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Chapter 2

Ax’s theorem of log type

2.1 Results for the unipotent part

Given a connected mixed Shimura variety S, let SG be its pure part. We have a

projection S
[π]−−→ SG. For any point b ∈ SG, denote by E the fiber Sb. Suppose

that S is associated with the mixed Shimura datum (P,X+), which can be fur-
ther assumed to satisfy P = MT(X+) by Proposition 1.1.19. Let unif : X+ →
S = Γ\X+ be the uniformization. Now E = Sb ≃ ΓW \W (R)U(C) with the
complex structure determined by b ∈ SG (E = Sb = ΓW \W (C)/F 0

bW (C)),
where ΓW := Γ ∩W (Q). Write T := ΓU\U(C) and A := ΓA\V (C)/F 0

b V (C)
where ΓU := Γ∩U(Q) and ΓV := ΓW /ΓU , then A is a complex abelian variety
and E is an algebraic torus over A whose fibers are isomorphic to T .

Lemma 2.1.1. If E admits a structure of algebraic group whose group law is
compatible with the group law of W , then W (hence E) is commutative. In
this case E is a semi-abelian variety.

Proof. If E is an algebraic group, then T is a normal subgroup of E. Hence E
acts on T by conjugation, and this action factors via A, and then it is trivial
by [13, 8.10 Proposition]. Therefore T is in the center of E. Now consider the

commutator pairing E×E → E. This factors through a morphism A×A f−→ T .
But as a morphism from an abelian variety to an algebraic torus over C, f is
then constant. So the commutator pairing E ×E → E is trivial, and hence E
is commutative.

The commutator pairing W ×W →W induces an alternating form Ψ: V ×
V → U (see §1.1.2.5) which induces the morphism f above. We have proved
in the last paragraph that Ψ(V (R), V (R)) ⊂ ΓU with ΓU := Γ ∩ U(Q).
But Ψ(V (R), v) is continuous for any v ∈ V (R) and Ψ(0, V (R)) = 0, so
Ψ(V (R), V (R)) = 0. Hence the commutator pairing W ×W → W is triv-
ial, and therefore W is commutative.

2.1.1 Weakly special subvarieties of a complex semi-abelian
variety

Proposition 2.1.2. Use the notation as at the beginning of the section. Weakly
special subvarieties of E are precisely the subsets of E of the form

unif(W0(R)U0(C)z̃)
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66 2.1. RESULTS FOR THE UNIPOTENT PART

where W0 is a MT(b)-subgroup of W (i.e. a subgroup of W normalized by
MT(b)), U0 := W0 ∩ U , unif(z̃G) = b and z̃V ∈ (NW (W0)/U)(R) (z̃ =
(z̃U , z̃V , z̃G) under (1.3.1)).

In particular, if E can be given the structure of an algebraic group whose
group law is compatible with that of W (i.e. W is commutative), then the
weakly special subvarieties of E are precisely the translates of subgroups of E.

Proof. Let Z be a weakly special variety of E and let Z̃ be a complex an-
alytic irreducible component of unif−1(Z), then there exists a diagram as
in Definition 1.2.2 such that z̃ : SC → PC factors through QC, N ⊳ Q and
Z̃ = N(R)+UN (C)z̃ for some z̃ ∈ Z̃. As is explained in [54, paragraph 2,
pp 265], GN = 1. We prove that N = WN satisfies the conditions which
we require. Let UN := WN ∩ U , then UN is a MT(b)-module by Proposi-
tion 1.1.19(2). Denote by VN := WN/UN , πP/U : (P,X+)→ (P/U,X+

P/U ) and
[πP/U ] : S → SP/U . Then [πP/U ](Z) is a subvariety of A since Z is a subvariety

of E. So πP/U (Z̃) = VN (R) + πP/U (z̃) is the translate of a complex subspace
of V (R) = V (C)/F 0

b V (C), and therefore VN is a MT(b)-module. So WN is sta-
ble under the action of MT(b). Now z̃V ∈ (NW (N)/U)(R) since z̃ : SC → PC

factors through NP (N)C.

Conversely let Z̃ = W0(R)U0(C)z̃ with W0, z̃ as stated. Fix a Levi de-
composition P = W ⋊ G. Let G′ := MT(b), let W ′ := NW (W0) and let
Q := W ′ ⋊ G′. Then W0 ⊳ Q and hence z̃ : SC → PC factors through QC.
Therefore (Q,Y+), where Y+ := Q(R)+(U ∩ Q)(C)z̃, is a connected mixed
Shimura subdatum of (P,X+) such that b ∈ unif(Y+). Now consider the
morphisms of connected mixed Shimura data

(Q,Y+)/W0
ϕ←− (Q,Y+)

i−→ (P,X+).

In the fibres above the point b ∈ SG these maps are simply

SQ,b/Z և SQ,b →֒ E = Sb.

Hence Z is a weakly special subvariety by definition.

Corollary 2.1.3. 1. Weakly special subvarieties of a complex abelian vari-
ety are precisely the translates of its abelian subvarieties;

2. Weakly special subvarieties of an algebraic torus over C are precisely the
translates of its subtori.

Proof. This is a direct consequence of Proposition 2.1.2.
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2.1.2 Smallest weakly special subvariety containing a given
subvariety of an abelian variety or an algebraic
torus over C

Proposition 2.1.4. 1. Let X be a complex abelian variety and let Z be an
irreducible subvariety of X. Denote by

X̃ = π1(X, z)⊗Z R = H1(X,R) ≃ Cn
u−→ X

the universal cover of X (z ∈ Zsm), then the smallest weakly special
subvariety of X containing Z is a translate of u(π1(Z

sm, z)⊗ R).

2. Let X be an algebraic torus over C and let Z be an irreducible subvariety
of X. Denote by

X̃ = π1(X, z)⊗Z C = H1(X,C) ≃ Cn
u−→ X

the universal cover of X (z ∈ Zsm), then the smallest weakly special
subvariety of X containing Z is a translate of u(π1(Z

sm, z)⊗ C).

Proof. 1. If X is a complex abelian variety, then the result is due to Ullmo-
Yafaev. Their proof of [65, Proposition 5.1] has in fact revealed this
property. Here we restate the proof with more details.

Let Zde s−→ Z be a desingularization of Zde such that there exists a Zariski
open subset Zde

0 of Zde such that Zde
0

∼−→
s

Zsm. By the commutative

diagram

π1(Z
de
0 , z)

∼
- π1(Z

sm, z)

π1(Z
de, z)

?
?

- π1(Z, z)
?

- π1(X, z)

-
,

where z ∈ Zsm (the surjectivity on the left is due to [31, 2.10.1]), we know
that the image of π1(Z

de, z) and the image of π1(Z
sm, z) in π1(X, z) are

the same.

Let Alb(Zde) be the Albanese variety of Zde normalized by z, then
the map τ : Zde → Z → X factors uniquely through the Albanese
morphism([70, Theorem 12.15]):

Zde -- Z ⊂ - X

Alb(Zde)

Γ

-

alb
-

Let A := Γ(Alb(Zde)), then it is the smallest weakly special subvariety
(i.e. the translate of an abelian subvariety) of X containing Z since
alb(Zde) generates Alb(Zde) ([70, Lemma 12.11]).
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It suffices to prove that the image of π1(Z
de, z) in π1(X, z) ≃ H1(X,Z)

is of finite index in H1(A,Z). This is true since the image of π1(Z
de, z)

in H1(X,Z) contains

(Γ ◦ alb)∗H1(Z
de,Z) ≃ Γ∗H1(Alb(Zde),Z) ≃ Γ∗π1(Alb(Zde))

(the first isomorphism is given by the definition of Albanese varieties via
Hodge theory, see e.g. the proof of [70, Lemma 12.11]), which is of finite
index in π1(A, z) ≃ H1(A,Z) by [31, 2.10.2].

2. If X is an algebraic torus over C, then we can first of all translate Z by a
point such that the translate contains the origin of X . Now we are done
if we can prove that the smallest subtorus containing this translate of Z
is u(π1(Z

sm, z)⊗Z C).

Suppose T ≃ (C∗)m is the smallest sub-torus of X containing Z with
j : Zsm →֒ T the inclusion. We are done if we can prove [π1(T, z) :
j∗π1(Z

sm, z)] <∞. If not, then

j∗π1(Z
sm, z) ⊂ Ker(Zm

ρ
-- Z) (2.1.1)

for some map ρ. Since the covariant functor T 7→ X∗(T ) (X∗(T ) is the co-
character group of T ) is an equivalence between the category {algebraic
tori over C and their morphisms as algebraic groups} and the category
{free Z-modules of finite rank}, the map ρ corresponds to a surjective
map (with connected kernel) of tori p : T ։ T ′. The composition of the

maps Zsm j−→ T
p−→ T ′ = Gm,C should be dominant by the choice of T .

But then we have

[π1(T
′, p(z)) : (p ◦ j)∗π1(Z

sm, z)] <∞

([31, 2.10.2]), which contradicts (2.1.1) by the following lemma.

Lemma 2.1.5. For any C-split torus T ≃ (C∗)n, we have a canonical
isomorphism

X∗(T )
ψT−−→
∼

π1(T, 1).

Here “canonical” means that for any morphism (between algebraic groups)
f : T → T ′ between two such C-split tori, the following diagram com-
mutes:

X∗(T )
ψT

∼
- π1(T, 1)

X∗(T
′)

X∗(f)
?

ψT ′

∼
- π1(T

′, 1)

f∗
?
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Proof. Denote by U1 := {z ∈ C | |z| = 1} and i : U1 →֒ C∗ the inclusion.
Then the map ψT is defined by

X∗(T )
ψT
- π1(T, 1)

ν 7→ [ν ◦ i]
.

This is a group homomorphism. It is surjective since a representative
of the generators of π1(T, 1) is given by the n coordinate embeddings
U1 →֒ C∗ →֒ T = (C∗)n. ψT is injective since X∗(T ) ≃ π1(T, 1) ≃ Zn is
torsion-free. The rest of the lemma is immediate by the construction of
ψT .

2.2 Monodromy groups of admissible variations

of mixed Hodge structures

2.2.1 Arbitrary variation of mixed Z-Hodge structures

Let (V,W·,F ·) be a variation of mixed Z-Hodge structures over a complex
manifold S (see §1.1.1.4 for definition). Let π : S̃ → S be a universal covering
and choose a trivialization π∗V ≃ S̃ × V . For s ∈ S, MTs ⊂ GL(Vs) denote
the Mumford-Tate group of its fibre. The choice of a point s̃ ∈ S̃ with π(s̃) = s
gives an identification Vs ≃ V , whence an injective homomorphism ies : MTs →֒
GL(V ). By [1, §4, Lemma 4], on S◦ := S \Σ where Σ is a meager subset of S,
M := Im(ies) ⊂ GL(V ) does not depend on s, nor on the choice of s̃. We call
S◦ the Hodge-generic locus and the group M the generic Mumford-Tate
group of (V,W·,F ·).

On the other hand, if we choose a base-point s ∈ S and a point s̃ ∈
S̃ with π(s̃) = s, then then local system V corresponds to a representation
ρ : π1(S, s) → GL(V ), called the monodromy representation. The algebraic
monodromy group is defined as the smallest algebraic subgroup of GL(V ) over
Q which contains the image of ρ. We write Hmon

s for its connected component
of the identity, called the connected algebraic monodromy group. Given
the trivialization of π∗V, the group Hmon

s ⊂ GL(V ) is independent of the
choice of s and s̃.

Suppose now that (V,W·,F ·) is graded-polarizable, then Hmon
s < M for

any s ∈ S◦ by [1, §4, Lemma 4].

2.2.2 Admissible variations of Z-mixed Hodge structures

We now recall the concept of “admissible” variations of mixed Hodge structures
which was introduced by Steenbrick-Zucker and studied by Kashiwara and
Hain-Zucker. We give the definition here, but instead of the exact definition,
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we shall only use the notion of “admissibility” and the fact that it can be
defined using “curve test”. We will use ∆ (resp. ∆∗) to denote the unit disc
(resp. punctured unit disc).

Definition 2.2.1. (see [45, Definition 14.49])

1. A variation of mixed Hodge structures (V,W·,F ·) over the punctured
unit disc ∆∗ is called admissible if

• it is graded-polarizable;

• the monodromy T is unipotent and the weight filtration M(N,W·)
of N := logT relative to W· exists;

• the filtration F · extends to a filtration F̃ · of Ṽ which induced kF̃
on GrWk Ṽ for each k.

2. Let S be a smooth connected complex algebraic variety and let S be a
compactification of S such that S \ S is a normal crossing divisor. A
graded-polarizable variation of mixed Hodge structures (V,W·,F ·) on S
is called admissible if for every holomorphic map i : ∆ → S which
maps ∆∗ to S and such that i∗V has unipotent monodromy, the varia-
tion i∗(V,W·,F ·) is admissible. (This definition is sometimes called the
“curve test” version).

Remark 2.2.2. This definition is equivalent to the one in [25, 1.5]. See [61,
Properties 3.13 and Appendix], [28, §1 and Theorem 4.5.2] and [25, 1.5] for
details.

The following lemma is an easy property of admissibility and is surely
known by many people, but I cannot find any reference, so I give a proof here.

Lemma 2.2.3. Let S be a smooth connected complex algebraic variety and
let (V,W·,F ·) be an admissible variation of mixed Hodge structures on S.
Then for any smooth connected (not necessarily closed) subvariety j : Y →֒ S,
j∗(V,W·,F ·) is also admissible on Y .

Proof. Take smooth compactifications Y of Y and S of S such that Y \ Y
and S \ S are normal crossing divisors and such that j : Y →֒ S extends to a
morphism j : Y → S. This can be done by first choosing any compactifications
of Y cp of Y and Scp of S with normal crossing divisors and then taking a
suitable resolution of singularities of the closure of the graph of j in Y cp×Scp.
Now the conclusion follows from our “curve test” version of the definition.

2.2.3 Consequences of admissibility

Y.André proved:
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Theorem 2.2.4. Let (V,W·,F ·) be an admissible variation of mixed Hodge
structures over a smooth connected complex algebraic variety S, then for any
s ∈ S, the connected monodromy group Hmon

s is a normal subgroup of the
generic Mumford-Tate group M and also its derived group Mder.

Proof. [1, §5, Theorem 1] states that Hmon
s ⊳Mder, and in the proof he first

proved that Hmon
s ⊳M .

Now we state a theorem which roughly says that all the variations of mixed
Hodge structure obtained from representations of the underlying group of a
connected mixed Shimura datum are admissible. Explicitly, let S be a con-
nected mixed Shimura variety associated with the connected mixed Shimura
datum (P,X+) and let unif : X+ → S = Γ\X+ be the uniformization. Sup-
pose that Γ is neat. Consider any Q-representation ξ : P → GL(V ). By [55,
Proposition 4.2], there exists a Γ-invariant lattice VZ of V . Now ξ and VZ to-
gether give rise to a VMHS on S whose underlying local system is Γ\(X+×VZ).
This variation is (graded-)polarizable by [53, 1.18(d)]. Wildeshaus proved:

Theorem 2.2.5. Let S, (P,X+), ξ : P → GL(V ) and VZ be as in the para-
graph above, then the variation of mixed Hodge structures obtained as above is
admissible.

Proof. [71, Theorem 2.2] says that the corresponding Q-variation is admissible,
and Γ gives a Z-structure as in the discussion above.

Remark 2.2.6. In this language, we can rephrase Definition 1.1.18 as: P
is the generic Mumford-Tate group (of the variation in Theorem 2.2.5). For
any Hodge generic point x ∈ X+, the only Q-subgroup N of P der such that
N(R)+UN(C), where UN := U ∩N , stabilizes x is the trivial group.

2.3 The smallest weakly special subvariety con-

taining a given subvariety

In this section, our goal is to prove a theorem (Theorem 2.3.1) which (in
some sense) generalizes [39, 3.6, 3.7]. In particular, we get a criterion of weak
specialness as a corollary (Corollary 2.3.3) which generalizes [65, Theorem 4.1].

2.3.1 Connected algebraic monodromy group associated
with a subvariety of a mixed Shimura variety

Before the proof, let us do some technical preparation at first.
Let S be a connected mixed Shimura variety associated with the connected

mixed Shimura datum (P,X+) and let unif : X+ → S = Γ\X+ be the uni-
formization. We may assume P = MT(X+) by Proposition 1.1.19. There
exists a Γ′ 6 Γ of finite index such that Γ′ is neat. Let S′ := Γ′\X+ and let
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unif ′ : X+ → S′ be its uniformization. Choose any faithful Q-representation
ξ : P → GL(M) of P , then Theorem 2.2.5 claims that ξ (together with a choice
of a Γ′-invariant lattice of M) gives rise to an admissible variation of mixed
Hodge structure on S′. The generic Mumford-Tate group of this variation is
P .

Suppose that Y is an irreducible subvariety of S. Let Y ′ be an irreducible
component of p−1(Y ) under p : S′ = Γ′\X+ → S = Γ\X+, then Y ′ is an
irreducible subvariety of S′ which maps surjectively to Y under p. The vari-
ation we constructed above can be restricted to Y ′sm, and this restriction is
still admissible by Lemma 2.2.3. The connected algebraic monodromy
group associated with Y sm is defined to be the connected algebraic mon-
odromy group of the restriction of the VMHS defined in the last paragraph
to Y ′sm, i.e. the neutral component of the Zariski closure of the image of
π1(Y

′sm, y′)→ π1(S
′, y′)→ P .

Let us briefly prove that the connected algebraic monodromy group as-
sociated with Y sm is well-defined. Suppose that we have another covering

S′′ p′−→ S′ with S′′ smooth. Let Y ′′ be an irreducible component of p′−1(Y ′).
Let Y ′′sm

0 := Y ′′sm ∩ p′−1(Y ′sm), then by the commutative diagram

π1(Y
′′sm
0 , y′′) = π1(Y

′′sm, y′′) - π1(S
′′, y′′) - P

π1(Y
′sm, y′)
?

- π1(S
′, y′)
?

- P

=

?

,

where the equality in the top-left cornor is given by [31, 2.10.1] and the mor-
phism on the left is of finite index by [31, 2.10.2], the neutral components of the
Zariski closures of the images of π1(Y

′′sm, y′′) and π1(Y
′sm, y′) in P coincide.

2.3.2 Ax’s theorem of log type

Theorem 2.3.1 (Ax of log type). Let S be a connected mixed Shimura va-
riety associated with the connected mixed Shimura datum (P,X+) and let
unif : X+ → S = Γ\X+ be the uniformization. Let Y be an irreducible subva-
riety of S and

• let Ỹ be a complex analytic irreducible component of unif−1(Y );

• take ỹ0 ∈ Ỹ ;

• let N be the connected algebraic monodromy group associated with Y sm.

Then

1. The set F̃ := N(R)+UN(C)ỹ0, where UN := U ∩ N , is a weakly special
subset of X+ (or equivalently, F := unif(F̃ ) is a weakly special subvariety
of S). Moreover N is the largest subgroup of Q such that N(R)+UN (C)

stabilizes F̃ , where (Q,Y+) is the smallest connected mixed Shimura sub-
datum with F̃ ⊂ Y+;
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2. The Zariski closure of Ỹ in X+ (which means the complex analytic irre-
ducible component of the intersection of the Zariski closure of Ỹ in X∨

and X+ which contains Ỹ ) is F̃ ;

3. The smallest weakly special subset containing Ỹ is F̃ and F is the small-
est weakly special subvariety of S containing Y .

Proof. 1. Let SY be the smallest special subvariety containing Y . Such
an SY exists since the irreducible components of intersections of special
subvarieties are special (which can easily be shown by means of generic
Mumford-Tate group). By definition of special subvarieties, there exists a
connected mixed Shimura subdatum (Q,Y+) such that SY is the image
of ΓQ\Y+ in S where ΓQ := Γ ∩ Q(Q). We may furthermore assume
(Q,Y+) to have generic Mumford-Tate group by Proposition 1.1.19.

Let N be the connected algebraic monodromy group associated with
Y sm, then N ⊳Q (and also N ⊳Qder) by the discussion at the beginning
of this section (which claims that the variation we use to define N is
admissible), Remark 2.2.6 (which claims that the generic Mumford-Tate
group of this variation is Q) and Theorem 2.2.4.

Then F̃ is a weakly special subset of Y+ since it is the inverse image
of the point ϕ(ỹ0) under the Shimura morphism (Q,Y+)

ϕ−→ (Q,Y+)/N .
Then F̃ is also a weakly special subset of X+ by definition. By the choice
of (Q,Y+), F̃ is Hodge generic in Y+, and hence ϕ(F̃ ) is a Hodge generic
point in Y ′+. Now StabQder(Q)(F̃ )◦ = N(Q) by Remark 2.2.6.

2. We prove that F̃ is the Zariski closure of Ỹ in X+. We first show
that the Zariski closure of Ỹ in X+ defined as in the statement of the
theorem exists. To see this, denote by Ỹ ∨ the Zariski closure of Ỹ in
X∨. Recall that X+ is realized as a semi-algebraic open subset (w.r.t.
the archimedean topology) of X∨ as in §1.3.1. Hence Ỹ ∨ ∩X+ has only
finitely many complex analytic irreducible components1, which we call
I1, ..., Ir. If Ỹ is contained in both Ii and Ij where Ii and Ij are distinct,
then

Ỹ ⊂ Ii ∩ Ij ⊂ (Ỹ ∨ ∩ X+)sing ⊂ (Ỹ ∨)sing ∩ X+ ( Ỹ ∨ ∩ X+

1This is true for any irreducible subvariety Z of X∨ by induction on dim Z: since the
collection of all semi-algebraic sets forms an o-minimal theory, (Z ∩X+)sm decomposes into
finitely many connected components, each of which semi-algebraic (To better understand
this, recall the theorem of Klingler-Ullmo-Yafaev [29, Appendix] which says that for (P,X+)
pure, a subset of X+ is irreducible algebraic iff it is semi-algebraic and complex analytic
irreducible. Their argument can be generalized to the mixed case without much difficulty.).
Remark that these connected components are also precisely the complex analytic irreducible
components since the ambient subset of X+ is smooth. Now (Z∩X+)sing = Zsing∩X+ also
has only finitely many complex analytic irreducible components by induction hypothesis. So
we can conclude.



74

2.3. THE SMALLEST WEAKLY SPECIAL SUBVARIETY CONTAINING A

GIVEN SUBVARIETY

But (Ỹ ∨)sing is an algebraic subvariety of X∨. So this contradicts the
fact that Ỹ ∨ is the Zariski closure of Ỹ in X∨. Hence Ỹ is contained in
a unique complex analytic irreducible component of Ỹ ∨ ∩ X+. So the
Zariski closure of Ỹ in X+ defined as in the statement of the theorem
exists.

Next we prove that it suffices to prove Ỹ ⊂ F̃ . Assume this. Let Ỹ be the

Zariski closure of Ỹ in X+, then Ỹ ⊂ F̃ since Ỹ ⊂ F̃ and F̃ is algebraic
(Lemma 1.3.8). On the other hand, ΓY sm := Im(π1(Y

sm)→ π1(S)→ P )

stabilizes Ỹ , so ΓY sm ỹ0 ⊂ Ỹ . The group ΓY sm is Zariski dense in N , and
hence Zariski dense in NC. But F̃ is a complex analytic irreducible
component of N(C)ỹ0 ∩ X+, so ΓY sm ỹ0 is Zariski dense in F̃ . Hence we

have F̃ ⊂ Ỹ . As a result, F̃ = Ỹ .

Now we prove that Ỹ ⊂ F̃ (or equivalently, Y ⊂ F ).

The fact that Ỹ ⊂ F̃ has nothing to do with the level structure. Hence
we may assume Γ = ΓW ⋊ΓG with ΓW ⊂W (Z), ΓU := ΓW ∩U ⊂ U(Z),
ΓV := ΓW /ΓU ⊂ V (Z) and ΓG ⊂ G(Z) small enough such that they
are all neat and such that Γ ⊂ P der(Q) (Remark 1.1.13(2)). We write
ΓP/U := Γ/ΓU .

We may replace (P,X+) by (Q,Y+) and S by SY (same notation as in
(1)) since Ỹ , F̃ ⊂ Y+ and Y , F ⊂ SY . In other words, we may assume
that Y is Hodge generic in S and (P,X+) is irreducible.

Consider the following diagram:

X+ πP/U
- X+

P/U

πG
- X+

G

S = Γ\X+

unif
?

[πP/U ]
- SP/U := ΓP/U\X+

P/U

unifP/U
?

[πG]
- SG := ΓG\X+

G

unifG

?

Denote by π and [π] the composites of the maps in the two lines respec-
tively. Denote by ỸG := π(Ỹ ), YG := [π](Y ) and ỸP/U := πP/U (Ỹ ),

YP/U := [πP/U ](Y ); F̃G := π(F̃ ), FG := [π](F ) and F̃P/U := πP/U (F̃ ),
FP/U := [πP/U ](F ). Denote by ỹ0,P/U := πP/U (ỹ0) and ỹ0,G := π(ỹ0).

Now to make the proof more clear, we divide it into several steps.

Step I. Prove that ỸG ⊂ F̃G.

We begin the proof with the following lemma:

Lemma 2.3.2. In the context above, the connected algebraic monodromy
group associated with YG

sm
(resp. YP/U

sm
) is GN (resp. N/UN where

UN := U ∩N).
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Proof. We only prove the statement for YG
sm

. The proof for YP/U
sm

is
similar. Take Y sm

0 := Y sm ∩ π−1(Y sm
G ), then we have the commutative

diagram below:

π1(Y
sm
0 , y) - π1(Y

sm
G , yG) -- π1(YG

sm
, ζG)

π1(Y
sm, y)

?
?

- π1(S, y) - π1(SG, yG)
?-

P
?

- G
?

.

Here, the morphism on the left and the right morphism on the top are
surjective since codimY sm(Y sm−Y sm

0 ) > 1 and codimYG
sm(YG

sm−Y sm
G ) >

1 ([31, 2.10.1]). Now [31, 2.10.2] shows that the image of π1(Y
sm
0 , y) is

of finite index in π1(Y
sm
G , yG), so the neutral components of the Zariski

closures of π1(Y
sm, y) and π1(YG

sm
, yG) in G coincide. Hence we are

done.

Let Z̃ be the closure (w.r.t. archimedean topology) of ỸG in X+
G , then

Z̃ is a complex analytic irreducible component of unif−1
G (YG). For the

pure connected Shimura datum (Gad,X+
G ), we have a decomposition ([39,

3.6])
(Gad,X+

G ) = (Gad
N ,X+

G,1)× (G2,X+
G,2).

By [39, 3.6, 3.7] and Lemma 2.3.2, Z̃ ⊂ X+
G,1 × {ỹG,2}, i.e. Z̃ ⊂

GN (R)+x̃G for some x̃G ∈ X+
G . But ỹ0,G ∈ ỸG ⊂ Z̃, so F̃G = GN (R)+ỹ0,G ⊂

GN (R)+x̃G. This implies that F̃G = GN (R)+x̃G. As a result, ỸG ⊂ Z̃ ⊂
F̃G.

Step II. Consider the Shimura morphism

(P,X+)
ρ

-- (P ′,X+′) := (P,X+)/N.

Then F̃ = ρ−1(ρ(F̃ )) by definition of ρ. So in order to prove Ỹ ⊂ F̃ , it
is enough to show that ρ(Ỹ ) ⊂ ρ(F̃ ). Hence we may replace (P,X+) by
(P ′,X+′). In other words, we may assume N = 1.

In this case F̃ is just a point x̃ ∈ X+. Call x̃P/U := πP/U (x̃), x̃G := π(x̃)
and x := unif(x̃), xP/U := unifP/U (x̃P/U ), xG := unifG(x̃G). Then

since YG ⊂ FG, we have Y ⊂ E where E is the fibre of S
[π]−−→ SG over

xG. Denote by A the fibre of SP/U
[π]G−−−→ SG over xG and T the fibre of

S
[πP/U ]−−−−→ SP/U over xP/U , then by [53, 3.13, 3.14] A is an abelian variety

and T is an algebraic torus.
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Step III. Prove that ỸP/U ⊂ F̃P/U , i.e. ỸP/U = {x̃P/U}.
By Step I, YP/U ⊂ A. We have the following morphisms

π1(Y
sm
P/U )→ π1(A)→ π1(SP/U ) = ΓP/U → P/U = V ⋊G.

The neutral component of the Zariski closure of π1(Y
sm
P/U ) (resp. π1(A))

in P/U = V ⋊G is 1 (resp. V ), so the image of

π1(Y
sm
P/U )→ π1(A)

is a finite group.

Now YP/U is irreducible since Y is irreducible. So by Proposition 2.1.4,

YP/U ⊂ A is a point. Equivalently, ỸP/U is a point. So ỸP/U ⊂ F̃P/U
since ỸP/U ∩ F̃P/U 6= ∅ (both of them contain ỹ0,P/U ).

Step IV. Prove that Ỹ ⊂ F̃ , i.e. Ỹ = {x̃}.
By Step I, Y ⊂ E. By Step III, YP/U = {xP/U}. So Y ⊂ T . We have
the following morphisms

π1(Y
sm)→ π1(T )→ π1(S) = Γ→ P = W ⋊G.

The neutral component of the Zariski closure of π1(Y
sm) (resp. π1(T ))

in P = W ⋊G is 1 (resp. U), so the image of

π1(Y
sm)→ π1(T )

is a finite group.

Now since Y is irreducible, by Proposition 2.1.4, Y ⊂ T is a point.
Equivalently, Ỹ is a point. So Ỹ ⊂ F̃ since Ỹ ∩ F̃ 6= ∅ (both of them
contain ỹ0).

3. Since every weakly special subset of X+ is algebraic by Lemma 1.3.8, F̃
is also the smallest weakly special subset which contains Ỹ . Therefore
F is the smallest weakly special subvariety of S which contains Y .

Corollary 2.3.3. Let S be a connected mixed Shimura variety associated with
the connected mixed Shimura datum (P,X+) and let unif : X+ → S = Γ\X+

be the uniformization map. Let Y be an irreducible subvariety of S, then Y
is weakly special if and only if one (equivalently any) irreducible component of
unif−1(Y ) is algebraic.

If Y is weakly special, then Y = unif(N(R)+UN(C)ỹ) where N is the con-
nected algebraic monodromy group associated with Y sm, UN := U ∩N and ỹ
is any point of unif−1(Y ).



CHAPTER 2. AX’S THEOREM OF LOG TYPE 77

Proof. The “only if” part is immediate by Lemma 1.3.8. Now we prove the “if”
part.

We first of all quickly show that if one irreducible component of unif−1(Y )
is algebraic, so are the others. The proof is the same as [65, first paragraph
of the proof of Theorem 4.1]. Suppose that Ỹ is an irreducible component of
unif−1(Y ) which is algebraic, i.e. Ỹ is an irreducible component of X+∩Z for
some algebraic subvariety Z of X∨. Then for any γ ∈ Γ ⊂ P (R)U(C),

γỸ = γ(X+ ∩ Z) ⊂ X+ ∩ γZ = γγ−1(X+ ∩ γZ) ⊂ γỸ .

Hence it follows that γỸ = X+ ∩ γZ is algebraic.

Next under the notation of Theorem 2.3.1, Ỹ = Ỹ = F̃ since Ỹ is algebraic.
Hence Ỹ is weakly special, and so is Y .

Finally if Y is weakly special, then for any ỹ ∈ unif−1(Y ) and Ỹ the irre-
ducible component of unif−1(Y ) which contains ỹ, Ỹ = F̃ = N(R)+UN (C)ỹ
by Theorem 2.3.1, and hence Y = unif(N(R)+UN(C)ỹ).
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