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Chapter 11

Mersenne primes in (zalois
extensions

Let L be a finite Galois extension of Q. The Chebotarev density theorem implies
that for each conjugacy class C of the Galois group of L/Q there are infinitely
many prime numbers having Frobenius symbol equal to C' (see [11, Chapter
VIII, §7, Theorem 7.4]). Chebotarev’s theorem can be seen as a generalization
of Dirichlet’s theorem about primes in arithmetic progression, which we stated
in the previous chapter. Since Dirichlet’s theorem is not true for Mersenne
primes, it follows that Chebotarev’s theorem is not true for Mersenne primes
either.

In this chapter we will speculate on Frobenius symbols of Mersenne primes.
We will show that some conjugacy classes of a Galois group cannot be the
Frobenius symbol of infinitely many Mersenne primes. The statement that
the remaining conjugacy classes are the Frobenius symbol of infinitely many
Mersenne primes will be reformulated in a more natural and a more compact
way (see Theorem 11.7(ii) and (iii) respectively). In the next chapter we will
assume the correctness of the statement in Theorem 11.7(iii) in order to partly
answer a question of Lehmer. This assumption will be our working hypothesis.

Frobenius symbols of Mersenne primes

Let L be a finite Galois extension of Q. For ¢ € Gal(L/Q) we denote the
conjugacy class of o by [o].

Definition 11.1. The set Mery, is the set of all o € Gal(L/Q) such that there
are infinitely many Mersenne primes M with [o] = (M), L/Q).

Clearly Mery, is a subset of Gal(L/Q).

Next we define the set Wy, C Gal(L/Q), which one should think of as the
smallest subset of Gal(L/Q) that we know that contains Mery. Its definition
will be an extension of the definition of W of the previous chapter to finite
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Galois extensions of Q. Hence in the case that L is a finite abelian extension
over Q we know from the previous chapter that Wy, is the image of 7z. In this
chapter we will extend the definition of 77, in order to define W;,. The extension
of 71, is inspired by the fact that the Artin map controls the Frobenius symbols
of the primes (/2" — 1) in finite abelian extensions of Q({/2). The only other
restriction for Frobenius symbols of the primes ((l/?p —1) we can think of comes
from the consistency property. This is reflected in our definition of Wy, (see
definition of T}, below). Now we make this precise.

For every positive integer n and every finite abelian extension F/ Q({L@) we
define fz,, to be the conductor of F' over Q(¥/2). Fix such a field extension
F/Q(/2). Write frn = (C/ﬁ)ord%(fﬂn) frm.0dd- Let O be the ring of integers
of Q({‘/ﬁ) Denote the multiplicative order of ¥/2 modulo fF.n,0dd in the group
(O/fFm,0ad)* by dpy. Let x € Zs be such that ged(z, dp,,) = 1. Then Lemma
10.9 implies (¥/2” — 1) +f = O. Hence we have a well-defined map

Tap,  (Z]dpnZ)* — Gal(F/Q(/2))

defined by u — (/2" —1), F/Q(/2)), where z € Z is such that = u mod dp.,
and x > ordys(fr,). Note that this map is independent of the choice of z.
Let kpn € Z~o be the smallest divisor of df, such that 74,  factors via the
restriction map r : (Z/dpnZ)* — (Z/kp,Z)*. Define 15, : (Z/kpnZ)* —
Gal(F/Q(/2)) by T4y, = TEnoT.

We recall K = J3°, Q(/2). Denote the maximal abelian extension of LN K
in L by L*" and let

r:Gal(L/LNK) — Gal(L* /LN K)

be the restriction map. Let Tj, = r~!(image of 7y ,,) where n = [L N K : Q.
Since the Frobenius of a prime number is a conjugacy class of Gal(L/Q), we
define Wy, as follows.

Definition 11.2. We define Wy, to be the set |, oTro~t where o runs over
all elements of Gal(L/Q).

Note that Wy, is the set of all o € Gal(L/Q) which have a conjugate ¢ €
Gal(L/Q) with ¥|pnk the identity and 9)|p.» in the image of Tpan ,,.

Proposition 11.3. We have Mer;, C Wy,

A proof of Proposition 11.3 can be found in the last section of this chapter. The
following proposition, which we prove in the last section of this chapter, relates
the sets Mery, and the sets Wy, for finite Galois extensions L of Q.

Proposition 11.4. Let L be a finite Galois extension of Q. Suppose L’ is
a finite Galois extension of Q which contains L. Then the restriction map
Gal(L'/Q) — Gal(L/Q) induces surjective maps Merr, — Mery, Tr, — T, and
W — Wy,
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Example. Let L be the field Q(/5,(s), where (s is a zero of the polynomial
2?2 — 2+ 1 and /5 a zero of the polynomial z8 — 5. The Galois group of L/Q is
the dihedral group G = (c,) of order 12, where o(V/5) = (/5 and o((s) = (s,
and ¥ ((s) = Cgl and ¥(/5) =+v/5. Recall the definition of Ex912 (see first section
of Chapter 10). Let £ = {p € &z012 : 3 < p < 20000}. In the table below we
state a list of the Frobenius symbols of 2? — 1 with p € £.

conjugacy class | #hits | exponents

{id} 5 13,89,4253,11213,19937

{3} 2 7,4423

{0%, 072} 8 5,17,61, 521, 2281, 3217, 9689, 9941
{ot, 071} 8 3,19, 31, 107,127,607, 1279, 2203
{¢,0%¢, 0™} [0

{vo, 0y} 0

The table suggests that only the powers of ¢ occur as Frobenius symbol of a
Mersenne prime, i.e.the table suggests that Mer;, C (o). This suggestion can
be verified by the observation that for a prime number M, = 2P — 1 we have
M, =1 mod 6, so M), splits in Q({s).

Next we calculate Wy, via its definition. First we show L N K = Q. The
prime ideal (2) of Q is inert in Q(¢g)/Q, so we have Q((s) N K = Q. The Galois
group of L/Q((s) is cyclic of order 6, so we have L N K C Q{/2). Moreover
the fields Q((6,v/5) and Q((s, v/5) are the only intermediate fields of L/Q((s).
Note that the prime ideal (5) of Q is inert in Q({s)/Q and totally ramifies in
L/Q(s). Since (5) does not divide the discriminant of 3 — 2 or 2% — 2, we have
V2 ¢ Q(¢6,/5) and V2 ¢ Q(¢s, v/5). Hence we can conclude that L N K = Q.

The commutator subgroup of G is [G,G] = (¢?). The order of G/[G,G]
is 12/3 = 4. Therefore L the maximal abelian extension of L N K in L,
equals Q((s,v/5). The conductor of L*?/Q is (15). The order of (2 mod 15) in
(Z/15Z)* is 4, so dpav ; = 4. The Artin symbol of the ideal (2! — 1) in L*"/Q
is trivial. The prime ideal (23 — 1) is inert in Q(+/5)/Q and splits completely in
Q(¢6)/Q. Hence the map

:(Z/AZ)* — Gal(L*/Q)

TdLﬂb,l
has image Gal(L*®/Q((s)) and kpa» ; = dpan ;. Therefore T}, equals (o). Since
(o) is a normal subgroup of Gal(L/Q), we have Wi, = (o). Hence we have
verified Proposition 11.3 for the case L = QX/2, (s).

Example. The field L used in this example comes from an article of H.-W.
Lenstra and P. Stevenhagen (see [9]). In the article they prove an observation
of F. Lemmermeyer: if a Mersenne prime is written as 2% + 7y* with x,y € Z>o,
then z is divisible by 8.

Define w = —1+2v2 and @ = —1 — 2v/2 in Q(v/2). Let L be the field
Q(y/w, V@). Then the field L is Galois over Q, its Galois group G is isomorphic
to the dihedral group of order 8 and the intersection L N K equals Q(\/?)
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Therefore L?, the maximal abelian extension of L N K in L, equals L, so
L* = L. Let 0 € G be defined by ¢ : \/w + —y/w and ¢ : V& — V@, and
¥ € G be defined by ¥ : /w +— /w and ¢ : V& — —V/@. In the table below we
state a list of the Frobenius symbols (2 — 1, L/Q) with p € £2012\{3}.

Let E = Q(v2,Vw©) = Q(v/2,v/=7). Let ¢ be the non-trivial element of
Gal(L/E). Note that ¢ = ot¢. The element ¢ does not appear in the table
below. Indeed, let K; = Q(y/w), let Ky = Q(v/@) and consider the following
field diagram.

conjugacy class | #hits | exponents p
{id} 23 p=1mod3
{o, ¢} 23 p=2mod3
others 0
(¢) ~L
2N
E K K
N/

Q(v2)

Let f be the conductor of L/Q(v2). By Theorem 6.3 we have ord /() < 7.
The prime ideals (w) and (@) of Q(v/2) are the only ramified primes in L/Q(v/2)
that are tamely ramified. Hence fy, o divides (8v/2)(7). Therefore dr,2 divides
6. This implies that the order of (Z/dp 2Z)* is 1 or 2. Hence the order of T},
is 1 or 2. One can show that the Artin symbol of ((8v/2 — 1), L/Q(\/2)) is
trivial. This implies id € Tp. Moreover, one can also show the Artin symbol
((32v2—1), E/Q(+/2)) is non-trivial. Hence we have ¢ ¢ Ty,. Therefore we have
Tp, = {id, o} or Ty, = {id,+}. Since ¢ and ¢ are conjugate and Gal(L/Q(+/2))
is a normal subgroup of G, we conclude Wy, = {id, o, ¢ }. Now Proposition 11.3
has been verified for the case L = Q(y/w, V).

Theorem 11.5. The following two statements are equivalent

(i) For every finite Galois extension L of Q and for every element o of Tr, C
Gal(L/Q({/2)) with n = [LN K : Q] there are infinitely many primes m
of L and p € Zwq with gcd(p,n) = 1 such that 0 = (m, L/Q{/2)) and
mNQE2) = ®2" —1).

(ii) For each finite Galois extension L of Q we have Mery, = Wi,

We prove Theorem 11.5 in the last section of this chapter.

A profinite reformulation

In this section we will reformulate Theorem 11.5(ii) in terms of projective limits.
By Proposition 11.4 we can define Mer and W to be the projective limit of all
Mery, and W, respectively, where L runs over all finite Galois extensions of Q.
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The Galois group Gg of the algebraic closure Q over Q can be seen as the
projective limit of all Galois groups Gal(L/Q) where L C Q runs over all finite
Galois extensions of Q. This group Gg is a topological group. The following
proposition shows the relation with the previous chapter.

Proposition 11.6. Let the horizontal arrows be inclusion maps and let the
vertical arrows be restriction maps in the diagram below.

Mer W Go
Merab Wab G&b

Then this diagram commutes. Moreover the vertical arrows are surjective and
both Mer and W are closed subsets of Gg.

We prove Proposition 11.6 in the next section. The set W is the smallest upper
bound for Mer that we are aware of. The working hypothesis is the assumption
that the equality Mer = W holds. In the next chapter we will see that the
working hypothesis implies the converse to Theorem 7.5.

Theorem 11.7. The following three statements are equivalent

(i) For every finite Galois extension L of Q and for every element o of Tr, C
Gal(L/Q({/2)) with n = [LN K : Q] there are infinitely many primes m
of L and p € Z~o with ged(p,n) = 1 such that o = (m, L/Q({/2)) and
mNQE2) = ¥2" —1).

(ii) For each finite Galois extension L of Q we have Mery, = Wp.
(iii) We have Mer = W.

A proof of Theorem 11.7 can be found in the next section.

Next we describe W as the image of a generalisation of the map 7,1, of the
previous chapter. Denote by K2 the maximal abelian extension of K. Let G2
be the Galois group of K2"/K. Recall the maps 7, of the previous section.

Proposition 11.8. The maps g, induce an injective continuous map T from

7* to G%’. Furthermore we have 1o, = 1 o T, where r is the restriction map
from G2 to Gab.

We prove this proposition in the last section. Let Gk be the Galois group of
Q/K,let r: G — G5° be the restriction map and define T = r~!(image of 7).

Proposition 11.9. The set W equals | J,, oTo~! where o runs over all elements

Of GQ.

We prove Proposition 11.9 in the next section.
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Justifying the reformulations

In this section we prove the lemmas, propositions and theorems of this chapter.

Proof of Proposition 11.3. Recall the notation above Definition 11.2. We re-
caln = [LN K : Q]. Suppose o € Mery. Then there exists a prime p €
Z~o such that M, = 2P — 1 is prime, ged(kpan,, - n,p) equals 1, we have
p > ordys(fres ) and ((My),L/Q) = [o]. Now by the assumptions on p the
element (({L/ip — 1), L**/Q(/2)) is in the image of Trab ,,. By definition of T7,
there exists ¢ € Ty, such that ¢|p. = (/2" — 1), L2 /Q(/2)). Since the ideal
(/2" 1) of Q(¥/2) is a prime of degree 1 over M, we have [0] = [¢] as conjugacy
classes of Gal(L/Q). Now the definition of W, implies o € Wp. O

Lemma 11.10. Letn,m € Z~g be such thatn | m. Let E/Q(%/2) and F/Q(/2)
be finite abelian extensions such that F' is a subfield of E. Then kg, divides
kg.m and the diagram

7 —— (L/kpm)” > Gal(E/Q(%/2))

T

7 —— (Z/kpaZ)* s Gal(F/Q{/2))
commutes.

Proof. Set t = m - dpy, - dg,m and g = max(ordysz(frn), ordyz(fEm)). By
definition we have kp,|dr,. Let A= {z € Z: ged(z,t) = 1 and = > g}. Let
r:A— (Z/kpnZ)* be the restriction map. Note that 7, or is periodic modulo
kg, (see just above Lemma 10.10).

Let € Z-o N A be such that all the prime ideals of Q(¥/2) that divide
({77 — 1) are unramified in E. Since z is relatively prime to m, the norm of
/2" — 1 over Q(¥/2)/Q(/2) equals {/2° — 1. The norm map and the Artin
map are compatible for ideals which are not divisible by ramified primes (see
[7, Chapter X, §1, A4]). Hence we have

(V2" = 1), E/Q(V2))|r = (V2" - 1), F/Q(/2)). (11.1)

Hence the map 7, o 7 is periodic modulo kg .

By Lemma 10.10 the map 7g,, o r is periodic modulo ged(kr,n, kg m). The
definition of kg, implies kp, = ged(kpn,kgm). Hence kp, divides kg .
Therefore the left square of the diagram in Lemma 11.10 commutes. By equation
11.1 the right square of the diagram in Lemma 11.10 commutes. O

Proof of Proposition 11.4. Let ¢ € Mery. Then there exist infinitely many
Mersenne primes M with [0] = (M, L/Q). Since there are only finitely many
conjugacy classes ¢ of Gal(L'/Q) with ¢|; = o, the consistency property (see
Proposition 5.4) implies that there exists ¢ € Gal(L'/Q) with ¢|, = o such that
there are infinitely many Mersenne primes M with [¢] = (M, L'/Q).
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Let E be the maximal abelian extension of L'NK = Q(%/2) in L’ and let F be
the maximal abelian extension of LNK = Q({/2) in L. Since L C L', the integer
n divides m. Lemma 11.10 implies that the restriction map Gal(E/Q(%/2)) —
Gal(F/Q(/2)) maps the image of 7z ,, surjectively to the image of 7x,,. Hence
the map Ty, — T7, is surjective. Therefore the map Wy, — W, is surjective. [

Proof of Proposition 11.6. Let L and L’ be finite Galois extensions of Q
such that L C L’. Proposition 11.4 implies that the surjective restriction
map Gal(L'/Q) — Gal(L/Q) induces surjective maps Mery, — Mery and
Wi, — Wy. By using [19, Chapter 1, §1, Proposition 1.1.6] we deduce that
the vertical arrows in the diagram of Proposition 11.6 are surjective. Proposi-
tion 11.3 implies Mer;, C Wy. By definition of Wi, we have Wy C Gal(L/Q).
Hence all horizontal arrows in the diagram of Proposition 11.6 are injective.
Therefore the diagram in Proposition 11.6 commutes. Since Mer, W and Gg
are projective limits, they are Hausdorff and compact (see [19, Chapter 1, §1,
Proposition 1.1.5(d)]). Every compact subset of a Hausdorff space is closed (see
[13, Chapter 3, §3, Theorem 5.3]). Hence Mer and W are closed subsets of
Gg. O

Proof of Proposition 11.8. By Lemma 11.10 the maps 7, induce a map 7
from Z* to G%. Fix n = 1 in Lemma 11.10. The projective limit of the maps
Tr,1, where F' runs over all finite abelian extensions of Q, is T,,. The projective
limit of all restriction maps Gal(E/Q(%/2)) — Gal(F/Q), where the integer m
and the fields E and F are such that £/Q(%/2) and F/Q are finite abelian with
F C FE, yields the restriction map r : GaKb — Gf@b. Hence Lemma 11.10 implies
Tab =T OT.

Let rz, be the restriction map G4 — Gal(L/L N K). Let n = [LN K : Q].
The map ry, o 7 factors via the continuous maps 7* — (Z/kpoZ)* and 7.
Therefore 7, o 7 is continuous. Hence we can conclude that 7 is continuous (see
[19, Chapter 1, §1, Proposition 1.1.6(d)]).

By Theorem 10.8 the map 7, is injective. Since 7,5 = r o 7, the map 7 is
injective. O

Proof of Proposition 11.9. Note that T can also be defined as the projective
limit of all 77, where L runs over all finite Galois extension of Q. Recall that Gg
equals the projective limit of all Gal(L/Q) where L runs over all finite Galois
extensions of Q. By definition we have

Wy =|JoTpo™ (11.2)

where o runs over all elements of Gal(L/Q).

Next we show W = |J, 0To~!. Clearly we have |J, oTo~! C W. Since
both the limits use the same projection maps, (J, oTo~ ! lies dense in W. The
map G x T — G defined by (o, z) — oxo~! is continuous. Therefore |J, oT'o~!
is compact, so it is also closed. Hence we can conclude W = J, oTo L. O
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Lemma 11.11. Let n,m € Zsq such that n | m, and let p € Z~qo such that
ptn and M =2P —1 is a prime number. Let m C O@(W\L@) be a prime of degree
1 above M. Suppose that every m-th root of unity in (Z/MZ)* is a =*-th root
of unity. Then mNQR/2) = /2" — 1).

Proof. Let ¢ : Ogz) — Z/(2P — 1)Z be the ring homomorphism with kernel
m. Then we have p(%/2")™ = 2P = 1. By assumption we get ¢(%/2")™/™ =1,
s0 p(¥/2") = 1. Hence (/2° —1) C m. By assumption p { n so the absolute norm
of ((l/ﬁp — 1) equals 2P — 1. Also the absolute norm of m equals 2? — 1. Now we
can conclude that m N Oy g = &2" —1). O

Lemma 11.12. For every open non-empty subset U C Z* and every prime
number q there exist an open non-empty subset V.C U and an integer t € Zq
such that for every x € V' we have Tap(x)((qt) # (qt -

Proof. Let ¢ = 2. Choose V = U and t = 2. We have 7, : 7* — L5 X Lkaa
(the codomain may be identified with Gal(Q*’/Q)) by = + (—1,2% — 1), so
Tab(2)(Go2) = ¢ # G

Let ¢ > 2. The set U is non-empty, so there exist m € Zso and a €
(Z/mZ)* such that {z € Z* : x = amod m} C U. Choose b € Z( such that
b= a mod m, ged(b,q(¢—1)) =1 and b > gq. Now we choose t € Z~( such that
g > 2" — 1. Let w be the multiplicative order of (2 mod ¢*). Then we have
b < w. The order of the group (Z/q'Z)* is (g —1)q'~1, so w divides (g — 1)g*~!.
Let m/ = lem(m, w). Define V by V = {z € Z* : 2 = bmod m’}. Note that V is
non-empty since ged(b, m - w) = 1. The integer m divides m’ and b = a mod m,
soV c{reZ :z=amodm} CU. Let z € V. From ¢ < b < w we get
b # 1 mod w. This yields z # 1 mod w. So we have 2% # 2 mod ¢*. Therefore
Cgtm + ggt and dividing both sides by (,;+ we obtain Cg:_l # (gt The last
inequality can be rewritten as Tap(2)((4t) # (gt O

Lemma 11.13. For every open non-empty subset U C Z* and every positive
integer n there exist an open non-empty subset X C U with the property that
for every prime divisor q of n there exists tq4 € Zo such that for every v € X

we have Tan(7)((yta) 7# Cyta-

Proof. By applying Lemma 11.12 successively for each prime divisor g of n one
obtains the desired set X. O

Proof of Theorem 11.7. (ii) = (iii). Follows directly from the definition of
Mer and W.

(iii) = (ii). By assumption Mer equals W. From [19, Chapter 1, §1, Propo-
sition 1.1.6] we get that both Mer — Mery, and W — W, are surjective. Hence
we have Mery, = W7p,.

(i) = (ii). Let ¢ € Wy. By definition of Wy, there exists an element o € 77,
such that ¢ is conjugate to o. By (i) one has o € Mery,. Hence ¢ is an element
of Mery,.
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(ii) = (i). Let L, o and n be as in (i). Let 7 be as in Proposition 11.8.
Define U by
U= {IE S 7" . O'|Lr~|Kab = T(.’E)|LmKab}.

The map 7 is a continuous map, so U is open in 7*. Next we show that U is
non-empty. By (i) there exists p € Z such that 2P — 1 is prime and the element
ol paxa = (2" —1), LNK* /Q(/2)). Therefore o is an element of the image of
TrLAKsb - Hence there exists z € 7* such that 7(z)|pAKe> = 0| pAKa». Therefore
U is non-empty.

Let X be as in Lemma 11.13 applied to U and n. Choose x € X. Since
x € X C U, we have o|pngar = 7(z)|ngav. Clearly o € T, is the identity on
LN K. Hence we can extend o to & € T C Gal(Q/K) such that &|ga = 7(z).
For an overview see the diagram below.

oceT
o )

Set m = n-qun gt«~1 where the product runs over all prime divisors g of n. Let

L' be the normal closure of L(%/2)/Q. Define 6 € Gal(L'/L' N K) by 6 = &|p.
By construction ¢ is an element of T, C Wp,. By (ii) we have 6 € Mery,. By
definition of Mer; there are infinitely many primes p with M, = 2P — 1 prime
such that for some prime mj, in L" above M, the element Frobu, (L'/Q) equals
6. Let my, =mj, N L.

Next we show that m,NQ(¥/2) = (¥/2"—1) for infinitely many p’s not dividing
n with 2P — 1 a prime number. In order to do so, we want to apply Lemma
11.11. Therefore we will show that the hypotheses of Lemma 11.11 are true in
our setting. By definition of m we have n | m. Define m by m = m}, N Q(V2).
By definition ¢ is the identity on K, so m is a prime of degree 1 over M,. By
definition of & and the property of elements in X we have 6((,tq) # (,to- Hence
m;, N Q((ytq) is not a prime of degree one. Therefore there does not exist a

primitive gfe-th root of unity in (Z/M,Z)*, so 24 = 1 mod M, with ¢ € L,
implies 24" = 1 mod M,. We conclude that if x is a m-th root of unity in
(Z/MyZ)*, then x is a ], q's~1-th root of unity in (Z/M,Z)*. By definition
Hq‘n q'«=1 equals m/n. Now all hypotheses of Lemma 11.11 are satisfied. By
Lemma 11.11 we have m, NQK/2) = (/2" —1). Since my, N L = m,,, we conclude
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that m, NQR/2) = (¥ 2" — 1) for infinitely may p’s with 27 — 1 a prime number.
Hence we have derived (i) of Theorem 11.7. O

Proof of Theorem 11.5. Follows directly from Theorem 11.7. O





