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Chapter 3

The mixed Ax-Lindemann theorem

Convention: In this chapter we always consider a connected mixed Shimura
variety S and its uniformization X' it S, Unless stated otherwise, all
closures taken in S are assumed to be Zariski closures and all closures taken in
X are assumed to be closures in the archimedean topology. It happens that
they often coincide by Chevalley’s theorem in the situations we will consider.

But for simplicity I will not discuss this.

3.1 Statement of the theorem

3.1.1 Four equivalent statements for Ax-Lindemann

There are several equivalent forms for the Ax-Lindemann theorem. In this
section we will give four different statements and explain their equivalence.
The proof for this theorem, being the core of this chapter, will be executed in
the following sections.

We start from the most usual form of the Ax-Lindemann theorem. It is
also this statement that we will prove afterwards.

Theorem 3.1.1. Let S be a connected mized Shimura variety associated with
the connected mized Shimura datum (P,X") and let unif: X* — S be the
uniformization. Let Y be an irreducible algebraic subvariety of S and let Z
be an irreducible algebraic subset of XT contained in unif_l(Y), mazximal for
these properties. Then Z is weakly special.

The next statement we give shall be called the semi-algebraic form of Az-
Lindemann. In fact this and its direct variant Theorem B.I.4] are the forms
which will be adopted in all the applications in this dissertation. Recall that
a connected semi-algebraic subset of X7 is called irreducible if its R-Zariski
closure in X'V is an irreducible real algebraic variety. Note that any connected
semi-algebraic subset of X has only finitely many irreducible components.

Theorem 3.1.2. Let S be a connected mized Shimura variety associated with
the connected mized Shimura datum (P,X7T) and let unif: X* — S be the
uniformization. Let'Y be an irreducible algebraic subvariety of S and let Z be
a connected irreducible semi-algebraic subset of X+ contained in unif ' (Y),
mazimal for these properties. Then Z is complex analytic and each complex
analytic irreducible component of Z is weakly special.

79



80 3.1. STATEMENT OF THE THEOREM

The equivalence of Theorem B.I.1] and Theorem follows easily from
[49, Lemma 4.1], which claims that maximal connected irreducible semi-
algebraic subsets of Xt which are contained in unif~*(Y) are all al-
gebraic in the sense of Definition (there is a typo in the proof of
[49, Lemma 4.1]: C?" should be C").

The next two forms of Ax-Lindemann have more “equidistributional” taste.

Their equivalence with the two statements above is not hard to check (Theo-
rem B3 with Theorem B.I1] Theorem B.1.4 with Theorem B12).

Theorem 3.1.3. Let S be a connected mized Shimura variety associated with
the connected mized Shimura datum (P,X") and let unif: X* — S be the

uniformization. Let Z be any irreducible algebraic subset of XT. Then unif(Z)
is weakly special.

Theorem 3.1.4. Let S be a connected mized Shimura variety associated with
the connected mized Shimura datum (P, X7T) and let unif: X+t — S be the uni-

formization. Let Z be any semi-algebraic subset of X*. Then every irreducible

component of unif (2 ) is weakly special.

Let us explain now why Theorem B.II] implies Theorem B.1.3l Let S,

(P,X%) and Z be as in Theorem Let Y := unif(Z) and let W be

an irreducible algebraic subset of XT which contains Z and is contained in
unif ! (Y), maximal for these properties. Such a W exists by, for example,

dimension reason. Then Y = unif(W) and W is a maximal irreducible al-
gebraic subset of Xt which is contained in unif~'(Y"). Theorem B then

implies that W is weakly special. Hence unif (W) is an irreducible subvariety

of S by Corollary 2233l So Y = unif (W) = unif(W) is weakly special since
W is weakly special in XT. Theorem implies Theorem B.I.4] by a simi-
lar argument because any semi-algebraic subset of X has only finitely many
connected irreducible components.

Let us explain now why Theorem implies Theorem B.I.Il Let S,
(P,X1), Y and Z be as in Theorem BTl Then Theorem B.I.3) tells us that

unif (Z ) is a weakly special subvariety of S, which we shall call Y. By as-

sumption of Y and Z , Yo is a subvariety of Y. Let % be the complex analytic
irreducible component of unif ' (Y;) containing Z. Then Yj is irreducible al-
gebraic by Corollary 2.3.30 But then the maximality assumption on Z tells us
that Z =Y. Hence Z is weakly special. Theorem B.1.4] implies Theorem 3.1.2]
by a similar argument.

3.1.2 Ax-Lindemann for the unipotent part

In this subsection we state Ax-Lindemann for the unipotent part. There is
nothing new in the statement, but it is better to state it here because we will
prove it separately in §3.41
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Given a connected mixed Shimura variety S, let Sg be its pure part.

We have a projection S 1, Sg. For any point b € Sg, denote by E
the fiber S,. Suppose that S is associated with the mixed Shimura datum
(P, X1), which can be further assumed to satisfy P = MT(X™) by Propo-
sition Let unif: X* — S = T\XT be the uniformization. Now
E =S, 2 Tw\W(R)U(C) with the complex structure determined by b € S
(E =8, =Tw\W(C)/FPW(C)), where I'yy :=T N W(Q).

By abuse of notation we denote by unif: W (R)U(C) = W(C)/FW (C) —
E for the uniformization of E. It is then the restriction of unif: X+ — S.

Theorem 3.1.5. Let Y be an irreducible subvariety of E and let Z be a mazx-
imal irreducible algebraic subvariety which is contained in unif~*(Y'). Then Z
is weakly special.

Proof. If E is an algebraic torus over C, this is a consequence of the Ax-
Schanuel theorem [42] Corollary 3.6]. If E is an abelian variety, this is Pila-
Zannier [51l pp9, Remark 1]. A proof using volume calculation and points
counting method for these two cases can be found in the Appendix of this
chapter. The general case will be proved in 3.4 O

3.2 Ax-Lindemann Part 1: Outline of the proof

In these three sections, we are going to prove Theorem [B.I.Il The organization
of the proof is as follows: the outline of the proof is given in this section.
After some preparation, the key proposition (Proposition B22.6]) leading to the
theorem will be stated and exploited (together with Theorem B.IH) to finish
the proof in Theorem B.2.8 We prove this key proposition in the next section
using Pila-Wilkie’s counting theorem and Theorem B.T.5 will be proved in §3.41

Now let us fix some notation which will be used through the whole proof:

Notation 3.2.1. Consider the following diagram:

T

X+

X
unif unifgl
s=n\x+ T 5o .=re\xt

Now we begin the proof of Theorem B.I.Il Let us first of all do some
reduction:

e Since every point of X is weakly special, we may assume dim(Z) > 0.

e Let (Q, V1) be the smallest mixed Shimura subdatum of (P, XT) s.t Z C
YT and let Sg be the corresponding special subvariety of S. Then Q =
MT(Y*) by Proposition [LTIA1). If we replace (P, XT) by (Q,YT),
S by Sg, unif: Xt — S by unifg: Y* — Sg and Y by an irreducible
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component Yy of Y'NSg, then 7 is again a maximal irreducible algebraic
subset of unifél(Yo). By definition, 7 is weakly special in X7 iff it is
weakly special in Y*. So we may assume P = MT(X*) and that Z is
Hodge generic.

e Furthermore, 1et Yo by the minimal irreducible subvariety of S such
that Z C unif 7'(Yp), then Z is still maximal irreducible algebraic in
unif ~*(Yy). Hence we may assume that Y = Yp. In fact it is not hard to

see that after this reduction, ¥ = unif(Z) and Z is weakly special iff ¥
is weakly special.

e By the previous reductlon there is a unique complex analytic irreducible
component of unif ™ Y(Y)) which contains Z. Denote it by Y. Denote
by Yo = 7T(Y) Yo = [7](Y) and Zg := w(Z). Remark that by
Lemma [[33, Z¢ is an algebraic subset of X

e Replacing I' by a subgroup of finite index does not matter for this
problem, so we may assume that I' is neat and T' C P47 (Q) (Re-

mark [LTT3(2)).

Let F be the smallest weakly specml subset containing Y. By Theo-
rem 230 F = N(R)"Un(C)Z some Z € Z C Y, where N is the connected
algebraic monodromy group associated with Y*" and Uy := U N N. The
set F is Hodge generic in (P, X*) since Z is, so N <« P and N < P by
Theorem 2.2.4]

Define

Iz={yell-Z=2}  (resp. T, 5= {1¢ € Lche - Zc = Zc})

and
Zar

— o ——Zar, o
Hz .= T3 ) (resp. HZ =T, =

czo )
Define Un, =UNHz and Wy, := WNH. Both of them are normal in H7.
Then Hj (resp. H7) is the largest connected subgroup of P9" (resp. G4°¥)
G JR—
such that H;(R)*Up, (C) (resp. H7(R)+) stabilizes Z (resp. Zg).
G
Define VHZ = WHZ/UHZ and GHZ = Z/WHZ ‘—>P/W=G

The following two lemmas were proved for the pure case in [50] and [29].

Lemma 3.2.2. The set Y is stable under Hz(R)* Uy, (C).

Proof. Every fiber of Xt — X /U can be canonically identified with U(C).
So it is enough to prove that Y is stable under H ZR)T: U, (R)y C Y for

J €Y, then Un,(C)y C Y because Y is complex analytic and Un ,(C)y is the
smallest complex analytic subset of X containing U Hy (R)y.
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If not, then since Hz(Q) is dense (w.r.t. the archimedean topology) in
Hz(R)*, there exists h € Hz(Q) such that hY #Y. The set Z is contained
in Y NhY by definition of H, and hence contained in a complex analytic

irreducible component Y’ of it.
Consider the Hecke operator Tj,. Then T}, (Y) = unif (h-unif ~*(Y")). Hence

Y NT,(Y) = unif (unif (V) N (k- unif 1 (Y))).

On the other hand, T3 (Y) is equidimensional of the same dimension as Y by
deﬁmtlon hence by reason of dimension, hY is an irreducible component of
unif ™~ (Th(Y)) ALY, So unif(hY) is an irreducible component of T}, (Y').

Since Y’ is a complex analytic irreducible component of YN hY it is also
a complex analytic irreducible component of unif “}(Y) N (hY) = TY NhY . So
Y’ := unif(Y”) is a complex analytic irreducible component of ¥ N unif(hY).
So Y is a complex analytic irreducible component of Y N T, (Y'), and hence is
algebraic since Y N7 (Y) is

Since hY # Y and Y is irreducible, dim(Y”’) < dim(Y). But Z C Y NhY C
unif " (Y”). This contradicts the minimality of Y. O

Lemma 3.2.3. HZ < N.

Proof. We have Z C F = N(R)*Uy(C)Z for some Z € Z, so the image of Z
under the morphism
(P,XT) — (P,XT)/N

is a point. But Hz/(Hz N N) stabilizes this point which is Hodge generic
(since Fis Hodge generic in XT), and therefore is trivial by Remark 22261 So
HZ < N.

Let H' be the algebraic group generated by ”y‘lHZ'y for all v € I'ysm,
where T'ysm is the monodromy group of Y. Since H' is invariant under
conjugation by I'ysm, it is invariant under mZar, therefore invariant under
conjugation by V. B

By Lemma B.Z2 Y is invariant under Hz(R)*Up, ((C) On the other
hand, Y is also invariant under T'yem by definition. So Y is invariant under
the action of H'(R)"Ug/(C) where Uy := U N H'. Since H'(R )+UH/((C)Z
is semi-algebraic, there exists an irreducible algebraic subset of X', say E
which contains H'(R)*Up ((C)Z and is contained in Y by [49, Lemma 4.1].
Now Z C E CY,s0 Z=E = H(R)TUy (C)Z by maximality of Z, and
therefore H' = H by definition of Hz. So Hj is invariant under conjugation
by N. Since Hz < N, Hj is normal in N. O

Corollary 3.2.4.

der
GHZ’ HzﬁG and GHZ QHZ.
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Proof. We have G, <Gy < G and so Gu,< G since all the three groups
are reductive. _ _

Working with ((G, X2), Yg, Z¢) instead of ((P,X*), Y, Z), we can prove
(similar to Lemma B23]) that HZ < Gy. Hence HZ <1 G by the same
reason for G Hy-

By definition GHZ < H=. So G. <« H= since Gp. < Ger. [l

Za Z Za Z

So far the proof looks similar to the pure case. From now on it will be quite
different. For the readers’ convenience, we list here some differences between
the proof of Ax-Lindemann for mixed Shimura varieties and for the pure case:

e We shall prove that Z is an H 7(R)TUp, (C)-orbit. To prove this, it suf-
fices to prove dim H; > 0 when S is a pure Shimura variety. However
this is far from enough for the mixed case, since this does not exclude
the naive counterexample when dim Zg > 0 but Hz is unipotent. To
overcome it, we should at least prove dimGp, > 0. In fact we shall
directly prove Gy, = HZ (Proposition [B:22.6). This equality is not ob-
vious because, as appears in the proof of Lemma [B.2.5] there is no reason
a priori why Zg, which is obviously algebraic in unif_l(Yg), should be
maximal for this property. If one could prove direcly this is the case,
then Klingler-Ullmo-Yafaev [29, Theorem 1.3] would give directly the
result.

e As mentioned in the Introduction, we shall make essential use of the
“family” version of Pila-Wilkie’s theorem (Remark B.3:4);

o If P =G is reductive, then H; << N < P implies directly Hz <1 P. This
is obviously false when P is not reductive.

e For a general mixed Shimura variety S, the fiber of S I, Sa is not
necessarily an algebraic group (Lemma [ZTT]), hence not a semi-abelian
variety. We do not have Ax-Lindemann for the fiber for this case. Thus
we should execute a proof of Ax-Lindemann for the fiber. As the readers
will see in §3.4] the proof of this case calls for much more careful study
of Z. First of all, when doing the estimate and using the family version
of Pila-Wilkie for the fiber (Step I), we should introduce a seemingly
strange subgroup which serves as Gy in the section. The reason for
this will be explained in Remark 5.2l Secondly, to prove that Wy
is normal in W is not trivial, and the key to the solution (Step IV) is
a well-known fact: any holomorphic morphism from a complex abelian
variety to an algebraic torus over C is trivial.

Before proceeding, we prove the following lemma:

Lemma 3.2.5. 1. ?_G is weakly special. Hence ?_G = GN(R)Tzg for any
point zZg € Za;



CHAPTER 3. THE MIXED AX-LINDEMANN THEOREM 85

2. unifg(Zg) = Y_G

Proof. 1. Let Z' be an irreducible algebraic subset of Xg which contains

Z¢ and is contained in unif ~* (Y ), maximal for these properties. By [29,
Theorem 1.3], Z’ := unif¢(Z’) is weakly special, and therefore Zariski
closed by definition. Now Z C 7~1(Z') Nunif ~*(Y). However,

unif (=1 (Z") Nunif 7 (Y)) = wif(x~1(Z")) NY = [7]"1(Z) NY.

Then we must have Y C [r]71(Z’) since Y is the minimal irreducible
closed subvariety of S such that Z C unif~*(Y). Therefore Yo C 2.
But Z' C Yg by definition of Z’, so Z' = Y5. This means that Yy is
weakly special.

9. Let Y’ := unifc(Z¢), then Zg C unifg'(Y"). Then Z € 7~ (unifg! (Y"))
unif ! ([7]~1(Y”)), and so

Z c unif ! ([#] 1Y) nunif ~H(Y) = wnif " ([7]"H(Y) N Y).

Hence there exists an irreducible component Y of [7]71(Y’) N'Y such
that Z C unif~*(Y"). But

[MY") C [7(7 (Y NY) =Y NYe,

so dim([7](Y")) < dim(Y' NYg). If Y/ # Yg, then dim(Y' NYg) <
dim(Yg) and therefore dim(Y") < dim(Y’), which contradicts the mini-
mality of Y. So Y’ = Yg.

O

Proposition 3.2.6 (key proposition). The set Z_G is weakly special and Gy, =
H7. In other words,
G

for any point zg € Za.

Now let us show how this proposition together with Theorem B.T.5 implies
Theorem B.IIl Before proceeding to the final argument, we shall prove the
following group theoretical lemma:

Lemma 3.2.7. Fizing a Levi decomposition Hy = Wy, x Gu,, there exists
a compatible Levi decomposition P =W x G.

Proof. Suppose that the fixed Levi decomposition of H is given by s1: Gy, —
Hj. Define P, := 7~ (Gp,), then Hz < P,. Now choose any Levi decompo-
sition P =W % G defined by s2: G — P. Then G, being a subgroup of G,
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is realized as a subgroup of P via so. Hence s5 induces a Levi-decomposition
P, =W x%2 GHZ' We have thus a diagram

| L-f |

where the morphism s; in the second line is induced by the one in the first
line. Now si, so define two Levi decompositions of P,. They differ by the
conjugation by an element wy of W(Q) by [55, Theorem 2.3]. So replacing
so by its conjugation by wg we can find a Levi decomposition of P which is
compatible with the fixed Hz = WHZ X G Hy- O

Theorem 3.2.8. 1. Z = HzR)* Uy (C)Z for any z € Z;

2. HZ < P.
Hence Z is weakly special by definition.

Proof. 1. Consider a fibre of Z over a Hodge-generic point zg € Z¢ such
that |3 is flat at Zg (such a point exists by [I, §4, Lemma 1.4] and

generic flatness). Suppose that W is an irreducible algebraic component
of Zz, such that dim(Zz,) = dim(W), then since | is flat at Zg,

dim(Z) = dim(Zg) 4 dim(Zz,) = dim(Z¢) + dim(W).

Consider the set E := Hz(R)*Un, ((C)ﬁ; It is semi-algebraic (since
W is  algebraic and the action of PR)TU(C) on X7 is algebraic). The
fact W C Z implies that E C Z. By [49, Lemma 4.1], there exists an
irreducible algebraic subset of X, say Ealg, which contains F and is
contained in Z. Now we have by Proposition [3

m(E) = G, (R)*2g = H=—(R)"2¢ = Zg
Za
and that the R-dimension of every fiber of 7| is at least dimR(ﬁ//). So
dim(Eay) > dim(r(E)) + dim(W) = dim(Zg) + dim(W) = dim(Z).

So E = Z since Z is irreducible.
Next let W’ be an irreducible algebraic subset which contains Z and

is contained in unif (Y’ )z, maximal for these propertleb Then W’

is weakly special by Theorem [3 We have W' C Y since Y is_an
irreducible component of 7~ (Y). Consider E := HzR)"Upn, )W'.

Then E' C Y by Lemma But E’ is semi-algebraic, so by [49,
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Lemma 4.1], there exists an irreducible algebraic subset of X'T, say E;lg
which contains E’ and is contained in Y. So Z = E C E;lg C }N/, and
hence Z = E;lg = FE’ by the maximality of Z. So ch =W'is weakly
special.

Write Zz, = W/(R)U'(C)Z with W/ < W, U/ = W/ NU and % €
Zz;. Then Wy < W'. The complex structure of 7' (Z¢) comes from
W(R)U(C) :AW(C)/FZLJGW(C), where F2 W (C) = exp(F2, Lie Wc). So
the fact that Zz, is a complex subspace of 771(Z¢) implies that W' /U’
is a MT(Z¢) = G-module. Hence W' is a G-group.

Define P’ := W'Hz, then P’ is a subgroup of P since W' > Wy _ and
Gu, W' = W'. Now we have

Z=HzR)"Un_(C)Zz, = Hz(R) Un _(C)W'(R)U'(C)Z = P'(R)"U'(C)Z.

So Hz = P’ because Hy is the largest subgroup of P such that
H(R)*Up,, (C) stabilizes Z. So we have Z = H(R)*Uy ,(C)Z.

2. First of all, Uy, < P by Proposition [LT.TH2).

Next consider the complex structure of =1 (Z¢). It comes from W (R)U(C)
~ W(C)/F2,W(C). So the fact that Zs, is a complex subspace of
7~ (2g) implies that Vi, is a MT(Zg) = G-module. Hence Wy is a
G-group. Besides, G, <G by Proposition B.2.6l In particular, G, is
reductive.

Then let us prove Wy, < P. It suffices to prove Wy, < W. For any
Z € Z, we have proved in (1) that Zz, = Wi, (R)Un, (C)Z is weakly
special. Hence by Proposition[[L2Z.4] there is a connected mixed Shimura
subdatum (@, V%) < (P, X") such that Z € Y* and Wy, < Q. Define
W* to be the G-subgroup (of W) generated by Wy = R,(Q), then
Wh, <W* since Wy, is a G-group.

Fix a Levi decomposition H; = Wy, x Gg, and choose a compatible
Levi decomposition P = W x G (as is shown in Lemma B21). Let P*
be the group generated by GQ, then R, (P*) = W* and P*/W* = G.
The group P* defines a connected mixed Shimura datum (P*, X**) with
X*t = P*(R)*U*(C)z. Now Z = H 7(R)TUn,(C)z C X*F. But Z is
Hodge generic in X by assumption, hence P =P and W =W*. So
WHZ < W and hence WHZ < P.

Use the notation in JL.T.2.5l We are done if we can prove:
VueU, Yo eV, and Vg € Gu,, (u,v,1)(0,0,9)(~u,—v,1) € Hj.
By Corollary [LT.37 there exist decompositions

U=Uyo®Ux V=VNxaVy
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as G-modules such that Gy acts trivially on Uy and V. Now

( v, )(0 ng)(_uv_vvl)
= (u ,9)(—u, —v,1)

=(u— g u,v—g-v,g)
= ((un +uy) —g- (UN+Uﬁ) (v +vy) — g (o8 + ), 9)
(un —g-un,vN —g- UJ\UQ)
= (un,vn,1)(0,0,9)(—un, —vn,1) € Hz,

where the last inclusion follows from Lemma [3.2.3]

3.3 Ax-Lindemann Part 2: Estimate

This section is devoted to prove Proposition [3.2.61 The proof uses essentially
the “block family” version of Pila-Wilkie’s counting theorem [48, Theorem 3.6].

Keep notation and assumptions as in the last section and denote by 7: (P, X)
— (G, X2). The group G = Z(G)°H;...H, is an almost direct product, where
H,’s are non-trivial simple groups and are normal in G. We have a decompo-
sition .

(@ x) = [, x5 )
i=1

by |39, 3.6]. Let St := I'a\ X} Shrinking I'% if necessary, we may assume
de ~ Hl 1 SH.i, Where SH, is a connected pure Shimura variety associated
w1th (H x5k ).

Without loss of generality we may assume Gy = Hi...H;. It suffices to
prove H; < Gp, for each i = 1,...,]. The case [ = 0 is trivial, so we assume

that [ > 1. Define Q; := 7~ *(H,).

3.3.1 Fundamental set and definability

The goal of this subsection is to prove that there exists 7 C X" a fundamental
set for the action of I" on X* such that unif | # is definable.

First of all, by the Reduction Lemma (Lemma [[T35)), it suffices to prove
the existence of such a fundamental set for (P,X*) pure and (P,X") =
(PQQ,XQ-;) (see §3.5.0] for more details). The case where (P, X) is pure is
guaranteed by Klingler-Ullmo-Yafaev [29, Theorem 4.1]. Now we prove the
case (P, XT) = (Pag, Xy)).

We draw the following diagram to make the notation more clear:

+ _TP/U +
X2g > X2g7a
unif unifp/Ul
[7p/ul
S ! > SP/U
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In this case, [1p/y]: S — Spjy is an algebraic G,,-torsor. By Peterzil-
Starchenko [47, Theorem 1.3], there exists a fundamental set Fp,; for the
action of I'/T'y on XQ—Z,a such that unifp,y |7,,, is definable (recall that if
g = 0, then XQJ; = C, S = C*, unif = exp and Sp/y is a point). Let us now
construct a fundamental set for the action of I' on X;; such that unif |£ is
definable and 7p/y (F) = Fp/u-

Since any variety over a field is quasi-compact in the Zariski topology, there
exists a finite Zariski open covering {Vo }aea of Sp/y such that S|y, ~ C*xV,
and these isomorphisms are algebraic. Define Uy := S|y, = [rp/y] ' (Va) for
every a € A. Then we have

unif |ynie-1(0,) unif ! (U,) = U,y (C) x unif;/lU(Va) — (C*) x V, = U,,
)

where ¢ is semi-algebraic (Proposition[[L3.3), the last isomorphism is algebraic
and the middle morphism is (exp, unif p;s |unif;/1U (Va)). Let Fy = {s € C|
—1 < Re(s) < 1} and let Fy, := o~ (Fu X Fpju,o). Then unif | £, is definable.
Now F := UF, (remember that this is a finite union) satisfies the conditions
we want.

Now we return to arbitrary (P, X*). We have proved the existence of an
F as stated at the beginning of this subsection. Let us choose such an F more
carefully. First of all replace F by ~.F if necessary to make sure F N Z # ().
Next define F¢ := 7(F) C Xg ~TI_, X;l Denote by ¢; the i-th projection
and Fp; := qi(Fg). There exist some v; = 1,...,7s € I'¢ < T such that
[1;— Fu.i C Uj_yv;Fc. Consider

Fri=(J A na ([T Fua),
j=1 i=1

then F is a fundamental set for the action of ' on X' and unif | is definable.
Furthermore, m(F') = [[;_; Fu,i and Fp; = ¢;w(F'). We still have F'NZ # 0
since F C F’'. Now replace F by F'.

3.3.2 Counting points and conclusion

We shall work from now on with an F satisfying the conditions in the last
paragraph of the previous subsection. By LemmaB20, Yo = Hi:l H;(R)*Zg.
Fix a point z € F N Z. Define the following Shimura morphisms for each
1=1,..,1

(G7 Xg) ﬂ' (le‘)(g,z) = (Gad,Xg)/HH?d
" l " J#i
G G,1¢

S [pi] S
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Fixi € {1,...,1}. Define Yo, := pi(Yo) = HM(R)*mi(3), Zo.i = pi(Zg) and
Yo := [p 1(Ye), then unlfG Z(ZG ;) is Zariski dense in Y ; by Lemma 25
If d1m(ZG ;) = 0, then Zg ; is a finite set of points since it is algebraic. But

then unlfG7i(ZG7i), and hence YGJ- = unlfg)i(ZG,i) is also a finite set of points.
So dim(YG ;) = 0, which contradicts Yg; = H*(R)"7;(3¢). To sum it up,
dlm(ZG ;) > 0. For further convenience, we will denote by m; := p; o 7.

Take an algebraic curve Cg,i C ZG ; passing through m(2). Now m;(Z N

(CG7Z)) = ZG,l N Cq,; = Cq,i, and hence there exists an algebraic curve
C C ZN w7 Y(Cq.;) passing through Z such that dim(m;(C)) = 1.

Let Fg,i := pi(Fq), then it is a fundamental set of unif ; and unifg ; |7 ,
is definable. We define for any irreducible semi-algebraic subvariety A (resp.
Ag.;) of unif ' (Y) (resp. unifa}i (Yg.:)) the following sets: define

Y@ (A4) = {g € Qi(R)|dim(gA Nunif ~}(Y) N F) = dim(A)}
(resp. £ (Ag.i) = {g € HM(R)|dim(gAc,: Nunif g (Ye.) N Fe.i) = dim(Ac.i)})
and _
S(A) = {g € QiR)|gT'FNA#0}
(resp. ¢ (Ac) = {g € HXM(R)|g™ Fa.i N Aci # 0}).

Then %) (A) and Eg) (Ag.i) are by definition definable. Let I'%!; := p;(TH").

Lemma 3.3.1. ¥'®)(A)NC = SO (A)NT (resp. T (Ag,)NTE, = 28 (Ag.)N
rad ).

Proof. The proof, which we include for completeness, is the same as [67,
Lemma 5.2]. First of all 2()(A)NT ¢ ¥/ (A) NT by definition. Conversely
for any v € ¥V (A)NT, v~ 1F N A contains an open subspace of A since F is
by choice open in X*. Hence yANunif ' (V)N F = yANF contains an open
subspace of yA which must be of dimension dim(A). Hence v € X (A)NT.
The proof for Ag ; is the same. O

This lemma implies N N
2N =) N cy(Z)nT=x9(Z)nT
(resp. B9 (Cai) NI, = 2099 (Ca,) NT2, € S8 (Za) NT, = 20 (Zg,) NT2,)
(3.3.1)

Lemma 3.3.2. (I'NE@(C)) =T, NS (Cay).

Proof. By LemmaB.3.] it suffices to prove m; (TN (C)) = F%d’iﬁE/C(f) (Ca.i)-
The inclusion C is clear by definition. For the other inclusion, Vyga,; € I%d)i N
E/C(f) (Cg.i), e, € Ca,i such that vq,i - ca,i € Fa i
Take a point ¢ € C such that m;(c) = cg,; and define cg == 7(c) € XZ.
Suppose that under the decomposition
(G, xg) ~ [[E, x5 )

=1
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of |39, 3.6, c¢ = (cG.1,---»cc,r). Then by choice of F¢, there exists v € T'%!
whose i-th coordinate is precisely the ¢ ,; in the last paragraph such that
’Y/G -cq € Fa.

Let v¢ € ' be such that its image under I'¢ — I'& is 47, then 7 - ¢ €
7Y (Fg). Therefore there exist vy, € I'y,, vy € Iy such that (v, vv,va)c €
F. Denote by v = (v, W, 7c), then v € T N X'@(C) and 7;(7) = v6.:- O

For T > 0, define
0L (C.i, T) = {16 € T, N2 (Co) | H(va) < T

Proposition 3.3.3. There exists a constant 6 > 0 st. for all T > 0,
08 (Co.i, T)| > T°.

Proof. This follows directly from [29, Theorem 1.3] applied to ((Gs, X7 ,), Sc.s, Zc.i).
|

Let us prove how these facts imply H; < Gy, .
Take a faithful representation G — GL,, which sends I'* to GL,(Z).

Consider the definable set E (CG ;). By the theorem of Pila-Wilkie ([48]
Theorem 3.6]), there exist J = J(J) definable block families

B cS9(Cei) xR, j=1,..,J

and ¢ = ¢(d) > 0 such that for all 7' > 0, 68)(Cg,i,T1/2”) is contained in
the union of at most ¢7%/4" definable blocks of the form BJ (y € R). By
Proposition B33] there exist a j € {1,...,J} and a block Bg,; := Bgo of
E(Gl)(C’Gﬂ-) containing at least 7°/*" elements of 68)(6@“ TV,

Let () := 20 (C) N2 (Z), which is by definition a definable set. Con-
sider X7 := (m; x 1)~ (B7) N (2 x RY), which is a definable family since 7;
is algebraic. ‘

By [69, Ch. 3, 3.6, there exists a number ng > 0 such that each fibre X}

has at most ny connected components. So the definable set ;" 1(BC;7Z-) nx@
has at most ng connected components. Now

mi(n; H(Be,i)NEVNT) = Be,:Nmi (2 (C)NT) = Be,,NSY (Ca, )N, = Be,NTE,
by 33d) and Lemma B33 So there exists a connected component B of
7, '(Bg.;) N 2@ such that m;(B NT) contains at least T%/%"/ny elements of
0 (Cai, T/

We have BZ C unif (V) since £ (Z)Z C unif "' (V") by analytic contin-

uation, and . Z C o 1BZ for any o € BNI'. But B is connected, and therefore
_1BZ Z by maximality of Z and [49, Lemma 4.1]. So Vo € BNT,

B C UStale(R)(Z)
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Fix a 7 € BNT such that m;(y) € Gg)(CG,i,Tl/Q”). We have already
shown that m;(BNT) contains at least T%/4" /ng elements of Gg)(CG,i, T/?m),
For any 7, € m(BNT)N @g)(C’Gﬂ-, T'/?7) let 4/ be one of its pre-images in
BNT. Then v := 7'~!yp is an element of I'N StabQi(R)(Z) =TI5NQ;(R) such
that H(m;(v)) < T/2. Therefore for T > 0, m;(I';)NH(R) contains at least
T%/4" Ing elements ¢ ; such that H(ye,;) < T. Hence dim(m;(Hz)NH) > 0
since m;(Hz) N H? contains infinitely many rational points. But m;(Hy;) =
pim(Hz) = pi(Gp ) by definition. So H3 < p;(Gp,) since H?! is simple and
pi(Gr,) N H < H by Corollary BZ4

As a normal subgroup of Gy, Gp, is the almost direct product of some
Hjs (j=1,..,1). So H* < p;(Gy,) implies H; < Gp,. Now we are done.

Remark 3.3.4. In the proof of the pure case by Klingler-Ullmo- Yafaev [29], it
suffices to use a non-family version of Pila-Wilkie ([29, Theorem 6.1]). How-
ever this is not enough for our proof, since otherwise the ng would depend on
T. Hence it is important to use a family version of Pila-Wilkie ([48, Theo-
rem 3.6]).

3.4 Ax-Lindemann Part 3: The unipotent part

We prove in this section Theorem B.1.5
We use the same notation as the first paragraph of §2.T1 as well as the first
paragraph of §3.1.21 Assume dim¢ 7T = m and dim¢ A = n.

Proof of Theorem[3.1.5 First of all we may assume that Z is of positive di-
mension since every point is a weakly special subvariety of dimension 0. For
any fundamental set F of the action of I'yyy on W(R)U(C), define

2(Z) := {g € W(R)|dim(¢gZ Nunif (V) N F) = dim(Z)}

and
S(Z):={g e WR)|g"' FNZ#0},

then by Lemma 331

S(Z)NTw =Y/(Z)NTy (3.4.1)

Let I'y :=1'N U(@) and let I'y, := Fw/FU

Case i: E=A. |This is [61, Theorem 2.1 and pp9 Remark 1]. A proof can
be found in Appendix. In this case, W = V and I'y = ®?",Ze; C Lie(A) =
C" = R?" is a lattice. Denote by unif: Lie(4) — A. Let Fy := X2 (—1,1)e;,
then Fy is a fundamental set for the action of Iy, on Lie(A) such that unif | £,
is definable.

| Case ii: E=T.|This is a consequence of Ax’s theorem [5] [42] Corollary
3.6]. A proof of this can be found in Appendix. In this case, W = U. Let
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Fu = {s € C|—1 < Re(s) < 1}, then Fy is a fundamental set for the action
of Ty on U(C) such that unif |z, is definable.

‘ Case iii : general E. ‘ Unlike the rest of the paper, the symbol 7 in this

section denotes the map

™

WER)U(C) — V(R)
lunif lunifv . (342)
p—10. 4

Take Fyy C V(R) any fundamental set for the action of I'y on V(R) such
that unify |, is definable.We claim that:

There exists a fundamental set F for the action of I'yy on W(R)U(C)
such that unif | is definable and 7 (F) = Fy.
(3.4.3)
By Reduction Lemma (Lemma [[LT.33]), it suffices to prove this for E = E; x 4
... X4 Ep, where E;’s are G,,,-torsors over A. But then it suffices to prove for
the case m = 1. For this case, the proof is similar to §3.311.

Let Yy be the minimal closed irreducible subvariety of E such that Z C
unif ! (Yp), then Z is maximal irreducible algebraic in unif ™' (Y;). Hence we
may assume that Y =Y. Let N be the connected algebraic monodromy group
of Y™ and let Viy := (NNW)/(NNU). Let Y be the complex analytic ir-
reducible component of unif ~*(Y") which contains Z. For further convenience,
we will denote by Zy :=7(Z), Yy := n(Y) and Yy, := [7](Y).

Repeating the proof of Lemma (but using the conclusion of Case i

instead of [29, Theorem 1.1]), we get that Yy = Viy (R)+2y for some 2y € Zy is
weakly special, and unifV(Zv) = Yy. Remark that by GAGA, these closures
could be taken in the complex analytic topology (i.e. the topology whose
closed sets are complex analytic sets) or the Zariski topology. If Viy is trivial,
then we are actually in the situation of Case ii, and therefore Z is weakly
special. From now on, suppose that dim(Vy) > 0. Replace S by its smallest
special subvariety containing Yy, then N <1 P by Theorem 225 Hence Vi is
a G = MT(b)-submodule of V.
—7Zar

Define Wy = (FW n Stabw(R)U(C)(Z) )o’ Up = WonNU and Vy =
m(Wo) = Wy/Uy. The proof is somehow technical, so we will divide it into
several steps.

Step I. Let VT be the smallest subgroup of Vy such that Zy cvi (R)+2zy.
In Step I, we will prove V1 < 1.

Step I(i). We know that A = I'y\V(R) and V(Q) ~ I'y ®z Q. Consider
any Q-quotient group V' of V' of dimension 1

V=V
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such that dim(p’ (V")) = 1. By abuse of notation, we shall denote its induced
map V(R) — V/(R) also by p’. Now let I'y/ := p/(T'y), then I'ys ~ Z since p’ is
defined over Q. Write I'y» = Ze’, and let Fy := (—1,1)e’. Then Fy- is a fun-
damental set for the action of I'y» on V/(R). Define A’ = T'y/\V'(R) ~ Z\R,
unify : V/(R) — A’ the uniformization and [p]: A — A’ the map induced by
p'. Then unify. |z, is definable (even in R,y). Define Yy := [p](Yy) and
YV/ = pl(Yv).
Let V" := Ker(p'). The exact sequence of free Z-modules

1— FV// = FV M VN(@) ~ ZQn_l — FV ~ ZQn — FV/ ~7 —1

splits, and hence I'y ~ 'y & I'ys. This induces V ~ V" @ V', Write I'y =
ZfZQ Ze;’ and take -7:V” = 2?22(—1, 1)62/. Define .7:\/ = -7:V” D ]:V’- Then
Fv is a fundamental set for the action of I'y on V(R) such that unify |z, is
definable (even in Rg,,). Define F as in (B.43).

Since p(V1) = V' by choice of V', dimg p’(Zv) > 0 by minimality of V7.
Hence p/(Zy) = V/'(R) since p/(Zy) is connected.
Remark 3.4.1. If we only request (V' p’) to satisfy p' (Vi) = 1, then we do
not know whether dimg(p’(Zv)) > 0. This is because we are considering the

real analytic topology (i.e. the topology whose closed sets are real analytic sets)
on A" and the complex analytic topology (i.e. the topology whose closed sets

are complex analytic sets) on A, and hence unifV(Zv) =Yy does NOT imply

unifv/(ZV/) = Yy.. To overcome this problem, we introduce the seemingly
strange subgroup V1 of Viy. We will prove (Step II) that Vy is a MT(b)-module
with the help of V. Then we prove the comparable result of Theorem [T Z.3(1)
for the unipotent part in Step III.

Let C be an R-algebraic subvariety of Z of R-dimension 1 such that p/7(C) =
V/(R). Define furthermore

3(C) == {g € W(R)| dimg(¢C Nunif (V) N F) = 1}

and
Y(C):={ge WR)g'FnC # 0.

The set 3(C) is by definition definable. By Lemma B3]
Y(C)NTw =X(C)NTw (3.4.4)
For M > 0, define
Ov/(V/(R), M) = {y € Tv/[H () < M}.

Then
|©Ov/ (V'(R), M)| > M. (3.4.5)
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Step I(ii) is quite similar to the end of 831 Consider the definable set
V/(R). By the theorem of Pila-Wilkie ([48, Theorem 3.6]), there exist J de-
finable block families

BI c V'(R) x R, j=1,...,J

and ¢ > 0 such that for all M > 0, Oy (V'(R), M/4) is contained in the
union of at most cM®/® definable blocks of the form Bl (y e RY). By B435),
there exist a j € {1,..., J} and a block By~ := Bj of V'(R) containing at least
M?/% elements of Oy (V'(R), M'/4).

Let ¥ := %(C) N X(Z), which is by definition a definable set. Consider
X7 = ((p'm) x 1p)~H(BY) N (X x RY), which is a definable family since p/r is
R-algebraic.

By [69, Ch. 3, 3.6], there exists a number ng > 0 such that each fibre X7
has at most ng connected components. So the definable set 7=1(By/) NY has
at most ng connected components. Now

p'm((p'7) " (By )NENTw) = By Mp'n(2(C)NTw) = By n(V (R)NTy) = By/Nlys

by B41), BZ4) and the choice of F (remember that I'y = I'y» @ I'ys and

Fv = Fyn@Fyr). So there exists a connected component B of (p'm) "1 (By/)N

% such that p'm(BNTy) contains at least M?/8 /ng elements of Oy (V' (R), M/4).
We have BZ C unif ~*(Y) since B C %(Z) by (complex) analytic contin-

uation, and ZC o‘jleZ for any oy € BN T'y. But B is connected, and

therefore o‘jleZ = Z by maximality of Z and [49, Lemma 4.1]. So

B Cow StabW(R) (2)

Fix a ow € B N Ty such that p'r(ow) € Oy (V/(R), MY/*). We have
shown that p/m(BNTy ) contains at least M%/® /ng elements of Oy (V' (R), M1/4).
For any oy, € p'n(BNT)N Oy (V' (R), M/*), let o}, be one of its pre-

images in B N I'y. Then vy = o;vl oy is an element of I'yy N Stabyy (g)(Z)
and H(p'm(yw)) < M'/2. Therefore for M > 0, p'n(Tw N StabW(R)(Z))
contains at least M%/®/ny elements v, such that H(yy:) < M. There-
fore dim(p'm(Wy)) > O since it is an infinite set. So p'w(Wp) = V' since
dim(V’) = 1. But V' is an arbitrary 1-dimensional quotient of V' such that
p' (V1) = V'. Therefore VI < 7(Wy) = V.

Step II. We prove in this step that Vj is a MT(b)-module. This implies
that Wy is a MT(b)-subgroup of W by Proposition [LT.T9(2).

By definition of VT, Zy C VT(R) + Zy. By definition of Vp, Vo(R) + Zy C
ZV. Now the conclusion of Step I implies Vy = VI and ZV = Vo(R) + zy.
However Zy is complex, so Vy(R) is a complex subspace of V(R). Therefore by
considering the complex structure of V(R), we get that Vo (R) is a MT(b)(R)-
module. So Vp is a MT(b)-module.
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Step III. can be seen as an analogue to the proof of Theorem B2.8(1).
Consider a fibre of Z over a point v € 7(Z) such that 7: W (C )/ FYW(C) —
Lie(A) is flat at v (such a point exists by generic flatness). Let W be an

irreducible algebraic component of Z, such that dlm(Z ) = dlm(W) then
since 7 is flat at v,

dim(Z) = dim(n(Z)) + dim(Z,) = dim(x(Z)) + dim(W).

Consider the set F := WO(R)UO((C)W. It is semi-algebraic. The fact
W C Z implies that F C Z. So by [A9, Lemma 4.1], there exists an irreducible
algebraic subvariety of W (C)/F)W (C), say ﬁalg, which contains F and is
contained in Z. Since

7(F) = m(Wo)(R) +v = n(Z)

and every fiber of 7|z has R-dimension at least dimR(W), we have
alg

dim(Fly) > dim(7(F)) 4 dim(W) = dim(7(Z)) + dim(W) = dim(Z).

So F = Z since Z is irreducible. In other words, Z = Wy (R)Uy(C)Z, and Z,
is irreducible for any v € 7T(Z )

Next for any v € 7(Z), let W’ be an irreducible algebraic subvariety which
contains Z, and is contained in unif” Y(Y),, maximal for these properties.
Then W' is weakly special by Case ii. Consider F' := WO(]R)UO((C)W’. Let
Y be the irreducible component of unif ~*(Y') which contains Z, then W cy
and so F/ C Y by Lemma BZ2 But F’ is semi-algebraic, and hence by [
Lemma 4.1] there exists an irreducible algebraic subvariety of W(C)/FW (C),

say Falg, which contains F” and is contained in Y. So Z = Wy(R)Uy(C)Z, C
Fa’lg C wnif 7} (Y), and hence Z = Fa’lg — F’ by the maximality of Z. So
Zy = W’, ie.

For any v € 7(Z), Z, is a maximal irreducible algebraic

A.
subvariety of W (C)/FOW (C) contained in unif ~*(Y),. (346)

Now that Z, = W’ is weakly special, we can write Z, = U’(C) + % with
U' <Uand z € Z,. Then Uy < U’. The product W’ := WU’ is a subgroup
of W, and hence

Z = Wo(R)Uy(C)Z, = Wo(R)U'(C)z = W (R)U'(C)Z.
So Wy = W’ and Uy = U’. In other words,
Z =E = Wy(R)U(C)Z (3.4.7)

for some point z € Zo.
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Step IV. Let us now conclude that Z is weakly special.

First of all, Uy<tP by Proposition [LITI%2). Consider (P, X*) 2 (P, X*)/Uy,
then by definition Z is weakly special iff p(Z) is. Replace (P, Xt) (resp.
W, Z, Wo, %) by (P,X%)/Uq (vesp. W/Uy, p(Z), Wo /Uy = Vo, p(Z)), then
Vo is a subgroup of W and Z = Vo(R)z. Use the notation of JL.T.2H and
g3l and suppose z = (Zy, zy). By Proposition 21.2] 7 is weakly special iff
zZv € (Nw(Vo)/U)(R) iff T(Vp(R),Zy) = 0. We shall prove the last claim.

Define Z := wunif(Z), z = unif(2) and 2y = [r](z) € A, then n(Z) =
Vo(R) + zZy and [7](Z) = Ao + zy where Ag = T'y, \Vo(R) is an abelian subva-
riety of A. We can compute the fiber

Z,, = (umf(rWZ)) =3+ %\I/(FV,EV) +Ty modly.  (3.4.8)
2v

We have ¥(V(R), V(R)) C U(R) since ¥ is defined over Q. Let us prove
U(Ty,zy) C U(Q). Fix an isomorphism I'yy ~ Z™, which induces an isomor-
phism U(Q) ~ Q™. Suppose that there exists a v € U(T'y,zy) \ U(Q), then
at least one of the coordinates of w is irrational. Without loss of generality we
may assume that its first coordinate u; € R\ Q. Denote by U; the Q-subgroup
of U corresponding to the first factor of U(Q) ~ Q™, then

unif (EU + U, (R)) C Z—ZV
since {lu; mod Z|l € Z} is dense in [0,1). So Z,,, contains
unif (Zy + U1 (C)),

and so does Y;,, since Z C Y. Let v := vy + 2y € V(R), then zy + U;(C) C
unif ~*(Y),. However Zz, = Zy by @A) (recall that we have reduced to
Wy = Vp and Uy = 0), which contradicts B:46). Hence ¥(T'y,zy) C U(Q),
and therefore (1/2)¥(NTy,zy) C T'y for some N > 0 (since rankI'y < 00).
Now we can construct a new lattice I'};, with NT'y and I'y. T'yy, is of finite
index in I'yy. Replacing I'yy by I'fy, does not change the assumption or the
conclusion of Ax-Lindemann, so we may assume (1/2)¥(I'y,2zy) C I'y. Now
we can define C'°°-morphisms

fiAg+ 2y T

ag+zv — zy+ (1/2)\11(110, z\/) mod 'y

and

s: Ag + zv > E|A0+ZV

ag+ 2y — (EU + (1/2)\11(1)0,5‘/),0,0 + Zv) mod 'y

where vy is any point of V(R) such that unify (vo) = ap. But Z, is a single
point for all a € Ay + zy by BAF), so s is the inverse of [7]|z, and therefore
s is a holomorphic section of F|4,+., — Ao + zv. Locally on U; C Ag + 2y,



98 3.5. APPENDIX

s is represented by a holomorphic morphism U; — T, which must equal to
flu, by definition. Hence f is holomorphic since being holomorphic is a local
condition. So f is constant.

But ¥(0,zy) = 0, and therefore (1/2)¥(V5(R), zy) C T'y. But U(V5(R), Zv)
is continuous and ¥ (0, zy) = 0, so ¥(V5(R), zy) = 0. Hence we are done. O

3.5 Appendix

3.5.1 About the definability

This subsection is devoted to explain more details for the definability in §3.311.
For any connected mixed Shimura variety S = I'\X't associated with (P, X'™)
whose uniformization is denoted by unif: X* — S, we have the following
diagram by the reduction lemma (Lemma [[LT-35):

(P!, X') < (Go, D) x [](GSpay. )

4 -
(P.x*)

where Ker(p: P’ — P) C U’ is a Q-vector group of dimension 1 or 0. Hence
there exists a congruence group I C P’(Q) such that p(I") = I'. Now in
order to find a fundamental subset F for the action of I' on X'* such that
unif | £ is definable, it suffices to find a fundamental subset F’ for the action
of I” on X'T such that unif’ |7 is definable (here unif: X't — S’ := "\ &A'*).
By [53, 3.8], there exists a congruence subgroup I'l C (G x]Tj=1 GSpay)(Q)+

li

such that IV = ' N P/(Q)y and S’ gt = '\ (D* x HX;;) is a closed
immersion. Applying Lemma 3511 to

((P',X'%),T") = [ (Go,DF) x [[(GSpyy, A5), T |,

j=1

it suffices to find a fundamental subset F' for the action of I'f on D+ x
11 Xé; such that unif’ | 7+ is definable. Replacing I'! by a smaller congruence
subgroup does not change the conclusion, hence we may furthermore assume
't =Ty x H;Zl I'; such that Iy is a congruence subgroup of Go(Q)4+ and T';
is a congruence subgroup of the j-th GSp,,(Q)-factor. Hence we are reduced
to the situation as stated in §3.311.

Lemma 3.5.1. Consider the diagram

(P17X1+) — (P27X2+)

unify l unifs l

Sl = Fl\/’){l—F &L SQ = FQ\X;
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where Ty = T N Py (Q)y. If there exists a fundamental set Fo for the action
of Ty on X3 such that wnifs |7, is definable, then there exists a fundamental
set F1 for the action of I'y on Xt such that unify |z, is definable.

Proof. One possible way to prove this lemma is to repeat the proof of Ullmo
[64, Proposition 2.4] (remark that Théoréme 2.6 of loc.cit. holds for arbitrary
linear algebraic groups over Q). The proof we present here, which uses the
o-minimal theory, is due to Pila-Tsimerman [50] Section 4.2].

First of all, note that unif;*(S;) is the (not disjoint) union over v € TI'y
of vX;". Secondly consider unify*(S1) N F. Since unify |5, is definable, this
intersection has only finitely many connected components. Therefore there are
finitely many elements v; € I's (1 < j < m) such that

unify U ’yj_le NFy | =5
j=1

and thus

unify U Xl—r N ’}/jfg =51.

Jj=1

Define I'} to be the subgroup of 'y which stabilizes X;". Then I'; C T3.

Now for any x € XfL, there exists a v € I'y such that yx € F5 because Fy
is a fundamental set for the action of I'; on X,". As above this means that
there exists a 7 with 1 < 7 < m such that vz € 73-_1X1+ and 7X1+ = 73-_1X1+.
Therefore there exists a 7/ € T'y with v = ”yj_lfy’. Therefore *yj_lfy’x € FoN
*yj_l)(fr and so ¥z € v;F2 N X;". To sum it up, Xf = U;nzl()(f' N, F2)
contains a fundamental set for the action of I'y on X;". Now by picking coset
representatives for I'y in F%, we can find a finite union of elements o € I'y
such that (J;(eq Xf N A7) contains a fundamental set, which we call F, for
the action of I'y on X1+. Then F; is what we desire. [l

3.5.2 A simplified proof of flat Ax-Lindemann

We prove here Theorem B.T.H when E = T is an algebraic torus over C (which
corresponds to the case W = U) and when E = A is a complex abelian variety
(which corresponds to the case W = V). The proof is a rearrangement of
existing proofs (combining the point counting of Pila-Zannier [5I] and volume
calculation of Ullmo-Yafaev [67]). We use the notation of §3.41

|Case i : E—A.|In this case, W = V and T'y = &2, Ze; C Lie(A) = C" =
R?" is a lattice. Denote by unif: Lie(4) — A. Let Fy := X2 (-1, 1)e;, then
Fv is a fundamental set for the action of I'y on Lie(A) such that unif |z, is
definable. Define the norm of z = (21,41, ..., Tn, Yn) € Lie(A) = R?" to be

| 2 ll:= Max([a], |y, -, [2nl; [yn])-
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It is clear that Vz € Lie(A) and Vyy € T'y such that vy z € Fy,
H(w) <[ zv || (3.5.1)

Let wy := dz1 AdZ1 +...+dz, AdZ,, be the canonical (1, 1)-form of Lie(A) =
C™. Let p; (1 =1,...,n) be the n natural projections of Lie(4) = C™ to C. Let
C' be an algebraic curve of Z and define Cyy := {z € C| || z ||< M}. We have

/ wy < dZ/ dz; \dz; (352)
CNFyv i=1 i(Cﬂfv)

n

<d2/ dz Ndz; = d-O(1)
i—1 /pi(Fv)

and
/ wy = O(M?) (3.5.3)
Cum
with d = deg(C) by [27, Theorem 0.1].
By BL.I)

cuc |J (@©ny'A).

7V66(27M)

Integrating both sides w.r.t. wywe have
M? < #0(Z, M)

by (B2 and (53,

Let Staby (Z) == Ty N Staby ) (Z) . Now by Pila-Wilkie [§7, Theo-
rem 3.4|, there exists an semi-algebraic block B C 3(Z ) of positive dimen-
sion containing arbtrarlly many points vy € I'yy. We have BZ C unif” ( )
since (Z)Z C unif “}(Y) by definition. Hence for any v € I'y N B, Z C
'y;lBZ C unif *(Y), and therefore 7 = 'yleZ by maximality of Z. So
771 (BNTy) C Staby(Z)(Q), and hence dim(Staby (Z)) > 0. For any point
Z € Z, Staby (Z)(R) + 2 C Z. By |51l Lemma 2.3], Staby (Z)(R) is full and
complex. Define V’ := V/ Staby (Z) and I'y: := I'y/(Dy N Staby (2)(Q)), and
then A’ := V/(R)/T'y+ is a quotient abelian variety of A. Let Y’ (resp. Z') be
the Zariski closure of the projection of Y (resp. Z) in A’ (resp. V'(R)). We
prove that the image of Z'is a point. If not, then proceeding as before for
the triple (A", Y’, Z’) can we prove dlm(Stabvl (Z')) > 0. This contradicts the
definition (maximality) of Staby (Z). Hence Z is a translate of Staby (Z)(R).
So Z is weakly special.

|Case w: E=T. | Define the norm of zy = (zu,1,2v2, ..., Tum) € U(C) to
be

| zv ||:=Max(l| zva [, | zv2 I, - | 2O, |])-
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It is clear that for all xy € U(C) and for all v € Ty such that yyzy € Fr,
H(w) <[ zv || - (3.5.4)

Let w|r = dz; Adzy + ... + dzy A dZ,, be the canonical (1,1)-form of
U(C) ~C™. Let p; (i =1,...,m) be the m natural projections of U(C) ~ C™
to C. Let C be an algebraic curve of Z and define Cy; := {z € C| || z ||< M}.
We have

/ w|T dZ/ dz; N\ dz; (355)
CyunNFu

pi (CuNFu)
m

i—1 J{s€C|=1<MRe(s)<1,||s]|[<M}

where d := deg(C). On the other hand by [27, Theorem 0.1],
/ wlr = O(M?). (3.5.6)
Cm

By B.5.4)
Cy C U (CM ﬂ”y_lf)-
~EO(Z,M)

Integrating both side w.r.t. w|r and taking into account that
v-Cm C (¥C)an  if H(y) < M,
we have _
M? < #O(Z,M)- M
by B55) and (35.6). Hence #6(Z, M) > M.

Zar

Let Staby(Z) = I'y N Staby(c)(Z Z) . Now by Pila-Wilkie [48, Theo-
rem 3.6], there exists an semi-algebraic subset B C X(Z ) of positive dlmen—

sion containing arbtrarlly many points vy € I'y. We have BZ C unif” ( )
since $(Z)Z C unif ~*(Y) by definition. Hence for any vy € Ty N B, Z C
'y[}lBZ C unif_l(Y), and therefore Z = 'yUlBZ by maxunahty of Z. So
g1 (B NTy) C Staby(Z)(Q), and hence dim(Staby(Z)) > 0. Let U’ :=
U/ Staby(Z), Tyr == Ty /(Ty N Staby(Z2)(Q)) and T7 := U'(C)/Tyr. T
is an algebraic torus over C. Let Y’ (resp. Z') be the Zariski closure of
the projection of Y (resp. Z) in T” (resp. U’(C)). We prove that Z’ is
a point. If not, then proceeding as before for the triple (T’,Y’,Z’ ) we can
prove dun(StabU/( }) > 0. This contradicts the definition (maximality) of
Staby (Z). Hence Z is a translate of Staby (Z)(C). So Z is weakly special.
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