d
A
&
15,

Universiteit

*dlied) Leiden
'M% The Netherlands

5
3
H oo
B
=
=)
@\
-3

o

The mixed Ax-Lindemann theorem and its applications to the Zilber-Pink

conjecture
Gao, Z.

Citation
Gao, Z. (2014, November 24). The mixed Ax-Lindemann theorem and its applications to the
Zilber-Pink conjecture. Retrieved from https://hdl.handle.net/1887/29841

Version: Corrected Publisher’s Version

Licence agreement concerning inclusion of doctoral thesis in the
Institutional Repository of the University of Leiden
Downloaded from: https://hdl.handle.net/1887/29841

License:

Note: To cite this publication please use the final published version (if applicable).


https://hdl.handle.net/1887/license:5
https://hdl.handle.net/1887/license:5
https://hdl.handle.net/1887/29841

Cover Page

The handle http://hdl.handle.net/1887/29841 holds various files of this Leiden University
dissertation.

Author: Gao, Ziyang

Title: The mixed Ax-Lindemann theorem and its applications to the Zilber-Pink
conjecture

Issue Date: 2014-11-24


https://openaccess.leidenuniv.nl/handle/1887/1
http://hdl.handle.net/1887/29841
https://openaccess.leidenuniv.nl/handle/1887/1�

Chapter 1

Preliminaries

1.1 Mixed Shimura varieties

1.1.1 Mixed Hodge structure

In this section we recall some background knowledge about rational mixed
Hodge structures. Most of this section is taken from [53] Chapter 1].

1.1.1.1 Definitions about mixed Hodge structures

We start by collecting some basic notions about Hodge structures. This sub-
section is taken from [53] 1.1 and 1.2]. In this subsection, R = Z or Q.

Let M be a free R-module of finite rank. A pure Hodge structure of
weight n € Z on M is a decomposition M¢c = ®pyg=nMP? into C-vector
spaces such that for all p,q € Z with p + ¢ = n one has M%P = MP4, The
associated (descending) Hodge filtration on Mc¢ is defined by FPMc =
DprspMP 9. Tt determines the Hodge structure uniquely, because MP4 =
FPMc N F4Mc.

A mixed R-Hodge structure on M is a triple (M, {W,,M } ez, {FPMc}pez)
consisting of an ascending exhausting separated filtration {W, M },,cz of M by
R-modules of finite rank with each M /W, M free, called weight filtration,
together with a descending exhausting separated filtration {F? Mc }pez of M,
called Hodge filtration, such that for all n € Z the Hodge filtration induces a
pure Hodge structure of weight n on GrZVM =W, M/W,_1M. A pure Hodge
structure of weight n is considered a special case of a mixed Hodge structure
by defining the weight filtration as W,,, M = M for n’ > n and W,,, M = 0 for
n' < n.

The Hodge numbers are defined as hP? := dimC(GrZ[iqM)p’q. They
satisfy h?P = hP4 almost all h?? are zero, and their sum is equal to the
dimension of M. If A C Z & Z is an arbitrary subset, then we say that the
Hodge structure (M, {W,, M },ez, {FP*Mc}pez) is of type A, if h?7 = ( for
all (p,q) ¢ A. The weights that occur in a mixed Hodge structure are the
numbers p + ¢ for all pairs (p, ¢), for which h?>? # 0. The notions of weight
< n and of weight > n are defined in the obvious way.

A morphism of mixed R-Hodge structures is a homomorphism f: M —
M’ such that f(W,, M) C W,,M’ and f(F?Mc) C FPM{ for all n,p € Z. The
rational mixed Hodge structures form an abelian category with these mor-
phisms. Given mixed R-Hodge structures on M; and Ms, there are canon-
ical rational mixed Hodge structures on M; & Ms, on the dual M)’ and on
HOIII(Ml, Mg)

35



36 1.1. MIXED SHIMURA VARIETIES

A mixed Hodge structure on M splits over R, if there exists a decompo-
sition Mc = @, M9 such that W, Mc = @1 qcn MP9, FP Mg = @5, MP 1
and M%P = MP9. This decomposition is then uniquely determined by these
properties. Every pure Hodge structure splits over R, but not every mixed
Hodge structure does. If one weakens the requirements, however, one can still
associate to every mixed Hodge structure a canonical decomposition M¢ =
@p,gMP 4, as in the following proposition.

Proposition 1.1.1 (Deligne). Fiz a mized R-Hodge structure on M.

1. There exists a decomposition Mc = @y o MP 9 such that W,, Mc = ©prqcnMP?
and FPMc = EBp/>pMp,’q.

2. The Hodge structure is uniquely determined by any such decomposition.

3. There exists a unique decomposition as in (1) which also satisfies
Mq7p = MP;Q mod ®p’<p,q’<q Mp’,q/'
Proof. 53, 1.2]. O

1.1.1.2 Equivariant families of mixed Hodge structures

The reference for this subsection is [53, 1.3-1.7]. In this section, R = Z or Q.

Let S := Resc/rGm,c. The torus S is called the Deligne-torus. Over
C it is canonically isomorphic to G, c x Gy, ¢, but the action of complex
conjugation is twisted by the automorphism c¢ that interchanges the two fac-
tors. In particular S(R) = C* corresponds to the points of the form (z,%)
with z € C*. While the character group of G,, ¢ is Z in the standard way,
we identify the character group of S with Z @ Z such that the character (p, q)
maps z € S(R) = C* to 2Pz~ 9 € C*. Under this identification the complex
conjugation operates on Z @ Z by interchanging the two factors. The following
homomorphisms are important in the theory:

o the weight w: G,, r — S induced by R* C C*;
o : Gy c — S¢ sending z € C* +— (2,1) € C* x C* = S(C);

e the norm N:S — Gy, r sending z € S(R) = C* — 2z € R*. The
kernel S' of N is anisotropic over R, and we have a short exact sequence
1—>Sl—>S—>Gm7R—>1.

Let M be a free R-module of finite rank. The choice of a representa-
tion k: S¢ — GL(Mc¢) is equivalent to the choice of a decomposition M¢ =
®p,MP 1, where MP9 is the eigenspace in Mc to the character (p,q). As in
the last subsection we call W, Mc = @pyq<nMP? and FPMc = @p/}pMqu
the associated weight filtration, respectively Hodge filtration, and define the
notions “of type A”, pure, etc. in the same way. These notions coincide with
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those of the last subsection, if the filtrations are those of a mixed R-Hodge
structure on M. The following two propositions will tell us under which con-
dition on k this is the case for R = Q.

Proposition 1.1.2. Let P be a connected Q-linear algebraic group. Let W :=
Ru(P) beits unipotent radical, let G := P/W andlet m: P — G be the quotient
map. Let h: Sc — Pc be a homomorphism such that the following conditions
holds:

e woh:Sc — Gg¢ is defined over R;

e mohow: G,, g — Gr is a cocharacter of the center of G, which is defined
over Q;

e Under the weight filtration on (Lie P)c defined by Adp o h we have
W_1(Lie P) = Lie W.

Then

1. For every (Q-)representation p: P — GL(M), the homomorphism p o h:
Sc — GL(Mc) induces a rational mized Hodge structure on M.

2. The weight filtration on M is stable under P.

3. Foranyp € P(R)W(C), the assertions (1) and (2) also hold forint(p) o h
in place of h. The weight filtration and the Hodge numbers in any rep-
resentation are the same for int(p) o h and for h.

Proof. |53, 1.4]. O

Proposition 1.1.3. Let M be a finite dimensional Q-vector space. A rep-
resentation k: S¢ — GL(Mcg) defines a rational mized Hodge structure on
M iff there exist a connected Q-linear algebraic group P, a representation
p: P — GL(M) and a homomorphism h: S¢ — Pc such that k = poh and the
conditions in Proposition [LT.2 are satisfied. Moreover, every rational mized
Hodge structure on M is obtained by a unique representation k: S¢ — GL(Mc)
with the property above.

Proof. This is [53}, 1.5] except the “Moreover” part, where the existence of k has
been explained in the paragraph before Proposition [[L1.21 and the uniqueness
of k follows from Proposition [[LTI[(3). O

Now we are ready to discuss equivariant families of Hodge structures,
or more precisely homogeneous spaces parametrizing certain rational mixed
Hodge structures.

Proposition 1.1.4. Let P be a Q-linear algebraic group and let W := R, (P)
be its unipotent radical. Let Xy be a P(R)W (C)-conjugacy class in Hom(S¢, Pr).
Assume that for one (and hence for all by Proposition [L1T.A(3)) h € Xw, the
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conditions in Proposition [L.1.2 holds. Let M be any faithful representation of
P and let ¢ be the obvious map

Xw — {rational mized Hodge structures on M}.
Then:

1. There exists a unique structure on o(Xw) as a complex manifold such
that the Hodge filtration on Mc depends analytically on o(h) € p(Xw).
This structure is P(R)W (C)-invariant and W (C) acts analytically on
o (Xw ).

2. For any other representation M’ of P the analogous map
¢': Xw — {rational mized Hodge structures on M'}

factors through o(Xw). The Hodge filtration on M’ varies analytically
with o(h) € p(Xw ).

3. If in addition M’ is faithful, then o(Xw) and ¢’ (Xw) are canonically
isomorphic and the isomorphism is compatible with the complex struc-
ture.

Proof. |53, 1.7]. O

1.1.1.3 Mumford-Tate group and polarizations

In this subsection, R = Z or Q. Also M will be a free R-module of finite rank
equipped with a mixed R-Hodge structure (M, {W, M } ez, {FPMc}pez). By
Proposition [[LT.3] the corresponding rational mixed Hodge structure on Mg
gives rises to a representation k: S¢ — GL(M¢).

Definition 1.1.5. The Mumford-Tate group of this mized R-Hodge struc-
ture is defined to be the smallest Q-subgroup P of GL(Mg) such that k(Sc) C
Pc.

Before defining the polarizations of pure Hodge structures, we introduce the
Tate Hodge structure, which is defined to be the free R-module of rank 1
R(1) := 27v/—1R with the pure R-Hodge structure of type (—1, —1). For every
n € Z, we get a pure R-Hodge structure of type (—n, —n) on R(n) := R(1)®".

Definition 1.1.6. Suppose that the R-Hodge structure on M is pure of weight
n. A polarization of this Hodge structure is a homomorphism of Hodge struc-
tures

Q: M®M — R(—n)

which is (—1)"-symmetric and such that the real-valued symmetric bilinear
form

Q' (u,v) = 27V —1)"Q(Cu,v)
is positive-definite on My, where C' acts on MP? by C|ppa = (v/—1)P79.
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1.1.1.4 Variation of mixed Hodge structures

The reference for this subsection is [53] 1.9-1.13|. In this subsection, R = Z or
Q.

Definition 1.1.7. ([, Definition 14.44]) Let S be a complex manifold. A
variation of mired R-Hodge structures over S is a triple (V,W. F")
with

1. a local system V of free R-modules of finite rank on S;

2. a finite increasing filtration {W,,} of the local system V by local sub-
systems with torsion free GrZVV for each n (this is called the weight
filtration);

3. a finite decreasing filtration {FP} of the holomorphic vector bundle V :=
V ®prs Og, where Rg is the constant sheaf over S, by holomorphic sub-
bundles (this is called the Hodge filtration).

such that

1. for each s € S, the filtrations {FP(s)} and {Wy,} of V(s) ~ Vs @r C
define a mized Hodge structure on the R-module of finite rank V;

2. the connection V : V — V Qo4 O whose sheaf of horizontal sections is
Ve satisfies the Griffiths’ transversality condition

V(FP) c FP~ @ Q4.

Definition 1.1.8. A wvariation of mized Hodge structures over S is said to be
graded-polarizable if the induced variations of pure Hodge structure GrZVV
are all polarizable, i.e. for each n, there exists a flat morphism of variations

Qn: GrV Ve GV — R(—n)s

which induces on each fibre a polarization of the corresponding Hodge structure
of weight n.

Proposition 1.1.9. Let P, Xy, M and ¢ be as in Proposition [I.14 Then
we have a variation of rational mized Hodge structures on M over o(Xw) iff
for one (and hence for all) h € Xy the Hodge structure on Lie P is of type

{(_17 1)5 (07 O)v (17 _1)7 (_17 O)v (07 _1)7 (_17 _1)}'
Proof. |53}, 1.10]. O

Proposition 1.1.10. Let P, Xy, M and ¢ be as in Proposition [I.1.4] As-
sume
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e for one (and hence all) h € Xy, the conjugation by h o w(v/—1) induces
a Cartan involution on G where G := P/W and G possesses no
Q-factor H such that H(R) is compact;

e P/Pd" = Z(G) is an almost direct product of a Q-split torus with a
torus of compact type defined over Q;

e M is an irreducible representation of P and the Hodge structure on M
induced by one (and hence all) h € Xy is pure of weight n.

Then there exist a one dimensional representation of P on Q(—n) and a P-
equivariant bilinear form V: M x M — Q(—n) such that for all h € Xy either
U or —V is a polarization of the corresponding Hodge structure on M.

Proof. |53, 1.12 and 1.13]. O

1.1.1.5 Replace A} by a smaller orbit

The reference for this subsection is [63, 1.15 and 1.16].

Let P, Xy, M and ¢ be as in Proposition[[LT.4l The aim of this subsection
is to find a subgroup U of W such that the image of an orbit under P(R)U(C)
under ¢ is the same as (X ).

Let U < W be the unique connected subgroup such that Lie U = W_q(Lie W).
By Proposition [[LT.2)(3), it does not depend on h € Xy . Let 7’ be the quotient
P — P/U.

Proposition 1.1.11. Under the notation as above. Let
X :={heXy| " oh:Sc — (P/U)c is defined over R}.
Then
1. X is a non-empty P(R)U(C)-orbit in Hom(Sc¢, Pc);
2. o(X) = o(Xw);
3. If FO(LieU)c = 0, then p(X) ~ X.
Proof. |53, 1.16]. O

1.1.2 Mixed Shimura data and mixed Shimura varieties
1.1.2.1 Definitions and basic properties
Definition 1.1.12. A mized Shimura datum (P, X) is a pair where

e P is a connected linear algebraic group over Q with unipotent radical W
and with another algebraic subgroup U C W which is normal in P and
uniquely determined by X using condition [B) below;
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o X is a left homogeneous space under the subgroup P(R)U(C) C P(C),

and X L Hom(Sc, Pc) is a P(R)U(C)-equivariant map such that every
fibre of h consists of at most finitely many points,

such that for some (equivalently for all) x € X,

1. the composite homomorphism Sc Dey pe— (P/U)¢ is defined over R,

2. the adjoint representation induces on Lie P a rational mized Hodge struc-
ture of type

{(_17 1)a (07 O)a (17 _1)} U {(_13 0)7 (Oa _1)} U {(_17 _1)}7
8. the weight filtration on Lie P is given by

0 ifn < -2
LieU ifn=—2
LieW ifn=-1’
LieP ifn>0

W, (Lie P) =

4. the conjugation by h,(v/—1) induces a Cartan involution on G%d where
G := P/W, and G*! possesses no Q-factor H such that H(R) is compact,

5. P/PYr = Z(G) is an almost direct product of a Q-split torus with a
torus of compact type defined over Q.

If in addition P is reductive (resp. U is trivial), then (P, X)) is called a pure
Shimura datum (resp. a mized Shimura datum of Kuga type).

Remark 1.1.13. 1. Let w: Gpr — S bet € R* — t € C*. Conditions
(2) and (3) together imply that the composite homomorphism G, c <,

Sc¢ 2 Pe — (P/U)c 1is a co-character of the center of P/W defined over
R. This map is called the weight. Furthermore, condition (5) implies that
the weight is defined over Q.

2. Condition (5) also implies that every sufficiently small congruence sub-
group T of P(Q) is contained in P (Q) (cf [53, the proof of 3.3(a)]).
Fiz a Levi decomposition P =W x G ([55, Theorem 2.5]), then P* =
W x G, and hence for any congruence subgroup T' < P7(Q), T is
Zariski dense in PY°" by condition (4) ([55, Theorem 4.10]).

3. Condition (5) in the definition is not too strict because we are only in-
terested in a connected component of X ([53, 1.29]).

Theorem 1.1.14. Let (P, X) be a mized Shimura datum. Then X possesses
a canonical P(R)U(C)-invariant complex structure and every connected com-
ponent of X is isomorphic to a holomorphic vector bundle on a hermitian
symmetric domain.
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Proof. The existence of the complex structure follows from Proposition [[.1.4]
and Proposition[.T.TIl We will give the construction of this complex structure

at the beginning of §L.3.T1
The second claim is [53, 2.19]. O

Definition 1.1.15. Let (P, X) be a mized Shimura datum and let K be an
open compact subgroup of P(Ay) where Ay is the ring of finite adéle of Q. The
corresponding mired Shimura variety is defined as

Mg (P, &) := P(Q\X x P(Ay)/K,

where P(Q) acts diagonally on both factors on the left and K acts on P(Ay)
on the right. The mized Shimura variety My (P, X) is said to be pure (resp.
of Kuga type) if (P, X) is pure (resp. of Kuga type).

In this article, we only consider connected mixed Shimura data and con-
nected mixed Shimura varieties except in 4.2

Definition 1.1.16. 1. A connected mixzed Shimura datum is a pair
(P, X%), where P is as in Definition[[1.13, X" hy Hom(S¢, Pr) is an
orbit under the subgroup P(R)*U(C) C P(C) such that for one (and
hence for all) x € Xt the conditions (1)-(5) in Definition [LT.12 are
satisfied.

2. A connected mized Shimura variety S associated with (P, X7T) is of
the form T\X™T for some congruence subgroup I' C P(Q)4+ := P(Q) N
P(R)4, where P(R)4 is the stabilizer in P(R) of X C Home(Sc, Pc).

Mixed Shimura varieties and connected mixed Shimura varieties are closely
related. Their relationship is summarized in the following proposition.

Proposition 1.1.17. Let (P, X) be a mized Shimura datum and let K be an
open compact subgroup of P(Ay). Let X be a connected component of X.

1. The pair (P, X7") is a connected mized Shimura datum.

2. The set P(Q)+\P(Ay)/K is a finite set.

3. Foranyps € P(Ay), T'(py) = P((@)_,_ﬂprp;l s a congruence subgroup
of P(Q)+ depending only on [pf] € P(Q)+\P(A;)/K and K.

Mg (P, X) = 1T T(pp)\X™.
Ips1€P(Q)+\P(4))/ K

Proof. |53, 3.2] and [55, Theorem 8.1]. O

This proposition allows us to consider only connected mixed Shimura data
and connected mixed Shimura varieties in this dissertation. One advantage of
doing this is because of the notion which we introduce now: recall the following
definition, which Pink calls “irreducible” in [53] 2.13].
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Definition 1.1.18. A connected mized Shimura datum (P,X7") is said to
have generic Mumford-Tate group if P possesses no proper normal sub-
group P’ such that for one (equivalently all) v € X7, hy factors through
Pl C Pc. We shall denote this case by P = MT(XT). (This terminology
will be explained in Remark[22.0]).

Proposition 1.1.19. Let (P,X™T) be a connected mized Shimura datum, then

1. there exists a connected mized Shimura datum (P', X'") — (P, X™") such
that P' = MT(X'T) and X'T = X;

2. if (P,X™%) has generic Mumford-Tate group, then P acts on U wvia a
character. In particular, any subgroup of U is mormal in P.

Proof. |53, 2.13, 2.14]. O

Definition 1.1.20. A (Shimura) morphism of connected mixzed Shimura
data (Q, Y1) — (P,XT) is a homomorphism ¢: Q — P of algebraic groups
over Q which induces a map Y+ — X7, y— poy. A Shimura morphism
of connected mixed Shimura varieties is a morphism of varieties induced
by a Shimura morphism of connected mized Shimura data.

A very important result of the theory of Shimura varieties is that the
category of connected mixed Shimura varieties is a subcategory of the category
of algebraic varieties. More precisely,

Theorem 1.1.21. 1. Let S be a connected mized Shimura variety associ-
ated with (P, X%) and let unif: X+ — S = T\X™T be the uniformiza-
tion. Then there is a canonical structure of a normal complex quasi-
projective algebraic variety on S (the complex structure comes from the
P(R)*U(C)-invariant complex structure of X+ given in Theorem|[I.1.17).
Moreover if I' is neat, then S is smooth.

2. BEvery Shimura morphism between connected mixed Shimura varieties is
algebraic.

Proof. |53}, 3.3 and 9.24]. O

1.1.2.2 Construction of new mixed Shimura data from a given one

Given a (connected) mixed Shimura datum (P, X’), we define in this section
its quotient mixed Shimura data and its unipotent extensions.

Proposition 1.1.22 (Quotient mixed Shimura datum). Let (P, X) be a mized
Shimura datum and let Py be a normal subgroup of P. Then there exist a quo-
tient mized Shimura datum (P,X)/Py and a morphism (P,X) — (P,X)/Py,
unique up to isomorphism, such that every Shimura morphism (P, X) — (P’,X"),
where the homomorphism P — P’ factors through P/Py, factors in a unique
way through (P, X)/Py. In fact the underlying group for (P,X)/Py is P/FPy.
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Proof. This is [53] 2.9] except the “In fact” part, which is clear by the proof. O

Proposition 1.1.23 (Unipotent extension of a mixed Shimura datum). Let
(P, X) be a mized Shimura datum and let 1 — Wy — P — P — 1 be an
extension of P by a unipotent group Wy. Let G := P/R,(P). Assume that
the Lie algebra of every irreducible subquotient of Lie Wy is of Hodge type
{(=1,0),(0,=1),(=1,—=1)} as representation of G, and that the center of G
acts on it through a torus that is an almost direct product of a Q-split torus
with a torus of compact type defined over Q. Then:

1. There exist a mized Shimura datum (P, X1) and a morphism (Py, X1) —
(P, X) that extends the given homomorphism Py — P, with the property
(Py, X1)/ Wy ~ (P, X). They are uniquely determined up to isomorphism.

2. For every morphism (P',X') — (P,X) and every factorization P’ —
P, — P, there exists exactly one extension (P',X') — (P,X1) —
(P, X).

Proof. This is |53, 2.17). O

Example 1.1.24. Let us see a particular example of the unipotent extensions
of a given connected mized Shimura datum. This is [54), Construction 2.9].
Let (P,X*) be a connected mized Shimura datum and let V' be a finite
dimensional representation of P. Then we can define the Q-linear algebraic
group V' x P. Assume that for one (and hence for all) x € X7, the induced
rational mized Hodge structure on V' has type {(—1,0),(0,—1)}. Let

V/(]R) x X C HOIn(Sc, (V/ X P)(C)

denote the conjugacy class under V'(R) x (P(R)TU(C)) = (V' x P)(R)TU(C)
generated by XT C Hom(Sc, Pc). There is a natural bijection

V(R) x Xt S V/(R) x XY, (v, x) — int(v') o z.

Under this bejection the action of (v,p) € V'(R) x (P(R)TU(C)) corresponds
to the twisted action (v,p) - (v',x) = (pv' + v,px). The complex structure of
the fiber over x € Xt of the projection

V/(R) x X+ — x+

is given by V'(R) ~ V'(C)/FOV'(C).
The pair (V' x P,V'(R) x XT) is the extension of (P, X1) by V'.

Notation 1.1.25. For convenience, we fix some notation here. Given a con-
nected mized Shimura datum (P, X7), we always denote by W = R, (P) the
unipotent radical of P, G := P/W the reductive part, U < P the weight —2
part, V := W/U the weight —1 part and (P/U, X;/U) = (P,XT)/U (resp.
(G, XZ) == (P,X%)/W) the corresponding connected mized Shimura datum
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whose weight —2 part is trivial (resp. pure Shimura datum). If we have several
connected mized Shimura data, say (P,X) and (Q, YY), then we distinguish
the different parts associated with them by adding subscript Wp, Wq, Gp, Gq,
etc. For a connected mived Shimura variety S, we denote by Sp;y (resp. Sc)
its image under the Shimura morphism induced by (P,X*) — (P/U, X;/U)
(resp. (P,X") — (G,X%)). The pure Shimura datum (G,X[) will be called
the pure part of (P,X%) and Sg will be called the pure part of S.

1.1.2.3 Examples of Shimura morphisms

In this subsection, we discuss some Shimura morphisms. The first corresponds
to families of abelian varieties. Then we define Shimura immersions, Shimura,
submersions and Shimura coverings.

Proposition 1.1.26. Let S = T\X™ be a connected mized Shimura variety
of Kuga type associated with (P, XT) and let Sg be its pure part. Assume that
I' =Ty x g and that T is neat. Then S — Sq is an abelian scheme.

Proof. |53}, 3.12(a) and 3.22(a)]. O

Proposition 1.1.27. Let p: (P,XT) — (P',X'") be a Shimura morphism
and letT’ C P(Q)+ and I C P'(Q)+ be congruence subgroups such that o(I') C
I'Y. Then the map

[e]: T\XT = TA\X™F, 2] [poa]
is well-defined and algebraic. Moreover, [p] is

o]

1. a finite morphism if Ker(p)
Shimura immersion.

is a torus. In this case [p] is called a

2. surjective if Im(p) contains P'4". In this case [p] is called a Shimura
submersion.

3. a (possibly ramified) covering if the conditions in (1) and (2) both hold.
In this case [p] is called o Shimura covering.

Proof. |53}, 3.4 and 9.24]. O

At the end of this subsection, we state the following property for Shimura
morphisms.
Proposition 1.1.28. Let (Q,)) EN (P,X) be a Shimura morphism, then
f(Wgo) C Wp (resp. f(Ug) C f(Up)), and hence f induces

7 : (GQ7yGQ) - (GP?XGP) (resp. ?/ : (Q/QUayQ/ch) - (P/UPaXP/Up))'

Furthermore, if the underlying homomorphism of algebraic groups f is injec-
tive, then so are f and ?I.
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Proof. Since
LieWp = W_4(Lie P) and Lie Wg = W_1(Lie Q),

by the following commutative diagram

LieWg — LieWp

1§ lexp lexp

Wy —L P

(here exp is algebraic and is an isomorphism as a morphism between algebraic
varieties because Wy is unipotent), f(Wg) C Wp.
Hence f induces a map Gg — Gp. Now the existence of f follows from
the universal property of the quotient Shimura datum (Proposition [LT.22]).
Furthermore, suppose now that f is injective. By Levi decomposition, the
exact sequence
1-Wo—Q e, Gg—1

splits. Choose a splitting sg: Gg — @, then we have the following diagram
whose solid arrows commute:

5Q
e
TQ .
Wi
»
1 Wp P Gp 1
TP

where A := fosg. Then A is injective since f, s are. And mpo = mpofosg =
fomgosg = f, so we have

Ker(f) =GoNnWp

where the intersection is taken in P. (Gg N Wp)° is smooth (since we are
in the characteristic 0), connected unipotent (since it is in Wp) and normal
in Gg (since Wp is normal in P), so it is trivial since G is reductive. So
Gg N Wp is finite, hence trivial because Wp is unipotent over Q. To sum it
up, f is injective.

The proof for the statements with U’s is similar. O

1.1.2.4 Generalized Hecke orbits

The reference for this subsection is [64, Section 3]. Let S = T'\X™T be a
connected mixed Shimura variety associated with (P, X*) and let unif: X+ —
S be the uniformization.

Definition 1.1.29. 1. Forany ¢ € Aut ((P, X"')), the diagram of Shimura
coverings

s=r\xt L rneim)\at Lt =g
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is called a generalized Hecke correspondence on S and is denoted
by T,,. For any subset Z C S, the subset

To(Z) = l¢] ([d] 7' (2))

is called the translate of Z under T,. We also abbreviate Ty (s) :=
T,({s})-

2. The generalized Hecke correspondence associated with an inner automor-

phism int(p): p’ +— pp'p~t for an element p € P(Q), is called a (usual)

Hecke correspondence on S and is denoted by T),.
Definition 1.1.30. Fiz a point s € S.

1. The union of Ty(s) for all ¢ € Aut (P, X)) is called the generalized
Hecke orbit of s.

2. The union of T,(s) for allp € P(Q)4 is called the (usual) Hecke orbit
of s.

The following proposition, whose proof we omit, is very easy to check by
definition.

Proposition 1.1.31. Let s be a point of S. Let s € XT be such that unif (3) =
s. Then the generalized Hecke orbit of s equals

unif (Aut (P,XT)) 5)

The generalized Hecke orbits in a particular connected mixed Shimura va-
riety (the universal family of principally polarized abelian varieties) will be
computed in the last chapter of this dissertation (Z.ITJ).

1.1.2.5 Structure of the underlying group

The reference for this subsection is [63, 2.15].
For a given connected mixed Shimura datum (P, XT), we can associate to
P a 4-tuple (G, V,U, ¥) which is defined as follows:

e G := P/R,(P) is the reductive part of P;

e U is the normal subgroup of P as in Definition [T T2and V := R, (P)/U.
Both of them are vector groups with an action of G induced by conju-
gation in P (which factors through G for reason of weight);

e The commutator on W := R, (P) induces a G-equivariant alternating
form U: V x V — U by reason of weight as explained by Pink in [53]
2.15]. Moreover, ¥ is given by a polynomial with coefficients in Q.

On the other hand, P is uniquely determined up to isomorphism by this
4-tuple in the following sense:
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e let W be the central extension of V' by U defined by W. More concretely,
W = U xV as a Q-variety and the group law on W is (this can be proved
using the Baker-Campbell-Hausdorff formula)

1
(u,0)(w',0") = (u + o'+ (v, 0"), 0 4 0');

e define the action of G on W by ¢g((u,v)) := (gu, gv);
e define P:=W x G.

1.1.3 Mixed Shimura varieties of Siegel type and the re-
duction lemma

The reference for this subsection is [53, 2.7, 2.25, 10.1-10.14].
Let g € N5o. Let Vo, be a Q-vector space of dimension 2g and let

U Vog x Vog — Usy := Gu
be a non-degenerate alternating form. Define
GSpy, := {h € GL(Vay)| ¥ (hv, hv') = v(h)¥(v,v") with v(h) € G},
and H, the set of all homomorphisms
S — GSpyy

which induce a pure Hodge structure of type {(—1,0), (0, —1)} on Vs, and for
which either ¥ or —W defines a polarization. Let ]HI;‘ be the set of all such
homomorphisms such that ¥ defines a polarization.

GSpy, acts on Uag by the scalar v, which induces a pure Hodge structure of
type (—1,—1) on Usy,. Let Wy, be the central extension of Vog by Us, defined
by W, then the action of GSpy, on Wa, induces a Hodge structure of type
{(-=1,0),(0,-1),(—1,—1)} on Lie Wa,.

By Proposition[[LT.23] there are connected mixed Shimura data (Pag,a, X;;a)
and (Pag, XQ';), where Pag o 1= Vay X GSpy, and Pag := Wa, X GSpy,.

Definition 1.1.32. The connected mized Shimura data (GSpag, HY), (Pag.a; Xiz,a)
and (Pag, X2—;) are called of Siegel type (of genus g).

Next we introduce connected mixed Shimura varieties of Siegel type. They
have very good modular interpretation ([53, 10.8-10.14]).
For M > 4 and even, define

Lasp(M) := {h € GSpy,(Z)|h = 1 mod M} (1.1.1)

and
Dy (M) := (M - Uzg(Z)) x (M - V24(Z))
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under the identification W ~ U x V in §I.T.2.8 Ty (M) is indeed a subgroup
of W(Z) by the group operation (defined by ¥). Let I'v (M) := M - Vay(Z),
and write

Ag(M) := Tasp(M)\HF (1.1.2)

Ay (M) = (Pv (M) % Dasp(M)\ Xy, (1.1.3)

L4(M) := (P (M) x Dasp(M))\ Xy, (1.1.4)

Definition 1.1.33. The connected mized Shimura varieties Ag(M), Ag(M)

and L£4(M) are called of Siegel type of level M (and of genus g).

Connected mixed Shimura varieties of Siegel type have very good moduli
interpretation:

Theorem 1.1.34. 1. A (M) is the universal family of principally polarized
abelian varieties of dimension g with a level-M -structure over the fine
moduli space Ag(M).

2. L4(M) — Uy(M) is a Gy, -torsor which is totally symmetric. Its inverse
G -torsor, i.e. replace the G,,-action by its inverse, is relatively am-
ple w.r.t. Ag(M) — Ag(M). From now on, we replace the G,,-torsor
Lq(M) — Ay(M) by its inverse, but hence as a variety the “new” £4(M)
is still equal to the “old” one.

3. Any point a € Ay(M) represents the principally polarized abelian variety
(Ag (M), £4(M)qa) with some level-M -structure.

4. The varieties £,(M), 2,(M) and Ay(M) are all canonically defined over
Q.

5. Ag(M) — Ay(M) can be compactified over Q to smooth varieties Ay(M) —
Ag (M) such that any multiplication [n]: Ug(M) — Ay(M) extends to the
compactification.

6. £,(M) extends to an ample Gy, -torsor £,(M) — A (M) over Q.

Proof. See [53] 10.5, 10.9, 10.10, 11.16] for the first four assertions. For (5) see
53, 6.25, 9.24, 12.4]. For (6) see [53, 8.6, 8.13, 9.13, 9.16, 12.4]. O

Denote by GSp, := G, and Fy := G, x G,, with the standard action of
Gy, on G,. Pink proved the following lemma (|53, 2.26])

Lemma 1.1.35 (Reduction Lemma). Let (P, X1) be a connected mized Shimura
datum with generic Mumford-Tate group.

1. IfV is trivial, then there exist a connected pure Shimura datum (Gg, D7)
and an embedding

(P, X)) — (Gy,DT) x ﬁ(PO,XO’L)

=1
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where r = dim(U) (see [53, 2.8, 2.14] for definition of (Po, X;));

2. If V is not trivial, then there exist a connected pure Shimura datum
(Go, D) and Shimura morphisms

(P, X"") = (P,XT)

and (P, X'%) & (Go, DY) x [[(Pag, As)

=1

such that Ker(P' — P) is of dimension 1 and of weight -2. Moreover
AMv: V> Vog — @7_ Vo is the diagonal map, Ny : U ~ @I_Usy and

A
e, Go x [T, GSpy, — GSpy,, is non-trivial for each projection.

Proof. The statement except the last claim of the “Moreover” part is [53] 2.26
statement & pp 45]. For the last part, call p;: G — GSp,, the composite with
the i-th projection. If p; is trivial, then p;(P’, X’T) is trivial since a connected
mixed Shimura datum is trivial if its pure part is trivial. This contradicts the
dimension of V. O

1.1.4 A group theoretical proposition

Proposition 1.1.36. Let 1 — N — Q 5 Q' — 1 be an ezxact sequence
of algebraic groups over Q. Then the following diagram with solid arrows is
commutative and all the lines and columns are exact:

1 1 1
1— Wy = RU(N) — N‘—'GN = N/WN — 1
TN
2
L —— Wg =Ru(Q) —= Q *—"Gg:=Q/Wg — L.
[ »
T gl
1 e WQ/ = RU(Q/) — Q/" —>GQ/ = Q//WQ/ — 1
TI'Q/
1 1 1

Moreover, if we fix a morphism sq which splits the middle line (such an sqg
exists by Levi decomposition), then we can deduce sy and sgr which split the
other two lines. Note that in this case, the action of Gn on W induced by
5q s trivial.
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Proof. The two bottom lines are already exact. By group theory, we know
©(Wo(Q)) = W (Q) (JI3, Corollary 14.11]), and since the set of closed points
of Wg (resp. Wg) is dense on Wq (resp. W), we have o(Wg) = Wy . In
consequence, we have the map @, which is surjective since ¢ is. Now we get the
solid diagram with exact lines and columns but with Wy replaced by N N W
and Gy replaced by N/(N NWg). But N/(N N Wg), being normal in Gg, is
reductive (JI3, 14.2 Corollary(b)]). Hence N N Wg = R, (N) = Wy and we
get the desired solid diagram.

If we have an sq, then to get a desired sg/ (and sy) is equivalent to prove
that ¢ 0 so(Gy) is trivial, i.e. the intersection of this image with W (in Q')
is trivial and the projection of this image to G (under mg/) is trivial. The
projection is trivial by a simple diagram-chasing. The neutral component of
the intersection is trivial since it is reductive and unipotent, and hence the
intersection is trivial since W is unipotent over Q. Now the triviality of the
action of G on Wy induced by sq is automatic. O

Corollary 1.1.37. Let (P, X™) be a connected mized Shimura datum. Suppose
N < P. Then there are decompositions

V=Vya V¥ (resp. U=Uyn ®Ux)

as G-modules, where Vy :=V NN (resp. Uy := U NN ), such that the action
of Gy :=N/Vn on V]é (resp. UJ#) is trivial.

Proof. To prove the decomposition of V', apply Proposition[[.1.36 to the exact
sequence

1—>VN><1GN—>V><1G—>(V/VN)>4(G/GN)—>1,

then since G is reductive, the vertical line on the left (in the diagram of the
proposition) splits. The conjugation by P on V factors through G by reason
of weights, and hence equals to the action of G on V induced by any Levi
decomposition sp. So the action of Gy on Vi is trivial by the last assertion
of Proposition

To prove the decomposition of U, it suffices to apply Proposition [[L.T.36 to
the exact sequence

1—>UN><1GN—>U><1G—>(U/UN)N(G/GN)—>1.
O

In fact we have a better result if (P, X") is with generic Mumford-Tate
group.

Proposition 1.1.38. Let (P,X™) be a connected mized Shimura datum such
that P = MT(X ™). Suppose N <P such that N possesses no non-trivial torus
quotient. Then G acts trivially on U.
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Proof. By Reduction Lemma (Lemmal[[.T.3%), we may assume that (P, X 1) <
(Go, D) x H;Zl(ng,XQZ) (g = 0). Since N possesses no non-trivial torus
quotient, Gy is semi-simple (the last line of the proof of Proposition [L24]).
So

T T
Gy =GN < G < (Go x [ [ GSpyy)™™ = G5 x [ [ Spay
i=1 i=1
where Sp, := 1. Hence Gy acts trivially on U since Gg¢* x []}_, Spy, acts
trivially on ®]_,Us,. O

1.2 Weakly special subvarieties

1.2.1 Definition and basic properties

Definition 1.2.1. (Pink, [5]], Definition 4.1(b)]) Let S be a connected mized

Shimura variety. Consider any Shimura morphisms T' el T H, S and any

point t' € T'. Then any irreducible component of [i]([¢]~1(t')) is called a
weakly special subvariety of S. We will prove later in Remark [L.2.1 that
weakly special subvarieties of S are indeed closed subvarieties.

Since any Shimura morphism is related to a Shimura morphism between
Shimura data, we will try to rephrase this definition in the context of Shimura
data:

Definition 1.2.2. Given a connected mizved Shimura datum (P, X™), a weakly
special subset of X is a connected component of i(p~1(y')) C X for a point
y' € V', where i, @, Y'T are in the following diagram of Shimura morphisms

/ i

(@Q,Y) (P,XT)

Remark 1.2.3. 1. In the definition above, let N := Ker(Q — Q') and let
Un :=UgNN, theni(o~'(y")) is a connected component of N(R)Uy (C)y
where p(y) =1vy'. Soi(p~1(y")) is smooth as an analytic variety. In par-
ticular, its connected components and complex analytic irreducible com-
ponents coincide. As a result, we can replace “a connected component”
by “a complex analytic irreducible component” in Definition [[.2.2.

2. If furthermore N is connected, then i(o~1(y")) itself is connected (hence
also complex analytic irreducible). The proof is as follows: Consider
the image of =~ (y') under the projection (Q,Y+) 5 (GQ,J/&LQ) =
(Q,YT)/Wq. By the decomposition ([39, 5.6])

(G%dﬂng) = (G%i’yl-‘r) X (GQay;)
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where G := N/WNN, we have m(¢~ 1 (y')) = Vi x{y2}. Son(p~(y)) =
Gy(R)tw(y). But Wy (R)Un(C) (Wy := W N N) is connected, hence
¢ Hy') = N(R)TUn(C)y, which is connected. In consequence, i(¢~1(y'))
also is connected.

Proposition 1.2.4. For any weakly special subvariety of S (resp. weakly
special subset of X ), the Shimura morphisms in Definition [L21] (resp. Def-
inition [L.Z2) can be chosen such that

e the underlying homomorphism of algebraic groups i is injective, and
hence i is an embedding in the sense of [53, 2.3];

e the underlying homomorphism of algebraic groups ¢ is surjective, and
its kernel N 1is connected. Moreover, N possesses no non-trivial torus
quotient (or equivalently, Gn := N/(W N N) is semi-simple);

e o is a quotient Shimura morphism.

Proof. If P = MT(X™T), then the first two points except the statement in the
bracket are proved by |54, Proposition 4.4]. The general cases follow directly
from Proposition [LT.T9(1). The third assertion can be proved by the universal
property of quotient Shimura data given in Proposition Now we are
left to prove the statement in the bracket.

Gy <G since Gy = N/(WNN) — G = P/W and N < P, and hence Gy
is reductive ([I3} 14.2, Corollary(b)]). By [13, 14.2 Proposition(2)]|, Gy is the
almost-product of G&* and Z(Gy)°, and Z(Gn)° equals the radical of Gy
which is a torus. So IV possesses no non-trivial torus quotient iff Gy possesses
no non-trivial torus quotient iff G is semi-simple. O

Remark 1.2.5. We can now prove that weakly special subvarieties of S are
closed. By the proposition above, we can choose i to be injective. Then [i] is
finite by Proposition [LT.Z7A(1). Hence [i]([¢]~1(t")) is closed.

Lemma 1.2.6. Suppose that the Shimura morphisms T’ el T H, S are
associated with the morphisms of mized Shimura data

(Q.Y) = (@Y%) = (P.XT)
so that we have the following commutative diagram

y/+ . ¥ y+ g - Xt

unify,/ l unify, unif , 4 l s

=AY Ayt st

then for any point y' € Y'*, any irreducible component of unif x+ (i(p~1(y')))
is also an irreducible component of [i]([¢] ! (unifyr+ (y))).
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Proof. Let N := Ker(y) and let Ug be the weight —2 part of (), then we have

unif e+ (i(0 ™" () € [1)([] ™ (umifyrs (),

and both of them are of constant dimension d, where d is the dimension of any
orbit of N(R)*(Ug N N)(C). This allows us to conclude. O

The following Proposition tells us that the two definitions of weak special-
ness are compatible.

Proposition 1.2.7. Let S be a connected mized Shimura variety associated
with the connected mized Shimura datum (P, X%1) and let unif: X* — S =
D\X™ be the uniformization. Then a subvariety Z of S is weakly special if and
only if Z is the image of some weakly special subset of X™T.

Proof. The “if” part is immediate by Lemma We prove the “only if”
part. We assume that i, ¢ are as in Proposition [[24l For any weakly special
subvariety Z C S, suppose that we have a diagram as in Lemma and
that Z is an irreducible component of [i]([¢]~1(¢')). Since

[N |J wifar (o™ () = unitas (i~ (unify,} (1)),

y’eunif;l+ ()

there exists a y’ € Y'T lying over ¢ such that Z is an irreducible compo-
nent of unifx+ (i(¢~*(y’))) by Lemma [LZ6 By Remark [LZ312, i(p~1(y')) is
complex analytic irreducible, so unif y+ (i(¢ 1 (y’))) is also complex analytic ir-
reducible when S is regarded as an analytic variety. Hence unif x+ (i(¢ =1 (y)))
is irreducible as an algebraic variety. So Z = unif x+ (i(p =1 (v/))). O

Next we come to special subvarieties of connected mixed Shimura varieties.

Definition 1.2.8. Let S be a connected mized Shimura variety associated with
the connected mized Shimura datum (P, XT).

1. A special subvariety of S is the image of any Shimura morphism T —
S of connected mixed Shimura varieties;

2. A point x € XT and its image in S are called special if the homomor-
phism x : S¢ — Pc factors through Tc for a torus T C P.

Remark 1.2.9. By definition, x € X is special if and only if it is the image
of a Shimura morphism (T,YT) — (P,XT). Hence a special point is just a
special subvariety of dimension 0.

The following result is easy to prove. It tells us that special subvarieties of
S are precisely connected mixed Shimura subvarieties of S.

Lemma 1.2.10. Let S be a connected mized Shimura variety associated with
the connected mized Shimura datum (P,X7T) and let unif: XT — S be the
uniformizing map, then a subvariety of S is special if and only if it is of the
form unif (YT) for some (Q, Y1) — (P, X7).
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Proposition 1.2.11. Every special subvariety of S contains a Zariski dense
subset of special points.

Proof. |54, Proposition 4.14]. O

The relation between special and weakly special subvarieties is:

Proposition 1.2.12. A subvariety of S is special if and only if it is weakly
special and contains a special point.

Proof. |54], Proposition 4.2, Proposition 4.15]. O

We close this section by proving that this definition of weakly special sub-
varieties is compatible with the one (which is already known) for pure Shimura
varieties.

Proposition 1.2.13. A weakly special subvariety of a pure Shimura variety
S is a subvariety of the same form as in [63, Definition 2.1].

Proof. This is pointed out in [54, Remark 4.5]. We give a (relatively) de-
tailed proof here. We prove the result for weakly special subsets. Assume
that S is associated with the connected pure Shimura datum (P, X*). For a
subset of the same form as in [65, Definition 2.1], take (Q,YT) = (H, X})
and (Q',Y'*") = (Hy, X{) (same notation as [65, Definition 2.1]). Then by
definition such a subset is weakly special (as in Definition [[L2.2]).

On the other hand, suppose that we have a weakly special subset F de-
fined by a diagram as in Definition satisfying Proposition [L24l Let
N := Ker(p), then the homogeneous spaces of the connected pure Shimura
data (Q',Y'") = (Q,¥7)/N and (Q,Y*)/Z(Q)N = (Q*,Y*I)/N* are
canonically isomorphic to each other (|38, Proposition 5.7]). Hence we may
replace (Q',)'") by (Q*4,y2d+)/Nad. But by [39, 3.6, 3.7], (Q*4,y2d+) =
(N2, Vi) % (Qa,Y5). So F is of the same form as in [65, Definition 2.1]. O

1.2.2 Weakly special subvarieties in Kuga varieties

In this section, we consider only connected mixed Shimura varieties of Kuga
type. Through the whole section, S = T'\XT will be a connected mixed
Shimura variety of Kuga type which is associated with the connected mixed
Shimura datum (P, X") with I' = I'y x ' neat. Then W_5(P) is trivial by
definition. Denote by V = R, (P) and

(P,x%) 5 (G X%) = (P,XT)V

unif unif
l e l

S [ﬂ-] SG
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By Example [[T.24] there is a natural bijection V(R) x X& ~ XT. By
Proposition [[T226, S H, Sg is a family of abelian varieties. Let [g]: Sg — S
be the zero-section of [r]. Then [¢] corresponds to e: (G, XF) < (P, XT). The
Shimura morphism ¢ is a section of 7 and determines a Levi-decomposition
of P =V x®G. A particular example is 2, — Ay, where ¢ is the natural
inclusion GSp,, = {0} x GSp,, < Vay % GSpyy = Paga-

The goal of this section is to prove the following proposition:

Proposition 1.2.14. Let B be an irreducible subvariety of Sg and X =
[7]7Y(B). DefineC to be the isotrivial part of X — B, i.e. the largest isotrivial
abelian subscheme of X over B. Then

{translates of abelian subscheme of X — B by a torsion section and then
by a constant section of C — B} = {X N E| E weakly special in S}.

Let us define constant sections of C — B. By definition of isotriviality,
there exists a finite cover B’ — B such that C xp B’ ~ Cp, x B’ for any
bo € B. A constant section of C — B is then defined to be the image of
the graph of a constant morphism B’ — Cp, in C x g B’ under the projection
C XB B — C.

Proposition [[L2.14] has the following corollary, which describes weakly spe-
cial subvarieties of connected mixed Shimura varieties of Kuga type in geo-
metric terms.

Corollary 1.2.15. An irreducible subvariety Y of S is weakly special iff the
followings hold:

1. [7]Y s a totally geodesic subvariety of S ;

2. Y is the translate of an abelian subscheme of 7]~ ([x]Y) (over [7]Y ) by
a torsion section and then by a constant section of the isotrivial part of
(7] x]Y — [n]Y.

Proof. This follows directly from [39, 4.3] and Proposition [[2Z14 O

We start from the following proposition which is not hard to prove using
Levi decomposition [55, Theorem 2.3]. Another proof can be found in [33]
Section 5.1].

Proposition 1.2.16. To give a Shimura subdatum (Q,YT) of (P,X™) is
equivalent to give:

e a pure Shimura subdatum (Gg, ng) of (G, X%);
o a Gg-submodule Vg of V' (V is a G-module, and therefore a Gg-module);
e an element Ty € (V/Vp)(Q).

Proof. We only give the constructions here.
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1. Given (Q,YT) C (P, XT), we have Vg := Ry (Q) < Ry(P) = V. There-
fore the inclusion (Q,Y ™) C (P, X") induces

(G Vd,) = (Q,Y7)/Vq € (G, &) = (P.XT)/V.

The fact that Vg is a Gg-submodule of V' is clear. Now it suffices to find
7o € (V/VQ)(Q)-

Consider the group Q" := (V/Vg) x Gg, where the action is induced by
the natural one of Gg on V. By definition, Q% = 7~1(Gg)/Vy. Now the
inclusion (Q, Y ") C (P, X") induces another inclusion (which we call ")

GQ = Q/VQ C ﬂ_l(GQ)/VQ = Qh_

We have the following diagram, whose solide arrows commute:

where s¢ is the homomorphism Gg = {0} x Gg < (V/Vg) x Gg = Q"
Now i’ and s are two Levi-decompositions for Q. By [55, Theorem 2.3,
sq equals the conjugation of i’ by an element 7y € (V/V)(Q). Moreover,
the choice of vy is unique.

2. Conversely, given the three data as in the Proposition, the underly-
ing group @ is the conjugate of Vo X G < V x G (compatible Levi-
decompositions) by (vg, 1) in P. The space

V¥ = (vo+Vo(R)) x V5, CV(R) x Xf ~ X+

where v is any lift of 7y to V(Q).

Proposition 1.2.17. A subvariety Y of S is weakly special iff there exist
e a pure Shimura subdatum (GQ,J/&LQ) of (G, X%);
e a point vo € V(Q);

e a normal semi-simple connected subgroup Gn of Gg and a point ya €
Vo
o a Gg-submodule Vi of V;

e a Gg-submodule Vi of V on which Gy acts trivially, and a point v €
Vi (R)
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such that
Y = unif ((vo + v+ Vn(R)) x GN(R)+§G)~

Here (vo + v+ Vn(R)) X Gy (R)Tge C V(R) x Xt ~ X+,

Proof. 1. Given a weakly special subvariety Y of S, let (Q,YT), N and ¥
be as in Definition and Proposition [[2.4l By Proposition [[2.10]
(Q,YT) corresponds to a Shimura subdatum (GQ,ygq) of (G,X%), a
Go-submodule Vg of V and a point Ty € (V/V)(Q). Let vy be any lift
of Ty to V(Q). Let Gy := N/(Vg N N), then G is a connected nomral
subgroup of Gg, and hence is reductive. Since /N possesses no non-trivial
torus quotient, Gy is semi-simple. Let yg := 7(y).

Let Vi := Vg NN, then Vi is a Gg-submodule of Vg since IV is normal
in Q. By Corollary [LT.37, there exists a Gg-submodule Vi of Vg such
that Vg = Vv ® Vi and Gy acts trivially on V. Write ¥ = (yv, yg) €
(vo + Vo(R)) x ng = Y+ C X" (here we use the second part of the
proof of Proposition [L2.10)).

To simplify the computation below, we introduce a new Shimura subda-
tum (Q', V') of (P, X1): (Q',)’) is defined to be the conjugate of (Q, Y1)
by (—vp,1). By the second part of the proof of Proposition [LZT0]
(@Q,Y") = (Vg x Gg, Vo(R) x ng) C (V % GSpy,, XT). Let N’ :=
VN X Gy <V % GSpy,, then N’ is the conjugate of N by (—wvg,1). Let
¥ = (Yv —vo,¥c) € V.

Let v be the Vi (R)-factor of gy — v under Vg = Viy @ V. Then since
Gy acts trivially on Vg, we have

N'R)*YY = (v+VNR)) x Gn(R) g C V'

Hence N(R)™y = (vo + v+ VN (R)) x Gy (R)* . Now the conclusion
follows.

2. Conversely given all these data, let the Shimura subdatum (Q, Y1) be
the one obtained from (Gg, ng ), Vv @V and vy by Proposition 216
Let N be the subgroup of (Q which is defined to be Vy x G conjugated
by (vo,1) in P. Then since Gy acts trivially on Vi, we have N < Q.
Let § := (vo + v,Yq). Now we have

(UO + v+ Vy (R)) X GN(R)+27G = N(R)-’_!ﬂ.

The group N is by definition connected and it possesses no non-trivial
torus quotient since Gy is semi-simple. Hence Y is weakly special by
definition.

O

Now we can prove Proposition [[L2.14
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Proof of Proposition [1.2.14) 1. Prove “2”. For this it suffices to prove:

For any weakly special subvariety Y of S, Y is the translate of an
abelian subscheme of [r]~([x]Y) (over [x]Y') by a torsion section and
then by a constant section of the isotrivial part of [x] 7 [x]Y — [n]Y.

Let Y be a weakly special subvariety of S. Then associated to Y there
are data as in Proposition [L2.17 and

Y = unif ((vo + v+ Vi (R)) x GN(R)+§G).

Let B’ := [7]Y and X' := [x]"}(B’).

Now X’ — B’ is an abelian scheme. Since Vi is a Gg-submodule of
V, unif (Vy(R) x Gn(R)Tyg) is an abelian subscheme of X' over B'.
Therefore,

unif ((vo + Vn(R)) x GN(R)JrﬂG)

is the translate of B’ by a torsion section of X’ — B’. But v € Vi (R)
and Gy acts trivially on Vi, so unif (Vi (R) x G (R) "¢ ) is an isotriv-
ial abelian scheme over B’. Therefore Y is the translate of an abelian
subscheme of X’ — B’ by a torsion section and then by a constant
section of the isotrivial part of X’ — B’.

2. Prove “C”. Let Y be a subvariety of X such that Y is the translate of an
abelian subscheme of X — B translated by a torsion section and then
by a section of C — B, where C — B is the isotrivial part of X — B.
Let us find a weakly special subvariety E of S associated with the data
in Proposition [[L2.T7 such that Y = EN X.

Let B’ be the smallest weakly special subvariety of S containing B.
Then by definition there exist a Shimura subdatum (Gg, ng), a con-

nected semi-simple normal subgroup Gy of G and a point yg € yg@

such that B’ = unif¢ (Gn(R)"y¢). Moreover by [39, 3.6, 3.7], Gy can
be taken to be the connected algebraic monodromy group of (B’)*™, i.e.
the neutral component of the Zariski closure of I'gsm :=the image of
Wl((B/)Sm) — 7T1(Sg) = FG.

Let X’ := [r]~}(B’). Then the isotrivial part C' of X’ — B’ is
unif (V/(R) x Gy (R)Tyq),

where V’ is the largest Gg-submodule of V' on which Gy acts trivially.
This V' is the Vi we want in Proposition [LZT1

A key step is to prove that as subvarieties of .S, we have
c=CnNnX (1.2.1)

It is clear that C'N X C C. For the other inclusion, suppose that C is
defined by the Gg-submodule V" of V' (i.e. C = unif(V”(R) x B) for
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B :=unif5'(B)), then I'gem acts trivially on V”. However the action of
—7

G on V is algebraic, therefore I' grsm * acts trivially on V. So G acts
trivially on V”. By the maximality of V', V" ¢ V'. So C C C'. Now
(C21) follows.

Now since Y is the translate of an abelian subscheme by a torsion section
and then by a constant section of C — B, there exists, by (L21), a G-
submodule Vi of V' such that

Y = unif ((vo + v+ Viv(R)) x B)

where vg € V(Q) corresponds to the torsion section and v € V'(R)
corresponds to the constant section of C — B. In other words,

Y = ENX, where = unif ((vo + v+ Vi (R)) x Gy (R)"fc)

and F is the weakly special subvariety of S we desire.

1.3 The bi-algebraic setting

1.3.1 Realization of the uniformizing space

Let (P,X7T) be a connected mixed Shimura datum. We first define the dual
XY of X7 (see |53, 1.7(a)] or [37, Chapter VI, Proposition 1.3]):

Let M be a faithful representation of P and take any zp € X*. The
weight filtration on M is constant, so the Hodge filtration = — Fil (Mc) gives
an injective map X+ < Grass(M)(C) to a certain flag variety. In fact, this
injective map factors through

Xt =PR)TU(C)/C(zy) — P(C)/Fy, P(C) — Grass(M)(C)

where C(z) is the stabilizer of zo in P(R)TU(C). The first injection is an
open immersion ([53, 1.7(a)] or [37, Chapter VI, (1.2.1)]). We define the dual
XY of X7 to be
— 0
XY :=P(C)/F, P(C).
XV is a connected smooth complex algebraic variety.

Proposition 1.3.1. Under the open immersion X — XV, X is realized as
a semi-algebraic set which is also a complex manifold.

Proof. X is smooth since it is a homogeneous space, and the open immer-
sion endows it with a complex structure. For semi-algebraicity, consider the

cartesian diagram
Xt — XV

1.

X Xy
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As 7V is algebraic, the conclusion follows from [64, Lemme 2.1]. O

Remark 1.3.2. It is not hard to see that X is a projective variety if and
only if (P,X7T) is pure. The argument is as follows: XV is a holomorphic
vector bundle over X where the fibre is homeomorphism to W(R)U(C). X%
is projective, so XV is projective if and only if it is a trivial vector bundle over
XY, i.e. if and only if W is trivial.

Let us take a closer look at the semi-algebraic structrue of X+. By |71l pp
6], there exists a Shimura morphism i: (G, X&) — (P, X") such that moi = id.
The morphism ¢ defines a Levi decomposition of P = W x G. By definition
XT C Hom(Sc, Pc). Define a bijective map

W(R)U(C) x X Xt

(w, x) — int(w) o z(x)

Identify P with the 4-tuple (G,V,U, ¥) as in JLT2H Since W ~U x V
as (Q-varieties, we can define a bijection induced by the one above

p:UC) x V(R) x X = &7 (1.3.1)

P(R)TU(C) acts on X* by definition. There is also a natural action of
P(R)*U(C) on U(C) x V(R) x X3 which is defined as follows. Under the
notation of §LT.2F0 for any (u,v,g9) € P(R)TU(C) and (v/,v',z) € U(C) x
V(R) x X,

1
(u,v,9) - (v, 0", 2) = (u+gu’ + 5\11(1), V'), v+ gv’, gx). (1.3.2)

This action is algebraic since ¥ is a polynomial over Q (see §2.2). The map p
is P(R)TU(C)-equivariant by an easy calculation.

Proposition 1.3.3. The map p is semi-algebraic.

Proof. Tt is enough to prove that the graph of p is semi-algebraic. This is true

since p is P(R)*U(C)-equivariant and the actions of P(R)TU(C) on both sides

are algebraic and transitive. Explicitly, fix a point 29 € U(C) x V(R) x X,

the graph of p

Gr(p) = {(gzo, p(gz0)) € (U(C) x V(R) x X&) x X*| g € P(R)TU(C)} (transitivity)
= {(gxo, gp(x0)) € (U(C) x V(R) x X3) x X*| g € P(R)TU(C)} (equivariance)
= P(R)"U(C) - (o, p(xo))

is semi-algebraic since the action of P(R)TU(C) on (U(C) x V(R) x X&) x X
is algebraic. [l
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Remark 1.3.4. If U is trivial, then X+ = V(R) x X7 under the notation of
Example[I.1-Z]) In this case, the complex structure of X given via XV is the
same as the one given in Exvample[T.1.2]] since for the projection X+ = Xz,
the complex structure of any fibre X;’G (xq € Xg) given by XV is the same
as the one obtained from X} ~ V(C)/F) V(C) (see [53, 8.13, 8.14]). In
particular this holds for Xz—z,a (see §I.1.3 for notation). Therefore for any
Ay (M), the fundamental set [0, N)*9 x Fg C Vau(R) x Hf ~ Xi;a
considered in [{77)].

s the one

1.3.2 Algebraicity in the uniformizing space

Definition 1.3.5. Let Y be an analytic subset of X, then

1. Y s called an irreducible algebraic subset of XT if it is a complex
analytic irreducible component of the intersection of its Zariski closure
in XY and X ;

2. Y is called algebraic if it is a finite union of irreducible algebraic subsets
of X+.

In view of Definition [[L35] we are in the following bi-algebraic situation:
both XT are S are algebraic, but unif: X* — S is transcendental. Hence a
priori there is no relation between the algebraic structures on X and on S.
Therefore a natural question arises: what are the bi-algebraic objects? This
question will be answered in the following sections. We state the result here:

Theorem 1.3.6. A subset Y C S is weakly special zﬁ}N/ (a complex analytic
irreducible component of unif ~*(Y) ) is algebraic in X and Y is an irreducible
subvariety of S.

Remark 1.3.7. Recall the following result of Pila-Tsimerman [{9, Lemma 4.1]:
mazimal connected irreducible semi-algebraic subsets of X+ which are con-
tained in a complex analytic subset of XT are all algebraic (see the paragraph
before Theorem [3 12 for the definition of “connected irreducible semi-algebraic
subsets”). Hence an equivalent way to restate Theorem [LF0l is to replace “Y
is algebraic in X7 by “Y is a semi-algebraic subset of X+7.

A more refined version as well as the proof of this theorem will be given in
Corollary 2.3.3] Here we only prove the easy part of the theorem, which is:

Lemma 1.3.8. Any weakly special subset of X7 is irreducible algebraic.

Proof. Suppose that Zis a weakly special subset of XT. Use the notation
of Definition [[L.2.2] and assume that i and ¢ satisfy the properties in Propo-
sition [L24 Let N := Ker(Q — Q') and let y be a point of the weakly

special subset, then Z =N (R)TUxn(C)y is complex analytic irreducible by
Remark [[2:312. But N(R)TUn(C)y = N(C)y N X+ and N(C)y is algebraic,

so Z is irreducible algebraic by definition. [l
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We finish this section by the functoriality of algebraicity:

Lemma 1.3.9 (functoriality of algebraicity). Let f: (Q,Y1) — (P,X™") be a
Shimura morphism. Then there exists a unique morphism fY: YV — XV of
algebraic varieties such that the diagram commutes:

y+;>y\/

|l

X+L>Xv

Furthermore, for any irreducible algebraic subset Z of YT, the closure in the
archimedean topology of f(Z) is irreducible algebraic in X+ and f(Z) contains
a dense open subset of this closure.

In particular, if f is an embedding, then an irreducible algebraic subset of
YT is an irreducible component of the intersection of an irreducible algebraic
subset of Xt with Y.

Proof. Fix a point zg € YT, then we have
Y*=Q[R)"Uq(C)/C(x0) — ¥ = Q(C)/F,,Q(C)

| ol

X* = P(R)*Up(C)/C(f(x0)) > X" = P(C)/FY, P(C)

where C(zg) (resp. C(f(zp))) denotes the stabilizer of xy (resp. f(xo)) in
Q(R)Uq(C) (resp. P(R)Up(C)). The map f is unique since Q(R)Uq(C)/C(zo)
is dense in YV.

—Zar
To prove the second statement, it is enough to prove the result for f¥(Z ) C
—Zar

XV where Z is the Zariski closure of Z in VY. This is then an algebro-
geometric result, which follows easily from Chevalley’s Theorem (|22} Chapitre
IV, 1.8.4]) and [41} 1.10, Theorem 1]. O
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