Universiteit

4 Leiden
The Netherlands

The Stochastic Geometry of non-Gaussian Fields
Beuman, T.H.

Citation
Beuman, T. H. (2015, December 8). The Stochastic Geometry of non-Gaussian Fields.
Retrieved from https://hdl.handle.net/1887/36536

Version: Not Applicable (or Unknown)
License: Leiden University Non-exclusive license

Downloaded from: https://hdl.handle.net/1887/36536

Note: To cite this publication please use the final published version (if applicable).


https://hdl.handle.net/1887/license:3
https://hdl.handle.net/1887/36536

Cover Page

The handle http://hdl.handle.net/1887/36536 holds various files of this Leiden University
dissertation

Author: Beuman, Thomas Hubertus

Title: The stochastic geometry of non-gaussian fields
Issue Date: 2015-12-08


https://openaccess.leidenuniv.nl/handle/1887/1
http://hdl.handle.net/1887/36536

NON-GAUSSIANITY AND COARSE-GRAINING

When a measurement is made, the resulting picture is usually not pixel
perfect. A point source for instance may look like a blob of finite size. This
is because, when slightly away from the point source, its presence still leaves
its mark. In effect, a measured signal is typically a weighted average of the
signal in a small neighborhood of the location in question. This process is
known as coarse-graining.

One of the features of our geometric approach is that it does not require
accurate measurements of the field in question, since the removal or ad-
dition of a singularity or topological defect typically requires a nontrivial
operation. Having said that, it is natural to study the effect coarse-graining
has on the statistics.

Coarse-graining is also interesting from another point of view: If the scale
over which the field is coarse-grained is much larger than its correlation
length, the coarse-graining effectively entails taking an average of a large
number of independent regions. Therefore, the process of coarse-graining
itself may, by virtue of the central limit theorem, give rise to near-Gaussian
statistics.

An example in which coarse-graining plays a different but intriguing
role is gravitational lensing tomography. Images from distant galaxies are
sheared due to mass present between that galaxy and us. This phenomenon
is called weak gravitational lensing. Measuring the shear offers a window
on the distribution of mass in the universe [25]. The singularities of the
shear field for instance correspond to the umbilics of the projected gravi-
tational potential [45]. It is a two-dimensional window though, providing
only information about the projected gravitational potential. If one however
incorporates the redshift—which can be translated to distance—a three-di-
mensional picture can be constructed [26]. The entire range of redshifts is
divided into bins that can be processed individually. Therefore each bin
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yields an average of sources from a range of distances, rather than one
specific distance. This can be interpreted as an effective source of coarse-
graining.

The outline of this chapter is as follows. Section 5.1 sets up the mathemat-
ical framework for coarse-graining and discusses its effects. In section 5.2
we derive what the imbalance between maxima and minima looks like in
the limit that one coarse-grains over a large scale. This is demonstrated in
section 5.3, using a sample case that allows the imbalance to be determined
analytically for arbitrary coarse-grain length scales. In section 5.4, the an-
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alytical result is compared to numerical simulations. Finally, section 5.5
summarizes our findings.

5.1 COARSE-GRAINING

In general, mathematically, coarse-graining a field h(r) can be expressed
as

h(r) = /d2uK(u)h<r+u), (5.1)

with [d?u K(u) = 1. It may be interpreted as a kind of averaging, with
the function K (u) corresponding to the weight. Coarse-graining may rep-
resent blurring as the result of an imprecise measurement of h, for example.
Typically then, K (u) is largest at u = 0 and decreases for increasing |u).
Ad extremum, K (u) = d(u) corresponds to no coarse-graining at all, or a
perfectly accurate measurement.

When coarse-graining is applied to a Gaussian field H(r), the result is
(in complex notation):

A(r) = [ Puk(w) 3 Ao
k

=> A(k) ( / d*u K(u)eik'“) eilkr+on) (5.2)
k

It is thus easily seen that coarse-graining only affects the amplitude spec-
trum of H, but not its Gaussianity.

Consider now what happens when applied to a non-Gaussian field h. Let
us set K(r) = f(r/l1)/1%, where [ is a length scale that controls the size
of the coarse-graining, while f(z) is a dimensionless function that goes
to zero for x > 1. Let £ be (a measure of) the correlation length of h,
so that (h(r)h(r + R)) vanishes when |R| > & If | > &, the coarse-



5.2 LARGE SCALE LIMIT

graining effectively entails taking the average over a large number (of the
order of (1/€)?) of independent regions, causing h to acquire Gaussian
characteristics on account of the central limit theorem.

There is a link between coarse-graining and the deterministic Kardar-
Parisi-Zhang (KPZ) equation that was investigated in chapter 4. This equa-
tion is a diffusion equation that reads

oh

A
e 2 - 2
5 = vV S (V). (5.3)

Following the substitution u = exp((\/2v)h), this transforms into 2% =

vV?2u, with the solution

1 7'77"2
u(r,t) = / 427 Wte*‘m) u(#,0). (5.4)

This relation has the same structure as that of the formula for coarse-grain-
ing: u(r,0) can be identified as the original field and | = /vt as the coarse-
graining scale. The dimensionless coarse-graining function is therefore

flp) = ie-pm_ (5.5)

In summary, coarse-graining a non-Gaussian field over a large scale causes
it to obtain Gaussian characteristics. A Gaussian field remains Gaussian,
regardless of the scale over which it is coarse-grained.

5.2 LARGE SCALE LIMIT

In this section, the consequences of coarse-graining a non-Gaussian field h
are investigated, in the limit that the coarse-graining scale becomes very
large, as compared to the typical correlation length of the field. In particular,
focus is put on the consequences for the densities of maxima and minima.

For a Gaussian field, the densities of maxima and minima are the same
due to symmetry. For a non-Gaussian field, this is in general not the case.
In chapter 4, a general expression was derived for the relative difference
between the two densities for a perturbed Gaussian field, up to first order
in the perturbation (see eq. (4.15)),

Nmaz — Mmin 6 (48 4y 10 (5)
A z:,/( 20y 5.6
" Nmaz + Mmin TQ 30+9a 27 o (5.6)
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The parameters are second- and third-order correlations (see eq. (4.6)),

o = (hzh.r) = Co(hs, her), (5.7a)
a = (h2,.) = Co(hzze, hoze), (5.7b)
B = (hzhorhzze) = C3(he, har, hizs ), (5.7¢)
v=(h3,) = Cs(hoze, huzw, hzze), (5.7d)
0 = (hazhzesehzes) = C3( Doz, haear s s ). (5.7e)

Here the subscripts denote partial differentiation, with 0, = $(9, — i9,)
and 0.- = 3(9, +i0,), as before (eq. (3.9)). In each cumulant, the vari-
ables are all taken at the same point r, e.g. 0 = Ca(h.(r)h.«(r)). Due to
homogeneity, the choice of r is irrelevant.

Recall that, in general, correlations and cumulants are not the same;
in an identity (see egs. (3.4) and (3.5)), there would also be terms with
correlations / cumulants of a single variable, but those are zero in this case
(compare eq. (4.7)).

For the coarse-grained field h, the cumulants can be calculated in the
following way (using 3 as an example):

B = 03(}127 Bz*a TLZZ*)
= 8218z;8238%03(%(7‘1)71(7‘2)5(7”3)) . (5.8)

r1=ra=r3
Therefore, we see that the main ingredients for calculating the cumulants
are Oy(h(r1),h(r2)) (for o and «) and its third-order equivalent (for 3,
and 9).

Let ¢ be a measure of the correlation length of /, in the sense that h(rq)
and h(rz) can be said to be roughly uncorrelated when |rqy —ra| > £ If I >
¢, then h is nearly Gaussian (on account of the central limit theorem), so
one can find the imbalance of maxima and minima using the approximation.

The second-order cumulant of & can be expressed as

Co(h(re), h(rs)) = ;/ A2R1dR; Cy(h(R1), h(Ra))

(T p(Re T, (5.9




5.2 LARGE SCALE LIMIT

Since Co(h(R1),h(R2)) is only appreciable when |R; — Ra| < & < [,

the approximation f((R2 —r2)/l) = f((R1 —r2)/l) can be applied. This
gives

Co(R(ra), F(ra)) = / d2Ryd%a Cs(h(0), h(a))

xf(Rl;rl)f<R1;T2>, (5.10)

where a = Ry — Ry and use was made of the homogeneity of h. This
integration can now be split into two parts:

= i [@aco(h(0), h@) [@Ryf (T p(FT2)

=l )
where

L= /an Co(h(0), h(a)), (5.12)
and

Kalprp2) = [ v f(v— p1)f(v — p2). (5.13)

For the third-order correlation an analogous derivation can be made. The
result is

Cy(R(r), h(ra), Fi(rs)) = 11413[(3("[1 2T, (5.14)
with

135/ d%ad?b C3(h(0), h(a), h(b)), (5.15)
and

Ks(p1,p2.ps) = [ d*0 f(0 = p1)f (v~ p2) f(v ~ pa). (5.16)

Note in particular that I» and I3 depend on h only, whereas Ky and K3
depend only on f. Also note that none of these terms depends on I.
For the correlations, the z- and z*-derivatives, as used in eq. (5.8), act

only on Kp("t,™2) and K3("t, ™2, 2 ). Each derivative introduces a factor
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1/1 as a result of the chain rule. It can therefore already be deduced how
the relevant correlations scale with {:

o~ T a0 BT g~ (5.17)
and therefore An ~ 1/1. More precisely, we have the following:

lim An = cney

5.18
1/€ 500 17’ ( )

where ¢, = I3/ Ig/ 2 is a parameter that depends on the statistics of h only,
and cy is a parameter that depends on the coarse-graining function f only.

5.3 EXAMPLE
5.3.1 Large scale limit

As an example, let us consider the coarse-grain function from eq. (5.5). This

gives
1 _1
Ko(p1. p2) = ¢ e 510, (5.19)
T
1 (2 2,2 1 2
Ks(p1,p2,ps) = —e ° (s =3 oasoar’). (5.19b)
48T
Applying the method as exemplified in eq. (5.8), we obtain
I3
= 2
p 6912718 (5.20)
Calculating all relevant cumulants ultimately leads to
292 31
An 5 (5.21)

~ 3l1/2; Rk R

for the KPZ-inspired Gaussian coarse-grain function eq. (5.5).

To get the parameter cp, we use a non-Gaussian field of the form h =
H + cH?, where H is a Gaussian field with a given two-point correlation
function (H(r1)H (r2)), and ¢ is a small constant. The two-point correla-
tion function of h differs from that of H only in second order of ¢; this
difference will be ignored.
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The third-order cumulant of A is zero in leading order, since H is Gaus-
sian, but in first order we find

C3(h(r1),h(r2),h(r3)) = Cs(eH (r1)? H(r2), H(r3))
+ C3(H(r1),eH(r2)? H(rz))
+C3(H (1), H(r2),eH(r3)?). (5.22)

This can be expanded with the help of Wick’s theorem, e.g.

Cs(H(r1)% H(rz),H(rs))
= (H(r1)*H(r2)H (rg)) — (H(r1)?)(H(r2) H(r3))
= 2(H(r1)H (r2))(H (1) H(73)), (5.23)

Therefore, the result is

C3(h(r1), h(rz), h(rs))
= 25( < 1) H (r2))(H (r1) H(r3))
H(rz)H(r3))(H(r2)H (r1))
H(rs)H(r1))(H (rg) H(rs))) (5.24)
If we consider the Gaussian two-point correlation function

2

(H (1) H 1)) = e~ 253(r=r2)?, (5.25)

which corresponds to the spectrum A(k)? ~ exp(—k?/(2k3)), we get

Iy = /d2aC’2(0,a) = /an (H(0)H(a)) = %7; (5.26)
0

and
— / a2ad®b C(h(0), h(a), h(b))
= // d%ad?b 2e (e*%’“?}(““’?) + e TR H(a-b)%)
" e—%k3<b2+<a—b>2>)

2412
= —. 5.27
This gives ¢, = Ig/IS/Z = 6v2me/kyo.
Combined with the coarse-grain function as given above, we thus get
cfep 64 e

I 813rko !

An —

(5.28)
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5.3.2  Analytic result

The separation of the dependence on f and h, as displayed in eq. (5.18), is
only valid in the limit of [ > £. In general however, f and h can no longer be
treated separately. Due to the complexity of the integrals involved, it is only
in very specific cases possible to calculate An analytically, for arbitrary .
Not coincidentally, the f and h chosen in the previous section allow precisely
this.

For example, the exact expression for § is

= 82182;8238Z§ /// d2u1d2u2d2u;; (K(ul)K(’U,z)K(’u?,)

x(h(r1 +w1)h(ra + uz)h(rs + ug))) (5.29)

T1=T2=T3

The three-point correlation can be expanded in the same way as before (see

egs. (5.22) and (5.23)). The final result is
ke

(14 2K312)2(1 + 6k312)2’

- _ 5.30
=3 (5.30)
Determining and combining all the correlations gives the following result,
which is exact with respect to [ but still perturbative with respect to e:
64a®(1 + 4a)"/2¢

A= (14 2005 (1 4 6a)1” (5:31)

where a = k312. In the limit of large [ (a > 1) we find that it matches the
perturbative result eq. (5.28).

One may also note that eq. (5.31) matches the result from the determin-
istic KPZ equation for the Gaussian spectrum (eq. (4.32)), following the
substitution vt — 2.

5.4 NUMERICAL TESTS
5.4.1 Setup
The validity of eq. (5.31) was checked using computer simulations. The

setup of the simulations and the identification of the extrema is similar
to the process used in previous chapters and outlined in appendix A: For



5.4 NUMERICAL TESTS

1e-2 ]
: ~
<
5e-3" :
% 1 2 3 4 5
kol

Figure 5.1: The imbalance between maxima and minima An for a field h =
H +eH?, where H is a Gaussian field with a Gaussian power spectrum
(with typical wavelength & 1), coarse-grained with a Gaussian function
f(r) = exp(r?/(41%)). The solid line is the exact result eq. (5.31) (per-
turbative in € but not in 1), while the data points stem from simulations.
The dashed line is the theoretical result for large I, eq. (5.28).

each data point, corresponding to a particular value of [, thousands of
Gaussian fields H(r) were generated, following eq. (1.9). To each field, the
perturbation e H? was added to it, with € = 0.1. This new field h was then
coarse-grained, after which the extrema were identified.

5.4.2 Results

Fig. 5.1 shows the theoretical result, as well as results from simulations at
various values of [. As can be seen, there is an excellent agreement between
the two. Also shown is the prediction of eq. (5.28), illustrating the large [
limit, which matches well for kol > 1.

An interesting point is that, for no coarse-graining at all, the imbalance
is very close to zero. This general feature of local perturbations of the type
h = H + f(H) was already established in detail in chapter 2. Measuring
the imbalance between maxima and minima thus does not reveal the non-
Gaussianity of h. However, it is clear from fig. 5.1 that coarse-graining may
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significantly increase the imbalance to measurable values, thereby not only
granting the possibility of detecting non-Gaussianity, but also potentially
identifying the size and type of the perturbation.

5.4.3 Large scale coarse-graining

It is difficult to test the formula for a large coarse-graining (eq. (5.18))
accurately in a numerical setting, since the size of the system is limited.

As explained in appendix A, the periodic boundary conditions are en-
forced by only using waves with wave vectors k for which the components
are multiples of 2%, where L is the system size. As long as L is large, this
quantization has a high enough resolution to be of no significant source of
error.

Now consider what happens when it is coarse-grained. We already saw
in eq. (5.2) that, effectively, its amplitude spectrum changes:

Alk) = A(k:)< / d2uK(u)eik~u> _ A(k)( / 2p f(p)eilk'p). (5.32)

In the limit that [k > 1, the phase factor causes the integral to vanish.
Hence, for large [, only the waves with small wave vector & (in the order of
1/1 or less) prevail. This is the technical justification of the statement that
coarse-graining causes a field to become smoother, and thus dominated by
long waves.

However, in combination with the periodic boundary conditions, this
means that, in the case that [ becomes comparable to L, there are only
a few wave vectors left that are of importance from the coarse-graining
point of view. The accuracy with which the simulated coarse-grained field
represents an actual field thus becomes compromised. Therefore, L should
be larger than [. Increasing L however naturally increases computation
time. As a result, probing large coarse-grain scales indirectly requires a lot
of computation time, making it difficult to properly explore the regime in
which the imbalance An decays as 1/1.

5.0 CONCLUSIONS

Coarse-graining a non-Gaussian field has the effect of giving it Gaussian
characteristics, as the coarse-graining scale goes to infinity. More precisely,
when this scale [ is significantly larger than the correlation length of the



5.5 CONCLUSIONS

field, the imbalance between maxima and minima (which is zero for Gaus-
sian fields) scales as 1/1. The corresponding constant factor can be written
as the product of two independent scalars: One depends on the field only,
whereas the other depends on the coarse-graining function only.

Coarse-graining a signal on purpose can also be useful, because the im-
balance between maxima and minima depends on the length scale of the
coarse-graining for a non-Gaussian field. For example, locally perturbed
fields, such as h = H +eH?, where H is Gaussian, do not show a signifi-
cant imbalance between maxima and minima (if the resolution is perfect).
However, coarse-graining—which would not produce an effect for Gaussian
fields—creates an imbalance allowing e to be measured. In general, coarse-
graining by various amounts can give a multitude of data that can be used
to shed light on some unknown parameters of the perturbation.
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