"/#End(Ay,p)
#{gb M—A,,} #End(AM,p)
(#Aup)" #Aut(A,p) .
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By lemmas 5.24 and 5.26, for p > n this is bounded from above by VLn =142, <

1+ n, and for p < n this is bounded from above by p”2 < n"’

The second statement follows similarly. By the lemmas, #3ULL) g hounded

pulp,n)

from below by 1 — ﬁ For p =2 thisis 1 — ﬁ = —n and for p > 3 this is
bounded by 1 — -2 =L >1 — L>1 O
p(p—1)

5.5 Rounding rings

In this section we will prove proposition 5.9. For each prime p, each integer n > 2,
each finite étale Qp-algebra E of degree n, each partition A of length at most n —1
and each integer d with Ay > 2441, we will define the rounding map pg4 on S (E,N),
a set defined in section 5.1. The map pg associates with a sub-Z,-module of a given
cotype A a submodule of a round cotype u, that is, a cotype of the form p = (e)?
for some positive integers e and d. We will show that pg maps subrings to subrings
and give a bound for the size of the fibres of pg.

After that we will investigate the situation where two roundings satisfy an inclu-
sion relation.

We will start by defining roundings on the sets S(M, ) for free Z,-modules M and
partitions A of length at most the rank of M. The sets S(M,\) were defined in
section 5.1 for use in section 5.4. Since for each partition A there exists a natural
bijection between S(E, \) and (O /1-Z,, A), this will give us a rounding on S(E, \).

Let M be a free Zy,-module, let r be its rank. Let N € S(M,\) be a sub-
Z,-module of cotype A. Let d be an integer with 1 < d < r — 1 and suppose
that Ay > 2A441 holds. Define the sub-Z,-module

pa(N) = M Np~ 22441 (N +p*M) C M @z, Q,.
Proposition 5.27. The module pg(N) is a submodule of M of cotype (Ag—2Xq11)%.

Proof. Taking a basis (wi, ...,w,) of M such that (p*'wy,...,p* w,) is a basis of N,
we see that pg(N) has a basis (p"'ws,...,p" w,), where the numbers p; are such
that ptiw; - Z, = w;Z, N p~ 217, (pYiw; + prw;). Hence, we can calculate

pj = max(0, —2Xg41 + min(A;, Ag))
0 if )‘j S 2/\d+1
= —2Xg+1 + )\j if 20g+1 < /\j and )\j < Mg
211+ A i A < Aj
_J o if j >d
Tl 241 A i < d
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Note that from this proof it follows that we can use the same basis of M for N
and pq(IV).
Recall the definition ¢11(n,d,\) = —d(n—d—1)(Ag —2Ag+1) +Z?;11 (n—20)\;).

Proposition 5.28. Let M be a free Z,-module, let r be its rank. Let )\ be a partition
of length at most r and let d < r—1 be an integer with A\g > 2 q+1. Write p for the
partition (A\g — 2Xa41)%.

Then the map pq : S(M, ) — S(M, 1) that sends a sub-Z,-module to its rounding
is surjective. Furthermore, all fibres have the same cardinality. The fibres of pq
satisfy

#p7 (N) = Oy (per (1AM,

where p ranges over the set of primes, M over the collection of free Z,-modules,
A over the set of partitions of length at most the rank of M, the integer d over the
integers such that \g > 2\q11, the module N over S(M, (Mg — 2Xq11)%) and r is the
rank of M.

Proof. The surjectivity and the equality of the sizes of the fibres follow from the fact
that the group Autz, (M) acts transitively on S(M, p).

Recall the definition of u(A,r) = Z: 1((r+1—24))\;). By proposition 5.23, we
have #S(M,\) = Or(p“(/\””)) and #S(M 5= =0, ( _“(’”)). By the first remark of
the proof, the number of Z,-modules in S(M, ) that get rounded to a given Z,-

module in S(M, u) is igg% 2; = O, (p**m=ulwm)) " The fact u(X,r) — u(p,r) =

c11(r + 1,d, \) completes the proof. O

Now, we will switch our focus from S(M,\) to S(E,)). The Z,-module Og/1 - Z,
is free of rank n — 1. The canonical bijection between S(Og/1-Z,, \) and S(E, \)
transports the rounding map pg from the first to the second set. From the previous
proposition we know that the fibres of p; are equal in size and satisfy #pgl(]\f ) =
O, (pcll("’d”\))7 as required for proposition 5.9.

It remains to show that p; maps subrings to subrings. This fact is true for all
Z,-algebras R that are free of finite rank as Z,-module, as we will show in the next
proposition.

Let R be a Zy-algebra that is free as a Z,-module, suppose (w1, ...,wn—1,1)
is a basis of R. Consider only sub-Z,-modules of R with a basis of the form
(pMwy,...,p* 1w, 1,1). By the remark after proposition 5.27, we can do this
without loss of generality. For ease of notation, we write w, = 1.

Since R is a ring, there exist c¥; € Z, for i,j,k = 1,...,n such that ww; =

J
>k cfjwk.

Proposition 5.29. Let R be a Z,-algebra that is free as a Z,-module. LetT C R
be a subring of cotype \. Let d be an integer with 1 < d < n — 2 and suppose that
Ad > 2Xgy1. Then pg(T), the rounding at d of T, is a subring of R.

In the proof we will use the following lemma.
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Lemma 5.30. Let R be a Zy-algebra that is free of finite rank as Z,-module and
let {(w1,...,wn_1,1) be a basis of R. A sub-Z,-module N C R with a basis of the
form (pMwy,...,p 1w, 1,1) is a subring if and only if for all i,7j,k the equality
cfj = 0 mod p* %~ holds.

Proof. The product of two basis elements p*iw; and pw; is

NN, — PO P Vi YN
Prwipwj = Z(p AT )P W
k

This is an element of N if and only if priTAi =2« cfj € Zy, for all k. O

Proof of proposition 5.29. Let u be the cotype of pg(N). According to lemma 5.30,
it suffices to show that cfj = 0 mod pt*—Hi~Hi for all 1, j, k.

For the case k > d, we have puj — yu; — pu; < 0 and therefore we are done. The
case k < d we split up into two subcases. If i < d or j < d holds, then we have
k. — i — p; < 0 and we are done. If ¢ > d and j > d both hold, then we can
bound g — pi — ptj = Ag — 2Xg+1 < A — A — Aj, and since T is a subring we have
cfj = 0 mod p* 2~ hence cfj = 0 mod pt+~Hi~Hi is as required. O

We finish this section by looking into the case where one of the roundings of a subring
is contained in a different rounding. These rounding chains will be used to improve
the bound for degree 5 and cotype (3,1,0,0), an improvement that is used to obtain
a result requested by Manjul Bhargava. Chapter 8 will state and prove that result.

Proposition 5.31. Let M be a free Z,-module; let r be its rank. Let N C M be
a sub-Zy,-module of cotype X. Let di and da be integers with 1 < d; < dy <7 —1
and suppose that 0 < Ag, —2Ag,+1 < Agy, — 2Ag,+1 holds. Then the rounding pq, (IN)
of N at dy contains the rounding pa,(N) of N at ds.

Proof. Write u for the cotype of pg, (V) and v for the cotype of pg, (V). From the
proof of proposition 5.27 it follows that there is a basis (w1,...,w,) for M such
that pg, (N) is generated by {p"iw;}; and pg, (N) by {p"iw;};. The fact that for all ¢
the inequality u; < v; holds, shows the inclusion. O

Define for a free Z,-module M of finite rank r and partitions A\; and Ay of length at
most r the set S(M,)\l,)\Q) = {(Nl,NQ) € S(M, )\1) X S(M, )\2) : Ny C Nl}

Proposition 5.32. Let M be a free Z,-module, let r be its rank. Let )\ be a partition
of length at most r and let dy,ds be integers with 1 < dy < dy < r—1 and 0 <
Ady — 2,41 = Ady — 2Xdy+1. Write e for Agy, — 2Xq, 41 and write for i = 1,2 the
partition p; = (e)%. Then the map
Pdy,ds * S(MvA) - S(M’/ilvﬂﬂ)
N = (pa,(N), pa,(N))

1S surjective.
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Furthermore, all fibres of pq, .4, have the same cardinality. The fibres of pq4, d,
satisfy

#020,((N1, N2)) = O (pl- et a (e D (12080 )

where p ranges over the set of primes, M over the collection of free Z,-modules, e
over the set of positive integers, A over the set of partitions of length at most the rank
of M, the integer pair (di,ds) over the integers such that 1 < d; < dy <1k(M) —1
and 0 < Ag, —2Ad, 41 = Ady — 24,41 = €, the module pair (N1, Na) over S(M, uy, u2)
and r is the rank of M.

Proof. The previous proposition shows that the image of the map is contained in
S(M7 M1, M2)

For any pair (N1, N2) € S(M, pu1, p12), let (wi,...,w..) be a basis of M such that
(P°wi, .., DWWy, 4 g5+ - wy) 18 a basis of Na. Define the submodule N, € M to
be the module generated by wy, ... ,wy, . Let (w1, ..., wq,) be a basis of N, such that
(P°w1, .., P°Wdy s Wdy+1 - - - yWd, 18 a basis of Ny N N,. Tt follows that, with w; = W}
for i > dy that (wi,...,w,) is a basis of M such that (p°wi,...,p°wq;,wd;+1,.-.,wy)
is a basis of N; for j =1, 2.

This choice of basis shows that Autz, (M) acts transitively on S(M, pi1, pi2), and
it therefore follows that pg, 4, is surjective and that the fibres all have equal size.

Hence all the fibres have size %

Recall the definition of u(\,7) = >_,((r + 1 — 2i))\;). By proposition 5.23, we
can bound #S(M,\) = O, (p**").

For all Ny € S(M, p2), the number of modules Ny € S(M, 1) with Ny C Ny C M
is equal to #S(Na, 111). So we can bound by proposition 5.23,

1 1

#S(M, p1, p2) — #S(M, py)#S(Na, 1)
—0, (p—uwz,r)—u(m,dz))

— O'r‘ (pfdg(dez)Efdl(dzfdl)e) .

Combining these two bounds gives the result. O
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Chapter 6
Artinian principal ideal rings

In this chapter, we will study the structure of commutative artinian principal ideal
rings. For some background information on artinian rings, we refer to Atiyah-
Macdonald [1]. Note especially the following two results.

Lemma 6.1. A commutative artinian ring can uniquely be written as a finite product
of local artinian rings.

Proof. [1, theorem 8.7]. O
Lemma 6.2. For a commutative local artinian ring A the following are equivalent:
1. A is a principal ideal ring;
2. the mazimal ideal of A is principal.
Proof. [1, proposition 8.8]. O

The theory in this chapter will be used in the next chapter to prove proposi-
tion 5.8. We first highlight some of the results that will be used in the next chapter.

Throughout this chapter, Z will be a commutative local artinian principal ideal
ring and A will be a commutative Z-algebra that is an artinian principal ideal ring.
In the next chapter, Z will be the ring Z/p¢Z for some prime power p¢ and A will be
the ring O /p°Op with E a finite étale Q,-algebra. The rings in the sets Wy .(E)
defined in section 5.1, correspond to certain sub-Z-algebras of A.

The first theorem tells us that these subalgebras are artinian principal ideals
themselves.

Theorem 6.3. Let Z be a commutative, local, artinian principal ideal ring, not a
field; let m be the maximal ideal of Z. Let A be a commutative Z-algebra such that
A/m?A is a free Z/m?-module of finite rank and A is an artinian principal ideal
ring. Let B C A be a sub-Z-algebra such that B is a free Z-module. Then B is an
artinian principal ideal ring.

60



We will show that a commutative, local, artinian principal ideal Z-algebra is gen-
erated as a Z-algebra by a single element where the minimal polynomial of that
element is generalized Eisenstein.

Definition 6.4. Let Z be a local ring with maximal ideal m. A polynomial g € Z[X]
is generalized Eisenstein if there exist a monic polynomial h € Z[X], a positive
integer e and for i =0,...,e — 1 a polynomial ¢; € Z[X| such that

h is irreducible in Z/m[X];
g=h°+ Zf;& cihl;
deg(c;) < degh;

¢ € mZ[X|;

co € m2Z[X].

The notion of generalized Eisenstein has been studied for the case where Z = Z,, by
Ford, Pauli and Roblot [3, § 4].

Theorem 6.5. Let Z be a commutative, local, artinian principal ideal ring, not a
field; let m be its mazimal ideal. Suppose Z/m is a perfect field. Then a commutative
Z-algebra B that is free of finite rank as a Z-module is a local principal ideal ring
if and only if there exists a generalized Fisenstein polynomial g € Z[X] such that
B=Z[X]/(9).

Let Z be a commutative, local, artinian principal ideal ring, not a field; let m be
the maximal ideal of Z. Suppose Z/m is a perfect field. Let A be a commutative
Z-algebra such that A/m?A is a free Z/m?-module of finite rank and A is an artinian
principal ideal ring.

By theorems 6.3 and 6.5 and lemma 6.1 we can write a sub-Z-algebra B C A such
that B is a free Z-module, as a finite product [[, B; where each B; is isomorphic to
Z[X]/(g;) for some polynomial g; € Z[X] that is generalized Eisenstein. Let 3; € B;
be the element corresponding to X. Then B; = Z[§;] and f; is a zero of g;. Define
the A-ideal

Ip ={ac A:a(gi(B)) = 0}.

In section 6.5 we will show that the definition of Ip does not depend on the choice
of g; or ;. Using the ideals Ig for various B, we can define a relation on the set of
sub-Z-algebras B C A that are free as a Z-module and satisfy I3 = 0.

Definition 6.6. On the set of artinian principal ideal sub-Z-algebras B C A such
that B is free as a Z-module and I% = 0, we define the relation By ~ By if B
and By have the same image in A/Ip, .

This relation will turn out to be an equivalence relation; we show this in section 6.5
together with the following theorem, which counts the number of rings in an equiv-
alence class.
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Definition 6.7. Let Z be a finite, commutative, local, artinian principal ideal Ting,
not a field. Write a commutative, finite, local, free, artinian principal ideal Z-
algebra B as B = Z[f], let g be a minimal polynomial of 8 and define the discrimi-
nant of B over Z to be the integer Ag,z = #(B/g'(5)).

In section 6.5 we will show that the definition of Ag,; does not depend on the choice
of g or 3.

Theorem 6.8. Let Z be a finite, commutative, local artinian principal ideal Ting,
not a field; let m be the mazximal ideal of Z. Let A be a commutative, finite Z-algebra
such that A is an artinian principal ideal Ting.

Suppose B C A is a local, free, artinian principal ideal sub-Z-algebra satisfying

I% = 0. Suppose A is free as a B-module of rank r. Then the number of subalgebras
B’ C A such that B ~ B’ is Ag_/lz.
When we can count the number of equivalence classes, we can bound the number of
subrings B C A such that I3 = 0. Part of the next chapter will be to do precisely
that in the case where Z = Z/p°Z and A = Og/p°Og.

In the next section we recall the basic ring theory to be used in the rest of
the chapter. In section 6.2 artinian principal ideal rings are given a valuation. In
sections 6.3, 6.4 and 6.5 we prove theorems 6.3, 6.5 and 6.8 respectively.

6.1 Basic ring theory

In this section, we state some basic ring theory that will be used in various places
in this chapter and the next.

6.1.1 Products

The next lemma will be used in many places to reduce the theory for global rings
to that of local rings.

Lemma 6.9. Let T be a commutative ring and R a commutative T-algebra. Suppose
we can write T = [[,.; Ti as a finite product of rings. Then R = [],c; R; is a product
of rings where R; is a T;-algebra.

icl

Proof. Let R; = R®7 T; for all i € I. Then R; is a T;-algebra and as rings we have

i€l i€l i€l
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6.1.2 Differentials

The definitions of Ip and A,z from the introduction are a bit ad hoc. The more
natural way to define this ideal is to look at differentials. We define the differentials
here and will show the connection with Iz and Ag, in section 6.5.

Let T be a commutative ring and R a commutative T-algebra. Denote by Qg7
the R-module of relative differentials of R over T, see [6, chapter 10, §26.C] for a
definition. Define the different Dy, 7 to be the annihilator of Qg /7, that is,

DR/T:{TER|V!E€QR/TZT.T:0}.
Note that Dg 7 is an R-ideal.

Lemma 6.10. Let T be a commutative ring and R a commutative T-algebra. If
R =TI[X]/(f) holds for some polynomial f, then Dgr is the ideal generated by f'.
Furthermore, we have Qr/r = R/Dg/p.

Proof. From [6, chapter 10, §26, theorem 58], we have the following exact sequence
of R-modules.

(H/(f)? = Qrxyr ©1ix) R — Qryr — 0

From [6, chapter 10, §26.E, example 1], we have Qp(x1/r = T[X]dX = T[X], so we
obtain Qrpxy/7r ®7ix) R = T[X]®7x] R = R. The first map from the exact sequence
becomes the map

N/ = Qrixyr @rix) R=T[X]dX @rx) RER
fr df@l=fdX o1 !

so Qr/r = R/im((f)/(f)?) = R/(f’). The annihilator of the module R/(f’) is the
ideal generated by f’. O

Lemma 6.11. Let T be a commutative ring and let Ry and Rs be commutative
T-algebras. Define R = Ry X Ry. Then the different of R over T' is Dg/p =
DRl/T X DRg/T-

Proof. Define the multiplicative systems S7,S2 C R by S; = {(1,1),(1,0)} and Se =
{(1,1),(0,1)} According to [6, chapter 10, §26.G example 2|, we have stlR/T &~
SZ-_IQR/T. Since Si_lR = R; fori=1,2 and Sl_lQR/T X SQ_IQR/T = Qp/7, we have
QRl/TXQRz/TgQR/T' L]

6.1.3 Hensel

In the theory of this chapter we will want to construct zeroes of polynomials in
certain rings. When we have partial information on those zeroes, for example the
residue class modulo some ideal, we can use Hensel theory to find a zero.

The theory in this section is from [2, chapter 7].
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Definition 6.12. Let R be a commutative ring and a an ideal of R. Then the ring
Ry = hm R/a is called the completion of R with respect to a.
When the natural map

R — Ra
z +— (x mod a');
is a ring isomorphism, we will say that R is complete with respect to a.

Lemma 6.13. Let R be a commutative ring and m an ideal of R such that R is
complete with respect to m. Let f € R[X] be a polynomial.

If a € R is such that f(a) = 0 mod (f'(a)?m*) for some k € Zs>1, then there
ezists an element b € R such that f(b) = 0 and b= a mod (f'(a)m*).

Furthermore, if f'(a) is not a zero divisor, then b is unique.

Proof. This follows almost directly from [2, theorem 7.3]. The only thing left to
prove is that whenever R is complete with respect to m, it is also complete with
respect to m* for any positive k. This is clear from the fact that

Rm - Rmk
(w4)i = (Tri)s

is an isomorphism. O

6.2 Valuations

This section provides us with a way of describing commutative artinian principal
ideal rings. We will use this description in the proof of theorem 6.3. For semigroups,
see chapter 2.

Definition 6.14. A valuation on a ring Z is a morphism of semigroups from Z
with its multiplicative structure to a semigroup H.

Definition 6.15. Let ! > 0 and m > 0 be integers. Define an equivalence relation ~
on —Z>0 C Q by - H when @ = j holds or both i and j are at least l. The
set Hl/m = ( Z>o) /~ is a semigroup where the operation is addition. We write
Hy for the semigroup Hy ;.

Note that for all I, m and m' the semigroups H,,,, and H;/, are isomorphic.
Furthermore, products of these semigroups with componentwise operation are semi-
groups themselves.

The ordering on Z gives rise to a total ordering on H;,,,, and we define a partial
ordering on [[; Hy, /m, by saying (a;); > (b;); if a; > b; for all 4.

We will sometimes view H; /. as subset of Q with I/e € Q the chosen representa-
tive for [[/e] € H;/.. Note that this inclusion respects the ordering, but that addition

is only respected as long as the answer is at most [/e.
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Proposition 6.16. Let A be a commutative ring and t > 0 an integer. Then the
following are equivalent:

1. A is an artinian principal ideal ring with t mazximal ideals;

2. there are positive integers (I;)'_, and a surjective valuation ¢4 : A — [['_, Hi,
such that for a,b € A the inequality ¢ a(a) > ¢a(b) implies that a € bA.

We start the proof of this proposition by defining for commutative, artinian principal
ideal rings A the valuation ¢ 4.
For a commutative, local, artinian principal ideal ring A, we denote by 74 a

generator of the maximal ideal of A. The chain A D m44 D 73A D ... is fi-
nite, say 74 A = 7'A. Write 7!y = 7/{'z for some x € A. Then we have

74 (1 — max) = 0. Since 1 — 74 is not in w4 A, it is invertible. So the element 74 is
nilpotent. Define 14, the length of A, to be the smallest integer [ such that 7', = 0
holds. (This length is the length of A as A-module.)

Definition 6.17. For a commutative, local artinian principal ideal ring A, take
l =14 and define the map ¢4 : A — H; in the following way. For an element a € A,
with a # 0, the value ¢ 4(a) is the integer such that a € WﬁA(a)A and a & WﬁA(Q)HA.
We also set $p4(0) =14.

Using lemma 6.1, we write a general commutative, artinian principal ideal ring A
as [[; Ai, a finite product of commutative, local, artinian principal ideal rings.
Take l; =14, and define the map

¢A N A — Hle‘
a=(a;)i = (¢a,(ai))i

Next, we show that for local rings A the map ¢4 has the desired properties.

Lemma 6.18. Let A be a commutative, local, artinian principal ideal ring with
a mazimal ideal generated by ma. Then every ideal of A is generated by m' for
some i € ZL>g.

The map ¢ 4 is a surjective valuation such that for a,b € A the inequality ¢ a(a) >
da(b) implies that a € bA.

Furthermore, A is complete with respect to its mazximal ideal.

(a)

Proof. For an element a € A with a # 0, we can write a = a’wﬁ" forsomea’ € T4 A,

(a)

which implies a’ € A*. So the ideal (a) equals (ﬂ'ﬁA ) Hence every ideal I of A

is generated by 7%, with i = mingecr{da(a)}.
All elements a,b € A satisfy

(ﬂ_ﬁA(ab)) = (ab) = (a)(b) = (T‘.f‘A(a)) (ﬂ_ﬁA(b)) _ (WﬁA(a)+¢A(b)) )

Hence ¢4 is a valuation. Furthermore, if a,b € A are such that ¢4(a) > ¢4 (b) holds,
then we have the inclusion a4 = Wﬁ(a)A - wﬁ(b)A = bA.
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Since ' = 0 implies that we have A(“) =~ A/(r'{) = A, the ring A is complete
with respect to (74) O

Proof of proposition 6.16. Let A be a commutative, artinian principal ideal ring.
Write A = H§:1 A; as a finite product of local rings and let ¢4 be the map from
definition 6.17. By lemma 6.18 and the properties of the product, this map is a
valuation and it satisfies the requirements.

In this case ¢ is equal to the number of maximal ideal of A.

On the other hand, let ¢ : A — szl H), be a valuation with the required properties.
Denote by ¢; : A — H;, the valuation followed by projection on the i-th coordinate.
Let e; € A be such that

. 0 ifi=j
¢j(ei)_{ I ifi#j

Suppose 1 < i <t and a,b € A are such that ¢;(a) > ¢;(b). By definition of e;,
we have ¢(e;a) > ¢(e;b), so we can write e;a = e;br for some © € A. Hence, the
inequality ¢;(a +b) = ¢i(e;) + ¢i(a + b) = ¢i(eia + eib) = ¢i(eb(z + 1)) = ¢i(b)
holds. Without loss of generality, we can conclude that for all i and a,b € A the
inequality

¢i(a+b) = min(¢;(a), ¢i(b)) (6.19)

holds.

Now, let I C A be an ideal, and let for ¢ = 1,...,t the elements y; € I be such
that ¢;(y;) is minimal. Note that the elements z; = e;y; € A satisfy ¢;(z;) = [;
whenever 4 and j are different. Define x = ), z; € I and take an element a € A
that for all ¢ satisfies ¢;(a) = ¢;(x;). Then for all ¢ we have ¢(z;) > ¢(a). Therefore
we have 2 € aA, hence we obtain ¢;(x) > ¢;(a) = ¢;(z;). Using (6.19), we also
have ¢;(z;) = ¢&; (x— Dt :cj) > ming. ;£ (¢i(z), ¢i(x;)) = ¢i(x). We obtain
that ¢;(x) = ¢;(z;) holds for all . By the minimality of ¢;(x;), any element b € T
satisfies ¢(b) > ¢(x) and is therefore in xA. Hence, the ideal I is generated by x
and A is a principal ideal ring.

Let Id 4 be the set of A-ideals with a partial order defined by inclusion. Then we
have shown that the map

IdA — H Hli,
i
ad — dala)
is well-defined. The properties of ¢4 makes it into an anti-isomorphism of partially
ordered sets. This shows that A has only finitely many ideals, and hence is artinian.

It also gives a bijection between the set of maximal A-ideals and the set of minimal
non-zero elements of [], Hj,, of which there are exactly t. O
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In the next lemma we describe a different set of requirements on a valuation for a
commutative, local, artinian principal ideal ring that is equivalent to the require-
ments from proposition 6.16. These new requirements are easier to check and will
be used in the proof of theorem 6.3.

Lemma 6.20. Let A be a commutative ring, | > 0 an integer and ¢ : A — H; a
valuation. Then the following are equivalent:

1. ¢ is surjective and for a,b € A the inequality ¢(a) > ¢(b) implies a € bA;

2. the fibre $=1(0) is A* and the fibre ¢p=1(1) is {0}; there exists ma € ¢~ 1(1)
that satisfies {a € A: ¢p(a) > 1} C maA.

Proof. We start by showing that the first set of requirements implies the second.
First, let b € A with ¢(b) = 0. Then 1 € bA shows that b € A*. Also, if ¥/ € A*
holds, then we have ¢(b') < ¢(b') + ¢(b'~1b) = ¢(b) = 0. Second, for a € ¢p~1(I) the
inequality ¢(a) > ¢(0) shows a € 04, that is, a = 0. Finally, take m4 € ¢~ 1(1).
Then all @ € A such that ¢(a) > 1 = ¢(mwa) satisfy a € w4 A.

Now we show that the second set of requirements implies the first. For 1 < k <,
we have ¢(7%) = k, and ¢(1) = 0, so ¢ is surjective.

We will prove that the inequality ¢(a) > ¢(b) implies a € bA by induction
on ¢(b). For the induction basis where ¢(b) = 0, we have b € A*, so every a € A is
in bA. Next, let k be such that 1 < k < I. Suppose the statement is true for all &
with ¢(b') < k. Let b € A be such that ¢(b) = k and a € A such that ¢(a) > k.
Since k& > 1, there exist a/,b’ € A such that a = a’r4 and b = b'm4. Now, since
¢(b) <1, we have ¢(a’) > ¢(a) —1 > ¢(b) — 1 = ¢(V'). By the induction hypothesis,
we have '’ € A and so a = a'my € b'ma A = DA.

If b € A satisfies ¢(b) = I, then any a with ¢(a) > ¢(b) equals 0, so a € bA is
true in that case as well. O

We conclude this section with two lemmas on valuations used in sections 6.3 and 6.5
respectively.

Lemma 6.21. Let Z be a commutative, local, artinian principal ideal ring; let 7wz be
a generator of its maximal ideal. Let be A a commutative, local, artinian principal
ideal Z-algebra. Denote ¢pa(mz) by ea.

If A is free as a Z-module of finite rank, then its length is la = ealy.

Proof. Let my4 be a generator of the maximal ideal of A. We can take a basis
of A/mzA over Z/m7Z with 75*~" as one of the basis elements. Using Nakayama’s
lemma, we lift this basis to a basis of A. When A is free, the element ﬂlzzflﬂi(‘*l is

not 0. The length of A is therefore at least (Iz — 1)eqa +e4 — 1+ 1 =-eslz. On the
other hand, we have (wi{‘lz> = (wlzz) = 0, so the length of A is at most e4ly. O
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Lemma 6.22. Let Z be a commutative, local, artinian principal ideal ring, not a
field; let w7 be a generator of its maximal ideal. Let the Z-algebra A be a commuta-
tive, artinian principal ideal ring such that A/7% A is a free Z /7% Z-module of finite
rank.

Then we have the inclusion {x € A : 2?> =0} C mzA.

Proof. Write A = [],, Am as a finite product of local artinian principal ideal rings.
To ease notation, we will write m as subscript instead of Ay,. Denote ¢ (72) by en.
Because A/7% A is free as a Z/w% Z-module, it follows from lemma 6.21 that for
any localization Ay, of A, we have [, > lAy/n2a, = €mlz/2z = 2em. Every x € A
with 22 = 0 satisfies for all m € MaxSpec(A) the inequality ¢m(z) > ln/2 = em =
¢m(mz). This implies ¢pa(x) > pa(7wz). Now x € mz A follows from proposition 6.16.
O

6.3 Subalgebras

In this section, we prove theorem 6.3. We will use the valuation from the previous
section. To be able to compare valuations of different algebras over the same base
ring, we first define a scaling of the valuations.

Notation 6.23. Let Z be a commutative, local, artinian principal ideal ring; let 7z
be a generator of its maximal ideal. For a commutative Z-algebra A that is also a
local artinian principal ideal ring, we denote g4(mz) by ea. Denote by ¢ the natural
isomorphism H,, — Hy, e, . The scaling of ¢4 is the valuation s = Ypa.

We write a general commutative, artinian principal ideal Z-algebra A as [[, As, a
finite product of commutative, local, artinian principal ideal Z-algebras. The scaling
of ¢a is the valuation o =[], da,.

The valuation qz~5 4 1s a scaled version of ¢4 that behaves nicely under inclusions.

Proposition 6.24. Let Z be a commutative, local, artinian principal ideal ring,
not a field; let wz be a generator of its maximal ideal. Let the Z-algebra A be a
commutative artinian principal ideal ring such that A/n% A is a free Z /7% Z-module
of finite rank. Let B C A be a local sub-Z-algebra such that 1, AN B = 7nzB.

Then there exist an integer I, a valuation ¢p : B — H; and an element mp € B
such that

o5 (0) = B,
o5 (1) = {0},
op(rp) =1 and

{be B:¢p(b) > 1} C npB.
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Proof. Write A = [],, Am as a finite product of local artinian principal ideal rings.
To ease notation, we will write m as subscript instead of Ay. Since A/7%A is a free
Z/m%Z-module, by lemma 6.21 we obtain for all m the inequality lm > l4, /x2 4, =
ele/WzZZ = 2en.

Since A/m% A is finite over Z, and therefore A also, the ring B is finite over Z.
Since Z is artinian, B is also artinian.

Next, we show that for every ideal m € MaxSpec(A) the valuation b satisfies
B* = ¢71(0) N B. Take an element 2 € ¢;'(0) N B. Then z is locally at m
invertible, hence it is not nilpotent; since B is local and artinian, we obtain z € B*.
On the other hand,

B*C A*NnB= (ﬂ&m1(0)> NBcC¢ ' (0)NB

shows that B* C ¢'(0) N B for every maximal ideal m.
Now we prove the following claim.

Claim. For all elements 2 € B and ideals n,n’ € MaxSpec(A) we have
min(ln’/en’7 én (.I)) = min(ln/em (gn' (1'))

Proof of claim. Suppose there exist € B and n,n’ € MaxSpec(A) such that the
claim is not true. Take z and n such that ¢,(z) is minimal with this property. We
have ¢n () < dn (x) < Iy /en and ¢y (x) < Iy/en. The only possible case is ¢n(2) =
min(ly /ey, én(z)) < min(ly/eq, du (x)). Note that in particular, ¢y () < ly/ey and
On(x) < dnr(z) <y /en hold. . )

If there exists m € MaxSpec(A) such that ¢m(x) < ¢n(z), then, by the minimality
of ¢n(), we have min(ly /em, on(z)) = min(ly/eq, dm(z)), which can only happen
if I/em = ¢m(x). We see that for all m € MaxSpec(A) either ¢y () < ¢m(z), or
¢m(z) > 2 holds. .

Suppose ¢n(z) > 1 holds, then by the previous remark, we have ¢4(x) >
(1,1,...,1) and & € wzA. By the assumption on B, we can write = mza’ with
2’ € B. The strict bound ¢,(2') < ¢n(z) < ly/en and the minimality of ¢y (z)
tell us ¢, (z') = min(ln/jen/,én(x’)) = min(ly /en, dw (2')). Since we also have the
strict bound ¢n (') < ¢n(¥) < ln/en, We obtain ¢,(z') = @u(z’). Therefore, we
have equality in ¢n(2) = ¢n(2') +1 = ¢u/(2') +1 > ¢u(z), a contradiction with the
inequality ¢n(z) < gw (). }

If we have ¢ (z) = 0, then x € B* shows that ¢n/(x) = 0 holds as well.

For the final case where 0 < ¢,(z) < 1, we first note that ¢,(x) is the minimum
over m € MaxSpec(A) of ¢m(x). Let k € Z be such that (k — 1)ga(z) < 1 <
k¢n(z) holds. By the minimality of ¢y (x) and the fact that ly/en > 2 for all
m € MaxSpec(A), we have the inequality (1,1,...,1) < kda(x) and 2¥ € mzA.
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When we write ¥ = 752’ and apply the valuation, we get the strict bound 1 +
bu(x') = kou(x) = (k — 1)gn(x) + ¢n(z) < 2 < ly/eq. The structure of Hy, e,
gives oz x') = kgo(z) — 1 < ¢n( ). From the minimality of ¢~>n~(x) it follows that
On(2') = dur(2'). We see g (2¥) = du(z') +1 = ¢u(z') +1 = ¢w (z*). Since this
expression is less than 2 and hence less than Iy /ey, we obtain ¢n(x) = én (z).
Hence z, n and n’ do not exist. O

Let m € MaxSpec(A) be such that [, /en is maximal and define QEB = qzm\B. This
map is a valuation, since ¢~Sm is a valuation. We will show that this valuation re-
stricted to its image has the desired properties, including the property that its image
is isomorphic to H; for some integer .

We already saw that ¢5'(0) = ' (0) N B = B*.

By the choice of m, we have for all + € A and n € MaxSpec(A) the inequal-
ity ¢n(x) < lm/em. So, as a direct consequence of the claim, we have for all 7,y € B
with ¢y (x) > dm(y) and all n € MaxSpec(A) the inequality

&n(x) = min(ly/em, (;En(x)) = min(ly/eq, (&m(x))
> min(lu/em (/;m(y)) = min(lm/ema én(Q)) = én(y)

We see that if z,y € B satisfy ¢p(z) > ¢p(y), then we also have ¢4 (z) > da(y).

Take © € B with ¢p(z) > ép(0). Then by the previous remark, da(z) > ¢4(0).
Hence z = 0 follows from the properties of ¢4 from proposition 6.16.

Next, we will show that the image ¢p(B) C Hi,, /e
integers Ig,ep € Z~g. Let mg € B be such that (;53(773) is non-zero and minimal
with this property. Let eg € Z~( be such that (eg — 1)¢>B(7TB) <1< eBgZ)B(ﬂB)
It now follows from the consequence of the claim that ¢a(7z) < ¢a(n%). From
the requirement that 7,A N B = wzB it fqllows that there exists x € B such
that 7% = 7mzz. The inequality ¢p(z) < ¢p(rg) shows that z € B*. So, we
have eBéB(ﬂB) =1.

Now, let y € B be an element with ¢p(y) < 1. Let k € Z be such that

is equal to Hy, /., for some

m

(k —1)¢B(7TB) +95(y) < 1 < kdp(rp) + ép(y), and write yrf, = 77y with
y" € B. Then the inequality oY) < ¢ép(rp) shows that ¢p(y’) = 0, and
¢B(y) = % € Zé N Hlm/em' }

For general = € B with = # 0, we can write x = W£¢B(I)Jy, with y € B such that
ép(y) < 1. So p(z) = eplop(x)| + dp(y) is in Zé N Hy, e, as well.
_ With Ip = [(Im/em)en], we have #5(0) = [lm/em] = [l5/ep]. Hence we obtain
¢B(B) = HlB/eB'

It remains to show that every b € B such that ¢p(b) > ¢p(np) satisfies b € m3B.
Let b € B be such an element. We can write 7z = wgz for some x € B. The
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inequality ¢p(bxr) > ¢p(mz) now gives us bx € m1zAN B = 7zB. If we write
br = mzy = mpry, then we see mz(b — mpy) = mpx(b — mpy) = 0. Applying
the valuation, we get ¢p(wz) + ¢p(b — wpy) > lg/ep > 2. Hence, we obtain
¢p(b — 7py) > 1. This implies b — ngy € nzB C TpB. O

Now we can tie everything together to prove theorem 6.3. We restate this theorem
below with a slight notational difference.

Theorem 6.3. Let Z be a commutative, local, artinian principal ideal ring, not
a field; let 1z be a generator of its maximal ideal. Let A be a commutative Z-
algebra such that A/7% A is a free Z/n% Z-module of finite rank and A is an artinian
principal ideal Ting. Let B C A be a sub-Z-algebra such that B is a free Z-module.
Then B is an artinian principal ideal ring.

Proof. First assume B is local. Since B is free, we have the inclusion 7z B =
Annp (771 = Anna (7271 N B D 2 AN B. The reverse inclusion is clear.

Now we use proposition 6.24 to conclude that B has a valuation with the second
set of properties from lemma 6.20. Hence, from lemma 6.20 and proposition 6.16,
we obtain that B is a local artinian principal ideal ring.

If B is a general ring, write B = [[,, Bm as a finite product of local rings.
Kaplansky’s theorem [5], which states that over a local ring every projective module
is free, shows that each ring B, is free as a Z-module and therefore a local artinian
principal ideal ring. Hence B is an artinian principal ideal ring. O

6.4 Generalized Eisenstein

We start this section with proving theorem 6.5. The proof is split into two parts. In
proposition 6.25 we show the implication from left to right and in proposition 6.26
we show the reverse.

After these two propositions, we will continue with some theory on Ig.

Proposition 6.25. Let Z be a commutative, local, artinian principal ideal ring, not
a field; let Tz be a generator of its maximal ideal. Suppose Z/mwzZ is a perfect field.
Let B be a commutative Z-algebra that is free of finite rank as a Z-module. Suppose
B is a local principal ideal ring.

Then there exists a generalized Eisenstein polynomial g € Z[X| such that B is
isomorphic to Z|X]/(g).

Proof. Write F for the field Z/7zZ. The ring B/mpB is an F-algebra, that is,
B/7mpB is an extension of F. So we can write B/rpB = F(a). Let h € F[X] be the
monic irreducible minimal polynomial of @, let h be a monic lift of A to Z[X] and
let a be a lift of a to B.

Since F is perfect, h/(a@) is not in (75), so by Hensel’s lemma, there is a unique
a € B such that a is a zero of h and @ = @ holds in F.
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The element 3 = a + 7 is also a lift of a. So Z[5] maps onto the entire residue
class field B/mpB and since we have h(3) = h(a + n5) = h(a) + W (a)np + amh =
h'(a)mp mod (7%) and h'(a) & (7g), it also contains a generating element of (7).
If we view Z[3] as subset of B/7%B, we see it is equal to B/7%B. According to [4,
I1-7.4] the embedding Z[3] — B is surjective and therefore it is an isomorphism.

View multiplication by 3 as a Z-linear map and let g € Z[X] be the characteristic
polynomial of this map. By Cayley-Hamilton theorem [7] the element [ is a zero
of g. Furthermore, since the degree of g is exactly the rank of B over Z, we obtain
B = Z[X]/(g).

Viewing this isomorphism modulo 7z gives B/nzB = (Z/nzZ)[X]/(g). Define
e = ¢p(rz). We obtain deg(g) = tkp(B/nzB) = tkp(B/n%B) = erkp(B/nzB) =
edeg(h). The polynomials g and h are monic, so through repeated division with

remainder, we can write
e—1

g=h®+ Z ciht,
i=0
where ¢; € Z[X] are such that deg(c;) < deg(h). Hence we have

e—1

h(B)* =3 —ciB)h(B)"

~

The valuation in B of h(8) = h(a+ng) = h(a)+mph/(a)+74x = m5(h/(a)+7px)
is 1. Furthermore, for each i we either have ¢; = 0, or we can write ¢; = 71'? ¢;, for
some integer k; and polynomial ¢ € Z[X]\ 7zZ[X]. In B/npB we have &(8) =
¢i(a) # 0, so the valuation of ¢;() is a multiple of e.

From the equality

e=¢p(h(B)°) =B (2_: —Ci(ﬂ)h(ﬁ)l) = mi;go(d)B(Ci(ﬂ) +1)),

¢ 1:c;
=0

where the last step follows from the fact that all ¢p(c;(3)) + ¢ are different, we
see that ¢p(c;(8)) > e and ¢p(co(B)) = e. In other words, ¢; € mzZ[X] and
co € 757 X]. O

Proposition 6.26. Let Z be a local, artinian principal ideal ring. Let g € Z[X] be a
generalized Eisenstein polynomial. Then Z[X]/(g) is a commutative, local, artinian
principal ideal ring that is free as a Z-module.

Proof. Write g = h® + >, ¢;h* with h, e and ¢; as in the definition of generalized
Eisenstein. Write B for Z[X]/(g).

The polynomial g is monic, so B is free of finite rank as a Z-module. This also
shows that B is artinian.

Let mz be a generator of the maximal ideal of Z. Since 7z is nilpotent, any
maximal ideal of B contains 7z and is therefore a contraction of a maximal ideal of

B/rzB = (Z/722)[X]/(9) = (Z/mz Z)[X]/(h°).
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Since h is irreducible in (Z/7zZ)[X], the only maximal ideal of B/7z B is generated
by h. Hence, the only maximal ideal of B is (h,7z)B.

In B we have 0 = h(h®™! + Z:ll c;h*=1) + co, which shows that ¢y € hB. Let
¢ € Z|X] be a polynomial such that mz¢c = ¢g. Now, from degc = deg(cy) < degh
and ¢ € w7 Z[X] we deduce that c is invertible in (Z/7z Z)[X]/(h) = Z[X]/(7z,h) =
ZX]/(rz,h,q) = B/(nz,h)B, and hence in B. This shows that ¢y and 7z generate
the same B-ideal. Now, the inclusion 7z B = ¢yB C hB shows the maximal ideal
(mz,h)B = hB is a principal ideal. Hence B is a principal ideal ring by lemma 6.2.
Since Z[X] is commutative, B is commutative. O

Combining propositions 6.25 and 6.26 completes the proof of theorem 6.5.

To get a handle on the condition 1% = 0 from theorem 6.8, we would like to bound
g'(X) for generalized Eisenstein polynomials. This is done through the following
proposition.

Proposition 6.27. Let Z be a commutative, local, artinian principal ideal ring and
g € Z[X] a generalized Eisenstein polynomial. Write B = Z[X]/(g) and let ¢p the
valuation on B from proposition 6.16. Let e be as in the definition of generalized
Eisenstein.

Then we can bound ¢p(9' (X)) < ¢pp(deg(g)) +e— 1. If pp(e) = 0, that is, if e
is invertible in Z, we have ¢pp(¢'(X)) =e— 1.

In the proof of this proposition, we use the following lemma.

Lemma 6.28. Let Z be a commutative, local, artinian principal ideal ring and
g € Z[X] a generalized Eisenstein polynomial. Write B = Z[X]/(g) and let ¢ the
valuation on B from proposition 6.16. Let h € Z[X], e € Z and ¢; € Z[X] be as in
the definition of generalized Fisenstein.

Then every element b € B can be written as

e—1
b= sih’
=0

with
deg h—1
S; = Z Sl'vaj GZ[X]

=0
Furthermore, the valuation ¢5(b) is equal to min; ; ¢p(s; ;h').

Proof. View b € B as a polynomial in Z[X] of degree less than deg(g). Since h is
monic, we can use repeated division with remainder by & to write b = 3.7 s;h’
with s; € Z[X] of degree less than deg(h).

If bis 0, then every s; is 0 and and for every i and j we have ¢5(b) = ¢pp(s; ;h').
Suppose b is non-zero and let ¢ be such that s; is non-zero. Since deg(s;) < deg(h), we
know that ¢p(s;) = min;j(¢z(s;;)e). For every i with s; # 0, the value ¢p(s;h’) =
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min;(¢z(si ;)e) + i is unique. In particular, the minimum of ¢p(s;h) is unique. It
follows that

¢p(b) = min ¢p(sih")

= minmin(¢z(s; ;)e) + i
i g

min ¢ (s;,;h°).
1,7

O

Proof of proposition 6.27. Let h,c; € Z[X] be as in the definition of generalized
Eisenstein; write ¢, = 1. The first claim follows from the lemma; we write

J(X) = S (i)

=0

with d; € Z[X] of degree less than deg(h), and see that
¢5(g'(X)) = min ¢p(dijh")

< ¢B(de—1,deg(h)—1h6_1)
= ¢p(deg(g)) +e—1.

The last statement of the proposition follows from the fact that if e is invertible,
then eh’ is invertible. The term eh’h¢~!in ¢'(X) = 25;01 (ch+ (i + 1)ciz1h') h® has
valuation e — 1, which is less than the valuation of the other terms; each of those
terms is in 7z Z[X] and therefore has valuation at least e. O

Let Z be a commutative, local, artinian principal ideal ring, not a field; let m be the
maximal ideal of Z. Suppose Z/m is a perfect field. Let A be a commutative Z-
algebra such that A is a free Z-module of finite rank n and A is an artinian principal
ideal ring.

Write a sub-Z-algebra B C A such that B is a free Z-module as a finite product
[, Bi, where each B; is isomorphic to Z[X]/(g;) for some polynomial g; € Z[X| that
is generalized Eisenstein. Let §; € B; be the element corresponding to X. Then B;
is equal to Z[3;] and §; is a zero of g;. Define the A-ideal

Jp ={a € A:a(g(8)?): = 0}
and recall the definition of

Ip ={a € A:a(gi(6:)): = 0}.

The ideal Jg does not depend on the choice of (3;, which we will show in the next
section.

The last proposition of this section tells us that the condition I% = 0 is satis-
fied for all B, when [z is large enough in comparison to n. It also contains some
statements that are useful for checking the conditions of lemma 6.13.
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Proposition 6.29. Let Z be a commutative, local, artinian principal ideal ring;
let Tz be a generator of its maximal ideal. Suppose Z/mzZ is a perfect field. Let A
be a commutative Z-algebra such that A is free of finite rank n as Z-module and A
is an artinian principal ideal ring. Suppose 2(maxj=1,  n(¢z(j)) +1) <lz. Then
for every Z-algebra B C A that is free as a Z-module we have

I3 =0,
the ring A is complete with respect to Jg and
I = (gi(B:))i /-

Proof. First we suppose that B is local and we write B = Z[X]/(g) with g general-
ized Eisenstein. Then by the previous proposition, we can bound

Ga(y/(x) = 22
< ¢p(degg) +e—1 _ epz(degg) +e—1

< ¢z(degg) +1< j:rgla?;n(qﬁz(j)) + 1.

Since A is free, for each n € Spec(A) we have by lemma 6.21 that [, /e, = Iz. The
claim in the proof of proposition 6.24 now gives for each element x € B and every
pair n,n’ € Spec(A) the equality ¢, (z) = ¢n (), in particular, since ¢p was defined
as the restriction of ¢y, for some m € MaxSpec(A), we have ¢5 (¢ (X)) = dn(¢'(X)).
Let 61,02 € Ip and n € MaxSpec(A). Then in H;_ /.. we have the inequality

G0 (0102) = Gn(61) + Pn(02)
> 2(lz — dal(g'(X)))

sty o)1)

j=1,...n
>lg.

We see that §10, = 0 and 13 = 0.

For the general case, write B = ][, B; as a product of local rings and let
A =TI, A; be the corresponding product from lemma 6.9. Each A; is free as a
Z-module of rank at most n, so the condition is satisfied for each local part. Fur-
thermore, since Ig =[], Ip,, where each Ip, is a subset of A; respectively, we can
conclude from the local case that I =[], I3 = 0.

The inequality 2¢ (g (X )) < lz is not an equality, hence Jp is contained in every
maximal ideal of A and therefore A is complete with respect to Jg.

If a € Jp is an element, then the equality ((¢5(3:))ia)(gi(8:)): = a(gi(B:)?): = 0
shows that ((g;(8;)):a) is an element of Iz. On the other hand, write an element
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Gm (am)

a = (ay)m € Ip locally as an = Ummn , where un, is a unit in A,,. Also write
(95(5:)) = (b )m locally as by, = vmmﬁm(b‘“), where vy, is again a unit in Ay,.

Now a € Ip implies that ¢y (am) — Pm(bm) > lm — 2¢0m(bm) > 0; this shows

that x, = umvnjlwﬁ'"(a'“)_(b“‘(b'“) € A, is well-defined. Furthermore, the element
T = (Tm)m satisfies xb®> = ab =0, so it is in Jp. Hence we can write a = bx as an

element of (g/(8:))iJB- O

6.5 Equivalence on artinian ideal rings

In this section we will show that the definitions of Ip and Ap, from the introduction
and that of Jg from the previous section depend only on B and not on the choices
made. Furthermore, we will show that = is an equivalence relation. After that we
prove theorem 6.8.

In this section, Z is a commutative, local, artinian principal ideal ring such that
the length Iz of Z is at least 2 and Z/7zZ is a perfect field. Furthermore, A is
a commutative Z-algebra such that A/n%A is free as Z/7%Z-module and A is an
artinian principal ideal ring.

Let B C A be a principal ideal sub-Z-algebra that is free as a Z-module. By
theorems 6.3 and 6.5 and lemma 6.1 we can write a sub-Z-algebra B C A such that B
is a free Z-module, as a finite product [ [, B; where each B; is isomorphic to Z[X]/(g;)
for some polynomial g; € Z[X] that is generalized Eisenstein. Let §; € B; be the
element corresponding to X.

Locally, the isomorphism B;/g;(8;) = Qp, /7 from lemma 6.10 shows that the
discriminant in definition 6.7 does not depend on the choice of ;. By lemma 6.11
we see that the same is true for products of these local rings.

In similar manner, we show that Ip and Jp are independent of the choice of 3;
they can be defined in terms of D, as well.

Proposition 6.30. Let D,z be the different defined in section 6.1.2. Then the A-
ideal Ip is equal to {a € A:aDpz = 0} and Jp is equal to {a € A: aDQB/Z = 0}.

Proof. 1If B is local, then lemma 6.10 tells us that Dg,; = ¢'(8)B. Hence in that
case we are done.

In general, write B =[], Bm as a product of local rings and write A = [],, Am
for the corresponding product from lemma 6.9. The An-ideals Ip,, and Jp,  satisfy
I =l I8, and Jp =[], /B, respectively. By lemma 6.11, we obtain

b= TL . = [[(om & A 0Dz =0}
m m
:{GEA'(IHDB",/Z:O}:{GGA:GDB/Z:O}
m

and
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Jg = [[ 5. = [[{om € An : anD%_,, = 0}
m m
:{aEA:aHD%m/Z:0}:{a€A:aD%/Z:0}.
m

O

The following lemma ensures we can conclude global statements about B, I and =~
from the corresponding local statements.

Lemma 6.31. Let B C A be a principal ideal sub-Z-algebra that is free as a Z-
module and satisfies I3 = 0. Write B = [1,, Bm as a product of local rings, and let
A =1, Am be the corresponding product from lemma 6.9.

If B" C A is a principal ideal sub-Z-algebra such that B ~ B’, then there exist
sub-Z-algebras By, C Aw such that B' =[], By, and By = B{, as sub-Z-algebras
of Am.

Proof. For each m, let e, € A be the unit of Ay, that is, the element that is 1 when
projected to Ay and 0 when projected to a different coordinate. Since B, C Ay
is a subring, ey is in B. Let 6 € Ig be such that ey, + 6 € B’. The elements
(em + 0)?2 = em + 20em and (em + 6)2 = en + 3den are in B’, and therefore
em = 3(em +6)% — 2(em + 9)? is an element of B’ as well.

Define By, to be the projection of B’ onto An. Then B’ =[] By, holds, because
for each b € B’ we have b = ) enb. Furthermore, since we can write Ip =[], In..,
we also see that By ~ BJ,. O

Next, we show that & is an equivalence relation, a corollary to the following propo-
sition.

Proposition 6.32. If By, Bo C A are principal ideal sub-Z-algebras that are free as
Z-modules and satisfy 11291 = 11232 = 0 such that By = Bs holds, then By and By are
isomorphic as Z-algebras and the ideals Ip, and Ip, are equal.

Proof. First assume Bj is local. Write By = Z[§] = Z[X]/(g), where g is the
minimal polynomial of 3. Let o € Bs be such that § = 8 — « € Ip,. Then we
have g(a) = g(B + 6) = g(B) + dg'(B) + 6%z for some = € A. Since § is in Ip,,
we have 6¢’(8) = 0, and since 11231 = 0 holds, we also have 6> = 0. Hence we
obtain g(a) = g(8) = 0.

From lemma 6.22 we see that Ip, C mzA. The images of By and By in A/mzA
are therefore equal. From nz AN By = nzB; and 7z A N By = 7wz By it now follows
that By/nzBy and By/mzBs are isomorphic as Z/m;Z-algebras. The element 3
generates By /7y B as a Z-algebra and therefore « generates the algebra By /77 Bs.
By Nakayama’s lemma, « generates the algebra Bs. Since B; and By are both
free over Z and B;/mzB; and By/mzBs have the same rank over Z/nzZ, we see
that By = Z[X]/(g) is isomorphic to Bj.
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For the second claim of the lemma, let 3, o and § be as in the first part of the proof.
Let a be an element of Ip,. Then for some x € A, we have ag’'(a) = ag’(6)+adx = 0.
This shows that I, is a subset of Ip,. In particular, § is in Ip,. Therefore, for any
a € Ig,, we have for some x € A the equality ag’(8) = ag’(a) — adxz = 0, which
shows the reverse inclusion.

The general case follows from the local case by lemma 6.31. O

Corollary 6.33. The relation = is an equivalence relation.

Proof. The relation is clearly reflexive. The lemma shows that it is symmetric and if
By = By and By = B3, then Ip,, Ip, and Ip, are all equal and the relation becomes
transitive. O

We conclude this section with the proof of theorem 6.8.

Proposition 6.34. If By, Bo C A are principal ideal sub-Z-algebras that are free as
Z-modules and satisfy 11231 = 11232 = 0 such that By =~ By holds, then the Z-modules
By NIp, and Ba N Ip, are isomorphic.

Proof. For the local case, we write By = Z[3] & Z[X]/(g) and By = Z[a] &
Z[X]/(g), where § —a € Ip,. Since f —«a € Ip, = Ip,, the isomorphism from
B to Bs from proposition 6.32, which sends 3 to a makes the following diagram
commutative.

B1—>BQ

N

A/Ig,

This induces an isomorphism between ker(¢1) = By N Ip, and ker(¢s) = Bo N Ip,.
The general case follows from the local case by lemma 6.31. O

Proposition 6.35. If A is finite and B C A is a principal ideal sub-Z-algebra that
is free as a Z-module and satisfies I = 0, then the number of B C A such that
B~ DB is
#1p
#(BNIp)

Proof. First we assume B is local. Write B = Z[3] = Z[X]/(g). For every § € Ip,
the element 3 + § satisfies g(3 + §) = g(8) + d¢'(8) + 6%x = 0, where x is some
element of A. Hence, the Z-algebra morphism

v Z[X]/(g9) = Z[B + 4]
X—pB4+6

is well-defined. It is also clearly surjective. We will show that v is injective.
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Suppose h € Z[X]/(g) satisfies ¢»(h) = 0. We will show with induction that
for all k we have 7% | h. For k = 0 this amounts to 7% = 1 | h, which is clearly
true. Next, suppose that 75" | h. From 0 = (h) = h(3) + 6h'(B) it follows
that h(3) = —6h'(8). By lemma 6.22 and the fact that 7 ' | h' we see that
h(B) = oK' (B) € T A, hence 77 "h(B) = 0. Since Z[A] is isomorphic to Z[X]/(g)
as a Z-algebra, we see that leszh = 0, from which it follows that 7r§ | h. With
induction we obtain 7% | h for all k, hence h = 0 and ¥ is injective.

From the proof of proposition 6.32, we see that every B’ with B ~ B’ is equal to
Z[B+ 6] for some ¢ € Ig. On the other hand, every Z-algebra Z[3+ ¢] is isomorphic
to B and is therefore a local artinian principal ideal ring that is free as a Z-module
and satisfies 1344 = 0. From the choice of § it is clear that B ~ Z[3 + d]. We see
that {B’: B B’} ={Z[3+6]:0 € Ig}.

A subalgebra B’ = Z[ + §1] C A with B ~ B’ is equal to Z[§8 + Jo] if and
only if §; — d; € B’ N Ip. Hence, the number of § € Iy such that B’ = Z[3 + 4] is
#(B’ N 1p). By the previous proposition this is equal to #(B N Ig).

The general case follows again from the local case by lemma 6.31. O

Stated below is theorem 6.8 with a slight notational modification.

Theorem 6.8. Let Z be a finite, commutative, local, artinian principal ideal ring,
not a field; let w7 be a generator of its mazximal ideal. Let A be a commutative, finite
Z-algebra such that A is an artinian principal ideal Ting.

Suppose B C A is a local, free, artinian principal ideal sub-Z-algebra satisfying
I% = 0. Suppose A is free as a B-module of rank r. Then the number of subalgebras

B’ C A such that B~ B’ is Ag_/lz.

Proof. As modules, A is free over B and B is free over Z, so A is free over Z.

We calculate %. Let (e;)i_; be a basis of A over B. Then we can write

Ip={acA:ag(3) =0}
= {(bi); € B": Y (ebi)g'(8) = 0}

= {(b;)i € B" : big'(B) = 0 for each i}
={be B:bg'(8) =0}"=(B/g'(3))
and
Bnig=Bn{ac€ A:ag'(B) =0}
={a € B:ag'(B) =0} = B/g'(B).

Hence, by the previous proposition, the number of B’ such that B ~ B’ is

#s__ #B/gO) _

#(BnNIg)  #(B/gB) —BZ O
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Chapter 7

Round rings

In this chapter we will use the theory from the previous chapter to prove the bound
on the number of round rings that was used in chapter 5.

Recall from section 5.1 that for a prime p, a finite étale Qp-algebra E and inte-
gers e > 1 and 1 < d < deg(F) — 1, the sets

Weda(E) = {R C O : R is a sub-Z,-algebra with Op/R = (Z/p°Z)? as groups}
are the sets of round rings. We will prove the following bound on these sets.

Theorem 7.1. Define for integers n the constants cip(n,1) = 0 and c19(n,2) = 1.
Furthermore, define for integers n and d with 3 < d < n—1 the constant cio(n,d) =
(d—1)(n—d—1). Then we can bound

#We7d(E) = On (pcm(n,d))’

where p ranges over the set of primes, E over the collection of finite étale Q-
algebras, e over the set of positive integers, d over {1,... ,deg(F)— 1}, and n is the
degree of E.

It is remarkable that the bound in this theorem does not depend on e. When e
is large enough, we can use the theory from chapter 6 to determine the structure
of round rings. This gives us a bound for #W, 4(E) that does not depend on e.
ey
e > c14(n, p), there is a bound for #W, 4(E) that is better than the bound given in
theorem 7.1. The exponent in this bound is defined by the following combinatorial
problem.

More precisely, define the number ci4(n,p) = 2 { + 2. For the cases where

Definition 7.2. For integers n > 2 and 1 < d < n — 1, define the integer ci5(n,d)
to be the mazimum of d — 3, ;(r; — 1) under the constraints that J is a finite set,
1j € Lo are integers and there are integers e; € Lo such thatd = 3. ;((r;—1)e;)

andn =73, ;(rje;).
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Theorem 7.3. We can bound
#We,d(E) -0, (pms(n,d))’

where p ranges over the set of primes, E over the collection of finite étale Q-
algebras, e over the set of integers with e > c14(deg(F),p), the number d ranges over
{1,...,deg(F) — 1}, and n is the degree of E.

Moreover, for every quadruple of integers n, d, p, e with p prime, n > 2, p > n,
1<d<n-—1ande> cia(n,p), there exists a finite étale Qp-algebra E of degree n
such that

#Wea(E) > peromd),

We will split the proof of theorem 7.1 in two parts:
1. the cases where e = 1;
2. the cases where e > c14(n,p).

For each n, there are only finitely many pairs (p,e) with 1 < e < ¢14(n,p). Since in
those remaining cases #W, 4(E) is bounded, for example by the module counting
argument in proposition 5.7, the above two cases suffice to prove theorem 7.1.

We will handle the first case in section 7.3. The second case follows from the-
orem 7.3, which we will prove in section 7.4. We will combine these results in
section 7.5 to show theorem 7.1.

7.1 Applicability of chapter 6

For a finite étale Qp-algebra E, let V4(E) denote the set of sub-Z,-algebras T' C Op
such that Og/T is a free Z,-module of rank d.

In this section we prove the following result. It expresses that many rings en-
countered in this chapter, especially those in section 7.4, meet the conditions that
make the theory of chapter 6 applicable.

Proposition 7.4. For every prime p, integers n > 1, 1 < d < n and e > 2, finite
étale Qp-algebra E of degree n and ring R € W, 4(E), the ring Z = Z/p°Z is a
finite, commutative, local, artinian principal ideal ring with a perfect residue field,
the Z-algebra A = Og/p¢OF is a finite, commutative, artinian principal ideal ring
that is free of finite rank as a Z-module and the sub-Z-algebra B = R/p*Of C A is
free as a Z-module.

Recall from section 6.4 the definition of Jg. Let Jr be the inverse image of Jp
in Og. If e > c14(n, p), then O is complete with respect to every Og-ideal Jg and
every ring T € V4(E) is complete with respect to the T-ideal Jpipeo, NT.

Lemma 7.5. For every prime p, every finite étale Qp-algebra E and every positive
integer e, the ring O /p¢OF is an artinian principal ideal ring.
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Proof. Write E =[], E; as a product of fields. The ring O =[], Op, is a product
of discrete valuation rings. A discrete valuation ring is a principal ideal ring, hence
Op is a principal ideal ring. The ring Og/p¢OF is therefore also a principal ideal
ring. Since it is finite, it is artinian. O

Lemma 7.6. Let E be a finite étale Q,-algebra and let F' C E be a sub-Q,-algebra.
Then Og/OF is a free Zy-module.
Let e > 0 be an integer. Then (Og/p*Or)/(Op/p°OF) is a free Z/p*Z-module.

Proof. Since O = OgNF, there is an injective map from Og/OF into the Q,-linear
space E/F. The finitely generated Z,-module Og/Op is therefore torsion-free, hence
free.

From the first part of the proof, we know that the exact sequence 0 — Op —
Op — Og/Or — 0 splits. From this it follows that p°Og N Op = p*Op, and hence
that (Og/p°Or)/(Or/p°OF) is a free Z/p*Z-module. O

Lemma 7.7. For a finite étale Q,-algebra E, the map from the set

{T' C Op : T is a sub-Zy-algebra and O /T is a free Z,-module}
to the set
C E : F s a fintte €tale sub-Q,-algebra
F C E: F is a finite étal b-Qp-algeb

that sends a sub-Zy-algebra T to T ®z, Qp, is bijective. The inverse of this map
sends a finite étale sub-Qp-algebra F to Op.

Proof. First of all we will show that this map and its claimed inverse are well-
defined. From part 1 of lemma 7.6 we see that if F' is a finite étale subalgebra
of E, then Og/OF is Z,-free. On the other hand, if T is a sub-Z,-algebra of Op
then T'® Q, is a sub-Q,-algebra of E. Every subalgebra of a finite étale algebra
is finite étale itself by [1, chapter 5, §6, proposition 3]. (Note that the definition
in this reference and our definition of finite étale are the same by [1, chapter 5, §7,
theorem 3].)

To show these maps are inverses, let F' be a finite étale sub-Q,-algebra, let x
be any element of F' and f € Z,[X] a non-zero polynomial that has z as a zero.
Let « be the leading coefficient of f. Then ax is integral over Z,. Hence it follows
that Op ® Q, = F.

On the other hand, let T be a sub-Z,-algebra of O such that Og/T is a free
Zp-module. We have the inclusions T' C Orgg, C Op. We also have the equality
Orgg, ® Qp = T ® Qp, from which it follows that (Orgq,/T) ® Q, = 0. This
implies Orgq, /T is torsion. However, Orgq,/T is a subgroup of Op/T', which is
torsion-free. We conclude that Orgq, =T O

Proof of proposition 7.4. Since A is a finite ring, all finiteness conditions on Z, A
and B are satisfied. The ring Z is clearly a principal ideal ring. The ring A is free
over Z by lemma 7.6 and a principal ideal ring by lemma 7.5. The subring B is free
over Z by the choice of R and [2, proposition 2.9].
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The condition e > ci4(n,p) is equivalent to 2(max;—i . .(¢z(j)) +1) < Iz,
with ¢z and lz as defined in proposition 6.16 and lemma 6.21 respectively. Hence,
by proposition 6.29, the ideal Jg is nowhere equal to O, so Og is complete with
respect to Jr. For T' € Vy(E) there is, by lemma 7.7, a finite étale Q,-algebra F’
such that 7' = Op, hence T is complete with respect to Jripeo, NT. O

7.2 Finite étale Q,-algebras

In this section, E denotes a finite étale QQp-algebra, n denotes its degree. The
integers d and e satisfy 1 <d <n and e > 2.

The theory from chapter 6 now gives us an equivalence relation on W, 4(E) and
a bound for the size of each class. In section 7.4 we will show that each equivalence
class contains exactly one element of the form T+ p¢Opg for some T' € V4(E). To
complete the counting of W, ¢(E) we bound the number of elements of V4(E) and
hence the number of equivalence classes.

Proposition 7.8. We can bound #V4(E) = O,(1), where p ranges over all primes,
E over all finite étale Qp-algebras, n is the degree of E and d ranges over all integers
with1 <d<n-—1.

For a finite étale algebra E over a field L, we denote by Y (F) the set of subalgebras
of E and by Y;(F) the subset of algebras of codimension d. Furthermore, we denote
the set of equivalence relations on Spec(L™) by C(n) and the subset of relations
with n — d equivalence classes by Cy(n).

Lemma 7.9. Let L be a field and n an integer. The map

¢:C(n) = Y(L")
~—={rel"ii~vj = 1, =x;}

is bijective. For each integer d it maps Cg(n) to Yq(L™).

Proof. Let ~ be an equivalence relation and define for each equivalence class ¢ the
element e, € L™ to be the element that is 1 on coordinates in ¢ and 0 otherwise. The
set {e.}. forms a basis of ¢(~) and therefore ¢ is injective and maps equivalence
relations to subalgebras of dimension equal to the number of equivalence classes.

To see that ¢ is surjective, we define the map ¢ : Y(L™) — C(n) that sends an
algebra E to the relation ~ that satisfies i ~ j <= (Vo € E : z; = z;). Clearly,
we have for all E € Y(L") the inclusion E C ¢y(FE). Define for each equivalence
class ¢ of ¥(F) the maximal ideal m. to be the kernel of the map

EF—L

T .

If ¢ is a different equivalence class, then, by definition of 1), there is an element x € E
such that z. # . The element 2 —x is in m., but not in m.. Hence these ideals are
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different. We see that dim(F) > #Spec(F) > #{c : ¢ equivalence class of ¢(F)} =
dim ¢9(E), so E and ¢p(FE) are equal and ¢ is surjective. O

Proof of proposition 7.8. For a finite étale Q,-algebra E, there exists a field exten-
sion L of Q, such that E® L = L™. Milne [5, chapter I, §3, proposition 3.1] shows
this for example for L = Q,,. Let L be such a field. Since for every subalgebra F' C E
we have F' = (F ® L) N E, the map

Yi(E) - Y4y(E®L)
F—FQL

is injective. Hence we can bound
#Vd(E) = Yd(E) < #Yd(E (%9 L) = #Yd(Ln) = #C’d(n) = On(l),

where the first equality follows from lemma 7.7 and the equality #Y; (L") = #Cq(n)
follows from lemma 7.9. O

7.3 Maximal subrings

In this section, E denotes a finite étale @p-algebra, n denotes its degree. The
integer d satisfies 1 < d < n. We prove theorem 7.1 in the cases where e = 1. The
result is the following.

Proposition 7.10. Define for positive integers n the constants cio(n,1) = 0 and
c10(n,2) = 1. Furthermore, define for integers n and d with 3 < d < n —1 the
constant c19(n,d) = (d — 1)(n —d —1). Then we can bound

#W1 a(E) = Oy (perom D),

where p ranges over the set of primes, I/ over the collection of finite étale Qp-alge-
bras, d over the set {1,...,deg(E) — 1}, and n is the degree of E.

We start the proof by first describing the ring Og/pOg.

Lemma 7.11. Let p be a prime and A a commutative ring. Then the following are
equivalent:

1. there is a finite étale Qp-algebra E such that A = Og/pOg;

2. A is a principal ideal ring of characteristic p and has finite dimension as
an IFp,-module;

3. there is a finite index set I and for each i € I integers e; > 1 and f; > 1 such

that A= [[,c, Fyr [X.)/(X50).
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Proof. Assuming the first condition is true, we show the second is as well. Let E be
a finite étale Qp-algebra. Lemma 7.5 shows O /pOg is a principal ideal ring. It is
also clearly of characteristic p and since Og/pOp is finite, it is of finite dimension
as an F,-module.

Assuming the second condition is true, we show the third is as well. Let A be a
commutative principal ideal ring of characteristic p of finite dimension as F,-module.
Since A is finite, it is artinian and we can write A = [],.; A;, where I is a finite set
and each A; is a local artinian principal ideal ring of characteristic p. Let X; be a
generator of the maximal ideal of A;, then A;/(X;) is a finite field of characteristic p;
let f; be its dimension over . Let e; be the smallest integer such that X" = 0.

Let m; be an integer such that p™ > e;. Then the map

For =2 Ai/(Xi) — A;
a+ (X;) — a?"
is a well-defined injective ring morphism. This morphism can be extended to a
morphism
Fpr [Xil /(X77) — A
Xi [d Xi)
which is easily seen to be surjective. The kernel of this last morphism is an ideal
of F,s, [X;]/(X{") and is therefore generated by XF for some integer 0 < k < e;. By
the choice of e;, the integer k cannot be less than e;. Hence we have an isomor-
phism A; = F s, [Xi]/(X7).
Finally, assuming the third condition is true, we show the first is as well. For

each 7 in some finite set I, let e; and f; integers. Let h; € Z,[X] be a monic
polynomial of degree f; that is irreducible in Z/pZ[X] and define the field

Ei = (Qu[X]/(ha)) Y]/ (Y = p).

The finite étale Q,-algebra E = [, E; satisfies Op/pOp = [[,; F,r [Xi]/(X{"). O

A ring R € Wy 4(E) corresponds to the subring R/pOr C Og/pOg. Each subring
is contained in some maximal subring.

Definition 7.12. Let A be a ring. A subring B of A is called maximal if there are
precisely two rings B' with B C B’ C A, namely B' = B and B’ = A.

By counting the maximal subrings, we will obtain the required bound for #W; 4(E)
when d # 2.

Proposition 7.13. The number of mazimal subrings of F,r[X]/(X¢) equals pd(f),
the number of prime divisors of f, when e =1 and pd(f) + 1 when e > 2.
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Proof. Write A = FF,;[X]/(X*¢). We start with the case where e = 1. In that case
A is a field, and any subring will be equal to a subfield. The maximal subfields
correspond to the maximal divisors of f. The number of maximal divisors of f
equals the number of prime divisors of f. This finishes the proof in the case e = 1.

Now let e > 2 be an integer and R a maximal subring of A. Look at the quotient
map ¢1 : A — A/(X). If ¢1(R) is not the entire image of ¢, then ¢ (R) is a maximal
subring of A/(X) and R is the entire pre-image of this subring under ¢;. As seen
in the case where e = 1, the number of such subrings equals the number of prime
divisors of f.

If ¢ (R) is the entire image, then we look at the quotient map ¢y : A — A/(X?).

For every c € F7; there is an element ¢+ aX € ¢2(R). So the element (c+ aX)pf =

o +a?' X' = cis also in ¢ (R). Together with the fact that 0 € R, this shows
that F,y C ¢2(R). If ¢2(R) # F,s holds, let ¢ + aX € ¢2(R) be an element
outside F,s, then X = a~*((c+ aX) — ¢) is in ¢2(R). This shows that ¢2(R) is the
entire image. In that case, we obtain by [3, II, lemma 7.4] that the inclusion of R
in A is surjective, which contradicts the maximality of R. We are left with the case
where ¢2(R) = F,s. The entire pre-image of F,s is a subring of A, so that is the
only maximal ring we had not accounted for. O

Lemma 7.14. Let R C Ry X Ry be a subring of a product of two commutative rings
such that the projections P : R — Ry and P, : R — Rs are surjective. Then there
are ideals Iy C Ry and Iy C Ry and a ring isomorphism ¢ : Ry/I; — Ra/Is such
that R = {(7"177’2) € R x Ry : ’(/J(’I"l +I1) =T9 +IQ}

Proof. This follows from the lemma of Goursat on groups [4, I, §12 exercise 5] by
noting that the projections are ring morphisms and hence the normal subgroups are
ideals. O

Combining lemmas 7.13 and 7.14 we obtain the following uniform bound for the
number of maximal subrings of Og/pOg.

Proposition 7.15. Let A be a commutative principal ideal ring of characteristic p
of finite dimension n as an Fp-module. Then the number of mazimal subrings of A
is at most ().

Proof. Write A = [[,.; F,s [Xi]/(X{*) as in lemma 7.11. We prove the proposition
by induction on #I. If I = {i}, then by lemma 7.13 the number of maximal
subrings is at most f; — 1 when e; = 1 and f; when e; > 2. In the first case we
have f; — 1 < (fz‘) = (g), in the second case f; < (251) < (g) holds.

Suppose the claim is true for all rings where #1 is smaller. Write A = R; X Ro
as product of rings with Ry = F,([X]/(X®) local. A maximal subring of A is either
the pre-image of maximal subring of R;, the pre-image of a maximal subring of Rs,
or it is a ring as described in lemma 7.14.

If a maximal ring R C R; X Ry is of the third kind, let the ideals Iy C R,
and I C Ry be as in lemma 7.14. Let J C Ry be an ideal strictly containing Is.
The ring R’ = {(r1,72) € R1 X Ry : (11 +J) = r2+(J)} is a subring that strictly
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contains R. Since this would contradict the maximality of R, the ideal I3 is maximal
and Ry /I = F,; = Ry /1. For each choice of I; there are f isomorphisms. We see
that the number of subrings of the third type equals f - #{i € I(R;) : f; = f}.

The total number of maximal subrings of A can therefore be bounded from above
by (") + () + f-#{i € I(Ry) : fi = f}. The number #{i € I(Ry): f; = f} is

bounded from above by ”}ef . So the total number of maximal subrings of A is at

most

(2 ()= () + () rernmen =)

which proves the proposition. O

Note that the bound from the previous proposition is sharp, since for each i € I we

can take e; = 1 and f; = 1 to obtain (g) maximal subrings.

Using this proposition and lemma 5.2, which was proven in section 5.2, we can
prove proposition 7.10 for d # 2. The result is the following proposition. Note that
it also gives a bound for d = 2. This bound is however not sharp enough.

Proposition 7.10 for d # 2. We can bound
#W1La(E) = O, (p*~ V=070,

where p ranges over the set of primes, E over the collection of finite étale Qp-alge-
bras, d over {1,...,deg(E) — 1}, and n is the degree of E.

Proof. For a finite étale Qp-algebra E, the quotient Og/pOp is an artinian principal
ideal ring of characteristic p by lemma 7.11. Its dimension as an Fp-module is equal
to the degree of E.

Each maximal subring of Og/pOpg can be viewed as an F-linear space of dimen-
sion at most n — 1. For each maximal subring R the map

{R' C R: R is a subring of F,-dimension n — d}
—{V CR/(1-F,):V is an F,-linear subspace of dimension n —d — 1}

is injective. By lemma 5.2 we obtain the inequality

#{R' C R: R’ is a subring of F,-dimension n — d}
< p(n—d—l)(dimwp(R/l-]Fp)—(n—d—l))

< p(nfdfl)(n727(n7d71)) _ p(nfdfl)(dfl)'

By proposition 7.15, we obtain #W; 4(E) < (g)p(”’d’l)(d’l) =0, (p(d’l)("’d’l)).
O
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For d = 2, we use the theory from chapter 4 to show the required bound.

Proposition 7.10 for d = 2. We can bound
#{R C A: R is a subring of index p*} = O, (p),

where p ranges over the set of prime numbers and A over the set of artinian principal
ideal rings of characteristic p and n is the dimension of A as an F,-vector space.

Proof. Let A be an artinian principal ideal rings of characteristic p and dimension n
as an [F,-vector space. By proposition 7.15 the number of maximal subrings R of
index p? is bounded from above (g)

To count the non-maximal R, we let B be a subring of A of index p; there are at
most (g) of these subrings. By theorem 4.1, there is a bijection between {R C B :
R is a subring with B/R = Z/pZ as groups} and {I C B : I is an ideal with B/I
(Z/pZ)? as groups}.

Let I C B be an ideal with B/I = (Z/pZ)? as groups. If there exist two maximal
B-ideals that contain I, then I is the product of these maximal ideals. We can bound
the number of such ideals from above by (#Ma"s;’ec(B )) < (3).

On the other hand, if I is contained in only one maximal B-ideal m, then we
localize B at m and take A, to be the corresponding part of A from lemma 6.9.
If By, = Ay, holds, then there is only one possible ideal, namely I = m when m has
index p?, or I = m? when m has index p. Otherwise, By, has index p in A,. We look
at the ideal T + m?. If that ideal is equal to m, then by Nakayama’s lemma, I = m
and we can bound the number of such I from above by n. If I + m? is not equal
to m, then we have inclusions I C I + m? C m C By; combined with #B/I = p?
this shows that I = I +m? and I/m? C m/m? has index p.

Let f = Annp, (An/Bm) be the conductor of By in Ap. From theorem 4.1
it follows that An/f = (Awm/Bm)? has p? elements. Since By, is a local ring, f
equals m and therefore m is an A-ideal. Since Ay, is a principal ideal ring, we can
bound #m/m? < #A/m = p?. Hence, for each m, the number of ideals I is bounded
from above by the number of subgroups of index p in m/m?; this number is bounded
by p+ 1.

Combining this, we can bound for each subring B C A of index p the number

#{I C B:Iis an ideal with B/I = Z/pZ as groups} < (Z) +n+nlp+1).

and hence we can bound

#{R C A: R is a subring of index p?} < (n) + (n> ((n) +n+n(p+ 1))
(@)
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It is conceivable that the method used to obtain the bound for d = 2 can be used
to improve the bounds for larger d. However, the bounds in proposition 7.10 are
enough for our purposes.

7.4 Approximate lifts

In this section, E/ denotes a finite étale Qp-algebra, n denotes its degree. The
integers d and e satisfy 1 < d < n and e > cj4(n,p) =2 LlognJ 1o

log p
We will prove theorem 7.3 using the theory from the previous chapter and sec-

tion 7.2. We start by introducing some notation that will be used throughout this
section. Most of the notation is a straightforward transcription of the notation from
the previous chapter specified to this case.

Notation 7.16. Let E be a finite étale Qp-algebra, and e > 2 an integer. Let
¢ : Op — Og/p°Ofg be the quotient map. For a ring R € W, 4(E), we define the
Op-ideals Ir = ¢~ (Ir/peo,) and Jgp = ¢~ (Jr/peoy,). The definition of Ir/peo,
and Jg/peo, can be found in chapter 6 in the introduction and in section 6.4, re-
spectively. For a Zy-algebra T' C O, we define It = Ir4peo, and Jr = Jripeo, .

For subrings of a commutative, artinian principal ideal ring A we have defined an
equivalence relation =~ in chapter 6, see definition 6.6. For aring R € W, 4(E) we call
an algebra T' € Vy4(F) such that in Og/p*Op we have R/p°Og ~ (T +p°Og)/p°Og
an approzimate lift of R. When T is an approximate lift of R, we write R ~ T

Proposition 7.17. Let e be an integer such that e > ci4(n,p) = 2 U?)EZJ + 2.

Let R € W, 4(E) be a ring. Then there is a unique approzimate lift T € Vy(E) of R.

Proof. First we show existence. Assume R is local, let g € Z,[X] be a gen-
eralized Eisenstein polynomial and 8 € Opg be such that ¢g(8) = 0mod p°Og
and R/p°Or = (Z/p°Z2)[8] = (Z/pZ)[X]/(g9). By the definition of Jr we have
g(B3) = 0 mod ¢'(8)?Jg and by proposition 6.29 the ring O is complete with re-
spect to Jr. By Hensel’s lemma 6.13, there is an element o € O such that g(«) =0
and o — 0 € ¢'(8)Jr = Ig, where the last equality follows from proposition 6.29. By
lemma 6.22 we have Ir C pOg, and therefore the equality (Z/pZ)[a] = (Z/pZ)[0]
as subrings of Og/pOF.

Define the Z,-algebra T' = Z,[a]. Note that it is generated as a Z,-module
by deg(g) = n — d elements. The Z/pZ-module (T + pOg)/Or = Z/pZ[a] =
Z/pZ]B) = R/pOg is free of dimension n—d. So we can choose a Z,-module U C O
such that U is generated by d elements and satisfies U + T + pOr = Og. By
Nakayama’s lemma we obtain U +T = Opg. The Z,-module Of is in this way
generated by d+ (n—d) elements. On the other hand, it is free of rank n. So U and T
are both free as Z,-modules of rank d and n—d respectively. Since Og/T = U is free
of rank d, the Z,-algebra T'is in Vy4(E). Since T is free, the Z/pZ-module (Z/p°Z)|c]
is free, and satisfies R/p°Op =~ (Z/p°Z)|a]. Hence T is an approximate lift of R.
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For general R, let * € R/p°Of be an idempotent. For z we have 22 — x =

0 mod p°. Since ((z? — x)")? = 422 — 42 + 1 = 1 mod 2% — x holds, we obtain
2?2 — 2z = 0mod (22 — 1)?p°. Since R is complete with respect to p®, we can use
Hensel to lift the idempotents of R/p¢Of to R.

So we can write R = [[, R; as product of local rings R;. Let O =[], Op, be
the corresponding product from lemma 6.9 and let T; C Og, be the approximate lift
of R;. Then T' =[], T} is an approximate lift of R.

Next, we show uniqueness. Let T1,T» € V4(E) be such that (T} + p°Og)/p°Op =
(T2 + p°OF) /p°Ok.

First we assume that 7} is local. Let a; € 1) be such that 77 = Zy[a;] and
let g € Z,[X] be the minimal polynomial of o;. By proposition 6.32, there exists an
element ay € Ty such that a3 — as € I, and g(az) = 0 mod p°Op.

The ring T5 is complete with respect to 75 N Jr,. We apply Hensel’s lemma to
obtain that there is a unique ag € T such that g(as) =0 and as — ag € I, = Ir,.
Both a; and as are the unique element o € O such that g(a) = 0 and a—aq € I,
so they are equal and 77 C T». From lemma 6.31 it follows that (75 + p*OF)/p°Og
is local, and hence that T5 is local. By symmetry, we also have Ty C T7.

The general case follows from the local one by applying lemma 6.31 to the Z/p®Z-
algebras (71 4+ p*Og)/p¢Of and (Ts + p*Or)/p¢OF. O

For a Zj-algebra T' € Vy(E), write T' = [[,craxspec(r) Im as product of local
Zp-algebras and let Op = [[cmaxspecr(OF)m be the corresponding product from
lemma 6.9. Denote the rank [(Og)m : Twm] by rm, the inertia degree of Ty /Z, by fu
and the ramification index of T, /Z, by en.

Proposition 7.18. Let I be a finite étale Qp-algebra, d a positive integer smaller
than the degree of E and T € V4(E) a Zy-algebra; let e > cra(n,p) = 2 LlognJ +92

log p
be an integer.

1. If p is greater than n, then we have

#{ReW,4(E): RxT} = p>mfmlen=D(rm=1)

2. For p <mn, we can bound
#{R e W.4(E): R=T} = 0,(1),

where p ranges over the set of primes less than n, the T ranges over Vy(E) for
a finite étale Qp-algebra E of degree n, and 1 < d <n —1 and e > c14(n,p)
are integers.

Proof. By theorem 6.5 we can write the ring T" as product T = HmeMaxspcc(T) T =
[ Zplowm) = 11, Zp[X]/(gm) where each gy is the minimal polynomial of oy, and
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is generalized Eisenstein. Let Z be the ring Z/p°Z. Theorem 6.8 tells us that

#HREWeaB): Re T} = [[ A7 Y 0w oz = [T #(Tn/gnlom) ™

m

If p > n, then ey, is invertible in Z, so by proposition 6.27, we have #Ty /¢ (am) =
pfm(em=1) Hence in the first case, the number #{R € W, 4(E) : R ~ T} is equal to
I1,, (pfm(en=D)™ 7! = p fm(em—Drm—1),

In the case where p < n, we let ¢, be the valuation on the local principal ideal
Z-algebra (T, + p*Og)/p°OF. Since deg(gm) < n, we know that ¢y (deg(gm)) <

. 1
maXx;<n ¢m(]) = €m 1?)22

H;, = 7/~ by a unique integer, which we will also denote by ¢ (deg(gm)). We now
use proposition 6.27 to bound #Ty /g (o) < plm(@m(deglgm))+em—1)
From the inequality

< eme. Hence ¢n(deg(gm)) € Hj,, is represented in

pfm(@m(deg(gm))tem—1) < pemfm(ﬁf,g;wem—l) — pemfmpfm(em=1)
we can now bound, using n = [Op : Z,] = > [(Op)m : Tu)[Tw : Zp] = Tmfmem,

#{R € Wea(E): R= T} < [[(nenImp/mienD)rm=t <mpm < n?r,
m

Hence, #{R € W, 4(E) : R~ T} = O,(1) is as required. O

Recall the definition of ¢j5(n,d) from the introduction to the present chapter.
We will prove theorem 7.3, restated below.

Theorem 7.3. We can bound
#Wea(E) = O, (pr D),

where p ranges over the set of primes, E over the collection of finite étale Qp-alge-
bras, e over the set of integers with e > c14(deg(E),p), the number d ranges over
{1,...,deg(F) — 1}, and n is the degree of E.
Moreover, for every quadruple of integers n, d, p, e withn > 2,1 <d<n -1,
p > n with p prime and e > c14(n,p), there exists a finite étale Qp-algebra E of
degree n such that
#Wea(E) > perolmd),

Proof. We first look at the case where p > n. Let T' € V4 (E) be a Z,-algebra. From
[6, I §4, proposition 10] we have n —d = [T : Z,] = > [Twm : Zp] = > €mfm
and n = [Op : Zp) = >, [(Op)m : T[T : Zp) = > Tmemfin-

Proposition 7.18 tells us that a uniform upper bound for #{R € W, 4(F) : R~ T}
over all T € Vy4(E) can be found by maximizing the quantity > fm(eém—1)(rm—1) =
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d— 3 . m(rm — 1) under the constraints that d = Y (rm — l)emfm and n =
Y m 'mem fm ; if the maximum is M, then p™ is a uniform upper bound. Now, if the
system of integers (em, fm, 'm )m satisfies the constraints and at least one fy, is greater
than 1, then the solution (el, fi,,7m)m = (émfm,1,"m)m has a higher value for
d—Y " fm(rm—1), so the maximum is attained when all f, equal 1. Hence for p > n
and e > c14(n,p) we obtain the uniform bound #{R € W, 4(F) : R = T} < pcis(md)
for all T € V4(E).

From proposition 7.8 we know that #Vy(E) = O,(1). Hence, if p > n and
e > c14(n,p), then we have

#Weyd(E) < On (pCIE)(n’d)).

By combining proposition 7.8 and the second part of proposition 7.18 we obtain
for p < n the bound #W, 4(E) = O,(1).

For the final statement of the theorem, we let (e;,r;); be the integers that max-
imize c15(n,d). The finite étale Qp-algebra E' = [, (Qu[X]/(X% —p))"’ has de-
gree > . e;7; = n and integral closure O = []; (OQP[X]/(XE,- ,p))rj. Define the
Zyp-algebra T = Hj T C O by letting each T = Oq,[x]/(x¢ —p) be the diagonal
in (Og,(x)/(x—p)) " - As a Zy-module Op /T is free of dimension >oei(ri—1) =d,
so T is in Vy(E). Since we have p > n, we can use proposition 7.18 to conclude

#Wea(E) = #{R € Wea(B) : R~ T} = p> o700 = plmaz (umh) = prrsnd),
O

7.5 Bound on round rings

We will now prove theorem 7.1, the bound on the number of round rings. We start
by comparing the exponents of the bounds in proposition 7.10 and theorem 7.3.

Lemma 7.19. For all integers n and d with 1 < d < n—1 the inequality c15(n,d) <
c1o(n, d) holds.

Proof. We will first show the inequality for d # 2. It that case, we need to prove
that ¢i5(n,d) < (d—1)(n—d—1). Since the r; in definition 7.2 are positive integers
and d = .(r; — 1)e; is positive as well, there exists j such that r; — 1 is positive.
So we have ci5(n,d) = d — > ;(r; —1) < d — 1. Therefore the inequality holds
ifn—d—-12>1.

The only remaining case is n —d — 1 = 0. Since we have n —d = Zj e;, there
is only one possible solution, namely #.J = 1 and e; = 1, which implies r; = n. In
this case we have ¢i15(n,d) =d—(n—1)=0= (d — 1)(n —d — 1) so the inequality
holds.

It remains to show that ci15(n,2) < 1. Suppose ci5(n,2) > 1. Then every r;
is 1 and we obtain n = } . rje; = > .e; = d, which is a contradiction with the
requirement d < n — 1. O
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Theorem 7.1. Define for integers n the constants c19(n,1) =0 and c¢10(n,2) = 1.
Furthermore, define for integers n and d with 3 < d < n—1 the constant ci9(n,d) =
(d—1)(n—d—1). Then we can bound

#We a(B) = Oy (prro™D),

where p ranges over the set of primes, E over the collection of finite étale Q-
algebras, e over the set of positive integers, d over {1,... ,deg(F)— 1}, and n is the
degree of E.

Proof of theorem 7.1. Proposition 7.10 tells us that #W; 4(E) = O, (p(d_l)(”_d_l))
and combining theorem 7.3 and lemma 7.19 gives #W, 4(E) = O,, (pld-1(n=d-1)
for e > c14(n, p). When we have p > n, then c14(n, p) = 2 shows we have dealt with

log 2
both bounded in n. Hence, by proposition 5.7, we can bound #W, 4(E) = O, (1),
where eisin {2,..., c14(n,p) —1}. Combining these three bounds gives #W, 4(F) =
O, (p(d’l)(”*d’l)) where e ranges over all positive integers. O

all possible values of e. For the remaining cases, p < n and e < 2 Llog"J + 2 are
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Chapter 8
Quintic rings

In [1] Manjul Bhargava counts the number of number fields of degree 5. One of the
results he uses is the following.

Theorem 8.1. Define for a number field K and integer m the number
fr(m) =#{R C Ok : R is a subring of index (O : R) = m}.

Then we can bound

> k@)™ =01 /p?),
k=1

where K ranges over all number fields of degree 5 and p over all primes.

The theory from the previous chapters was started to prove this bound. As it is
now, it is almost enough to do this. There is one cotype, (3,1,0,0), that requires a
little more work. The theory at the end of section 5.5 suffices to prove the required
bound on this last cotype. Define for a finite étale Q,-algebra E of degree n and
partition A of length at most n — 1 the number

fe(\) = #{R C Og : R is a subring of cotype \}.
Proposition 8.2. Let A be the partition (3,1,0,0). We can bound

fe(\) =00°),

where p ranges over the set of prime numbers and E over the collection of finite
¢tale Qp-algebras of degree 5.

Proof. We apply the map p; 2 from proposition 5.32 to the Z,-module Og/1 - Z,.
This rounding chain map is the product of two rounding maps, so every subring
of cotype A maps to a pair of subrings (R1, R2) where R; is a subring of O of
cotype (1,0,0,0) and Rs of cotype (1,1,0,0). By proposition 7.10, the number of
such pairs is bounded by #W; 1(E) - #W1 2(E) = O(1) - O(p) = O(p).
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Combining this bound with the bound on the size of the fibres of p; o from
proposition 5.32 gives

fe(\) = 0(»)O (p—dg(r—dz)()\dQ—2/\d2+1)—d1(d2—d1)(z\d1—2/\d1+1)+Z::1((r+1—2i)/\i))
— O(p)o(p—Q-Zl—1~1-1+3~3+1-1) — O(pﬁ).
O

This bound and the bounds from chapter 5 give us enough ingredients to prove
theorem 8.1.

Proof of theorem 8.1. Recall the definition of ¢12(n,d, A) from chapter 5 and define
for each partition A of length at most 4 the constant ¢16(\) = ming<q<s c12(5,d, \).
The fourth row of table 5a shows that for all these partitions A we can bound
c16(A) < 20k, where k = Y, \; is the size of the partition. From lemma 5.13
it follows that we can bound fg()\) = O(pit*), where X ranges over the set of
partitions of length at most 4.

We will also use the bound fg(A\) = O(p?*~2). This bound is worse than the
bound above for k > 11. There are only a limited number of partitions of size
k < 11. A computer search shows that lemma 5.13 suffices to prove the bound
fe(\) = O(P*~2) for all but one partition, namely (3,1,0,0). Proposition 8.2
provides the required bound for this last cotype.

Furthermore, we denote the set of partitions A of size k and length at most 4 by
A(k) and note that we can bound A(k) < k*.

Now we can bound

Z P /p?* = Zf M)/ + Z Fre

k=12

_ZZOQkQ/Zk ZZO(%)
k=1 XeA(k k=12 AeA(k)

oo

o)+ > k40( If’f)

=0(p™)+0 <§: p1§k>

as required. O
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Chapter 9

Class numbers for general
orders

Let K be a number field of degree n and Ok its ring of integers. Denote by A(O)
the absolute value of the discriminant of Ok over Z. The class group or Picard group
of Ok is the group

Cl(Og) = Frac(Ok)/PFrac(Ok).

A priori this is the semigroup Frac(Ok) divided by the action of PFrac(Ok). How-
ever, since every fractional O-ideal is invertible, the semigroup Frac(Ok) is in fact
the group Inv(Ok), and the quotient becomes a quotient of groups.

From the Minkowski bound [5, chapter V, §4, theorem 4] it follows that the class
number #Cl(Of) satisfies

#CI(OK) S A(OK)1/2+O"(1),

where K ranges over the collection of number fields and n is the degree of K, see [6,
theorem 6.5] for a proof of this bound.

We will generalize the notion of class group to orders A C Ok of finite index,
that is, subrings of Ok of finite index. Denote this index (O : A) by m and the
absolute value of the discriminant of A by A(A). The discriminant of A is related
to the discriminant of O ; we have A(A) = m2A(Ok).

There are two ways to generalize the notion of the class group. We define the Picard
group of A to be

Pic(A) = Inv(A)/PFrac(A)
and the class semigroup of A is

Cl(A) = Frac(A)/PFrac(A).
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For the Picard group, the quotient is a quotient of groups, but for the class semi-
group, the quotient is the semigroup Frac(A4) divided out by the action of the group
PFrac(A). Note that Pic(A) consists of the invertible elements of C1(A).

We would like to bound #Pic(A) and #Cl(A) in terms of the degree n of K and
the discriminant A(A) of A. For the Picard group the bound resembles the bound
on #Cl(Ok) given above, and for the class semigroup the bound we give has an
extra factor depending on the index m and the degree n. The bounds are given in
the following two theorems.

Theorem 9.1. We can bound
#Pic(A) < A(A)Y2on(D)

where K ranges over the collection of number fields, A over the set of suborders
of Ok of finite index and n is the degree of K.

Theorem 9.2. We can bound
#Cl(A) < A(OK)l/ero"(l)an,

where K ranges over the collection of number fields, A over the set of suborders
of Ok of finite index, m is the index of A in Ok and n is the degree of K.

There are no good lower bounds known for Cl(O) in terms of A(Ok). We can give
lower bounds when we put the regulator into play.

To define the regulator, we write Of =T x Z" as Z-modules. Here T is a finite
torsion group consisting of the roots of unity of Ok; we denote by w(Of) the order
of this group. The integer r+1 is equal to the number of infinite places of K. Define
the map

05 )T — R
x — (N, log |z]y)w,

where v runs over the infinite places of K; if v is real, then we set N, = 1, and
if v is complex, we set N, = 2. The image of this map is an r-dimensional lattice.
The regulator R(Ok) of Ok is the co-volume of the projection of this lattice on the
first r coordinates. In other words, it is the absolute value of the determinant of
the matrix (N, log |%;|y)iv=1,..r, Where z1,...,z, is a basis of O} /T. The absolute
value of this determinant is independent of the ordering of the places.

The Brauer-Siegel theorem [2] states upper and lower bounds on the product of
the class number and the regulator.

Lemma 9.3 (Brauer-Siegel theorem). We can bound

#Cl(Ok) - R(Ok)
w(Ok)

= A(@K)l/%on(l)’

where K ranges over the collection of number fields and n is the degree of K.
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We can extend the definition of regulator to suborders A of Ok of finite index.
If (Ok : A) is finite, then (O} : A*) is also finite [7, lemma 2.5]. This implies we
can write A* = Ty x Z" as Z-modules, where again T4 is a finite torsion group.
The definition of R(A), the regulator of A, and w(A) are analogous to the definition
for Ok.

The upper bound for the Brauer-Siegel theorem has been generalized for the
Picard group of a general order in [7]. We will generalize this even further; we will
#Picg(xzz‘.)R(A)

give a lower bound on and we will give upper and lower bounds for an

analogous quantity related to Cl(A) instead of Pic(A).

Theorem 9.4. We can bound

#Pic(A) - R(A)

_ 1/2+40n(1)
o =AW 7

where K ranges over the collection of number fields, A over the suborders of Ok of
finite index and n is the degree of K.

For an ideal I € Frac(A), we denote the ring {x € K : 2 C I} by End([), called
the endomorphism ring. This notation is justified by the fact that there is an iso-
morphism between End(7) and the ring End 4 (I) consisting of the A-module endo-
morphisms of I. We have inclusions A C End(I) C Ok. If I, J € Frac(A) are such
that [I] = [J] in CI1(A), then their endomorphism rings are equal. We can therefore
talk about the endomorphism ring End[I] for a class [I] in Cl(A).

Theorem 9.5. We can bound

R(End[I])
2 End[]))

IN

A(OK)1/2+O7L(1)m2n
w(
[IleCl(A)
and
R(End[I]) 1
> A /240, (1), 1+0n (1)
ZA) w(End(l)) = 2O "

)

[I1eCl(

where K ranges over the collection of number fields, A over the set of suborders of
Ok of finite index, m is the index of A in Ok and n is the degree of K.

For an ideal class [I] € Cl(Ok), the ring End[I] is equal to O, so the sum

> R(End[[]) :#CI(OK)R(OK)

ecrox) w(Oxk)

is the same as the quantity studied in the Brauer-Siegel theorem.

The upper and lower bounds in theorem 9.5 are not equal. In fact, these bounds
cannot be equal. This follows from the following two theorems. The second of these
theorems also shows that the lower bound in theorem 9.5 is sharp.
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Theorem 9.6. For every real € > 0 and integer n > 1, there exists D > 0 such that
for all number fields K of degree n with A(Og) > D and all integers M there is a
subring A C Ok of index m > M such that

Z R(End[{]) 1/2—e, (n—2)/4
- > .
w(End[I]) — AOk) mn

[I]eC1(A)

Theorem 9.7. For every real € > 0 and integer n > 1, there exists D > 0 such that
for all number fields K of degree n with A(Og) > D and all integers M there is a
subring A C Ok of index m > M such that

Z R(End[l]) < A(OK)1/2+€7TL.
[I1eCl(A)

The proofs of theorems 9.1, 9.2, 9.4 and 9.5 have similar structure. We relate the
general Picard group or class semigroup to the class group of O . The difference can
be related to the finite subsemigroup S of Frac(A) consisting of the ideals I that
satisfy IOg = Og; we call this semigroup the normalization kernel. This semigroup
was studied by Dade, Taussky and Zassenhaus in [3]. In that article, they showed
some basic properties of this object. Amongst others, they showed that it is indeed
a semigroup.

In the next section, the articulation, we will state the relations between Pic(A),
Cl(A) and Cl(Og) as well as the bounds on S4. Using these relations and bounds,
we prove theorems 9.1, 9.2, 9.4 and 9.5. In sections 9.2-9.4 we prove the relations
used in the articulation and in section 9.5 we will prove the various bounds on Sj4.

In section 9.6 we prove theorems 9.6 and 9.7.

9.1 Articulation of the proofs

In this section we prove the theorems from the introduction. In those proofs we will
use results proved in later sections. We start by stating those results.

Conductors
Let K be a number field. For an order A C Ok of finite index the Og-ideal
fa = {x € Og : 2O C A} is called the conductor of A in Of. If the index
(Ok : A) is m, then we have the inclusion mOg C f4. This shows that Ok /fa is
finite.

Note that the conductor is the largest Og-ideal contained in A. For fractional
A-ideals I that satisfy IOx = Ok, we get the inclusion

fa=fa0k =F§40xI C Al = I.
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The normalization kernel
For a number field K and an order A C Ok of finite index, we define the semi-
group S4 to be the kernel of the map

Frac(A) — Frac(Ok)

It consists of all fractional A-ideals I that satisfy IOk = Ok . We call this semigroup
the normalization kernel of A. We know that for every ideal I € S4 we have the
inclusions f4 C I C Ok. Since Ok /4 is finite, this shows that S4 is finite.

A fractional Og-ideal does not change if we multiply it by an element of O.
The action of Oj, on Frac(A) therefore stabilizes S4. This gives us an action of
the group Oj on the set S4. We denote the semigroup of orbits of S4 under this
action by Sa/O%. Since S% is stable under this action, we can also define the
group S% /O%.

The normalization kernel is used to relate the Picard group and class semigroup
of A to those of Ok . To prove bounds on the class numbers of A, we will require some
bounds on the size of S4. The used bounds are given in the following proposition.
It is proven in section 9.5.

Proposition 9.8. The normalization kernel Sa is bounded by
1. #S4 <m?" and
2. #54 =miton(),

where K ranges over the collection of number fields, A over the set of suborders
of Ok of finite index, m is the index of A in Ok and n is the degree of K.

Relations between class semigroups

The normalization kernel S4 provides a link between the Picard group and class
semigroup of A on the one hand and the class group of Ok on the other hand.
For the Picard group the result we use is the following proposition. It is proven in
section 9.2.

Proposition 9.9. For every maximal order Ok and suborder A there is an exact
sequence of groups

1— A" - Of — 5% — Pic(4) — Pic(Ok) — 1.

For class semigroups, we have a similar result. This is phrased a little differently,
since the notion of exact sequence for semigroups cannot be used to bound the
relative size of the objects in the sequence. This proposition is proven in section 9.3.

Proposition 9.10. Fach fibre of the map
¢ : Cl(A) — Cl(Ok)
1] — [10k]
has #(S4/O3% ) elements.
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To relate the regulators of A and Ok, we use the following lemma, which is proven
in section 9.4.

Lemma 9.11. For a maximal order Ok and a suborder A, the equation
(Ok : A7) =

holds.

Bounds on class numbers
We now have all the ingredients we use to prove theorems 9.1, 9.2 and 9.4 from the
introduction.

Proof of theorem 9.1. The exact sequence from proposition 9.9 gives the equality
#Pic(A) = #(5%/0%) - #Pic(Ok). Using the upper bound on S% from proposi-
tion 9.8 and the known bound on #Pic(Ok) we obtain
#Pic(A) = #(53/Ok) - #Pic(Ok)
< #57 - #Pic(Ox)
< m1+°“'(1)A((’)K)1/2+0”(1)
= A(A)1/2+on(1)7

the claimed result. O

Proof of theorem 9.2. Proposition 9.10 gives the equality #Cl(A) = #(Sa/O0%) -
#Cl(Ok). We bound #(S4/03%) < #S4 < m?" using proposition 9.8 and see that

#CI(A) = #(S4/O%) - #COk) < M A(Of )Y/ 2Hon D),
as desired. O
Proof of theorem 9.4. The exact sequence from proposition 9.9 gives the equality

#Pic(A) - (O3 : A*) = #5% - #Pic(Ok). Combining this with the equality in
lemma 9.11 yields

#Pic(A)m = #Pic(A) - (0 A*)Sggi ;
Lo , R(Ok)
=#5% - #Plc((’)K)w(OK)

_ m1+on(1)A(OK)1/2+O,L(1)’

where the last step follows from the bound in proposition 9.8 and the Brauer-Siegel
theorem. O
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The relation #Pic(A) 52‘2% = #5% - #Pic(OK)iEg}’ig, which was shown in the pre-
vious proof, can be generalized to the class semigroup. The result is the following

proposition, which will be proved in section 9.4.

Proposition 9.12. For a mazimal order Ok and a suborder A, we have

R(End[]])
Z w(End[I])

R(Ok)
w(Ok )

= #S54 - #Cl(Ok)
[1]€CI(A)

This proposition, combined with proposition 9.8 and the Brauer-Siegel theorem al-
lows us to prove theorem 9.5.

Proof of theorem 9.5. Proposition 9.8 gives for #54 the upper bound #S4 < m2"
and lower bound #S4 > #5% = m!T°(1) 5o we obtain

Z qm =#S5a - #CI(OK)fiEOg < m2A(Of)' /2o (V)
[[]€CI(A)
and
2 igﬁg; = #a #CI(OK)iEO? > m1+on () A (O )1/2on(D)
[[]€CI(A)

O

Note that we can also obtain the lower bound of this theorem by restricting the sum
to the classes [I] € Pic(A) and applying theorem 9.4.

9.2 Picard groups

In this section the ring A is an order of finite index in a maximal order Og. We
relate the Picard group of A to that of Ok and prove proposition 9.9.

Lemma 9.13. The morphism

Inv(A) — Inv(Ok)
I1— 10k

1S surjective.

Proof. [3, corollary 2.1.11]. O
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We now prove proposition 9.9, restated below for convenience.

Proposition 9.9. For every mazimal order Ok and suborder A there is an exact
sequence of groups

1— A* - O — 5% — Pic(4) — Pic(Ok) — 1.

Proof. Consider the following diagram.

1 K~ = K

I |

S% —— Inv(A) — Inv(Ok)

Lemma 9.13 shows the surjectivity of the last arrow in the second row, the rest of
the maps are the obvious ones. It is a commutative diagram with exact rows.

Applying the snake lemma [1, proposition 2.10] to this diagram gives the following
commutative diagram with exact rows and columns.

1 A Ok

S% —— Inv(A) —» Inv(Ok)

S — Pic(A) — Pic(Ok)

The snake is the required exact sequence. O

9.3 Class semigroups

In this section the ring A is an order of finite index in a maximal order Og. We
relate the class group of A to that of O and prove proposition 9.10, restated below
for convenience.
Proposition 9.10. Fach fibre of the map
¥ : Cl(A) — Cl(Ok)
1] = [1OK]

has #(S4/03% ) elements.
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Proof. The group Inv(A) acts on both Cl(A) and Cl(Ok) and ) respects these
actions. By lemma 9.13 the action on Cl(Ok) is transitive. Hence each fibre of
has the same number of elements.

It suffices to determine #1~!([Ok]). We have

b H([0k]) = {[I] € CU(A) : Fa € K* : al Ok = Ok}
= {[I] € CI(A) : I € Frac(A),IO0k = Ok}.

Note that in the last description of ¢! ([Ok]) not every I’ € [I] needs to satisfy the
condition, only one suffices.

If I, Iy € Frac(A) are two ideals such that [1Ox = O = 120k and [I1] = [I2]
in ¥~ 1([Ok]), then there exists o € K* such that al; = I3. Since we have aOx =
al1Og = IOk = Ok, the element « is in OF. Conversely, if I; = ol holds for
some a € O%, then clearly [I;] = [I2] holds. We obtain the semigroup isomorphism

w‘l([OK]) > {JI € Frac(4) : IOk = Ok}/O% = Sa/OF.

9.4 Regulators

In this section we prove lemma 9.11 and proposition 9.12. Recall the definition of
the regulator R(A) from the introduction and of the torsion group T4 consisting of
the roots of unity of the order A. Lemma 9.11 is restated below.

Lemma 9.11. For a mazimal order Ok and a suborder A, the equation

o R(AW(OR)
(k= 4 = D R(Oy)

holds.

Proof. We write the index (O} : A*) as product of (Tp, : Ta) and the index of the
lattice A*/T4 in the lattice O} /To, . By definition, the first factor is w(Ox)/w(A)
and by linear algebra, the lattice index is R(A4)/R(Ok). O

Proposition 9.12. For a mazximal order Ok and a suborder A, we have

REWIL) o R(Ox)
m;c:lm) w(End[I]) #54 #CI(OK)w(oK)‘

Proof. From lemma 9.11 we have

R(End[]]) . . R(Ok)
— =y = (0% : End[I]") .
mezc:m w(End[1]) [,};C:I(A) K w(Ok)
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The map 1 from proposition 9.10 shows that this is equal to

RO * *
wEOKi > > (O :End[I]).

[J1eCl(Ok) [T]eyp=([J])

Let a € Inv(A) be a fractional ideal. Then for every fractional ideal I € Frac(A) the
set {x € K : xzal C al} is equal to {x € K : I C I}. So the action of Inv(A) on
Frac(A) leaves End([) invariant. Since the action of Inv(A) on Cl(Ok) is transitive,
the number 31 c -1 () (O : End[I]") is the same for every [J] € C1(Ok). Hence
we have the equality

> > (O :EndI]") = #CLOk) > (O :End[I]").

[J]eCl(Ox) [Ty =1 ([J]) [(Hey = ([Ok])

We saw in the proof of proposition 9.10 that the fibre 1»~!([Ok]) is equal to the
set {[I] € Cl(A) : I € Sa}/O3%. Take I € S4. Then the stabilizer of I under the
action of O} is {x € O : ©f = I} = End(I)*. Hence the orbit of I has length
(O3 : End(I)*). We obtain

#Sa= > (Ok:End()*)= > (Ok:End[I]").

I€SA/OK* [Ilev—([Ok])

9.5 The size of the normalization kernel

In this section, we will provide the bounds on the size of the normalization kernel S 4
and on the subgroup 5% from proposition 9.8.
For the bounds on #S5%, we rely heavily on the work of Sands [7].

Proposition 9.14. For every number field K and order A C Ok there is a group
isomorphism

Sa — (Ok/fa)"/(Affa)".
Proof. This follows from the exact sequence
1= (A/fa)" = (Ok/fa)" =S4 — 1,
which is in the proof of [7, theorem 3.7]. O

Proposition 9.15. Let R be a finite commutative ring such that the additive group
is generated n elements and T C R a subring of index m > 1, then we can bound

3 n—1
LT —_— .
(R ) >m (w2 log 10g(3m2)>

108



Proof. For a prime p € Spec(T'), we define the norm Np = #T/p. Since T is finite, it
can be written as product of local rings T = Hpespec(T) T,. For each local factor Ty,

we have #T; = #T,(1 — Nip) By taking the product, we see
#1=#17 ] (1- $
= Np )
pEeSpec(T)

Combining this with a similar result for R gives

HqESpec(R) (1 - 1/Nq)
HPGSpcc(T) (1 - 1/Np) '

(R*:T*) = (R:T)

For every prime p € Spec(T), we choose a prime q € Spec(R) such that qNT = p.
For that prime we have Nq > Np and hence 1 — 1/Nq > 1 — 1/Np. Let P be the
set of all chosen q. Then we can bound

(R*:7)>®R:T) [] (-1/Ng).
qe€Spec(R)\ P

For each prime number p | m there are at most n primes q € Spec(R) that lie
above p, that is, they have a norm that is a power of p. At least one of those is in P,
so we can bound the above by

(R 1) =m][a-1/p)"".
plm

Define on the set of positive integers the functions a(m) = [[,,,(1 — 1/p) and
b(m) = [1,,,(1 +1/p). From [7, proposition 5.2], we have for m > 1 the bound
b(m) < 2loglog(3m?). Combining this with the inequality

6
a(m)b(m) = [[(1 = 1/p%) > [[(1 = 1/p%) = =
plm p

gives the required result. O
Lemma 9.16. For every number field K and order A C Ok we can bound

#(Ox /fa) < #(Ox /A).
Proof. For the orders we are looking at, corollary 2 of [4] amounts to

#(Ok /Ta)A(Ok) | A(A).

Combining this with the fact that A(A) = (Ox : A)?A(Ox) gives the result. O
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We now prove proposition 9.8, which is restated below.

Proposition 9.8. The semigroup S4 is bounded by
1. #S4 <m2" and
2. #8% =m!ton(t)

where K ranges over the collection of number fields, A over the set of suborders
of Ok of finite index, m is the index of A in Ok and n is the degree of K.

Proof. To prove the bound on #54, we first note that there is a canonical injection
Sa — {G C Ok /fa: G is a subgroup}. Since O is as group isomorphic to Z", we
can bound the number of subgroups of O /f4 from above by (#Ok/f4)". Com-
bining this with the bound from lemma 9.16 gives the desired result.

To prove the lower bound on #5%, we obtain from proposition 9.14 the equality

#S5% = ((Ok/fa)* : (A/fa)*). Applying proposition 9.15 to O /fa and A/fa gives
the result

n—1
#5% = (On/fa)" s (W) 2 (D) 2ot

The upper bound on #5% follows directly from propositions 5.1 and 5.2 in [7].
Define on the set of positive integers the function b(m) = [[,,,,(1 4+ 1/p). Then we
can bound

#5% < mb(m)"? < m(2loglog(3m?))"/2.

9.6 Examples

In this section we will construct orders A such that the normalization kernel Sy4
is large and orders such that this semigroup is small. This will allow us to prove
theorems 9.6 and 9.7.

Theorem 9.6. For every real € > 0 and integer n > 1, there exists D > 0 such that

for all number fields K of degree n with A(Ok) > D and all integers M there is a
subring A C Ok of index m > M such that

R(End[I]) 1/2—e, (n—2)/4
_ > .
Z w(End[l]) = A(Ok) m
[I]eCl(A)
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Proof. By the Brauer-Siegel theorem, there exists D = D(e) such that for all number
fields of degree n and discriminant A(Og) > D we have

#Cl(Ok)R(Ok)

1/2—e¢
w(on) 2 AR

Take K a number field of degree n and discriminant A(Og) > D. Let p > M be
a prime. Define the subring A = pOx +7Z C Ok and the quotient rings A = A/pOx
and Og = Ok /pOg. The index of A in O is p"~* > M. Since A has conductor 0
in Ok, the ring A has conductor pOg-.
For every subgroup N C O with A C N, we define N = N/pOg and see that N
satisfies
AN = (pOkg +Z)N = pOx N+ N =N

and is a fractional A-ideal. Furthermore, N also satisfies NOg D AOkx = Ok.
So S4 contains the set of subgroups N with A C N C Og. The number of these
subgroups is at least p(~D*/4 when n is odd (take d = (n — 1)/2 in lemma 5.2)
and p™(»=2)/4 when n is even (take d = n/2).

From proposition 9.12 it now follows that for this particular K and A, we can
bound

R(End[l]) _ : R(Ok)
[,]EXC:I(A) w(End[I]) — o #CI(OK)w(oK)

> pn(n—2)/4A(0K)1/2—e
> A(OK)l/Qfsm(n72)/4.

The proof of theorem 9.7 goes similarly.

Theorem 9.7. For every real € > 0 and integer n > 1, there exists D > 0 such that
for all number fields K of degree n with A(Og) > D and all integers M there is a
subring A C Ok of index m > M such that

Z R(End[I]) < AO) V2o,

Proof. By the Brauer-Siegel theorem, there exists D = D(e) such that for all number
fields K of degree n and discriminant A(Og) > D we have
#Cl(Ok)R(Ok)
w(Ok)

< A(OK>1/2+6.

Take K a number field of degree n and discriminant A(Og) > D. Let p > M
be a prime that splits completely in K and let ¢ : O — F, x [, be a surjective
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ring morphism. Define the subring A = ¢=!(F,-(1,1)) C Ok and the quotient rings
A = A/ker(¢) and Ox = Ok /ker(¢). The ring A has index p > M in Ok and
conductor ker(¢).

For every subgroup N C Ok with ker(¢) C N, we define N = N/ ker(¢). Such
a subgroup N is an A-ideal if and only if N is an A-module. Such an A-module N
satisfies NOg = O if and only if it satisfies NOx = Og. Since O is isomorphic
to F, x IFp, we obtain

#S4 =#{I CF, xF, : I is an F-module such that I(F, x F,) =F, x F,} = p,

From proposition 9.12 it now follows that for this particular K and A, we can
bound

R(End[[]) _ R(O )
S oEndl) = #54° #CMOK)w(O;

< pA(Ok)V/2e
= A(Og)Y*em.
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Samenvatting

Telproblemen voor getallenringen

Een getallenlichaam is een lichaam dat eindig is als vectorruimte over Q, het
lichaam van rationale getallen. De dimensie van de vectorruimte heet de graad van
het getallenlichaam. FEen getallenring is een domein waarvan het breukenlichaam
een getallenlichaam is. Meestal zullen we enkel de getallenringen bekijken die ein-
dig voortgebracht zijn als groep. Een andere naam voor een eindig voortgebrachte
getallenring is orde.

Aan een orde kennen we twee gehele getallen toe die de grootte van de orde
meten. De eerste is de rang, die gelijk is aan de graad van het breukenlichaam van
de orde. De tweede is de discriminant, die de dichtheid van de elementen meet. Een
grotere discriminant duidt erop dat de elementen verder van elkaar liggen. Dit is
het eenvoudigst te zien voor imaginair kwadratische ordes; voor een positief geheel
getal d heeft de orde Z[y/—d] discriminant 4d, en als we Z[v/—d] in C inbedden, dan
is de oppervlakte van het parallellogram (0,v/—d,1 + v/—d, 1) gelijk aan v/d. Dit
parallellogram noemen we een fundamentaalgebied van de orde. De discriminant van
de orde R duiden we aan met A(R). Merk op dat wat we hier aanduiden met de
discriminant de absolute waarde is van de gebruikelijke discriminant.

Wanneer we van een orde de rang en de discriminant weten, dan ligt de orde bijna
vast; voor elke rang en discriminant zijn er namelijk maar eindig veel ordes met die
rang en discriminant. Dit is een essentieel feit wanneer we ordes willen tellen, maar
het helpt niet bij het maken van ordes.

Een manier om een orde te construeren is om een monisch irreducibel poly-
noom f € Z[X] te nemen en uit te delen naar het ideaal dat het voortbrengt. Het
resultaat is de ring Z[X]/(f). Deze ring heeft breukenlichaam Q[X]/(f) en is daarom
een getallenring. Het kan worden ingebed in C door een nulpunt « van f te kiezen
in C en de afbeelding

ZIX]/(f) — Zlo]
X—a
te nemen. Ordes van dit type heten monogeen; we kunnen ze voortbrengen als
Z-algebra door één element. De rang van een monogene orde Z[a| = Z[X]/(f) is

gelijk aan de graad van f en de discriminant van deze orde is gelijk aan de absolute
waarde van de discriminant van f.
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In elk getallenlichaam kunnen we de deelordes van dat getallenlichaam ordenen
met inclusie. Er is dan een unieke grootste orde, die alle andere ordes bevat. Deze
grootste orde heet de maximale orde van dat getallenlichaam. Elke orde heeft eindige
index in de maximale orde van zijn breukenlichaam.

Als een orde R bevat is in een grotere orde R’ van dezelfde rang, dan is zijn
discriminant A(R) deelbaar door de discriminant A(R’) van de grotere orde. Het
quotiént is het kwadraat van de index van R in R’.

De ideaalstructuur van een maximale orde O kunnen we beschrijven met de klas-
sengroep, die we aanduiden met Cl(O). Het is een eindige abelse groep die het
verschil meet tussen de groep van gebroken O-idealen en de ondergroep van gebro-
ken hoofdidealen. Als de orde een hoofdideaaldomein is, zoals bijvoorbeeld Z[i], dan
is zijn klassengroep de triviale groep. De grootte van de klassengroep noemen we
het klassengetal en duiden we aan met h(O).

In dit proefschrift beschouwen we drie telproblemen die te maken hebben met ordes.
Het eerste probleem legt een verband tussen de beschrijving van ordes in termen van
polynomen en maximale ordes. Het gaat over de vraag wat de kans is dat voor een
willekeurig polynoom f € Z[X] de orde Z[X]/(f) de maximale orde van Q[X]/(f) is.

Het tweede probleem gaat over het tellen van deelordes binnen maximale ordes.
We weten dat het aantal deelringen van gegeven index eindig is. We bepalen grenzen
voor het aantal deelordes in termen van de rang van de maximale orde en de index
van de deelorde.

Het laatste probleem heeft te maken met klassengroepen. Er zijn grenzen bekend
voor het klassengetal van maximale ordes, en we gebruiken deze grenzen om grenzen
voor het klassengetal van algemene ordes af te leiden.
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derlandse team voor de Internationale Wiskunde Olympiade (2001-2002) en de or-
ganisatie van de Wetenschapsdag (2001-2002), waarvoor hij van 2001 tot en met
2006 elk jaar een logisch labyrint heeft ontworpen. Verder was hij tijdens zijn studie
werkzaam als bureauredacteur van het Nieuw Archief voor Wiskunde (2002-2005).
Sinds 2003 helpt hij bij de voorbereiding en begeleiding van de zomerkampen van
Vierkant voor Wiskunde.

Buiten de wiskunde is hij actief in het theater. Hij heeft opgetreden met een
theatersportgroep, drie musicalgroepen, een toneelvereniging en een minderbroeder-
koor. Daarnaast heeft hij geacteerd in een aantal kleine projecten.
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