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Chapter 4

Auxiliary fields

In this chapter we construct, for every potential starting value in K, a Galois
extension that is useful to calculate its Lehmer symbol. The orders of their
Galois groups will divide 32.

Auxiliary Galois groups

We recall that Q is the algebraic closure of Q inside the field of complex numbers.
Let

K=|Jow?)

be as in Chapter 2. For s € K let fs = 2'® — s2% + 1 € K[z]. In this chapter
we will study the Galois group G of fs over K for potential starting values s
in K .

We define, for s € K, a Galois extension of number fields with a Galois group
that is naturally isomorphic to Gs. Our results on G will be stated in terms
of this Galois group of number fields. Let Ls be the splitting field of fs over
Q(s). Define K, by K, = K N Ls. The elements of G can be restricted to the
field Ls. This restriction induces a natural isomorphism from G to Gal(Ls/Ky)
(see Theorem 3.12). In the remainder of this chapter we will study Gal(Ls/K),
which we will also denoted by Gi.

To describe G4 we use some field extensions of K that are contained in L.
Let

K. = K,(v4 - s?)

S

and let

K!' =K (Vs —2,v/—s—2).

Let a € Q be a zero of f, and let (3 € Q be a primitive 8th root of unity that
satisfies (s + (g ' = v/2 (recall that v/2 € R~g). The zeros of f, are (fa™! where
i € Z/8T. Let

L, =K.(a+a™).

21



22 CHAPTER 4

Proposition 4.1 implies that L/, does not depend on the choice of a.
The following three propositions, which we prove in the last section, state
the information about the Galois group of fs; over K, that we will use.

Proposition 4.1. Let s € K. Let o and B be zeros of fs. Then Ls is K (o +
a™b), the extension L./K, is Galois, K (o + a™') equals K.(B + 7') and
[KY : K] equals 2 or 4.

From this proposition we get the field diagram

in which every field is Galois over K.

For our purposes it suffices to study Gal(Ls/K!) and Gal(L,/K) rather
than the entire Galois group of Ls over K . Furthermore we will concentrate
on potential starting values s € K, i.e. s € S (see Proposition 3.3).

Proposition 4.2. Let s € S. Then the restriction map from Gal(L,/K.) to
Gal(L,/K!) x Gal(K!/K.) is an isomorphism and the group Gal(Ls/K!) is
cyclic of order 8. Furthermore Gal(Ls/K) is generated by a unique element w
that satisfies w(a) = (g 'a~! and w((s) = (g .

From Proposition 4.2 we conclude that Gal(L,/Kj) is cyclic of order 8 if K, =
K! and s € S. The following proposition describes the Galois group of L, over
K, also if K # K.

Proposition 4.3. Let s € S. Then the exact sequence
1= Gal(L,/K!) — Gal(L.,/K;) — Gal(K./Ks) — 1

splits, where Gal(L./K) is cyclic of order 8 and Gal(K./Kj) has order 1 or
2. If Gal(K./Ks) has order 2, then the action of the non-trivial element of
Gal(K./K;) on Gal(L,/K.) sends a group element to its inverse.

Define Q7 = Q(s,v2,v/s — 2,/—s — 2). The next proposition, which we prove
in the last section, is useful for calculating the field K.

Proposition 4.4. Let s € S. Then we have K!! = Q, K; = Q! N K and
[Ks:Q(s)] < 2.

Remark. Define Q) = Q(s,v/2,v4 — s2). Then [K!:Q/]is 2 for s = 2+2 €
S. Hence in general we do not have K, = Q7.
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Galois groups and signs

The proposition and definitions of this section will be used in the next chapter
to relate certain elements of the Galois group of L./K to the Lehmer symbol.
Let s € S. By Proposition 3.3 we have i ¢ K”. Since i € Lg, Propo-
sition 4.2 implies that each element of Gal(Ls;/K”)\Gal(Ls/K (i)) generates
Gal(Ls/K!'). We denote Gal(L;/K!)\Gal(Ly/ K (i)) by Gal(L,/K)s".

Now we define the equivalence relation ~ for o,7 € G5 by o ~ 7 if o is
conjugate to 7. We denote the equivalence class of 0 € G, by [o]. Since
Gal(Ls/K!) is a normal subgroup of G4 and conjugate elements have the same
order, the set Gal(Ls/K”)8°" is a union of conjugacy classes.

Proposition 4.5. Let s € §. Then the map
As : Gal(Lg/KL)8" /~ — {+1, -1}

defined by
pla)a + pla~1)a"!
\/i 9
does not depend on the choice of a € Q. Moreover, if w is as in Proposition
4.2, then A\;1(+1) equals {[w], [w7]} and A7 (=1) equals {[w?], [w®]}.

As i [p] =

A proof of this proposition can be found in the last section of this chapter.

By Proposition 4.3 the Galois group Gal(L,/K!) is cyclic of order 8. We
denote the set of elements of order 8 of Gal(L,/K.) by Gal(L,/K!)&™". Sim-
ilarly as above we can define an equivalence relation ~ on Gal(L,/K,): for
o,7 € Gal(L,/K,) we have o ~ 7 if o is conjugate to 7. Proposition 4.1 and
Proposition 4.2 imply that the restriction map Gal(Ls/K”) — Gal(L./K!) is
an isomorphism. This map induces a bijective map r : Gal(L)/K;)&"/~ —
Gal(L,/K!)&™ /~. Now we can give the following definition.

Definition 4.6. Let s € S. We define the map
N, Gal(L,/KL)g" [~ — {41, -1}
by A, = AgorL.

Next we describe the set Gal(L./K.)s". By definition of K the field K (i)
equals K (v/s + 2) and by Proposition 3.3 we have /s +2 ¢ K, so K.(v/s + 2)
is a quadratic extension of K. By definition of a we get (a®)? —sa® +1 =
so the identity s = o® + a8 holds. From this identity we see that s + 2 =
(((a+ a1)? = 2)2 — 2)2. By definition L’ equals K’ (a + a~1), so K.(v/s +2)
is a subfield of L. Hence the only quadratic extension of L /K is K. (v/s + 2).
This leads to the following description of Gal(L,/K!)g".

Proposition 4.7. Let s € S. Then the set Gal(L,/K.)8™" is equal to set

Gal(L,/K')\Gal(L, /K" (v/s + 2)).
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Examples

In this section we calculate the Galois extensions Lg of K and their groups for
s:2/3,3:4,s:\/§,s:0,s:—2 and s = 2. We recall that S is the set of
potential starting values in K and G5 = Gal(Ls/K;). For n € Z~( we write C,,
for a cyclic group of order n.

Example s = 2/3. In this case s is a universal starting value, so by Theo-
rem 3.2 we have s € S. Note that /4 — s2 = 41/2/3, so by Proposition 4.4 we
have K, = Q(v/2) and by definition of K we have K, = K’. Hence Proposition
4.1 and Proposition 4.2 imply that G is isomorphic to Cg x Cs.

Example s = 4. In this case s is a universal starting value, so by Theo-
rem 3.2 we have s € S. Note that /s — 2 = /2, so by Proposition 4.4 we have
K, = Q(v/2) and by definition of K” we have K/ = K. Hence Proposition 4.1
and Proposition 4.3 imply that G, is a dihedral group of 16 elements.

Example s = V2. Set s; = s and Si41 = sf — 2 for @ € Z~g. Then sy = 0,
s3 = —2 and s; = 2 for ¢ > 3, so for ¢ € Z~¢ we have s,_1 = 0 mod M, if
and only if ¢ = 3. By Theorem 2.1 the value s is a starting value for ¢ = 3,
so by Theorem 3.2 we have s € S. Let (g4 be a primitive 64-th root of unity
such that ¢§;, = (s. The identity (i — (Cs + (5 )¢5, + 1 = 0 shows that (g4 is a
zero of f,. Hence L, is the cyclotomic field Q((g4). The identity v4 — s2 = /2
yields K, = K. By Corollary 3.5 we have Q(s) = K, = Q(v/2). We have
32=[Q(C4): Q] =[Ls: KJ]-[K.:Q]=[Ls: Kl]-2, 0 [Ls : K] =16. Hence
Proposition 4.2 implies that G is isomorphic to Cg x Cs.

Example s = 0. Note that s ¢ S. Let (32 be a primitive 32-nd root of unity.
The field Ls is Q((32). The extension Ls/Q is abelian, therefore Corollary 3.6
implies K, C Q(v/2). On the other hand v/2 € K, so K, = Q(v/2). Note that
V4 — 52 = 2 hence K, = K, = Q(v/2). Since K, = Q(v/2) = Q(¢3, + Cg;l),
it follows that the Galois group of Ls over K, is isomorphic to the group
{a € (Z/32Z2)* : 5y + Gt = G35 + (35"} = (7,—1), ie. G is isomorphic
to 04 X CQ.

Example s = —2. Note that s ¢ S. Let (16 be a primitive 16-th root of unity.
The field Ls is Q(¢16). The extension Lg/Q is abelian, therefore Corollary 3.6
implies K, C Q(v/2). On the other hand v2 € Ky, so Ky = Q(v/2). Note that
V4 — 52 =0, hence K, = K, = Q(v/2). Since K, = Q(v/2) = Q(¢Z + (16)s
it follows that the Galois group of L over K is isomorphic to the group
{a € (ZJ16Z)* : (P + (i = B8 + (&%) = (71,-1), ie. G is isomorphic
to Cg X Cg.

Example s = 2. Note that s ¢ S. Let (g be a primitive 8-th root of unity.
The field Ly is Q(¢s). The extension L./Q is abelian, therefore Corollary 3.6
implies K, C Q(v/2). On the other hand v/2 € K, so K, = Q(v/2). Note that
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V4 —s2 =0, hence K; = K, = Q(v/2). Hence G, is isomorphic to Cs.

Calculating a Galois group

In this last section we prove the propositions of the first section and Proposition
4.5 of this chapter.
For convenience we give an overview of the fields defined in this chapter.

Let s € K, let f, = 26 —s2®+1 and let L, be the splitting field of f, over Q(s).
Define Q, = Q(s,v/2). In this section we study the Galois group Gal(Ls/Q,).
Recall Ky = L; N K. Note that this Galois group contains G5 = Gal(L./Kj).
Define Q), = Q4(v4 — s?) and recall Q7 = Q4(v/s — 2,v/—s — 2). Recall that «
is a zero of f,. Define L = K (a+a~!). The field L” may depend on the choice
of . Recall the definitions of the fields K/, K, L’ and L. For convenience we
give an overview of the fields defined in this chapter. The inclusions L, C L
and K/ C L follow from the next proposition. All other inclusions in the field
diagram above follow directly from the definitions of the fields. We stress again
that L” may depend on the choice of a. However from the next proposition it
follows that L’ does not depend on the choice of a.

Proposition 4.8. Let s € K. Let a and 8 be zeros of fs. Then Ls equals
QY(a+a™1), the extension QL (a+ a™1)/Qy is Galois and Q.(a + a~t) equals
Qs(B+B71).

Proof. Let E = Q”(a + a™!). First we prove E C Ls. Since a is a zero of
fo = 2% — 528 4+ 1, it follows that

Btat=s, (4.1)
hence
(@*+a ) =5+2 (4.2)
and
(a*—aH)2=s-2. (4.3)

The element (g is contained in L, so L also contains the square roots of —s—2.
Hence Q” C L,. Since a € Ly, we see a +a~! € Ly, so E C Ly, as desired.
Next we show Ly C E. It suffices to show that {g,a € E. Equation (4.2) implies
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Vs +2 € E. By definition s —2 is a square in Q7, so in the case s = —2 we have
V/—4 € E and in the case s # —2 we have v/—s — 2/y/s + 2 = v/—1 € E. Since
V2 € E, we conclude (g € E. Suppose a®> +a 2 =0or a+a~' =0. Then « is
an element of the multiplicative group ((g), so Ls C E. Now suppose that both
a?+a72 and a+a~! are non-zero. Then the equation (o +a~2)(a? —a™2) =
a* —a *yields a? —a~2 € E. Similarly (a+a™!)(a—a™!) = a2 — a2 implies
a—a"t € E. Hence a € E, so Ly C E. We conclude Ly = Q”(a + a™1).

Next we prove Q. (a + a~1)/Qs is Galois and Q(a+a~1) = QL(8 + 871).
If s = 42, then this follows from the fact that L, C Q((16) and a +a~! € Q/,
(see the last two examples in the previous section). Suppose s # 2. The
field L, is defined to be the splitting field of fs over Q(s), so Ls is Galois over
Q(s) and also over Q4. Let o be an element of the Galois group of Lg over
Q.(a+ a71). The equation a + a~! = o(a + a~!) implies that o keeps the
coefficients of (z — a)(x — a™!) fixed, so o(a) = a*!. Since v2 € Q, we also
have o((g) = ¢F'. From equation (4.2) and (4.3) we get

(G(a®—a™8)? =4—s% (4.4)

Since s # 42, equation (4.4) yields a # a~!. We have V4 — s2 € Q/, so o keeps
2(a® — a™®) fixed. Hence either o acts trivially on both a and (g or o sends
both « and (g to their multiplicative inverses. This implies that o either is the
identity or sends every zero of fs to its multiplicative inverse. Therefore o is in
the center of G. Hence Q. (a + a~1)/Qy is Galois.

The element 3 is also a root of fs, thus o(3 + 87') = B+ 1. Hence
B+ 871 eQ.a+al)and by symmetry a +a~! € QL(8+ 871), so Q.(a+
o) = QU8+ A7), O

Recall the definition of K.

Proof of Proposition 4.1. The first three statements of Proposition 4.1 fol-
low directly from Proposition 4.8 and the inclusions in the field diagram above.

It remains to show that [K! : K] = 2 or 4. From the definition of K it
is clear that [K” : K] = 1,2 or 4. The sum of s — 2 and —s — 2 is negative.
Therefore K contains a square root of a negative real number, so K is not
contained in R. Since K, C R, the results follows. O

Proposition 4.9. Let s € S. Then the group Gal(Ls/Q) is cyclic of order
8. Furthermore Gal(Ls/QY) is generated by a unique element w that satisfies

wla) = lat and w() =G

Proof. Proposition 3.3 implies i ¢ QY, so there exists an element o in the
Galois group Gal(Ls/Q"”) such that o(i) = —i. Since (s + (3! € Q7, we have
o(Cs) = ¢zt From v—s — 2 € Q7 we get Q/(vs + 2) = Q/(i), so o(v/s + 2) =
—+/s + 2. Since /s — 2 € QY, we have

o(Vs—2+V5+2)/2) (Vs —24+vV5+2)/2=(s—2— (s+2))/d = —1.

Equations (4.2) and (4.3) imply a* = (/s — 2 + /s + 2)/2 for some choice of
Vs +2 and /s — 2. By the above calculation o(a*)a* = —1. Hence o(a) =
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Cia~! where i € {1,3,5,7}. Since 0%(a) = +ia and o*(a) = —a, we see that
o has order 8. Taking a suitable odd power of o we get w € Gal(L;/QY) as
defined in the proposition. Clearly the order of w is 8. By equation (4.2) the
element o + a1 is a zero of the polynomial ((z? —2)? — 2)? — (s + 2). From
Proposition 4.8 we get Ly = Q”(a + a~!). This yields [Ls : Q7] < 8. Hence w
generates Gal(L,/QY), so Gal(Ls/Q?) is cyclic of order 8. O

Proof of Proposition 4.4. By definition of Q! the Galois group of Q7 /Q(s)
is an abelian 2-group. Proposition 4.9 yields that Gal(Ls/QY) is cyclic of order
8. Proposition 3.3 implies i ¢ Q7K. Since (g € Ls;, we have i € Ly. If
we set n = [Q(s) : Q], E = QY and F = L, then all the hypotheses of
Proposition 3.7 are satisfied. Proposition 3.7 implies [L;NK : QN K] =1 and
Corollary 3.6 implies [QY N K : Q(s)] < 2. By definition Ky = L; N K, therefore
[Ks: Q(s8)]=[Q/NK:Q(s)] <2and Ks =L,NK =Q/NK . Thus K, C QY,
so K c Q. Clearly Q7 C K, thus we have K/ = QY. O

Lemma 4.10. Let s € K be a potential starting value. Then L, N K! = K/
and L N K| = K,.

Proof. By Proposition 4.4 we have K = Q/ and from Proposition 4.8 we get
Ly = K!(a+ a™1). Hence Proposition 4.9 implies [Ly : K] = 8. This yields
[L.: K!] > 8 and [L” : K ] > 8. Since the element o + a~! is a zero of the
polynomial ((2? —2)? —2)2 — (s + 2), we can conclude that [L) : K!] = 8 and
[L?: Ks)] =8. Wehave 8 = [Ls : K] < [L, : LN K!] <[L,: K!] =8, so
L'NK! = K. Similarly we have 8 = [L) : K!] < [LY : L/NK!] < [L! : K] =8,
so LI N K] = K,. O

Proof of Proposition 4.2. Let s € §. Then Proposition 4.1, Proposition
4.4 and Lemma 4.10 imply L, = KL/, L’ N K = K/ and both L,/K! and
K! /K are Galois. Hence the restriction map from Gal(Ls/K!) to Gal(L’,/K’)x
Gal(K!/K!) is an isomorphism. The second part of the proposition follows
directly from Proposition 4.4 and Proposition 4.9. O

Proof of Proposition 4.3. By definition of L) we have L, = L”K!. From
Lemma 4.10 we get L” N K. = K,. The group Gal(L,/K!) is normal in
Gal(L,/K,). Hence Gs = Gal(L,/L!)Gal(L,/K.) and Gal(L, /L) NGal(L,/K)
is the trivial subgroup of Gg, so the exact sequence in the proposition splits.
Proposition 4.2 implies that Gal(L,/K.) is cyclic of order 8. From the
definition of K we see [K. : Ks] = 1 or 2. Suppose [K] : K] = 2. Then
by Lemma 4.10 we have [L, : L”] = 2. Let o € Gal(Ls/L!)\Gal(Ls/LY).
The equation a + a~! = o(a + a~!) implies that o keeps the coefficients of
(r — a)(z — a™!) fixed, so o(a) = a*!. Since ¢ does not leave v/4 — s2 fixed
and (s + (3! € K, equation (4.4) implies: if o(a) = a then o((3) = (5!
and if o(a) = a~! then o((s) = (3. These two possibilities yield o((ga)
(8_104 or (sa~t. Let w be as in Proposition 4.2. Now we calculate cwow(a
a™1). We have owow(a + a™') = owo (a4 (ga) = ow((g ta + (ga™t)
U(Cgcgla_l —l—Cngga) =o(a+a™l) =a+at. One easily sees cwow((s) = (s.

I+
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Hence owow is the identity of Gal(Ls/L"), so cwo = w™!. Now we restrict every
element in the identity owo = w™! to the field L’ in order to conclude that the
non-trivial element of Gal(K’/K,) acts as —1 on Gal(L,/KY). O

Proof of Proposition 4.5. Let s € S and let « a zero of fs. In the following
table we calculated the action of w? on «a and (g for i € Z>o.

w0 wt w? w3 w? W’ wS W’

a | Gla™ | Ga| GPa | Ga | GPa™! | Ga | T
(8 Gg (s " (8 G (s Gt
Let j € {1,3,5,7}. Then

wi(@a+w(@Dal  (TalatFaat g+ G

V2 B V2 V2

is an element of {+1,—1}. Let 3 be a zero of f,. Then 3 equals (ia*! for some
i € Z/8Z and choice of sign. Since

As(w']) =

w](ﬁ)ﬁ _ wj((é'ail)géail _ Cgiwj(ozﬂ)géaﬂ _ wj(ai1>ai17

we also see that Ag is independent of the choice of «. By definition of (g we have
(s + (gl =+2= @&+ C§7. Multiplying the equation by (g we see (3 + C§3 =
—V2=(§+ (g Hence A([w]) = As([w]) = +1 and Ay ([w?]) = Ay ([w°]) = —1.
Since [w] C {w,w™!} (see end of the proof of Proposition 4.3), we see that )\, is
well-defined. O

Let s be a potential starting value. The following proposition will be used in
Chapter 9. It describes the intermediate fields of L’ /K.

Proposition 4.11. Let s be a potential starting value. Then we have the in-
clusions

KL G KI(V2+s) C KL (\2+V2+5) gK;(\/2+\/2+M) — .

Moreover these fields are all the intermediate fields of the extension L. /K.

Proof. Since a is a zero of f = 26 — s2® + 1, it follows that a® + a8 = s.
Hence (((a +a™1)? —2)? — 2)? equals 2 + s. By Proposition 4.1 the field L, is
Galois over K. Hence we have

K;(\/2+\/2+\/m) — 7.

By Proposition 4.3 the Galois group of L’ /K. is cyclic of order 8. From this
Proposition 4.11 follows. O






