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C H A P T E R 4

DRAG FORCE IN 4D KERR-ADS BLACK

HOLE

4.1 Introduction

An important feature of RHIC is the spatial anisotropy of the data correlated
with non-zero impact parameter of the colliding ions. The spatial anisotropy
translates into a non-zero component of the second Fourier harmonic of the
particle distribution in the plane transverse to the collision.1 This coefficient
is known as elliptic flow and has been calculated using hydrodynamic evolu-
tion of the sQGP in a stunning agreement with data [104, 105]2. Up to now
most AdS computations of sQGP have ignored spatial anisotropy: the black
hole background is always the standard static isotropic AdS black hole. There
is good reason to do so. Transport coefficients such as the viscosity are defined
with respect to the isotropic perfect fluid and for other quantities the exper-
imental indication that the system thermalizes rapidly to an almost perfect,
i.e. isotropic, fluid means that anisotropy corrections are small. The excep-
tions are “local temperature/pressure” approximations as in Bhattacharyya et
al [57] and Chesler et al [58]. Yet for a number of them, e.g. photon production
or jet-quenching, it is the anisotropic component that is experimentally the
most accessible.

1The first Fourier component vanishes by symmetry.
2A more detailed discussion on this phenomena and others can be found in [106] and refer-

ences therein.
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In this chapter we make a first step towards the study anisotropic effects
on jet-quenching from the string theory point of view. Jet-quenching is a char-
acteristic feature of the sQGP phase in RHIC. It signals the strong energy loss
of a highly massive quark moving in hot charged plasma. In the frame work
of AdS/CFT, a quark is represented by a string suspended from the boundary
of asymptotically AdS space into the interior [65, 107, 108]. This set-up was
proposed in the context of N = 4 supersymmetric Yang-Mills theory at finite
temperature [35,39] and has been explored in detail in [59,60] with a beautiful
extension to trailing wake of the heavy quark in the sQGP dual to the back-
reaction of string on the black-hole geometry. The way we shall introduce
anisotropy in the system is to consider non-zero angular momentum. The
advantage is that the dual description of this system is straightforward: one
considers rotating black holes. The drawback is that the anisotropy primarily
responsible for elliptic flow is due to the asymmetric almond-shape overlap
of the two non-central colliding nuclei rather than angular momentum. As all
non-central collisions the total system carries a significant amount of angular
momentum, but most of that is carried away by spectator-nuclei not involved
in the formation of the sQGP. At RHIC the angular momentum fraction of the
total elliptic flow is thought to be less than 10%, although it is expected to in-
crease to 30% at LHC [61,62] and the references therein. Clearly experimentally
more relevant would be a AdS/CFT study of elliptic flow due to non-rotational
anisotropy. The problem is that the gravity set-up in this case is unclear. Non-
rotational anisotropy dissipates fast as the system equilibrates and isotropizes,
and this points to a time-dependent gravity dual, see e.g. Chesler presentation
in Amsterdam String Theory Workshop 2010.3 For that reason we start here
with studying anisotropic jet-quenching in a rotating plasma.

4.2 Drag force on a string in a global 4D AdS black

hole

In global coordinates, the metric of four dimensional AdS-Schwarzschild is
given by

ds2 = −r2h(r)dt2 +
1

r2h(r)
dr2 + r2

(
dθ2 + sin2 θdφ2

)
, (4.1)

h(r) = l2 +
1

r2
− 2M

r3
,

where M is proportional to the mass of the black hole and l is the radius of
curvature. The Hawking temperature of four dimensional AdS-Schwarzschild
can be obtained in a simple way by demanding the periodicity of Euclidean

3Alternatively one could consider 4+1 dimensional hairy black holes to break the anisotropy;
we thank H. Ooguri for pointing this out.
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time to avoid a conical singularity at r = rH . This gives TH = 1
4π

(
1

rH
+ 3rH l

2
)

,

where rH is the radius of horizon defined as the zero locus h(rH) = 0 [109] and
can be written explicitly in terms of parameters l and M :

rH(l,M) =

(
9Ml4 +

√
3l6 + 81M2l8

)1/3

32/3l2
− 1

31/3
(
9Ml4 +

√
3l6 + 81M2l8

)1/3
.

(4.2)

A string in this background can be described by the following Nambu-Goto
action:

S = − 1

2πα′

∫
dσ2
√
−detgαβ =

∫
dσ2L,

gαβ ≡Gµν∂αX
µ∂βX

ν, (4.3)

with σα are coordinates of string worldsheet, Xµ = Xµ(σ) are the embedding
of string worldsheet in spacetime, and Gµν is the spacetime metric (4.1). The
equation of motions derived from (4.3) are,

∇αP
α
µ = 0, Pα

µ ≡ − 1

2πα′Gµν∂
αXν = − 1

2πα′π
α
µ (4.4)

with Pα
µ is the worldsheet current of spacetime momentum carried by the

string, proportional to the canonical worldsheet momentum

πα
µ = − (2πα′)√−g

δS

δ∂αXµ
, (4.5)

with g = detgαβ. The total momentum charge in the direction µ carried by the
string equals

pµ =

∫
dΣα

√−gPα
µ , (4.6)

where Σα is a cross-sectional surface (a line) on the string worldsheet. The
proper-force on the string then equals

∂pµ

∂σ0
=

√−gP σ1

µ (4.7)

which in turn is equal to the canonical worldsheet-momentum

∂pµ

∂σ0
= − 1

2πα′π
σ1

µ (4.8)

If the configuration is constant in time, the proper force
∂pµ

∂σ0 does not depend
on the location σ1 along the worldsheet, thanks to the equation of motion.

∂

∂σ1

∂pµ

∂σ0
=

∂

∂σ1

√−gP σ1

µ = − ∂

∂σ0

√−gP σ0

µ
static
= 0 (4.9)
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Using the physical gauge, σα = (t, r), we can write the action (4.3) as follows

S = − 1

2πα′

∫
dσ2√−g,

−g = 1 + r4h(r)
(
θ′2 + φ′2 sin2 θ

)
− 1

h(r)

(
θ̇2 + φ̇2 sin2 θ

)
− r4 sin2 θ

(
θ̇φ′ − θ′φ̇

)2

,

(4.10)

with˙≡ d
dt and ′ ≡ d

dr . The equations of motion are:

∂

∂t

(
r4√−g sin2 θ

(
θ̇φ′ − θ′φ̇

)
θ′ − sin2 θ

h(r)
√−g φ̇

)

+
∂

∂r

(
r4h(r) sin2 θ√−g φ′ − r4√−g sin2 θ

(
θ̇φ′ − θ′φ̇

)
θ̇

)
= 0,

(4.11)

and

1√−g

(
r4h(r)φ′2 − 1

h(r)
φ̇2 − r4

(
θ̇φ′ − θ′φ̇

)2
)

sin θ cos θ

+
∂

∂t

(
r4 sin2 θ√−g

(
θ̇φ′ − θ′φ̇

)
φ′ +

1

h(r)
√−g θ̇

)

− ∂

∂r

(
r4 sin2 θ√−g

(
θ̇φ′ − θ′φ̇

)
φ̇+

r4h(r)√−g θ
′
)

= 0.

(4.12)

4.2.1 Great circle at θ = π/2

It easy to see that the metric (4.1) has SO(3) symmetry. Specially the boundary
is the S2, and the free motion of a quark on this sphere is a great circle. The mo-
tion of string giving arise to a great circle trajectory should therefore reduce to
the geodesic equations on the boundary. The simplest solution of the great cir-
cles is when we consider the motions in the equatorial coordinates φ = φ(t, r)
only, while the other angular coordinate we set θ = π/2. We take an ansatz for
φ(t, r) as below4

φ(t, r) = ωt+ η(r), (4.13)

where ω is a non-zero constant. Substituting the ansatz (4.13) into the action
(4.3), we obtain equation of motion for η(r) which is given by a constant of its

4With this ansatz, the dynamical field is effectively given by field η(r).
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momentum conjugate since the Lagrangian is only a functional of η′(r)

πr
φ = −2πα′ ∂L

∂η′(r)
=

r4h(r)η′(r)√
1 + r4h(r)η′(r)2 − ω2

h(r)

,

η′(r) =
πr

φ

r4h(r)

√√√√ h(r) − ω2

h(r) − (πr
φ
)2

r4

, (4.14)

thus we find πr
φ is a constant, by solving the equation of motion, proportional

to the momentum conjugate in radial direction. We have chosen positive sign
to describe a string that trails out from boundary down to the horizon. In or-
der to make sense of the solution, we have to require that (4.14) must be real
everywhere. This requirement gives us a condition

h(r) − ω2

h(r)r4 − (πr
φ)2

≥ 0 (4.15)

At the boundary r → ∞, the requirement tells us that there is a bound on the
velocity of the particle that l2 ≥ ω2. Because (4.14) ought to be real everywhere
for rH ≤ r <∞, the only possible choice we can take is for the constant (πr

φ)2 =

ω2r4Sch, with rSch = rH(
√
l2 − ω2,M) defined to be the point where h(rSch) =

ω2. Then the numerator and denominator in (4.15) change their sign at the
same point at r = rSch.

The exact solution for equation (4.14) is quite difficult to find but to com-
pute the drag force it is enough just to use the equation (4.14). To compute the
flow of momentum dpφ down the string, we use

∆Pφ =

∫
dΣαP

α
φ . (4.16)

In this static configuration all momentum flow is radial. Thus the total mo-
mentum reduces to

∆Pφ =

∫

I
dt
√−gP r

φ =
dpφ

dt
∆t, (4.17)

with I is some time interval of length ∆t. Thus the drag force in φ direction is
given by

dpφ

dt
=

√−gP r
φ = −

πr
φ

2πα′ , (4.18)

where the negative value implies that it is the drag force. Explicitly πr
φ = ωr2Sch,

with ω ≥ 0.
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4.2.2 General solution of the great circle

In general, great circles are not only the motion in θ = π/2 plane. The great
circle can be in an arbitrary plane. We can describe this as follows using coor-
dinates transformation:

x = sin θ cosφ, y = sin θ sinφ, z = cos θ. (4.19)

We consider a constrained Nambu-Goto action5

ScNG = − 1

2πα′

∫
dσ2√−g

[
1 +

λ2

2
(xixi − 1)

]
,

−g = r4
(

(ẋix′i)2 − (ẋiẋi − h(r))

(
x′ix′i +

1

r4h(r)

))
, (4.20)

where xi ≡ (x, y, z) and λ is a Lagrange multiplier. The equations of motion for
this action are given by a constraint equation xixi = 1 and

λ2xi√−g − ∂

∂t



x′i r
4ẋjx′j√−g − ẋi

(
r4x′jx′j + 1

h(r)

)

√−g





− ∂

∂r

(
ẋi r

4ẋjx′j√−g − x′i
r4(ẋj ẋj − h(r))√−g

)
= 0.

(4.21)

Notice that if we substitute the constraint equation back to the action (4.20)
then we get back the action (4.3).

radial independent ansatz

A simple solution can be described by radial r independent ansatz, xi = xi(t),
where the equations of motion become

λ2xi√−g +
∂

∂t

(
ẋi

h(r)
√−g

)
= 0, (4.22)

with −g = 1
h (h − ẋiẋi). Multiplying with xi and using constraint xiẋi = 0, we

obtain

ẋiẋi =
λ2h(r)

1 + λ2
. (4.23)

5Recall that in order to make a world sheet volume invariant under world sheet general coordi-
nate transformation, we have to multiply with

√−g. A repeated index denotes Einstein summa-
tion index.
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Assume λ is constant, the equations of motion are now simplified to

ẍi = −λ
2h(r)

1 + λ2
xi. (4.24)

The general solution is given by

x(t)i = ai sin

(
λ

√
h(r)

1 + λ2
t

)
+ bi cos

(
λ

√
h(r)

1 + λ2
t

)
, (4.25)

where ai and bi are constants. The constraint requires that these constants
obey

aiai = bibi = 1, aibi = 0. (4.26)

These solutions are the general great circle solutions in the plane spanned by

~a and~b. However, these solutions have an angular velocity which depends on
r and therefore they are not consistent with the ansatz.

There is another solution which is similar to (4.25) where angular velocity v
is a constant but λ = λ(r) depends on radial coordinate,

x(t)i = ai sin (vt) + bi cos (vt) . (4.27)

From equation (4.23), we find that

λ(r)2 =
v2

h(r) − v2
. (4.28)

Unfortunately for this solution −g is not positive definite. This is similar to the
non-global case discussed in Herzog et al [35] and we will take as our starting
point.

curved equatorial ansatz

Motivated by equatorial solution (4.13) and general great circle solutions (4.27)
previously, we take the ansatz depends on time and radial coordinate as fol-
lows:

x(t, r)i = ai sin(vt+ c(r)) + bi cos(vt+ c(r)), (4.29)

with v is a constant and c(r) is a function will be determined later. Using the
constraint equation, as we did in radial independent ansatz, the equations of
motion now become

√−g ∂
∂r

(
r4h xi

√−g

)
=

(
λ2

1 + λ2
− v2

h

)
xi,

(4.30)
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where −g = 1
1+λ2 and we have λ = λ(r). The −g can also be written, by substi-

tuting the ansatz to (4.30), as

−g = 1 + r4h(r) c′(r)2 − v2

h(r)
. (4.31)

Comparing this with the equatorial solution we can identify c(r) = η(r) and
v = ω. One can check, using these two expressions of −g, that at equatorial we
get back the equatorial solution (4.13). Now, the equations of motion reduce
to

∂

∂r

(
r4h c′(r)√−g

)
= 0 (4.32)

which is the same equation for η(r) as in the equatorial case. Furthermore one
can also find the expression for λ which is given by

λ(r)2 =
v2

r4
r4 − r4Sch

h(r) − v2
, (4.33)

where rSch is defined as h(rSch) = v2. This guarantees that λ(r) is a positive
definite function.

Adding the constraint into the original Nambu-Goto action, we have man-
ifest rotation symmetry SO(3) in x, y, z coordinates. In this case the drag force
is related to angular momentum currents in r direction or torques of the world
sheet

J i
r =

dLi

dt
= − r4

2πα′√−g
(
ẋjx′jεimnx

mẋn − (ẋj ẋj − h(r))εimnx
mx′n

)
, (4.34)

where εimn is a totally antisymmetric tensor, with ε123 = 1. The angular mo-
mentum currents or torques, after substituting the ansatz and the constraint,
are

J i
r =

dLi

dt
= −r

4h(r)

2πα′
εijkx

jx′k√−g = −r
4h(r)c′(r)

2πα′√−g εijkb
jak = −r

4h(r)c′(r)

2πα′√−g n
i

(4.35)
where ni ≡ (nx, ny, nz) is the normal vector of great circle with the norm unity.
The equations of motion imply that these angular momentum currents of
torques are constants. The norm of total angular momentum current or total

torque equals to the norm of drag force (4.18), J2
r ≡ J i

rJ
i
r = dLi

dt
dLi

dt =
(

dpφ

dt

)2

.

This shows that the total drag force is the same as before.
The drag force of string moving in the background of a four dimensions

AdS-Schwarzschild is thus a constant related to momentum of a particle rep-
resented by the end of a string at the boundary. We can derive the full motion
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of the particle, e.g. the friction as it moves in the plasma with a constant angu-
lar velocity ω, with the boundary metric

ds2B = −dt2 +
1

l2
(
dθ2 + sin2 θdφ2

)
. (4.36)

To illustrate the relativistic angular velocity of this particle at the boundary

is uµ = γ (1, 0, ω),in terms of coordinates (t, θ, φ), with γ =
(
1 − ω2/l2

)−1/2

and θ = π/2. Taking non-relativistic limit, ω ≪ l, we obtain Pµ ≡
m(1, 0, ω)

(
1 + 1

2
ω2

l2 + · · ·
)

with m is the mass of particle. In this limit, the drag

force becomes

dpφ

dt
= − 1

2πα′
pφ

m
r2H +O(ω) (4.37)

and thus the friction coefficient is

µφ =
r2H

2mπα′ +O(ω). (4.38)

Recall that rH = rSch(ω = 0).

4.3 Anisotropic drag on a string in 4D Kerr-AdS

black hole

As has been explained before in the introduction, we are looking for a back-
ground metric as a solution to Einstein equation with negative cosmological
constant that naturally has anisotropy at the boundary. One such solution is
Kerr-AdS black holes. We shall use Kerr-AdS in Boyer-Lindquist coordinates
which has less mixing terms than the other coordinates representation and it
manifestly reduces to the non-rotating solution of previous section when the
rotation parameter a vanishes. A disadvantage is that this coordinates rep-
resentation does not have manifest SO(3) symmetry at the boundary r → ∞
even though it is restored there, as can be seen by a transformations to another
coordinates. The metric of four dimensions Kerr-AdS black hole in Boyer-
Lindquist coordinates is explicitly written as [110]

ds2 = − ∆r

ρ2

(
dt− a

Ξ
sin2 θdφ

)2

+
ρ2

∆r
dr2 +

ρ2

∆θ
dθ2

+
∆θ sin2 θ

ρ2

(
adt− r2 + a2

Ξ
dφ

)2

, (4.39)
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where

ρ2 = r2 + a2 cos2 θ

∆r = (r2 + a2)(1 + l2r2) − 2Mr

∆θ = 1 − l2a2 cos2 θ

Ξ = 1 − l2a2, (4.40)

with a is the rotation parameter constrained to 1 > a2l2 in order to have a
finite positive value of the horizon area. The event horizon or outer horizon is
located at r = rKH which is the largest root of ∆r. The Hawking temperature
is given by

TH = rKH
3l2r2KH + 1 + a2l2 − a2/rKH

4π(r2KH + a2)
. (4.41)

The Nambu-Goto action for the metric above is

SNG = − 1

2πα′

∫
dσ2√−g,

−g =

((
a∆r − a(r2 + a2)∆θ

) sin2 θ

Ξρ2
φ′ +

ρ2

∆θ
θ̇θ′

+
(
∆θ(r

2 + a2)2 − a2∆r sin2 θ
) sin2 θ

Ξ2ρ2
φ̇φ′
)2

−
(
ρ2

∆r
+
ρ2

∆θ
θ′2 +

(
∆θ(r

2 + a2)2 − a2∆r sin2 θ
) sin2 θ

Ξ2ρ2
φ′2
)
×

×
((
a2∆θ sin2 θ − ∆r

) 1

ρ2
+
(
a∆r − a(r2 + a2)∆θ

) 2 sin2 θ

Ξρ2
φ̇

(
∆θ(r

2 + a2)2 − a2∆r sin2 θ
) sin2 θ

Ξ2ρ2
φ̇2 +

ρ2

∆θ
θ̇2
)
. (4.42)

Let us consider the equatorial solution for θ = π/2 and take the ansatz
(4.13) such that the equation of motion now becomes

η′(r) =
πr

φ(1 − a2l2)

∆r

√
(1 − a2l2 − aω)2∆r − f(r)

∆r − (1 − a2l2)2(πr
φ)2

,

f(r) = (a− a3l2 − a2ω − ωr2)2, (4.43)

requiring real solution everywhere demands

(1 − a2l2)2(1 − a2l2 − aω)2π2
φ − f(r)

(1 − a2l2 − aω)2∆r − f(r)
≤ 1. (4.44)
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Again, lets first look at r → ∞, then we obtain6

l2 ≥ ω2

(1 − a2l2 − aω)2
. (4.45)

Limiting the calculation for real positive r, in order to satisfy the inequality
(4.44) we need to know the profile of both numerator and denominator on the
left hand side of the inequality (4.44) at least in the region rKH ≤ r < ∞.
Unfortunately this is not an easy task unlike in the case of AdS-Schwarzschild.
Here we assume that for some values of parameter l, ω,M, and a the numerator
and denominator behave like in the case of AdS-Schwarzschild where at some
radius r = rK , which is the largest positive root of (1−a2l2−aω)2∆r −f(r), the
numerator and denominator change their sign as we move from the boundary
at r → ∞ down to the horizon r = rKH with

(πr
φ)2 =

(a− a3l2 − a2ω − r2Kω)2

(1 − a2l2)2(1 − a2l2 − aω)2
. (4.46)

Then we can compute the drag force as follows

dpφ

dt
= −

√
f(rK)

2πα′(1 − a2l2 − aω)(1 − a2l2)
.

= −
πr

φ

2πα′ . (4.47)

The drag force actually can be easily computed using the fact that the equation
of motion for φ is the conservation current in radial r direction, i.e. ∂rJ

r
φ = 0.

This is true since we are considering the dynamical field in φ to depend on
the radial direction r. So, the conserved current in radial direction r for φ is
actually the conjugate momentum of φ in radial direction r such that Jr

φ = ∂L
∂φ′

which is just the constant πr
φ. What we have to do then is to determine the

values of πr
φ that give physical solution.

The exact expression for rK , as solution to f(rK) = (1− a2l2 − aω)2∆r(rK),
in this case is very long and complicated. In the small limit a≪ 1, we can write
rK = r0 + a r1 +O(a2), with r0 = rSch and

r1 =
ωl2r40 − 2ωMr0

2(l2 − ω2)r30 + r0 −M
. (4.48)

Then we can write πr
φ as expansion of a up to first order as follows

πr
φ ≈ ωr20 − (1 − ωr0 (ωr0 + 2r1)) a+O(a2). (4.49)

6This condition is related to light and time-like region of the spacetime at the boundary where

the light-like is given by ω2

l2
= (1 − a2l2 − aw)2.
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Thus the drag force can be written as

dpφ

dt
= − 1

2πα′
[
ωr20 − (1 − ωr0 (ωr0 + 2r1)) a+O(a2)

]
. (4.50)

The fist term is the drag force of the 4D non-rotating black hole (4.18) and the
second term can be considered as correction in the present of small angular
momentum a. Explicitly for small a, the drag force is written as

dpφ

dt
= − 1

2πα′
[
π0

φ − a+ C π0
φa+O(a2)

]
,

C = ω

[
2(2l2 − ω2)r30 + r0 − 5M

2(l2 − ω2)r30 + r0 −M

]
, (4.51)

with π0
φ is the drag force of non-rotating AdS-Schwarzschild black hole. The

first linear term in a is simply due to a change of frame, but the term with co-
efficientC exhibits a nonlinear-enhancement of the drag force in the presence
of angular momentum.

4.3.1 Static solution

Generalization of the arbitrary great circle solutions (4.29) to Kerr-AdS black
holes is very difficult because of the complexity of the equations of motion.
However, we can still solve these equations for a particular solution where we
consider the string to be static. We will define shortly what we mean by static.
This kind of solution can already capture the drag force effect of a rotating
plasma. In the equatorial plane, the effect should be the same as consider-
ing a moving string in a non-rotating black hole by switching observers. For
motion that is not equatorial, we will find a new force due to the anisotropy
breaking by the angular momentum. We expect it to be centripetal force-like
and drive the motion back to equatorial orbits. Specifically this means that
this force will not depend on the direction of the angular momentum, but only
on its magnitude. To lowest order in a therefore, this contribution goes as a2.
Here we will compute this lowest order consequence of anisotropy by expand-
ing and solving the static equations of motion to order a2. This will establish
the lowest order contribution of anisotropic effects to the drag force. In the ro-
tating black hole case, the static solution is not the time-independent solution
with θ = θ(r) and φ = φ(r).

There is a subtle aspect of the Kerr-AdS metric in Boyer-Lindquist coordi-
nates. It is actually not manifest asymptotically AdS metric at the boundary.
We need to do the following coordinate transformation to obtain this.

T = t, Φ = φ− al2t,

y cosΘ = r cos θ, y2 =
1

Ξ

(
r2∆θ + a2 sin2 θ

)
. (4.52)
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The full expression for the Kerr-AdS metric in coordinates T, y,Θ,Φ is very
complicated. For M = 0, however it is the regular AdS metric

ds2 = −(1 + l2y2)dT 2 +
1

1 + l2y2
dy2 + y2

(
dΘ2 + sin2 ΘdΦ2

)
. (4.53)

In this metric the static straight string, with Θ = CΘ and Φ = CΦ constants,
is a solution of the equation of motion. This then corresponds to a “time-
dependent” solution in Boyer-Lindquist coordinates

φ = CΦ + al2t, (4.54)

θ = arccos
(y
r

cosCΘ

)
, (4.55)

with

y2 =
r2(r2 + a2)

(1 − a2l2 sin2 CΘ)r2 + a2 cos2 CΘ

. (4.56)

That is nevertheless describing a static string. For finite M , we expect these
constants to be function of r in Boyer-Lindquist coordinates. Thus the “static”
ansatz as an expansion in small a is taken to be

θ(r) = θ0(r) + a2θ1(r) +O(a4), (4.57)

φ(t, r) = φ0(r) + al2t φt(r) + aφ1(r) +O(a2). (4.58)

Let’s consider φ0(r) = P0, θ0(r) = Θ0, and φt(r) = Pt constants. From
the mapping of coordinates above, immediately Pt can be set to 1. Solving the
equations of motion order by order in power of a, we obtain

φ1(r) = −
∫
dr

P1

r4h(r)
, (4.59)

with P1 a constant. The solution for θ1 is quite complicated, but for our pur-
pose we will just need the near boundary solution which can be computed
using Mathematica. Substituting the solutions, we find that the world sheet
conjugate momenta in radial direction as an expansion of small a near the
boundary are given by

πr
θ ≈

(
−3l2r +

2T2

sin(2Θ0)
+ (1 − P 2

1 )
log(r)

M
− 3

r
+ · · ·

)
a2

2
sin(2Θ0) +O(a4),

(4.60)

πr
φ ≈ P1 sin(Θ0)

2a+O(a2), (4.61)

with T2 a constant. P1 can be fixed by comparing the result at Pt = 0 with
the equatorial solution (4.49) at zero angular velocity which gives us P1 = −1.
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Interestingly, this also fixes T2 = 0. The conjugate momentum πr
θ has a singu-

larity at r → ∞ which goes linearly in r. This singularity at r → ∞ corresponds
to infinite mass of the quark [35]. In order to have a more realistic picture, we
consider a finite large mass of quark by introducing a cut-off in the geometry
near the boundary at r = rc which in the bulk can be interpreted as the lo-
cation of a probe D-brane where the string can end. Following [35], the static
thermal rest mass of quark can be computed at leading order in a by setting
Pt = 0,

mrest =
1

2πα′

(
rc −

1

3l2

(
2πT +

√
4π2T 2 − 3l2

))
, (4.62)

with T is the temperature of plasma written as (4.41). Then by evaluating con-
jugate momenta above at r = rc we obtain the leading contribution of the
conjugate momenta

πr
θ ≈ −

(
6πα′l2mrest + 2πT +

√
4π2T 2 − 3l2

) a2

2
sin(2Θ0), (4.63)

πr
φ ≈ − sin(Θ0)

2a, (4.64)

4.3.2 Drag force

Having the solution in the a expansion, now we are ready to compute the drag
forces to leading order in double expansions of small a and ω:

dpθ

dt
≈ πr

θ(a 6= 0 ≪ 1, ω = 0)r→∞ + πr
θ(a = 0, ω 6= 0 ≪ 1)r→∞, (4.65)

dpφ

dt
≈ πr

φ(a 6= 0 ≪ 1, ω = 0)r→∞ + πr
φ(a = 0, ω 6= 0 ≪ 1)r→∞. (4.66)

The (a = 0, ω = 0) term is just a constant which can be set to zero. We have
included in this expression the lowest order (a = 0, ω 6= 0) solution, which is
valid as long as both a and ω are small. The leading contribution to πr

θ(a = 0)
and πr

θ(a = 0) is simply πr
θ(a = 0) ≈ ωθ and πr

φ(a = 0) ≈ ωφ, with ωθ and ωφ are
small. So, we obtain the leading contribution to the drag forces

dpθ

dt
≈
(

3l2mrest +
1

2πα′

(
2πT +

√
4π2T 2 − 3l2

)) a2

2
sin(2Θ0) −

ωθ

2πα′ , (4.67)

dpφ

dt
≈ − 1

2πα′
(
ωφ − sin(Θ0)

2a
)
. (4.68)

Here we can see that at the poles, defined at Θ0 = 0 and Θ0 = π, there is no
additional drag forces to the static quark, with ωθ = ωφ = 0. These are unstable
points for a generic value of Θ0 that the drag force in θ direction tends to drag
the static quark to the equator, Θ0 = π/2. The general situation at instanta-
neous time is illustrated in figures 4.1, 4.2, 4.3, and 4.4. The figures describe
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motion of quarks at different positions on the boundary with an uniform ve-
locity (blue arrow), in Cartesian coordinates, or with

ωθ =
1

10
(cosφ− sinφ),

ωφ = − 1

10θ
(cosφ+ sinφ), (4.69)

in Polar coordinates, being seen from the north pole of S2 projected into a
plane. The circle, with bold line, denotes the equator of S2. The circular brown
arrow is the direction of angular momentum of the black hole. The red arrows
show direction of the drag force effect of the plasma with its length propor-
tional to the strength how much the drag force needed to drive the quarks
to the equatorial. We have drawn the figures for different values of a and
MT = (3l2mrest + 2πT +

√
4π2T 2 − 3l2)/2, with 1/α′ = 2π.
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Figure 4.1: a = 0.1, MT = 10
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Figure 4.2: a = 0.1, MT = 30
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Figure 4.3: a = 0.1, MT = 20
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Figure 4.4: a = 0.118, MT = 20

4.4 Discussion and conclusion

In a non-rotating 4D global AdS-Schwarzschild black hole, the moving curved
string solution (4.13), or in general (4.29), corresponds to a heavy quark mov-
ing in relativistic plasma living on a sphere S2. The motion of this quark follows
the geodesic of S2 namely a great circle. A novel physical consistency condi-
tion of this solution is that the string velocity ω must be smaller than curvature
radius of the black hole l. In this setting, we obtained the drag force as a func-
tion of the velocity ω times the square of critical radius rSch defined by the
largest positive root of h(r) = ω2. In the non-relativistic limit, ω → 0, this fric-
tion coefficient is simply the square of horizon rH as in the flat case [35, 39].
Unlike the flat case, the friction coefficient has non-linear dependence on
the temperature. Furthermore, the temperature of plasma in this background
is bounded from below limited by the Hawking-Page transition to Euclidean
AdS [9].

Our main result is to take a first step towards the study of anisotropic effects
on drag force. For this, we considered the background metric of the rotating
4D Kerr-AdS black hole. For equatorial motion, the drag force is simplfy solved
in the same way as the non-rotating case. The velocity ω is now bounded non-
trivially by the angular momentum a and curvature radius l (4.45). Also unlike
the previous non-rotating case, at zero velocity, ω = 0, the drag force does
not vanish but is proportional to the angular momentum of the black hole a .
This can be understood at the boundary as the drag force effect of dropping a
static quark into a rotating plasma where the rotating plasma forces the quark
to move accordingly with the plasma. In order to get a vanishing drag force,
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the quark must move at a critical velocity

ωC = a

(
1 − a2l2

a2 + r2KH

)
. (4.70)

The drag force changes its direction when the quark’s velocity crosses this crit-
ical velocity.

The generalization to arbitrary great circle motion is rather difficult. Taking
a “static” solution in Boyer-Lindquist coordinates, corresponding to a static
quark in a rotating plasma, we were able to compute the leading contribution
to the drag force. Based on parity this drag force in the θ-direction should be
an even function of the angular momentum a whereas the drag force in the
φ-direction to linear order in a should be a generalization of the equatorial
motion. As illustrated in figures 4.1 to 4.4, we conclude that the resulting drag
force in a rotating strongly coupled plasma tends to drive the quark back to the
equatorial plane and the amount of force is proportional to the static thermal
rest mass of the quark mrest and temperature of the plasma T in an analytic
expression (4.67).
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