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The exponential rate of convergence and the Central Limit Theorem for some Markov
operators are established. The operators correspond to iterated function systems which, for
example, may be used to generalize the cell cycle model given by Lasota and Mackey [12].

I. INTRODUCTION

We are concerned with Markov operators corresponding to iterated function systems. The
main goals of the paper are to prove exponential rate of convergence and establish the Central
Limit Theorem (CLT). It should be indicated that the first result implies the second. The opera-
tors under consideration are more general than those used by Lasota and Mackey in [12]. The
authors studied therein some cell cycle model, in which the rate of convergence is already eva-
luated by Wojewodka [22]. Hille at el. [9] proposed the generalization of the model and assured
the existence of a unique invariant distribution in it. We have managed to evaluate the rate of
convergence, which provides asymptotic stability at once, as well as allows us to show the CLT.
The results bring some information important from biological point of view. To get more details
on biological background of the research, see Tyson and Hannsgen [@] or Murray and Hunt [IE].

In our paper we base on coupling methods introduced by Hairer in [6]. In the same spirit,
exponential rate of convergence was proven in [19] for classical iterated function systems (see
also [7] or [@]). However, we use coupling methods not only to evaluate the rate of convergence.
It turns out that properly constructed coupling measure, if combined with the results for statio-
nary ergodic Marokv chains given by Maxwell and Woodroofe [14], is crucial in the proof of the
CLT, too. If we have the coupling measure already constructed, the proof of the CLT is brief and
less technical than typical proofs based on Gordin’s martingale approximation. What led us to
this intriguing solution was an unsuccessful attempt to follow the pattern given by Komorowski
and Walczuk [11]. It is worth mentioning here that an auxiliary model, described by some non-
homogenous Markov chain, is needed to take adventage of coupling methods. While reading the
paper, one may see that it is a bright idea to express the Markov operator of interest by means of
an auxiliary one.

Similar approach may also help to establish the Law of the Iterated Logarithm (LIL). The proof
of the LIL is supposed to be provided in a future paper. Some ideas useful for proving it may be
adapted from Bott et al. [2]. However, we strongly believe that using an appropriate coupling
measure will, again, make the proof much easier.

The organization of the paper goes as follows. Section 2 introduces basic notation and defini-
tions that are needed throughout the paper. Most of them are adapted from [m], [IE], ] and [IE].
Mathematical derivation of the generalized cell cycle model is provided in Section 3. The main
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theorems (Theorem [I]and Theorem ) are also formulated there. Sections 5-7 are devoted to the
construction of coupling measure for iterated function systems. Thanks to the results presented
in Section 8 we are finally able to present the proofs of main theorems. Indeed, the exponential
rate of convergence is established in Section 9 and the CLT in Section 10.

II. NOTATION AND BASIC DEFINITIONS

Let (X, o) be a Polish space. We denote by Bx the family of all Borel subsets of X. Let B(X)
be the space of all bounded and measurable functions f : X — R with the supremum norm and
write C'(X) for its subspace of all bounded and continuous functions with the supremum norm.

We denote by M (X) the family of all Borel measures on X and by My, (X) and M;(X) its
subfamilies such that ;(X) < oo and p(X) = 1, respectively. Elements of My, (X) which satisfy
(X)) <1 are called sub-probability measures. To simplify notation, we write

(o) = [ F@n(da) for f: X = R, e M(X).

An operator P : Mgn(X) — Mgn(X) is called a Markov operator if
1. P(A1pn + Aape) = M Py + AoPpuo for A, Ao >0, g, po € Men(X);
2. Pp(X) = p(X) for p € Mg (X).
Markov operator P for which there exists a linear operator U : B(X) — B(X) such that

(Uf,pu) = (f, Pu) for fe B(X), p€ Mg, (X)

is called a regular operator. We say that a regular Markov operator is Feller if U(C(X)) C C(X).
Every Markov operator P may be extended to the space of signed measures on X denoted by
Mig(X) = {pp1 — p2 : p1, p2 € Mun(X)}. For p € Mj;q(X), we denote by ||| the total variation
norm of p, i.e.,

Il = p(X) + p~ (X)),

where ™ and u~ come from the Hahn-Jordan decomposition of y (see [E]). In particular, if p is
non-negative, ||| is the total mass of p. For fixed # € X we also consider the space M} (X) of all
probability measures with finite first moment, i.e., M{ (X) = {u € M1 (X) : [y o(x,T)u(dz) < oo}
The family is independent of choice of z € X. We call y, € Mg, (X) an invariant measure of P if
Pu, = ps. For p € Mg, (X), we define the support of 1 by

p=A{xeX: uB(x,r)) >0 forall r> 0},

where B(z,r) is an open ball in X with center at z € X and radius r > 0. By B(z,r) we denote
a closed ball with center at € X and radius r > 0.
In M;4(X), we introduce the Fortet-Mourier norm

lllz = sup |(f, 1)1,
fec

where L={f € C(X): |f(x)— f(y)] <olz,y), |f(x)] <1 for z,y € X}. The space M;(X) with
metric [|11 — p2||z is complete (see ﬂé], ] or ]).

We say that the sequence of Borel measures (u,)nen C Myin(X) converges weakly to the
measure € My, (X) if imy, o0 (f, n) = (f, ) forall f € C'(X). It is known (see Theorem 11.3.3,
[3]) that the following conditions are equivalent



® (iin)nen converges weakly to 1,

o lim, .o (fa ;un> = (fa /L> forall f € L,

L4 hmn—>oo Hﬂn - N”E =0,

where (pn)neny € M1(X) and p € My (X).

III. MAIN IDEA AND THEOREMS

Recall that (X, ) is a Polish space and let (2, F,Prob) be a probability space. Fix T' < oo.
We consider a stochastically perturbed dynamical system. The state of x,, for every n € N, is

determined by the formula
Tnl = S($n, tn—l—l)-

We make the following assumptions.

(I) We consider a sequence (¢, ),en of independent random variables defined on (€2, 7, Prob)

with values in [0, T']. Distribution of ¢,,1; conditional on z,, = z is given by

t
Prob(tp4+1 < t|lz, =) = / p(z,u)du, 0<t<T,
0

1)

where p : X x [0,T] — [0, 00) is a measurable and non-negative function. In addition, p is

normalized, i.e., fOTp(az, u)du =1forx € X.

(I) LetS : X x[0,T] — X be a continuous function which satisfies the Lipschitz type inequality

o(S(x,t),S(y,t)) < Az, t)o(x,y) forz,ye X, tel0,T],

where A : X x [0,T] — [0, 00) is a Borel measurable function such that

T
a:= sup/ M, t)p(z, t)dt < 1.
zeX J0O

(III) sup;eo,7) g(S(E, t), E) < oo for some 7 € X.

(IV) We assume that p satisfies the Dini condition
T
| et = o)t < wlefe) foray € X,
0
wherew : Ry — Ry, w(0) = 0, is a non-decreasing and concave function such that
w(t)

/ Tdt < 4+o0o forsome o > 0.
0

We can easily check that if < 1, we have

() = Zw(C"t) < +oo foreveryt >0

n=1

and lim;_, ¢(t) = 0.

@)

®)

4)

®)



(V) Function p is bounded. We set § := inf,cx (o1 P(:t), M = supycy tcjo,r P(2,t) and
require ¢ > 0.

We further assume that, for each A € By,
Prob(z,+1 € A) := pp+1(A) and  Ppuy, = piny1,

where

PMM=[JA¢M@%@M%WMMM)

In [12] the proof of asymptotic stability is given for the model, while the exponential rate of co-
nvergence is established thanks to some coupling methods in [22].

Without loss of generality, we may think of (X, ¢) as a closed subset of some separable Banach
space H. Then, trying to describe some intercellular processes more precisely, Hille et al. [d]
proposed a more general dynamical system

Tn4+1 = S(xnatn—l-l) + Hn—l—la

where (Hy,)nen, Hn, € H, is a family of independent random variables with the same distribution
given by a measure v°, which is independent of S(x,,,t,+1) and its support stays in B(0, ¢).
For this reason, we need an additional assumption

(VI) Lete, < oobe given. Fixe € [0,e4]. Let v* be a Borel measure on H such that its support is
in B(0,¢). For every z € X, we set

vp(r) = (- — ). (6)
We assume that S(z,t) + h € X forevery t € [0,7], z € X and h from the support of v°.

The Markov chain is given by the transition function Il : X x Bx — [0, 1] of the form

T
Ha(x,A):/O p(z, )vg, p(A)dt.

Then, we may write the Markov operator P; : M;(X) — M;(X) as follows

Pon(A) = [ T(a, A)uta).

The case of deterministic protein production, i.e., when ¢ = 0, fits to the framework presented
by Lasota and Mackey [12] and the results obtained there.

Hille et al. [d] managed to show the existence of a unique invariant measure in the generalized
model, described above. However, stability was not proven. We want to focus on evaluating the
rate of convergence, which additionally provides asymptotic stability in the model and allows us
to establish the CLT. The proof of the CLT is given in Section 10.

Theorem 1. Let ;n € M (X). Under assumptions ()-(VI), there exist C = C(u) > 0and q € [0, 1) such
that

|1 P — plle < Cq™ forn € N.

! In both papers the results are proven for stronger assumptions.



Now, assumption (II) is strengthened to the following condition:
(II") Let S : X x [0,T] — X be a continuous function which satisfies
o(S(x,1), 5(y, 1)) < Az, t)e(x,y) forz,ye X,t[0,T], )

where A : X x [0,T] — [0, 00) is a Borel measurable function such that

T
A= sup/ N (x, t)p(z, t)dt < 1. (8)
zeX JO

Note that (II') implies (II), due to the Holder inequality, and we obtain thata < v/A < 1. Assuming
(II') instead of (II) allows us to show that p, € ME(X) := {u € My(X) : [y 0*(z,Z)p(dz) < oo},
which is essential to establish the CLT in the way presented in this paper. It is proven in Lemma
that u, is indeed with finite second moment.

Now, choose an arbitrary function ¢ : X — R which is Lipschitz continuous, bounded and
satisfies (g, 1) = 0. Let (z;);cn be the Markov chain with transition probability function II. and
initial distribution 1 € M?(X). For every n € N, put

po_ 9@) +.. +g(zn)

M * \/ﬁ
and let ® ot denote its distribution.

Theorem 2. Let i € ME(X) be with finite second moment and let D, be the distribution of nj,, as defined
above. Assuming that all conditions (I)-(V1) are fulfilled and (II) is addztzonally strengthened to (1I'). Then
®, 1 converges weakly to the normal distribution, as n — oo.

IV. AN AUXILIARY MODEL - BASIC ASSUMPTIONS

Our aim is to prove exponential rate of convergence for the model given in [d], as it is stated
in Theorem [II The idea is to use coupling methods. However, implementing these methods
directly to the model given above does not give the expected results. Instead, we fix a sequence of
constants (hy,)nen C H, where h,, € B(0,¢) for all n € N, and consider a stochastically perturbed
dynamical system

Tp+1 = Thn+1(wn7 tn-‘,—l) = S(wrw tn-‘,—l) +hpy1, n=0,1,2,...
Note that
Tn+1 = Thn+1 <Thn (':U’fl 17 ) tn—i—l)

For abbreviation, we introduce the symbol

jfz(—)l—l = Thn+1 (Thn(‘ . Th2 (Th1 (3307 t1)7 t2) .- ')7 tn+1>7 (9)

where the upper index z indicates the point from which the iteration begins.
Let us further assume that, for every A € By,

Prob(z,41 € A) == pins1(A) and Py, ftn = fins1,



where, for arbitrary h € B(0,¢),

T
(Pu(4) = [ [ | 1a@hte oyt o).

X

We maintain all previous assumptions (I)-(VI). Now, for every h € B(0,¢), we consider an
operator

Ty (z,t) == S(z,t) + h.

Note that, as a consequence of assumption (II), 7}, is continuous and satisfies the same Lipschitz
type inequality as operator S satisfies.
We also set

c:= sup Q(S(f,t),:i) +e,> sup Q(Thi(f,t),:ﬁ). (10)
te[0,T] te[0,T),ieN

Obviously, c is finite, because of assumption (III).

V. MEASURES ON THE PATHSPACE AND COUPLING

Set x € X and (hy)nen C H, h, € B(0,¢) for all n € N. One-dimensional distributions
5, n.(x,)), n €N, are defined by induction on n

%z, A) = 6,(A)
T
I (2, 4) = / 1a(Th(z, )p(z, 1)t
’ (11)
o) = [ I A o)
X

where A € Byx. We easily obtain two-dimensional and higher-dimensional distributions. If we
assume that, for x € X, H}L’l":fbh (x,-) is a measure on X", generated by a sequence (H}Ll (x, )y,

n

then
1,...,n+1 L.
th,...y?;l—n+1(w7A X B) = /AH}Ln+1(zn7B)Hh17,,7hn(x7dz)7 (12)
where z = (21,...,2,) and A € Byn, B € By, is a measure on X""!. Note that
H}Ll(aj, Js-. Mg (2,0), given by (), are marginal distributions of H}L’l":’flhn (z,-), for every

z € X. Finally, we obtain a family {II}% , (z,-) : # € X} of sub-probability measures on X*°.
This construction is motivated by [6]. The existence of measures II}° ,  (z,) is established by
the Kolmogorov theorem. More precisely, for any « € X, there exists some probability space on
which we can define a stochastic process {* with distribution ¢¢- such that

¢ex(B) = Prob(¢" € B) :=11;7 ., (x,B) for B € Bxw.
Therefore, I},  (z,-) is the distribution of the non-homogeneous Markov chain £* on X*° with

sequence of transition probability functions (H}L )ien and Pez = Oz, for x € X. If an initial distri-

7

bution is given by any p € Mg, (X), not necessarily by d,, we define

(PR, 1)(B) = /X I, (2, B)u(dr) for B € By~



Definition 3. Let a family of probability measures ({11, (x,-) : © € X})ien be given. For every i € N,
we can set another family of probability measures {Cflu ((z,y),) : 2,y € X} on X2 such that

° Cflli((ﬂ%y),A x X) = H,l”(az,A) for A € By,
® Cflzl((x7y)7X X B) = H}Ll(y,B) fOT’ B e BX/

where x,y € X. For every i € N, {C}”((w,y), ) rx,y € X} is called coupling.

VI. ITERATED FUNCTION SYSTEMS

We consider a continuous function S : X x [0,7] — X and a sequence of continuous mappings
given by (7}, )ic v with sequence of constants (h;);c v established. We assume thatp : X x [0,7] —
[0,00) is a non-negative and normalized function. For each A € By, we build a sequence of
transition operators, as we did in (II)).

Letn € N. Note that, for arbitrary A € Bx, I}, (-, A) : X — Ris measurable by definition.
Furthermore, I}, (,) : Bx — R is a probability measure, for every z € X. Hence, I}
is a transition probability function on the n-th marginal. Thanks to these properties (see Section
1.1, [23]), for every n € N and a sequence of constants (h;);en fixed, there exists a unique regular
Markov operator P,’L‘hm’ Iyt for which Hﬁl,..., n, 1S a transition probability function, and it is given

by the formula

«%MWmmzéng@Amm»

where A € Bx, pp € Mi(X). Moreover, a dual operator Uy, : B(X) = B(X) to P}’ , is
defined as follows

(W@mezéﬂwzwmm@»

Remark 4. According to assumptions (II) and (IV), one may check, although through some tedious com-
putations, that, for every n € N and a sequence of constants (h;);cn fixed,

IR, o () =105 () le < aolx,y) + e(o(z, y)),

where ¢ is given by @). This indicates weak continuity of the map X > x w— I, (x,) € Mi(X).
Now, this property, together with the fact that Py’ “is a regular Markov operator, impies that Py
is even Feller (see Chapter 6, [@ ).

However, these estimates do not give us any proper result about stability of the model. That is why we
still need to use some coupling methods.

Repeating the construction from the previous section, we obtain P77, ~—p for u € M;(X).
Obviously, forevery n € N, P!, wis the n-th marginal of P;7 ), p.
Fix z € X for which assumption (III) holds. We define V' : X — [0, 00) to be

V(x) - Q(‘Tv ‘i')

Lemma 5. For every n € N and a sequence of constants (h;)ien fixed, if p € ML (X), then By €
M{(X). Moreover,

n n 1
<‘/7 Phlv---vhn/’[/> S a <V7,u> + mc,

where ¢ does not depend on the sequence (h;)ien.



Proof. Recall that a < 1 and c are given by (@) i (I0), respectively. The state z7, is of the form (9).

Following (2]), we obtain

n

/ / Bt )p(E g tat) . plas )b . . di | u(de)

(Vo By okt

</ / / [9(””“9*@@%) P51 t)P(5 21 tnn) - (2, 1) db . dbypr(de)
// / Tt ) M@ 2y o) - M@, 1) e(@, ) + o(@5, 85 q) + -+ 0(F

P(T 1, tn)P(T s tn—1) - .. p(@, t1)dly . . . dtypu(d)
< / a"o(x,z) + c(a” + ...+ 1)u(dx)
X

<VM>+f

which completes the proof.

O

Fix probability measures 1, € M{(X) and Borel sets A, B € Bx. We consider b € Mg, (X?)

such that
b(A x X) = pu(A), b(X x B) =v(B)
and by, ;€ Mgn(X?) such that, for every n € N,
b (A X) = (P o i)(A), b (X x B) = (P )(B).
Furthermore, we define V : X2 — [0, 00)
V(z,y)=V(z)+V(y) formzye X.
Note that, for every n € IV,

2
1—a

(v, bhl, 7hn> < a(V,bZ;_l__vhnﬂ) +2¢ < a™(V,b) + c.

(13)

For measures b € M} (X?) finite on X? and with finite first moment, we define the linear functio-

nal
00) = [ ola)bide  dy).
X2
Following the above definitions, we easily obtain

¢(b) < (V,b).

VII. COUPLING FOR ITERATED FUNCTION SYSTEMS

On X? we define the transition sub-probability functions such that, for A, B € By,

T
Q;lh((x,y), A % B) = /0 min{p(x7t)7p(yat)}5(Thi (2,),Th; (y,1)) (A X B)dt7 i1 €N,

(14)



and

Qb ((.y) A x B) = / Qb ((w,0), A x BYQI™Y . ((z,y),dux dv), neN. (16)

hn—1

Measures generated by the transition functions defined above are, by convention, denoted with
the same letter. Every time, the context should indicate what we mean. It is easy to check that, for
everyi € N,

T T
Q}Ll((x7 y)v A X X) < /0 p(:Ev t)éThi (z,t) (A)dt = /0 1A(Thi (3:7 t))p($7 t)dt = H}Ll (337 A)
and analogously @}, ((x,y), X x B) <1II} (y, B). Similarly, forn € N,
Qhy,ooh ((2,9), A X X) <TG, (2, 4), Qpyp, ((2,9), X x B) <TIE - (y, B).

For b € Mg, (X?), let Qhyn,b denote the measure

(le,...,hnb)(A X B) = Qzl’m’hn((x,y),A x B)b(dx x dy) for A,B € Bx,n € N. (17)
X2

Note that, for every A, B € Bx and n € N, we obtain

R, n+1 hi,.., n+1

Q. b)(AxB) / QM ((x,y), A x B)b(dx x dy)
/ Qb (w0), A x BYQE, . (), du x dv)b(da x dy)
x2 Jx2
= [ Qh,,.,(w,0), AxB)QR, 4 b)(duxdv)=(Q, ,(QF, 1 b)(AxB).

X2
(18)

Again, following (IIl) and (I2]), we are able to construct measures on products and, as a conse-
quence, a measure Qﬁ’?, h%'b on X, for every b € Mg, (X 2). Now, we check that, for n € N and
be M} (X?),

(@h,,...n,0) < a"¢(b). (19)

Let us observe that

O(Qhy.n /X2 /X2 w, V)@, p, ((2,y),du x dv)b(dz x dy)

th P 1((33,2/)7(17] X dl_i)b(dl’ X dy)

IN

fodd
/X2 /X2 /OT (T, (@, t), T, (,))p(a, )dtQp "~ ((,y),du x dv)b(dx x dy)
(

(A

< a/ / o(u,v) 2‘_1 h((x,y),du x do)b(de x dy) < ... < a"p(b).
x2 Jx2 1ytn—1

IA
<

U,

s}

(u,1)
A(@, )p(u, )dtQp ", ((w,y),du x dv)b(dz x dy)

For every ¢ € N, we can find a measure R}Li((az, y),-) such that the sum of Q}Li((az, y),-) and
Ry, ((x,y),-) gives a new coupling measure C}, ((z,y), ).
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Lemma 6. Fix i € N. There exists the family {R}h((x, y),*) : 2,y € X} of measures on X2 such that we
can define

C}lLl((ﬂj‘,y), ) = Q}Ll((l"?y)? ) + R}Ll((x7y)7 ) fOT’ T,y € X
and, moreover,

(i) the mapping (x,y) — R}”((x, y), A x B) is measurable for every A, B € Bx;
(ii) measures R}“((x, y), -) are non-negative for x,y € X;

(iii) measures C’,l”((:c,y), -) are probabilistic for every z,y € X and so {C’,lli((x,y), ) xyy € X}is
a transition probability function on X?;

(iv) for every A, B € By and x,y € X, we get C}, ((x,y), A x X) =11} (z,A) and C, ((x,y), X x
B) =11, (y, B).

Proof. Fix A,B € Bx. Let

Ry, ((z,y),A x B)
= (1= Qp, ((z,9), X)) (I, (2, 4) — @y, ((z,y), A x X)L}, (y, B) — Qp, ((z,y), X x B))

if Q. ((z,y),X?) < 1and R}, ((z,y), A x B) = 0if Q ((x,y),X*) = 1. Obviously, the formula
may be extended to the measure. The mapping has all desirable properties (i) — (iv). O

Lemmal[GIshows that, for every i € N, we may construct the coupling {Cflu (z,y),") :z,y € X}
for {11} (z,) : @ € X} such that Q; ((x,),") < C, ((x,y),-), whereas measures R} ((x,y),")
are non-negative. Following the rules given in (IIJ), (I2)), as well as the whole construction from
Section [I7] we easily obtain the family of probability measures {C}? ;. ((z,9),-) : z,y € X} on
(X?)°° with marginals IS p,  (@,-) and 1170, (y, -). This construction appears in [6]. Note that,
for every n € N and z,y € X, C’,’L‘hm’hn((:n,y), -), constructed as in (II]), is the n-th marginal
of Cp7 1, ((x,y),-). Additionally, {Cy, , ((z,9),-) : x,y € X} fulfills the role of coupling for
{1, 4, (z,)) € X} Indeed, for A € By,

P ((zy) A x X) = / O (w,0), A x X)CPL, ((2,y),du x dv)

X2 5Mn—1
= [ A (g x o) = =T, (o)

and, similarly, C’,’L‘hm’hn((x,y),X X B) = Hgl’m’hn(y,B).

Fix (7g,y0) € X? and (hy)nen C [0,€). The sequence of transition probability func-
tions ({C}f1 n((y),) « zy € X }) N defines the non-homogenous Markov chain W

refin ne
on X? with starting point (zg,y0), while the sequence of transition probability functions
<{C7;1 n (,y,0),-) tx,y € X, 0 € {0,1}}) N defines the Markov chain ¥ on the augmen-
yeenitn (Le ~

ted space X? x {0, 1} with initial distribution C°((x0,0), ") = (0 40,1)(-)- If ¥y, = (,y, 1), where
xz,y € X,i € {0,1}, then

Prob(¥,41 € A x B x {1} | ¥, = (z,y,4),i € {0,1}) = QF, ;. ((z,y),A x B),

Prob(W,, 1 € A x B x {0} | Wy, = (z,9,1),i € {0,1}) = R}, ((x,y), A x B),
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where A, B € Bx. Once again, we refer to (I]), (I2) and the Kolmogorov theorem to obtain the
measure C37 ;. ((20,Y0),") on (X2 x {0,1})> which is associated with the Markov chain V.

From now on, we assume that processes ¥ and v taking values in X 2 and X2 x {0,1},
respectively, are defined on (Q,F,P). The expected value of measures Cp7, ~ ((z0,%0),"),

éﬁih2,...((9€0= Yo0), -) is denoted by E, 4.

VIII. AUXILIARY THEOREMS

Recall that a is given by (). Fix »c € (0,1 — a). Set

K, ={(z,y) € X?: V(z,y) < 2},

where c is given by ([[0). Let d : (X?)>*° — N denote the time of the first visit in K, i.e.
A((Xpn, Yn)nen) = inf{n € N : (z,,yn) € K., }.

As a convention, we put d((zy, Yn)nen) = o0, if there is non € N such that (z,,y,) € K.
Theorem 7. For every ¢ € (0, 1) there exist positive constants Cy, Cy such that

Ergol(a+ )~ < C1V (20, %0) + Co-
Proof. Fix (z0,90) € X2 Let ¥ = (2, Yn)nen be the Markov chain with starting point (zo, yo) and
sequence of transition probability functions ({C’,llz((x,y), Jixyye X })ZEN. LetF, C F,n € N,
be the natural filtration in 2 associated with ¥. We define

Ay ={weQ: ¥, = (z;(w),yi(w) ¢ K,, for i=1,...,n}, néeN.

Obviously, A,+1 C A, and A4,, € F,,, forn € N. In consequence of (I3]), as well as the definitions
of A,, and K., the following inequalities are P-a.s. satisfied in 2

1AnE900,y0 [V($n+1’ yn+1)|Fn] < lgu, (aV(:L’n, yn) + 20) < la, (a + %)V(xm yn)

Accordingly, we obtain

/ V (2, ) AP < / V (s ) AP = / B[V (@, o) | Fo1]dP
An An 1 An 1

< / [aV (2p—1,Yn—1) + 2c]dP < (a + %)/ V(Zn_1,Yn_1)dP.
An 1 A

n—1

On applying these estimates finitely many times, we obtain

/ V(2n,yn)dP < (a+ )" [ V(zy,y1)dP < (a+ »)" " aV (20, y0) + 2c].
Aq

Note that
P(A,) < /A 2(20) TV (20, yn)dP < 2[2¢(a + )] (a + )" [aV (0, y0) + 2d].

Set ¢ := x[2c(a + )]~ aV (zo,y0) + 2¢]. Then, P(A,) < (a + »)"¢. Fix ¢ € (0,1). Since d takes
natural values n € N, we obtain

[e.9] o0 o0
Z(a—l—% )~"P(A Z a+2)""a+x)"e = Z(a+%)(1_<)"é
n=1 n=1 n=1

which implies convergence of the series. The proof is complete by the definition of ¢ and with
properly choosen (', Cs. O
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For every positive r > 0, we define the set

Cr = {(z,y) € X%: o(z,y) <r}.

Lemma 8. Fix a € (a,1). Let C, be the set defined above and suppose that b € Mg, (X?) is such that
supp b C C,.. There exists 7y > 0 such that

(@hyo D) (Canr) = 7" ([0
for 6 and M defined in assumption (V) (see Section [[1).
Proof. Recall that zZ is given by (9). Directly from (7)), (I6) and (I5) we obtain
(@hy,h
/X2 /X2 / min{p(u, t,) (v,tn)}d(Thn (u,tn),Thn(v,tn))(C&”?“)dthzl—,.l..7hn,1((x7y)vdu X dv) b(dx x dy)

/X2 [/(OT) Lc.n, (T, Z%) min{p(Z; _ 1,tn),p(£%_1,tn)}...min{p(a:,tl),p(y,tl)}dtn...dtl b(dx x dy).

Note that 1¢,,,, (%, z3) = 1if and only if (¢1,...,t,) € T, where
Toim A{t1 oo ta) € (0, 5 0(i2,7) < '},

Set 7, := (0,7)"\T,. Note that, according to assumption (II), we have
/ o(Z5, (L _1 tn) ... p(x, t1)dty, ... dty < a"o(z,y) < a™r
for (z,y) € C,. Comparing this with the definition of 7., we obtain

d”r/ p(ZTr_qtn) ... p(x, ty)dty, ... dty < a”r,

which implies

n

~ a
/ P4, t) -l ) < <1

n

/N

We then obtain that the integral over 7,, is not less than 1 — )" =: 4", for sufficiently

a
a

big n € N, which provides, using assumption (V), that | 7,,| > (% Fmally,

JRLE

If we set 5 := §M ~1~, the proof is complete. O

(@ D(Cone) = [ Tz y) > o7

=[=

Theorem 9. For every s € (0,1 — a), there exists ng € N such that

) 1771
Hth,h2,...((x7y)7 )” > 5'7 0 fOT’ (‘Tvy) S K%/

where 5 > 0 is given in Lemmal8l
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Proof. Note that, for every real numbers u, v € R, thereis a general rule: min{u,v}+|u—v|—u > 0.
Hence, for every (z,y) € X2 and i € N, we obtain

T
| [mintpta. )50} + lp(e.0) = plo. 6] = pla. ) dt >0

and therefore, due to (15),

T
1QL, (). )| + /0 ip(e.1) — ply,1)]dt > 1.

For every b € Mg, (X?), due to the Dini condition (see assumption (IV)) and the Jensen inequ-
ality, we get

1Q)b] = / QL (2,y), X2)b(dr x dy) = / 1QL (), )|b(de x dy)
X2 X2
> ] - / wlo(e,y))b(de x dy) > [b] - w(d(b)).
X2
Then, by (I8]),

1Qhy,...n, 0l =/X2 Qh, (), )(Qp Ly, D)(dz xdy) > Q! bl = w(d(@ ), b))
> [|bl] = w((Qh,b) — .- — w(¢(Q2‘17___7hnb))-

Following (19) and recalling that w is non-decreasing, we obtain

n

1R, = (6] = > w(a™"o(b).

i=1

See ([Bl) to recall the definition of . Thanks to assumption (IV), we know that lim;_,q ¢(t) = 0.
Hence, we may choose 7 > 0 such that if o(z,y) < r and therefore a='¢(b) < ra~!|/b, then

Y w(a o) < e(ate(b) < 50l
If supp b C C,, then we obtain

2]

Q% 1y, bl = 5 (20)

Fix » € (0,1 — a). It is clear that K,, C C,-15. If we define ngp := min{n € N :
a"(%)712¢ < r}, then Cyng,-19. C C,. Remembering that Qn+mhn,hn+1,...7hn+m(($v9)7‘) =
(@ v e @y ) (2, ), +) and using the Markov property, we obtain

Qﬁ“i,h%___((ﬂfa Y), X2) = (Qﬁ0+1,... Z(l),...,hno)((xv Y), X2)'
Then, according to (20) and Lemma[8, we obtain

HQ 1 ((33’ )7)| 'rH
Q7S ha,. (@, 9): ) = NQF, 4 QY ) (259),) ] = Btpeeshing : Y),)le

N Z(l)y---7hn0((x’y)’cr) > Q;Lul)7---,hn0((xvy)7Ca”O%*12C) N ’7_"0
N 2 - 2 -2

for (z,y) € K... This finishes the proof. O
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Definition 10. Coupling time 7 : (X2 x {0,1})> — N is defined as follows

T((@n, Yn, On)nen) = inf{n € N: 0y =1 for k > n}.
As a convention, we put 7((xy,, Yn, On)nen) = 00, if there is non € N such that 0, =1 for every k > n.
Theorem 11. There exist G € (0,1) and Cs > 0 such that

Euyld™] < Cs(1+ V(a,y) for (z,y) € X

)

Proof. Fix s € (0,1 —a) and (7,y) € X2. To simplify notation, we write o = (a + %)_%. Let d be
the random moment of the first visit in K. Suppose that

dy=d, dyt1=d,+doly,,

where n € N and T, are shift operators on (X2 x {0,1})*, ie. Tn((xk, vk, 0k)ken) =
(Tktns Yktns Ok+n)ken. Theorem [0 implies that every d,, is Cp7 ;. ((#,y),-)-a.s. finished. The
strong Markov property shows that

Epyla®oTy,|Fy,] = E(;pdmydn)[ad] forn e N,

where F,; denotes the o-algebra on (X2 x {0,1}) generated by d,, and ¥ = (z,,,y,)nen is the
non-homogenous Markov chain with sequence of transition probability functions ({C’,i ((z,y),-) :
x,y € X})ien. By Theorem[7land the definition of K,,, we obtain

)

Epyla™ ] = B,y [adn E(xdmydn)[ad] < By yla™](Crse 2 + Cy).

Fix n = C15712¢ + C,. Consequently,

By yla®™ ] < "By yla?] < 0" [C1V (2,y) + Col. (21)

)

We define 7((@n, Yn, On)nen) = inf{n € N : (x,,yn) € K., 0 =1 fork > n}and o = inf{n €
N : 7 =d,}. By Theorem[J] there is ny € N such that

—ng

CR2 o ((@,), {0 >n}) < (1 - 77)" forn e N. (22)

Let p > 1. By the Holder inequality, (21]) and (22]), we obtain

Si@w“%k<2( 5) (O . (@) Lo = k) 7

k=1

11 k 1 1y
[C'1V(x y)+02];1,77 111 77];(1_ 5;},n0)(/€ I5]¢! 11))
k=1
r 7 l _1 _n _ 1 © l 1_n k
-t egbro- LS () e
k=1 27

For p sufficiently large and ¢ = a_%, we get

Euyli] = Esylar] < (1+ V(z,y))Cs

) )

for some Cj. Since 7 < 7, we finish the proof. O
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Lemma 12. Let f € L. Then, there exist g € (0,1) and Cs > 0 such that
/X2 [f () = f(0) (51055 b,y (2,9), ) (du x dv) < ¢"C5(1+ V(2 y)) for every z,y € X, n € N,

where IT% : (X2 x {0,1})* — X? x {0, 1} are the projections on the n-th component and I, : X? x
{0,1} — X? is the projection on X>.

Proof. Forn € N we define sets
An ={t € (X2 x {0,11)>° : 7(t)
{ 2 (1)

= (X? x {0,1})*, so, for n € N, we have

2
Cﬁi@,...((% y)v ) = Cﬁi@,...((% y)v )|A% + O}i?,hg,...((:pv y)’ )|B% :

<
>

NSN3

2
}.

t
t

Hence,

[0 = PO ,(9). iy e o)
+ [ 100 = FOIRICR , (2,0))ay )du x do)
X2

< /X 00, 0) (T O3 . (,0), My ) (du x dv) + 2658 4, ((2.9), By)

Note that, by iterative application of (I9J), we obtain

[ o) OS (7200, ag ) = ST (O, (2:9). )
< QL%J (b(Hi;{ZH)[nTHJ (éf?f,hg,((x7 y)7 )‘A% ))

Then, it follows from (I3)) and (I4)) that

2c
1—a’

n+1

¢(H§(2HT”THJ (éfczf,hz,...((:nay)’ )|A%)) < aL 2 JV(ﬂj‘,y) +

We obtain

/X2 [f () = FO)I (I CR p,. (2,), ) (du x d)

n

n ntl) - 2c 00
< al3l [at =V (2,y) +m] + 2055 by, ((z,y), Bn).

It follows from Theorem [IT]and the Chebyshev inequality that

3

Ao Ao n Aoo JU U
Chl,hg,...((x,y)aB%) = Cpy by, (@), {7 > 5}) = Cpi o, ((m9), {07 > G 2})

Epylg™7| _ on =

< % < q203(1 + V(ﬂf,y)),
q 2

for some ¢ € (0,1) and C5 > 0. Finally,

/X2 [f () = FO)(TTTCR by (2,9), ) (du x dv) < a3 1041+ V (2,y)) + 242 C3(1 + V(2,y)),

where Cy = max{a%, (1 — a)~'2c}. Setting q := max{a%,q%} and C5 := C4 + 2C3, gives our
claim. O
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Remark 13. If g : X — R is an arbitrary bounded and Lipschitz function with constant L, then, there
are g € (0,1) and Cs > 0, exactly the same as in Lemmal[l2} for which we obtain

/X2 l9(u) = g(0)| (I IL,C55 1, ((2,9), ) (du x dv) < Gg"Cs(L+ V (x,y)) for every 2,y € X, n € N,

where G := max{Ly,sup,cy |9(x)|}.
Theorem 14. There exist g € (0,1) and Cs > 0 such that
005, op (@) =105, (s )lle < ¢"C5(1+ V(a,y)) for z,y € X and n e N.

Proof. The theorem is a consequence of Lemmal[I2 It is enough to observe that

HHh1, 7n($’ ) h17 hn y’ HE —sup‘/ f h1, h ( ")_ 21,...,hn(yv ))(d'z)
= oup| [ (FCer) = FED M0 1, () )l )]
feL'JXxz2

Hence, using the argument of Lemma [I2] we obtain

”Hgl,...,hn(x7 ) - Hgl,,,,,hn(y7 )HC S anS(l + V(Z’, y))7

which finishes the proof. O

IX. EXPONENTIAL RATE OF CONVERGENCE - PROOF OF THEOREM 1

Note that we may write

:// / n (@) (dhy) . (dhy u(d).
X JB(0,e) B(0,¢)

Comparing this approach with Remark 1 and Lemma 1, we see that P. is Feller and, for every
n € N, it satisfies the following property

c

(V. i) < a™(Vp) + 37—

(23)

We present the proof of Theorem 1 below.

Proof of Theorem 1. Let pq, u2 € M1 (X). We first want to evaluate || P?uy — PP sl . Let f € £. We
obtain

[(f, Pty — P2 o)l

‘//05 /Oa/f i (@, d2)V5 (dhy) - v (dhy) pa (dir)
_//05 "'/(05 / FCITG, p (s d2)" (@) . v (dhn s (dy)|

) )

‘/ /X 500 Jp0e) /Xf ()T, ., (2 d2)0% (dhn) v (dha s ()| ()
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Now, following the result from Theorem [14]

T, () =TI, o, () lle < ¢ C5(1+ Vi, ),

where g and Cj are independent of choice of iy, hs, ..., we obtain the inequality

|(f, P2y — P2 g

)
-[[1/ . / . Mt = [ O, 0.02)

v (dhy) ... I/e(dhn)] w1 (dz)pe(dy)

<UL M ) = T8, ) () v () s (sl
x Jx LJB(0e) B(0,¢)

SanS/X/X [/B(O’E).../B(O’E)(l+V(w,y))ys(dhl)...ue(dhn) w1 (dx)pa(dy)
=a'Cs [ [ (14 Vi pn o)),

where measures p1, 12 € M (X).
Now, set y1 := p € M{(X) and ps := P™u € M} (X), for arbitrary m € N. Note that it follows
form Lemma 1 that P™y is with finite first moment if 1 € M. We obtain

|PP— PP < g C / / (1+ V() a(da) P u(dly)
XJX
=0'G[1+ [ V@) + [ VP ] < 'y

for some constant Cg. Hence, (P2 1t)nen is a Cauchy sequence in (M;(X), ||| z). Itis then proven,
because of completeness of the space, that (P u)nen converges in (M (X), | - [|z). Put p.(u) =
lim;, ;o P’ . As mentioned before, we know that P. is a Feller operator and this impies that the
measure i, (y) is invariant. Then, for p1, 2 € M{(X) and every € > 0, we have

s (1) — s (pe2) e < |l (pa) — Pl palle + [1P2pn — Pl palle + (s (p2) — Plusllc < e

for sufficiently large n € N. Hence, we have the invariant measure y, := f.(p) which is unique
in M{(X). We should make it clear that ;. € Mi(X). Note that we can take a non-decreasing
sequence (Vi)ren such that Vi (y) = min{k,V (y)}, forevery k € N and y € X. Fix z € X. From
the first part of the proof, we know that (f, P"'J,) converges to (f, u.) for every f € L, which
means, by the Aleksandrov theorem (see Theorem 11.3.3 in [B]), that P4, converges weakly to
ft«, since both measures are probabilistic. Hence, for all k € N, V;, € C'(X) and we obtain

lim [ Vi(y)Pl'0g(dy) = /X Vie(y) s (dy).

noo ) x
Note that, according to 23), for every n € N,
(Vie, P"6,) = a™(Vi, 0,) + (1 —a) e < a"Vi(z) + (1 —a) e
and, additionally,

(Viey pto) = lim (Vi,, PP'3z) < (1= a)”'c,
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so the sequence ((Vj, ps))ken is bounded. Because (V})ren is non-negative and non-decreasing,
we may use the Monotone Convergence Theorem to obtain

/X V(y)u(dy) = lim /X Vi (y) p (dy).-

Then, V is integrable with respect to ji., 50 ji, is with finite first moment.
Keeping in mind that V' (z,y) = V(x)+ V (y), the exponential rate of convergence to the unique
invariant measure y, € M{(X) derives from the following estimates

1P — e < /X /X ¢"Cs(1+ V() s (dy)p(de) < ¢"C,

where C := [ [ C5(1+ V(z,y))us(dy)pu(dz) < oo for p € M{(X). Finally, since C is dependant
only on y, the proof is complete.
U

X. CENTRAL LIMIT THEOREM - PROOF OF THEOREM 2

Let us first make the follownig observation.

Lemma 15. If p € M?(X) is with finite second moment, then (V2, P*'u) < oo and therefore j, =
() = limy, o0 P has finite second moment.

Proof. Let p € ME(X). Fixx € X, n > 1. Recall that A < 1/2 and c are given by (8) and (I0),
respectively. Moreover, Z% is of the form (9). Reasoning as in Lemma 1, we obtain

(V2P i
/ / / n—17tn)---p(w,tl)dtn...dtl]u(dx)
/ / / 20°(%5,70) + 20°(F5, @) [p(E5 1 tn) .. p(w,t1)dby, . . dtypu(da)
<2/ / / Az '/\2(33’“)92(33’3_3)+292(3_3’53f)+492(53?53§)+492(5:§,5:2)]

p(TE_1 tn) ... p(x, t1)dty, ... dtyp(dx)
<2M(VE ) 4 222 (1 4 2A + ...+ 2"A")
2
— 2N’
Estimates are independent of choice of sequence (h,,)nen and therefore (V2 P ) < 2A™(V2, u)+
4c?(1 — 2A)~1. We take a non-decreasing sequence (V;?)xen such that V?(y) = min{k, V?(y)}, for

every k € N and y € X. We know that P”u converges weakly to p,. Hence, for all £ € N,
V2 € C(X)and

< 20™(V?, 1) —|—4

lim Vi, PPy = (Vi ) < 4 (1—20)7"

so the sequence ((V;2, u.))ken is bounded. Because (V;?)ken is non-negative and non-decreasing,
we may use the Monotone Convergence Theorem to obtain

<V27 :u'*> = k11_>H;0<Vk27 M*>

so, indeed, i, is with finite second moment. O
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Let 7, and @7}, be as in Section[[T]l In particular, n} and 7 are defined for the Markov chains
with the same transition probability function II. and initial distributions p, and d,, respectively.
Further, let g : X — R be a bounded and Lipschitz continuous function, with constant L,, which
satisfies (g, j«) = 0.

Central Limit Theorems for ergodic stationary Markov chains have already been proven in
many papers. See, for example, Theorem 1 and the subsequent Corollary 1 in [14] by Maxwell
and Woodroofe. The following lemma implies that assumptions of Theorem 1 and Corollary 1
([|1_A|]) are satisfied.

Lemma 16. Let g : X — R be a bounded and Lipschitz continuous function with constant L,. Additio-
nally, (g, jt«) = 0. Then,

5371_3/2 [/X (S(g,Pféﬁ)zu*(dx)} i < 00 (24)
n=1 k=0

Proof. Note that, by Lemma[I2land Remark[13]

i
L

n—1

> g PEa) =S ((g. PEon) = (g.11.))

k=0 k=0
n—1
— Py k z.)) — k ] . )
N kZ:O/X |:/Xg( )(Ha( ’ ) Ha(% ))(d )],U (dy)
n—1 )
= kZZO/X [/Xz(g(zl) _9(22))(H}zHZCﬁ?ﬁQ’M((x’y)7.))(dzl % d22)] ,U*(dy)
. n—1

Gi"C [ (1+ V) ().

o
[e=]

Then, foreveryz € X, n € N,

n—1 n

S g, Pro,) < GCs =1
k=0 1—q

[0+ Vet < G+ V@),

where Cy := GC5(1 — q)"'(1 + [ V(y)ps(dy)). Keeping in mind that p, is with finite second
moment, we obtain that (24]) is not bigger than

Zn_?’/z[CS(l +2V + V2 p)])V? <

n=1
and the proof is complete. O

Hence, by applying Corollary 1, we obtain that ®7; converges to the normal distribution in
Levy metric, as n — oo, which equivalently means that the distributions converge weakly to each
other (see [@] for proofs).

Now, the idea of the proof is based on the following remark.

Remark 17. Note that, to complete the proof of Theorem [2} it is enough to establish that ®nl, converges
weakly to ®n}, as n — oo. Equivalently, it is enough to show that lim,_, ||®nh — @0kl = 0, since
weak convergence is metrised by the Fourtet-Mourier norm.
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Proof of Theorem 2. Set x,y € X and choose arbitrary f € L. Suppose that we know that the
following convergence is satisfied, as n — oo,

| [ ez - [ wen] - o. 25)

Then, by the Dominated Convergence Theorem, we obtain

[ sweian - [ s )
S/X/X‘/Rf(u)qmﬁ(du)—/Rf(v)<1>17§/z(dv) 1(dz) e (dy) — 0

as n — oo. Note that, by Theorem 11.3.3 in [, (26) implies that &7}, converges weakly to ®n;,
as n — oo, which, according to Remark [I7] completes the proof of the CLT in the model. Now, it
remains to show (25)). Note that

(26)

‘/ Fw) @y (du) — /f YO (dv) ( - (/ n+g(un))ﬂé’“""(x,du1 X o % duy)
/n f(g(v1) +\/ﬁ+ g(vn)>H;"“’”(y,dv1 X ... x duy)l,
(27)

7 YL

where T " (z, -) :fB(0€ : fB(Oe B (@ )ve (dha) . . v (dhy,) is a measure on X"'. We may

write
‘// n+ g(un)) _f(g(v1)+.\/--ﬁ+ g(vn)ﬂ

e
<
(x2)"

where IT} ¢ (X? x {0,1})® — (X? x {0,1})" are the projections on the first n components and
IT%,, @ (X2 x {0,1})™ — X?" is the projection on X?". Since f is Lipschitz with constant L, we

I, (@, duy % % dug T, (y,doy % ... x dog)

+ g(’un)) ‘

(28)

f(g(ul) +\/ﬁ f<9(?11) +\/ﬁ

( e 16 CA’ﬁih%((:n,y),-))(dul X .o X duy X dogp X ... X doy),

+ g(”ﬂ))

X2n *

may further estimate (28) from above
Ly Lo §
% x2n |:|g(UI) B g<v1)| et |g(un) N g(vn)|] ( XQ"H Ch1,h2...(($y y)v )> ((duz X dUi)i:l)

= EX [ ) o0, (). ) ).

Now, for every 1 < i < n, we refer to Lemma [12land Remark [13] to obseve that (28] is not bigger
than

n

L:G 1 1-— _
o chs ) =n AL GO (14 V()

Note that the expression above is independent of choice of sequence (hy,),en and, thanks to this, is
also the upper bound of (27)). We go with n to infinity and obtain (25]). The proof is complete. [
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