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Chapter 4

The interplay between GUT and
flavour symmetries in a Pati-Salam
x S, model

Il semble que la perfection soit atteinte non quand il n’y a plus rein a
ajouter, mais quand il n'y a plus rein a retrancher.

It seems that perfection is reached not when there is nothing more to
add, but when there is nothing more to remove.

Antoine de Saint-Exupéry [98], Terre des Homes

4.1 Introduction

In this chapter we investigate the possibility to combine flavour symmetries with Grand Unified
Theory (GUT) symmetries. The desire to combine these two symmetries has three roots. Firstly, it
is partly data-driven. There are structures that can be explained well by grand unified explanations
and others that are well explained using flavour symmetries. As far as these concern the elementary
masses, as a rule of thumb relations between the different family copies of a certain type of particle
(e.g. charged leptons) can have explanations in family symmetries, while relations between different
types of particles in one generation (e.g. the muon and the strange quark) might be explained by
grand unified symmetries.

Secondly, there are aesthetic reasons to combine the two symmetries. Family symmetries reduce the
number of fermionic representations by grouping particles of different families in single irreducible
representations; grand unified symmetries do exactly the same with different particle types within a
generation. Thirdly, there is the coincidence that in many models scale of family physics is close to
the assumed GUT scale - see e.g. equation (2.86) and figure 1.14.

Flavour-GUT models have been constructed before, for references see e.g. [47]. In our opinion,
these analyses emphasize the difficulty in the construction of a flavour GUT model which naturally
lead to realistic fermion phenomenology and to a fair explanation of the gauge symmetry breaking
chain to get SU(3)¢ X U(1)em. In particular, the combinations of the constraints arising by the
flavour symmetry and by the GUT group may lead to wrong predictions for the fermion masses
and mixings. For instance if the lepton mixing is tribimaximal at the GUT scale and at leading order,
it is not necessarily so at a low energy scale and to all orders in different perturbing parameters.
The problem is usually avoided by recurring to non-minimal Higgs or flavon field content and by
assuming peculiar symmetry breaking patterns of the GUT gauge symmetry and ascribing quite
often at type-1I seesaw as the origin of the neutrino masses. Moreover these patterns are often not
supported by the study of the scalar Higgs potential, leaving open the question if such peculiar
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patterns may be actually realized or not.

In this chapter we perform as complete an analysis as possible. The chapter is divided into three
parts. The first part is introductory. In section 4.2, we list several patterns that can be seen in the
mass sector and that may be explained by family symmetry pattern or GUT patterns. The section
ends with a ‘wishlist” of relations that the model we construct in the rest of the chapter should be
able to reproduce. In section 4.3 we introduce the flavour part of the model and add some additional
wishes to the list. Section 4.4 introduces the Pati-Salam GUT that the model in the next sections is
based on.

In the second part, we construct the described model. Section 4.5 gives the contents of the model and
in sections 4.6 and 4.7 we give the results respectively at leading order and next-to-leading order in
the number of flavons inserted. Subleading effects are very important to obtain agreement with the
data in models based on the bimaximal mixing pattern and we find that after section 4.7 all points of
the wishlist are satisfied.

Section 4.8 is a bridge between the second and the third part of the chapter. In this section we show
that the flavons used in sections 4.6 and 4.7 can indeed have the vacuum expectation values they are
assumed to. This introduces extra complications as driving fields are needed, but this is not more
than in the non-GUT model of Altarelli and Feruglio discussed in chapter 2.

In sections 4.9 and 4.10 we study respectively the Higgs alignment and the effects of renormalization
group running. Here is becomes clear that the combination of flavour and GUT symmetries leads
to unexpected interference effects. In fact some of the positive conclusions of the second part of the
chapter have to be withdrawn.

Lastly, in section 4.11, we perform an analysis of the phenomenological consequences of our model
on near-future neutrino experiments and in section 4.12 we present our conclusions.

4.2 A detailed look on patterns in the elementary fermion masses

In chapters 1 and 2 some patterns in the mass sector of the Standard Model were introduced. In
section 1.4.1 we found that the masses in both quark sectors as well as in the charged lepton sector
are highly hierarchical with comparable gaps between the third and second generation and the
second and first generation on a logarithmic scale. In section 2.3.1 we discussed the Froggatt—Nielsen
mechanism that can explain these structures in a natural way.

The model described in section 2.3.1 discusses only the charged lepton sector. Extension to the quark
sector is obviously possible. From figure 1.16 we see that the gaps between the charged lepton and
down quark states are comparable, while the gaps between the up quark states are clearly larger. The
ratios between the muon and the tau mass and between the electron mass and the muon mass used
in section 2.3.1 were A? and A3 respectively, with A = 0.2. This does also reasonably well describe
the mass gaps in the down-type quark sector, although the strange quark is slightly too light. In the
up-type quark sector, the gaps are larger and can be parameterized by ratios of A\* and A\* between
the charm and the top and between the up and the charm respectively.

The other simplifying assumption in section 2.3.1 is the absence of off-diagonal terms. This is clearly
not realistic. The presence of off-diagonal terms is necessary for the generation of mixing matrices.
In the quark sector, where the mixing is relatively weak, the off-diagonal terms should be small.
It is exactly the key point of the Froggatt—Nielsen mechanism to generate terms that are naturally
small and in the model we study in this chapter, we show how we can use this at our convenience.
To explain the larger mixing angles of the lepton sector, that might furthermore be close to special
mixing patterns such as the tribimaximal or bimaximal one, the use of discrete non-Abelian flavour
symmetries might be more appropriate.

While the Froggatt-Nielsen mechanism can provide relations between the ratios of masses of par-
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ticles of the same type — charged leptons in the example of section 2.3.1 — it does not help much to
explain patterns between particles of different type. Still, these relations might be present. A first
hint might be given by the fact that the second (down-type quarks) and third line (charged leptons)
in figure 1.16 are quite close together, allowing for the possibility of relations between charged lepton
and down-type quark masses.

At low energy scales, such relations do not quite exist. For none of the three generations the charged
lepton has the same mass as a quark or a simple multiple of it. When we discussed the Altarelli-
Feruglio model in section 2.4, we found that flavour symmetries are often implemented at a high
scale and that there are renormalization effects. If we run the renormalization group backwards we
can evaluate the quark and lepton Yukawa couplings at a high scale and the corresponding masses
are graphically depicted in figure 4.1. We find evidence for two relations. The first is bottom-tau
unification

my = M. (4.1)

The second relation goes by the name of the Georgi-Jarlskog relation [99] and it connects the muon
mass with the mass of the strange quark
my, = 3Mms (4.2)

Both relations are supposed to hold at the scale of Grand Unification or slightly below. Given that
this is far above the electroweak scale, the Higgs field does not have a vacuum expectation value
here. The word 'mass’, equal to the product of the relevant Yukawa coupling with the Higgs vev
should thus be taken with a grain of salt. Technically, all particles are massless at this scale. What is
meant is that the Yukawa couplings, evaluated at this scale, satisfy the given relations.
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Figure 4.1: The masses of the Standard Model fermions when evolved to a scale of 10'? GeV
in the MSSM with tan 3 = 50 as discussed below.

Lastly, we would like to explain the fact that the top quark is much heavier than the bottom quark
and the tau lepton. In theories with more than one Higgs boson (for instance any supersymmetric
theory), this may be explained by tan  or comparable quantities that give information about the
relative vev of the Higgs that couples to the up- and down-sector. This large tan 3 itself should then
follow from Higgs physics.

In table 4.1 we summarize the results mentioned in this section: the table contains the masses of the
quarks and charged leptons at the scale of their own mass (or, if this is unavailable, at 2 GeV). The
table also gives the masses at a high energy scale calculated in [100] using the renormalization group
running of the MSSM with large tan 3 = 50. We choose a value of 10'2 GeV for the high energy scale.
In section 4.9 we find that this is indeed close to the relevant scale for the generation of fermion
masses.

The errors for the quarks are rather large, but the bottom-tau unification and the Georgi-Jarlskog
relation are realized well within the margins of error. We also show ratios of the small Yukawa
couplings with certain powers of A = 0.2 such that the resulting couplings are of order 1. As a note
of caution, we mention that the specific value of the high scale and of tan /3 are both slightly arbitrary
and that the model inspired by the relations in the table does not have the MSSM as low energy limit.
Therefore we perform a simple one-loop renormalization analysis in section 4.10.

As mentioned in chapter 2, not many parameters of the neutrino masses are known. It will be the aim
of a family symmetric model to reproduce the solar and atmospheric mass differences of table 2.3.
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Generation 1

Generation 2

Generation 3

me(me) = 0.51 MeV

my(m,) = 106 MeV

m-(m,) = 1.78 GeV

Charged me(10*2GeV) = 0.23 MeV m,,(1012GeV) = 54 MeV m,(1012GeV) = 875 MeV
Leptons Ye(10*2GeV) = 6.6 x 1075 vy, (10'2GeV) = 0.016 y-(10*2GeV) = 0.25
Y.(1012GeV) /A% = 1.0 y,(1012GeV)/A? = 1.9 y-(1012GeV)/\ = 1.25
maq(2GeV) = 5.0 + 2.0 MeV ms(2GeV) = 95 + 25 MeV mp(myp) = 4.20 £ 0.07 GeV
Down- ma(1012GeV) = 0.6975-55 MeV ms(10'2GeV) = 13 + 4 MeV mp(1012GeV) = 0.79109% GeV
type ya(1012GeV) = (2.0103) x 107* | y5(10'2GeV) = (3.7£1.2) x 1073 y,(102GeV) = 0.2215:01
Quarks ya(1012GeV) /A6 = 3.1113 y5(102GeV) /A3 = 0.46 £ 0.14 y,(1012GeV) /X = 1.1473-57
m.(2GeV) = 2.2708 MeV me(me) = 1.25 £ 0.09 GeV mi(my) = 162.9 4+ 2.8 GeV
Up-type | m,(10'2GeV) = 0.627035 MeV | m.(10"2GeV) = 0.30470 515 GeV | m,(10'2GeV) = 113.2752 GeV
Quarks | y,(10'2GeV) = (3.617:3) x 1076 | y.(10'2GeV) = (1.7£0.3) x 1073 y:(102GeV) = 0.651503

Y. (1012GeV) /A8 = 1.4708

1e(1012GeV) /A5 = 5.5 + 0.8

y:(1012GeV) /) = 3.2703

Table 4.1: Parameters of quark and charged lepton masses evaluated at low scales and at a
scale of 10'2 GeV, calculated in [100] in the MSSM with tan 8 = 50. For the charged leptons
no error bars are given. In principle, their values are known to much higher precision. This
extra information is not useful, as model dependent choices (e.g. the exact value of tan ()

bring in much more uncertainty.
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The actual neutrino masses themselves and in particular their ordering should then be a prediction
of the specific model.

We conclude this section with a ‘wishlist’ of properties of the masses of quarks and leptons that a
complete model should be able to reproduce:

o Find the right masses for the third family, in particular the large top mass.

e Suppress the second family masses: m,,/m, = ms/mp = A? and m./m; = \*.

e Suppress the first family masses even stronger: m./m, = mg/mp, = \° and m,, /m; = 7.

Reproduce the bottom-tau and strange-muon relations.

Reproduce the atmospheric and solar mass differences

Predict the absolute neutrino mass scale and the neutrino hierarchy.

Next to properties of the masses, we would also like to reproduce or predict properties of the mixings
of the elementary fermions. The choices of our model regarding mixing are discussed in the next
section.

4.3 Bimaximal versus tribimaximal mixing

At the end of section 2.4 we discussed the next-to-leading order (NLO) corrections to the Altarelli—
Feruglio model, or rather to a simple extension of it that contains quarks. The leading order (LO)
results of this model were exact tribimaximal mixing in the lepton sector and no mixing at all in
the quark sector. We mentioned that these leading order mixing patterns were very accurate in the
neutrino sector, perhaps even too accurate. The measured value of the solar mixing angle is very
close to the tribimaximal value. The deviations can be at most of order A?, where )\ is still defined as
a parameter with value 0.2. The measurement error for the atmospheric mixing angle is rather large,
but also here the central value agrees very well with the tribimaximal prediction and corrections no
larger than of order \? are favoured. The size of corrections in the (1 2) and (2 3) sector naturally
imply very small corrections to the reactor mixing angle. This angle was zero at leading order and
thus 6! very close to zero is a prediction of the model — one that is in contradiction with the latest
data. In the Wolfenstein picture, the parameter ) is defined as the size of the Cabibbo angle. If the
LO result has no quark mixing, this should all be generated at NLO, thus requiring much larger
corrections in the quark than in the lepton sector.

As described in section 2.4 NLO terms contain an extra flavon with respect to the leading order. We
recall that the suppression of NLO terms is vx /A with vx the vev of any flavon and A the cut-off
scale of the model. In models that have zero quark mixing at leading order and that reproduce the
Cabibbo angle at the NLO, we thus need

vx
— = A=02. 4.3

: 43)
Good care must be taken to ensure that the two other mixing angles of the CKM matrix do not obtain
values as large as the Cabibbo angle, but in general it is possible to have these vanishing also at NLO
and to produce them only at the next-to-next-to-leading order. See also figure 4.2.

It is clear that the size of NLO corrections vx /A ~ 0.2 is incompatible with the vx /A < 0.05 found
at the end of section 2.4 from lepton considerations. Now there are three possibilities. The first
option entails a complete separation of the flavon-induced physics of the quark and lepton sectors.
Instead of one value of vx /A, there are separate values for vy, /A (large) and vx, /A (small). These
two values of the flavon vevs might come from flavons that barely talk to each other or even from
different symmetry groups in the two sectors. Obviously, the idea of separating the flavour aspects
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Figure 4.2: Left: pie charts showing the flavour content of the three quark eigenstates. Right:
the no-mixing predictions of a typical flavour model at LO (upper line) and a NLO result,
where 014 is corrected to the size of the observed Cabibbo angle. The other two mixing angles
follow at higher orders, hence the absence of the red sliver in the third mass eigenstate (lower
line).

of quark and lepton physics is badly compatible with the concept of a unified description of the two
sectors as discussed in the next section.

In both other options a single value of vx /A ~ 0.2 is assumed. In a second scenario, the couplings of
flavons to the Yukawa terms are tailored such that only in the quark sector there is a correcting
term with just one extra flavon (thus giving a large correction), while in the lepton sector, the
first correcting term has two extra flavons, leading to a much smaller correction of order (vx/A)2.
This tailoring is highly non-trivial and might require the addition of more than one additional Z,
symmetry.

Thirdly, one can accept large corrections in both the quark and the lepton sector. In that case,
however, the tribimaximal mixing pattern is not a good leading order result, as the near-perfect
agreement with the data gets completely destroyed at the NLO. This is graphically shown in figure

» $¢2

Figure 4.3: Left: pie charts showing the flavour content of the three neutrino eigenstates.
Right: The tribimaximal mixing pattern (upper line) and a possible NLO result if corrections
of the size \ are allowed. We have used 60}, = —0.70c, 60} 5 = 0.50c. The (2 3) angle is
not corrected. This is indeed the case in some models and allows for a more fair comparison
with figure 4.4

The fact that the quark sector requires a relatively large NLO correction, seems to suggest a lepton
mixing pattern that also requires large corrections, i.e. one that at leading order described the data
less perfect than the tribimaximal pattern. An interesting new piece of evidence are the so-called
quark-lepton complementarity relations.

0Ly + 0%, ~ w/4 + O(N2) Oy + 0%y ~ —1/4+ O(N?) (4.4)

We note that there does not seem to be such a relation between the (1 3)-angles. In the quark sector,
this angle is tiny (of the order of A*); in the lepton sector, the T2K result points to a value slightly
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smaller than \. There is certainly no angle close to 7/4 involved. The complementarity relations
point at a description in which the quark and lepton mixing angles are not only related by being part
of a powerseries with a comparable expansion parameter (vx /A), but may even be connected even
stronger. In the next section we discuss the grand unified model of Pati and Salam, in which there is
indeed a strong relationship between quark and lepton mass matrices as leptons may be seen as the
fourth colour. In minimal Pati-Salam models one finds equal mass matrices for charged leptons and
down-type quarks

M,=M;. (4.5)

This obviously implies a common source for the mixing angles. The model described in this chapter
is not a minimal Pati-Salam model and there are significant corrections to equation (4.5), but the idea
of a common source for quark and lepton mixing angles remains.

The bimaximal pattern of section 3.3.2 is a candidate mixing pattern that matches the criteria above'.
At leading order, both the (1 2) and (2 3) mixing angles in the lepton sector are maximal (45°), while
the third lepton mixing angle as well as all quark mixing angles are zero. An elaborate model [64]
exists in the literature where bimaximal mixing in the lepton sector is derived from a S, discrete
symmetry. Our model can be seen as an revision of [64] in order to include a realistic description of
the quark sector.

One way to realize bimaximal mixing at leading order is now if the neutrino mass matrix is
diagonalized by a maximal angle in the (1 2) sector?, while for all charged particles (that is, charged
leptons and both types of quarks), the mixing is maximal in the (2 3) sector. Writing a rotation in the
(ij) plane of a mass matrix over an angle « as R;;(«a), we get

Verm = (VE)'VE = R23(—£) x 323(2) =1
7r - (4.6)
Vemns = (VE) VY = Ry (=) x Riz(7) -
These maximal mixing angles can originate from mass matrices that are relatively simple; they have
many zeroes in the elements we do not want to get mixed. In this chapter, we choose the following
realization for the neutrino mass matrix at leading order®

ko kA 0
MY X kl A k() 0 . (47)
0 0 ko

The charged particle mass matrices (generically denoted as M*¥) are given at leading order by

0 0 0 0 0 0
M*x |0 y Yo - M*(M*) o |0 w24y vi-vi] . (4.8)
0 —% Ya 0 v2—vi va+vup

Here, y, will eventually be leading in the generation of the third generation masses and y;, in those
of the second generation. The relative smallness of the second generation masses is explained by a
positive Froggatt-Nielsen charge; y;, should therefore not be read as a true parameter of the model,
but rather as an effective parameter after ‘dilution” by the Froggatt-Nielsen mechanism*. At this

!t is amusing to see that the first references to the bimaximal mixing pattern are some four years older than those to the
tribimaximal mixing pattern. From a modern point of view, the tribimaximal pattern is more natural since already at first
order it reproduces decent agreement with the data. Obviously, this was not known in the first years of neutrino oscillations.
As long as the solar mixing angle were in agreement with an maximal angle, the bimaximal pattern was considered a good
leading order fit; when it was found that 9l12 is significantly smaller than 45°, it was dismissed for a while. Approximately
ten years after its first postulation, the pattern re-emerged as a pattern feasible with large next-to-leading order effects

2We recall that the CKM and PMNS matrix are respectively defined as Voxm = (VI’J‘)TVg and Vpmns = (VLe)TV", where
V" is the matrix that appears in the diagonalization of the neutrinos (2.44) and V*, = € {u,d, e} are the matrices that
diagonalize M*M<*t.

3The appearance of )s in this formula makes it look like a NLO expression instead of a LO result. However, the matrix
with just the kg elements is proportional to the identity and does not allow the determination of V¥ as it is invariant under
the action of any unitary matrix.

“This implies again that some terms in the mass matrix are larger than others; this choice follows from consistent
qualification of LO and NLO effects.
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level of approximation, the first generation particles are still massless; their masses are generated by
higher order effects.

At next-to-leading-order, the Cabibbo angle should be reproduced in the quark sector, while keeping
the two other mixing angles small. In the lepton sector, there should be a large correction to the
(1 2) mixing angle. The (2 3) angle should not be corrected at this order, as the data suggest at most
a A\? deviation from the maximal value. From the input-side, there is no preference for a specific
behaviour of the (1 3) mixing angle. In our model, the correction is large, of order A. This is good
news in view of the latest data.

This pattern of NLO corrections can be generated as follows. In the neutrino mass matrix (4.7), the
only correction is in the (3 3) element

ko k1A 0
(M") o | k1A ko 0 . (4.9)
0 0 ko + ko2

This is still diagonalized by R12(%). In the charged sector, NLO terms should give non-zero elements
in the (1 2) and (1 3) elements, but not in the first column.

0 yaA yeA 0 (YaYe — Yo¥a) N (YaYe + YoYa) A
M |0 w Y - M*(M*)" o | (YaYe — Ypya)A y2 + y? y2 —yp
0 —% Ya (YaVe + Ypya) A Y2 —yp y2+yp
(4.10)

This is diagonalized by a combination of rotations over all three mixing angles
Ve = 323(2).313( FA).Ris(g\) . 4.11)

Here, f and g are functions of the parameters of the mass matrix and we ignored complex phases. It
is easy to see that in the diagonalization of the mass matrices in (4.10), the (1 2) rotation originates
dominantly from the second families, while the (1 3) rotation comes from the third families. The
parameters yq, Y, Ye, Ya in equation (4.10) generically stand for parameters in the mass matrices of
all three types of charged particles.

In our model, the parameters y, and y. are universal for up quarks, down quarks and charged
leptons, while y;, and y,4 are the same for e and d, but different for u. This relates to the fact that
the hierarchy is larger in the up sector than in the two other sectors. The Higgs content of our model
is such that the coupling that gives mass to the second generation charged leptons and down-type
quarks does not have an analogue for the up-type quarks. The mass of the charm quark eventually
follows from a term whose d and e analogue is subleading. This has two positive consequences.
Firstly that the mass gap between top and charm is indeed larger than between the bottom and the
strange and between the tau lepton and the muon. Secondly that the parameter f of equation (4.11)
is the same for all three types of particles, while g is the same for charged leptons and down quarks,
but different for up quarks.

f=Ffe=1ti=fu

Ge = 9d # Gu

The mixing matrices at next-to-leading order read

Vomns = (VE) VY =| Ria(—geA) Riz(— fA) Raz ( — E) R12(I)
4 4

—Rys( - %)ng(f/\)Rm(% = GeM) (4.12)
Verw = (Vi) TV = [Rlz(_gu)\)ng,(—f)\)Rgg( — 1)} [st(Z)RIB(fA)R12(9d/\):|

:R12((9d - gu)A) :
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Going from the first to the second line, we note that the rotation matrices in different sectors do not
commute, hence the introduction of parameters fand .. The lepton rotation in the (2 3) sector is still
—m /4 up to corrections of order A\?; the (1 2) mixing angle is corrected by an term of order A from the
maximal LO result and a large angle in the (1 3) sector is generated. For the quarks, only the Cabibbo
angle is generated and it is of order ) as required; the other two angles are generated at even higher
orders. The bimaximal leading order and next-to-leading order results for leptons are graphically

summarized in figure 4.4; for quarks, it is the same as in figure 4.2.

Figure 4.4: Left: pie charts showing the flavour content of the three neutrino eigenstates.
Right: The bimaximal mixing pattern (upper line) and a possible NLO result if corrections
of the size X are allowed in the (1 2) and (1 3) but not the (2 3) sector as in the model of this
chapter. We have used 50, = —0.70¢ and 66} 5 = 0.5.0¢

We end this section with a continuation of the wishlist we ended the previous section with. With
respect to mixing angles in the lepton and quark sectors, the model should have the following
properties.

e Show bimaximal lepton mixing and no quark mixing at leading order.

o At next-to-leading order, have a correction of order A to the (1 2) mixing angles of both leptons
and quarks.

e The two other angles in the CKM matrix should be generated by higher order effects, such that
045 ~ A% and 69, ~ \3.

e The atmospheric mixing angle 64, may not get a NLO correction; its deviation from maximal is
at most A2,

e The model should give a value or range for the reactor mixing angle ¢!;. When the model was
first constructed, 6}; > 0 was only hinted at and the result #}; = O()\) was a prediction — one
that is indeed supported by the current stream of data.

We have already seen that if the neutrino and charged fermion mass matrices at NLO are given
by respectively (4.9) and (4.10) all wishes can be realized, so basically the wishlist collapses to the
realization of these two matrices.

4.4 The Grand Unified Theory of Pati and Salam

In section 1.3.3 we introduced grand unified theories (GUTs). The main motivation was the obser-
vation that the three gauge couplings of an supersymmetric extension of the Standard Model go
through one point when plotted against energy. From this scale on, there might not be three separate
gauge forces, but one GUT-force instead. From a theoretical point of view, the main gain is that the
description of the gauge sector is thus much simpler.
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Also in the elementary fermion sector, grand unified theories offer a much simpler picture. We recall
from table 2.2 on page 21 that five or six representations are needed to describe the fermions of one
family of the Standard Model, depending on the question whether the righthanded neutrino is taken
into account or not. In this chapter we assume it exists. Six representations is already a relatively low
number. The lefthanded lepton doublet contains two states, one that below the electroweak phase
transition becomes an electron and one that becomes a neutrino. The states of the righthanded up
and down quarks (or, equivalently, anti-up or anti-down quarks) both describe three colour states.
The lefthanded quark doublet even contains six states: three colours of up and three of down quarks.
These states are depicted in figure 4.5.

rug Ve
.d, d, e

u
d
U L v
d did; e

Figure 4.5: The sixteen fermion states of the Standard Model grouped in six representations

The way in which the fermions are grouped in figure 4.5 immediately suggests two possible unifi-
cations. Firstly, the difference between left- and righthanded fields are striking. While lefthanded
fields are in a doublet, righthanded fields are in two separate singlets. The hypercharge is exactly
such that these may be the two components of an SU(2) g-doublet. This righthanded SU(2) should
then be present at high energies, but broken above the Standard Model scale. The assumption of
this left-right symmetry closes the second horizontal gap in figure 4.5, thereby making it much more
symmetric and compact.

Secondly, the position of the leptons right next to the quarks makes it tempting to see the leptons as
a fourth colour. This is indeed possible if the SU(3) gauge group of QCD is extended to SU(4) at
higher energies. As a result, the vertical gap in figure 4.5 is closed as well and all sixteen Standard
Model states are described in just two representations, one lefthanded and one righthanded. We refer
to these as Fj, and F© respectively. The fact that the theory is now completely left-right symmetric
ensures anomaly cancellation.

The fact that quarks and leptons are treated on equal footing at high energies, with the symmetry
broken in a very specific way, allows the bottom-tau unification and the mass relation (4.2) between
muons and strange quarks. Itis also essential in the generation of the mixing matrices from combined
effects in both sectors.

The gauge group described above is known as the Pati-Salam grand unified theory [101]. Technically,
it does not give a unified description. Even at high energies, the gauge group is the product of three
groups and not a single group as is the case in the more conventional GUTs such as SU(5) or SO(10).
Still, due to the unification of quarks and leptons and the fact that lefthanded and righthanded fields
are treated on the same footing, we refer to it as a GUT.

The Pati-Salam Gauge group SU(4)¢c x SU(2)r x SU(2)g is broken down to the Standard Model
in two steps. At a very high scale M¢, the group SU(4)¢- of extended colour breaks down to QCD
SU(3)c times an additional U(1) g_r,. The charges of the known particles under this force are exactly
the differences between their baryon and lepton number. At an intermediate scale Mg, SU(2)r %
U(1)p—_r is broken to U(1)y, the hypercharge of the Standard Model, according to Y = T5z + (B —
L)/2. The Standard Model gauge group now exists until the scale of electroweak symmetry breaking,
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where the symmetry breaking ends at SU(3)c X U(1)em:

Jor x SU(2)1, x SU(2)r
SUB)e x SU2)1 x SU(2)r x U(1)p_r,
M SU3)e x SU©2)L x U(l)y

c X U(l)em

(4.13)

We stress that the Pati-Salam GUT is not the only GUT that unifies many fermions in a single
representation. In the SU(5) GUT of Georgi and Glashow [102], the righthanded down quarks and
the lepton doublet exactly have the right quantum numbers of the 5 of SU(5), while the righthanded
up quarks, the quark doublet and the righthanded electron together just fit in the anti-symmetric
tensor representation 10. According to Georgi and Glashow, the arguments of unification are so
strong that they are led “inescapably to the conclusion that SU(5) is the gauge group of the world.”
In the SO(10) GUT, the unification is even stronger as all 15 Standard Model particles plus the
righthanded neutrino fit in the single 16 representation.

The choice for the Pati-Salam GUT over SU (5) relates to the quark-lepton complementarity relations.
In minimal SU(5), one does not have equal charged lepton and down-type quark mass matrices as
in equation (4.5). Instead the relation is M. ~ MI and as result, a correction of order ) to the solar
angle does not correspond to the Cabibbo angle of the CKM matrix.

On the other hand a reason to prefer Pati-Salam over SO(10) is related to the type-I and type-II
seesaw mechanisms. In these two GUT contexts, we expect both left-handed (LH) and right-handed
(RH) neutrino Majorana mass matrices to be present. As a result, the effective LH neutrino mass
matrix (4.7) gets contributions from both the type-I and II seesaw. In general, and this happens also
in our proposal, this interplay introduces two mass scales and a highly non-trivial flavour structure
for the effective neutrino mass matrix. It is difficult to find a realistic description of the PMINS matrix.
For this reason, a hierarchy between the two contributions is usually assumed. We can reproduce
quark-lepton complementarity in our model, if the type-II seesaw is dominant.

This possibility has already been investigated in several flavour GUT models, for example in [90,103—
105] in the context of the SO(10) GUT. However in [106] it was proven that the type-II dominance
is not a viable solution in such GUTs. In the Pati-Salam context, there is more freedom and the
eventual dominance of one of the two contributions could be realized. In this chapter we study the
gauge Higgs potential and we verify that a type-Il dominance can be justified, even if it puts strong
constraints on the model building realization.

4.5 The flavour model building

In section 3.3.2 we found that the bimaximal mixing pattern can be reproduced by the 24-element
discrete group S4. For the group theory of Sy, we refer to appendix 3.B. In this section, we use a
basis of S different than the one in chapter 3. Obviously, the physical results are independent of the
representation used. The representation chosen here makes the origin of the mixing effects from the
charged lepton or neutrino sector more apparent. The transformations from this basis to bases with
diagonal S or T is given in the appendix.

The spontaneous symmetry breaking of S, is responsible for the flavour structure of the matrices in
equations (4.7) and (4.8): S, is broken down to two distinct subgroups and it is the presence of this
mismatch at the LO which allows to construct M* and M*. More in detail, the different subgroups
to which S, is broken down are the subgroups that preserve the vevs of the flavons. In order to
determine these structures, it is necessary to identify the elements of the group which leave the vevs
of the flavons invariant under their action. Doing so, we find that S, is broken down to Z; x Z; in the
neutrino sector, originated by the elements ST2S and T?ST of the classes 3Cy and 6C, respectively.
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In the charged fermion sector, we find that S, is broken down to a Z> x Z, group, distinct to the
one in the neutrino sector, generated by the two elements 72 and ST2ST* of the classes 3C2 and 6Cy
respectively.

It was already mentioned in section 2.3.2 that next to the non-Abelian S, auxiliary Abelian symme-
tries are required for a complete model. The complete flavour group is

Gf = S4 X Z4 X U(l)FN X U(l)R . (414)

The other terms in Gy carry out specific roles: the Abelian Z; symmetry is required to avoid
dangerous terms in the superpotential, it helps to keep the different sectors of the model, quarks
from leptons and neutrinos from charged leptons, separated; it is also useful in the generation of
the flavon vacuum alignment. The continuous Frogatt-Nielsen (FN) Abelian symmetry, U (1) rn, is
introduced to justify charged fermion mass hierarchies. As in section 2.3.1, the (righthanded fields
of the) first and second generation are assigned non-zero FN-charge, albeit a lower one than the one
in section 2.3.1. This relates to the fact that mass terms for the first and second family often already
require multiple (ordinary) flavons. The continuous R-symmetry U(1)r, was introduced in section
2.4. It simplifies the constructions of the scalar potential. We stress again that the supersymmetric
context is of great utility in the discussion of the scalar potential and helps in the gauge coupling
running, but a similar non-supersymmetric model can in principle be constructed as well. In this
chapter we only deal with SM particles and therefore we use the same symbols for a supermultiplet
and its even R-parity components.

4.5.1 The matter, Higgs and flavon content of the model

As discussed in section 4.4, all fermionic matter of the SM plus a righthanded neutrino is contained in
two Pati-Salam multiplets. The lefthanded multiplet £, contains the quark and the lepton doublets,
while the righthanded multiplet F'° contains the righthanded up quark, down quark, charged lepton
and neutrino

SU(3)c x SU(2)L, x U(1)y — PS
(3,2,1/6)0 + (1,2, 1)1 = (4,2,1) (4.15)
(3,1, =2/3)ye + (3, 1, 1/3)ge + (1, 1, 1)ee + (1, 1, 0)c  — (4,1, 2).

The three copies of the LH supermultiplet are combined in the three-dimensional representation 3, of
S4, while the three families of the RH supermultiplet are in one of the 1-dimensional representations,
1, 15 and 1; respectively. The fact that we can put different representations within one family in
different representations of the family symmetry group is essential here. Note that this would not
be possible in (minimal) SO(10), where all Standard Model particles are in one sixteen dimensional
representation. The first two families are also charged under U(1) py by two units. This suppresses
their masses with respect to the third family ones. Further suppression of the first family with respect
to the second is due to their different Z, charges that necessitate multiple flavon insertions already.

All the properties of the matter fields are summarized in table 4.2 and the unifying aspects are
stressed in figure 4.6. Instead of 18 matter representations, as in the Standard Model, our model
just needs four.

Our model contains five flavon fields that develop vacuum expectation values: two Sy triplets (¢
and ¢’) that, because of their Z, charge, deal at LO only with the Dirac Yukawa couplings of quarks
and leptons, and two fields, one singlet (¢) and one triplet (x), that, by Z,, deal at LO only with
the Majorana masses of neutrinos. The fifth flavon is the Froggatt-Nielsen messenger, which we
indicate with 6. Their properties are shown in table 4.3. Under the continuous R-symmetry, the
matter superfields transform as U(1)r = 1, while all the flavons are neutral. Additional U(1)r = 2
driving flavons are introduced in section 4.8. These help the original flavons obtaining their vevs.

Fermion masses and mixings arise from the spontaneous breaking of the flavour symmetry by means



4.5. The flavour model building 95

Matter Fy, Fy s Fg
PS (4,2,1) | (4,1,2) | (4,1,2) | (4,1,2)
Sy 31 1, 1s 1;

U(l)rn 0 2 2 0
Zy 1 1 i —1

Table 4.2: Transformation properties of the matter fields. Note that the PS assignments
should be read in agreement with SU(4)c x SU(2) x SU(2)r.

(0]

, < @<

)

Figure 4.6: The forty-eight fermion states of the Standard Model grouped in eighteen
representations as in the SM (upper line) or in four representations as in our model (lower
line)

Flavons || 0 || ¢ | ¢’ | x | o

Sy 11 | 313231 | L1
Ulpn ||-1|] 00| 0] O
Zy 1 7 7 1 1

Table 4.3: The flavon field content and their transformation properties under the flavour
symmetries. All flavon fields are singlet of the gauge group.

of the flavons which develop vevs according to the following configuration: at LO we have

0 0
(p) = ( 1 ) Vo » (¥ = ( 1 ) Ve 5 (4.16)
1 -1

() = ( 0 ) Ux (0) =05 , (4.17)

(6) = vo . (4.18)
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In this section we simply assume this vev alignment and we prove it to be a natural solution
of the minimization of the scalar potential in section 4.8. Furthermore we assume that the FN
messenger and the other flavons have vevs of the same order of magnitude: it results partly from
the minimization procedure and partly from the constraints coming form the comparison with the
measured mass hierarchies, as it will be clearer in the following.

The Higgs fields of our model relevant to build the fermion mass matrices transform under the
gauge group and under the Z, factor of the flavour symmetry: in table 4.4 we summarize their
transformation rules. The first three fields, ¢, ¢’ and p, deal at LO only with the Dirac Yukawa
couplings. Due to the Z, charges, ¢ and ¢’ are responsible for the third family and the charm quark
masses, while p is responsible for the strange and p masses. The field p ~ (15, 2, 2) being in the adjoint
of SU(4)c may develop vev along the SU(4)¢ direction diag(—3, 1,1, 1). This implies that the leptons
which get mass via this field are a factor 3 heavier than the corresponding quarks and therefore this
field is very useful to describe the second family, at least in the down sector, reproducing the well
known Georgi-Jarlskog relation [99], m, =~ 3m,, at the high energy scale. As we show in the next
sections, in order to recover the up-quark mass hierarchies the p projection along the light doublet
Higgses, v¥ and v¢, has to point only in the down direction: the requirement v% = 0 can be realized
only if the Higgs field content contains two identical copies of the Higgs field (1, 2,2) and this justifies
the presence of both ¢ and ¢'.

Finally, as we show in detail in the following sections, the field Ay is necessary to conclude the PS
symmetry breaking pattern and to recover the SM gauge group through its spontaneous symmetry
breaking vev. At the same time, when Ay develops a vey, it gives a Majorana mass to the right-
handed neutrinos thus contributing to the effective neutrino mass matrix through the usual type-I
seesaw mechanism. A second source for the neutrino mass matrix comes from Ay, in terms of the
type-II seesaw mechanism.

Higgses || ¢,¢’ P Ap Ag
ps || (1,2.2) | (15,2,2) | (10,3,1) | (10,1,3)
Zy 1 -1 1 -1

Table 4.4: The Higgs fields responsible of generating fermion mass matrices and their
transformation under the gauge and the Abelian flavour symmetries. All Higgs fields are
singlets under Sy x U(1)pn x U(1) g, while they can transform non-trivially under the Z,
factor.

In our scheme the neutrino mass matrix is dominated by type-II seesaw. As already stated in the
two previous sections, the flavour structure of the effective neutrino mass matrix in equation (4.7)
arises from an interplay between the two seesaw sources. In the PS context mp ~ M, and this
suggests a hierarchical structure for the type-I contribution, which does not agree with the flavour
structure in (4.7). We show that, given mp ~ M,,, the required flavour structure for the Majorana RH
neutrino mass necessary to recover equation (4.7) is not allowed in our model. This suggests to find
a construction in which the type-II contributions are dominating over the type-I and we show that
such a feature puts strong constraints on the model building.

4.6 Fermion mass matrices at leading order

In this and the next section, we present the most important results: the fermion mass matrices and
the resulting masses and mixings of the fermions. We first discuss the results at leading order in the
flavon insertions. As expected for a model of bimaximal mixing, the results do not match the data
very closely and next-to-leading order effects are very important as well. These are the topic of the
next section.
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The central object in the study of the fermion mass matrices is the matter superpotential, Wy-. This
Yukawa superpotential can be written as a sum of two pieces,

Wy = Wpir + Waiaj- (4.19)
These contain respectively terms with Dirac and Majorana structures. We study the superpotential
making a power expansion in terms of flavon/A, distinguishing between leading and subleading
couplings.

4.6.1 Dirac mass terms

We first study the Dirac matter superpotential at LO

1
WEO =y ZFLFS(6+ ¢ )t

A
1 en 4 1 cn2 7 v (1)
+ yQFFLFQG pY + 293,(1')FFLF29 (@+¢) X+ (4.20)

i=1

3
1 . 2 1 c .
+ E y4,(i)ﬁFLF192PXi( )+y5ﬁFLF192(¢+¢/)X3-
i=1

Here we use a compact notation to avoid the proliferation of coefficients: the term X 51’2) represents
a list of products defined as

xM = {eP 02, 0’2, '3},

(4.21)
X = {¢% e, 9%}

Each term represents all the different S, contractions which can be constructed with those flavons;
furthermore we indicate with y; (¢ + ¢') the combination y§1) o+ y§2)¢’ and similarly for y3 ;) and ys.

When the flavour symmetry is broken, the model describes a non-minimal PS model in which the
Yukawa couplings present a well defined structure. Then, when the PS gauge symmetry is broken
to the SM gauge group ¢, ¢’ and the colour singlet component of p mix in four light Higgses, two
up-type and two down-type, hy 4 and h;, ;. Thus at the EW scale ¢, ¢" and p have non-vanishing

projections to the light Higgs components that acquire a vev. We indicate these components as v;f’d,

vZ,’d and v}, As already said, we need to impose that the p field has no projection along the up
direction: v; = 0. This can be realized because in terms of the light Higgs up-vevs, v{’ = (h,) and
vy = (h,), v} is given by

’Ug = Ulgvil’ + UQg’U% . (4:22)

The matrix U is introduced in appendix 4.A. The constraint v§ = —Uj3/Us3v} can be imposed
thanks to the freedom we have in the superpotential and in the soft potential®. Note that we could
relax the condition v = 0 allowing a mild hierarchy between v and v¢, for example of order A?,
without affecting the final mass hierarchies, but in the following, for simplicity, we work under the
assumption that vy = 0.

5This requirement, imposed by hand, could be motivated by some symmetry argument, but to introduce a mechanism that
could explain v = 0, it would be necessary deeply modifying the structure of our model. In the present chapter we just
assume this fine-tuning and we refer to the Appendix 4.A.2 for further details. We note that the fine-tuning we introduce in
the model is similar to the fine-tuning which is universally accepted whenever the MSSM has to be recovered.
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The final Dirac fermion mass matrices we get are given by

0 0 O 00 O
M = =3[0 w0 i+ 0 0y |uiA, (4.23)
0 —Y2 0 0 0 Y1
0 0 O 00 O
MO = 0 g 0 |ulN+{ 0 0 y |oiX, (4.24)
0 —Y2 0 0 0 Y1
0 0 O 0 0 O
MLEO =mi0 = 0 w3 O |ogA°+[ 0 0 w1 |oviA. (4.25)
0 —ys3 O 0 0 un
We used the compact notation yiv“/ “ to indicate y§1)vu/ ¢4 yEQ)vZ;,/ ¢ and absorbed all non-relevant

CG coefficients. Note that y3 is the sum of the different y3 (;) and that, by construction, y 23 can
be considered complex coefficients with modulus of order 1. Note also that the different numerical
coefficients between charged leptons and down quarks originate from to the presence of p instead
of ¢ (¢') in the superpotential. The operators which should give contributions to the first families
(those proportional to y4 and y5) are vanishing, thanks to the special flavon vev alignment. As a final
comment, we are neglecting at this level of approximation the contributions to M, eL,dO coming from
the operators proportional to ys: these terms, which preserve the anti-alignment of the second and
third entries of the second columns, are A\? suppressed with respect to the LO ones proportional to

Y2-

The quark and lepton masses of the second and the third generation follow from (4.23)—(4.25)

m, = —3\/§y2vz/\3 , m, = \@ylvgx\ ,
my = V2y0in my = V2yvg, (4.26)
me = \/Ey?)vz)\5 ) my = ﬁle$A .

We note that the top-quark Yukawa does not come from a renormalizable coupling; it has the same
suppression as the other third family fermion masses. Obviously, the dominance of the top-quark
mass should be justified by the hierarchy between v§ and vg. The mass matrices in (4.23)-(4.25) are
diagonalized by a maximal rotation in the sector (23), i.e. U, = V4 = V,, = Ras(n/4), while the
fermion mass hierarchies are given by

ms Me

~ O()‘z) ) Ht

msr

~ O\ . (4.27)

my,

Furthermore, at the cut off, we recover some relations among the masses of different fermions: the
b — 7 unification and the Georgi-Jarlskog relation [99]

‘m7’| = |mb| > |m,u‘ = 3|ms| . (428)
Finally we should comment of the relative value of the top and of the bottom masses:

(1) ()

A B T T W (429)
1 2 :
my y§ )vg + y£ )v(‘f)/

Note that usually this ratio is proportional to tan j, the ratio between the up- and down-vevs of the
light Higgses, but this is not the case: indeed the light Higgses are combinations of ¢, ¢’ and p and
therefore we can define tan /3 as

Y 2_|_ VY, 2
V@2 + @) + @z I

(4.30)
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4.6.2 Majorana mass terms

We now discuss the part of the superpotential which contains the Majorana couplings. At LO it is
given by®

2 7 3 7
Wita; = ko FLFLAL + Z L0 rapx® + Z 73\’(;) FLFLALXY + 2  FsF§AR . (431)
i=1 i=1

A

This uses the compact notation
X® = {x, o},
(4.32)
XW = {2 xo, 0%}

This superpotential is responsible for giving the following Majorana LH and RH neutrino mass
matrices:

ko ki 0 0 0 O
ML = kl/\ k‘o 0 v, MR = 0 0 0 VR - (433)
0 0 ko + kg)\2 0 0 =

Here vy, vp are the vevs of Ap p respectively. At every order in ), there is a diagonal contribution,
parameterized by one of the k;. The collective effect is captured in the effective parameter kq of order
1.

ko = ko + k@)X + Ea, (1) A% + ko (3)A° (4.34)

In the same spirit we define k; and ks

ki = ki) +kao),
(4.35)

]f2 = —]%2,(1).

While M, corresponds to the type-II contribution to the effective neutrino mass matrix, M provides
a type-l term. Even at this approximation level, we note the tension between the two seesaw

(type-Il) _
v =

contributions: m M7, presents a maximal rotation in the (12) sector, while it is easy to verify

that m®P*" = mpM ='m%L shows a democratic structure on the (23) sector which corresponds to a
maximal rotation here. To recover the mass matrix in (4.7) it is necessary that the type-II contribution
dominates over the type-I terms: in this case it is sufficient to identify a with ko, b with k1A and ¢
with k() + k‘g )\2.

The neutrino masses can be written as

maal = (Ikol® F 20ko| a| cos(Bh, — Ox,)A+ ka2 X2 )0 (4.36)

ima)? = (|k0|2 + 2|ko| k2| cos(Br, — akQW)ui . (4.37)

Here 0, is the argument of the complex number k;. The definition of the solar mass difference
implies that |m;| is smaller than |mg|. This requires cos(6x, — 8,) > 0. We see that in most of
parameter space the spectrum is quasi degenerate, as the unsuppressed term with |ko|? that appears
in all three masses dominates over the other terms that are A or A? suppressed.

We also see that in most of the parameter space |ms| is the central eigenvalue: indeed |m;]| (jmz]) is
shifted down (up) from the central value |ko|?v? by a term proportional to A, while |mj| stays closer
to this central value as it is only shifted by a term proportional to A\*. Having |ms| as the central
eigenvalue is obviously in contradiction with experimental data. We conclude that our model is only
viable when the term 2|ko| |k1| cos(6x, — 0k, )X is suppressed. This is clearly possible if either |ko| or
|k1] or cos(fk, — O, ) (or a combination of them) is small. In particular, the latter condition means that

6Regarding the terms which contribute to Mz, we consider at LO only the first non vanishing term in the superpotential.
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ko and k; are almost perpendicular in the complex plane. We now investigate on these different
scenarios, calculating the solar and atmospheric mass squared differences. Taking as definition
of Am2,, the mass squared difference between the heaviest and the lightest neutrinos, we have
different results for normal (NO) and inverse (I0) mass ordering as given by

2 — 2 2
AmZ, = mz—mji

= 4lko||k1| cos(0r, — Ok, )N v% ,

A 2 ATnitrnNO = (mg - m%) (4 38)
Mot = ’
" Am2,, 0 = (m3 —m3)

2|ko||k1| cos (Or, — Or, ) X v2 F (k1| — 2|kol|k2| cos (O, — k) )A% v% .

Am2 /2

On the right-hand side of the last equation, the first term is suppressed by JA; the second one only
by A%, We would be tempted to conclude that the first term gives the dominant contribution: it is
however exactly this term that must be suppressed in order to avoid |ms| as the central eigenvalue.
Furthermore, this term is equal to half of the solar mass squared difference that is about 30 times
as small as the atmospheric splitting (see table 2.3). As a result, to recover a value for Am2,, close
to the measured one, we need that the second term on the right-hand side of equation (4.38) is the
dominant one. We can estimate the ratio between the two terms by calculating r, the ratio of the two

mass squared differences:

2
(7’ )_1 _ ATnatmNO,IO
NO,IO = Am2

sol

. 2|]€0Hk1| COS (Gko — le) A + (|k‘1|2 — 2|/€0Hk2| CcOS (Hko — sz) ))\2

N 4| ko|k1] cos (O, — Ok, ) A

_ 1 0 |k‘1‘2 - 2|]€0Hk2| COS (Qko - 9k2)
2 4| kol k1] cos (O, — Ok,)

(4.39)

A

The natural range of this quantity »~! would be something like [0.3 — 0.7] (central value 0.5 and

corrections of order \). However, measurements give r = 0.032170-0%% ~ A2, or in other words 1/r ~
30 ~ A~2. We conclude that
4\ kol k Oy — Ok
| OH 1|COS( ko k1) ~ 03 (4.40)

||k1\2 — 2|kol|k2| cos (O, — Ok,) |

The most natural explanation may be assuming that cos (6, — 6k, ) is very small. In that case
the absolute values of all parameters can still be of order one, which was part of the naturalness
requirement of the model. Neutrinos present a quasi degenerate (QD) spectrum and both normal
and inverse ordering are possible. The typical scale of neutrino masses vy, is given in this case by

Am?2,
atm ~ (0.1eV)? . 4.41
)\2“]@‘1‘2—2|I{30|‘]€2|COS(€]€O _ekz)‘ ( ) ) ( )

o =

Possible alternative solutions of equation 4.40 that give a non-QD spectrum can be obtained only by
admitting the parameters belong to a larger and less natural, range, A> — A~2. In this case when ky is
of order A=2 and cos (0, — 0x,) ~ A while ky » still of order one a inverse hierarchical (IH) spectrum
can be obtained. Another possibility to get an IH spectrum is having ky and cos (6x, — 6k, ) of order
one, k1 ~ A~ tand ko ~ A2, Finally a normal hierarchical (NH) spectrum can be obtained only in the
case in which ky ~ A2, cos (0k, — 0%, ) and k; of order 1 and ko ~ A\2.

At this moment, we conclude that the quasi-degenerate hierarchy (with either ordering) is the most
natural outcome of our model, while normal and inverse hierarchy solutions are also possible, albeit
with slightly unnatural values of the parameters. In section 4.10 we find that the renormalization
flow dramatically changes these predictions.
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4.6.3 Mixing matrices at Leading Order

As anticipated, the mixing pattern at leading order is the bimaximal pattern that does not describe
the data very well. Only considering the NLO contributions, which we study in the next section, the
model agrees with the measurements.

1/V2 —1/v2 0
V=1, U =Ry (f%) R (f) = 12 12 -2 | (4.42)
/2 1/2  41/V2

4.7 Fermion mass matrices at higher orders

The NLO contributions in the mass matrices originate from two sources: the first are the higher order
terms in the superpotential, while the others come from the insertion of the NLO flavon vevs in the
operators in equations (4.20, 4.31). In section 4.8 we show how the flavons develop vevs and how
they are corrected. Here we anticipate the results, reporting the flavon vevs in a form which is useful
for the discussion in this section:

0 1 0 1
(p) = 1 v+ | 0 |dv,, (¢ = 1 ver + |1 0 | dvy

1 0 -1 0

0 0 (4.43)
x) = 0 oo+ | 1 |6%,, (o) = v5.

1 0

Some comments are in place: the subleading corrections are suppressed with respect the LO terms
as dv/v ~ X and §2v/v ~ A? for each flavon; NLO corrections to the second and third entries of ()
and (¢’) are present, but they present the same structure of the LO terms and can be re-absorbed;
similarly, the NLO corrections to the third entry of (x) and to (o) are present, but they can be re-
absorbed into the LO terms; the other entries of (x) do not receive any corrections at NLO. If we
consider the NNLO approximation level, i.e. corrections of relative order A\? with respect the LO
terms, we see that the second and the third entries of () ((¢’)) are not (anti-)aligned anymore and
that the second entry of (x) is filled in. It is interesting that the first entry of (x) is still vanishing at
this level. We will see the relevance of this structure in a while.

4.7.1 Dirac mass terms

The Dirac matter superpotential at NLO is given by

3
1 C
Wi = Zy6,(i)pFLF3 @+ X+

i=1

3 8
1 . 6 1 . 7
+ 3 o g FLES XY+ s o g FLFs 076 + ) X7+

. Z':l (4.44)

6 7
1 C 1 C
+ Zyg,(i)EFLﬂ GQPXZ‘(s) + Z le,(i)FFLFl 0%(¢ + ¢/)X¢(9)+
i=1 i=1

13

1
+ Zyll,(i)ﬁFLFfQQ(qs 4 ¢/)Xi(10) .
i=1
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We adopt a compact notation similar to the one in equation (4.20):

X-(S) =

<o X
ST S
o ~J [=]
CEENCEENGC
1 ]

>
S
Ne)
©

i

{ea, ox, ¢'x}

{¢'o, ox, ¥'X}

{£%x: @20'X, w9 %X, ¢'3x, PPo, P¢la, pp'Po, ¢'Pa}

{02, w9'x, ©'2x, ¥P0, oo, oo}, (4.45)
{¢* O*¢, 9?92, 09’3, o' x4, XPo},

{o"x: GPP'x P90 2x w9 3x, o' x, plo, YPela, ©P¢'%a, wy'da,

¢'lo, x°, xto, xPo?} .

Note that not all of these terms are non-vanishing when the flavons develop a vev: in particular X i(g)
for any 4 do not give a contribution when the LO vevs are considered: only when the corrections to
the vevs are introduced, they contribute to the mass matrices. For this reason also the terms with

X i(lo) are taken into account, even if they are suppressed by an additional A. The other terms which
are vanishing at this order of approximation are X ® fori = 4,5,6 and X i(1o) fori=6,...,13. When

i

flavons and Higgs fields develop vevs, we get the following Dirac mass matrices:

MNO = =3

MNLO

NLO _
M, =

0 0 0 0 gz 0 0 0 A
Ja 0 0 JuiN =310 g2 0 |viX+ | 0 0 & |vi), (446)
go 0 0 0 —y2 O 00 wn
0 0 0 0 GwA 0 0 0 A
Ga 0 0 i+ 0 G2 0 |oIN+| 0 0 G |uir, (447)
g9 0 0 0 —g2 0 00 ©n
0 0 0 0 gshA O 0 0 e\
s 0 0 JosAT+{ 0 G5 0 JugA+ | 0 0 1 |uga. (448)
gio 0 0 0 —y3 O 0 0 wun

At this order, the neutrino Dirac matrix still equals the up-type quark matrix m¥2© = MNLO_ In the
above equations we used the definitions

vy =

Y2 =

< < < < @ <
9 ~ [=2) ot N w
Il If Il If If If If

<)
=
S
Il

Y1+ Yo, () A
Y2 +yr, (A,

8
Y3 + 21:5 yﬁ,(i))\ s

1 ov, v
Filye, )] + Y4 ( £ - Sa) )

vW v¢
1 COvy Oy 1 ) 621)X
Fa [y11,)] + X]:B [910,(2')7 N W] + ﬁ}l |:y57 o |
1 v 4.49
(Y6,(2) + Y6,(3)) + Xyli ) (4.49)
Ve
5U¢/
(Y7,2) T y7.03)) + Y2 v
4 1 4 SV
D oie1 ¥s(i) + 3 > i Y3,(4) " £,
o’
1 ov, v
Felye o] 4+ = ¢ OV
5[y9,(1)] + )\y4 < Vg + U, > )
1 COvy Oy
Fo [y11,0)] + X]:? [910,(2')7 R W] .
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In the previous definitions we can see that each § is the sum of two pieces: the first refers to the
terms in equation (4.44) when the LO flavon vevs are considered; the second comes from the terms
in equation (4.20) where the NLO flavon vevs are introduced. The only exception is F3 which refers

to the term proportional to Xi(g) in equation (4.44) and that give contribution only when the NLO
flavon vevs are considered. These two parts are of the same order of magnitude, since dv/v ~ A
and §?v/v ~ A%, Note that F; are distinct linear combinations of the arguments in the square
brackets. The expressions in equations (4.46, 4.47, 4.48) are valid at NLO level. Note that the (anti-
)alignment between the second and third entries of the (second) third families are still preserved.
When considering higher order terms, this feature is lost and the (1, 1) entry of each mass matrix is
filled.

The values for the charged fermion masses given in equation (4.26) are modified only by substituting
the coefficients y; with their tilde-versions:

Y1 — Y1, Y2 = Yo, Y3 —> Y3 . (4.50)

At this approximation level, the first family masses are not yet well-described, because they are too
small. We come back to these light masses in section 4.7 4.

4.7.2 Majorana mass terms

Moving to the Majorana part of the matter superpotential at NLO, we get

3
ks, e
Wko = N 20 B p A x MY+ 22 E RS0t A+

A3 At
i=1

3
23,(1 c e 23,1 [ nld
+ AP Arpy + Y S FSF50PARX [ § =

=2 =4

SFS0?ARX )+

(4.51)

i c 4
+Z A5)F1F392ARX(1)+Z A()F1F392ARX(1
=1 =5

15
A6F1F204AR</:X+Z A().)FlF1 o x %)
=1

As usual we used compact notation with

xM = X3, x%0, 03},

3

12
X {oe'x, pp'a},

<

ol
w
&

I

; {e®x%, o'X?, ¢ 2x%}, (4.52)

>
-
'S
£

I

; {&*x, V20X, 0@’ %x, ¢'3x, Y30, ?¢'o, o' 20, ¢35},
X = et

A few comments are in place. Note that all the terms proportional to k3 can be reabsorbed by
a redefinition of 1210,172 and that the only new structure which corrects M comes from the term
F1,F, A x when we consider the subleading corrections of (x): as a result the entries (1,3) and (3,1)
of M, are filled in by terms proportional to A\*. Regarding the contributions to the Majorana mass
matrix for the RH neutrinos, it is important to see that the terms proportional to z3 ;) withi = 1,...,3
and to z4 ;) withi = 1,..., 4 are vanishing, due to the particular flavon vev alignment of the model.
As a consequence all the NLO contributions to Mg are of the order of A%, apart that one to the entry
(2,2) which is of the order of A*. Finally, we note that each entry of Mp, is independent from all the
others, being F¢ singlets of the flavour symmetry, and therefore all the z; are free parameters with
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modulus of order 1. We listed only the dominant contributions, but the higher order terms would
correspond to subleading corrections, which we can safely neglect in the following.

As a result of this analysis the Majorana masses for LH and RH neutrinos are given by

KK K 26AS 2A6 2\
M]%IVLO = k/1>\ k6 0 VL, MgLO = 25)\6 ZQ>\4 23)\6 VR - (453)
K5A3 0 Kb+ KHA? 2400 23\

With the notation k] we account for all the redefinitions done on the parameters. As already stated

when discussing the LO mass matrices, the contributions to the effective light-neutrino mass matrix
(type-I)

come from the type-I and type-II seesaw mechanisms. The resulting NLO m;, is given by
mg/type—l) _ mgLO (MgLO)71 (mgLO)T
GeN? e N  1leA uy2 )2
(X T A gy (4.54)
O
nigeA Ui Ul R

This is diagonalized by a maximal rotation in the (2 3) sector and not in the (1 2) sector as demanded
by equation 4.6. As a result, we need that the type-I seesaw contribution suppressed with respect to
type-II seesaw one by at least a factor of order A\?. Using equation (4.50), this translates to

2
< Ny (4.55)
Z1VR
We remind here that vy, vr are the vevs of Ay and Apg respectively. In particular vy, is the vev
developed by the SM (1,3,1) triplet component of A, and it is induced once the EW symmetry
is broken. As we show in detail in the next sections the physical SM triplet T ~ (1,3,1) arises
by the mixing between the SM (1, 3,1) components of A;, and of two additional fields, ¥ and ¥’
transforming under the PS gauge symmetry as (1,3,3). The vev (T') of the SU(2), triplet T is related
to its mass My through the following expression

v
~ oyt d
(T) == oy (4.56)

Here «;; are numerical coefficients arising by the details of the scalar potential and v}" = (h,,) ,vy =
(h,,) are the vevs of the two up-type light Higgs doublets needed for the realization of our model
(see appendix 4.A for details). Since vy, is the projection of (T') along A, neglecting fine tuned cases
it is expected that

v ~ (T) . (4.57)

From equation (4.55) we need therefore that My and vy satisfy

kb z1auvivl
My < N2 (U S AR ) VR (4.58)
my
At the same time neutrino mass data imply that
vivl
T

Combining the constraints of (4.58)-(4.59) we see that in the most natural scenario, assuming «;; = 1,
My and v satisfy
VR Z 30 MT 5
(4.60)
102GeV < My <103 GeV .

Nevertheless if we allow the numerical factors «;; laying in the range 0.1 — 10, then My, and
consequently vr, can be reduced even of two and one orders of magnitude respectively

10"°GeV < My <102 GeV . (4.61)
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In the following discussion of lepton mixing and in the phenomenological analysis, we assume that
indeed type-II seesaw is dominating and neglect the type-I contributions. In the section devoted to
the study of the scalar potential we justify this assumption and find the region of the parameters
space where the type-II seesaw indeed dominates over type-I.

4.7.3 Mixing angles at the Next-to-Leading Order

Looking at equations (4.46)—(4.48) and (4.53) we see that the fermion mass matrices are of the required
form as in (4.9) and (4.10). The resulting mixing matrices are modified with respect to the LO
approximation and interesting new features follow. In the quark sector, the CKM matrix receives
deviations from unity and at NLO the angle 07, is not vanishing anymore:

X 9793 — G20s]
2 V2 72| |33 ( )

Looking at this result, the meaning of the parameter \ is clear: it is defined as the ratio of the flavon
vevs over the cut-off of the theory, but it also determines the order of magnitude of the Cabibbo
angle. This justifies our initial assumption that A is equal to 0.2. If the second columns of the up- and
down-quark matrices are not proportional to each other, we can generate a non-vanishing Cabibbo
angle 0{,, while the two other angles in the CKM matrix are still vanishing.

In the lepton sector, the PMNS is of the bimaximal form with large corrections as discussed in section
4.3. The solar and reactor angles are given by

AMYs Uz
s = 3 . (4.63)
AMYs | Uz
o, = 2% Y1) 4.64
SRR (> (64

Asitis easy to see, the reactor angle and the deviation from the maximal value of the solar angle are of
order ) and therefore the model is now in agreement with the experimental data’, fulfilling the weak,
but not the strong complementarity relations (4.4). At this approximation level, the atmospheric
angle remains maximal. The relatively large value of ¢!, was a prediction when this model was first
presented.

4.7.4 Higher order effects

At the next-to-next-to-leading order (NNLO) and even higher orders, many new terms appear in the
superpotential. However, only a few of them lead to new terms in the mass matrices, while the rest
can be absorbed in redefinitions of the parameters as in equation (4.49). For this reason we do not
report the full list of NNLO contributions, but we just comment on the physical consequences. Three
effects are worth mentioning.

- As expected, the masses of the first families are strongly suppressed. We find that the down
quarks and the electron masses are suppressed by a factor of A\¢ and the up-quark mass by a
factor of A\®. This leads to the following mass hierarchies in accordance with the wishlist of

section 4.2
mq

my

Mel N3 Mul 27, (4.65)

~

mr my

- The (anti-)alignment of the (23) and (33) elements of the Dirac mass matrices in (4.46—4.48) gets
broken as the new terms appear. The new elements are A\? suppressed with respect to the older

"Deriving equation (4.64), we already neglect the corrections which increase the value of the solar angle, instead of
decreasing it
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terms. As a result, the matrix that diagonalizes M; MZT, with i = e, u, d, has no longer an exact
maximal mixing in the (2 3) sector. In the lepton sector, this translates to a A deviation from
maximality in the atmospheric angle of the PMNS matrix. In the quark sector, the angle 63,
becomes of order A\2. It is interesting to note that 07, remains vanishing at this order. It only
appears when even stronger suppressed terms are taken into account and is of order \?, in
accordance with the Wolfenstein parametrization [21].

- The third columns of the mass matrices in (4.46)—(4.47) are proportional to vg, while the second

column of M}'=© is proportional to v¢ and that one of MN to —3v%. Therefore, also at NLO,

equations (4.28) are fulfilled. At the NNLO level, terms proportional to v¢ appear in the third
columns of charged lepton and down-type quark matrices and terms proportional to vg in the
second columns. The new terms are A\? ~ 5% suppressed with respect to the old entries. We
thus expect deviations from the relations |m,| = |ms| and |m,| = 3|m,| at the 5% level.

After giving the right masses to the first generation fermions and introducing the (2 3) and (1 3)
mixing angles in the CKM matrix, all points at the wishlists at the end of sections 4.2 and 4.3 are
satisfied. So far, the model is successful. However, its success is based on a number of assumptions:
that the flavons can indeed have the vacuum expectation value structure mentioned; that the Higgs
fields indeed break the symmetry in the way assumed and that the values of fermion parameters
derived at the high energy scale are still useful to describe physics when they are measured at low
energy scales. These assumptions are studied in more detail in the next few sections.

4.8 The flavon scalar potential

In this section we comment on the vacuum alignment mechanism which explains the flavon vevs as
in equations (4.16)—(4.18). It turns out that our desired alignment is exactly the one presented in [64],
once we transform all the fields in our basis. Note indeed that it is possible to identify each flavon of
table 4.3 with the flavons in [64], by simply comparing the transformation properties under the full
flavour group:

o — 1, ¢ —r xi, X — ¢, og— & . (4.66)

We use the unitary matrix {27 of appendix 3.B to move from the basis in [64] to our basis,

1 0 0
0 —i/vV2 i/vV2 | . (4.67)
0 1/vV2 1/V2

We find (up to irrelevant phases) the following flavon vev alignment®. We comment about the
presence of equivalent solutions below.

0 0 0
pox (1], oo 1], xoc [0] . (4.68)
1 -1 1

These vacuum alignments correspond to equations (4.16)—(4.17).

The correct flavon vacuum alignment is ensured by a set of driving superfields among the same
lines as described in section 2.4 dealing with a context similar to our model. All the driving
fields transform as U(1)gr = 2 under the continuous R-symmetry and they appear linearly in the
superpotential. In table 4.8 we show the driving fields and their transformation properties under
S4 X Z4.

It is easy to determine the correspondence between our set of driving fields and those of [64]:

Dr — ¢}, or — X}, XR — Py op — &) (4.69)

8The vevs of the fields ¢ and ¢’ is recovered by applying the unitary matrix in equation (4.67) to an equivalent configuration
of equation (51) in [64], resulting from the application of the element (7°S)? to (51) and of the element 7T to (18) of [64]
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Driving | Dr | Yr | XR | OR

Sy 2 32 | 31 | LW
Zy -1 | -1 1 1

Table 4.5: The driving field content and their transformation properties under Sy x Zj.
They are all singlets under the gauge group and the FN symmetry, while they transform as
U(1)r = 2 under the continuous R-symmetry.

We now construct the driving superpotential wq, which contains only flavons and driving fields and
in particular neither matter fields nor Higgses, and look for the conditions that minimize the scalar

potential,
a’wd
V=[5

We write ®; to collectively denote all the scalar fields of the theory; m? are soft masses and dots stand
for D-terms for the fields charged under gauge group and possible additional soft breaking terms.
Since mf are expected to be much smaller that the mass scales involved in wy, it is reasonable to
minimize V in the supersymmetric limit and to account for soft breaking effects subsequently.

2
+mF| P2+ ... (4.70)

Since our flavon and driving field content exactly corresponds to the one in [64], we already know
that the vev alignment in (4.16)—(4.17) represents an isolated minimum of the scalar potential. We
only need to identify the relations which link the vevs v, v/, vy and v, among each other in our
model. We therefore study the potential that can be constructed from the flavon driving fields and
the ordinary flavons

wa = fiDrpp + f2Dre'" + fsDroe + faorpe'+
+ MiAXrX + fsxrXO + feXRXX+ (4.71)
+ M3A*0R + MsAogo + f10r00 + fsoRXX
The first line deals with only the fields ¢ and ¢’ and the other two with x and 0. As also explained
in [64], this leads to the alignment in equations (4.16, 4.17) where the vevs satisfy
J1vd + fovl + V3 fsvv, =0,
M 2 JEME = [sMi My + M3 *72)
fs X 2f2fs '
The solution in equations (4.16, 4.17, 4.72) is not unique, but it is possible to introduce a set of soft

supersymmetric breaking parameters, which selects this solution as the lowest minimum of the scalar
potential.

Vg =

It is interesting to note the presence of an other source of uncertainty in our solution, which
minimizes V. Given the symmetry of w, and the field configurations of (4.16, 4.17, 4.72), by acting
on them with elements of the flavour symmetry group S; x Z4, we can generate other minima of
the scalar potential. These alternative solutions however are physically equivalent to those of the
original set and it is not restrictive to analyze the model by choosing as local minimum that one in
equations (4.16, 4.17, 4.72).

The Froggatt—Nielsen field can acquire a vev through a D-term as given in equation (2.70)
_ Mg,

vg|? = [(0)]? .
ol = (6} = .2

4.73)

It is relevant to underline that the vevs in (4.72, 4.73), depend on mass parameters: all these mass
scales naturally have the same order of magnitude and as a result vx /A ~ A. The only exceptions
are the vevs of ¢ and ¢’, which depend on a flat direction. In the model, we simply assume that their
vevs have values of the same order as all the other flavon vevs.
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4.8.1 Higher order contributions

In this section we briefly comment on the corrections which enter in the flavon vevs, once the higher
order contributions are taken into account. We leave all details to appendix 4.B.

In the superpotential wg, the flavons which contribute to the Dirac mass terms, ¢ and ¢’, and those
which contribute to the Majorana mass terms, x and o, at LO belong to two separate sectors, indeed
any mixing term is prevented due to the Z, symmetry. This situation is not preserved at NLO, since
the fields x and o are neutral under the Z, symmetry and therefore we can add each of them to all
the terms in w,. This leads to modifications to the LO vev alignment of (4.16) and it turns out that
the first entries of (¢) and (') are filled in, while the second and third entries are corrected by terms
which can be however absorbed into the LO ones, without spoiling the alignment. Also the vevs in
equation (4.17) receive some corrections: the first and second entries of () still vanish and the NLO
contributions to the third entry can again be absorbed into the LO term. This discussion justifies the
results showed in equation (4.43).

Corrections from the NNLO contributions are without particular alignments: in particular, the
second and third entries of (¢) and (¢') are no longer related, and also the second entry of (x) gets a
non-zero value. It is interesting to note that the first entry of (x) remains zero.

4.9 Higgs scalar potential

In this section we present the study of the Higgs potential in our model. It is an interesting example
of how the introduction of flavour symmetries and the assumptions made to get the correct mass
matrices have non-negligible consequences on the Higgs sector. As a result, the study of the Higgs
scalar potential and of the gauge and the running Yukawa couplings in a general non-flavour PS
context does not strictly hold. Note that even if the following analysis refers to our particular choice
of fields and symmetries, our conclusions can be taken as a general hint for a very large class of
models that combine a discrete flavour symmetry with a grand unified scenario: indeed our model
building strategy shares common features with other constructions. In particular the Higgs fields
usually transform under the flavour symmetry Gy — in our case under the Z, part of it. This has
direct consequences on the implementation of the grand unified symmetry breaking. Moreover type-
II seesaw dominance and particular patterns of vanishing projections of the heavy Higgs fields on
the light Higgs doublets are frequently required to get the correct fermion mass matrices.

In table 4.6 we list all the Higgs fields which are necessary to reproduce the correct mass matrices and
to implement the desired PS symmetry breaking pattern. This extends table 4.4 that only contains
that appear in the Yukawa superpotentials. The fields in table 4.6 carry one of the labels ‘min’ (from
‘minimal’), ‘ext” (from ‘extended’) or ‘new’. This refers to the question whether they occur already
in minimal Pati-Salam scenarios, only in extended (non-minimal) realizations or are new to our
construction that combines GUT with flavour.

Some of these Higgs fields are already present in the minimal version of PS models [107]: typically
a (15,1,1) multiplet — as the fields A and B in table 4.6 — is used to break SU(4)c down to SU(3)¢ x
U(1)p—r, and to induce the vevs of the couple of (10, 1,3) @ (10, 1,3) — corresponding to the fields
AR ® Ap in table 4.6. The latter vevs breaks SU(2)r x U(1)p_y, into the SM hypercharge U(1)y
concluding the symmetry breaking chain from the PS gauge group to the SM SU(3)c x SU(2), x
U(1)y. The field that triggers the EW symmetry breaking is usually a bidoublet (1,2,2) — as ¢ or ¢’
in table 4.6. The fields (10,3,1) & (10,3, 1) - the fields A;, & Ay, in table 4.6 — do not develop vevs
at tree level in the usual minimal PS model, but only when next to leading order terms are taken
into account; these are typically suppressed by the Planck scale, as already stated in [107]. For this
reason in the minimal PS the type-II seesaw contributions to the effective neutrino masses are almost
negligible.

We identify three main reasons for which the existent studies of the symmetry breaking patterns in
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Higgses ¢ ¢ P 3 Ap Ap
PS (1,2,2) (1,2,2) | (15,2,2) | (1,1,1) | (10,3,1) | (10,1,3)
Zy 1 1 -1 -1 1 -1

min new ext new ext min

Higgses Ar Agr A B by >/
PS (10,3,1) (ﬁ71,3) (15,1,1) | (15,1,1) | (1,3,3) (1,3,3)
Zy 1 -1 1 -1 1 -1

ext min min new ext new

Table 4.6: All the Higgs fields of the model and their transformation properties under the
gauge group and under Z,. All Higgs fields are invariant under the other factors of the
flavour symmetry group G¢. The labels ‘min’, ‘ext’ and ‘new’ indicate whether the field is
present in minimal PS models, in extended ones or only in our realization.

the PS context have to be modified and this automatically justifies the presence of the new fields in
table 4.6.

- The assumption v, = 0 necessary to distinguish the up-quark sector from the others and to
recover the up-quark mass hierarchies can be realized only if we include two identical copies
of bidoublet (1,2,2), ¢ and ¢’ (see details in appendix 4.A), and we then impose that four SU(2) 1,
doublets (2 up-type and 2 down-type) remain light;

- Since the fields p, Ar and Ap transform non-trivially under the flavour symmetry 7, it is
necessary to introduce two copies of (15,1,1) multiplets, A and B, with opposite Z, charges, 1
and -1 respectively: A is responsible of inducing the breaking of SU(2)r through its coupling
with A and Ag; B allows the coupling of the bidoublets ¢, ¢’ with the bidoublet p. In this way
all of these three fields have a non-vanishing projection on the light Higgs SU(2), doublets;

- The component of A, which corresponds to the usual SM triplet (1,3,1) can develop a vev once
the EW symmetry is broken only in the presence of a trilinear coupling with the SU(2);, Higgs
doublets. This coupling cannot be constructed with only the Higgs fields A, & Ay and the
field content given in table 4.6. For this reason we need an additional field that mediates this
coupling and the simplest choice would be a bitriplet ¥ ~ (1,3, 3) that can couple with the
fields ¢, ¢’ or p and at the same time can mix with Ay, when A develops vev at the SU(2)r
breaking scale. However, once more, the presence of the Zs symmetry obliges the introduction
of two distinct (1,3,3) Higgs fields, ¥ and ', with opposite Z; charges, 1 and —1 respectively.
In this way X can couple to the bidoublets ¢, ¢’ or p, while ¥’ can mix with Ay. Finally, we
need a new ingredient that mixes ¥ with ¥': a PS singlet ¢ charged —1 under Z4 can do the job.
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The scalar part of the superpotential is then given by’
1 1 1 -
W = §M¢ o9+ §M¢>' Q'+ My ¢¢" + §Mp pp+ Ma, ALAL+
— 1 1 1 1 1

1
+ AeEXE + AeapABE + Ny pdBp + Ay p¢' Bp + g/\AAAA+

1 B o (4.74)
+ §>\BBBA +ALALALA+ ARARARA+
+ %quﬁdﬁ + %)\qygqﬁ’gb'E + Apon ' 9 + %Apgpp2+
+ Aas ALARY + Aas AgpALY + éAgEZE + %/\E/E’E’Z .
The vacuum configuration at the GUT breaking scale is given by!”
(AR) = (ARr) = Mg, (A) = Mc¢, , (B) = Mg, , (§) = Ve . (4.75)

The vevs (A) and (B) break the SU(4)¢ to SU(3)¢ x U(1) g— 1, while (Ag) and (Ag) break SU(4)¢ x
SU(2)r into SU(3)c x U(1)y. Therefore, given our field content, the colour breaking scale, Mc =
Max(Mc, , Mc,), is never smaller than the SU(2) p breaking scale, Mz. We may expect that (M¢, ~
Mc,) = Mc but in principle they could be different. Finally V¢ is expected to be close to the flavour
breaking scale, due to the £ gauge singlet nature.

The F-derivative system obtained by the superpotential (4.74) reads

3
May + —=ArMc, =0,

V2
MpMc,V2 Mo, Mc, + AapeMc, Ve =0, 476)
1 2 '
MaMe, + —=A M2, — —=XgM?32 + V2 4 M2 + ) Mc,Ve =0,
aMo, + Z5ApMe, = “EArMp V2AAME + XapeMc, Ve

MeVe + AapeMco,Mc, =0.

By solving the previous equations, we can express the mass parameters that enter in the super-
potential in term of the dimensionless parameters \; and the physical breaking scales. All details
regarding the mass spectrum are reported in the appendix 4.A, but some comments are in place. As
in the minimal supersymmetric PS [107] when the singlet component of A develops a vev, there is
an accidental SU(3) symmetry involving Ag and Ag. When the singlet components of these fields
acquire a vev the accidental symmetry is broken to SU(2) giving rise to 5 Goldstone Bosons (GBs).
At the same time SU(2)r x U(1)p_y, is broken down to U(1)y, eating 3 of the 5 GBs. Therefore 2 of

them, namely §** and 5t are left massless, down to the SUSY soft breaking scale ~ 1 TeV. This is
a well known prediction of SUSY PS theories, which can be tested at LHC [108-111]. On the other
hand, contrary to the minimal case described in [107], due to the mixing between the Higgs fields A
and B, no colour octet is lighter than Mp.

In order to assure type-II dominance and to get the correct PS symmetry breaking pattern, it is
necessary that My < Mpr < Mg < Ve In the next section we present the constraints on the
parameters that can be derived from this special mass ordering. For the moment, we just assume
this scheme. Below we give the spectrum of the states that become massive at scales between Mgysy
and V;. We express the states with the quantum numbers they would have under the Standard Model

gauge group.

9All the Higgs fields are neutral under the continuous U(1)g. The scalar superpotential explicitly breaks it, while
preserving the usual R-parity. The terms in equation (4.74) can be generated from a U(1) g-conserving superpotential in
which the breaking is mediated by additional fields, which are U (1) g = 2 and develop non-vanishing vevs. For instance the
mass term My ¢¢ can originate from a trilinear term X ¢¢, when (X) = M. Similarly the trilinear coupling A¢ XX’ could
originate by the non-renormalizable term X X¥'¢/A’, when (X) /A’ = A¢ and A’ is the energy scale of the dynamics of the
field X. In our model we simply assume the existence of the terms in equation (4.74) in the superpotential and allow for an
explicit breaking of the U(1) g symmetry in this sector.

10We redefine (AR) = vr as (AR) = Mg in order to adapt to the usual notation.
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1. AtV;

At this scale we have two heavy SU(2), triplets given in section 4.A.3.
2. Between V¢ and M In this range a number of fields become massive. These are

- all the SM singlets given in section 4.A.1 except one, called &,

the colour triplets given in section 4.A.1,
- the colour octets given in section 4.A.1,

- the heavy doublets given in section 4.A.2,

the two heavy couples of SU(2), triplets given in section 4.A.3.
3. At M¢

At the scale where the extended colour group of the Pati-Salam theory breaks the colour scalars
originating by Ar @ Ag, pand Ar & A become massive. These are

- the SU(2), singlets given in section 4.A.1,
- the SU(2), doublets given in section 4.A.2,

- the SU(2), triplets given in section 4.A.3.
4. At Mg

At the scale where the righthanded SU (2) is broken, the singlet &, becomes massive;
5. At My

At the scale My of the type-II seesaw, the light couple of SU(2), triplets given in section 4.A.3
obtains a mass.

6. At Mgysy, the supersymmetry scale, next to the familiar sparticles, we find

- the scalar singlets 6t and 5 given in section 4.A.1 — these are well known low-energy
remnants of models with Pati-Salam unification,

- the SU(2), light doublets given in section 4.A.2.

With the Higgs field content given in tables 4.4 and 4.6 and the scalar spectrum so far sketched we
can calculate the running of the gauge couplings and see if the conditions given in (4.60) or those in
(4.61) can be satisfied. Furthermore, in the study of this running (see appendix 4.C for details) from
the Mqur to the EW scale we have to impose the following constraints.

- We should recover the EW values for ag, o and a4, related to the gauge couplings of the SM
gauge group ;

- At Mp < M¢ the hypercharge U(1)y is obtained by the SU(2)r x U(1)p_r, breaking;

- We impose ap_1 = ac at M¢ ;

- The ‘GUT scale’ is defined as the scale at which the largest «; = 1. In this way we are sure to
be in a perturbative regime up to the GUT scale and thus we are allowed to adopt the one-loop
renormalization group equations (RGEs).
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Even using all these constraints we are left with two more free parameters, the value of the SU(4)c¢
and SU(2) g breaking scales, i.e. Mc and Mp respectively.

We adopt two distinct approaches, that we indicate as the more constraining and the less constraining
ones. In the first case we define M¢ to be the scale at which the largest «; is equal or smaller than
1/47. In this way all the gauge coupling g; are smaller than 1 at M¢ . In the second case we allow
the largest o; to correspond to a gauge coupling in the range 1 < g; < 3,50 1/41 < ar < 9/4m. Then
M, should satisfies equation (4.60) or (4.61), but its exact value is not fixed yet.

A few general comments are in place. The non-minimal PS field content affects the running of the
gauge couplings in a non-negligible way. In particular the presence of the charged singlets 67+ and

57" down to Mjysy deeply modifies the U(1)y and SU(2)r gauge coupling evolution. It turns out
that the largest a; above the Mp scale is always ar. Therefore the two approaches we described can
be formulated as follows:

- More constraining approach <= ar < 1/47, at M¢

- Less constraining approach <= 1/47 < ar < 9/4w, at M¢ .

4.9.1 More constraining approach

In this case there are no solutions neither for the ranges of values of My and Mg given in equation
(4.60) nor for those in (4.61). Indeed we find that Mp < 10'* GeV, as can be seen in fig. 4.7. In other
words if we adopt this constraining approach to fix the value of M, the type-I and type-II seesaw
scales require Yukawa parameters which are at least two orders of magnitude far from their natural
values to reproduce the correct neutrino mass scale. This solution is not satisfactory: in this case
the type-II seesaw dominance is obtained by increasing the Yukawa couplings in the right neutrino
sector and at the same time reducing the coupling of the left-handed neutrinos with the scalar triplet.
Even if this may be considered a solution, the challenge was to provide a justification of type-II
seesaw dominance through the analysis of the Higgs scalar potential and not by tuning the Yukawa
parameters. Moreover we introduced a FN Abelian symmetry to explain the small (< 107?) Yukawa
parameters necessary in the charged fermion sector to reproduce the correct mass hierarchies. The
presence of Yukawa parameters of this order in the purely left-handed neutrino sector makes the
introduction of the FN symmetry questionable.

4.9.2 Less constraining approach

In this case there are solutions only for the second range of values of My and Mg given in equation
(4.61). As can be seen in fig. 4.8, My can now reach the value of 10'® GeV. The three scales My, M¢
and Mgy are compressed in a narrow region around 10'® GeV and therefore our model is described
by an extended MSSM model almost up to the GUT scale, defined as the scale where one of the
couplings — in practice gr — becomes non-perturbative 1 je. a; > 1. Nevertheless, the PS origin is
reflected in the non-trivial relations between the Yukawa couplings. In conclusion, by admitting the
Yukawa parameters span in a range 0.1-10. The scales Mpr, M and Mqyr are driven to be very close
to each other; we have found a narrow region of the parameter space where our model could still
give a realistic description of fermion masses and mixings and in which type-II seesaw dominance is
not imposed by hand.

To finally consider our model viable, we should study the stability of the flavour structure of the mass
matrices under the RGEs from the GUT scale down to the EW one. The study of the full set of the

1 Above this energy scale an other gauge structure could be active. We do not take in consideration an high-energy
completion of the model, but it is reasonable that larger gauge groups or particular constructions could be present at these
energies: for example an SO(10) inspired approach in which fermions do not belong to a unique representation.
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Figure 4.7: The running of the gauge coupling constants in the more constraining approach.
Mr = 10 GeV, Mr = 10'2 GeV, Mc = 1.4 x 102 GeV (where ar = 1/4w) and
Mgyt = 4.0 x 10'2 GeV (where ag = 1). In the dotted figure, we show a detail of the full
plot, restricting the energy scale inside the range 1010 + 103 GeV.

RGEs of the model presented is beyond the purpose of this work. For this reason we neither run the
parameters of the scalar superpotential nor include and run the parameters of the soft SUSY breaking
potential. Under these approximations the EW vacuum expectation values do not change from the
GUT scale down to the EW one. However this does not affect our conclusions for what concerns the
stability of the mass matrix structures since the EW vev shifts due to the running factorize out and
leave the Yukawa flavour structure unchanged. The study of the Yukawa matrix running is done in
the next section.

4.10 Running of the Yukawa couplings

In the previous section we analyzed the constraints on the scalar Higgs sector coming from the
requirement of type-II seesaw dominance and from the presence of the flavour symmetry under
which the Higgs fields non-trivially transform. We found that the model is viable only in a small
region of the parameter space for which Mg, Mc and Mgyt ~ 10'3 GeV are very close to each other.
At the same time M7 lies at only one order of magnitude below Mp. For these reasons to study
the stability of the flavour structure of the fermion mass matrices at low scale we can consider only
the running from M7 onwards, thus neglecting the running from higher energies. Furthermore we
also neglect the running from Mg,sy to the EW scale, which would introduce only minor corrections.
We work under the assumption that type-II seesaw is dominating over type-I and moreover that the
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Figure 4.8: The running of the gauge coupling constants in the less constraining approach.
My = 10'2 GeV, Mp = 10'3 GeV, Mc = 1.8 x 103 GeV (where ap = 1/3) and My, =
2.2 x 10'3 GeV (where ar = 1). In the dotted figure, we show a detail of the full plot,
restricting the energy scale inside the range 101 + 101* GeV.

effects from the type-I terms under the RGEs are negligible. Therefore, when studying the running of
the Yukawa couplings, we do not take into account the Weinberg operator originating by integrating
out the right-handed neutrinos. The error we introduce in this way is less than A\? and we will see
in a while that these contributions do not modify our results. Furthermore, we study the stability
under the Renormalization Group (RG) running in the approximation corresponding to the NLO,
i.e. considering the mass matrices introduced in equations (4.46)—(4.48).

4.10.1 Yukawa matrices at M

We start the renormalization group running at My; at this scale we integrate out the SU(2), scalar
triplet 1" obtaining an effective Weinberg operator responsible of the type-II seesaw contribution. The
origin of this effective operator is in the Majorana parts of the matter superpotential given in (4.31)
and (4.51), that contain terms with the coupling

FLFLAp . 4.77)
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The scalar part of the superpotential (4.74) contains the terms

1 1 1
5)\¢2¢¢2 + 5/\¢/2¢/¢/E + )\¢¢E¢’¢E + iAprpE—’_
(4.78)
_ _ — 1 1
FA ALARY + Aasy ARALY + g)\EEEE + 5)\2/2/2/2 .

These terms ensure the mixing between the (1,3,1) ((1,3,-1)) components of Ay, (ZL)LE and Y/,
whose lighter combination is identified with 1" (T'), and provides the coupling of T (1) with the
light doublets hy and h; (h, and k). The effective Weinberg operator at My is given by

Ly Lohu, h,

i (4.79)

i Yr,,

Here L; represents the SU(2), lepton doublets; h,, = hy, hy, = h,, and «;; are coefficients arising
by the scalar potential whilst Y7, is given by 4.53 without terms of order A*, that we neglect because
they are irrelevant for the following analysis.

Ky KA 0
Y= | KX\ K, 0 : (4.80)
0 0 ki+Kk\

The Dirac part of the superpotential at My is written as a function of the charged fermion Yukawa
matrices and the low energy Higgs fields h, 4 and h, ;.

Y.QUh, +Y,QUh!, +Y;Q Dhg +Y,Q D°hly+ Y.L E°hg + Y.L E°h), . (4.81)
These matrices have the same textures as their counterparts (4.46) —(4.48), but we absorb a factor of A
0 GsA° JeA

1 - 7 N
Y, = =Y,=| 95X g\ % ;
G10A®  —gzAt B

0 g2 0 0 0 FsA
Yy = Us| 9aX? 92 0 | X2+ 0 0 & ,
oA —G2 O 0 0 o
0 g2 O 0 0 A
Y] = Ug | 94X G 0 | N+p|l 0 0 5 , (4.82)
GoA® —7g2 0 00 wn
0 gzA 0 0 0 P
Y, = —3Uis| A2 %2 0 | X+ 0 0 ¢ ,
oA —G2 0 0 0 o
0 gzA O 0 0 gsA
Y = —3Uss| 91X’ G2 0 | X4+8[ 0 0 &
GoA? —g2 O 0 0 o

The U matrix defines the light SU(2);, Higgses in term of the PS Higgs field components, as explicitly

written in appendix 4.A while g; has to be read as U11§§1) + U122]§2) and fS7; as U21ﬂ§1) + Uzzﬂl@).
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4.10.2 Analytical approximations

In the appendix 4.D, we report all the RGEs for the Yukawa matrices, while here we discuss the
results. The RGEs present the general compact expressions

dYr

— = Fi (Viv i Yo+ ViFE [y + | Ge vy - Zc YL,

dy’

L = F vl v+ o [moavh)] =X le?] v (4.83)
In these equations the index f runs over {e,u,d}; the parameter t' is defined as ¢ = t/(167°%) =
log pu/(167%); Fx [...] is a matrix written in terms of the fermion Yukawa matrices Y;/; Gy [...] is

function of the trace in the flavour space over the Yukawa matrices Y} and ¢/ are the Casimir
coefficients related to the group representations (see appendix 4.D for the details). The generic
solutions are given by

() "(n)
He i % exp [/t ' gL [Tr(Yf/Y]j/)} dt’] X exp [/t ' Fr, {Yf/Y ] dt]
t ¢

"(1o) "(10)

)

t' (1)
x Y1,(10) X exp [/ FF [Yf/Y]” dr’
t'(po)

) W)
) = He—c{zz- X exp l/j " (v Y] dt’] X exp l/tt " F vy}, }dt]

" (ko) (ko)

x Y¢(po) -
(4.84)
HereZ; = f (o (¢")%dt’. When we fix p1g ~ My and p ~ Myyey these formulas can be approximated
as functions of At’ = 1/1672 log(Msusy/Mr) ~ 0.13
YL(Msusy) ~ (1 + gL [Tr(Yf/Y;,)} At/ _ ZC;/IZ) YL(MT)+
(J:L {Yf’ } Y, (Mr) + Yi,(Mr)Fi {Yf’ } )At (4.85)

Vi (Magsy) ~ (1 + Gy [Tr(Yf/ f,)} At — Zﬁ) Y (Mr) + Fy [Yf, } Yy (Mr) AY

In the quark sector we find the following approximate expressions for the masses of the last two
families and the Cabibbo angle

m?(Mgsy) ~ mP(1—25, 4T + 147 At)

mg(Msusy) ~  mg (1 -2 Z YL+ 67 At

mi(Masy) ~ mj (1-237, ¢/ Ti + 167 AY') (4.86)
mg(Msusy) ~ mz (1 -2 Zz Cg Z, + 8’}/At/) ,

352(Msusy) ~ 9%2 + U123 AAL .

1
6v2
Here v = m?/(v} + fvY¥)? and the masses and the Cabibbo angle on the right of the previous
expressions are intended at the My scale. Note that the demand that m? is still positive at Miusy
gives a lower bound on « of 0.7. The charged lepton masses are very similar to the down-quark
masses and indeed we have

m2(Mousy) ~ mZ2(1—=2%,c¢T; + 167 A) |

(4.87)
m2 (Msusy) ~ m%(1—23, ¢S T +8yAt) .
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We now consider the neutrino sector (see [112-119] for a general approach to RGEs with or without
flavour symmetries) and the modification due to the RG running. We recall that our model at the
GUT scale naturally predicts the quasi degenerate (QD) spectrum, with both normal and inverse
ordering, while choosing a less natural range of the parameters space we may have both the normal
hierarchy (NH) and the inverted hierarchy (IH). To simplify the analysis of the effect of the RGEs on
the neutrino mass matrix M,,, we rotate M/, by a maximal rotation in the (1 2) sector. Then, at the
high scale, M, is diagonal and reads as

kb — Ak, 0 0
M, = 0 kb + Mk, 0 . (4.88)
0 0 kb + A2k

Without loss of generality £ can be taken real, by a redefinition on the phases. After the running
at Msysy equation (4.88) gets a correction AM,,. The form of this correction depends on the neutrino
hierarchy. For the quasi-degenerate hierarchy and the inverse hierarchy (when &} ~ O(1), it reads as
follows (with wi = (+7/v/2 4+ v/2)))

AN, AN, 000
( kOZc”I—i- kwAt)IH—Zc”I 0 =Xk O |+
0 0 0
, , , (4.89)
—2M\k{, — 13)\kjv/2 —k{yy/2 khw_ + ki y/2v/2
+ At —kjry/2 2Nk) + 13Nk Y /2 Khwy + KAy /2v/2
khw— + kK Ny/2v2  khwy + K y/2v/2 Tk
For the normal hierarchy case characterized by k5 ~ A2, AM, assumes the following form
Ak 0 0
ADM, 1
( kUZc”I+ ko'yAt>]l+Zc”I 0 =M 0 |+
0 0 — A2k}
(4.90)
—2)k}) — 13Ky /2 —kjyy/2 khyw_ + k_v/2v/2
+ At —kjy/2 20k + 13X\k1v/2  kjwi + K\ v/2V2

kow— +kLv/2v/2  kywy + Ky /2v2 Tk + kpA?)
Here K/, is given by (kj A & k4)?).
We can now consider the three different cases QD, NH and IH, which the model accounts for at the

GUT scale.

- QD case = k), k1, kb ~ O(1).
The correction given by the running induces a rotation in the (23) sector characterized by

V2AL k) . o ko
Akl LA

tan 205 ~ —

(4.91)

The last equality follows from At ~ 2)2. This is a large contribution, which deviates the atmo-
spheric angle from the initial maximal value, spoiling the agreement with the experimental data
at 30. A possible way out would be if this large correction is erased by a corresponding large
correction in the charged lepton mass matrix. However this is not the case, because the maximal
055 in the charged lepton mixing matrix is stable under the RG running. As a result, the QD case
is not viable. This is an unexpected result. Obviously, the combination of flavour symmetries
and grand unified symmetries puts more constraints on model building than naively expected.

- NH case = k{, ~ A%, k] ~ O(1) and kb, ~ \72.
The corrections both to the atmospheric and to the reactor angles are of order At'y/ 2¢/2 ~ 3\3
and can be safely neglected. Analogously, also the mass splittings receive deviations which
can be neglected. On the other hand, the charged lepton mixing matrix is stable under the RG
running. As a result the three mixing angles at Ms,sy can be well approximated with their initial
values at Mr.
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- First IH case = k{, ~ A\? and k}, k} ~ O(1).
All the corrections to the neutrino mixing are of order yAt'/v/2. While the solar mass splitting
receives negligible contributions, the atmospheric mass splitting is corrected as follows

AmZ,, (Mssy) = Am2,,, (1 -2 Z AT + 137At’> . (4.92)

Corrections to the mixing angles coming from the RG running are proportional to At’. At this
order of approximation, the corrections to 64, (Msyusy) and 6% 4(Msusy) come from the charged
lepton sector, while that one to 655(Msysy) arises only by the neutrino sector. The resulting
mixing angles at the susy scale are

015 (Maysy) ~ /4 — 05y + 0557 /20,
055 (Msusy) ~ 055 +yAL' (4.93)
9l13(Msusy) ~ 055 — 075 /2A8" .

These corrections are more significant than those of the NH case, but their magnitude is
small enough to consider the mixing pattern still viable. In this scenario, we only used one
‘unnatural’ parameter (k{, ~ A\?), while the NH case has two (one of order A? and one of order
A™2). We can thus conclude that after the dismissal of the QD scenario, the appearance of the
inverse hierarchy with neutrino observables as above is a (weak) prediction of our model.

- Second IH case = k) ~ \?, k{, ~ 1 and k} ~ A\7L.
We recover the same shifts as in the previous case for the atmospheric mass splitting and the
lepton mixing angles. The difference lies in the fact that also the solar mass splitting gets a
non-negligible correction
Am?

sol

(Msusy) = Am?

sol

(1-23, /T + 147 AY) . (4.94)

This scenario is thus also possible, but slightly disfavoured with respect to the previous one.

We conclude this section by re-stating the important conclusion. Due to interference between the
flavour and the grand unified symmetry, the Yukawa coupling running from the GUT scale (or from
the type-1I seesaw scale) to a low scale has important effects. These effects are strongest in the quasi-
degenerate case and we have seen that agreement with the data cannot support this shift. As a
result, only the normal and inverse hierarchy are feasible, with the latter slightly preferred. In the
next section we study the phenomenological consequences for the neutrino sector.

4.11 Neutrino Phenomenological Analysis

In the previous section, it was concluded that the quasi-degenerate spectrum is unstable under
the RG running and becomes phenomenologically inviable due to too large corrections to the
atmospheric mixing angle. Only the normal and inverse hierarchies were shown to be stable and
phenomenologically viable. This is different from [64], where only the normal hierarchy and the
quasi-degenerate spectrum with normal ordering were found.

In this section, we discuss neutrino phenomenology in more detail, focussing on the value of the
reactor mixing angle 6!, and the possibility of neutrinoless double beta decay.

The analytical expression of the reactor mixing angle is given by equation (4.63) at NLO and it is
corrected by the RG running as in equation (4.93) for the two IH scenarios studied in the previous
section. We see that 6!, is typically of order A ~ 0.2, so sin®6@}; =~ 0.04. This is rather large:
approximately at the +20 level according to [24], so still viable and values of ! ; just slightly smaller
fit the central region very well. This is both true for the current data and for the data at the time when
the model was first written down [22,23].
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Here, we complete the study of !5, performing a numerical analysis and comparing it with (the
errors on) the data. As can be seen from equations (4.46)—(4.53), the neutrino and the charged lepton
mass matrices at NLO are functions of many parameters. However the GUT nature of the model
allows us to fix most parameters that occur at LO because they enter in the low energy expressions
for quark and charged lepton masses, as can been seen comparing equation (4.26) with (4.86). Note
that all dimensionless parameters, i.e. the §;, can be fixed to be of order 1.

The other free parameters can be fixed as random numbers of order 1, except for the cases where we
have argued in the previous section that they should have slightly larger or smaller values. Because
of the use of random numbers, the predictions of our model are no longer single valued.
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Figure 4.9: The solar angle versus the reactor angle. On the upper line the two IH
cases of the previous section (on the left the first case and on the right the second
one), while on the lower line the NH one. The two vertical lines are the 30 bounds
for sin® 0}, according to [24]. The upper horizontal line is the 30 upper bound for
sin® @', and the middle line is the best fit value and the lower line is the 30 lower
bound.

We plot the reactor angle versus the solar angle in figure 4.9. At NLO, equation (4.64), 6}, is driven
away from the maximal value 7/4 by a term proportional to A (note that we take only the corrections
which decrease the value of the solar angle, neglecting those which increase it). We see that this
deviation is not for all values of the parameters large enough to bring it in the observed region,
although this happens for a significant number of them. As explained above, larger values of sin” 6,
are favoured and almost all points are in the sensitive region for experiments.
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To study neutrinoless double beta decay, we consider the effective 0v 33 parameter m.., defined as
mee = [U diag(m1, ma, ms) Ul (4.95)

In figure 4.10 we plot m.. against the lightest neutrino mass, which is m; and ms in the NH and
IH case respectively. The future experiments are expected to reach good sensitivities: 90 meV [30]
(GERDA), 20 meV [31] (Majorana), 50 meV [32] (SuperNEMO), 15 meV [33] (CUORE) and 24 meV
[34] (EXO). As a result, looking at figure 4.10, the whole IH band will be tested in the next future and
with it the two cases of our model which allow for the IH spectrum.
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Figure 4.10: Neutrinoless double beta decay plots. On the upper line the two IH cases of the
previous section (on the left the first case and on the right the second one), while on the lower
line the NH one. The background red (blue) points refer to the allowed region for the NH
(IH), taking into account the lepton mixing angle values with their 3o errors.

4.12 Conclusions of the chapter

In this chapter we have addressed several aspects of the interplay between a GUT based model and
a discrete flavour symmetry. The chapter should indeed be considered as the combination of three
distinct parts: it starts with a part in which many concepts and motivations are introduced. In the
second one we mainly discussed the building of the model from the flavour point of view, while in
the last one we faced the problem to justify the assumptions made in the second part and to achieve
the correct gauge symmetry breaking chain. We found that this gives non-trivial constraints on the
model building.
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More in detail, the symmetry group of our model is PS x Gy, where PS stands for the GUT
Pati-Salam gauge group SU(4)c x SU(2)r x SU(2)r and G; for the flavour group Ss X Zy x
U(1)rn x U(1)r. Within this GUT context one has the relationship between the down-quark and
charged leptons mass matrices, My ~ M., which can easily be used to revise the old idea of
quark-lepton complementarity. In the model this is obtained by the use of the non-Abelian discrete
flavour symmetry S; properly broken through the vevs of a set of flavon fields, which transform as
triplets under S;. The additional Abelian symmetries, which enters in G, play different roles: Z,
keeps quarks separated from leptons and neutrinos from charged leptons and prevents dangerous
couplings in the superpotential of the model; U(1)rn helps to justify the charged fermion mass
hierarchies; U(1) g is a common ingredient of supersymmetric flavour models. It contains the discrete
R-parity and is useful to build a suitable flavon superpotential that allows the correct S4 breaking
pattern.

Already at the leading order, the model shows nice features: we are able to reproduce the mass
hierarchy between the third and the second charged fermion families, the bottom-tau unification, the
Georgi-Jarlskog [99] relation |m,| = 3|m,| and, under the assumption of type-II seesaw dominance
at the GUT scale, a realistic neutrino spectrum. However at this level of approximation, both the
CKM and the PMNS mixing matrices are not correct: the quark mixing matrix coincides with the
identity matrix, while the lepton one is given by the BM pattern. It is worth to recall here that the BM
mixing corresponds to maximal solar and atmospheric angles and to a vanishing reactor angle: only
the solar angle is not in agreement with the data as it deviates from the experimental central value
by a quantity close to the Cabibbo angle, A ~ 0.2.

At next-to-leading order, the wrong predictions for the fermion mixing angles are corrected: in the
CKM matrix, the mixing angle 07, receives contributions of the order of ), fitting the value of the
Cabibbo angle; analogously, in the PMNS matrix, the solar angle is corrected by the same amount
and we find the nice result that 6}, ~ /4 — O()\). At the same time, also the reactor angle receives
significant contributions and indeed at this level of approximation it results 6}, ~ O()): this is an
interesting feature of our model, this value is close to the experimental upper bound at the time
the model was constructed and indeed this prediction seems confirmed by more recent data. It will
further be tested in the forthcoming neutrino experiments [42-45,120-123].

Once we consider the higher order terms, we find the other two CKM angles of the correct order of
magnitude, 03, ~ O(\?) and 07, ~ O(\?), and small corrections are introduced in the PMNS angles:
in particular the atmospheric angle becomes 64, ~ 7/4+ O(\?), justifying a small deviation from the
maximality. For what concerns the masses, all the fermions are massive and the mass hierarchies fit
the experimental observations.

On the other hand, the neutrino spectrum could be either quasi degenerate or normal or inverse
hierarchical. Only the first case corresponds to a completely natural choice of the parameters, which,
in the absence of an explanation coming form a higher energy theory, should be of order 1: in order to
allow the NH and the IH, the parameters should span in a larger range of values, namely A=? = A2, In
short, the combination of flavour and GUT symmetries allow many observed patterns in the flavour
sector to be reproduced. If at this moment a balance had to be made like we did at the end of sections
2.3.1 and 2.4.6, this balance is likely to be positive, or at least as positive as the balances of chapter 2.
Our model is slightly larger, but it also explains much more peculiarities of the flavour sector.

In the third part of the chapter (from section 4.9) the tides turned. We have studied the Higgs
scalar potential and the running of both the gauge couplings and the Yukawa mass matrices under
the RGEs. With this analysis we looked for the constraints which arise to justify the Higgs field
vev pattern used in the flavour section and the assumption of the type-II seesaw dominance. The
presence of the flavour group G; modifies the Higgs field content necessary to implement the
classical breaking pattern of the PS gauge group and as consequence not all the results obtained
by studying minimal versions of PS are recovered. In particular we need the presence of two
PS multiplets (15,1,1), A and B, responsible to break the unified colour symmetry SU(4)c to
SU@3)c x U(1)p—r. Two copies of the (1,2,2) multiplet, ¢ and ¢’, and one (15,2, 2) field, p, are
necessary to implement the condition v; = 0. Lastly, we need the new fields 3,5 ~ (1,3,3) and
&~ (1,1,1) to have a type-II seesaw contribution at tree level.
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The running of the gauge couplings is affected by the large field content and in particular we found
that the requirement of having type-II See-Saw dominance constrains the model in a small region
of the parameter space, in which all the heavy mass scales are sandwiched between 10'* GeV and
10'3 GeV. At the same time Yukawa mass matrix running shows that while the CKM Cabibbo angle
is stable under the RGEs evolution, the PMNS mixing angles are stable only if neutrinos present a
NH or an IH spectrum, ruling out the QD case. As already stated, the QD spectrum would be the
most natural and probable case at the GUT scale, but the Yukawa RGEs analysis further reduces the
allowed region of the parameter space. Whether the negative evidence of the third part of the chapter
is enough to swing the balance mentioned above to the negative side (assuming it was positive to
start with) is up for everybody’s judgement, but it is clear that this evidence should be taken into
account in order to form a fair opinion.

In section 4.11, we performed a brief phenomenological analysis of neutrino observables considering
all the constraints which come from the flavour and the Higgs sectors. We have first considered the
value of the reactor angle in terms of the deviations of the solar angle from the maximal value and the
numerical analysis confirmed the analytical results: in our model, 6!, naturally acquires values that
more recent data indeed point at. After this, we studied the neutrinoless double beta decay effective
mass, m.., and we have seen that the next future experiments are expected to reach sufficiently good
sensitivities to test our model in the IH regime.

The main conclusion of the chapter is that there is a strong tension in combining a GUT model with
a (discrete non-Abelian) flavour symmetry and therefore a parallel study is not only interesting but
also recommended to provide a viable model. In the second part of the chapter we produced a
flavour-GUT model that is quite realistic and viable. Only the study done in the third part, regarding
the Higgs sector revealed that the model is restricted into a small region of the parameter space,
reducing the freedom in the choice of the parameter values. Even if our results are model dependent,
our construction shares many features with other models present in literature, where often a detailed
discussion of the Higgs sector is missing. In our opinion, this is a serious drawback and we would
suggest to consider the interplay between GUTs and flavour symmetries in this kind of models as
well.
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4.A Higgs scalar spectrum

In this appendix we present the scalar mass matrices for all the fields introduced in section 4.9 in
terms of representations of the SM~ SU(3)c x SU(2)r x U(1)y; we also indicate their origin with
respect to the PS and the colour-broken Pati-Salam (CbPS) phase, in which the symmetry group is
givenby SU(3)c x SU(2), x SU(2)r x U(1) g_r,. For completeness for each field we also indicate the
corresponding T value, with T5 the diagonal generator of SU(2) . We use the same notation as in
[124]: we write the Dirac scalar mass matrices as they could be read directly from the superpotential
(4.74) at the scale My. We label the mass matrices with S, D and T" when they refer to the singlet,
doublet and triplet representations respectively of the SU(2);, gauge symmetry.

Obviously the most interesting subsection of this appendix is 4.A.2 that discusses the colour-singlet
SU(2)-doublets, that give rise to the light electroweak breaking Higgs fields.

4.A1 SU(2) singlets

We first consider singlets under SU(2);. When the symmetry breaks down from the Pati-Salam
symmetry group to the Standard Model, this SU(2); is the only product group that remains
unbroken. All Goldstone bosons related to the symmetry breaking chain so far are thus singlets
of SU(2)r. In total, the breaking from SU(4)c x SU(2)r x SU2)r — SUB)c x SU(2)r x U(1)y
should give rise to nine Goldstone bosons. In this appendix, we indeed reproduce these.

e Singlets (1,1, 0)

The mass matrix for the Standard Model singlet scalar fields reads

0 0 %ARMR 0 0
0 0 %)\RMR 0 0
Mg, = \%)\RMR %/\RMR V2Me, Aa + AapeVe + %)\BMCQ %)\ABgMCE
0 0 )\AB;EVg + %)\BJWC2 %)\Bchl -y %)\AggMCQ
Vo, M
0 0 %AABgMcg %)\ABgMCl - ‘C/;\/;Q AABe

The parameters = and y are given by
1

r=—

2\/27\4'01

M,
= 9 (V2upeVe + 225 M) .
y NIV (V2AaBeVe BMc,)

(—4AAMZ, — 2V2\apeMc, Ve — 22 p M2, — 8\ M3) ,
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Mg, has a vanishing eigenvalue that is eaten by the corresponding gauge boson. Moreover it can
be checked that one of the singlets, which we call £, has a mass ~ Mg while all the others masses
appear as combinations of M¢1, Mc2 and Ve and are heavier still. We present all states and their
origins in the table below.

Field || Origin PS CbPS T3r
Ci,Ry || Ar |(10,1,3) | (1,1,3,-2)| 1
Co,Ry || Ag | (10,1,3) | (1,1,3,2) | —1
Cs, R3 A (15,1,1) | (1,1,1,0)
Cy, Ry B (15,1,1) | (1,1,1,0)
Cs, Rs 3 (1,1,1) | (1,1,1,0)

e Singlets (3,1,2/3) & (3,1, —2/3)

V2XaMe, + AapeVe + %)\BMCQ 2ArMp

Mgy = )\AB§V5 + %/\ijc2 %)\BMCH -y 0
2Ar Mg 0 —V2ArMe,

M5 has a vanishing eigenvalue: it corresponds to the massless GBs (3,1,2/3) @ (3,1, —2/3) eaten by
the gauge bosons.

Field || Origin PS CbPS T3R
C1 A (15,1,1) | (3,1,1,4/3) | 0
Ca B (15,1,1) | (3,1,1,4/3) | 0
Cs Ar ](10,1,3) | (3,1,3,-2/3) | 1
Ry A (15,1,1) | (3,1,1,—4/3) | 0
Ry B (15,1,1) | (3,1,1,—4/3) | 0
R3 Ar | (10,1,3) | (3,1,3,2/3) | -1

e Singlets (8,1, 0)

—V2Meida + Vedape — %ABMCQ
Mg3 = 1 1 .
Vedape — zAsMcs —sMoiAs —y

In this case, there are no massless states.

Field || Origin PS CbPS Tsr
Ci1, Ry A (15,1,1) | (8,1,1,0) | 0O
Cs, Ro B | (151,1) | (81,1,0)| 0

e Singlets (1,1, +1)
Mgy =0.

These states correspond to the last two massless Goldstone bosons eaten by the gauge bosons. With
these two states present, the total number of GBs eatenis 1 +2 x 3 +2 = 9, exactly as required by the
symmetry breaking scheme.
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Field || Origin PS CbPS T3Rr
oh Ar |(10,1,3) | (1,1,3,-2) | 0
R, Ar | (10,1,3) | (1,1,3,2) 0

e Singlets (1,1, +2)

Mgs =0.

The mass matrix for the colour- and SU(2)-singlets with hypercharge (and thus electric charge)

+2 vanishes, implying that these states remain massless until the susy scale, providing a testable

prediction of the model (as well as other Pati-Salam set ups). We write these as 6"+ and 5

Field || Origin PS CbPS Tsr
Ch Ar |(10,1,3) | (1,1,3,-2) | -1
Ry Ar | (10,1,3) | (1,1,3,2) 1

e Singlets (3,1, —1/3) & (3,1,1/3)

Msg = —V/2Mci g .

Field || Origin PS CbPS T3r
Cy Ar | (10,1,3) ] (3,1,3,-2/3) | 0
Ry Ar | (10,1,3) | (3,1,3,2/3) 0

e Singlets (3,1, —4/3) @ (3,1,4/3)

Mg7 = —V2Meci Mg .

Field || Origin PS CbPS T3r
4 Agr | (10,1,3) | (3,1,3,-2/3) | —1
Ry Ar | (10,1,3) | (3,1,3,2/3) 1

e Singlets (6,1,4/3) & (6,1, —4/3)

Mgs = —2vV2Mci Mg .

Field || Origin PS CbPS Tsp
Cy Agr | (10,1,3) | (6,1,3,2/3) | 1
R, Ar |(10,1,3) | (6,1,3,-2/3) | —1
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e Singlets (6,1,1/3) ® (6,1 — 1/3)

Msg = —2V2Mci AR -

Field || Origin PS CbPS Tsr
Cy Ar | (10,1,3) | (6,1,3,2/3) | ©
Ry AR (10,1,3) | (6,1,3,-2/3) | 0

e Singlets (6,1,—2/3) & (6,1,2/3)

Msio = —2V2Mei g -

Field || Origin PS CbPS T3R
Cy Ar | (10,1,3) | (6,1,3,2/3) | —1
Ry Ar | (10,1,3) | (6,1,3,-2/3) | 1

4.A.2 SU(2)r doublets

Next we consider the SU(2), doublets. We start with the doublets that have the right quantum
numbers to break electroweak symmetry.

e Doublets (1,2,+1/2)

The mass matrix relevant for the electroweak-symmetry breaking doublets is

My Mg TsMca)g,
Mpy = M¢¢/ M(zg/ %MCQ}\¢/’0 (4A1)
%MCQ)\(z)p %Mcg)\dyp Mp + %)\pAMCI
M3, is diagonalized according to
Ul - M?%,-U = Mp,Mp, . (4.A.2)

This gives three up-type (down-type) Higgs doublets h.,, h;,, H, (hq, hl;, Hg) .

d)u,d hu,d
wa | =UT P |- (4.A.3)
Pu,d Hu,d

Therefore for the up (down) projections we have

d o ,d ,d ,d
vy = (bua) = Unvy" +Uaivy” + Usivg®,
u,d / _ u,d u,d u,d (4: A 4:)
vy = (Pua) = Uavy” +Uxuy™ + Uspv™?, S
_ d d d
Ug’d = <Pu,d> = U13U;L + Ugg‘l}g + U33v;f .

In general a light doublet, i.e. massless at the M scale, gets a mass term at Mgy sy and its vev, at
the EW scale, is of order of the EW scale ~ vy. On the contrary for a heavy doublet of mass M, its
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induced vev at the EW scale is ~ v{}, /M For M ~ Mc this is completely negligible with respect to
VW -

Consider now the condition (p,) = 0 that we imposed to get the correct fermion mass matrices. In
the standard case we would have only one up- and one down-type light Higgs doublets, with all
the other doublets heavy. Assume now that h, 4 in equation (4.A.3) are the up- and down-type light
doublets at M. Then we have v}"* ~ vy while vy'* ~ v5"* ~ 0. From equation (4.A.4) we see that in
this case it would be impossible to make the p projection vanish along the up-direction (that implies
Uiz = 0), while still maintaining a non-vanishing (p,).!> For this reason the condition (p,) = 0
implies a non-standard scenario and the presence of two light doublets of up-type at the M¢ scale,
namely h,, and h,. However the symmetric nature of Mp; ensures that as consequence we are also
left with two down-type light Higgs doublets, h; and h/;. Nevertheless this does not imply that (p,)

vanishes because v depend on the soft terms and we get

(pu) = Uigv} + Uxvy =0,
Ursvf + Uazvg # 0, (4.A.5)

/\
bS)
R
&
I

In conclusion we have to impose two constraints on the free parameters that enter in Mp; corre-
sponding to require that M p; has two vanishing eigenvalues. Notice that the condition that Mp, has
rank 1 is fine-tuned but it is not more fine-tuned than imposing Mp, of rank 2, which is universally
accepted whenever the MSSM has to be recovered. In our case the fermion mass matrix structures
impose a slightly different condition —Mp, of rank 1 — but both the requirements are satisfied by
fine-tuning the parameters that enter in the mass matrix.

Field || Origin PS CbPS T3r
C ¢ (1,2,2) | (1,2,2,0) | 1/2
Cy ¢ | (1,2,2) | (1,2,2,0)| 1/2
Cs p | (15,2,2) | (1,2,2,0) | 1/2
Ry o | (1,2,2) | (1,2,2,0) | —1/2
R, o | (1,2,2) | (1,2,2,0) | —1/2
Ry p | (15,2,2) | (1,2,2,0) | —1/2

e Doublets (3,2,7/6) @ (3,2, —7/6)

1
Mpo = Mp—|— 7/\pAMCl .

V2
Field || Origin PS CbPS Tsr
CVl P (157272) (3a27274/3) 1/2
Ry P (157272) (§72727_4/3) _1/2

e Doublets (3,2,1/6) @ (3,2, —1/6)

1
MD3 = Mp + EAPAMCI .

12Even the condition U13 = 0 is not natural. Therefore in the most general case with only one up-type (down-type) light
doublet, the condition (p,,) = 0 implies that all the other vevs given in equation (4.A.4) vanish.
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Field || Origin PS CbPS T3R
Cy P (157272) (3527274/3) 71/2
Rl P (157272) (33252774/3) 1/2
e Doublets (8,2,1/2) & (8,2,—1/2)
1
Mps=M,— ﬁ)\,,AMC1 .
Field || Origin PS CbPS TsRr
Cy p | (15,2,2) | (8,2,2,0) | 1/2
R p | (15,2,2) | (8,2,2,0) | —1/2
4.A3 SU(2)y triplets
Lastly, we discuss triplets under the Standard Model’s SU(2)..
o Triplets (1,3,1) ® (1,3, —1)
Ms AeVe 0
Mp, = )\5‘/5 My %)\MR
0 %)\MR Mayp + %ALM@
with
Field || Origin PS CbPS T3Rr
Cy z (1,3,3) | (1,3,3,0) 1
Oy > | (1,3,3) | (1,3,3,0) | 1
Cs Ap | (10,3,1) | (1,3,1,2) | 0
R, ) (1,3,3) | (1,3,3,0) | —1
Ry > | (1,3,3) | (1,3,3,0) | -1
R3 Ap | (10,3,1) | (1,3,1,-2) | 0
e Triplets (1, 3,0)
_ [ Mz Ade
Mro = ( AeVe My ) .
with
Field || Origin PS CbPS T3Rr
Cy, Ry b (1,3,3) | (1,3,3,0) | O
Co, Ry || % | (1,3,3)(1,3,3,00 | 0

Appendices to chapter 4
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e Triplets (3,3,—1/3) & (3,3,1/3)

1
+—=AMcy .

Mrz = Ma, 7

with

Field || Origin PS CbPS T3r
Ol AL (TO737 1) (3737172/3) 0
R || AL |(10,3,1) ] (3,3,1,-2/3)| 0

e Triplets (6,3,1/3) & (6,3, —1/3)

1
ArMecy

M, :MAL _ﬁ

with

Field || Origin PS CbPS T3R
C Ap (10,3,1) | (6,3,1,—-2/3) | 0
Ry Ap (10,3,1) | (6,3,1,2/3) 0

4.B NLO contributions to the flavon scalar potential

The superpotential wy of equation (4.71), linear in the driving fields D, ¢r, xr and o, is modified
into:

wy = w9 + dwy . (4.B.1)
The addition dwy contains the NLO contributions, suppressed by one power of 1/A with respect
to wy; it is given by the most general quartic, Sy x Zs-invariant polynomial linear in the driving
fields, and can be obtained by inserting an additional flavon field in all the LO terms. The Z,-charges

prevent any addition of the flavons ¢ and ¢’ at NLO, while a factor of o or x can be added to all the
LO terms. The full expression of dw, is the following;:

3 5 6 5
1
bwy = ¢ (Z CITT 4 w4 s TPy viIfR> : (4.B.2)
=1 =1 =1 =1

where z;, w;, s; and v; are coefficients and {I TR T iD ROI? R} represent a basis of independent
quartic invariants:

IT® =ogooo IT% = oro(xx)1,

157 = or(x(XX)3: )1,

I = (xrx)1, 0001 I = (xr(XX)3,)1, 0

IXR = ((xrx)2(xx)2)1, X" = (xrX)1,00

IXR = ((xrX)3, (XX)3, )11

IDR = ((DrX)3, (9¥")3,)1, 1% = (Dr(9)2),, 0 (4.B.3)

IDR = (Drx)3, (¢¥")3)1, 127 = (Dr(e'¢’ 2)11 o

125 — (Dx)s, (9 "0')3,)s, Ig" = (Dr(p¢)2)y,

I“OR (@Rx)ls( )1, IR = ((<PRX)32(90<P) 21
= ((prX)2(¢¥")2)1, 157 = (or(p9)3:)1, 0

I@R = ((prXx)3, (¢ /)31)11

In these terms we indicate with (.. .) g the representation R of Sj.
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The NLO flavon vevs are obtained by imposing the vanishing of the first derivative of wq 4 dwq with
respect to the driving fields or, xr, Dr and ¢r. We look for a solution that perturbs equations (4.16)
and (4.17) to first order in the 1/A expansion: for all components of the flavons ® = (o, x, ¢, ¢'), we
denote the shifted vev’s by

(@) =(®)ro + 0. (4.B4)

The original (®) 0 here are given by equations (4.16) and (4.17).

It is straightforward to verify the following results. In the Majorana mass sector the shifts do, dx turn
out to be proportional to the LO vev’s (®) 1,0 and can be absorbed in a redefinition of the parameters
vy and v,. Instead, in the Dirac mass sector, the shifts ¢, d¢" have a non-trivial structure, so that the

LO texture is modified:
dvy, vy
(p) = v;, (') = v;, . (4.B.5)
U{p 7’1];/

Here v, and v;, satisfy a relation similar to that in equation (4.72) and the shifts v, and dv, are
suppressed by a factor A with respect to the LO entries v, and v;,,, respectively.

4.C Beta coefficients of the gauge coupling running

In this appendix, we provide the coefficients of the f—functions for the gauge coupling running in
the different regimes. The complete matter fields run from the GUT scale down to the Mgy sy scale,
where the SUSY partners decouple. We have already outlined the spectrum for the scalar fields in
section 4.9, according to the different scale at which the fields decouple. As a result the computation
of the S—functions is straightforward. We write . for a generic scale and obtain in the different energy
regimes

- Mc < p < Mgyr: all matter is in the left and right handed multiplets (4, 2, 1) and (4, 1,2) as
mentioned in table 4.2. In the Higgs sector, we have all the fields mentioned in table 4.6. This
leads to the coefficients

Bsu(aye = 54, Bsu(2), =69, Bsu(2)r = 69 . (4.C1)

Due to the large matter content these coefficients are very large and the S—functions are very
steep. As consequence the theory is in the Pati-Salam regime only for a very small range of
energies, as can indeed be seen in figure 4.8. Almost directly after passing the scale M¢, the
SU(2) r coupling constant enters the non-perturbative regime.

- Mg < p < Mc: in this range the Pati-Salam gauge group is broken to the ‘colour-broken Pati-
Salam’ SU(3)c x SU(2)r, x SU(2)r x U(1)p—r symmetry. We find the following coefficients
for the matter (left and right handed doublets of quarks and leptons characterized by different
U(1)p—r charges) and the scalar fields

Bsu@)e = =3, Bsu), = 18, Bsv@)r = 18, Buyp_, =24 . (4.C2)

- Mr < p < Mpg: in this regime we have all the usual MSSM matter particles, four light higgs
doublets (two up-type and two down-type), a couple of SM triplets (1,3,1) @ (1,3, —1) and two
extra charged singlets (6" and ). The coefficients of the f—functions are

Bsuz)e = =3, Bsu), =4, Bu(iyy =69/5. (4.C.3)

The hypercharge that appears in the last term is related to SU(2) g and the B — L charges in the
previous regime by

Y:TSR'FT.
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- Msysy < p < Mry: in this regime we have all the usual MSSM matter particles, four light higgs
doublets (two up-type and two down-type) and two extra charged singlets (67" and 6 7). The
S—function coefficients are

Bsu@)e = =3, Bsu(2), =2, Buyy =12. (4.C4)
This should be compared with the (-3, 1, 33/5) coefficients of the ordinary MSSM.

- v < pu < Mgpgy: we have the particle content of the standard model, with the exception that
there are four Higgs doublets. We have therefore the following S—function coefficients

Bsu@ye = —7, Bsu(2), = —8/3, Buyy = 22/5. 4.C5)

This should be compared with the (-7, -19/6, 41/10) coefficients of the ordinary SM.

4D Yukawa running

In section 2.1.1 we remarked that we can consider only the running between M7 and Mgygsy to
provide analytical approximations for the evolution of fermion masses and mixing under the RGEs
effect. This is due to the closeness of the intermediate scales between Mgy and My. At Mt the
scalar SU(2), triplet has been already integrated out giving rise to the effective Weinberg operator
for neutrino masses

Ly Lshu, ha,

TP 4.D.1)

iYL,

For the Higgs fields we have h,, = h, and h,,, = h!,; the o;; coefficients arise from the scalar potential
and Y7, is given in equation (4.80).

For what concerns the charged fermion Yukawa, at M the Dirac part of the superpotential is written
as

Y,.QUChy +Y,QUhl, + YyQ Dhg + Y Q D°hly + Y.L E°hq + Y.L E°h), (4.D.2)
with the Yukawa mass matrices given in equation (4.82).

The Yukawa matrices RGEs are therefore given by

16n2 = [3vu vl vay] 48V VY TY) - Sieke?] Yo,

1672 df = Yy +vay] +3viv 4 vy 43Ty - Sierg?] vy,

167> % N [YuYJ +3YaY] + VY 4+ 35V, 4 3 Te(YaY)) + (YY) - Eicggﬂ Ya,
162 d;é _ [yuyuT F3YY] + VY 4 3YY, 4 3 Te(YY, ) 4+ Te(YI Y, T) — Eicggﬂ Yi:
1672 % - [3 YY) 43V, 4+ 3Tr(YaY)) + Te(VoY)) — E"cfgﬂ Ye,

1672 d;e’ _ [3 V.Y 43V T+ 3Te(YY, ) + Tr(Y/ Y1) — Eingﬂ Y,

167 % = [T YL 4 YRRV 4 VYT = Siclg?)Yi ] (an1 + s + azo)

+ |6 Tr(YaYans + 3T (VY s + 3Tr(Y,Y, oz + 6 Tr(Y,Y, Nae| Vi,
4.D3)
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The coefficients here are numerically given by

13 16 7 16
c“f—ﬁ, s =3, c§=§, 01:1—5, c5 =3, cg:§,

. 6 (4.D4)
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