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C 3

Unwrapping

If you ask me now, I cannot prove it, but I’m
sure it’s true.

G M

In this chapter we investigate the effect of torque and force on a nucle-
osome. Using the worm-like chain model (WLC) we show how low neg-
ative torques eases the unwrapping of the DNA from the nucleosome. In
some case a combination of high forces andhigh positive torques, surpris-
ingly, favors the unwrapping as well. e theory presented provides an
interesting insight onhow to access the genetic codewith tensions smaller
than what previously thought.

To study the response, we consider amolecule of DNAbound to a sin-
gle nucleosome. However, with due modi cations, this applies to more
general DNA spools, widely found in nature, as the Lac1 repressor [67],
DNA gyrase [29] and RNA polymerase [54].

3.1 General model
We consider a nucleosome, with DNA legs at its ends, under tension 𝑓
and torque, see g. 3.1. In our model the DNA is described as a worm-
like chain being wrapped around a cylinder that represents the histone
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3. Unwrapping

octamer. e wrapped section of the DNA molecule is described by the
space curve 𝐫 (𝑠) = 𝑟(𝜋𝑠 tan 𝛼, cos 𝜋𝑠, sin 𝜋𝑠) with 𝑟 = 4.3 nm and
𝛼 = −0.085 and thus a pitch of 2𝜋𝑟 tan 𝛼. A nucleosome with 𝑠∗-turns
of DNA adsorbed is described by 𝐫 (𝑠) with 𝑠 ∈ [−𝑠∗, 𝑠∗]. To unwrap
its DNA the nucleosome has to rotate around the 𝑦−axis by an angle 𝛽
( g. 3.1) resulting in 𝐫 (𝑠, 𝛽) = 𝑂 (𝛽)𝐫 (𝑠) with 𝑂 denoting the cor-
responding rotation matrix [36]. To avoid collision between DNA and
nucleosome we impose 𝛽 ∈ [−𝜋 + 𝛼,−𝛼].

In the torsion-less case the shape of the planar DNA, where its ends
are aligned with the force, has been worked out in [36] using the Kirch-
hoff kinetic analogy [51]. Adding torsion causes the DNA legs to bend
out-of-plane. Since a non planar homoclinic loop is only favored when
the inserted number of turns is between−1 and 1, and since most of the
non-planarity is contained within the wrapped part of the DNA (see the
section at the end of this chapter), we simplify our analysis by describing
the legs by the planar homoclinic orbit with the tangent vector

𝐭 (𝑠) = 𝑂 (𝛿)(0, sin 𝜃(𝑠), cos 𝜃(𝑠))

with cos 𝜃(𝑠) = 1 − 2 sech (𝑠/𝜆); here 𝜆 = 𝐴/𝑓 with 𝐴 being related
to the DNA persistence length 𝑙 = 𝐴/𝑘 𝑇 ≈ 50nm. From −𝑠 to +𝑠
we replace this curve with the wrapped nucleosomal DNA (see g. 3.1).

e 𝛿-rotation of the DNA legs ensures continuity at the insertion point,
without affecting the energy. In addition continuity requires

0 = 𝐭 (𝑠 ) + 𝑡 (−𝑠∗) (3.1)

therefore

𝑠 (𝑠∗, 𝛽) = 𝜆
𝑡 arcsech

𝑡
𝑡 (3.2)

𝑡 = 1 + cos 𝛼 cos 𝜋𝑠∗ cos 𝛽 − sin 𝛼 sin 𝛽
2 .

Not counting an eventual translation, irrelevant for the energy.
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3.1. General model

and 𝑡 = 1. In eq. (3.2) 𝑡 represent the homoclinic parameter, which quan-
ti es how “planar” the legs are. In this work we assume the legs to be per-
fectly planar (𝑡 = 1). is approximation is good for several reasons: rst
of all the domain of arcsech limits 𝑡 to [𝑡 , 1]. When 𝑠∗ ≉ 0, 1, 2, the
𝛽 that minimizes the energy leads to 𝑡 ≈ 1. On the other hand, when
𝑠∗ ≈ 0, 1, 2, the contribution by the legs to the energy is almost 0, since
𝑠 is very high (see eq. (3.7)). In principle eq. (3.1) determines 𝛿 as well,
but the parameter is not relevant for our analysis.

As convention we assume that the point ∓𝑠∗ of the adsorbed DNA is
attached to the point ±𝑠 of its free counterpart so that the path of the
DNA is described by

𝐫(𝑠, 𝑠∗, 𝛽) =
∫ 𝐭 (𝑠, 𝛿 )d𝑠 if 𝑠 ∈ [−𝐿 (𝑠∗, 𝛽), −𝑠 ]
∫ 𝐭 (𝑠, 𝛿 )d𝑠 if 𝑠 ∈ [+𝑠 ,+𝐿 (𝑠∗, 𝛽)]
𝐫 (𝑠, 𝛽) if 𝑠 ∈ [−𝑠∗, 𝑠∗].

(3.3)

In the integrals one of the integration boundaries is the length 𝐿 (𝑠∗, 𝛽) =
(𝐿 + 2𝑠 − 𝐿 (𝑠∗))/2, where 𝐿 (𝑠∗) = 2𝜋𝑟𝑠∗ sec 𝛼 is the length of the
DNA adsorbed by the nucleosome. e two angles 𝛿 , 𝛿 are important
to ensure continuity at the boundary between legs and nucleosome, but
otherwise they do not in uence the energy. erefore we drop the 𝛿 ar-
gument of 𝐭 from now on. Once 𝑠∗ and 𝛽 are known, the energy of the
system can be computed from 𝐭 (𝑠 ) and 𝐫 (𝑠, 𝛽). e resulting structure
is depicted in g. 3.1.
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3. Unwrapping

Figure 3.1: e nucleosome under tension and torque. In our model the
histone octamer is represented by a cylinder. A part of theDNAmolecule
is wrapped around it (in an orange hue), the rest forms the legs (in a blue
hue).

3.2 Writhe
To compute the writhe of the molecule, we use eq. (1.39) with respect to
the−�̂�-axis:

𝑊𝑟 = 1
2𝜋

/ −�̂� × 𝐭 (𝑠)
1 + (−�̂�) ⋅ 𝐭 ⋅ d𝐭 (𝑠)d𝑠 d𝑠

+ 1
2𝜋 /

−�̂� × 𝐭 (𝑠)
1 + (−�̂�) ⋅ 𝐭 ⋅ d𝐭 (𝑠)d𝑠 d𝑠

+ 1
2𝜋

−�̂� × 𝐭 (𝑠, 𝛽)
1 + (−�̂�) ⋅ 𝐭 ⋅ d𝐭 (𝑠, 𝛽)d𝑠 d𝑠. (3.4)

e rst two integrals give no contribution, while the third gives

𝑊𝑟(𝑠∗, 𝛽) = 𝑊𝑟 (𝑠∗, 𝛽) −𝑊𝑟 (−𝑠∗, 𝛽); (3.5)

𝑊𝑟 (𝑠, 𝛽) =
arctan cos csc tan

𝜋
− 1
2𝑠 sin 𝛼 − 𝑛 (𝑠, 𝛼). (3.6)

e function 𝑛 eliminates the (here of nite-size) discontinuities of the
trigonometric function and it is −1 for 𝑠 ∈ [−3,−1], 0 for 𝑠 ∈ [−1, 1]
and 1 for 𝑠 ∈ [1, 3] etc. Note that eq. (3.6) deviates from eq. (1.41), com-
puted using the axis of the helix (that here rotates with 𝛽). e different
behavior of the writhe is presented in g. 3.2.
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Figure 3.2: A comparison between the local writhe, i.e. using the helix
axis in eq. 3.4, and the writhe for the 𝛽 that minimized the energy, 𝛽 .
For reference also 𝜋 + 𝛽 is plotted.

In eq. (3.4) we use −�̂� instead of �̂� to avoid a vanishing denominator
for some values of𝛽 < 0. As required for the use of Fuller’s relation, there
is a homotopy between the straight �̂�−axis and any of the states (partially
or fullywrappednucleosomeplus rotated legs) consideredhere. e con-
tinuity of the homotopy follows from the fact that the chain continuously
changes from 𝑠∗ = 0 (i.e. the �̂�−axis) to any subsequent state.

3.3 Energy
e total energy of aDNAchain of length 𝐿with 𝑠∗ bound turns inside the

nucleosome is the sumof the bending, potential, adsorption and torsional
energy:

𝐸 (𝑠∗, 𝛽) = 2 × 𝐴
2

( ∗ , )
�̇� (𝑠)d𝑠

+ 𝑓Δ𝑧(𝑠∗, 𝛽) − 2
∗ d𝐸 (𝑠)

d𝑠 d𝑠

+ 2𝜋 𝐶
𝐿 − 𝐿 (𝑠∗)(𝑛 −𝑊𝑟(𝑠∗, 𝛽)) . (3.7)
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3. Unwrapping

(𝐼𝐼) (𝐼) (𝑁) (P)
Figure 3.3: Schematic representation of the various stages of nucleosome
unwrapping. e roman numerals indicate how many turns are approx-
imately wrapped (𝑁 stands for 0, 𝑃 stands for plectoneme). In order to
show the effect of torque, the DNA double helix is here represented as a
ribbon that is untwisted in the torsion-less case.

Here

Δ𝑧(𝑠∗, 𝛽) = 𝐿 (𝑠∗) + (𝐫 (−𝑠∗, 𝛽) − 𝐫 (𝑠∗, 𝛽)) ⋅ �̂�

+ 2 ×
( ∗ , )

(1 − 𝐭 (𝑠) ⋅ �̂�) d𝑠 (3.8)

is the shortening of the DNA end-to-end distance in the �̂�-direction due
to the bending of the legs and the wrapping around the octamer. e
adsorption energy is given, with the relevant details, by eq. (1.56) and in
the last termof eq. 3.7 the quantity𝐶 is related to the torsional persistence
length 𝑙 via 𝑙 = 𝐶/𝑘 𝑇; we assume here 𝑙 = 100nm [24].

To nd the optimal con guration for given values of 𝑓 and 𝑛 the en-
ergy, eq. 3.7, needs to be minimized with respect to 𝑠∗ and 𝛽. Since we
neglect in our theory entropic contributions our results are only reliable
for large enough forces, 𝑓 ≳ 0.5 pN [65].
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3.4. Plectoneme

3.4 Plectoneme
e unwrapping of the nucleosome is eased formoderate positive torques

or, as shown later, for high negative torques. However, depending on the
force theDNA can also form a structure called plectoneme (see g. 3.3(P))
that adsorbs approximately all the linking number inserted in the system
(see [24] and chapter 4). Wedonot expect nucleosomeunwrapping in the
presence of a plectoneme as the plectoneme can adsorb torsional stress
more efficiently once formed. To estimate the parameter rangewhere the
plectoneme occurs, we give here the energy of a DNAmolecule of length
𝐿 that contains a plectoneme of length 𝑝 ≥ 0 with radius 𝑅 and angle 𝛾
( g. 3.3(P)):

𝐸(𝑝) = 2𝜋 𝐶
𝐿 (𝑛 − d𝑊𝑝) + (𝑓 + d𝐸 )𝑝. (3.9)

Here d𝑊 = cos 𝛾 sin 𝛾 sign 𝑛/2𝜋𝑅 and d𝐸 = 𝐴 cos 𝛾/(2𝑅 ) are, re-
spectively, the writhe density and the bending energy density of the plec-
toneme (see chapter 4).

As speci ed in chapter 4, in eq. 3.9 we ignore the energetic contri-
bution of the end loop assuming that the nucleosome sits at the end of
the plectoneme ( g. 3.3(P)). In principle a plectoneme could also appear
somewhere else. However the high bending energy of an end loopmakes
it highly improbable.

By minimizing eq. 3.9 for 𝑝 one nds that a plectoneme is expected,
i.e. 𝑝 > 0, for all values of 𝑛 such that

𝑛 ∉ −(𝑓 + d𝐸 )𝐿
4𝜋 𝐶d𝑊 +𝑊𝑟(2), (𝑓 + d𝐸 )𝐿

4𝜋 𝐶d𝑊 . (3.10)

Here 𝑊𝑟(2) = −2.14 is the writhe for 2 fully wrapped turns that for
𝑠∗ = 2 is independent of𝛽 (see g. 3.2). With this termwe account for the
writhe absorbed by the nucleosome that has around two fully wrapped
turns for 𝑛 > 0 and not too large forces. Following chapter 4 we use
𝛾 ≈ 1 and 𝑅 ≈ 1.8 nmwhen the salt concentration is about 150mM.We
stress thatwhen the plectoneme forms, it forms on top of the state the sys-
tem had before the formation. E.g.: if the system has approximately two
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3. Unwrapping

turns wrapped, when we, for example, decrease 𝑛 so that it is outside the
interval describe by eq. (3.10), then a plectonemewill formwith at its end
a nucleosomewrapped twice. In this sense g. 3.3(P) is only indicative of
what really happens.

3.5 Twist defects
Apart from the plectoneme, twist defects [35, 45] can in uence the nu-
cleosome stability. A twist defects is present in a nucleosome when one
DNA base pair is added or removed between two consecutive nucleo-
some binding sites, resulting in a local under- or overtwisting of theDNA.
We can write an equation similar to eq. 3.9 for the twist defects if we re-
place 𝑝 → 𝑚Δ𝑙, d𝑊 → 𝑘 sign 𝑛/Δ𝑙, d𝐸 → d𝐸 /Δ𝑙 and 𝑓 → 𝑓 sign 𝑛.
𝑚 is an integer between 0 and 13 denoting the number of defects. Δ𝑙 =
0.34 nm and 𝑘 = 1/10 are, respectively, the length and twist lost or
gained by a defect. Finally d𝐸 = 9𝑘 𝑇 is the energetic cost of a de-
fect [35]. Since𝑚 ≤ 13 the shi in turns will be up to 1.3; a quick com-
putation reveals that the 13 defects formbefore a plectonemeoccurs. is
changes the boundaries where the plectoneme forms, namely we need to
subtract 1.3 from the le side of eq. 3.10.

e 1.3 turns per nucleosome are found in experiments where chro-
matin bers are put under positive torsional stress [2]. It was suggested
that this can be explained by a chiral transition of the nucleosome. Unfor-
tunately a comparison of our model to these experiments is not possible
as it involves amultinucleosome geometry and forceswhere thermal uc-
tuations cannot be neglected. It would be crucial to perform single nucle-
osome experiments to seewhether the observed strong asymmetry in the
response to positive and negative torsion is still present which favors the
picture of a chiral transition.

3.6 Results
In g. 3.4a we present the optimal nucleosome con gurations for a wide
range of forces and 𝑛/𝐿-values of a DNA molecule with 𝐿 = 3500 nm
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3.6. Results

(a) Diagram of state showing the con g-
urations with the lowest energy for 𝐿 =
3500 nm in the 𝑓-𝑛/𝐿-plane. e grey
dashed-dotted line represents the writhe
of the nucleosome when the legs are free
to release torsional stress.
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(b) e energy landscape near 𝑠∗ = 0
for 𝑓 = 10 pN, 𝑛 = 0. e minimum
of energy is very close to the 𝑠∗ = 0 case
whichmakes it easy for the nuclesome to
“evaporate.”

Figure 3.4: Various results from the computations.

length. is diagram of states is nearly identical for all experimentally
reasonable values of 𝐿, say for all 𝐿 > 500 nm. We nd ve different
states, four of which are depicted in g. 3.3 ((II) fully wrapped, (I) one
turn wrapped, (N) unwrapped and (P) fully wrapped plus plectoneme).
In addition,we indicatewith (N’) almost unwrapped con gurations. at
state is, however, not stable against thermal uctuations as the globalmin-
imum is only tenths of𝑘 𝑇 away from the totally unwrapped state. A typi-
cal example is shown in g. 3.4b. We therefore expect that thenucleosome
typically falls apart once it has unwrapped its last turn.

e negative writhe of the wrapping path makes the nucleosome un-
wrapping highly asymmetric since the factor (𝑛 −𝑊𝑟(𝑠∗, 𝛽)) in the tor-
sional energy, eq. 3.7, favors wrapping, 𝑠∗ > 0, for 𝑛 < 0 and unwrap-
ping, 𝑠∗ = 0, for 𝑛 > 0. For large enough negative values of 𝑛, how-
ever, the nucleosome unwraps to havemore twistable DNA available, see
g. 3.4a. e factor 1/(𝐿 − 𝐿 ) in the twist energy dominates then the

behavior. In the diagram of states, g. 3.4a, we indicate also by a dashed-
dotted line the torsion-less casewhere the unboundDNA is free to rotate.

is situation has been studied in Ref. [36].
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3. Unwrapping

So far we have only determined the optimal con gurations via energy
minimization. Of special experimental importance is, however, also to
know the energy barrier between different states, especially at common
boundaries in the diagram of states, g. 3.4a. Choosing experimental pa-
rameters such that one has two minima between a large barrier, one can
observe the hopping dynamics between them. is has been indeed ob-
served in the torsionless case where a fast hopping between states (II)
and (I) was observed at a certain force valuemanifesting itself in a change
of the end-to-end extension [43, 33]. e boundaries and corresponding
barriers between (II) and (I) and between (I) and (N’/N) are shown in
g. 3.5. Note that the system under torsion provides a much wider range

of parameters where one can observe hopping as compared to the tor-
sionless case. Especially for a wide range of forces we predict two values
of 𝑛/𝐿 where hopping should be observed. It might be challenging to
observe the branch with the transitions at the more negative 𝑛/𝐿-values
as these transition are associated with much higher barrier values (see
g. 3.5).

Appendix: why can we assume the
legs to be planar?

e bending and force contribution of the legs in the 𝑡 = 1 case basically
always smaller than when 𝑡 < 1. is leaves the writhe as the other pos-
sible source of error when excluding the non-planar solutions. However
looking at the contribution of the legs to the torsional energy

𝐸 ∝ (𝑛 −𝑊𝑟 )

𝑊𝑟 = 2
𝜋 arcsin 𝑡 (3.11)

we see that when 𝑛 ∉ [−1, 1], the energy is minimized by 𝑡 = 1. Con-
sidering the large amount of turns investigated (see gure 3.4a) we can
safely ignore the non-planarity of the loop. Moreover eq. (3.11) is only
partially true: when the legs are cut at 𝑠 , which is generally high, at least
for the case (II-I-N) of gure 3.3, thewrithe contributionwould decrease,
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Figure 3.5: e force at which the minimum of the energy around 𝑠∗ =
2(1) and the one around 𝑠∗ = 1(0) have the same value, and the energy
barrier necessary to cross fromone state to the other, as a function of𝑛/𝐿.
Here 𝐿 = 3500 nm.

reducing even further the region in which a non-planar homoclinic loop
matters.
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