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ALGEBRAICALLY IRREDUCIBLE REPRESENTATIONS AND
STRUCTURE SPACE OF THE BANACH ALGEBRA
ASSOCIATED WITH A TOPOLOGICAL DYNAMICAL SYSTEM

MARCEL DE JEU AND JUN TOMIYAMA

ABSTRACT. If X is a compact Hausdorff space and o is a homeomorphism of
X, then a Banach algebra £ (X)) of crossed product type is naturally associated
with this topological dynamical system > = (X, o). If X consists of one point,
then ¢(X) is the group algebra of the integers.

We study the algebraically irreducible representations of £!(X) on complex
vector spaces, its primitive ideals, and its structure space. The finite dimen-
sional algebraically irreducible representations are determined up to algebraic
equivalence, and a sufficiently rich family of infinite dimensional algebraically
irreducible representations is constructed to be able to conclude that £1(X) is
semisimple. All primitive ideals of £1(X) are selfadjoint, and £1(X) is Hermit-
ian if there are only periodic points in X. If X is metrizable or all points are
periodic, then all primitive ideals arise as in our construction. A part of the
structure space of £1(X) is conditionally shown to be homeomorphic to the
product of a space of finite orbits and T. If X is a finite set, then the structure
space is the topological disjoint union of a number of tori, one for each orbit
in X. If all points of X have the same finite period, then it is the product of
the orbit space X/Z and T. For rational rotations of T, this implies that the
structure space is homeomorphic to TZ2.

1. INTRODUCTION AND OVERVIEW

If X is a compact Hausdorff space and o is a homeomorphism of X, then there
is a Banach algebra ¢!(X) of crossed product type associated with the dynamical
system ¥ = (X, o). It is an involutive algebra, and there is a significant amount of
literature on the relation between the properties of the enveloping C*-algebra C*(3)
of /1(X) and those of the dynamical system. The algebra ¢!(X) itself, however, is
far less well studied, even though it is arguably more naturally associated with ¥
than C*(X), the construction of which takes one extra step. The investigation of
¢1(X), which is an algebra with a more complicated structure than C*(X), has been
taken up in [I0] and has been continued in [IT] and [12].

The present paper is a further step in the study of ¢}(¥). It fits into what
seems to be an emerging line of research where Banach algebras of crossed prod-
uct (or related) type are considered that are associated with (abstract) dynamical
systems, but that are not C*-algebras or closed subalgebras of C*-algebras. We
refer to [3 [, Bl [6 8 @ 18, 19 20] as examples of this development. These new
algebras present an extra challenge compared to C*-algebras, because the latter
with their rigidity properties are still reasonably manageable, and have a relatively
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uncomplicated—though still far from trivial—structure. As an example, the al-
gebra (*(Z)—our algebra ¢1(X) reduces to this algebra when X consists of one
point—has closed non-selfadjoint ideals, whereas this is of course no longer true for
its enveloping C*-algebra C(T).

In this paper, we concentrate on the algebraically irreducible representations of
/1(¥) on complex vector spaces, the primitive ideals, and the structure space of
¢1(¥). Hence there is no topology on the representation space involved, although
the fact that a topology can always be brought into play (see Theorem 21I) will
play an important part in the proofs. This is contrary to what sometimes seems
to have become the main objective (in particular for involutive Banach algebras),
namely to study topologically irreducible (*-)representations. In many basic papers,
including [21], this is done without further comment, and also the present authors
have used this definition of an irreducible representation in [I2]. The fact that
for C*(X)-algebras there is no difference (see Theorem 2.2) will have encouraged
this tendency. In the present paper, however, we return to the purely algebraic
viewpoint. This gives the correct definition of a primitive ideal that enables one to
introduce the hull-kernel topology on the set of primitive ideals.

The reader who is familiar with the formulas used to define representations of
¢1(X) in [I0, IT] 2] will notice a clear similarity with the formulas in the present
paper. Although these formulas have certainly been an inspiration, the similarity
does not go much further than that, because in a purely algebraic context we need
other techniques than in the previous papers. For example, it is not so difficult to
determine the finite dimensional algebraically irreducible *-representations of £}(X),
since there is a theory of states available in this Hilbert space context, but to show
that these actually exhaust the finite dimensional algebraically irreducible repre-
sentations on complex vector spaces up to equivalence is another matter. Likewise,
with every aperiodic point we shall associate a representation of ¢!(X) on ¢?(Z)
for every p € [1,00]. It is easy to show that this representation is topologically
irreducible if p € (0,00) and not topologically irreducible if p = co (see Proposi-
tion B.IHl), but proving that it is algebraically irreducible if p = 1 is more demanding
(see Proposition B13)).

This paper is organised as follows.

In Section [2 we establish notation, collect non-trivial key material on alge-
braically irreducible representations of Banach algebras, introduce our Banach al-
gebra ¢1(X), and establish basic results on dynamical systems that are induced by
non-zero homomorphisms from ¢!(X) into a normed algebra.

Section [ contains the description of all finite dimensional algebraically irre-
ducible representations of £1(X) up to algebraic equivalence (see Theorem [3.5]). For
p € [1,00], the representations of £}(X) on ¢?(Z) associated with aperiodic points
are introduced and investigated from the viewpoint of equivalence (see Proposi-
tions and BI0) and algebraic and topological irreducibility (see Theorem [3.16]).
With the primary algebraic goal of this paper in mind, we could have restricted
ourselves to the algebraically irreducible representations on ¢1(Z) and their alge-
braic equivalences, but it seemed less than satisfactory not to present the complete
picture.

Section M combines the algebraically irreducible representations from Section Bl
with the technique of induced dynamical systems from Section 2l It is shown that,
even though we do not generally know them all, every primitive ideal of ¢1(X) is
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selfadjoint (see Theorem F3). Furthermore, £*(X) is a Hermitian Banach algebra
if all points of X are periodic (see Theorem 7). If X is metrizable, then, even
though we do not generally know all infinite dimensional algebraically irreducible
representations, we can still show that all primitive ideals can be obtained from
Section [ (see Theorem FLI])). This section also contains—partly as a prelude to
Section Bl—a more detailed investigation of the primitive ideals originating from
Section Bl There are already enough of these to conclude that ¢!(X) is semisimple
(see Theorem F.TT]).

The final Section [ concentrates on the structure space of £1(X), i.e. on the set
of primitive ideals of £*(¥) in the hull-kernel topology. Several results of Section [
can be interpreted in this context (see Theorem [BEI)). The main goal of this section
is the description—under conditions—of parts of this structure space as topological
products of spaces of finite orbits and T (see Theorem [B.I0). If X is a finite set,
then the structure space is the topological disjoint union of a number of tori, one
for each orbit in X. If all points of X are periodic with the same period, then it is
homeomorphic to the product of the orbit space X/Z and T. For rational rotations
of T, this implies that the structure space is homeomorphic to T2. The methods
in Section [B] could conceivably be adapted to yield similar results for the structure
space of C*(X), but further research is needed to explore this perspective.

2. PRELIMINARIES

This section contains the necessary preliminary definitions and results.

We start by introducing some conventions and terminology for representations.
The latter, which we give in detail since there are various different terminologies
in use, is consistent with that in [I7], with the exception that—to prevent any
misunderstanding—we write ‘algebraically irreducible’ where [I7] uses ‘irreducible’.

All vector spaces in this paper are complex. Algebras are not necessarily unital.
Ideals of an algebra are two-sided; ideals of normed algebras are not necessarily
closed. A representation of an algebra A on a vector space E is a not necessarily
unital homomorphism 7 : A — L(F) into the linear operators £(F) on E. It is
algebraically irreducible if m(A)(F) # {0} and the only invariant subspaces of E are
{0} and E. An algebraically irreducible representation of a unital algebra is neces-
sarily unital. If F is a normed space, then a normed representation of an algebra A
on F is a representation m of A on E such that 7(A) C B(E), where B(E) denotes
the bounded operators on E. A normed representation is topologically irreducible
if 7(A)(F) # {0} and the only closed invariant subspaces of F are {0} and FE. A
topologically irreducible normed representation of a unital algebra is necessarily
unital. A normed representation of a normed algebra A on a normed space E is
continuous if m : A — B(F) is continuous, and it is contractive if m : A — B(E)
is contractive. The notions *-representation and algebraic equivalence, topological
equivalence, isometric equivalence, and unitary equivalence of representations are
self-explanatory. A *-representation of a Banach algebra with isometric involution
on a Hilbert space is automatically contractive.

Next, we collect some non-trivial facts on algebraically irreducible representa-
tions of Banach algebras.

Theorem 2.1. Let A be a Banach algebra and let E be a vector space. Suppose
that m: A — L(E) is an algebraically irreducible representation. Then:
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(1) The algebra of intertwining operators on E consists of the complex multiples
of the identity.

(2) E has a unique Banach space topology relative to which 7 is normed. There
exrists a norm inducing this topology such that m is a contractive represen-
tation.

(3) An algebraic equivalence between two algebraically irreducible normed rep-
resentations of A on Banach spaces is a topological equivalence.

Part (1) follows from [2] Corollary 25.3.(i) and Theorem 14.2], where we use the
fact that we are working over C. The first part of (2) is [I7, Corollary 4.2.16.(a)],
and the second part follows from an inspection of the proof of [2 Lemma 25.2], or
as a special case of [I7, Theorem 4.2.7]. Part (3) is [I7, Corollary 4.2.16.(b)].

The fact that every algebraically irreducible representation of a Banach algebra
can be viewed as a continuous (even contractive) representation, as asserted in
part (2), will be used repeatedly. This possibility is a consequence of the fact that
maximal modular left ideals of a Banach algebra are closed.

The next result may well underlie the fact that in parts of the literature the ‘irre-
ducibility’ of a normed representation stands for what is ‘topological irreducibility’
in our terminology. The ‘if’ part is Kadison’s result (see [13] or [7, Corollary 2.8.4]);
the ‘only if’ part follows from [7, Corollary 2.9.6.(i)].

Theorem 2.2. Let A be a C*-algebra and let  be a representation of A on a vector
space E. Then 7 is algebraically irreducible if and only if E can be supplied with the
structure of a Hilbert space such that m is a topologically irreducible *-representation

of A on E.

We now turn to the dynamical system and its associated Banach algebra.

Throughout this paper, X is a non-empty compact Hausdorfl space and o :
X — X is a homeomorphism. Hence Z acts on X, and we write ¥ = (X, o) for
this topological dynamical system. We let Aper(c) and Per(o) denote the aperiodic
and the periodic points of o, respectively. We say that (X, o) is topologically free
if Aper(o) is dense in X, and that it is free if the Z-action is free, i.e. if Per(c) = ().
It is topologically transitive if | J,,c, 0™ (V) is dense in X for every non-empty open
subset V' of X. For every integer p > 1, let Per,(o) be the set of points with an
orbit of p elements. A subset S of X is invariant if it is invariant under the Z-action,
ie. if o(S) = S. If S is invariant, then so are its closure and interior. The sets
Aper(o), Per(o) are invariant, as are the sets Pery (o) for every integer p > 1. We
shall write o for a general finite or infinite orbit, and o for the closure of an orbit.

The involutive algebra of continuous (complex-valued) functions on X is denoted
by C(X), and we write « for the involutive automorphism of C(X) induced by o,
defined by a(f) = foo~t for f € C(X). Vian + a”, Z acts on C(X).

With || - || denoting the supremum norm on C(X), we let

NE) = M2, C(X)) = {a 1 Z— C(X) : lall =) a(n)|| < oo} .
nezZ

We supply ¢! (%) with the usual twisted convolution as multiplication, defined by

(ad')(n) =Y a(k) - oF(a’(n — k))

keZ
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for n € Z and a,a’ € ¢*(X), and define an involution on ¢*(X) by
a*(n) = a™(a(-n))

for n € Z and a € (1(X). Thus ¢}(X) becomes a unital Banach *-algebra with
isometric involution, and we call ¢1(X) the Banach algebra associated with . If X
consists of one point, then ¢1(X) is the group algebra ¢*(Z) of the integers.

A convenient way to work with ¢1(X) is provided by the following. For n,m € Z,

let
(m) 1 ifm=nmn;
n} (M) =
Xin} 0 ifm#n,

where the constants denote the corresponding constant functions in C(X). Then
X{o} is the identity element of /'(X). Let § = xy13; then x;_1y = 671 = §*. If
we put 60 = X{o}, then 0" = xypy for all n € Z. We may view C(X) as a closed
abelian *-subalgebra of ¢1(X), namely as {agd® : ap € C(X)}. If a € £}(X), and
if we write f, for a(n) as a more intuitive notation, then a = > ., f,0" and
llall = > ,cz 1 fnll < co. In the rest of this paper, we shall constantly use this series
representation a = Y, 6" of an arbitrary element a € ¢'(X), with uniquely
determined f,, € C(X) for n € Z. Thus (}(X) is generated, as a unital Banach
algebra, by an isometrically isomorphic copy of C(X) and the elements ¢ and 61,
subject to the relation df6~1 = a(f) = foo~! for f € C(X). The isometric
involution is determined by f* = f for f € C(X) and by §* = §'.

We continue our preparations by including some material on Banach algebras
associated with non-empty invariant closed subsets and—this is the actual pur-
pose—with homomorphisms.

For a non-empty closed invariant subset S of X, let

K (S) = {Z fud™ € 6X(2) : fuls =0 for all n € Z}
nez

be the closed ideal of ¢1(X) that is generated by {f € C(X) : fls = 0}. It

is proper and selfadjoint. Since S is invariant, Xg := (S5,0lg) is a topological

dynamical system in its own right; hence there is an associated Banach algebra

?1(Xs). Elements of this algebra can be written as absolutely convergent series
> nez 9nds, where g, € C(S) for n € Z.

Lemma 2.3. Let S C X be a non-empty invariant closed subset, and define R :

(X)) — 1(Ss) by
Rs (Z fn5"> = fals 6%
nez neL
for > cp fnd™ € (X)), Then:
(1) Rs is a surjective unital contractive *-homomorphism;
(2) Ker (Rs) = K (S) is a proper closed selfadjoint ideal of £*(X);
(3) If Qs : L1(Z) — £1(X)/ K (S) denotes the unital quotient *-homomorphism,
then the induced map Rl : £1(X)/ K (S) — €*(Xs) such that Rlyo Qs = Rg
is an isometric *-isomorphism.

Proof. As a consequence of Tietze’s extension theorem, the canonical map from
C(X)/{f e C(X): fls =0} to C(S) is a *-isomorphism of C*-algebras. Hence
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it is isometric. Therefore, if g € C(S) and € > 0 are given, there exists f € C(X)
such that flg =g and || f|| < |lg|l +&. This implies that Rg is surjective. The rest
in (1) is clear, as is (2), and the isometric nature of the induced map R’ in (3)
follows again from the above extension property of elements of C(5). O

The above construction can be put to good use when studying homomorphisms,
as follows. Let m : £}(3¥) — A be a non-zero not necessarily unital continuous
homomorphism from ¢!(X) into a not necessarily unital normed algebra A. If
m(C(X)) = {0}, then «(1) = 0, implying that 7 = 0. Since this is not the case,
{f € C(X): n(f) =0} is a proper a-invariant closed ideal of C'(X). There exists
a unique closed subset X, of X such that, for f € C(X), n(f) = 0 if and only if
fIx,. = 0; we see that X, is non-empty and o-invariant. The dynamical system
Y = (Xx,0x,) is called the dynamical system induced by w. The continuity
of 7 implies that K (X,) C Ker (7); hence we have a continuous homomorphism
7 0Y(X)/ K (X;) — Asuch that 7 = Qx,_ o7, where Qx, : £1(2) — (1(X)/ K (Xx)
is the quotient map. Then ||7| = ||«||. On the other hand, Lemma 23] shows
that the map Ry : £1(X)/K (Xx) — £'(X5) such that Ry o Qx, = Rx, is an

isometric *-isomorphism. If we let 7/ = 7 o (foﬂ)fl, then 7' : (1(X,;) — Ais
continuous, ||7’|| = ||7]| = |||, and 7 = 7’ o R. The following is now clear.

Proposition 2.4. Let 7 : (1(X) — A be a non-zero not necessarily unital contin-
uous homomorphism from (*(X) into a not necessarily unital normed algebra A.
Then {f € C(X) :w(f) =0} ={f € C(X) : flx, =0} for a unique closed subset
X of X. This X is non-empty and invariant; hence it yields a dynamical system

Yo = (Xa,0lx,). Define Rx, : (1(Z) — 1(Z:) by

Rx, (Z fn6"> = fulx, 0%,

nez nez
Jor > cq fnd™ € (X(X). Then:

(1) Rx, is a surjective unital contractive *-homomorphism;

(2) There exists a unique map 7' : £*(X;) — A such that 1 = ' o Rx_.. This
7 is a continuous homomorphism and ||7'|| = ||7||. If A is unital, then ®
1s unital precisely when 7' is unital. If A is involutive, then 7 is involutive
precisely when 7' is involutive;

(3) 7' is injective on C(Xr);

(4) If A = B(E) for a normed space E, then 7 is an algebraically (resp. topo-
logically) irreducible representation of (1(X) on E if and only if ©' is an
algebraically (resp. topologically) irreducible representation of £*(3) on E.

Remark 2.5. If 7 : }(X) — L(F) is an algebraically irreducible representation of
¢1(X) on a vector space F, then, as noted in Theorem [T} we may assume that E is a
normed space (even that it is a Banach space) and that 7 : A — B(FE) is continuous
(even that it is contractive). Hence we can assign an induced dynamical system
Y. and corresponding Banach algebra ¢!(X,) to every algebraically irreducible
representation of £}(3), and Proposition 2.4 applies. We shall exploit this several
times in Section @l

The following result is the cornerstone when showing that the primitive ideals
corresponding to the infinite dimensional algebraically irreducible representations
of /1(X) are selfadjoint (see the proof of Theorem F3). It relies on one of the main
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results of [I0]: the commutant C'(X)" of C(X) in ¢}(X) has non-zero intersection
with every non-zero closed ideal of ¢1(X) (see [10, Theorem 3.7]).

Proposition 2.6. Let m be a non-zero not necessarily unital continuous homo-
morphism from (1(X) into a not necessarily unital normed algebra A such that
its induced dynamical system . is topologically free. As in Proposition let
7' 01 (S,) — A be the continuous homomorphism such that m = 7' oRx,_. Then 7'
is injective on £1(X,). Consequently, Ker (1) = Ker (Rx,) = K (X,) is the closed
ideal of £1(X) that is generated by {f € C(X) : flx, = 0}. In particular, Ker ()
is selfadjoint.

Proof. To see that 7’ is injective, assume that Ker (') # {0}. Then the result men-
tioned preceding the theorem, applied to ¢1(X,), implies that Ker (7') N C(X,) #
{0}, where C(X,)" is the commutant of C(X,) in ¢}(X,). However, since ¥ is
topologically free, [I0, Proposition 3.1] implies that C'(X,) = C(X,). Hence
Ker (7")NC(X ) # {0}. But this contradicts the injectivity of 7’ on C'(X,) in Propo-
sition[2Z4l Therefore we must have Ker (7') = {0}, and hence Ker (7) = Ker (Rx, ).
The rest is clear. g

We conclude our preparations with a few elementary topological results for which
we are not aware of a reference. They are needed in the proof of Theorems
and B.10

Lemma 2.7. Let S be a topological space.

(1) Suppose that S = \J;_; Si is the finite disjoint union of subsets S;, where
each S; is a closed subset of S that is a compact Hausdorff space in the
induced topology. Then the topological space S is a compact Hausdorff space,
and it is the disjoint union | |\, S; of the topological spaces S; carrying their
induced topologies.

(2) Suppose that S = | |, S; is the arbitrary disjoint union of topological spaces
Si, and that T is a topological space. Then S x T = | |,c; (S; xT) as a
disjoint union of topological spaces.

(3) Suppose that S = | |;c; Si is the arbitrary disjoint union of topological spaces
S;. Let ~ be an equivalence relation on S such that each equivalence class
in S is entirely included in one (unique) S;. Then S/ ~=||;c; (Si/ ~) as
a disjoint union of topological spaces.

Proof. For part (1), we note that each S; is open. Combining this with the fact
that the S; are Hausdorff, one sees that S is Hausdorff. It is now already clear that
S is a compact Hausdorff space. Since the canonical map from the disjoint union of
topological spaces | |\ ; S; to S is a continuous bijection between a compact space
and a Hausdorff space, it is a homeomorphism. This proves (1). Parts (2) and (3)
are completely elementary. O

3. REPRESENTATIONS ASSOCIATED WITH POINTS

In this section, we study representations of ¢1(X) that are naturally associated
with the points of X, and their algebraic and (when applicable) topological equiv-
alence. To each periodic point corresponds a family (parameterized by T) of finite
dimensional algebraically irreducible representations. Each of the pertinent rep-
resentation spaces can be supplied with a Hilbert space structure such that the
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representation is then a *-representations, and, taken together, these representa-
tions exhaust the algebraically irreducible representations up to algebraic equiva-
lence (see Theorem B.5]). The representations associated with infinite orbits have
(P(Z) for p € [1, 00] as representation spaces, and also for these representations we
can resolve the algebraic equivalence and the algebraic or topological irreducibility
questions (see Proposition and Theorem BI0]).

3.1. Preparations. In order not to interrupt the main exposition, we formulate
two preparatory results on representations of ¢1(X) in this subsection that will be
used a number of times.

Part (1) of the following result follows from more general results for covariant
representations of Banach algebra dynamical systems (see [8 Theorem 5.20]), ap-
plied to the case (C(X),Z, ) at hand. However, once one notes that ||§"|| =1 for
all n € Z, both part (1) and (2) can also be derived by elementary arguments for
the discrete group Z; the proof is left to the reader.

Lemma 3.1.

(1) Let 7 : £1(X) — B(E) be a unital continuous representation of ¢*(X) on
a normed space E. Put T = w(0). Then the restriction p := T[c(x) :
C(X) = B(E) of m to C(X) is a unital continuous representation of C(X)
on E, T is invertible in B(E), p(a(f)) = Tp(f)T~* for f € C(X), and
there exists M > 0 such that ||[T"|| < M for all n € Z. If E is a Banach
space, then, conversely, if p and T are given satisfying these four properties,
then there is a unique unital continuous representation w of (*(X) on E such
that its restriction to C(X) is p and T = 7(9).

(2) Let 7 : () — B(H) be a unital *-representation of (*(X) on a Hilbert
space H. Put T = 7(5). Then the restriction p := wlcx) : C(X) — B(H)
of m to C(X) is a unital *-representation of C(X) on H, T is unitary, and
p(a(f)) = Tp(f)T~ for f € C(X). Conversely, if p and T are given sat-
isfying these three properties, then there is a unique unital *-representation
7 of (1(X) on H such that its restriction to C(X) is p and T = 7 (6).

We shall need the following result when studying the common eigenspaces for
C(X) that are associated with representations of £}(X).

Lemma 3.2. Let 7 : (1(X) — L(E) be a unital representation of £*(3) on a vector
space E. Forx € X, let
(3.1) E,={ec E:n(f)e= f(x)e for all f € C(X)}.
Then:
(1) 7(0™)Ey = Egny for alln € Z;
(2) If {z} is an open subset of X and x, € C(X) is its characteristic function,
then 7(xz) s a projection, and w(x.)E = E,.
(3) If 1,...,x, € X are k different points, then the sum Zle E., is a direct
sum.

Proof. If f € C(X) and e € E,, then

w(f)m(d)e = w(@)n(a™" (f))e = (" () (@)7(d)e = f(ow)m(de).
Hence 7(6)E, C E,,. Likewise, 7(0)"'E, C E,-1,; hence Eyy C 7(0)Ey-1,g =
m(0)E,. We conclude that w(§)Ey, = Eyy for all 2 € X, and this easily implies (1).
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For (2), suppose that e € n(xz)E. If f € C(X), then
m(fle = m(f)m(xa)e = 7(fxa)e = 7(f(2)xz)e = f(2)m(xe)e = f(z)e.

Hence m(x,)E C E;. Conversely, if e € E,, then in particular 7(x,)e = xz(z)e = e,
so that F, C m(x,)E. Turning to (3), suppose that Zle e; = 0, where e; € E,,
for i = 1,...,k. For each ip such that 1 < iy < k, there exists f;, € C(X) such
that f(z;,) =1 and f(x;) =0 for i # ig. Letting f;, act shows that e;, = 0.

(]

3.2. Finite dimensional representations associated with periodic points.
The algebraic equivalence classes of finite dimensional algebraically irreducible rep-
resentations of £}(X) can be described explicitly in terms of the space of finite orbits
and T (see Theorem B.H). We shall now proceed towards this result.

One can associate a *-representation with = € Per(c) and a unimodular complex
number A € T, as follows. Let p be the period of z, and let H  be a Hilbert space
with orthonormal basis {eq,...,ep,—1}. Let T € B(H) be represented with respect
to this basis by the matrix

00 ... 0 X
1 0 ... 00
0 1 0 0
00 ... 1 0
For f € C(X), let p,(f) be represented with respect to this basis by the matrix
f(z) 0 e 0
0 flox) ... 0
0 0 . floP7 o)

It is easily checked that p and T meet the boundedness and covariance requirements
in the second part of Lemma B} hence there exists a unique *-representation
7z 2 LX) — B(H, ) such that Tealo(x) = pz and m(6) = Th.

Proposition 3.3 (Irreducibility and equivalences). Let x € Per(o) and let A € T.
Then the *-representation m, x on H, x is algebraically irreducible; the dimension
of Hy x is the cardinality of the orbit of x.
If z,y € Per(o) and \, u € T, then the following are equivalent:

(1) 7y x and my,, are algebraically equivalent;
(2) men and my,,, are topologically equivalent;
(3) men and wy,,, are unitarily equivalent;
(4) The orbits of x and y coincide, and X\ = p.

Proof. Suppose that = has period p. If L C H, , is a non-zero ¢!(X)-invariant
subspace of H x, choose h = Zle &e; € L with &, # 0 for some i¢ such that
1 <ig < p. Since the points z,...,0P 1z are different, one can choose f € C(X)
such that f(cx) = 1 and f vanishes at the other points of the orbit of z. Letting
f act on h, we see that e;, € L, and then the action of § implies that L = H. Hence
Tz 1s algebraically irreducible.

We turn to the equivalences.
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Suppose that m, » and m, , are algebraically equivalent, where = has period p
and y has period n. Since the dimensions of the representation spaces are then
equal, we must have n = p. Furthermore, since (m;,2(0))” = A and (7, (8))" = u,
we can then also conclude that A = p. Since H, ) is the direct sum of common
eigenspaces of the elements of 7(C(X)), with each summand corresponding to a
point of the orbit of z, this must also be the case for H, ,. Since there is an analo-
gous decomposition of Hy , in terms of the orbit of y, the third part of Lemma [3:2]
implies that the orbit of x is included in the orbit of y. The converse inclusion
follows likewise, and hence the orbits are equal. This shows that (1) implies (4).

In order to show that (4) implies (3), it is sufficient to prove that 7,  and
Toz,x are unitarily equivalent for A € T and = € Per,(o) with p > 2. For this,
let eq,...,e,—1 be the orthonormal basis of H, \ as described in the construction
of the representation 7, x on Hy x, and let eg,...,e;,_; be the orthonormal basis
of Hyz » as described in the construction of the representations 7y, x on Heg, ).
Define U : Hy x — Hoz\ by Ueg = €,_; and by Ue; = /\e;;1 for j such that
1 <j <p-—1. Then it is easily checked that U implements a unitary equivalence
between 7, » and 74 5. Hence (4) implies (3).

It is trivial that (3) implies (2), and that (2) implies (1). O

The picture for the finite dimensional algebraically irreducible representation of
¢1(X) is completed by the following result. We use the notation as in (B in its
proof, that uses the second statement in Theorem [ZT1(2) in an essential way.

Proposition 3.4 (Exhaustion). Let © : (1(X) — L(E) be an algebraically irre-
ducible representation of £*(X) on a finite dimensional vector space E. Then there
exist x € Per(o) and A € T such that m and 75 x are algebraically equivalent.

Proof. Since 7(C(X)) is a commuting family of linear maps on the finite dimen-
sional complex vector space E, there exists a common eigenvector eg for this fam-
ily. Consequently, there exists a point z € X such that E, # 0. If the points
z,. .., 09"E) g were all different, then the first and third parts of Lemma B2 would
imply that dim(E) > dim( dim(E) Em) — dim (ea'j;“(;(E) Em) > dim(E) + 1.
This contradiction implies that x is a periodic point. Let p > 1 be such that
x € Pery(0). Then w(0)PE, = Esvy = Eg; hence there exist a non-zero eg € E,
and A € C such that w(d)Peg = Aep. Since 7 is automatically unital, 7w(J) is in-
vertible, and hence A # 0. The second part of Theorem 2] allows us to introduce
a norm on E such that 7 is a continuous representation, and then Lemma B.] im-
plies that 7(J) is two-sided power bounded. In particular, ||7(8)*Peq|| = |A|*|leo|
is bounded as k ranges over Z. Hence A\ € T. To conclude the proof, we let
e; = m(0)leg € Eyip for j =0,...,p— 1. It follows from Lemma B2 that the e;
are linearly independent. Furthermore, it is easy to see that they span a non-zero
subspace of E that is invariant under m(§), m(6=1), and m(C(X)). Since it is closed
in our topology and 7 is continuous, it is in fact invariant under ¢!(3). Therefore it
equals F, and we conclude that the e; form a basis of £. It is immediate that, with
respect to this basis, the matrix of 7(d) and, for every f € C(X), the matrix of 7(f)
are as in the construction of m, » outlined above. The uniqueness statement in the
first part of Lemma Bl then implies that 7 and 7, ) are algebraically equivalent
representations of ¢1(X). O
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The following description of the algebraic equivalence classes of finite dimensional
algebraically irreducible representations of £}(¥) in terms of an orbit space is now
clear from Propositions B.3] and 341

Theorem 3.5 (Finite dimensional representations). The Banach algebra £*(X) has
finite dimensional algebraically irreducible representations if and only if Per(c) # 0.
In that case, let Per(o)/Z be the space of finite orbits. If o € Per(o)/Z and A € T,
choose x € 0, and let Z, » denote the algebraic equivalence class of m, x. Then this is
well defined, and Z is a bijection between Per(c)/ZxT and the collection of algebraic
equivalence classes of finite dimensional algebraically irreducible representations of
(x).

Each of the representation spaces can be supplied with a Hilbert space structure
such that the representation is a *-representations. In particular, all corresponding
primitive ideals are selfadjoint.

We conclude by showing that the algebraically irreducible representations of
¢1(X) are all finite dimensional when X is a finite set (see Theorem [B.7)). This
will be used in the proof of Corollary [£2] which, in turn, is necessary to establish
Proposition The latter is a more general result than Theorem 3.7 on which it
partly builds. It is based on the following result, valid for general X.

Proposition 3.6. Let m : (1(X) — L(E) be an algebraically irreducible represen-
tation of (*(X) on the vector space E. Suppose that x € Per(c) is such that {z}
is open, and that w(x,) # 0, where x, € C(X) denotes the characteristic function
of {x}. Then there exists X € T such that w is algebraically equivalent to the al-
gebraically irreducible representation m, x assoctated with the periodic point x and
A e T. In particular, E is finite dimensional.

Proof. By the second part of Theorem[2.1] we may assume that F is a normed space
and that 7 is a continuous representation. Let p be the period of z, and let y € C'(X)
denote the characteristic function of the orbit of z. It follows from y = Z?;g Xoiz

and the second and third parts of Lemma that 7(x)E = @?;3 E,i.. Then
clearly w(x)F is invariant under C'(X), and the first part of Lemma implies
that it is invariant under § and §~'. Since 7(x) is a continuous projection, its
range is closed, and we can now conclude from the continuity of 7 that 7(x)E
is invariant under 7(¢1(X)). Since m(x.) # 0, we have w(x)E # {0}, and hence
E= W(X)E = @f;é EO'jLE'

We note that 7(J)P leaves each E,;, invariant, as a consequence of the first part
of Lemma[3:2] This implies that 7(§)? commutes with 7(C(X)). Since it obviously
commutes with 7(6) and 7(6)~!, it commutes with 7(¢1(X)) by continuity. Hence
the first part of Theorem 2] implies that w(§)? = X for some A € C. Since 7(d)?
is double-sided power bounded, we must have A € T. If we take e € E, to be
non-zero, then, by Lemma B2 {e,7(d)e,...,n(6)P"te} is independent. Its closed
linear span is clearly invariant under m(C(X)), 7(8), and m(§)~!; by the continuity
of 7 it is then invariant under 7(¢*(X)). Therefore it equals E. It is now clear
from the uniqueness statement in the first part of Lemma [B.1] that = and 7, » are
algebraically equivalent. 0

Now assume that X is finite and that 7 is an algebraically irreducible represen-
tation of ¢*(X) on a vector space E. Since 1 = Y _ X, and an algebraically
irreducible representation is non-zero and automatically unital, there exists x € X
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such that 7(x.) # 0. Hence Proposition applies. In conclusion, we have the
following, as a precursor to and stepping stone for Proposition .5

Theorem 3.7. Suppose that X is a finite set. Then all algebraically irreducible
representations of (1(X) are finite dimensional, and the collection of algebraic equiv-
alence classes of algebraically irreducible representations of £1(X) can be identified
with X/Z x T as in Theorem[TA. Each of the representation spaces can be supplied
with a Hilbert space structure such that the representation is a *-representations.

In particular, all primitive ideals of £*(X) are selfadjoint.

3.3. Infinite dimensional representations associated with aperiodic points.
In this section, starting from an aperiodic point, we shall define representations of
?1(X) on the two-sided ¢?(Z)-spaces for all p € [1,00]. We shall determine the
algebraic, topological and isometrical equivalences (see Propositions 3.8 and BI0]),
and decide the algebraic and topological irreducibility (see Theorem B.I6). The
kernels of these representations are closed ideals that turn out to be selfadjoint.

The representations on ¢1(Z) are algebraically irreducible. In contrast to the
finite dimensional case, we do not know all infinite dimensional algebraically irre-
ducible representations up to algebraic equivalence. Later, in Theorem (I8 we
shall see that, if X is metrizable, we nevertheless know all primitive ideals corre-
sponding to such representations.

To construct these representations on ¢P(Z) for © € Aper(o), we first let p €
[1,00) and, for k € Z, we let e) denote the element of ¢P(Z) with 1 in the kth
coordinate and zero elsewhere. Let S € B(¢?(Z)) be the right shift, determined
by Sep = ep+1 for k € Z. For f € C(X), let n2(f) € B(¢P(Z)) be determined by
72(f)er = f(o*x)eg for all k € Z. One can then easily see that 72 and S satisfy
the requirements of Lemma Bl Hence there exists a unique unital continuous
representation 72 : £1(X) — B({P(Z)) such that

(3:2) wgz (Z m) =Y m()s"
ne”z nez

for 3 oy fnd™ € /A(¥). Furthermore, 72 is contractive and, for p = 2, it is a
unital *-representation on the Hilbert space ¢?(Z). For p = oo, the construction is
similar. We let S denote the right shift on £°°(Z), and, for f € C(X), we let the
operator 7°(f) act on a two-sided sequence via multiplication with f(c*z) in the
kth coordinate for all k& € Z. Again Lemma B implies that there exists a unique
unital continuous representation 75° : ¢1(X) — B(¢P(Z)) such that [32) holds for
p = oo. Then 75° is contractive.

The question concerning equivalence of these representations for fixed p is easily
answered.

Proposition 3.8 (Equivalences). Let x,y € Aper(o) and let p € [1,00]|. Then the
following are equivalent:

(1) 7% and 7% are algebraically equivalent;

(2) 7L and 7l are topologically equivalent;

(3) L and 7 are isometrically equivalent;

(4) The orbits of x and y coincide.

Proof. We prove that (1) implies (4). If 7 : C(X) — L(F) is a representation of
C(X) on a vector space E, then a common eigenspace for the action of C(X) on
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Eis equal to E, = {e € E : 7w(f)e = f(z)e} for a uniquely determined z € X.
It is routine to check that, for the representation 72, these subspaces of ¢P(Z) are
non-zero—and in fact one dimensional and spanned by a standard vector ey,—if and
only if z is in the orbit of z. Therefore, if 7, » and m, , are algebraically equivalent,
then the orbits of z and y must coincide.

If (4) holds, say y = o’x for some unique j € Z, then S™7 is an isometric
equivalence between 77 and 7}. Hence (4) implies (3).

It is trivial that (3) implies (2), and that (2) implies (1). O

Remark 3.9. Let p € [1,00]. Using the one dimensionality of the common
eigenspaces for the action of C'(X), and considering the action of § and 6, one
sees easily that, for any T' € L(¢?(Z)) commuting with the action of ¢}(X), there
exists A € C such that Tey, = Aey, for all k € Z. If p € [1,00), this implies that the
bounded intertwining operators for 72 are the multiples of the identity.

It is natural to ask, in addition, which algebraic equivalences exist between 72
and 7, if p and r are such that 1 <p <r < oco. As in the proof of Proposition [3.8]
the orbits of # and y must then coincide. Furthermore, as will become obvious from
Theorem B.16 we must then have 1 < p < r < oo, but additional information is
not available at this moment. For topological equivalence, however, the picture is
clear.

Proposition 3.10. Let z,y € Aper(o) and let p,r € [1,00]. Then the following
are equivalent:

(1) 72 and 7, are topologically equivalent;
2) wP and 7 are isometrically equivalent;
xr

(3) The orbits of x and y coincide, and p =r.

<

Proof. If (1) holds, then 72 and m, are algebraically equivalent and, as remarked
preceding the proposition, the orbits of z and y must then coincide. Also, if (1)
holds, then ¢P(Z) and £"(Z) are topologically isomorphic. Since each of these spaces
is clearly topologically isomorphic to its one-sided version, it then follows from [,
Corollary 2.1.6] and the non-reflexivity and non-separability of £>°(N) that we must
have p = r. Hence (1) implies (3). From Proposition B.8 we see that (3) implies
(2), and trivially (2) implies (1). O

We shall now investigate the algebraic and topological irreducibility of the rep-
resentations 72 for x € Aper(o) and p € [1,00]. Theorem gives a complete
answer.

The hardest part is the algebraic irreducibility of 7., which we now take up. For
the proof we need two lemmas, where the second builds on the first.

Lemma 3.11. Let x € Aper(o), and suppose that p = Y, ., Anen € ('(Z) with
Mo = 1. If 7 € £Y(Z) and € > 0 are given, then there exists a € (*(X) such that
|7 = mp(a)p|| < e and |lall < |I7].

Proof. Let 7 =), finen. For every integer N > 0, let py = Z\nISN Aney and let
TN = 2 juj<N Hnén. If € > 0 is given, choose N1, N2 > 0 such that |[7|[|p — p, || +
|7 = 7N, || <e. Next, choose f € C(X) such that || f|| =1, f(z) = 1, and f(o/z) =
0 for all j such that 0 < |j| < Nj. Since the points o’z for j = 0,..., Ny are all
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different, this is indeed possible. We then have
m(fon, = Y Af(0"z)en = eo.

In|<N:
Let
a= Z pnd™ | - f;
In|<N2
then
W;(a)le - 7Talc Z und™ | - f | pny = 77; Z 1nd" | eo = Tny,-
[n|<N> In|<N2
Furthermore,
lall < || D mad™ |11 = D leal < Il
[n|<N2 [n|<N2
and
72 (a)p = 7|l < lImg(a)(p = o)l + lImg (@) pn, — 7, || + v, — 7
<llallle = eIl + I, = 7l < lI7llllo = i [ + [l78ve, — 7
< €.
Hence a meets all requirements. O

Lemma 3.12. Let x € Aper(0), and suppose that p = Y, ey € (1(Z) with
Xo = 1. If 7 € £Y(Z) and € > 0 are given, then there exists a € (*(X) such that
m(a)p =7 and |lal| < (1 +e)]7].

Proof. We may assume that 7 # 0. Fix v such that 0 < v < 1. We claim that
there exist a1, as, ... € £1(X) such that

N
(3.3) T—m D | o <N
j=1

for all N > 1 and ||a;|| < 47~ !||7| for all j > 1. To see this, we use an inductive
construction. First apply Lemma Bl with ¢ = «||7|| > 0 to find a; € £*(3) such
that

I = ma(an)pll < ~li7]
and |la1| < ||7||. Let N > 1, and assume that a1, as,...,ay € £*(X) have already
been chosen such that

n
T—m (D a; | o] <7I7l
j=1

for all n such that 1 <n < N, and ||a;|| <+~ !||7|| for all j such that 1 < j < N.
We apply Lemma B0 again with e = 4V *1|7|| > 0, and find ay 41 € £1(X) such

N
x| Y a; | o] - whlanti)e|| <AV
j=1
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and

N
lansall < || = | D a5 | o] <Mlirll.
j=1

This completes the inductive step in the construction and establishes our claim.
If welet a = 3777 a; € £'(%), then

- 1
lal <> A Hirl = —lI7]l-
i=1 1=7

Furthermore, if we let N — oo in B3], we see that

m(a)p = 7.

Since this can be done for any « such that 0 < v < 1, the proof is complete. O

Proposition 3.13. Let z € Aper(c). Then the representation 7k of (1(2) on £1(Z)
is algebraically irreducible. In fact, for any p =3, o, Anen € L1 (Z) such that p # 0,
T € 1(Z), and € > 0, there exists a € (*(X) such that w.(a)p = T and

(I+¢)

N —
lall < maxy, |A\p|

B

Proof. Suppose that [\,,| = max, [A,| # 0. Then 7}(\, 6 ")p satisfies the con-
dition for p in Lemma [3.121 Hence there exists a’ € ¢£!(X) such that

mh(@) (Th O p =7

w
and

la'll < (X +e)lI7ll.
Then a = a’ - X;}6~ "™ has the required properties. O

The algebraic irreducibility for other cases is easily dealt with.

Lemma 3.14. Let x € Aper(o) and let p € (1,00]. Then the representation wk
of (1(X) on ¢P(Z) is not algebraically irreducible. In fact, 72(¢*(X))eo is a proper
invariant subspace.

Proof. A moment’s thought shows that 72(¢1(X))eq = ¢1(Z), viewed canonically as
a subspace of ((Z). For p € (1, 00] this is indeed a proper subspace. O

Topological irreducibility is settled as follows.

Proposition 3.15. Letz € Aper(c). Forp € [1,00), the representation 72 of (1(X)
on P (7) is topologically irreducible. For p = oo, it is not topologically irreducible.
In fact, 72 (¢1(X))eo is a proper closed invariant subspace of £>°(Z).

Proof. Assume that p € [1,00) and that L is a non-zero closed invariant subspace
of (P(Z). Let p =3, .y Anen € L be non-zero. After applying 72(J) or its inverse
a number of times, followed by scaling, we may assume that A\g = 1. Let ¢ > 0, and
choose N such that -, - n [An|? < €”. Since the 2N +1 points olx for |j| < N are
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all different, we can choose f € C'(X) such that ||f|| =1, f(z) =1, and f(c72) =0
for all j such that 1 < |j| < N. Then

I172(f)p —eoll = || D F(o"x)Anen
In|>N
1/p
={ D If(@ ).l
In|>N
1/p
< > P
In|>N
< €.

Since L is closed, this implies that ep € L. But then also 72(¢1(X))eg C L. As
already observed earlier, 72(¢}(3))eg equals the canonical copy of £1(Z) in (P(Z).
Since this copy is clearly dense in ¢P(Z) for p € [1,00), we must have L = (P(Z).

If p = oo, then 72°(¢1(X))ep is not dense in £°°(Z). Indeed, this is the image
of }(Z) under the canonical inclusion map; since this inclusion is continuous and
¢*(Z) is separable, the density of the image of ¢!(Z) would then imply that £>°(Z)
is separable. 0

We summarise our results on irreducibility in the following theorem, including
Remark

Theorem 3.16 (Irreducibility). Let x € Aper(o) and let p € [1,00]. Then the
unital contractive representation w2 : (1(X) — B((P(Z)) is:
(1) Algebraically irreducible if p = 1;
(2) Not algebraically irreducible, but still topologically irreducible, if p € (1, 00);
(3) Not topologically irreducible if p = oo.
If p € [1,00), then the commutant of w2(¢1(X)) in B((P(Z)) equals the multiples of
the identity operator.

Remark 3.17.

(1) In the algebraically irreducible case p = 1, the statement on bounded in-
tertwining operators is also clear from the first part of Theorem [2.1] since
then even the commutant of 71 (¢1(X)) in £(¢*(Z)) consists of the scalars.
For p = 2 it follows from topological irreducibility and Schur’s Lemma, but
for p such that 1 < p < 2 or 2 < p < oo there do not seem to be alternative
general approaches.

(2) As a consequence of (2) and (3) in Theorem [21] every algebraically irre-
ducible representation of a Banach algebra comes naturally with the topo-
logical isomorphism class of all Banach spaces in which the representation
can be realised as a normed representation. Therefore, even though the
corresponding primitive ideal is selfadjoint according to Lemma below,
the algebraically irreducible representation 7l for z € Aper(o) is not al-
gebraically equivalent to a normed representation on a Hilbert space—Ilet
alone to a *-representation on such a space—since a reflexive space is not
topologically isomorphic to ¢1(Z).
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Remark 3.18. The representations as associated with aperiodic points in this
section are members of a more general class of (usually) infinite dimensional repre-
sentations of £1(X), namely the representations associated with invariant measures.
If 1 is a o-invariant Borel measure on X, then, for p € [1,00], there is a natural
representation 7%, of £'(X) on LP(X, u), in which C(X) acts as multiplication oper-
ators, and in which (7%(6) f)(z) = f(o~'z) for f € LP(X, u) and € X. If  is the
counting measure corresponding to the orbit of an aperiodic point = € X, then, for
p € [1,00], the representation 7h, is isometrically equivalent to the representation
7P, Quite in contrast to Theorem B.I0] it is presently unknown under which nec-
essary and sufficient conditions these general representations 7?2 are topologically

m
or algebraically irreducible. If y is finite and #® is topologically irreducible, then

1 must be ergodic, but the converse is still opgn. The representations 7l in the
present section are the only presently known examples of algebraically irreducible
representations of £1(3).

For metrizable X, a thorough study of topologically irreducible *-representations
of /1(X) on Hilbert spaces and their algebraic (ir)reducibility is made in [14], where
these representations are related to ergodic o-quasi-invariant probability measures
on X. Here is a sample result: If i is an ergodic o-invariant non-atomic probability
measure on X, then 72 is a *-representation of £!(2) on L?(X, u1) that is topologi-
cally irreducible, but not algebraically irreducible. The latter statement is a special
case of [I4l Theorem 3.4]. We refer the reader to [I4] for further material in this
direction.

4. ALGEBRAICALLY IRREDUCIBLE REPRESENTATIONS AND PRIMITIVE IDEALS

Section [B] provides a basic stockpile of algebraically irreducible representations
and corresponding primitive ideals, all related to the points of X. In this section,
we combine this information with the technique of induced dynamical systems from
Section Bl and obtain various results on general algebraically irreducible represen-
tations and primitive ideals of £1(X). As a side result, we show that ¢1(X) is a
Hermitian Banach algebra if all points are periodic. We also have a closer look
at the primitive ideals associated with the algebraically irreducible representations
from Section Bl and show how they can be parameterized (see Proposition [LI6]).
Using these primitive ideals, it already follows that ¢!(X) is semisimple.

As is to be expected, the primitive ideals are more accessible than the in general
more numerous (algebraic equivalence classes of) algebraically irreducible represen-
tations. The fact that, even though we have no explicit description, all primitive
ideals of 1(X) can be shown to be selfadjoint (see Theorem 3] is an example of
this. Theorem .18 is an even clearer illustration: if X is metrizable, then we know
all primitive ideals—they all originate from Section B—even though we do not know
all algebraically irreducible representations.

In some results, the enveloping C*-algebra C* (%) of £!(3) makes an appearance.
The results for that algebra are not used to obtain results for ¢}(X). They are
simply cited, and are included to show that some properties are in fact preserved
when making the non-trivial passage from ¢1(X) to C*(3).

Our first main task is to show that all primitive ideals are selfadjoint. For this,
we shall use the properties of induced dynamical systems as in Proposition [Z.4]
Remark 2.5 Proposition 3.4l and the notation therein. We start with a lemma.
Recall from Section 2] that a topological dynamical system ¥ = (X, o) is said to
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be topologically transitive if (J, ., 0™ (V') is dense in X for every non-empty open
subset V of X.

Lemma 4.1. Let 7 : ((X) — B(E) be a topologically irreducible continuous repre-
sentation of (*(X) on a normed space E. Then the induced dynamical system Y,
is topologically transitive.

Proof. The short proof of [25, Proposition 4.4] in a Hilbert context also works in
general, and we include it for the convenience of the reader. Suppose to the contrary
that there exists a non-empty open subset U such that S := |, ;0% (U) # Xx,
so that S is a proper closed invariant subset of X.. Hence, if we let ker(S) =
{f € C(Xz) : fls = 0}, then ker(S) # {0}. Since 7’ is injective by the third
part of Proposition [Z4] we have 7'(ker(S))E # {0}. The invariance of S implies
that 7’(ker(S))E is not only invariant under #n'(C(Xy)), but also under 7’'(dx.)
and w’(d}i). Since 7’ is continuous, the non-zero closed subspace 7/(ker(S))E is

invariant under 7/(¢(X,)). We conclude that 7/(ker(S))E = E. Now take a non-
zero f € C(X,) such that supp (f) C U. Then fker(S) = {0} since U C S, and
this implies that 7' (f) = 0. But this contradicts the injectivity of 7’ on C'(X;). O

Before stating a consequence of the previous result, we recall from Section 2l that
a topological dynamical system ¥ = (X, o) is said to be topologically free if the
subset Aper(o) of aperiodic points of ¢ is dense in X.

Corollary 4.2. Let 7 : (1(X) — L(E) be an algebraically irreducible representation
of 1(X) on a vector space E. Then the induced dynamical system X is topologically
transitive. If E is infinite dimensional, then X, is an infinite set, and X, is
topologically free.

Proof. For the first part, we note that, by the second part of Theorem 21l we can
assume that E is normed and that 7 is continuous. Then 7 is certainly topologically
irreducible; hence the first statement follows from Lemma 41l For the second part,
we know from the fourth part of Proposition 2.4] that the induced representation
7’ of £1(X,) on E is algebraically irreducible. If X, were finite, then Theorem 3.7
would imply that F is finite dimensional. This is not the case, so X, is infinite.
Since the proof of [27, Proposition 3.4] contains a proof of the statement that a
topologically transitive dynamical system on an infinite compact Hausdorff space
is topologically free—a fact that can also be deduced from [I1] Corollary A.2]—the
proof is complete. O

We can now reach our desired conclusion.
Theorem 4.3. Every primitive ideal of £*(X) is selfadjoint.

Proof. Let m be an algebraically irreducible representation of ¢!(X). If 7 is finite
dimensional, then Ker () is selfadjoint by Theorem [0l If 7 is infinite dimensional,
then Corollary shows that the induced system 3. is topologically free. Using
once more that, by the second part of Theorem 2], we can assume that F is normed
and that 7 is continuous, Proposition 2.6 then implies that Ker () is selfadjoint. O

With Theorem [£3] available, we can now establish the following result on spectral
synthesis. In order not to interrupt the line of argumentation, we shall already use
the fact that ¢1(X) is semisimple (see Theorem EIT]). That result will follow by
direct computation on the algebraically irreducible representations of ¢1(X), as
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constructed in Section [3] and does not depend on any other results in the present
section.

Theorem 4.4. The following are equivalent:

(1) Ewvery closed ideal of (*(X) is the intersection of primitive ideals;
(2) X is free;
(3) Ewvery closed ideal of (*(X) is selfadjoint.

Proof. The equivalence of (2) and (3) is the statement of [I0, Theorem 4.4]. Since
we know from Theorem that all primitive ideals of ¢1(X) are selfadjoint, (1)
implies (3). We show that (2) implies (1). Let I be a closed ideal of £}(X); we may
assume that I is proper. Consider the non-zero continuous quotient homomorphism
Q: () — (1(X)/1. If B¢ is its induced dynamical system, then X is free, since
even X as a whole is free. Hence X is certainly topologically free, and then
Proposition 2.6 shows that I = Ker (Q) = Ker (Rx, ), where Ry, : {1(X) — ¢1(Z,)
is the surjective homomorphism in Proposition 24l Since ¢!(3,) is semisimple by
Theorem ETT] there is a collection of algebraically irreducible representations of
?1(X;) that separates the points of ¢!(X,). Pulling these back to £}(¥) via the
surjective homomorphism R x_, one obtains a collection of algebraically irreducible
representations of £1(¥) such that the intersection of the corresponding primitive
ideals equals Ker (Rx_), i.e. such that this intersection equals I. (]

Next, we have the following two exhaustion results at the level of algebraically
irreducible representations. The first one was already announced preceding Propo-
sition and Theorem 3.7

Proposition 4.5. The following are equivalent:

(1) Ewvery algebraically irreducible representation of £1(X) on a vector space is
finite dimensional;

(2) X = Per(o);

(3) Every algebraically irreducible representation of C*(X) is finite dimensional.

Proof. If © € Aper(o), then the infinite dimensional algebraically irreducible repre-
sentations 7} in Section [B] exist. This shows that (1) implies (2). If 7 is an infinite
dimensional algebraically irreducible representation of ¢1(X), then Corollary
shows that its induced system X, is topologically free. In particular, there is at
least one aperiodic point in X, and we see that (2) implies (1).

The equivalence of (2) and (3) follows from [25] Theorem 4.6.(1)], taken together
with Theorem O

Its counterpart is the following. It is more elaborate than Proposition 3] be-
cause for finite dimensional spaces the notions of algebraic irreducibility and topo-
logical irreducibility coincide.

Proposition 4.6. The following are equivalent:

(1) Every algebraically irreducible representation of £1(X) on a vector space is
infinite dimensional;

(2) Ewvery topologically irreducible continuous representation of £*(X) on a Ba-
nach space is infinite dimensional;

(3) Ewvery topologically irreducible representation of £1(X) on a normed space is
infinite dimensional;

(4) X = Aper(o);
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(5) Every algebraically irreducible representation of C*(X) is infinite dimen-
sional.

Proof. If © € Per(o), then the finite dimensional algebraically irreducible represen-
tations m, » for A € T from Section Bl exist. This shows that (1) implies (4). Since
a finite dimensional topologically irreducible representation on a normed space is
a finite dimensional algebraically irreducible representation, the existence of such
a representation would imply the existence of a periodic point by Theorem
Hence (4) implies (3), and trivially (3) implies (2). Since, by the second part of
Theorem 2] every algebraically irreducible representation yields an algebraically
(in particular: topologically) irreducible continuous representation on a Banach
space, (2) implies (1).

The equivalence of (4) and (5) follows from [25, Proposition 4.5], taken together
with Theorem O

Before proceeding with the main line, we give an application of what has been
obtained so far. In [I0, Theorem 4.6], it was established that ¢1(¥) is a Hermitian
algebra (i.e. that the spectrum of every selfadjoint element is a subset of the real
numbers) whenever X is a finite set. We can now improve this.

Theorem 4.7. If all points of X are periodic, then ¢*(X) is a Hermitian algebra.

Proof. As a consequence of [16], £ (X) being Hermitian is equivalent to the following:
If 7 : (X)) — L(E) is an algebraically irreducible representation of ¢/!(X) on a
vector space E and e € F is non-zero, then there exist a topologically irreducible
*_representation 7’ : *(X) — B(H) on a Hilbert space and a non-zero h € H such
that {a € £}(X) : m(a)e = 0} = {a € £1(2) : #’(a)h = 0}. But this is obvious, since
Proposition shows that every algebraically irreducible representation is finite
dimensional, and, by Theorem B8], every such representation can be realised as a
topologically irreducible *-representation on a Hilbert space. O

As an example, we know from Theorem 7] that ¢!(X) is Hermitian for rational
rotations of T. Later, we shall also determine the structure space of these algebras
(see Example (.13]).

After this sidestep, we return to main line. In order to get further, we need to
have more detailed information about the primitive ideals originating from Section[3l
While presenting this, we also introduce some terminology and notation that will
be even more prominent in Section [B

The algebraically irreducible representations in Section [3] are associated with
points, but algebraically equivalent representations yield the same primitive ideal.
We shall now take this into account, and describe the primitive ideals originating
from SectionBlin a bijective fashion (see Proposition [16). It turns out to be more
natural to work with closures of orbits than with orbits, so, to establish notation,
we let O denote the set of all closures of orbits in X. Note that, as irrational
rotations of T show, it may well be that different orbits have equal closure. The
subset of (closures of ) orbits of periodic points is denoted by Epcr(g), and the subset
of closures of orbits of aperiodic points by EAPCT(U). Then O = Epcr(g) U §Apcr(g)
is a disjoint union.

Let x € Per(o) and let A € T. If y is in the orbit of 2, then, by Proposition3.3] the
algebraically irreducible representations 7, x and m, x are algebraically equivalent.
Hence we can associate a well defined primitive ideal P5 y with A € T and the closure
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o of the orbit o of z, by putting P5 y = Ker (m;,5). Of course, o = o0 here, but, when
we consider primitive ideals originating from aperiodic points, we shall see why the
closure of an orbit is more natural than the orbit itself, and for consistency and
ease of argumentation we employ this notation for finite orbits as well.

We have the following description of such Fs y.

Proposition 4.8. Let o € Epcr(g) be (the closure of ) an orbit consisting of p-
periodic points. If a =Y, ., [n0" € £1(), then for the primitive ideals associated
with 0 we have:

(1) If X €T, then a € Ps » if and only if
> N fipej(@) =0

ez
forallj=0,....,p—1 and all x € 0.
(2) a € Nyer Pox if and only if fnls =0 for alln € Z.

For the proof we refer to [12, Proposition 2.10]. It involves a straightforward
computation for the first part, and then the second part follows easily from the
injectivity of the Fourier transform on ¢(Z).

We now turn to the closure of an infinite orbit. The following is immediately
clear from the description of the corresponding representations 7% from Section [3.3]
and the algebraic irreducibility of 7}, as asserted by Proposition For the
selfadjointness one need not resort to Theorem 3] as this is clear by inspection.

Lemma 4.9. Let 2 € Aper(o), let p € [1,00], and let a = Y, ., fn0" € 1(D).
Then wP(a) = 0 if and only f, vanishes on the closure of the orbit of x for all
n € Z. Hence Ker (n2) does not depend on p, and it is a selfadjoint primitive ideal

of 11(%).

The description of this common kernel in terms of the coeflicients f,, was already
noted for 72 in [I2, Proposition 2.10]. As a consequence of Lemma {3} if 0 €
§Apcr(g), then we can take any z € X such that Z-x = 0, and obtain a well
defined primitive ideal by putting Py = Ker (7}). We include the above description
in this notation for reference purposes.

Proposition 4.10. Let o € EAper(o') be the closure of an infinite orbit. Then for
the primitive ideal associated with o we have

Ps= {anan €l(): fuls =0 for allnEZ}.

neZ

Since X is the union of all orbit closures, the following result (already used in
the proof of Theorem E4)) is now clear from Proposition .8 and Proposition ET0

(] Pox [ Pr={0}.

€D Per(o)  9ED Apor(o)
AET

In particular, the Banach algebra (1(X) is semisimple.

Theorem 4.11.

We can now establish two separation results at the level of primitive ideals.
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Proposition 4.12. The following are equivalent:

(1) The algebraically irreducible representations of £*(X) on finite dimensional
vector spaces separate the elements of £1(X);

(2) The algebraically irreducible representations of £*(X) on finite dimensional
vector spaces separate the elements of C(X);

(3) Per(o) is dense in X;

(4) The algebraically irreducible representations of C*(X) on finite dimensional
vector spaces separate the elements of C*(X).

In view of the second part of Theorem 2] one could also have considered the
topologically irreducible continuous (or even contractive) representations on finite
dimensional Banach spaces in (1) and (2).

Proof. From Theorem B.5 we know that the algebraically irreducible finite dimen-
sional representations are precisely the m, » from Section B2l and, from Proposi-
tion[]] we have mﬁeﬁperw),ke’ﬂ‘ Piy={Ycp [nd" €LX2): [ [Per(oy = 0 for all n €
Z}. Tt is now clear that (1), (2), and (3) are equivalent.

The equivalence of (3) and (4) follows from [25] Theorem 4.6.(2)], taken together

with Theorem
O

Proposition 4.13. The following are equivalent:

(1) The algebraically irreducible representations {rl : x € Aper(c)} of £*(X)
on infinite dimensional vector spaces separate the elements of £1(X);

(2) The algebraically irreducible representations of ¢*(X) on infinite dimen-
sional vector spaces separate the elements of £1(3);

(3) The algebraically irreducible representations {wl : x € Aper(co)} of (1(X)
on infinite dimensional vector spaces separate the elements of C(X);

(4) The algebraically irreducible representations of ¢*(X) on infinite dimen-
sional vector spaces separate the elements of C(X);

(5) X is topologically free;

(6) The algebraically irreducible representations of C*(X) on infinite dimen-
sional vector spaces separate the elements of C*(X).

Proof. From Proposition [L10, we see that ﬂaegmm(”) Ps = {3, cz fad" € L1(2) :
Inlipeey = 0 forall n € Z}. Hence (5) implies (1). Trivially (1) implies (2), and
(2) implies (4). Assume that (4) holds, and that {m;}icr is a family of infinite
dimensional algebraically irreducible representations that separates the points of
C(X). Each of these has an induced dynamical system X, ,, and an associated
representation m; of £'(Xr,) such that m;(f) = =}(f|x,,) for f € C(X). The
separation property of {m;}ic; implies that (J;.; Xr, is dense in X. Since the
aperiodic points are dense in each X, by Corollary £2] we can now conclude that
Aper(o) is dense in X, i.e. that (5) holds. It is trivial that (1) implies (3) and that
(3) implies (4).

The equivalence of (3) and (4) follows from [26, Proposition 4], taken together
with Theorem O

Part (1), (3), and (4) of the following result on inclusions between primitive ideals
are from [12] Proposition 2.15]; we include the short proofs for the convenience of
the reader.
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Lemma 4.14.
(1) Let 01,05 € ﬁpcr(g) and let \y, Ao € T. If P317>\1 C P§27)\2, then o7 = 09
and A\ = Xo. In particular, Ps , = Ps x,.

(2) Ifo e EPCY(U), A€ T, x €0, and 7 is an algebraically irreducible represen-
tation of (*(X) such that Ps ) C Ker (), then m is algebraically equivalent
to my . In particular, Ps ) = Ker (7).

(3) Let 01,02 € §Apcr(g). Then Ps, C Ps, if and only if 01 D 0s.

(4) Leto; € §Apcr(g), let oy € Epcr(g), and let X\ € T. Then Ps, C Ps,  if and
only if 01 D 0a.

Proof. For (1), we recall that P5 )y = Ker (m,,)), where # € X is such that 0 =
Z-w. If Ps, 5, C Ps, ,, then in particular Ker (74, , [o(x)) C Ker (mzyx, [o(x))-
This implies that (and is equivalent to) 81 D 03; hence 87 = 02. Then also the
representation spaces have the same dimension p. Since 7y, A, (1 — 07 /A\1) = 0, we
have 7z, 2, (1 — 6P/A1) = 0, and therefore Ay = As.

Turning to (2), we first note that ¢1(X)/Ker () is a quotient of ¢*(X)/P;5 x.
Hence we have an algebraically irreducible representation of ¢!(X)/P5 \ on the
representation space of m. Since ¢}(X)/F5,, is a finite dimensional algebra, 7 is
finite dimensional. Proposition 3.4 then shows that 7 is algebraically equivalent to
Ty, for some y € Per(c) and p € T. An appeal to part (1) and Proposition B3]
then concludes the proof of part (2).

Part (3) is clear from Proposition EI0l

Turning to part (4), if 81 D 02, then Proposition .8 and Proposition £.10 show
that Ps, C Ps, x. If 01 2 0, then 81 N0z = (), so that there exists f € C'(X) such
that f|5, =0 and fls, #0. Then f € Ps,, but f ¢ Ps, »; hence P5, ¢ P5, ». O

Remark 4.15. The argument used in the proof of the second part of Lemma .14
shows that the kernel of a finite dimensional algebraically irreducible representation
of /1(X) (or any other associative algebra) is never contained in (and, in particu-
lar, never equal to) the kernel of an infinite dimensional algebraically irreducible
representation. This elementary observation is needed in the proof of Theorem (.11

We let 1115y denote the set of all primitive ideals of (1(X). The following is now
clear from Lemma .14

Proposition 4.16.

(1) Consider the natural map
v (§Pcr(a') X T) |—|§Apcr(o) — Hfl(E)a

defined by V((3,\)) = Ps.x for 8 € Opey(o) and X € T, and by V(3) = Ps
foroe EAper(a). Then ¥ is injective.

(2) For all © € Eper(g) and A € T, the primitive ideal Ps x s a mazimal
primitive ideal.

(3) For all® € §Apcr(g), the primitive ideal Ps is a mazimal element of the
range of W if and only if 0 is a minimal orbit closure.

Thus ¥ parameterizes the part of Il (x) that is naturally associated with the
points of X, and we shall denote this part by Il (s (X). It is always large
in /I (s in the sense that, as a consequence of Theorem FTIl it is dense in
the hull-kernel topology of Ilyi(s) to be studied in Section The subset of
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Iy (5 (X) that consists of the primitive ideals P x for all o € Eper(o-) and A € T is
denoted by Ilji(s) (Per(o)), and the subset that consists of the primitive ideals
Ps for all 0 € §Aper(g) is denoted by Il (s) (Aper(o)), so that Ilps) (X) =
I () (Per(o)) U Iy (s (Aper(o)) is a disjoint union. We let [Ty (5 (o0) denote
the subset of II;1(x) consisting of the kernels of all infinite dimensional algebraically
irreducible representations, so that Ily1(sy = Il (s (Per(o)) U Iy (s (00) is a dis-
joint union.

It is remarkable that we can prove that Ilji(s) (X) actually equals [Ty (5 if
X is metrizable, even though we do not generally know all equivalence classes of
algebraically irreducible representations. This is a consequence of the following
result, the proof of which once more illustrates the relevance of the technique of
induced dynamical systems.

Proposition 4.17. Let 7 be an algebraically irreducible representation of (1(X)
on an infinite dimensional vector space. If the topological space X, is metrizable,
then there exists an aperiodic point x € X, such that its orbit is dense in X .
Consequently, Ker (1) = Ps, where @ is the closure of the orbit of x.

Proof. Let ¥, be the induced dynamical system. Since 7 is infinite dimensional,
Corollary 2 shows that ¥ is topologically free, and hence Proposition 2.6l implies
that Ker (7) is the closed ideal generated by {f € C(X) : flx,. = 0}.

Since Corollary B.2] asserts that X is topologically transitive, the metrizability
of X, then implies, by [24, Theorem 1.1.3], that there exists a point = € X, such
that its orbit is dense in X . Since Corollary 2] also asserts that X is an infinite
set, x must be aperiodic. If we note that X is closed, we see that X is the closure
in X of the orbit of x. The rest is clear. O

When observing that finite orbits are clearly minimal orbit closures, the following
is now obvious from Propositions and [Tt note that Proposition asserts
that there are no infinite dimensional algebraically irreducible representations of
1Y) at all if X = Per(o).

Theorem 4.18. If, for every infinite dimensional algebraically irreducible repre-
sentation m of £1(X), the closed subset X, of X is metrizable (this is certainly the
case if X is metrizable or X = Per(c)), then:
(1) Hp (s (00) = (s (Aper(o)), and hence Iy sy = p sy (X);
(2) A primitive ideal is a mazimal primitive ideal if and only if it is associated
with a minimal orbit closure.

Remark 4.19. To each algebraic equivalence class of algebraically irreducible rep-
resentations of /1(X) one can assign the primitive ideal that is the common kernel of
these representations. It follows from part (1) of Lemma T4 and Proposition [3.3]
that this map is injective on the collection of algebraic equivalence classes of finite
dimensional algebraically irreducible representations of £}(3).

On the collection of algebraic equivalence classes of infinite dimensional alge-
braically irreducible representations, however, this map can be very far from injec-
tive. For example, for the irrational rotations of T, where every orbit is infinite
and dense, IIj1(x) consists only of the zero ideal. Even though Theorem 3.8 shows
that different orbits provide different equivalence classes of algebraically irreducible
representations, the associated primitive ideals are always equal to the zero ideal.
Proposition 5.2l below describes when this happens for general systems.
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5. THE STRUCTURE SPACE

We shall now consider the structure space of £1(X), i.e. Iy (5 in its hull-kernel
topology. The main goal is Theorem (.10, asserting that, under suitable conditions,
parts of IIj1 (s are homeomorphic to products of spaces of finite orbits and T.

We recall from [2, §26] that, for E C IIji(x), the closure of E in this topology
is the hull AK(E) of the kernel K(E), where K(E) = (\pcp P, and AK(E) = {P €
sy : P D K(E)}. Clearly, E is dense in Ilji(y if and only if K(E) equals the
Jacobson radical mPGHel - P of £*(X). Since this is the zero ideal by Theorem E1T]

E is dense if and only if K(E) = {0}. Thus, for example, if there exists an aperiodic
point with dense orbit, then the associated singleton { Ps} = {{0}} is a dense subset
of Hgl(z).

We shall now rephrase some of the results in Section d in terms of ITj1(x and
its topology. Here, and elsewhere, subsets of II;1(x) are supplied with the induced
topologies from IIj1 (5 unless otherwise stated. Proposition 5.6 contains two more
results in this vein.

Theorem 5.1.

(1) Hp (s is compact.

(2) Hp (s (X) is dense in I (xy.

(3) The following are equivalent:

(a) Hgl(g) (Per(a)) = H[l(z);
(b) Per(c) = X.
(4) The following are equivalent:
(a) Ip(xy (Per(o)) is dense in Iy (s);
(b) Per(c) is dense in X.
(5) The following are equivalent:
(a) Hp s (00) = Hp(s);
(b) Aper(o) = X.

(6) The following are equivalent:

(a) Iy (s (Aper(o)) is dense in Iy x);

(b) Iy sy (00) is dense in Iy (x);

(c) Aper(o) is dense in X.

(a) Forallo € Dpcr (o) and X € T, the singleton {P5 \} is closed in Iy (5.

(b) For allo € DAper (o), the singleton {Ps} is closed in Il sy (X) if and
only if 0 is a minimal orbit closure.

(8) If, for every infinite dimensional algebraically irreducible representation m
of (1(X), the closed subset X of X is metrizable (this is certainly the case
if X is metrizable or X = Per(o)), then:

(a) Hgl(z) (X) = Hgl(z), and Hgl(z) (X) 18 compact;
(b) If P € Iy (s, then the singleton {P} is closed in IIp (s if and only if

P is associated with a minimal orbit closure.

(7)

Proof. Part (1) follows from the fact that ¢1(X) is a unital algebra (see [2, Corol-
lary 26.5]). Part (2) through (7) follow from Theorem [£11] Proposition [£5] Propo-
sition .12 Proposition .6, Proposition f.13] Propositionm and Theorem 18]
respectively, taking Remark .15 and Theorem [3.5] into account where necessary.
Part (8)(a) follows from Theorem.I8 (1) and part (1). Noting that finite orbits are
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minimal orbit closures, part (8)(b) follows from the fact that Il (s (X) = Iy,
combined with part (7). O

Before we proceed, we note that we can determine when Ilj1 (s (X) degenerates
to its minimal size of one point: this occurs precisely for infinite minimal systems.
Note that, for metrizable X, this is equivalent to the degeneracy of the whole
primitive ideal space Iy sy = I (5 (X).

Proposition 5.2. The following are equivalent:
(1) My (s (X) consists of one point;
(2) Hp(sy (X) ={{0}};
(3) X = Aper(o), and every orbit is dense.

Proof. Tt follows from Theorem ATT] that (1) implies (2). If (2) holds, then all
points must be aperiodic, since a periodic point yields non-zero primitive ideals; it
is then clear that every orbit must be dense. Hence (2) implies (3), and it is obvious
that (3) implies (1). O

Continuing with the main line, we consider natural subsets of Il1(x) that are
associated with more general invariant subsets of X than X, Per(c), or Aper(o),
as we have done so far. With notation consistent with that already introduced, we
define, for invariant S C X,

Hgl(g) (S) = {Pay)\ 10 € §pcr(g), AeT,oC StU{P;:0¢€ EAPCY(U), 0oC S}

Hence Iy (5 (S) consists of all primitive ideals associated with the closures of all
orbits contained in S; note that these closures themselves need not be contained in
S.

For further investigation of such subsets of IIji(x), the following lemma is conve-
nient.

Lemma 5.3. Let S C X be invariant. Then:
(1) If 3 € Oper(o) and A € T, then {3, 7 fud™ € LX) : fuls =0 foralln €
Z} C Ps if and only if o C S.
(2) If 0 € Daper(o)s then {3, cp [n0" € LX) : fuls =0foralln € Z} C Py
if and only if o C S.

Proof. For (1), if 0 ¢ S, then the invariance of S and the finiteness of ® imply
that 3N S = (. Hence there exists f € C(X) such that flg = 0 and f[s # 0.
Then f € {},cp fad™ € £1(X) : fuls = 0forall n € Z}, but f ¢ Ps . Hence
{3 ez fn0" € £1(2) : fuls = 0for all n € Z} ¢ Ps. The converse implication in
(1) is clear. Part (2) is obvious. O

For invariant S C X, we can now describe the closure of ITy1 (s (S) in Iy sy (X).

Proposition 5.4.
(1) Let S C X be invariant. Then the closure of Iy (x) (S) in Ip (s (X) is
s (S).
(2) Let S1 C Sy C Per(o) be two invariant subsets. Then:
(a) The closure of Iy (s (S1) in Ly sy (S2) is Iy (s) (?152), where §152
is the closure of S1 in Ss.
(b) Iy (s (S1) is closed in Iy sy (S2) if and only if Sy is closed in Sy.
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Proof. For the first statement, we note that it follows from the second part of
Proposition [4.8] Proposition 10 and continuity, that

'{(Hél(z) (9)) = K({P@)\ 10 € ﬁper(a), AeT,oC S} U {PH 10 € §Aper(a)a 0o C S})

= {anén el (%) falg—s=0forallne Z}.

nez
But [, ¢ = S, and hence Lemma .3 shows that
AR (I sy (S)) N i sy (X) = { P55 : 0 € Opey(o), A€ T, 0 C S}
U {Pa 10 € §Apcr(g), 0 C g} .
Since S is closed, an orbit is contained in S precisely when its closure is contained
in S; hence the right hand side equals Il () (S), as claimed.

For the second part, we note that, if S; C So C Per(o) are two invariant subsets,
then

AK (ITp1 (53 (S1)) N sy (S2) = AK (I (s (S1)) N i sy (X) N I sy (S2)
= {P5:0€ Oper(o), AET, 0 C S} N1l (S2)
={P5:0€ Oper(s), NET, 0 C 51}
N{Ps»:0 € Oper(o), AET, 0 C Sa}
={P5,:0€ Oper(o), AET, 0 C 51 NS}

= Iy (x) (§152) :

This proves the first statement in the second part. For the second statement we
need then merely note that the map S — Il (s (S) is injective on the collection of
invariant subsets of Per(o), as a direct consequence of the first part of Lemma T4
(Note, for the sake of completeness, that—as irrational rotations of T show—this is
not generally true for the collection of invariant subsets of Aper(c).) O

Corollary 5.5. Let S C Per(o) be invariant. Then the following are equivalent:
(1) Hgl(g) (S) is closed in Hgl(g) (X),
(2) S is closed in X.

Proof. Assume that (1) holds. If S is not closed in X, then there is an orbit o in
S such that o ¢ S. If this is an infinite orbit, then trivially Ps ¢ My (s (S). The
first part of Proposition 5.4 however, implies that Ps is in the closure of 1 (s (5)
in Ily1(s) (X). This contradicts the fact that Il (s (S) is closed in Iy sy (X). If
0 is a finite orbit, then @ = o ¢ S, and hence, by the first part of Lemma [£.14]
Ps\ ¢ Iy (s (S) for all A € T. The first part of Proposition 5.4l implies again that
Ps y is in the closure of Ilji(s) (S) in Iy (s (X), which is again a contradiction.
Hence S must be closed in S, and (1) implies (2). It is immediate from the first
part of Proposition B4l that (2) implies (1). O

We can now establish the following two additions to the results listed in Theo-

rem [5.11

Proposition 5.6.

(1) The following are equivalent:
(a) Iy (s (Per(o)) is closed in Il sy (X);
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(b) Per(o) is closed in X.

(2) The following are equivalent:
(a) Iy (s (Aper(o)) is closed in I sy (X);
(b) Aper(o) is closed in X.

Proof. Part (1) is a special case of Corollary For part (2), it is clear from
the first part of Proposition [54] that (b) implies (a). If (a) holds, but Aper(o) is
not closed in X, choose a finite orbit o in Per(c) N Aper(c). Trivially, for A € T,
Ps ¢ Iy (s (Aper(o)), but the first part of Proposition 5.4 shows that, for A € T,
P5 , is in the closure of Il (s (Aper(c)) in Ilyi sy (X) . This contradicts the fact

that Ily1(s) (Aper(o)) is closed in Ilpi (s (X). O

If S C Per(o) is invariant, we let S/Z be the associated orbit space, supplied
with the quotient topology. For the remainder of this section, we shall concentrate,
for suitable invariant subsets S of Per(c), on describing the topology of Il (s (S)
in terms of the topological product S/Z x T (see Theorem [EI0). If o =0 C S is an
orbit, we shall write 0 for the subset of S as well as for the corresponding element
of S/Z.

The following result on a restriction of the inverse of ¥ in Proposition 16 (that
can be defined on the whole of ITj1(5;) (X)) relies on a non-trivial result in Fourier
analysis.

Lemma 5.7. Let p > 1 be an integer, and suppose that S C Per, (o) is invariant.
Then the restricted inverse map ¥~ : sy (S) — S/Z x T, sending Ps €
sy (S) to (0,\) € S/Z x T, is a continuous bijection.

Proof. 1t is clear that the map is a bijection, and it remains to show that it is
continuous. Let ¢1,¢2 be the canonical projections from S/Z x T onto the first
and second factor, respectively. We are to show that ¢; o ¥~ and ¢z o ¥ ! are
continuous.

If F C S/Z is closed, then there exists an invariant Sp C S that is closed in S,
and such that F'= {6 :0 C Sp}. Hence

(roVU ) ' (F)={Psx:A€T,0CS}= I (Sk).
Since Sp is closed in S, part (2)(b) of Proposition 5.4l implies that T, (s (SF) is
closed in Iy (s (S). Hence gy o U~ is continuous.
If F/ C T, then (g0 =) " (F) = {Psy: A€ F',5C S} It F/ =0 or F' =T,
then this equals () or Iy () (S), respectively; hence it is closed in Il (s (S). If

F’ C T is a non-trivial closed subset, we argue as follows. Proposition shows
that

K({Ps x:AN€F',aCS}) =

= {andn e (%) : Z/\lflp+j(:r) =0for j=0,...,p— 1,z €S, and A EF’}.
nez lez

Suppose that A\g ¢ F’. Then, as a consequence of [15, Theorem 7.1.2.(iii)], the

regularity of the Banach algebra ¢*(Z), and the well known fact that the maxi-

mal ideal space of ¢*(Z) is T with the usual topology, there exists (c,) € ¢}(Z)

such that > ., A'¢, = 0 for all A € F" and ) ., A\jcn = 1. Let ajpy; =

¢ for j =0,...,p—1and ! € Z, and put a = >, ., a,6" € ('(X). Then
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a € K{PsA: A€ F',5CS}), but a ¢ P5 ), for all 8 C Pery(o), and in partic-
ular for all @ C S. Hence K ({Ps): A€ F', 0 CS}) ¢ Ps), forall @ C S, ie.
Psyo & AK({Psx: A€ F',5C S}) for all 8 C S. Since \g ¢ F’ was arbitrary,

we conclude that AK((gz o \I/_l)_l (F")) Ny (S) = (g2 0 \Il_l)_l (F"), i.e. that
(q20 \11*1)71 (F") is closed in IIpi (s (S). Hence g2 o ™! is continuous. O

Corollary 5.8. Letp > 1 be an integer. Suppose that S C Pery(o) is invariant and
that Iy (s (S) is compact. Then the restricted map U~ : Iy sy (S) — S/Z x T,
sending Ps x € Iy (s) (S) to (0,\) € S/ZxT, is a homeomorphism between compact
Hausdorff spaces.

Proof. The space S/Z is Hausdorff. Indeed, if 01,02 are two different orbits in S,
then there exist disjoint (relatively) open subsets Uy and Us of S such that Uy D 01
and Uz D 02. Then (o, 0" (U1) = (V_y o™ (U1) and ), 0™ (Ua) = Ny 0™ (Us)
are two disjoint invariant open subsets of S separating 0; and 0s. The images under
the (open) quotient map then provide two open disjoint subsets of S/Z separating
01 and 09, as required.

By Lemma 5.7 we see that U™ : IIj1(s) (S) — S/Z x T is a continuous bijection
between a compact space and a Hausdorff space. Hence it is a homeomorphism. [

We can now describe the topology of Ily1(x) (S) for certain invariant S C Per(o).

Theorem 5.9. Suppose that Si,...,S, C Per(o) are mutually disjoint invariant
subsets, such that S; C Per,, (o) for not necessarily different integers p1,...,pn > 1.
Let S = U, Si, so that Iy sy (S) = Uiy Hps) (Si) as a disjoint union of
sets. If each S; is closed in S, and Il sy (S) is compact, then the map V¥ :
LIY, (Si/Z x T) — I sy (S), sending (8,\) to Psx, is a homeomorphism between
compact Hausdorff spaces. Here | |!_, (Si/Z x T) is the disjoint union of the topo-
logical spaces S; /7 x T.

Proof. Since each S; is closed in S, part (2)(b) of Proposition 4] shows that each
Iy (5 (Si) is closed in ITji (5 (). Since the latter space is compact by assumption,
each Iy (s (S;) is compact. Hence Corollary applies, and it shows that each
I (5 (Si) is a compact Hausdorff space. We are now in the situation of part (1) of
Lemma 277 where Il (s (S) = Ui, Iy (x) (S;) is the finite disjoint union of the
subsets [Ty (5 (S;) of Iy (x) (S), and each Iy () (S;) is a closed subset of IIj (5 (S)
that is a compact Hausdorff space in the induced topology. Hence [Ty (5 (S) is a
compact Hausdorff space, and it is the disjoint union of the topological spaces
Iy (5 (Si). Since Corollary shows that each Ilji(x) (S;) is homeomorphic to
Si/7Z x T, the proof is complete. O

An application of the second and then the third part of Lemma 27 shows that
Iy (s (S) is homeomorphic to (| |;_, S;) /Z x T, where | | S; is the topological
disjoint union of the S;. This will be used in the proof of the following main result
on the topological structure of a part of Il (x).

Theorem 5.10. Suppose that 1Ty (s (X) is compact; this is certainly the case if
X is metrizable or X = Per(c). Furthermore, assume that Sy, ..., S, are mutually
disjoint invariant closed subsets of X such that S; C Pery,, (o) for not necessarily
different integers p1,...,pn > 1. Let S = J!_, S;. Then the map ¥ : S/Z x T —
Iy (5 (S), sending (0, \) to Ps x, is a homeomorphism between compact Hausdorff
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spaces. As a topological space, the codomain is also homeomorphic to the disjoint
union of the topological spaces Iy (s (S;), and each such space is homeomorphic to

Si/ZXT.

Proof. The sufficiency of the conditions in the first sentence for ITj1 (5 (X) to be
compact follows from part (8) of Theorem Bl We turn to the remaining state-
ments. Since the S; are now closed, S is closed, and then Corollary shows
that Il (s (S) is closed in I (s (X). The latter space is compact by assumption,
so that T (s (S) is compact. Therefore Theorem applies. Combining this
with the remark following that theorem, we see that Il (s, (S) is homeomorphic
to (L7, Si) /Z x T, where | |;_, S; is the topological disjoint union of the S;. An
application of the first part of Lemma 2.7 shows that | | ; S; is homeomorphic to
S. This completes the proof. O

We conclude with two special cases in which there are homeomorphisms as in
Theorem With Remark [2.19] in mind, the first one can be regarded as an
improved version (with topology added) of part of Theorem B

Corollary 5.11. Suppose that X is a finite set. Then the structure space Il (x)
of 11(X) is homeomorphic to the topological disjoint union of copies of T, one for
each orbit in X.

Corollary 5.12. Suppose that all orbits in X are of the same finite order. Then
the structure space Iy sy of £*(X) is homeomorphic to X /7 x T.

Example 5.13 (Rotations of T). Let X = T and let o be the rotation by 2mp/q,
where p, q are integers such that ¢ # 0 and having greatest common divisor equal to
1. Corollary B.I2 shows that Ilj1 (s is homeomorphic to T/Z x T. For each 2z € T,
the orbit of zy consists of all z € T such that z7 = zJ. The latter implies that the
map z +— 27 from T onto T induces a homeomorphism between T/Z and T. We
conclude that T (s, is homeomorphic to T.

For irrational rotations we had already seen in Remark ET9that Ily1(sy = {{0}}.

Remark 5.14. We are not aware of results for the structure space of C*(X) that
are the analogues of those for £}(X) in the present section. The algebra ¢1(X) is very
concretely given, and this makes it more accessible to explicit computations than
C*(X). For C*(X), one could conceivably use the generalized Fourier coefficients
of its elements as substitutes for the coefficients of the elements of £*(¥) to work
with.

As first evidence that such an approach might be successful, we mention that, for
rational rotations of T, the structure space of C*(X) is known to be homeomorphic
to T2, as would also follow from the C*(X¥)-analogue of Corollary Indeed,
C*(%) is strongly Morita equivalent to C(T?) (see [23]), and therefore its structure
space is homeomorphic to that of the latter algebra by [22) Corollary 3.30], i.e.
to T2.

Furthermore, the product of a space of orbits and T occurs in the following con-
text. Let p > 1 be an integer, and let Irr,(X) be the set of all irreducible unitary
representations of C*(X) on a fixed Hilbert space of dimension p, supplied with
the topology of pointwise strong convergence. Let A\p(E) be the set of unitary
equivalence classes of irreducible unitary representations of C*(X) of dimension p,
supplied with the quotient topology originating from Irr,(X). Then, as in Theo-

rem [3.5] there is natural bijection =, between Per,(c)/Z x T and /Alp(E). According
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to [24, Theorem 4.2.1], this map is a homeomorphism. This result is in the same
spirit as Theorem [E.I0L but it does not involve the hull-kernel topology of a part of
the primitive ideal space as such.

We leave the hull-kernel topology on the primitive ideal space of C*(X) for further
research.
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