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Chapter 5

From André-Oort to André-Pink-Zannier

5.1 Main results

5.1.1 Background

In the last chapter we have studied the André-Oort conjecture, which is a
subconjecture of the Zilber-Pink conjecture. In particular we have proved a
weaker version of the André-Oort conjecture (Theorem E32)). This weaker
version corresponds to another important case of the Zilber-Pink conjecture,
which we call the André-Pink-Zannier conjecture. The goal of this chapter is
to study this André-Pink-Zannier conjecture.

In the whole chapter, we restrict to the case 2, I, Ag.

Conjecture 5.1.1. Let Y be a subvariety of A,. Let s € ™Ay and X be the
generalized Hecke orbit of s. If Y NX =Y, then Y is weakly special.

Several cases of this conjecture had been studied by André before its final
form was made by Pink [54] Conjecture 1.6]. It is also closely related to a
problem (Conjecture B.1.3) proposed by Zannier. Pink has also proved [54]
Theorem 5.4] that Conjecture BTl implies that Mordell-Lang conjecture.

ConjectureB. I Tlfor Ay, the pure part of 2, has been intensively studied by
Orr [43] [42], generalizing the previous work of Habegger-Pila [24, Theorem 3]
with the Pila-Zannier method.

The set ¥ has good moduli interpretation: by Corollary [5.2.3]

3 = division points of the polarized isogeny orbit of s
= {t € Ay| In € N and a polarized isogeny (5.1.1)
f: (Q[gﬁ[ﬂ.]s, )\[ﬂ.]s) — (Q[gy[ﬂ.]t, /\[ﬂ.]t) such that nt = f(s)}

There are authors who consider isogenies instead of polarized isogenies.
However this does not essentially improve the result because of Zarhin’s trick
(see |42, Proposition 4.4]): for any isogeny f: A — A’ between polarized
abelian varieties, there exists u € End(A*) such that f*owu: A* — A" is a
polarized isogeny. See §5.5] for more details.

Although Conjecture B.IT] and the André-Oort conjecture do not imply
each other, they do have some overlap, which for 2, is precisely Theorem .32
when § = 2,.

We shall divide Conjecture BT Tlinto two cases: when s is a torsion point of
A, (x)s and when s is not a torsion point of 2, (r,. The diophantine estimates
for both cases are not quite the same.

121



122 5.1. MAIN RESULTS

5.1.2 The torsion case

When s is a torsion point of 2, ., this conjecture is related to a special-
point problem proposed by Zannier. We define the following “special topology”
proposed by Zannier:

Definition 5.1.2. Fiz a point a € A,. Then a corresponds to a principally
polarized abelian variety (Aq, Aa) of dimension g.

1. We say that a point t € Ay is Ag-special (or a-special) if there exists an
isogeny A, — Ug (x)¢ and that t is a torsion point on the abelian variety
Ay (- We shall denote by X!, (or ¥ when there is no confusion) the set
of a-special points.

2. We say that a pointt € Uy is (Aa, Aa)-special if there exists a polarized
isogeny (Aa;Aa) — (g [x)t> A\x)e) and that t is a torsion point on the
abelian variety g (.. We shall denote by X, (or X when there is no
confusion) the set of (Ag, Ag)-special points.

3. We say that a subvariety Z of U, is a-special if Z contains an a-special
point, [T]Z is a totally geodesic subvariety of Ay and Z is an irreducible
component of a subgroup of [7]~1([7]2).

In view of Proposition [L2Z.TH every a-special subvariety is weakly special.
The following conjecture is proposed by Zannier.

Conjecture 5.1.3. Let Y be a subvariety of Uy and let a € Aq. If Y NY! =
Y, then Y is a-special.

By (BII), Conjecture B.I.T] when s is a torsion point of 2y (55 is equiv-
alently to a weaker version of Conjecture BI3] i.e. replace X! by X, in
Conjecture However by [42, Proposition 4.4], Conjecture 5.1.T] for 24,
also implies Conjecture for ™A,. Our first main result is:

Theorem 5.1.4. Conjecture [7.1.3 holds if dim([7](Y)) < 1.

The proof of this theorem will be presented in §5.31 Remark that by Corol-
lary [2206] the case where dim([7]Y") = 0 (i.e. [7](Y) is a point) is nothing but
the Manin-Mumford conjecture, which has been proved by many people (the
first proof was given by Raynaud).

5.1.3 The non-torsion case

The situation becomes more complicated when s is not a torsion point of

2y (x)s- In this case we prove:

Theorem 5.1.5. Conjecture 511l holds if s € A4(Q) and Y is a curve.
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As we have seen in Theorem [[LI.34 2, is defined over Q. Hence it is
reasonable to talk about its Q-points. Moreover, if s € ,(Q), then its gener-

alized Hecke orbit X is also contained in 2,(Q) by Corollary 5.2.61 Hence if
Y NX =Y, then Y itself is defined over Q. The proof of this theorem will be

presented in §5.41

5.2 Generalized Hecke orbits in 2,

In this section, we discuss the matrix expression of a polarized isogeny and
then compute the generalized Hecke orbit of a point of 2.

5.2.1 Polarized isogenies and their matrix expressions

Let b € Ay. Denote by A, = 2, and denote by \,: A, — A) the principal
polarization induced by £4;. Then the point b corresponds to the polarized
abelian variety (Ap, \y). Let B be a symplectic basis of Hi(Ap, Z) w.r.t. the
polarization \,. Let be H; be the period matrix of A, w.r.t. the basis B. In
this subsection, we fix B to be the Q-basis of Va,.

Consider all points b" € A, such that there exists a polarized isogeny

I (Ap, o) = (A, \y)

where (A, \p) = (U, Ay — A, induced by £,). Let B’ be a symplectic
basis of Hy(Ay,Z) w.r.t. the polarization Ay and let b’ € H; be the period
matrix of Ay w.r.t. the basis B’.

Definition 5.2.1. The matriz o € GSpy,(Q)" N Mayx24(Z) associated to
f*: Hl(Ab, Z) — Hl(Ab/,Z)

in terms of B and B’ is called the rational representation of f w.r.t. B
and B'.

The periods band b are related by « in the following way:

A B > and b,b’ € HF C Myyxg(C).

7 t.~/: 77 ™ -1 t_
b=a"b =(Ab'+B)(Cb'+D)" ", where o (C D

Under the Q-basis B of Va,, the matrix o' corresponds to the dual isogeny of
f, i.e. the following diagram commutes:
t ~ ~ ~
(X;;;,a)g’ U (X;;;,a)57 (’L),b/) = (atvvatbl) = (atvvb)

unifl unifl

Ay Ay . (5.2.1)

)\bll /\b/ll

v 1Y v
A} A
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)1/
However, since f is a polarized isogeny, f*£4, = Efgdegf) ’. So the
following diagram commutes:

Ay
[(deg f)l/g]okbl Ny lz . (5.2.2)

f\/
Ay ——— Ay

Ay

Therefore by (2Z1)) and (22)), we get the following commutative diagram:

(deg /)9 (")~
(Xl ——— (Xyp.)i
unifl unifl . (523)
Ab f Ab’

Definition 5.2.2. The matriz (deg f)'/9(a')~" is called the matrix expres-
ston of [ in coordinates B w.r.t. B'.

Remark 5.2.3. 1. The two bases B and B’ play different roles for the ma-
triz expression of f: the matriz expression of f depends on both bases
because it depends on the period matrices determined by these bases, but
its dependence on B is more important because we fix B to be the Q-basis
for Vag when writing the matriz expression.

2. It is good to give the matriz (deg f)Y/9(at)™! a name because we will use
it several times in the proof of Theorem [0 The name “matric ex-
pression” is given by the author. Remark that this definition only works
for polarized isogenies because (22D fails for general non-polarized iso-
genies.

5.2.2 Generalized Hecke orbits in 2,

Lemma 5.2.4. Let ¢ € Aut ((Pag.a, X;;)a)). Then there exist g’ € GSpa, (Q)

and vy € Va,(Q) such that the action of ¢ on Xy

2g.a 1S given by

¢ ((v,2)) = (g'v + vo, g'x).

Proof. Notice that ¢(Vag) = @(Ru(Peg,a)) C Ru(Paga) = Vag. Since ev-
ery two Levi decompositions of Fsg . differ by the conjugation by an ele-
ment vy € Va,(Q), there exists a vy € Vo, (Q) such that ¢ := Int(vg) ™! o ¢
maps ({0} x GSp,,, {0} x H) to itself. Now ¢ maps Vo and (GSpy,, H})
to themselves. So 1 can be written as (A, B), where A € GLyy(Q) and
B € Aut ((GSpy,, Hf)) = GSp,,(Q)". Remark that ¢ € Aut(Paya), so
we can do the following computation:
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For any v € V54(Q) and h € GSp,,(Q)*,

(Ahvv BhB_l) = "/J((hvv h)) = "/J((Oﬂ h)(’l}, 1)) = "/’(07 h)w(vv 1)
= (0, BhB™)(Av,1) = (BhB~' Av, BAB™1).

Because v is an arbitrary element of Va,(Q), this implies that Ah = BhB™'A
for any h € GSp,,(Q)". But this tells us that A~'B commutes with any ele-
ment of GSp,,(Q)*, and hence A™'B € G,,(Q). So ¢ acts on the group Py,
as ¢¥((v,h)) = (cBv, BhB™') where ¢ € Q" and B € GSp,,(Q)". There-
fore 1 acts on XZ—;,a as Y((v,x)) = (¢cBv,Bx) = (cBv,cBx). Denote by
g =cB¢€ GSpQg(Q)+, then the action of ¢ on X2Z7a is given by

¢ ((v,2)) = (g'v+ vo,g'7).
O

Let s € g, then [r]s € A, corresponds to the polarized abelian variety
(g, (x)s> Afm]s)-
Corollary 5.2.5. Let s € A,. Then a point t is in the generalized Hecke orbit
of s iff there exist a polarized isogeny f: (Ug (x]s> Ax)s) — (g, (x]ts A\jmjt) and
n’ € N such that f(s) =n't.

Proof. Let (v,x) € X3, (vesp. (vy,2;) € Xy ) be such that s = unif ((v, z))
(resp. t = unif ((v¢,2¢))). Then by Proposition [[T31] and Lemma B2, ¢ is

in the generalized Hecke orbit of s iff
(vi,2¢) = (9'v + vo,g'T) (5.2.4)

for some g’ € GSp,,(Q)" and vy € Va, (Q).

If (BZ4) is satisfied, then there exists ¢ € G,,(Q) = Q* st h:=c"1g €
GSpQg((@)+ is a Z-coefficient matrix. Hence h corresponds to a polarized
isogeny f: (g, (x]s> Ajn)s) — (g, [x]ts Ajnje)- We have ¢ = unif ((chv + vo, z¢))
by ([24)), and therefore

n't = m/ f(s) + unif ((vo, ¢))

where ¢ = m’/n/. But unif ((vo,z;)) is a torsion point of 2, ), since vy €
V24(Q), and therefore can be removed by replacing m’ and n’ by sufficient
large multiples. On the other hand m’f is still a polarized isogeny, and hence
replacing f by m/f, we may assume m’ = 1. Finally we may assume n’ € N
by possibly replacing f by —f.

Conversly, suppose that there exist a polarized isogeny f: (g (x]s» Afx]s) —
(Ag,1x)ts Ar)e) and n' € N such that f(s) = n't. Let By (resp. B;) be a
symplectic basis of Hy (g )5, Z) (vesp. Hi(Ug [x)¢,Z)) and let h be the matrix
expression of f in coordiante B, w.r.t. B;. Then h € GSp,,(Q)" and there
exists (yv,7va) € I’ such that

(n'vp, 20) = (v, v6) (v, he) = (v +vchv, yahe).
Now ¢" :=ygh/n’ € GSp,,(Q)" and vy := v /n' € Vo, (Q) satisty (EZ4). O
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Corollary 5.2.6. Let s € A, and t be a point in the generalized Hecke orbit
of s. Let fi: (Ug,[x]s> Ma]s) — g, [x]ts Ain)e) be a polarized isogeny of minimal
degree. Then there exist

e a point o € Ay [(x]s;

e pEC End ((Q[g,[ﬂ']sa )\[ﬂ]s));
e ng N

such that s = ngsgp and
fi(e(s0) +p) =t

for some torsion point p € g (rs-

Proof. By Corollary 5.2.5] there exist a polarized isogeny f: (g (z]s) Afx]s) —
(Ag,(x)t> Aprje) and m/,n" € N such that py := m’f(s) — n't is a torsion point
of g 7. Now frtof € End ((ngﬁ[ﬂ]s,)\[ﬂ]s)) ® Q, i.e. there exist ¢ €
End ((9[97[7@5, /\[F]S)) and n, € N such that f; ' o f = ¢/ @ (1/ng). Sonjo f =
ft o ¢ and hence

m' fe(¢'(s)) = m'ng f(s) = no(n't + p1) = non't + nopy.

Let ¢ :=m/ o ¢’ € End ((ngﬁ[,,]s, )\[,T]s)) and ng := nin’ € N, then there exists
a torsion point pa € A, (5] such that

fi(p(s)) = not + pa.

Hence the conclusion follows. O

5.3 Proof for the torsion case

5.3.1 Preliminary

In this subsection, we fix some definitions and notation for the proof of Theo-
rem B.1.4

Let a € A,. The point a € A, corresponds to the polarized abelian variety
(A, Aa) == (Ag,a, Aa). We use X instead of 3, to denote the set of all (Aq, A\q)-
special points of ;. Let unif: Xz—z,a — 2, be the uniformization map and let
F be the fundamental set in XQ—;,a defined as in Theorem [[T341(3). Let

Y = unif 1Y) N F and ¥ := unif ~1(2) N F.

Let B be a symplectic basis for Hq(A,,Z) w.r.t. the polarization \,. Let a be
the period matrix of A, w.r.t. the chosen basis B. In the rest of the paper, we
shall sometimes identify a € H and (0,a) € {0} x H C Vo, (R) x HF ~ X5 .

For any t € X, there exists by definition of ¥, a polarized isogeny (A4, Aq) —
(g, [x)t> Ajx)t)- Besides, ¢ is a torsion point of A, := 2, (5)¢, Whose order we
denote by N(t).
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Definition 5.3.1. For any t € ¥, define its complexity to be
max (minimum degree of polarized isogenies (Aa, Aa) — (A, Ax]t), N(t)) .

Besides, define the complexity of any point of S to be the complexity of its
mmage in 2.

5.3.2 Application of Pila-Wilkie

The goal of this subsection is to prove the following proposition:

Proposition 5.3.2. Let Y, a be as in the last subsection. Let e > 0. There
exists a constant ¢ = ¢(Y,a,e) > 0 with the following property:

For every n > 1, there exist at most cn® definable blocks B; C Y such that
UB; contains all points of complexity at most n in Y NX.

Lemma 5.3.3. There exist constants ¢, k depending only on g and @ such
that o

For any t € Y NX of complexity n, there exists (v,h) € Pag(Q)* such that
(v,h)a =t and H((v,h)) < n”.

Proof. Let t = unif(¢). By [43 Proposition 4.1], there exist
e a polarized isogeny f: 2y (r; — Aqg;
e a symplectic basis B’ for Hy (g (5, Z) w.r.t. the polarization A,

such that the rational representation hy of f w.r.t. the chosen bases satisfies
that H(h) is polynomially bounded by deg(f).

But unifg(hia) = [r]t by (E23). Hence there exists a ha € I'g such that
hohlia = 7(t) € Fo. By A9, Lemma 3.2], H(hsy) is polynomially bounded by
the norm of h! - a.

Now define h := hohl. We have then ha = 7(t) and

H(h) < codeg(f)"™

where ¢g > 0 and ¢ > 0 depend only on g and a.
Next write t = (ty,7(t)) € F. Let v := ty, then v € V5 (Q) since ¢ is a
torsion point of A, r¢. Besides, the denominator of v is precisely the order of

the torsion point ¢. But by choice, F =~ [0, N)* x Fg C Vou(R) x H ~ X3

(see Theorem [LT.341(3)). Therefore up to a constant depending on nothing,
H(v) is bounded by its denominator, i.e. the order of the torsion point ¢ of
g, ]t

To sum it up, (v,h) is the element of P, (Q)" which we desire. O

Now we can prove Proposition [£.3.2] with the help of Lemma
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Proof of Proposition[5.3.2. Let
o1 Pay(R)T — XQ—;,a

(v,h) — (v,h)a

The set R := o~ 1(Y) = o~ (unif "' (Y) N F) is definable because o is semi-
algebraic and unif | is definable. Hence we can apply the family version of
the Pila-Wilkie theorem (48] 3.6]) to the definable set R: for every e > 0,
there are only finitely many definable block families BY)(¢) € R x R™ and
a constant C7(R,¢e) such that for every T > 1, the rational points of R of
height at most 7" are contained in the union of at most C17° definable blocks
B;(T,¢), taken (as fibers) from the families BU)(¢). Since o is semi-algebraic,
the image under o of a definable block in R is a finite union of definable blocks
in Y. Furthermore the number of blocks in the image is uniformly bounded in
each definable block family BY) (). Hence o(B;(T,¢)) is the union of at most
CsT* blocks in 37, for some new constant Cy(Y, a,e) > 0.

By Lemma .33, for any point ¢ € Y NS of complexity n, there exists
a rational element v € R such that o(y) = t and H(y) < ¢n®. By the
discussion in the last paragraph, all such ¥’s are contained in the union of at
most C(¢'n")¢ definable blocks. Therefore all points of Y N'Y of complexity
n are contained in the union of at most C;Cac’®n”*¢ blocks in Y. O

5.3.3 Galois orbit

In this section we shall deal with the Galois orbit. We handle the case of
Q-points at first and then use the standard specialization argument to prove
the result for general points of X NY.

Proposition 5.3.4. Suppose a € Ay(Q). There exist positive constants ¢| =
ci(g), ¢ =ch(g,k(a)) and ¢ = c5(g) satisfying the following property:

For any point t € ENY NA,(Q) of complexity n,

’
nc2

max (1, hF(Aa))cé’

k() : Q> ¢

where k(t) is the definition field of t.

Proof. Define (as Gaudron-Rémond [21])

Ry (r1e) 1= ((149)™9 [k([7]t) : Q) max(hr (U ry0); loglk([]t) = Q],1)%)109".
Take a point ¢ € ¥NY NA, (Q) of complexity n. Denote by k([r]t) the definition

field of [7]t. Denote by N(t) the order of ¢ as a torsion point of Apj, := Ag (74
There are two cases.
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n = minimum degree of polarized isogenies (Aq, Aa) — (A{r)t, Aja]t)-
Then by [21, Théoréme 1.4] and [42] Theorem 5.6],

n < KAy [x)t)-
On the other hand, by a result of Faltings [16, Chapter II, §4, Lemma 5|,

hF(Q[g [ﬂ']t) < hF(Aa) + (1/2) 1Ogn'

)

Now the conclusion for this case follows from the two inequalities above and
the easy fact [k(t) : Q] = [k([x]t) : Q).

n = N(t). By [2IL Théoréme 1.2], there exist positive natural
numbers [, simple abelian varieties Ay,...,A; over a finite extension &’ of k([x]t)
(A; and A; can be isogenious to each other over Q for i # j) and an isogeny

1
0 Ag e — [ [ Ai (5.3.1)
i=1
such that ¢ is defined over k', deg p < k(g [x)¢) and [k : k([7]t)] < &(Ag,r)9-
Call p;: A — A; the composite of ¢ and the i-th projection Hézl A — A
(Vi=1,...,0).
Now t € A is a torsion point of order N(¢). Without any loss of generality
we may assuime

N(pi(t)) = N(pi(t))
where N (p;(t)) is the order of p;(t) as a torsion point of A;.
Lemma 5.3.5.

N(t) < 6(g,(xe) N (p1(1)? and [k(t) - Q) = [k(p1(1) - Ql/k(Ag,x1)*.
where k(p1(t)) is the definition field of p1(t).

Proof. Denote by N (¢(t)) the order of ¢(t) as a torsion point of Hé:l A;. We
have

N(p(t)) = N(t)/ degp = N(t)/k(Ag,[x)t)-

On the other hand, N(¢(t)) = led(N(p1(t)), ..., N(pi(t))) < N(p1(t))9. Now
the first inequality follows.

For the second inequality, first of all since ¢ and Hé:l A; are both defined
over k', we have

[k(e(t) : QU< k(K - Q= [k(t) : QKK k(O] < [k(t) : QUK : K] < [k(2) - Qlr(Ag,fm10)°-

Next since all abelian varieties A1,...,A; are defined over k', we have then

k()K" Q] = [k(p1 (1)) - Q.
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But

Now the second inequality follows from the three inequalities above. O

By [I7, Corollaire 1.5],

_ Ny ()¢9
PO Q= 00 oy N @) e (A1) 10 N )

By the comment below [2I], Corollaire 1.5], we have

(5.3.2)

1
hr(Ap) < hF(Q[g,[ﬂ.]t) + B log H(Q[g,[ﬂ.]t). (5.3.3)

By assumption, there exists an isogeny A, — 2, (r); of degree < n. So by
Faltings [16, Chapter II, §4, Lemma 5|,

hF(Q[g7[7r]t) < hp(AL) + (1/2)logn. (5.3.4)

Now because [k(t) : Q] = [k([7]t) : Q], the conclusion of Case i now follows

from Lemma 5335 (532), (33) and (B34). O

Corollary 5.3.6. Suppose that a is defined over a finitely generated field k.
There exist positive constants ¢1 = ¢1(Aq, k) and ca = ca(Aq, k) satisfying the
following property:
For any point t € X NY of complexity n defined over a finitely extension
k(t) of k,
[k(t) : k] = e1n.

Proof. This follows from Proposition[5:34 and a specialization argument. The
case where n = minimum degree of polarized isogenies (A4, Aa) — (Apxjes Ajr)t)
is proved by Orr [43 Theorem 5.1] (possibly combined with [42, Theorem 5.6]).
The case where n = N(t), the order of ¢ as a torsion point of 2 5, follows

from the standard specialization argument introduced by Raynaud (see [43|
Section 5] and [56, Section 7]). O

5.3.4 End of the proof for the torsion case

In this section, Y is always an irreducible subvariety of 2, a € A, and ¥ is
the set of all a-strongly special points of 2.

Theorem 5.3.7. If YNX =Y, then the union of all positive-dimensional
weakly special subvarieties contained in'Y is Zariski dense in Y.
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Proof. Let ¥; be the set of points ¢ € ¥ N ¥ such that there is a positive-
dimensional block B C Y with ¢ € unif(B). Let Y; be the Zariski closure of
¥1. Let k be the finitely generated field k(a). Enlarge k if necessary such that
both Y and Y7 are defined over k.

Let t be a point in Y N'Y of complexity n. By Corollary [5.3.6] there exist
positive constants ¢; and ¢z depending only on g, A, and k such that

[k(t) : k] = ein®/2,

But all Gal(k/k)-conjugates of ¢ are contained in Y’ NY. and have complexity
n. By Proposition [£.3.2] the preimages in F of these points are contained in
the union of ¢(Y,a,cy/4)n°/* definable blocks, each of these blocks being
contained in Y.

For n large enough, c1n®?/? > en®/*. Hence for n > 0, there exists a de-
finable block B C Y such that unif(B) contains at least two Galois conjugates
of ¢, and therefore dim B > 0 since blocks are connected. So being in unif (B),
those conjugates of t are in ;. But Y7 is defined over k, so t € Y7.

In summary, all points of Y NY of large enough complexity are in ;. This
excludes only finitely many points of Y N X. So Y; =Y.

Let Y3 be the set of points ¢ € Y'NY such that there is a connected positive-
dimensional semi-algebraic set B’ C Y with ¢ € unif(B’). Let Y5 be the Zariski
closure of ¥p. By definition of blocks, ¥ = 31, and hence Yo =Y; =Y.

But for any connected semi-algebraic set B’ C Y, the Ax-Lindemann the-
orem (in the form of Theorem B.I4) implies that every irreducible component
of unif(B’), whose dimension is positive if dim(B’) > 0, is weakly special. Now
the conclusion follows. O

Proof of Theorem[5.1.7) Let S be the smallest connected mixed Shimura sub-
variety containing Y. Assume S is associated with the connected mixed
Shimura datum (P, X*). Let (G, XZ) := (P, X*)/Ry(P). By Theorem 13
and Theorem .37 such a non-trivial group N exists: N is the maximal nor-
mal subgroup of P such that the followings hold:

e there exists a diagram of Shimura morphisms

(P.A*) Lo (PLX) o= (PAY)IN Do (G X)) = (PLX)/Ru(P)

unifl unif’ l unif/G l

S [P] o SI [ﬂ'/] o S/G

(then S’ is by definition a connected Shimura variety of Kuga type)

e the union of positive-dimensional weakly special subvarieties which are
contained in Y’ := [p](Y') is not Zariski dense in Y;

o Y =[] '(Y").
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We prove the theorem by induction on g. When ¢g = 1, the only non-trivial
case is when Y is a curve. But then Y must be weakly special by Theorem [£.1.3]
(Or more simply, one can use Theorem [2Z3.3to avoid using the Ax-Lindemann
theorem). Remark that this case has also been proved by André [3, Lecture
4] when he proposed the mixed André-Oort conjecture.

When dim([7](Y)) = 0, this is the Manin-Mumford conjecture by Corol-
lary[5.2.61 Hence we only have to treat the case dim([7](Y")) = 1. Remark that
in this case [7](Y") is weakly special by the main result of [43], and hence equals
unifg (G"(R)*y) for some G” < GSp,, of positive dimension and y € H .
Now there are two cases:

If dim([7'](Y")) = 0, then [7'](Y”) is a point. In this case Y is a subvariety
of an abelian variety. The hypothesis Y N'X = Y implies that Y’ contains a
Zariski dense subset of torsion points. Therefore by the result of the Manin-
Mumford conjecture, Y” is a special subvariety, i.e. the translate of an abelian
subvariety by a torsion point. But the union of positive-dimensional weakly
special subvarieties which are contained in Y is not Zariski dense in Y’, so Y’
is a point. Therefore Y is weakly special by definition.

If dim([#'](Y")) = 1, then N/R,(N) is trivial because the dimension of
[7](Y) = unife (G”(R)Ty) is 1. Therefore Vy := Ry (N) < Vaq is non-trivial
since N is non-trivial.

Denote for simplicity by B = [7/](Y’) = wnifo(G”(R)*p(y)) and X :=
[7/]7Y(B). Then X — B is a family of abelian varieties of dimension g’. We
have ¢’ < g since Vi is non-trivial. Besides, X — B is non-isotrivial because
otherwise G” acts trivially on Va,/Vy, and therefore G” < P’. This contradicts
the maximality of V. Hence there exists, up to taking finite covers of X — B,
a cartesian diagram

X — 9,

|

iB
B - 4,

such that both ¢ and ip are finite. Apply induction hypothesis to i(Y") C 2,
we get that ¢(Y") is weakly special. By the geometric interpretation of weakly
special subvarieties (Proposition [L2Z15), i ~1(i(Y")) is irreducible. Therefore
Y’ = i71(i(Y")) since they are of the same dimension. So Y’ is a weakly
special subvariety of S’ (again by Proposition [[2.TH). But then Y’ must be a
point because the union of the positive-dimensional weakly special subvarieties
contained in Y’ is not Zariski dense in Y’'. Hence Y is weakly special by
definition. O

5.4 Proof for the non-torsion case

We prove Theorem [F.1.H in this section. Let Y be a curve over Q in Ag, let

s € Ay(Q) and let ¥ be the generalized Hecke orbit of s. Then ¥ C A, (Q).
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For simplicity, we will denote by (A4, \) := (A (x5, Ar)s) the polarized abelian
variety attached to [r](s) in this section. Assume that s is not a torsion point
of A. Through all this section, we assume that Y is not contained in a fiber of
[r]: Ay — Ay (otherwise this is a special case of the Mordell-Lang conjecture,
which is proved by a series of work of Vojta, Faltings and Hindry).

We fix some notation here. Let B be a symplectic basis of Hy(A,Z) w.r.t.
the polarization X\. Let s € H be the period matrix of (4,)\) w.r.t. the
basis B, then unifc(3¢) = [r]s. Now let 5 = (5v,3¢) € Vag(R) x H}f ~ X5, |
be a point in 7' (3¢) Nunif '(s). In the whole section, we will fix B to be
the Q-basis of V3, as in §0.2.11

Denote by k the definition field of s. Then A is defined over the number
field k.

5.4.1 Complexity of points in a generalized Hecke orbit

Let unif : XQ—;,a — 24 be the uniformization map and let 7 be the fundamental
set in X2;7a defined in Theorem [[T.341(3). Let

Y = unif H(Y) N F and & := unif ~}(X) N F.

Let t € 3. Let f; be as in Corollary 5.2.0] (i.e. a polarized isogeny (A, \) —
(g, 17)t> Ajx)¢) of minimum degree). Define

n¢ := min{n € N| Jp € End ((4, \)) such that nt € f;(¢(s) + A(Q)or) }-

The existence of such an n; is guaranteed by Corollary [5.22.6l Furthermore, let
s¢ == unif ((sv/n¢, 8c)) € Uy x)s = A. Then there exist by definition of n;

e ;€ End ((4,N));
e J; a torsion point of A

such that
ft (pi(se) +0¢) = t. (5.4.1)

The notation ng, fi, @, s¢ and d; will be used through the whole section.

Definition 5.4.1. Define the complexity of t € X to be
max (Tlt, N((St))

where N(0;) is the order of 6;. Besides, define the complexity of any point
of X to be the complexity of its image in 3.

The fact that this complexity is a “good enough” parameter will be proved

in §5.43
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5.4.2 Galois orbit

In contrast to the torsion case, we deal with the Galois orbit at first for the
non-torsion case. Keep the notation of the beginning of this section and §5.2.11

Proposition 5.4.2. Lett € ¥ be of complexity n, then
[k(t) : Q] = csn™
where ¢z = c3(A, N, 8) and cq = c4(A, N, 8) are two positive constants.

Proof. By [2I], Théoréme 1.2] and [42] Theorem 5.6], there exist positive con-
stants ¢5 = ¢5(A, \) and ¢g = ¢(A, A) such that

deg(f:) < es[k(t) : Q] (5.4.2)

The abelian variety A is defined over k. By the main result of [34], there
exist two positive constants cg and c¢19 depending only on A and & such that
for any torsion point ¢ € A of order N(gq), we have

[k(q) : Q] = coN(q)°. (5.4.3)

N(6;)c10/2 > nfg2+4g+1. By |26, Proposition 1] or [36, Theo-

rem 2.1.2]|, there exists a positive constant ¢11 = ¢11(4, s, k) such that
Gal (k(ps(s1), Alne])/k(Alna])) < eniny?.

Hence )
[k(pe(s1)) : Q) < ¢hyng? F97 (5.4.4)

for another positive constant ¢}, depending only on A, s and k. Now by (5.4.4),
(E43) and the assumption for this case,

N(8,)c10
[k(pe(st),6t) « k(e (se))] = 0122;%3@“ > c1aN(6;) 0/ (5.4.5)
ny N

for a positive constant ¢1o = c12(4, s, k).
Since A is defined over the number field &, every element of Gal(Q/k)

induces a homomorphism A(Q) — A(Q), and hence a homomorphism A — A.
It is not hard to prove the following claim:

Claim 5.4.3. For any o1, 02 € Gal (Q/k(¢i(s1))), o1(pe(se)+0¢) = o2 (e (se)+
8¢) iff o5 to1 € Gal (Q/k(pi(s1), 61))-

This claim implies [k(@¢(st) + 0¢) : Q] = [k(pi(se),0e) = k(pi(se))]. Hence

by B.43),
[k((se) + 6¢) : Q] > c1aN(6y)°10/2,

Since t = fi(vi(s¢) + 0¢), we have therefore

N(5t)610/2

k(1) : @) > ere deg(ft)

(5.4.6)
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Now the conclusion for this case follows from (£.4.2)), (5.4.6) and the definition
of complexity (recall that k is the definition field of s, and therefore depends
only on s).

N (§;)e0/2 < nfgz 4911 Roughly speaking, this case follows from
the Kummer theory [26, Appendix 2|. Here are the details of the proof:

Let A := End ((4,))) s and let A := End(A)s C A. Then A is a finitely
generated subgroup of A. Let k' be the smallest number field over which all
points of A are defined, then k&’ depends only on A and s. Then by the Mordell-
Weil theorem, A(k’) is a finitely generated subgroup of A. By definition of &,

A C A(K). Let A := QAN A(K') and let A := QAN A(K'). Then A is
again a finitely generated subgroup of A. It contains A and rank A = rankA.

Therefore [Z/ : Al is a finite number depending only on &', and hence only on
A and s. On the other hand, A C ANA" C A+ A(K )or- So [ANA’: Alisa
finite number depending only on k', and hence only on A and s. Therefore by

A A=A ANA)ANA A <A AANA Al

there exists ¢13 > 0 depending only on A and s such that [A": A] = ¢13.

For each t € %, define another number nj := min{n € N| nt € f(A(K") +
A(Q)sor)}- Let s" € A(K') be such that njt = fi(s' + A(Q)tor). Then because
t = fi(¢e(se) + 0r), we have

st =5 —nlwi(st) € AQ)ior.
So 5" € nhpi(st) + A(Q)tor € QA, and therefore njpy(s;) + st = s € A’. So
n}, = min{n € N| nt € f;(A" + A(Q)ior)}- (5.4.7)

However by definition,

ny = min{n € N| nt € fi(A + A(Q)tor)- (5.4.8)
Compare (B47) and (G48), we get
ny/ny < [A Al = 3. (5.4.9)

By |26l Lemma 14] or [36, Corollary 2.1.5], there exists a positive constant
c1q = c14(A, k') = c14(A4, s) such that

Gal(k’(g@t(st), Aln,N(8,)]) /k/(A[n;N(at)])) > e

Hence

[F"(pe(se) +6¢) : Q) c1any
deg(fo)[k" - k] = deg(fi)[k" : k]

Now the conclusion follows from (E42), (49) and (BEAI0) (remark that
[k’ : k] is a constant depending only on A and s). O

[k(t) : Q] > (5.4.10)
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5.4.3 Néron-Tate height in family

Next we prove that the complexity defined in Definition F.4.1] is a good pa-
rameter. More explicitly we have the following proposition:

Proposition 5.4.4. Let Y be as in the beginning of this section. Let t €

Y(Q)NZX. Let fi, ne, si, pr and O be as in §54.1. Then

deg(pr) < ceni®  and  deg(f) < c’mié

for some positive constants cz = c7(g,Y, s), & = c4(g,Y, s) and cs = ¢s(g, Y, s),
s =cx(g,Y,s).

We shall prove this proposition with help of a well-chosen family of Néron-
Tate heights, i.e. the one related to the G,,-torsor £, defined in Theo-
rem [[ T34 Then we shall use a theorem of Silverman-Tate [60, Theorem A].

By Theorem [[T34(2), £, — 2, is a symmetric and relatively ample G,,-
torsor w.r.t. A, — A,. Now consider the Néron-Tate height ?ng,b on A, for

each b € A,(Q). For any s € 2,(Q), we shall denote by

~

he,(s) == Esg,ms(S)-

Lemma 5.4.5. Let s1 and sy be two points of U, (Q). Assume that there exists
a polarized isogeny

f: (ng,[ﬂ']517)\[ﬂ']81) - (Q[g7[71']827)\[71']82)

such that s1 = f(s2). Then /}Zgg(SQ) = (deg f)l/gi\zgg (s1).

Proof. By the moduli interpretation of £, (Theorem [LT34(3)), f*L£4 (x5, =
®(deg )19

. So we have
g,[7]s1
hﬂg (82) = hﬂg,[w]sz (f(Sl))
= h2®<deg nHile (s1)
g,[7]s1
= (deg f)l/ghﬂg,[ﬂ]sl (81)
= (deg )Y 9he, (s1).

Now we begin the proof of Proposition .4.4]

Proof of Proposition [5.].4 Denote by ¢: A; — 2, the zero section.
By Theorem [[LT-34Y6), we can apply [60, Theorem Al: there exist constants
c15 = ¢15(9) > 0 and ¢16 = c16(g) such that

|/ﬁ£g (t) — hg[g)gg(t)l < Cl5hAg)5*£g([7T]t) + C16 (5411)
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for any t € A4 (Q).
We need the following lemma, which uses the fact that Y is a curve in an
essential way:

Lemma 5.4.6. There exist two constants c17 > 0 and c15 depending only on
Y such that

ha,,e, (t) < e17ha, e, ([7]t) + c15

Proof. The idea is due to Lin-Wang [32, Proof of Proposition 2.1]. The fol-
lowing notation will be used only in this proof: denote by B = [7](Y) and
X = [r]71(B). By abuse of notation, we will not distinguish [7] and [r]|x.
Remark that X — B is a non-isotrivial family of abelian varieties.

Let Y’ be a smooth resolution of Y C 2, then X xgY”’ — Y” is also a non-
isotrivial family of abelian varieties of dimension g and we write ey : Y/ —
X xp Y’ to be the zero-section. Let f: Y’ — 2, be the natural morphism.
Consider the following commutative diagram

J P2
lpl l[”]of'

Now let t' € Y'(Q) be such that f(#') = ¢. Then up to bounded functions,

hat, e, (t) = hx,e, | (t) ha,e e, ([7]t) = hpeeg,|« ([7]T)
= hX.,Qg‘X (f(t/)) = hB,E*Qg\X (f © [W](t/))
= hyr peg,|x (1) = hyr (foln))re g, )x ()

= hy/7€*YlpI£g‘X (t/)

Since Y is a curve, the morphism [r] o f: Y’ — B is finite. Therefore
piLg|x 1s ample. So e}.,piLy|x is ample. Hence there exist two constants
c17 > 0 and ¢15 depending only on Y’ (and hence only on Y') such that

hy' feg,|x (') < crrhyrer pre,ix (t") + cis (5.4.12)

for any ¢’ € Y'(Q). Now the conclusion follows. O

Now for any t € Y N X N A, (Q), by (ZAI) and Lemma [5.27]

_ / /o
he, (t) = deg(f1)" 2 geg(‘Pt)l D, (s). (5.4.13)

But for any t € SN A,(Q), we have the following result of Faltings [16, Chap-
ter II, 84, Lemma 5]

|hp(Apqe) — hr(A)] < %logdeg(ft). (5.4.14)



138 5.4. PROOF FOR THE NON-TORSION CASE

Besides by [44] Corollary 1.3], there exists a positive constant c¢19 = ¢19(g)
such that

1
|5hE(A) = hay.eos, ([718)] < crglog (max (1, hr(App)) + 2) (5.4.15)

for any t € A,(Q).
Now (B4I1), Lemma 546, (G413), (G-AI4) and (G4ATIH) together imply

de Vg ~ 1
% deg(ft)l/ghgg (s) < (c15 + c17)c19 log (max (1, hr(A) + 3 log deg(ft)> + 2)

prar Z A7 Jog deg(f:) +

c15 + C17

3 hr(A) + ci6 + cis.

Since deg(p;) > 1, we get that deg(f:) is polynomially bounded by n; from
above.

On the other hand, letting deg(f;) — oo, we see that there exist two
positive constants My and cp depending on nothing such that deg(p)'/9 <
coon? for any t € Y(Q) N with deg(f;) > My. But if deg(f;) < My, then
deg(f:) takes value in a finite set {1,..., My}. So deg(y:) is bounded by n;
from above. O

5.4.4 Application of Pila-Wilkie
Keep the notation of the beginning of this section and §5.4.T1

Proposition 5.4.7. Let Y and s be as in the beginning of this section. Let
e > 0. There exists a constant C' = C(Y, s,e) > 0 with the following property:

For every n > 1, there exist at most Cn® definable blocks B; C Y such that
UB; contains all point of complexity n of Y N 3.

Proof. The proof starts with the following lemma:

Lemma 5.4.8. There exist constants C' and k' depending only on g and 5
such that L

For any t € Y N'X of complexity n, there exists a (v,h) € Pag(Q)* such
that (v,h) -3 =1t and H ((v,h)) < C'n"".

Proof. Let t := unif(f). Then t € ¥ and therefore we have a relation as
(GBAT). Let f{ := frops, then f{: (A, X) — (Ag 7, Ax]¢) is a polarized isogeny.

Moreover, there exists a §; € A(Q)or such that N(d;) < N(d;) deg(¢:) and
t = fi(se +0y). (5.4.16)

Claim 5.4.9. There exists a symplectic basis B' for Hy(Ux,Z) w.r.t. the
polarization Az, such that the height of vy € GSpQg(Q)+ (the matriz expres-
sion of f] in coordinate B w.r.t. B') is polynomially bounded by deg(f;) =
deg(pt) deg(ft) from above (see the beginning of this section for B).
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This claim follows from [43] Proposition 4.1|: remark that f{ is a polarized
isogeny instead of an arbitrary isogeny, hence the endomorphism ¢ € End(A)
in [43, 4.3] equals [deg ¢¢]'/9, and therefore the v € (End A)* in [43} 4.6] can
be taken to be 14. B B

Then unifg (v - 5¢) = [r]s. Besides let 0; = (J; 1, 5¢) € F be such that

unif(8;) = &;. Then &}, € Vay(Q) and, by (5ZI6) and (5Z3),

unif ('yf/(~ —|—5tV,SG)) =t

So there exists an element v = (yv,7¢) € T such that

+ 5t V,SG) t,

7’77"(

i.e.

Sy - o~ WGVf/ _
t=:(7v-¥7G7ﬂ(;;”+5év),7G7ﬂSG) (W +vevp 0y, —) - 5.

Denote by
VGVW)

(v,h) == (W + Y670, v

then (v,h) is an element of Py, (Q)T such that (v,h)s = t. Now we prove
that H ((v,h)) is polynomially bounded by the complexity n of t. To prove
this, it suffices to prove that n, H(g,’fv), H(vys), H(ve) and H(yy) are all
polynomially bounded by n.

The fact that n; is bounded by n follows directly from the definition of
complexity. B

For H(d;): because §; € F ~ [0,N)* x Fg (where N is the level
structure, and hence depend on nothing), we have ESZ v € [0,N)29. There-

fore H (57’5 ) is bounded up to a constant by the denominator of 6t v, Which
equals N(8)). But N(6)) < deg(y:)N(;), hence it suffices to bound both
deg(pt) and N(6;) by n. Now deg(p;:) is polynomially bounded by n:, and
hence by n, by Proposition 544l By definition of complexity, N(d;) < n.

For H(vy/): by choice, H(7y/) is polynomially bounded by deg(f;) deg(v:),
which is polynomially bounded by n; by Proposition .44 Hence H (/) is
polynomially bounded by n by definition of complexity.

For H(vyg): remark vg7ys3¢ = 7(t) € Fe. By [A9, Lemma 3.2], H(vg) is
polynomially bounded by ||y S¢||. Therefore H () is polynomially bounded,
with constants depending on [[s¢/|, by n.

For H(yv): remark vy + ’ygfyf/(st v+ 7673y /e =ty € [0, N)29 (where
N is the level structure, and hence depend on nothing). Therefore H(yy)
is polynomially bounded by ||’yG’yf/gt,v + vavs Sv/ne||. Therefore H(yy) is
polynomially bounded, with constants depending on ||sy ||, by n. O
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Let o: Pyy(R)T — XQ—;,a be the map (v,h) — (v, h) - 5.

The set R = o~ 1(Y) = o~ (unif "' (Y') N F) is definable because o is semi-
algebraic and unif |+ is definable. Hence we can apply the family version of
the Pila-Wilkie theorem (48] 3.6]) to the definable set R: for every e > 0,
there are only finitely many definable block families BY)(¢) € R x R™ and
a constant C](R,e) such that for every 7' > 1, the rational points of R of
height at most T are contained in the union of at most C{T* definable blocks
B;(T,¢), taken (as fibers) from the families BU)(¢). Since o is semi-algebraic,
the image under o of a definable block in R is a finite union of definable blocks
in Y. Furthermore the number of blocks in the image is uniformly bounded in
each definable block family BY) (). Hence o(B;(T,¢)) is the union of at most
C4T* blocks in Y, for some new constant C4(Y,a,e) > 0.

By Lemma [5.4.8 for any point ¢ € YN of complexity n, there exists
a rational element v € R such that o(y) = ¢ and H(y) < C'n". By the
discussion in the last paragraph, all such ¥’s are contained in the union of at
most '} (C'n"")¢ definable blocks. Therefore all points of ¥ 1'% of complexity

n are contained in the union of at most C}C5C"*n""¢ blocks in Y. O

5.4.5 End of proof of Theorem

Now we are ready to finish the proof of Theorem
Let ¥; be the set of points ¢ € Y N ¥ such that there is a positive-
dimensional block B C Y with ¢ € unif(B). Let Y; be the Zariski closure
of ¥1. Let k be a number field such that both Y and Y7 are defined over k.
Let t be a point in Y N of complexity n. By Proposition[5.4.2] there exist
positive constants ¢5 and ¢g depending only on (A4, \) and s such that
Cs

. C6
[k(t) : k] > E Q]n

But all Gal(k/k)-conjugates of ¢ are contained in Y'NY. and have complexity
n. By Proposition .47 the preimages in F of these points are contained in
the union of C(Y,s,cs/2)n/? definable blocks, each of these blocks being
contained in Y.

For n large enough, (c5/[k : Q)n > Cn°/2. Hence for n > 0, there
exists a definable block B C Y such that unif(B) contains at least two Galois
conjugates of ¢, and therefore dim B > 0 since blocks are connected. So being
in unif (B), those conjugates of ¢ are in X1. But Y] is defined over k, so ¢ € Y7.

In summary, all points of Y NY of large enough complexity are in ¥;. This
excludes only finitely many points of Y N'3¥. So Y1 =Y.

Let Y3 be the set of points ¢ € Y'NY such that there is a connected positive-
dimensional semi-algebraic set B’ C Y with ¢ € unif(B’). Let Y3 be the Zariski
closure of 5. By definition of blocks, X5 = 31, and hence Y =Y; =Y.

Now the mixed Ax-Lindemann theorem (Theorem BIA4) yields the con-
clusion since dim(Y) = 1. Alternatively, let Y’ be a complex analytic irre-
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ducible component of unif~*(Y"). Then since Y = Y3, there exists a positive-
dimensional irreducible algebraic subset (in the sense of Definition [.3.5) Z of
Xog,a contained in Y’ by [A9, Lemma 4.1]. But dle = dim Z = 1, therefore
Y’ = Z is algebraic in the sense of Definition [] In other Words Y is
algebraic and a complex analytic irreducible component of unif 7! (Y) is also
algebraic. Hence by Theorem 233] Y is weakly special.

5.5 Variants of the André-Pink-Zannier conjec-
ture

In the previous sections we have discussed the intersection of a subvariety of
A, with the set of division points of the polarized isogeny orbit of a given point
(EII). The goal of this section is twofold: one is to replace the given point by
a finitely generated subgroup of one fiber of %, — A, (remark that the fiber
is an abelian variety), the other is to replace the polarized isogeny orbit by
the isogeny orbit. In particular we will prove that although these changes to
Conjecture [B.1T] a priori seem to generalize the conjecture, both can actually
be implied by Conjecture B.IT] itself.

In the rest of the section, fix a point b € Ay, which corresponds to a
polarized abelian variety (A, \) := (g, Ap). Let A be any finitely generated
subgroup of A.

Theorem 5.5.1. Let Y be an irreducible subvariety of 4. Let ¥o be the set
of division points of the polarized isogeny orbit of A, i.e.

Yo = {t € Ay| In € N and a polarized isogeny f: (A, N) = (Ag,(x)t» A(x)e) with nt € f(A)}.

Assume that Conjecture 511 holds for all g. If Y NXg =Y, then'Y is weakly
special.

Proof. The proof is basically the same as Pink [54] Theorem 5.4] (how Con-
jecture BTl implies the Mordell-Lang conjecture).

Suppose rank A = r — 1. Let V3, be the direct sum of r copies of Va4
as a representation of GSp,,. Then the connected mixed Shimura variety
associated with V3 x GSp,, is the r-fold fiber product of 2, over Ay, and so
its fiber over b is A”. Denote by

O':Q[gXAg...XAHQ[g%Q[g

the summation map (remark that both varieties are abelian schemes over Ay).
Now the homomorphisms

Py o = Vo x GSpgg — Vg, GSpgg — Vagr x GSpggT
(v, h) = ((vy..,0),h) —  ((v,...;0), (hy..., h))
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induce Shimura immersions

Ay —> Ay X a, o Xa, Ay — Ay,

| | |

Ag - Ag < > Agr

For simplicity we shall not distinguish a point in 2, (resp. Ay) and its image
in Ay (resp. Agp). Then Ay, = A"

Fix generators ay,...,a,_1 of A and set a, := —a; — ... —a,_1. Let A’ be
the division group of A, i.e. A’ = {s| In € N such that ns € A} C A. Then
[64, Lemma 5.3] asserts that

N = AL 4+ AL = o(AL X X AL) (5.5.1)

where (as Pink defined) A} := {s € A| Im,n € Z\ {0} such that ns = ma,}.
Now consider

AT = o TN (AL < x AL )| fi (A, A) = (Ug.r, M) a polarized isogeny}.
We have
oAy =Y n a({fT (A, x .. x AL ) f: (A N) — (g, \y) a polarized isogeny})

"

=Y N{f (o(A;, x ... x A; )| f: (A X) — (g, Ay) a polarized isogeny}
=Y N{f"(A)] f: (A, N) — (g, \p) a polarized isogeny} EEI).

Because Y NXg =Y, YN{f(A)| f: (A, A) = (™Ug,5r, \y) a polarized isogeny}
is Zariski dense in Y (as subsets of 2,). Therefore o(A') is Zariski dense in Y
(as subsets of Ay x 4, ... x4, Ay, and hence as subsets of 2,,). Let YT be the
Zariski closure of AT in Ag x4, X4,y Then Y1 is also a subvariety of Agr.
Since taking Zariski closures commutes with taking images under proper mor-
phisms, we deduce that o(YT) =Y. So there exists an irreducible component
Y’ of Y such that o(Y') =Y.

For any polarized isogeny f: (A,\) — (Ugpr, Avr), the generalized Hecke
orbit of (ai,...,a,) € A" as a point on Ay, contains f"(A; x .. x A} ) by
Corollary B.Z5l Therefore the intersection of Y’ with generalized Hecke orbit
of (a1,...,ar) in Ay, is Zariski dense in Y’. Hence Conjecture E.IT] for A,
implies that Y’ is weakly special. Therefore Y = o(Y”) is also weakly special
by the geometric interpretation of weakly special subvarieties of 21, and of 2,

(Proposition [L2TH). O

Corollary 5.5.2. Let Y be an irreducible subvariety of 4. Let 3 be the set
of division points of the isogeny orbit of A, i.e.

¥, = {t € Ay| In € N and an isogeny f: A — A, (714 such that nt € f(A)}.

9,[7]

Assume that Conjecture[5. 11 holds for all g. If Y NYXL =Y, then'Y is weakly
special.
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Proof. Recall Zarhin’s trick (see Orr [42] Proposition 4.4]): for any isogeny
f: A — A’ between polarized abelian varieties, there exists u € End(A%*) such
that f4owu: A* — (A")* is a polarized isogeny.

Now let i: 2, < 24, be the natural embedding. Then A4 := End(A*)i(A)
is a finitely generated subgroup of A% = 2l4g.4(») and hence

¥y C{t €Uyl In € N and a polarized isogeny
f: (A4, /\®4) — (9[49)[771,5, /\[w]t) such that nt € f(A4)}.

Now the conclusion follows from Theorem [5.5.11 O
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