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1 INTRODUCTION

Cosmological simulations have become an essential compo-
ot stronnil e, Sl ot ot (0o 8 e 1107 oo e 015 i
where both the statistical properties of large-scale structure,
as well as the highly non-linear structure of dark matter
haloes are largely agreed upon, even between groups employ-
ing widely varying simulation or analysis methods. Among
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ABSTRACT

We study the impact of numerical parameters on the properties of cold dark matter
haloes formed in collisionless cosmological simulations. We quantify convergence in
the median spherically-averaged circular velocity profiles for haloes of widely varying
particle number, as well as in the statistics of their structural scaling relations and
mass functions. In agreement with prior work focused on single haloes, our results
suggest that cosmological simulations yield robust halo properties for a wide range
of softening parameters, €, provided: 1) e is not larger than a “convergence radius”,
Teonv, Which is dictated by 2-body relaxation and determined by particle number, and
2) a sufficient number of timesteps are taken to accurately resolve particle orbits with
short dynamical times. Provided these conditions are met, median circular velocity
profiles converge to within ~ 10 per cent for radii beyond which the local 2-body
relaxation timescale exceeds the Hubble time by a factor kK = trelax/tu 2 0.177, with
better convergence attained for higher k. We provide analytic estimates of r.qny that
build on previous attempts in two ways: first, by highlighting its explicit (but weak)
softening-dependence and, second, by providing a simpler criterion in which 7¢opny is
determined entirely by the mean inter-particle spacing, I; for example, < 10 per cent
convergence in circular velocity for r 2 0.051. We show how these analytic criteria can
be used to assess convergence in structural scaling relations for dark matter haloes as
a function of their mass or maximum circular speed, Vi .x. The convergence radius
is smaller than the virial radius, r9gg, of all haloes resolved with > 32 particles, a
result that we verify explicitly using our suite of simulations. Indeed, mass functions
converge to within = 10 per cent for haloes resolved with > 32 particles, and to within
~ 5 per cent for > 100 particles.

Key words: cosmology: dark matter, theory — galaxies: formation — methods: nu-
merical

these are: the topology of large-scale structure (e.g.
let al|[1987; |James et al|2007; Blake et al|[2014); the mat-
ter power spectrum (e.g. [Smith et al.|[2003); the clustering

ker et al.[2010)), mass function (e.g. Jenkins et al.[2001; Reed
et al.[2003; Tinker et al.[2008;|Despali et al.[2016) and shapes
(e.g. |Allgood et al.|[2006} Despali et al.[2014} |[Vera-Ciro et al.|
[2014} [Vega-Ferrero et al|2017) of dark matter haloes; their
spherically averaged mass profiles (e.g. [Navarro et al.|[1996|
1997} Bullock et al][2001; Ludlow et al.[2013} [Dutton &J
Maccio]2014)) and the mass function and radial distribution
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of their substructure populations (e.g. |Ghigna et al|[1998;
[Stoehr et al.||2003; |Gao et al.|2004; [Springel et al.|2008)).

The radial mass profile of dark matter haloes is a par-
ticularly important and robust prediction of N-body simu-
lations. For relaxed haloes it can be approximated by the
NFW profile (Navarro et al|[1996] [1997), though slight de-
viations from this form have been reported extensively in
the literature (e.g. [Navarro et al|2004; [Ludlow et al|[2013}
[Dutton & Maccid|2014; [Ludlow & Angulo[2017). The NFW
profile has a central cusp where densities diverge as p oc r—*
and a steep outer profile where p(r) tapers off as r=3. In
parametric form, the spherically averaged density profiles
can be well approximated by

Ps
plr) = r/rs(l+71/rs)’ (1)
where ps and rs are characteristic values of density and ra-
dius.

Agreement on these issues required pain-staking tests of
numerical convergence that demanded repeatability of simu-
lation results, regardless of the numerical methods employed
or the numerical parameters adopted. A number of these
studies led to the development of useful “convergence crite-
ria” that can be used to disentangle aspects of simulations
that are reliably modeled from those that may be affected
by numerical artifact. These studies differ in the details, but
uniformly agree that systematic convergence tests are nec-
essary to validate the robustness of a particular numerical
result. Numerical requirements for convergence in halo mass
functions, for example, may differ substantially from those
required for convergence in shapes, dynamics or mass pro-
files.

For collisionless CDM, once a cosmological model has
been specified, only numerical parameters remain. The start-
ing redshift and finite box size of simulations, for example,
affect halo mass functions and clustering, but leave the in-
ternal properties of dark matter haloes largely unchanged
(Knebe et al|2009; [Power & Knebe|2006). Other parameters
impose strict limits on spatial resolution, or otherwise alter
the inner structure of haloes in non-trivial ways. Of particu-
lar importance are the gravitational force softening, € (which
prevents divergent pairwise forces and suppresses large-angle
deflections), the integration timestep for the equations of
motion, At, and the particle mass resolution, m,.

[Power et al|(2003| hereafter P03) provided comprehen-
sive survey of how these numerical parameters affect the
internal structure of a simulated CDM halo. They conclude
that convergence in mass profiles can be achieved for suit-
able choices of timestep, softening, particle number and force
accuracy. For choices of softening that suppress discreteness
effects, and for timesteps substantially shorted than the local
dynamical time, circular velocity profiles converge to within
< 10 per cent roughly at the radius enclosing a sufficient
number of particles to ensure that the local relaxation time
exceeds a Hubble time. Their tests lead to the development
of what is now a standard choice for the “optimal” softening
for cosmological simulations, and to an empirical prescrip-
tion for calculating the “convergence radius” of dark matter
haloes. Their results — which we put to the test in subsequent
sections — have been validated and extended by a number of
follow-up studies (e.g. Diemand et al.|2004; [Springel et al|
[2008} [Navarro et al.|[2010} |Gao et al.||2012).

Strictly speaking, the criteria laid out by P03 mainly
apply to convergence in the circular velocity profiles, V.(r),
of individual haloes, and may not apply to convergence in

other quantities of interest, such as their shapes (Vera-Ciro|
2014), mass functions (e.g. Reed et al.|2003)), to vari-

ous aspects of their substructure distributions (e.g.
let al.|[2000; [Reed et al|[2005; [Springel et al|[2008), or to
population-averaged profiles of, for example, density or cir-
cular velocity. We focus on the latter in this paper. P03
defined convergence empirically: the same simulation was
repeated multiple times using different numerical parame-
ters and the results were used to quantify the radial range
over which V.(r) remained insensitive to those choices.

van den Bosch & Ogiyal (2018)) follow a different ap-
proach. Using a series of idealized numerical experiments,
they argue that inappropriate choices for gravitational soft-
ening are detrimental to the evolution of substructure haloes
and that, as a result, many state-of-the-art cosmological
simulations are still subject to the classic “over-merging”
problem (Moore et al|[1996). They additionally argue that
discreteness-driven instabilities in subhaloes with < 103
particles forbids a proper assessment of their evolution in
strong tidal fields, limiting our ability to interpret conver-
gence in their mass functions or internal structure.

Going beyond pure dark matter (DM), hydrodynamic
simulations of galaxy formation are reaching new levels of
maturity. The increase of computational resources and im-
proved algorithms enable fully cosmological simulations of
galaxy formation to be carried out; simulations that often
resolve tens of thousands of individual galaxies in volumes
approaching those required for cosmological studies. Notable
among these are EAGLE (Schaye et al|2015; |Crain et al.[2015)),
Tlustris (Vogelsberger et al.||2014a} [Pillepich et all [2018),
Horizon-AGN (Dubois et al| [2014), and the Magneticum
Pathfinder simulations (Dolag et al.||2016). Although sub-
grid models in simulations such as these must be calibrated
to reproduce a desired set of observables (for EAGLE, the
z = 0 galaxy stellar mass function and size-mass relation),
many of their predictions have been ratified by observations
making them a useful tool for interpreting observational
data and illuminating the complex physical processes that
give rise to galaxy scaling relations.

As discussed by |Schaye et al (2015)), the need to cali-
brate subgrid models in simulations affects our ability to in-
terpret numerical convergence, particularly when mass and
spatial resolution are improved. Clearly convergence is a re-
quirement for predictive power, but for a multi-scale pro-
cess such as galaxy formation it should arguably be attained
only after recalibration of the subgrid physics, thus allowing
models to benefit from increased resolution by incorporating
new, scale-dependent physical processes.

The convergence of hydrodynamic simulations is, in any
event, poorly understood. It remains unclear, for example,
how robust predictions of galaxy formation models are to
small changes in the numerical parameters. We seek to ad-
dress this using a suite of simulations drawn from the EAGLE
project. In this first paper we study the sensitivity of our
simulations to numerical parameters when only dark matter
is present, seeking to illuminate and clarify shortcomings of
prior work. In a follow-up paper, we will address convergence
in fully-hydrodynamical simulations using a well-calibrated
galaxy formation model from the EAGLE project.




We will focus our analysis on isolated haloes expected to
host central galaxies in hydrodynamic runs. This is primar-
ily for two reasons: 1) assessing convergence in properties of
substructure is much more challenging (see ivan den Bosch
& Ogiyal[2018} [van den Bosch et al.||2018] for a recent in
depth analysis), and 2) most galaxies initially form in field
haloes and undergo rapid quenching after becoming satel-
lites (e.g. |Balogh et al.|[2000}; |Wetzel et al.|2015} |[Fillingham
et al.|[2015; van de Voort et al.|2017)), quickly transitioning
to collisionless mixtures of stars and dark matter.

Our study is part of the EAGLE Project. All of our runs
were carried out using the same simulation code and adopt
the same “fiducial” numerical parameters as |Schaye et al
(2015), which we vary systematically from run-to-run. We
concentrate our discussion primarily on gravitational soft-
ening and the impact of 2-body collisions on the spatial res-
olution of N-body simulations, but consider mass resolution
and timestepping when necessary. Softening has been stud-
ied in great detail in the past two decades, but this has not
led to a clear consensus on what constitutes an “optimal”
softening length for a given simulation.

The remainder of the paper is organized as follows. In
Section 1] we describe our simulation suite and the varia-
tion of numerical parameters, as well as halo finding tech-
niques (Section. We provide simple analytic estimates of
plausible bounds on gravitational softening in Section [3} we
introduce the 2-body “convergence radius” in Section [3:2}
highlighting its explicit dependence on softening. We then
present our main results: the convergence of median circular
velocity profiles is discussed in Section [d] followed by that
of mass functions (Section . We summarize and conclude
in Section [6l

2 SIMULATIONS
2.1 Simulation set-up

All runs were carried out in the same Ly = 12.5 Mpc cu-
bic periodic volume which was simulated repeatedly us-
ing different numbers of particles, N, gravitational soft-
ening lengths, ¢, and timestep size, At. Each run adopted
the set of “Planck” cosmological parameters used for EA-
GLE (Schaye et al|[2015; Planck Collaboration et al.|2014):
Qv = QoM + Qpar = 1 — Q4 = 0.307; Qpar = 0.04825;
h = 0.6777; os = 0.8288; ns = 0.9611. Here ); is the en-
ergy density of component ¢ expressed in units of the crit-
ical density, peric = 3H3/(87G); h = Ho/[100km/s/Mpc]
is Hubble’s constant; osg is the z = 0 linear rms density
fluctuation in 8 A~*Mpc; and n is the primordial power
spectral index. Initial conditions for each simulation were
generated using second-order Lagrangian perturbation the-
ory at z = 127 (Jenkins||2013), which is sufficiently high
to ensure that all resolved modes are initially well within
the linear regime. We sample the linear density field with
N, = 188%, 376 and 752° equal-mass particles; the corre-
sponding particle masses are mpy = 1.15 X 107, 1.44 x 10°
and 1.80 x 10° M. For consistency we label each run in a
way that encodes the box size and particle number, using
the same nomenclature as|Schaye et al| (2015). For example,
L0012N0376 corresponds to a run with Ly = 12.5Mpc and
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Np = 3763 particles. The DM density field is evolved using
the same version of P-GADGET (Springel|2005) employed for
the EAGLE project.

It is common in the literature to refer to e as the “spa-
tial resolution” of a simulation, not surprisingly given its
dimensions. For cosmological simulations of uniform mass
resolution it is customary to adopt a gravitational soften-
ing length that is a fixed fraction of the (comoving) mean
inter-particle separation,

I =Ly/N)?, (2)

thus fixing the ratio e/mllj/l\?&. In EAGLE the softening pa-
rameter, initially fixed in comoving coordinates, reaches
a maximum physical value at redshift zpny,s = 2.8, af-
ter which it remains constant in physical coordinates. For
Ly, = 100Mpc, N, = 1504% and €(z = 0) = 700 pc, this im-
plies, epnys/l &~ 0.011 for z < 2.8, while em/l ~ 0.04 in
co-moving coordinates for z > 2.8. We will hereafter refer
to esa(z = 0)/1 =~ 0.011 as the “fiducial” softening length
regardless of mass resolution, and will vary € away from
this value by successive factors of two. For N, = 7523 the
“fiducial” softening length is esq = 175 pc; €aa = 350 pc for
N, = 376%, and 700 pc for N, = 188°%. We further note that
€ refers to the Plummer-equivalent softening length, which is
related to the “spline” softening length through e, = 2.8 xe.

To test the sensitivity of our results to changing zpnys,
we have also carried out runs with zpnys = 0 (fixed co-moving
e at all z) and oo (fixed physical €). For convenience, we
will sometimes reference softening parameters relative to the
fiducial value, hence defining the relative softening length
fe = €i/ena. Table [1] lists all of the relevant numerical pa-
rameters for our simulations.

2.2 Halo identification

We identify haloes in all of our simulations using the SUB-
FIND (Springel et al||2001) algorithm. SUBFIND first links
dark matter particles into friends-of-friends (FoF) groups
before separating them into a number of self-bound “sub-
haloes”. Each FoF group contains a central or “main” sub-
halo that contains most of its mass, and a number of lower-
mass substructures. For each FoF halo and its entire hier-
archy of subhaloes SUBFIND records a number of attributes,
the most basic of which include its mass, Mpor (for FoF
haloes), position (defined as the location of the particle with
the minimum potential energy), the magnitude and loca-
tion of its peak circular speed, Vinax and Tmax, as well as its
self-bound mass, Mpouna (for all subhaloes). For FoF haloes
(defined as “main” haloes in what follows), SUBFIND also
records other common mass definitions based on a variety of
spherical overdensity boundaries: Magg is the mass contained
within a spherical region whose mean density is 200X perit (2);
Ma encloses a mean density of A X perit(2), where A is the
redshift-dependent virial overdensity of |Bryan & Norman!
(1998) (A = 103.7 for our adopted cosmology). Each of
these are common and sensible ways to define virial masses,
which we compare in section [5.2] Note that the virial mass
of a halo implicitly defines its virial radius, ra, and cor-
responding circular velocity, Va: for an overdensity A, for
example, ra = 3Ma /4T Aperic, and Va = /G Ma/ra.

In addition to halo properties, SUBFIND also records lists
of particles belonging to each halo, which we use to calculate
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Table 1. Numerical aspects of our dark matter only simulations. The first column provides a run label, adopting the same nomenclature
as|Schaye et al| (2015). Ny, is the total number of simulation particles of mass mpm; €ecm and eppys the co-moving and maximum physical

softening lengths, respectively; €;/l are the softening lengths expressed in units of the mean inter-particle separation, [ = Ly, /N;/s; fe is

the softening length in units of the “fiducial” EAGLE value for a given mpy; ErrTolIntAcc is GADGET’s integration accuracy parameter;
Zphys the redshift below which the softening remains fixed in physical (rather than comoving) units.

Name mpM Np €phys  €phys/! €cm €cm /1 fe  ErrTolIntAcc  Zphys
10 Mo pd 10 pd 1072 fe/ena)

L0012N0752 1.8 7523 175.0 1.05 665.0 4.00 1.0000 0.025 2.8
L0012N0752 1.8 7528 438 026 166.3  2.00  0.2500 0.010 2.8
LO0012N0376 14.4 3763 5600.0 16.84 2.1x103 64.01 16.0000 0.025 2.8
L0012N0376 14.4 3763 2800.0 8.42 10.6x103 32.01 8.0000 0.025 2.8
L0012N0376 14.4 3763 1400.0 4.21 5320.0 16.00 4.0000 0.025 2.8
LO0012N0376 14.4 3763 700.0 2.11 2660.0 8.00 2.0000 0.025 2.8
L0012N0376 14.4 3763 350.0 1.05 1330.0 4.00 1.0000 0.025, 0.0025 2.8
LO0012N0376 14.4 3763 175.0 0.53 665.0 2.00 0.5000 0.025, 0.0025 2.8
L0012N0376 14.4 3763 87.5 0.26 332.5 1.00 0.2500 0.025, 0.0025 2.8
LO0012N0376 14.4 3763 43.8 0.13 166.3 0.50 0.1250 0.025, 0.0025 2.8
L0012N0376 14.4 3763 21.9 0.07 83.13 0.25 0.0625 0.025, 0.0025 2.8
LO0012N0376 14.4 3763 109 0.03 41.6 0.13 0.0313 0.025, 0.0025 2.8
L0012N0376 14.4 3763 5.5 0.02 20.8 0.06 0.0156 0.025, 0.0025 2.8
L0012N0376 14.4 3763 350.0 1.05 350.0 1.05 1.0000 0.025 0.0
LO0012N0376 14.4 3763 350.0 1.05 2609.2 8.09 1.0000 0.025 10.0
LO0012N0188 115.0 1882 700.0 1.05 2660.0 4.00 1.0000 0.025 2.8
L0012N0188 115.0 1883 350.0 0.53 1330.0 2.00 0.5000 0.025 2.8
L0012N0188 115.0 1883 175.0 0.26 665.0 1.00 0.2500 0.025 2.8
L0012N0188 115.0 1883 87.5 0.13 332.5 0.50 0.1250 0.025 2.8
LO0012N0188 115.0 1883 43.8 0.07 166.3 0.20 0.0625 0.025 2.8
L0012N0188 115.0 1883 21.9 0.03 83.13 0.13 0.0313 0.025 2.8

their spherically-averaged enclosed mass profiles, M (r). We
construct these profiles for all main haloes in 50 equally-
spaced logarithmic bins spanning —5 < logr/[Mpc] < 0
which we then use to build median circular velocity pro-
files, Vc(r) = /G M(r)/r, as a function of halo mass, and
various other structural scaling relations. Note that all par-
ticles are used to calculate M (r), and not just those deemed
bound to the main halo by SUBFIND. The results presented in
the following sections are obtained using these spherically-
averaged profiles, and the halo masses returned by SUBFIND.

3 ANALYTIC EXPECTATIONS
3.1 Preliminaries: limits on gravitational softening

Softening gravitational forces in N-body simulations has dis-
tinct advantages. In particular, it suppresses large-angle de-
flections due to (artificial) 2-body scattering, thereby per-
mitting the use of low-order orbit integration schemes. This
substantially decreases wall-clock times required for a given
N-body problem. There are, however, drawbacks: when € is
small shot noise in the particle load can result in large near-
neighbor forces, or when large, to systematic suppression of
inter-particle forces. Both effects can jeopardize the results
of N-body simulations and the optimal choice of gravita-
tional softening should provide a compromise between the
two.

The finite particle mass and limited force resolution
inherent to particle-based simulations can give rise to ad-
verse discreteness effects if € is not properly chosen, and the

debate over what constitutes a wise choice persists. Some
studies, designed specifically to annotate discreteness-driven
noise in simulations, suggest a safe lower limit to softening
of €/l 21— 2 (e.g. [Melott et al.[1997; [Power et al.[[2016).
This is supported by others who argue that various two-
point statistics of the DM density field are not converged
on scales <[ (Splinter et al.|[1998)). It is important to note,
however, that discreteness noise does not propagate from
the small scales where it is introduced to larger ones, being
typically confined to scales of order ~ ¢ to ~ 21 (Romeo
et al.|2008]).

Whether simulations are trustworthy below scales ~ [
remains a matter of debate. Notwithstanding, cosmological
simulations for which € ~ [ are undesirable for other rea-
sons. Consider a CDM model, for example, where consider-
able intrinsic power exists on all scales 2 [. To avoid bias-
ing gravitational collapse at the resolution limit of such a
simulation, the comoving softening length must be smaller
than the comoving virial radius of the lowest-mass haloes
resolved by the simulation. Noting that Moo = N2aoo mpm,
where mpyv = perit QDM l3, this places a strict upper limit
on the comoving softening length of

1/3 1/3
com(2) < 3Qpm N2oo !
81 100
Nago \/?
100 ’

®3)

~ 0.3321 (

For a conservative resolution limit of Nago = 100, eq. sug—
gests that € should remain smaller than about one third of



the mean inter-particle spacing; for Nogo = 20, €/1 < 0.2 is
required.

Most recent large-scale simulations adopt softening
lengths substantially smaller than these limits, but large
enough to ensure that the lowest-mass haloes remain ap-
proximately collisionless at all times. One such criterion de-
mands that the specific binding energy of low-mass haloes,
v300 ~ (10 G H Nago mpm)?/3, remains larger than the bind-
ing energy of two DM particles separated by e ©v2 =
G mpwm/e. The condition v2 <« V&, imposes a lower limit
on € of

30pm 1 )1/3

o>
Com > (80071' NZoo

(4)

~3.32x 10721 (

For Ny ~ 20 this implies a lower limit of ¢/] % 0.01, compa-
rable to values adopted for essentially all recent large-scale
simulations projects. The Bolshoi simulation (Klypin et al.
2011)), for example, had a force resolution of ~ 0.016 [, while
the Multi-dark simulations (Klypin et al.[2016) adopted
e/l = 0.014 — 0.026 (Plummer equivalent); the Millen-
nium (Springel et al.|2005)), Millennium-II (Boylan-Kolchin
et al.|2009) and Millennium-XXL (Angulo et al.|[2012) each
used €/l =~ 0.022; and €/l = 0.016 for DUES FUR (Al-
imi et al.|[2012). Cosmological hydrodynamical simulations
use comparable values of softening: as mentioned above,
EAGLE adopted a physical softening length of ¢/l = 0.011
(e/b = 0.04 in co-moving coordinates at z > 2.8), while
Mustris-TNG used maximum physical value of €/l =~ 0.012
(Springel et al.|2018)). All values above are quoted as physical
softening lengths at z = 0, unless stated otherwise. We con-
sider a broad range of softening lengths, spanning €/l ~ 0.17
to ~ 1.6 x 107

As mentioned above, the “optimal” softening, €opt, for
a given simulation is the one that balances large force errors
due to shot noise with biases resulting from large depar-
tures from the Newtonian force law. Merritt| (1996) sug-
gested that eopt should be chosen to minimize the aver-
age square error in force evaluations relative to what is ex-
pected from an equivalent smooth matter distribution. A
drawback of this approach is that e,pt depends not only
on the mass distribution under consideration — which is
not generally known a priori — but also on the number of
particles in the system, N. |Dehnen| (2001), for example,
found that the optimal softening for a |[Hernquist| (1990)
halo is roughly €opt/a ~ 0.017 (N/10%)7%%% where a is its
scale radius. Similarly, van den Bosch & Ogiyal (2018) find
€opt/T200 = 0.005 X (N2go/10°) 73 for an NFW halo with
concentration ¢ = rg00/rs = 10. We will see in section
that this is sufficiently small to avoid compromising the spa-
tial resolution in halo centres in cosmological simulations
using equal-mass particles.

Suppressing discreteness imposes a lower limit to the
gravitational softening that can be used for a given simu-
lation. As previously mentioned, collisionless dynamics de-
mands that the maximum binding energy between two par-
ticles, vf ~ Gmpwm /€y, not exceed the virial binding energy
of haloes of interest, i.e. v2 < Vg, implying €, > r200/Naoo,
where Naoo = Maoo/mpm. This is comparable to the soften-
ing length required to suppress large-angle deflections due
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to close encounters, given by €gg ~ bgg = 2GmDM/v2, where
boo is the impact parameter giving rise to ~ 90° deflections
(Binney & Tremaine||[1987) and v? ~ GM/r is the typical
speed of particles at distance r. This condition therefore re-
quires €90 X 27200/N20o, a factor of 2 larger than e,.

Suppressing large accelerations during to close encoun-
ters results in stricter limits on softening (see P03). For ex-
ample, requiring that the maximum stochastic acceleration
due to close encounters, ac = Gmpum/€?, remains smaller
than the minimum mean-field acceleration across the en-
tire halo, @min = GMgoo/rgoo, imposes a lower limit of
€ace 2 7200/ v Naoo-

The solid black lines in Figure [I] show the softening
lengths €,, €90 and €4cc normalized to the virial radius, 7200,
as a function of Nagg.

3.2 2-Body relaxation and the convergence radius
3.2.1 The relazxation timescale

It is important to emphasize that softening pair-wise forces
does not necessarily increase 2-body relaxation times, which
generally impose stricter constraints on the spatial resolu-
tion of N-body simulations. To see why, consider the cumu-
lative effect of 2-body interactions incurred by a test particle
as it crosses an N-particle system with surface mass density
¥ ~ N/mR?. Following [Binney & Tremaine, (1987) (see also
Huang et al.|[1993), we assume that any one encounter in-
duces a small velocity perturbation |dv. | < v perpendicular
to the particle’s direction of motion, but leaves its trajectory
unchanged. The perturbation due to a single encounter can
be expressed

2Gmpum b

[CETSrY ®)

vy |~
where b is the impact parameter and e the (Plummer) soft-
ening length. In a single crossing, the test particle will expe-
rience dn = 27X bdb such collisions with impact parameters
spanning b to b+ db. Integrating the square velocity change
over all such encounters yields

2 Gmom \> [P 5 5 5 o
Av] =8N b2 (b” 4+ €7) "db
Rv bmin
(6)

€2 :| bmax

€2 + b2

2
= 4L|:ln(62—|—b2)+ ,

N

bmin

where bmin and bmax are, respectively, the minimum and
maximum impact parameters, and we have assumed a typi-
cal velocity v2 = Gmpu N/R.

The relazation time can be defined in terms of the num-
ber of crossings a test particle must execute such that it
loses memory of its initial orbit, i.e. Mcross ~ UQ/AUi ~
trelax/teross- In the limit b >> €, eq. |§| implies

trelax N N

teross - 8 ln(bmax/bmin) = 8 h’l(N/Q) ’ (7)

where tcross = 7/v is the crossing time, and we have as-
sumed bmax = R and bmin = bgy = 2GmDM/vz. Eq. [7] is
the classic relaxation time calculated by [Binney & Tremaine
(1987) for Keplerian forces, which depends only on the en-
closed number of particles. Note that for a narrow range
of impact parameter, bmax/bmin = (1 + A), eq. [7| implies
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Figure 1. Limits on the gravitational softening and spatial reso-
lution of collisionless N-body simulations as a function of particle
number Nago = Ma2go/mpn- Thin black lines show the minimum
softening lengths, €, and egp, required for collisionless dynamics,
and length scale €4 needed to suppress large stochastic accelera-
tions during close encounters between particles. The beige shaded
region thus highlights softening lengths that may result in large
force errors due to shot noise in the particle distribution. The
thick black lines show the radius at which the collisional relax-
ation time for NFW haloes (with concentrations ¢ = 5 and 20) is
equal to the Hubble time, t.c1ax = tHg, and provides an estimate
of the minimum spatial scale that can be resolved due to 2-body
scattering. The dot-dashed black line shows the “optimal” soften-
ing, €opt, advocated by [van den Bosch & Ogiyal (2018). The blue
shaded region indicates t,elax < tg for a given Nago; softening
lengths chosen in this region will result in additional restrictions
on spatial resolution. Coloured lines and symbols indicate sev-
eral recent N-body and hydrodynamical simulations: Blue lines,
square and triangles show, respectively, the EAGLE, Apostle and
Aquarius (level-1 and 2) simulations (Schaye et al||2015} [Sawala
let al.|[2016; |[Springel et al|[2008| respectively); the red circles and
triangle show the FIRE and Latte simulations, respectively
[kins et al|2014} [Wetzel et all2016); the Illustris and Illustris-TNG
simulations are highlighted using solid and dashed green lines, re-
spectively (Vogelsberger et al.|[2014b} [Pillepich et al|[2018), and
purple squares indicate NTHAO (Wang et al.||2015]). The grid of
coloured circles show the values of € used in our study, and ap-
proximately span the range of Nagg resolved by our simulations.
Values of € plotted here correspond to the z = 0 values quoted by
each author for DM particles.

trelax/teross o In(1+ A)_lz fixed intervals of b therefore con-
tribute equally to relaxation, which is sensitive to both close
and distant encounters. As a result, softening forces on small
scales does little to prolong relaxation, which is primarily
driven by large numbers of distant perturbers.

What is the appropriate choice of bumin for haloes in
cosmological simulations? If € is chosen in order to sup-
press large-angle deflections, then the assumption bmin = bgo
may need revision. Indeed, for a Plummer potential there is

a well-defined impact paramete bmin = €/ \/5, for which
the perpendicular pair-wise force between particles is mazi-
mized, tending to zero for both larger and smaller b. Inserting
this into eq. @ and assuming bmax = R, we obtain

trotax N R? € — 2R? 3\17*

Drelax _ D (22 1)+ =0 (2

Ferons 4[“(62+ )*3@%+Ra "2 (8)

N R2 3\ 27171

(&) ()3 ®)
N

~ SI(R/e)’ (10)

%

where the last two steps are valid provided R > €. Note that
eq.[I0]depends logarithmically on €, and is equivalent to eq.|[7]
if bmax = R and bmin = €. This confirms our expectation that
softened forces give rise to modest changes in tyelax, €ven for
very small values of the softening length. We will test this
explicitly in Section

3.2.2 The convergence radius

Collisional relaxation imposes a lower limit on the spatial
resolution of N-body simulations that is typically larger than
the limits on gravitational softening outlined in the previ-
ous section. Based on an extensive suite of simulations, P03
concluded that convergence is obtained at radii that enclose
a sufficient number of particles so that the local two-body
relaxation timescale is comparable to or longer than a Hub-
ble time, ¢ (z). The “convergence radius”, Tconv, implied by
eq. m can thus be approximated by the solution to

trelax(z)

t200(2)

N r/Vu(r) _ «200&( B(r) )‘1/2
)

:Slneroo/Vmo 8 InN \ peit(z

kpo3(r) =

(11)

where p(r) is the mean internal density enclosing N = N(r)
particles. We can rewrite eq. in order to incorporate its
explicit dependence on softening implied by eq. [§] resulting
in

Ke(r) = @ {m(lj—; + 1>+

¢ 2R (2)} 1( £(r) )1/2 (12)
3(62 + R2) n 3 Pcrit (Z) ’

Note that we have used subscripts on egs. and
in order to distinguish the P03 convergence radius from our
softening-dependent estimate above, a convention we retain
throughout the paper. Either equation, however, can be used
to estimate rcony Once an empirical relationship between
K = trelax/tu and “convergence” has been determined from
simulations. P03 found that circular velocity profiles con-
verge to < 10 per cent provided xpos 2 0.6.
hereafter N10) showed that better convergence can

1 This can be seen by maximizing the radial gradient of a Plum-
mer force law and solving for €. The minimum impact parameter
obtained this way is slightly smaller than that which maximizes
the velocity perturbation in eq. @ which occurs at b = e.



be obtained for larger values of Kpos; at kpos = 7, for ex-
ample, V(r) profiles converge to ~ 2.5 per cent. We follow
P03 and N10 and quantify convergence in circular velocity
profiles using AV, = (VP eh _ y1ow)/v1ov where V°Y and
Vhigh are the median profiles for haloes of fixed mass in our
low- and highest-resolution simulations, respectively.

3.2.3 A simpler convergence criterion?

As a useful approximation, we can rewrite the convergence
radius implied by eq. as

Tconv ’{123/0% c
=T (13)
T200 Nzo/o

where C' = 4(InN./v/N.)¥? and N, = N(< Tconv); these
quantities depend weakly on concentration and Nagp, but
also on kpo3. To illustrate, we set kpos = 1 and solve eq.
assuming an NFW mass profile to determine N, for a range
of concentrations and Nagg. We find that, for 102 < Nago <
108, C varies by a factor < 2.4 for ¢ = 20 and < 1.9 for
¢ = 5. Neglecting this weak dependence, eq. [[3]implies that
the ratio Tconv/r200 is approximately independent of mass
and that, to first order, rconv/T200 X N;O(I)/ 3. As a result,
haloes of a given Nago will be “converged” roughly to a fixed
fraction of their virial radii regardless of mass.

We can use these finding to cast eq.[[3]into convenient
forms that depend only on particle mass, or mean inter-
particle spacing;:

2/3 3mpwMm 1/8
conv = -~ 14
reon(2) = C iy gt ) (14)
273 ( 3QpMm 1/8

where we have used the fact that mpym = Qo perit (2) l(z)3;

I(z) =1/(1 4 z) is the mean inter-particle spacing in phys-
ical units. The latter result, eq. [[5] implies that the ratio
Teonv(2)/1(z) should be largely independent of redshift, halo
mass and particle mass; the convergence radius is simply a
fixed fraction of the mean inter-particle spacing. We will test
these scalings explicitly in later sections.

Figure (1| plots Tconv (for kpo3 = 1; thick black lines)
for NFW profiles with ¢ = 5 and ¢ = 20, representa-
tive of the vast majority of DM haloes that form in typi-
cal cosmological simulations. Due to the weak dependence
of N. on Nazgo, these curves are only slightly steeper than
Tconv/T200 X N%g. As a result, adopting a fixed softening
parameter for cosmological simulations with uniform mass
resolution will not necessarily compromise spatial resolution
at any mass scale. Take for example the solid blue line in
Figure |1} which plots €/r200 NQI({S adopted for the EAGLE
simulation. Here, € is smaller than rconvy by more than a fac-
tor of ~2 at all relevant halo masses (but will eventually
exceed Teonv at very large Naoo).

4 MEDIAN MASS PROFILES

The most comprehensive attempt to establish the impact
of numerical parameters on halo mass profiles has been the
work of P03. Their results imply that, provided timestep
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size, softening and starting redshift are wisely chosen, par-
ticle number is the primary factor determining convergence.

One limitation of the work carried out by P03 and N10
is that they were based on simulations of a single ~ 102 Mg
dark matter halo that was resolved with at least ~ 10* par-
ticles, over 300 times that of the poorest resolved systems
in typical cosmological runs. Can the conclusions of P03 be
extrapolated to haloes with ~ 10% particles, or fewer? Is
the P03 radial convergence criterion valid for stacked mass
profiles, or for haloes whose masses differ substantially from
~ 10'2 Mg ? We devote this section to addressing these ques-
tions.

4.1 Integration accuracy

The central regions of dark matter haloes are difficult to
simulate due to their high densities, which reach many or-
ders of magnitude above the cosmic mean. Crossing times
there are ~ 107 to 107* x tz(2) implying that thousands
of orbits per particle must be integrated to ensure accuracy
and reliability. Adding to this, haloes are not smooth and
integration errors may accumulate during close encounters
between particles. In the presence of discreteness effects, the
number of timesteps required to reach convergence scales as
~ 1/e (P03), so many integration steps are needed when ¢
is small. As a result, integration must be carried out with a
minimum (but a priori unknown) level of precision to pre-
vent errors from accumulating, which may compromise re-
sults. In GADGET, particles take adaptive timesteps of length
At = +/2ne/|al, where |a| is the magnitude of the local ac-
celeration, and 7 is a parameter that allows some additional
control over the step size. In the GADGET parameter file, n
is referred to as ErrTolIntAccuracy and takes on a default
value of 0.025.

Figure [2| plots the average enclosed mass profiles of
haloes drawn from our N, = 376 run, and highlights the
importance of accurate integration. Panels correspond to dif-
ferent mass bins, which were selected so that (from top left
to bottom right) Nago ~ 10, 10*, 10° and 10°. The curves
show the radii, rx,, enclosing a given number of particles
(indicated to the right of each curve) and are plotted as a
function of the gravitational softening, €. As a guide, the
virial radius for each mass bin is indicated by the arrow on
the left side of each panel. Connected (blue) circles show re-
sults for GADGET ’s default integration accuracy parameter,
ErrTolIntAcc = 0.025.

For comparison, the vertical green arrows in each panel
mark two estimates of minimum softening needed to sup-
press discreteness effects. The first, €acc = r200/v/N200, en-
sures that the mazimum stochastic acceleration felt by a par-
ticle (~ Gm/€®) remains smaller than the minimum mean
field acceleration of the halo (~ G'Ma200/7300). The other,
€90 = 21"200/N2007 is less restrictive and is required to pre-
vent large-angle deflections during two-body encounters.

There are a couple points to note in this figure. First,
central densities are noticeably suppressed for radii smaller
than the “spline” softening length, i.e. 7 < esp = 2.8 X € (in
GADGET , pairwise forces become exactly Newtonian for sep-
arations larger than esp). This can be seen by noting that
all radii appear to increase slightly once they cross into the
grey shaded region, which delineates r = €s,. Large values of
softening clearly compromise spatial resolution. More inter-
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Figure 2. Average radii enclosing fixed numbers of particles as a function of the softening length, €, for haloes in four separate mass bins.
All runs used N, = 3763 particles. Connected blue circles correspond to runs carried out with GADGET’s default integration accuracy
parameter, ErrTolIntAcc=0.025, and red squares to runs with ErrTolIntAcc=0.0025. From top left to bottom right, panels correspond
to halo masses equivalent to Nagg ~ 103, 10%, 10° and 10° DM particles. The grey shaded regions highlight r > €sp = 2.8 X ¢, the
inter-particle length scale beyond which forces become exactly Newtonian. Green arrows mark two estimates of softening required to
suppress discreteness effects, €acc and egg (see sectionfor details). The right-pointing arrows mark the virial radius, r200, and P03’s

convergence radius, rconv, for each mass bin.

estingly, however, the central regions of haloes show a clear
increase in central density (i.e. the blue lines curve down-
ward) when the softening parameter is reduced below a par-
ticular value. The value of ¢ at which this occurs depends
on particle number, with more massive systems exhibiting
symptoms at smaller €. Note too that further reducing e does
not result in a denser centre: for very small € the correct re-
sult is once again recovered. The asymptotic central density
therefore depends non-monotonically on ¢, suggesting a nu-
merical origin.

The connected (red) squares show, for a subset of ¢, the
same results but for a series of runs in which 7 was reduced
to from 0.025 to 0.0025 (this increases the total number of
timesteps by a factor of roughly /10 ~ 3.16). These curves
are clearly flatter, suggesting that halo mass profiles are ro-
bust to changes in softening across a wide range of masses

provided: a) e is sufficiently small so that r X esp, and b)
care is taken to ensure particle orbits are resolved with a
sufficient number of timesteps. For the remainder of the pa-
per, all results from runs for which € < esq were carried out
with ErrTolIntAcc=0.0025, unless stated otherwise.

These results are qualitatively consistent with those of
P03, but differ in the details. These authors report that GAD-
GET runs with fixed timestep developed artificially dense
“cuspy” centres, where resolution is poor. Based on this,
they argue for an e-dependent adaptive timestepping crite-
rion, At; = v/n€;/a;, where n = 0.04. This is the same cri-
terion adopted for our runs, but with a considerably larger
than the value of 7, perhaps due to the much smaller soft-
ening parameters tested in our study. This may indicate the
need for a timestepping criterion with a stronger dependence
on e. We defer this task to future work.
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Figure 3. Median circular velocity profiles for haloes in four
distinct mass bins. Each run used the same softening length,
€ = 43.75 pc, but a different total number of particles: Np = 7523
(grey circles), Np = 3763 (red lines) and N = 1883 (blue lines),
corresponding to a factor of 64 in mass resolution. Dashed lines
show NFW profiles with a concentration parameter equal to the
median values for haloes in our N = 7523 run in the same mass
bins. Thick lines (or points in the case of Np = 7523) extend down
to the radius beyond which the circular velocity profiles agree with
the theoretical ones to within ~10 per cent; thin lines extend
the curves to radii enclosing ~ 20 particles. Downward point-
ing arrows mark the P03 “convergence radius” for kpgg = 0.177

(eq. [TT).

The results above suggest that the median mass pro-
files of dark matter haloes are remarkably robust to changes
in gravitational softening provided it is not so large that it
compromises enclosed masses. This is true even for haloes
containing as few as Naoo = 10® particles, and for radii en-
closing as few as 50. This does not, however, imply numerical
convergence. Indeed, provided other numerical parameters
are carefully chosen, 2-body relaxation places much stronger
constraints on convergence (P03), and dense haloes centres
— which occupy only a small fraction of their total mass
and volume — are highly susceptible to low particle number.
The systematic effects of 2-body scattering on the inner-
most mass profiles of dark matter haloes must therefore be
carefully considered when seeking to quantify numerical con-
vergence. As discussed above, a useful tactic for separating
converged from unconverged parts of a halo is to identify
the radius at which the collisional relaxation time is some
multiple & = tye1/tm(2) of a Hubble time (P03). We turn our
attention to this in the following subsections.

4.2 Median circular velocity profiles

Figureshows the median circular velocity profiles of haloes
in four separate mass bins and at three different resolutions.
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Figure 4. “Convergence radius” beyond which the median cir-
cular velocity profiles converge to within 10 per cent of those
in our Np = 7523 run plotted as a function of particle number,
Nago. Red circles correspond to results from Ny = 3763 runs, blue
squares to Np = 1883. Both runs adopted the fiducial softening
length for their particle mass. Solid lines show rcony computed
using the P03 criterion (eq. for each resolution, assuming
kpos = 0.177 (shaded regions show variations brought about by
a +25 per cent change in kpg3). Dashed lines show the conver-
gence radius implied by eq. for efq and ke = 0.177. Horizontal
dot-dashed lines show eq. which approximates rconv as a fixed
fraction of the mean inter-particle spacing.

Grey dashed lines show NFW fits to the profiles of haloes
in our N, = 752% run (grey lines and circles). Because these
curves agree well with the simulated profiles over a large
radial range, we can use them to estimate the convergence
radius by identifying the point at which the simulated pro-
files first dip below the theoretical ones by a certain amount.
Thick lines (or points in the case of N, = 7523) cover radii
for which V. departs from dashed lines by less than 10 per
cent; thin lines extend to radii enclosing N > 20 particles.

Note that measured convergence radii are, for a given
resolution, only weakly dependent on halo mass (the thick
segments or points end at similar radii for a given set of
curves). Haloes in our N, = 7523 run, for example, have
convergence radii that differ by at most ~30 per cent across
the entire mass range plotted (which corresponds to a factor
of 512 in Naoo and 8 in r200), and the difference is similar
for the other resolutions. Two haloes with the same total
number of particles therefore have very different conver-
gence radii depending on their mass. For example, a halo
of mass 1.2 x 10° Mg in our 7523 run has a measured con-
vergence radius of ~ 0.60 kpc, whereas 7.5 x 10'° Mg, haloes
in our 1883 run, resolved with the same number of particles,
Teonv & 3.5 kpc, about a factor of 6 larger.

This scaling is indeed expected from eq. Neglect-
ing the weak dependence of concentration on halo mass,
two haloes with the same number of particles identified
in simulations of different mass resolution, will have con-



10  Ludlow et al.

AV, /V. = 0.1 —
| w=0a177 2 el _._._ Teony = 0.055 x 1
Q 1_ | | | |
2,
=,
>
g
< _
EDO_ _-----_.'_--__----.—-—--_-__-I_ L
s~ <+
€ =5.6 [kpc] e =2.8 [kpc] e =1.4 [kpc] e =0.7 [kpc] e =0.35 [kpc]
2} : : : :
=,
>
g o
L or——r O e - - = o i - .
got - N
€ =0.175 [kpc| 4[| € =0.087 [kpc e =0.044 [kpc
2 3 4 5 2 3 4 5 2 3 4 5 2 3 4 5 2 3 4 5
log Nago log Nago log Nago log Nago log Nago

Figure 5. Radii beyond which median circular velocities converge to within 10 per cent as a function of Nagg for Np = 3763 runs
carried out with different gravitational softening lengths. The solid black curve shows the predicted convergence radius using the P03
criterion for kpgsz = 0.177; dashed lines show the predictions of eq. for each value of ¢, again for ke = 0.177. Both sets of curves were
constructed using the mass-concentration relation predicted by the model of [Ludlow et al.| (2016), assuming a Planck cosmology. The
horizontal dot-dashed lines show eq. which approximates rcony as a fixed fraction of the mean inter-particle spacing. For consistency
with several subsequent figures, points and lines have been colour-coded by softening length, which decreases from top-to-bottom, left-to-
right. Note that softening lengths larger than the expected rcony compromise spatial resolution and result in measured convergence radii
of &~ 2 X € (indicated using coloured arrows). For ¢ smaller than this value the minimum spatial resolution is set by 2-body relaxation,

and is essentially independent of € over the range of values studied.

vergence radii that resolve comparable fractions of their
virial radii, but differ, on average, by a factor (rah/m5h0) o
(mﬁ‘/m?)l/S = (Mbyo/MEy0)'/2, indicating a smaller con-
vergence radius in the higher-resolution run. The downward
pointing arrows in Figure [3| mark Power’s convergence radii
for each simulation volume and mass bin (note that these
convergence radii have been approximated using the NFW
profiles assuming kpo3 = 0.177, smaller than the value ad-
vocated by P03), which agree well with these empirical es-
timates.

4.3 The convergence radius of collisionless cold
dark matter haloes

4.3.1 Dependence on halo mass

The convergence radius can also be calculated explicitly by
comparing the circular velocity profiles of haloes to those of
the same mass but in a higher-resolution simulation. Fig-
ures E| shows, as a function of Nago, the radius at which
the median profiles in our N, = 376 (red circles) and 1883
(blue squares) first depart from those in the N, = 752° run
by more than 10 per cent.

For comparison, we also plot the convergence radii ex-
pected from eq. [T] as solid lines of corresponding colour
(assuming kpos = 0.177; smaller than the value of ~ 0.6
advocated by P03 for AV./V. = 0.1), which agree well with

the measured values of 7conyv. Our measurements are also re-
covered well by eq. which is shown using dashed lines in
Figure[dfor x. = 0.177. Both sets of curves were constructed
using NFW haloes that follow the mass-concentration rela-
tion of [Ludlow et al.| (2016)), assuming a Planck cosmology,
and, for the case of eq. [[2] the softening length adopted
for each particular run. The shaded region highlights the
expected change in r¢onv brought about by increasing or de-
creasing xKpo3 by 25 per cent.

Note, however, that eqs. and predict that rconv
should depend weakly on mass. While not inconsistent with
our numerical results, a much simpler approximation for
Teonv Can be obtained from eq. after we specify a value
of C. We find C = 2.44 provides a conservative upper-limit
on T'conv, leading to the following approximation for the P03
convergence radius:

1/3
Teonv A 0.77 (38283;4) (2) (16)
~ 5.5 %1072 1(z), (17)

which is valid for AV, /V, = 0.1. The dot-dashed horizontal
lines in Figure [4] show eq. [17] for our N, = 188% (blue) and
376 runs (red).



4.8.2  Dependence on gravitational softening

Based on the discussion in section we expect rconv to de-
pend slightly but systematically on ¢, particularly for haloes
resolved with small numbers of particles. Figure [5] plots
Tconv Versus Nogg for a series of N, = 3762 runs carried
out with different softening lengths. As before, rconv is esti-
mated by comparing the point at which these profiles first
depart from those in our highest resolution run (N, = 7523,
€ = 43.75pc) by a certain amount. All panels shows results
for AV,/V. = 0.1, with e decreasing from top to bottom,
left to right by a factor of two between consecutive pan-
els. For each value of € we use filled circles to indicate mass
scales for which Nago > 27200/Tconv, Which are required to
suppress large-angle scattering of particles during close en-
counters (see section. The solid black line in each panel
shows the convergence radii expected from eq. dashed
lines show eq. which depend explicitly on e (both assume
k = 0.177). The dot-dashed horizontal lines show eq.

When € is large, the measured convergence radii scale
roughly as rconv ~ 2 X € (shown as arrows on the right side of
each panel), approximately independent of halo mass. Once
€ becomes smaller than the analytic estimates of reony (solid,
dashed or dot-dashed lines), the measured values bottom-
out and exhibit, at most, a weak dependence on € and Naoo
thereafter. The weak mass-dependence is described reason-
ably well by egs. and but may also be approximated
by the much simpler relation, eq. @ in which rconv 1S a
fixed fraction of the mean inter-particle spacing, regardless
of mass. We conclude that, provided e is negligibly small,
eqs. and [[2] provide a reasonable upper limit to the val-
ues of reony measured from the median V.(r) profiles of
haloes composed of as few as Nagp ~ 100 particles, pro-
vided kpos = 0.177 (for AV,/V, = 0.1). The dependence of
trelax ON € anticipated from eq. adds only a minor correc-
tion, but may become increasingly important as ¢ becomes
arbitrarily small.

4.3.83 Dependence on redshift

Convergence radii anticipated from egs. [[1] and [[2] depend
not only on enclosed particle number, N(r), and gravita-
tional softening, but also on redshift. We show this explicitly
in the upper panel of Figure [B] where we plot the conver-
gence radii of haloes identified in one of our N, = 376 runs
at several different redshifts (this run used zpnys = 2.8 and
a maximum physical softening length of esa/2 = 175 pc).
As in previous Figures, the solid and dashed lines show the
analytic estimates of 7conv expected from egs. and
which describe the numerical results reasonably well. Con-
vergence radii clearly depend on redshift in a way that is
well captured by these simple analytic prescriptions.

Note too the strong redshift-dependence: from z = 0 to
z = 6, for example, physical convergence radii vary by as
much as a factor of (14 z) = 7 at essentially all mass scales
probed by our simulations, consistent with the redshift de-
pendence of ra200(z) or I(z). This result may at first seem puz-
zling, but is indeed expected from eq. haloes that follow
a universal NFW mass profile whose concentration depends
only weakly on mass and redshift should have convergence
radii that scale approximately as Tconv(z) o rzoo(z)/N%g.
We show this explicitly in the lower panel of Fig[6] where we

Numerical convergence of CDM haloes 11

0.25
< 0.00
3,
=4,
£ 025
<
)
S —050F s oA e T
AV./V. =0().177 2=
- ke = 0.1
=0.75 ¢ Ii;03 = 0177
e =175pc ° 376‘?
= 1883

I
=,
=

|
N

log Tconv /T200

= |.] x N 04

—— 0.76 x N71/3
==:==1: €gp (vandenBosch & Go, 2018)

|
wW
T

3 4 5 6 7
log Nago

Figure 6. Physical convergence radii for AV, /V. = 0.1, plotted
as a function of Nogg for haloes identified at different redshifts.
The upper panel shows results from our N, = 376% run carried
out with € = 175pc (eqq/2). These results are again plotted in
the lower panel, but after rescaling rconv by 7200(2). Blue squares
in the lower panel show results from our N, = 1883 runs carried
out with the same softening length. The thick solid line in the
lower panel shows the scaling 7conv/r200 = 1.1 X NQ*O%‘AL7 which
approximates our numerical results reasonably well; the dashed
line shows the “optimal” softening for (¢ = 10) NFW haloes ad-
vocated by [van den Bosch & Ogiyal (2018)). The thick dot-dashed
( i

line corresponds to Tconv/l = 0.055 (eq. [17).

have rescaled the convergence radii above by 7200(2), and in-
cluded one of our N, = 188% runs (blue points). All curves
now follow a similar scaling, implying that the co-moving
convergence radius is largely independent of redshift. The
dot-dashed black line in the lower panels shows eq. [I7} for
which 7conv is a fixed fraction of the mean inter-particle spac-
ing: rconv/l = 0.055. This simple approximation describes
our numerical results well, but can be improved slightly us-
ing rconv/r200 = 1.1 X Ni)%'4 (heavy solid line in the lower
panels), which is slightly steeper than N ~1/3_ These con-
vergence radii are similar to, but slightly larger than, the
“optimal” softening for NFW haloes advocated by
[Bosch & Ogiyal (2018). For Nago spanning ~ 10% to ~ 107,
€opt 15 a factor of 2 to 3 smaller than these estimates of 7conv,
and should therefore not compromise spatial resolution. In
addition, since €qpt N2_0%)/37 the ratio eopt/m%)/l\i remains
fixed for all Nago: the softening is optimal at all masses, re-
gardless of Nogo, making it a potentially desirable choice for
cosmological simulations of equal mass particles.
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Figure 7. Convergence radii for AV./V. = 0.03. 0.1 and 0.15
as a function of Nagp for 2 = 0 haloes in our N, = 3763 run.
Solid lines show the scaling expected from eq. for different val-
ues of kppsz, with shading indicating the deviation expected for
Akpos/kpo3 = £0.25. Dashed lines show eq. for the same val-
ues of ke. Note that better convergence requires higher values of
K, in agreement with N10. Dot-dashed horizontal lines show con-
stant fractions of the mean inter-particle spacing corresponding
to 0.040 (green), 0.055 (red) and 0.10 (blue).

4.3.4 Dependence on k

In previous sections we estimated convergence radii in our
simulations by comparing the median circular velocity pro-
files of haloes in our N, = 376% simulation with those of
the same virial mass but in a higher-resolution simulation
(Np = 752%). The radius within which profiles deviate by
more than 10 per cent marked rconyv. For analytic estimates
of rconv based on egs. and this corresponds to particu-
lar values of k, about 0.177. However, as discussed in detail
in N10, better convergence can be obtained for higher values
of k, which occurs at larger radii where relaxation times are
substantially longer.

In Figure [7] we plot three separate estimates of con-
vergence radii, corresponding to fractional departures be-
tween median V.(r) profiles in our low and high-resolution
runs of AV./V, = 0.03, 0.1 and 0.15. Better convergence
is obtained at larger radii, and requires larger values of k:
the solid and dashed lines show convergence radii estimated
from egs. [[T and [I2] respectively; blue, orange and green de-
note k = 0.566, 0.177 and 0.106, respectively (as before, the
shaded region indicates 25 per cent in kpo3). Horizontal
dot-dashed lines indicate fixed fractions of the mean inter-
particle distance, corresponding to Tconv/l = 0.040, 0.055
and 0.10 for AV, /V, = 0.03, 0.1 and 0.15, respectively.

Figure[8]summarizes a number of previous results. Here
we plot, in the top panels, the residual difference in the circu-
lar velocity profiles between haloes in our low- and highest-
resolution runs as a function of k(r) = tre1(r)/tm(z). The
left hand panel shows results for N, = 376 (red) and 1883
(blue); both runs used a (z = 0) softening length of ¢ =

43.75 pc. The panel on the right compares several N, = 3763
runs using different softening. In all cases, residuals are cal-
culated with respect to our N, = 752 (e = 43.75pc) in 40
equally-spaced bins of log Mago spanning the range 100 mpm
to 10*? M. White circles and squares mark the empirical
results of P03 and N10, respectively; both are more conser-
vative than ours (which supports the conclusions of
et al|[2018).

As expected from previous plots, deviations in V. are
largely independent of both mass and force resolution, but
correlate strongly with the enclosed relaxation timescale
k(7). Overall, the convergence of the median circular ve-
locity profiles can be approximated reasonably well by

AV
Ve

where we have defined ¢y = logk + d, and (a,b,c,d) =
(—0.4,—-0.6,—0.55,0.95) (heavy black line in the upper pan-
els of Figure . ‘We do, however, note a small residual sys-
tematic dependence on e.

In the lower panels of Figure [§| we plot AV./V. for the
same runs, but now as a function of halo-centric distance
normalized by the mean inter-particle separation, [. Conver-
gence in circular velocity is achieved at spatial scales that
roughly correspond to fixed fractions of [, which provides
a much simpler convergence criterion than that advocated
by P03. A conservative upper limit to the convergence ra-
dius as a function of AV./V. can again be approximated
by eq. but with modified parameters: v = log(r/l) + d
and (a,b,c,d) = (—1.96, —0.76, —0.52, 1.49) (thick black line
in the lower panels). The outsized color points in Figure
correspond to the curves in Figure[7]

() = —log(1 — 10" VF), (18)

4.4 Scaling relations

These results help clarify why structural scaling relations
for dark matter haloes converge even for systems resolved
with only a few hundred particles, a result we show explic-
itly in Figure [0] Here we plot, as a function of Mago, the
ratio of the virial radius to the radius rx¢ enclosing X per
cent of the halo mass (the curve labeled “50%”, for example,
is the half-mass radius—virial mass relation), for all haloes
resolved with Noggp > 32 particles. As in previous figures,
different colours correspond to different resolutions. Points
connected by thick lines in Figure [J] correspond to runs car-
ried out with fixed ¢ = 43.75pc, and the thin lines to the
“fiducial” softening, which is a factor of 4 to 16 times larger,
depending on resolution. The faint diagonal lines show the
P03 convergence radius for kpos = 0.177 (solid) and assum-
ing reonv/l = 0.055 (dotted). These provide a good indica-
tion of the mass scale above which the scaling relations are
converged. Note too that, as expected, the converged rela-
tions are largely independent of €. Dashed lines show the ex-
pected trends assuming NFW profiles and the ¢(M) relation
of Ludlow et al.| (2016]). For comparison we also plot the ex-
pected concentration, ¢ = 7200/7—2, and the ratio r200/rmax
using the same model, as well as radii that enclose fixed
overdensities of A = 500 and 2500.

Resolving the innermost structure of haloes is clearly
challenging. Resolving r_» with a systematic bias in V.(r_2)
of less than 10 per cent (assuming eq. 11| with kpos = 0.177),
for example, requires Nago ~ 844, 1083, and 1353 particles
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Figure 8. Deviation in circular velocity profiles between low and high-resolution runs plotted as a function of k(1) = () /t g (z) (upper
panels) and 7/l (lower panels). The left panels show results for our Np = 3763 (red) and 1882 (blue) runs for a fixed softening length of
€ = 43.75 pc; the right-hand panels show N, = 3763 runs for a variety of e (indicated in the legend). In all cases, AV./V, is calculated
with respect to our Np = 7523, ¢ = 43.75pc run. (Note the sign convention: positive values of AV, indicate suppressed densities in
our low-resolution runs.) Median profiles are shown in 40 equally-spaced bins of log Magp that span a lower limit corresponding to
Magp = 100 X mpy up to Magg ~ 1012 M. The white square and circle in each upper panel show the empirical measurements of P03
and N10, respectively, both of whom simulated a single DM halo within varying particle number; coloured points correspond to values
used in Figurelﬂ The solid black line shows approximate empirical fits to the simulation results (eq. see text for details). These may
be used to estimate k for a desired AV, /V,, or to obtain directly the corresponding radius, r/I.

for our N, = 1883, 376% and 7522 runs, respectively. Re-
solving Tmax = 2.2 X r_ is less demanding, requiring only
Nago = 170, 214, and 266 for the same respective Np.

We show this explicitly in the left-hand panel of Fig-
ure[I0, where we plot the Vinax — 'max relations for haloes in
runs of different resolution. Thick curves correspond to the
median rmax and Vipax in bins of Magg, and extend down to
a lower mass limit corresponding to Na2go = 100. We adopt
the same colour scheme as in previous figures and use solid
lines for our fiducial runs, and dashed lines for runs where
¢ was kept fixed at 43.75 pc. Note that curves correspond-
ing to a given mass resolution begin to converge when Nago
exceeds the lower limits provided above. Convergence is not
perfect, however, as systematic differences in Vinax and rmax
of order 10 per cent are expected at these mass scales. Solid
(faint) lines of corresponding colour, for example, show the

Tmax — Vmax relation for haloes whose mass is kept fixed at
those lower limits. Dotted lines show the analogous relations
for convergence radii equal to rcony = 0.0551.

Fixing € at 43.75 pc, well below the fiducial value, ap-
pears to improve convergence between runs of different mass
resolution even slightly below these mass scales. Indeed, at
first glance, convergence even seems better than expected
from limits imposed by 2-body relaxation. This result, how-
ever, is fortuitous, as shown in the right-hand of Figure [I0]
where 7max — Viax relations are plotted for our N, = 3763
runs for a variety of e. It is clear from this figure that a
Tmax & Tconv 18 a requirement for convergence in the median
relations (i.e. convergence is only achieved to the right of
the solid or dotted grey lines labeled rmax = rconv)-
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Figure 9. Ratio of the virial radius 200 to that enclosing a fixed
fraction of the virial mass plotted versus Magg. Different coloured
curves correspond to simulations of different mass resolution: our
Np = 7522 run is shown in grey, the 376 run in red, and the
1882 in blue. Connected points correspond to runs carried out
with € = 43.75 pc; thin solid lines to our fiducial runs. From bot-
tom to top each set of curves shows the ratio of r2gg to the ra-
dius 7y enclosing 75, 50, 20 and 10 per cent of the virial mass
Moo, as indicated by the labels. Curves extend down to the halo
masses corresponding to Nogg = 32 particles. Faint diagonal lines
of corresponding colour show the convergence radius anticipated
from eq. for each mass resolution (shown as solid lines and
assuming kpoz = 0.177), or from 7conv/l = 0.055 (dotted lines).
Good convergence in these scaling relations is achieved at mass
scales above those corresponding to rxo; 2 Teonv (i-e. to the right
of the faint lines marking rconv). For comparison, heavy dashed
grey lines show the predictions of the analytic model of [Ludlow]
, approximating haloes as NFW profiles. Using the
same model, we also show ¢ = 7200/7s, 7200/7max, and two radii
enclosing fixed overdensities of A = 500 and A = 2500.

4.5 Convergence Requirements for cosmological
simulations

The results of previous sections suggest that we can use
eq. [II] or [I2 to place restrictions on the minimum num-
ber of particles required to reach a desired spatial resolution
in halo centres. The left panel of Figure plots the total
number of particles, Naoo, required to resolve the innermost
Teconv = 1kpc (green), 0.1 kpe (orange) and 0.01 kpc (blue)
of an NFW halo as a function of its virial mass Magg. Solid
and dashed lines correspond to kpoz = 0.177 and 0.566 (us-
ing eq. , respectively. This plot highlights the difficulty of
resolving the inner regions of dark matter haloes. For exam-
ple, to resolve the central 1kpc of a 10*® Mg, galaxy cluster
with 10 per cent accuracy (corresponding to = 0.06 per cent
of 7200) requires sampling its virial mass with > 1084 parti-
cles, comparable to the particle number required to resolve
the innermost 100 pc of Milky Way mass haloes. Note too
that achieving a spatial resolution of ~ 10pc for a simu-

lated halo of mass comparable to that of the Milky Way
would require Nogg ~ 101t particles, far higher than any
cosmological simulation published to date. Note, however,
that these scales are baryon-dominated in hydrodynamical
simulations, and the relevance of these criteria are not ob-
vious in that case.

The right hand panel of Figure shows the conver-
gence radius (using eq. and kpoz = 0.177) as a function
of halo mass expected for simulations of different uniform
mass resolution (burgundy lines), for which mpwm varies by
successive factors of 8. Heavy lines highlight several partic-
ular values of mpwm. Note that for m = 1.2 x 107 Mg (com-
parable to the particle mass in the 100 Mpc, N, = 15043
EAGLE simulation), convergence radii vary from = 3 kpc for
10'° Mg haloes, to ~ 2kpc at Mago = 10'® My, equivalent
to roughly 3 to 4 fiducial softening lengths. Targeting con-
vergence radii below < 100 pc for haloes with virial masses
Maoo 2 10% M requires dark matter particle masses of only
a few thousand Mg; achieving < 10pc resolution requires
mpmMm ~ M@.

Dashed blue lines show, for comparison, the convergence
radii as a function of mass for fixed values of Nago, ranging
from 20 particles (thick dashed line) to Nago = 10°. This is
comparable to the highest-resolution dark matter-only sim-
ulations carried out to date — the Aquarius
and Ghalo (Stadel et al[[2008) simulations — which
achieve a maximum spatial resolution of order 100 pc in a
Milky Way mass dark matter halo.

These results imply that the current state-of-the-art in
cosmological hydrodynamical simulations (e.g. EAGLE, Illus-
tris, Apostle, FIRE, Auriga) are not fully converged on scales
relevant for galaxy formation.

4.6 Section summary

Before moving on, we first summarize the results of this
section:

e Gravitational softening does not compromise the spa-
tial resolution of simulations provided: a) a sufficient number
of timesteps are taken to reliably integrate particle orbits in
dense halo centres, and b) it remains smaller than the radius
within which 2-body relaxation dominates individual parti-
cle dynamics. This is true even for runs with very small
softening and for haloes resolved with only ~ 10 particles,
despite the fact that strong discreteness effects were naively
expected for € < 7200/v/Naoo- Indeed, the enclosed mass pro-
files of dark matter haloes are remarkably robust to changes
in €, even for much smaller values of e.

e Nevertheless, the fact that the median mass profiles of
haloes are largely insensitive to € says little about the radial
range over which they can be considered reliably resolved.
For a given DM halo the minimum resolved radius, rcony, de-
pends primarily on total particle number, Nagg, and roughly
coincides with the radius within which the enclosed 2-body
relaxation time first exceeds the Hubble time by some factor
k. The precise value of k dictates the level of convergence:
we find that for k &~ 0.177, median circular velocity profiles
have converged to within 10 per cent; 3 per cent convergence
in V,(r) requires k = 0.566. This is true regardless of mpm
and of €, provided the condition € < rcony is met.

e The convergence radius scales roughly as Tconv /7200 X
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Figure 10. The rmax — Vmax relations for runs carried out with different mass (left) and force (right) resolution. In the left-hand panel
blue, red and black lines correspond to runs with N, = 1882, 3763, and 7523; thick solid lines show median trends in bins of Magg for
runs adopting our fiducial softening length; thick dashed lines correspond to € = 43.75 pc. Only haloes with N2gg > 100 have been used.
In the right-hand panel we plot results from our N, = 3763 runs for a variety of softening lengths, indicated using different coloured
lines (contours highlight the scatter among individual haloes in the fiducial run). In this case all haloes, regardless of Nago, have been
plotted. In both panels, thick grey lines show the 1290 — Vago relation and the rmax — Vmax relation expected for pure CDM haloes (see
; arrows on the left indicate the values of € used for the various runs. The rmax — Vmax relations for haloes whose
mass is fixed by by the constraint rmax = Tconv are shown using solid colored curves (for eq. with kpg3 = 0.177) or dotted curves

(using eq. [[7).

NQ_OB/S (see eq. , implying rconv/l & constant, indepen-
dent of redshift, halo mass and particle mass. Indeed, for
AV./V. = 0.1 (kpos = 0.177) we find that rconv(z) =
0.055 x I(z) describes our numerical data about as well as
the P03 criterion, typically to within 20 per cent. A better
approximation can be obtained with a slightly steeper de-
pendence on Naoo: Teonv/T200 = 1.1 X N2_0%'4 (see Figure @

e Cosmological simulations should adopt softening
lengths at least a factor of 2 smaller than rcony in or-
der to ensure that biased force estimates do not compro-
mise their spatial resolution. Recently, [van den Bosch &
suggested that the “optimal” softening for
NFW haloes scales with particle number approximately as
€opt/T200 = 0.005 x (N20o/10%)~'/3, which is a factor of 2
to 4 smaller than rcony over virtually all values of Nago rel-
evant for cosmological simulations (102 < Nogp < 108), and
is “optimal” regardless of halo mass. Indeed, their results
imply that eopt/l = 0.017, comparable to values adopted by
the majority of recent large-scale cosmological simulations.

5 HALO MASS FUNCTIONS

Accurately characterizing the dark matter halo mass func-
tion, n(M), either from simulation or theory, is necessary
for several reasons. At high mass, for example, the shape
and time evolution of n(M) encodes clues that provide im-
portant constraints on cosmological models (e.g. |[Eke et al.
. The mass function is also an important probe of dark

matter, since many particle candidates predict strong, scale-
dependent deviations from the expectations of the canoni-
cal cold dark matter model (see, e.g.|Schneider|2015} [Angulo]
. Accurate predictions for halo mass functions are
also required for galaxy formation theory, since galaxies are
assumed to form in halo centres via dissipative collapse of
primordial and recycled gas (see, e.g., [White & Frenk|[1991]
and a number of subsequent works). The abundance of dark
matter haloes is therefore closely related to the observed lu-
minosity function of galaxies, and is a central aspect of the-
oretical models that attempt to reproduce observed galaxy
number densities.

The latter point is particularly important for hydrody-
namical simulations that possess star-forming haloes ( 2 a
few x10° Mg) close their resolution limit. EAGLE is an ex-
ample of a simulation in which haloes of mass ~ 10° M, are
resolved with only a few hundred dark matter particles. The
abundance and structure of these haloes, and consequently
the statistics of the first generation of low-mass galaxies, are
likely subject to numerical artifact. In this section we quan-
tify the robustness of the halo mass function to changes in
particle mass and in gravitational softening length, focusing
particularly on the lowest mass haloes.

5.1 Dependence on halo mass definition

Before studying the sensitivity of halo mass functions to nu-
merical parameters, it is useful to examine their dependence
on how mass is defined, in order to have a useful gauge for
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Figure 11. Left panel: Total number of particles, Nago, required to resolve the innermost 103, 100 and 10 pc of NFW haloes as a
function of their mass (obtained from eq. . Dashed lines assume convergence of V. to within 3 per cent (kpp3 = 0.566) and solid
curves to within 10 per cent (kpp3 = 0.177). As a guide, the thin grey lines show Nagg versus virial mass for several values of particle
mass, increasing from mpy = 46 Mg to 1.2 x 107 Mg by factors of 8. Right panel: Power’s convergence radius (for kpg3 = 0.177) as a
function of halo mass for different mass resolutions. Thick burgundy lines correspond to particle masses decreasing from 7.7 x 10% Mg,
by successive factors of 64; thin lines correspond to additional values of mpy; that differ from these by factors of 8. The heavy black line
shows r200 and the dashed blue line the convergence radius expected for haloes of Nogg = 20 particles, where all other curves terminate.
The dashed lines show convergence radii for haloes of mass Mago resolved with different numbers of particles (labeled along each line).
All curves assume that haloes follow an NFW profile and a mass-concentration relation consistent with the model of [Ludlow et al.| (2016)

for the Planck cosmology.

later on. Figure [I2] shows the cumulative mass functions of
haloes in our N, = 752 (e = 43.75pc) run for several pos-
sibilities. The connected points correspond to FoF masses,
solid blue and green lines to the overdensity masses Mago and
M.yir, respectively. Red and yellow curves use the bound halo
mass either excluding (red) or including (yellow) the contri-
bution of its substructure population. Residuals in the lower
panel are computed with respect to the FoF mass definition.

All mass functions have a similar shape, which can be
approximated by a power-law over the mass range covered
by the run. The residuals, however, betray more clearly the
differences. Based on mass definition alone, n(M) may differ
by of order a few to ~20 per cent for haloes resolved with
2 100 particles, with differences becoming even larger to-
wards lower mass. FOF masses generally result in the highest
number densities at fixed Mror, and those based on Mago the
lowest. Note that even relatively well-resolved haloes have
number densities that differ by roughly 10 per cent between
Mrpor and Msgo (corresponding to an average systematic
mass difference of roughly 15 to 20 per cent).

We next consider the sensitivity of halo mass functions
to numerical parameters, focusing on mass and force reso-
lution. As we will see, systematic differences brought about
varying numerical parameters are virtually always smaller
than those associated with mass definition.

5.2 Dependence on particle number and softening

The upper panels of Figure show the cumulative mass
functions for Mrpor (left) and Mago (right) in our Ny, = 7523,
3763 and 1882 boxes. Solid lines correspond to runs carried
out with the fiducial softening parameter, €/b ~ 0.011 (at
z = 0); dashed lines are used for runs in which € was kept
fixed at 43.75 pc (physical, also at z = 0), regardless of mpw.
The upper residual panel plots the departure of each fiducial
run from the black dashed line (i.e. from the run with the
highest mass resolution and smallest force softening). Differ-
ences are small, typically < 5 per cent for haloes contain-
ing N % 100 particles (indicated using downward-pointing
arrows), and < 10 per cent at all masses. The lower resid-
ual panels compare results for fixed-softening runs (we use
€ = 43.75 pc, corresponding to €/eqa = 1/4,1/8 and 1/16 for
N, = 7523, 376% and 188>, respectively). Albeit slightly, this
choice of softening improves agreement at low FoF masses,
but has the opposite effect for Magg. Overall, the Mpor mass
functions appear more stable to changes in N, than those
using Mago. Nevertheless, it is worth emphasizing that, in
both cases, departures remain small compared to variations
arising from different mass definitions.

The lower two panels of Figure|13|show, for N, = 3763,
the Mror (left) and Maoo (right) mass functions for a large
range of € (5.46 < €/[pc] S 5.6x10%). The dashed black lines
are the same as in the upper panels, and correspond to the
run with N, = 752%, ¢ = 43.75pc; residuals in the lower
panels are computed with respect to these curves. Provided
€/ena < 8, differences due to softening are limited to the
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Figure 12. Cumulative halo mass functions in our Np = 7523 run
for different mass definitions: Mgop is the friends-of-friends mass;
Ma2go and M, are the virial masses enclosing a mean density of
200 X perit and A X perit, respectively (A is the virial overdensity of
Bryan & Norman| (1998)); Mpouna and Mbm:lﬁ‘ld are, respectively,
the bound halo mass including and excluding contributions from
substructure. Residuals in the lower panel show the departure of
each curve from the FoF mass function. The 100 and 32-particle
limits are indicated by the shaded regions. This run used a (z = 0)
softening length € = 43.75 pc, a factor fe = 0.25 smaller than our
fiducial choice for this particle mass.

lowest mass haloes. Indeed, for a broad range of softening,
42 €fesa 2 1/64, both sets of mass functions agree with
that of the higher-resolution run to within about 10 per cent
for haloes resolved with more than ~100 particles, although
deviations depend systematically on e.

Figure shows the softening dependence of the total
number density of haloes based on My.r and Mg masses.
Top panels show results for N > 32 particles (based on the
respective mass definitions); bottom panels for N > 100.
The filled and open squares correspond to Mror and Mago,
respectively; symbols are colour-coded by € as in Figure[I3]
For comparison, filled and open circles show the number
densities of haloes above the same mass thresholds in the
N, = 752% runs. In all cases, the number density of haloes
grows gradually until € =~ 4 X efq, where it peaks, before
decreasing rapidly for larger e. For EAGLE ’s fiducial soften-
ing length halo abundances are within a few per cent of the
maximum attained for any e.

5.3 Dependence on redshift evolution of ¢

The gravitational softening length, initially fixed in co-
moving coordinates, reaches a maximum physical value at
Zphys = 2.8, after which it remains constant in proper coor-
dinates. Other cosmological simulations often use a fixed
comoving softening at all z, whereas some opt for fixed
proper softening lengths. What effect, if any, does this have
on the halo mass function? In order to find out, two addi-
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tional “fiducial” (N, = 376%) runs were carried out using
Zphys = 10 and 0 (i.e., fixed in comoving units at all times),
each reaching a z = 0 softening parameter of egq = 350 pc.
Figure shows the redshift evolution of the total number
of haloes above 32 and 100—particle thresholds. As above,
masses are computed at all z using both Mpor (solid lines)
and Moo (dashed) definitions. The connected (blue) circles
in this plot show the results for zpnys = 2.8; other curves cor-
respond to zphys = 10 (green diamonds) and 0 (red squares).

Overall, the results are similar, with the largest differ-
ences being limited to the lowest-mass haloes. Figure
shows the residuals with respect to the run with zpnys = 0
(for clarity, the comparison is limited to Mago masses in this
plot). For Nago > 100 (lower panel), differences are never
larger than ~ 2 per cent (highlighted by the grey shaded re-
gion). For Nagp > 32 differences are still small, < 5 per cent,
but systematic: higher zpnys corresponds to higher n(M).
This is qualitatively consistent with the results in Figure[T4]
which indicates that increasing € results in a slight boost in
the numbers of low-mass haloes, at least up to a point. For
a given z = 0 softening length, higher zpnys implies larger
physical softening lengths at z > zpnys, and also enhances
slightly the numbers of low-mass haloes. Note as well the
slight boost in n(M) (of order a couple per cent) after zphys.
These subtle changes in the abundance of low-mass haloes
may impact the star formation histories of low-mass galaxies
that inhabit them, provided they are sufficiently massive to
promote efficient gas cooling.

5.4 Section summary
The results of this section can be summarized as follows:

e Dark matter halo mass functions may differ by as much
as 20 per cent for haloes resolved with >100 particles de-
pending on how mass is defined. At fixed mass, M2oo masses
yield the lowest overall number densities and Mgor the high-
est. Comparing haloes at fixed number density, this suggests
that, on average, FoF masses exceed those based on Mago
by a factor of ~ 1.15 — 1.2, though a more detailed compar-
ison is required to properly assess the systematics (see, e.g.,
Tinker et al|2008, for a thorough discussion).

e For haloes containing 2 100 particles, FoF mass func-
tions converge to better than ~5 per cent for runs carried
out with our “fiducial” softening, esq/l = 0.011 at z = 0,
regardless of particle number N, (note egq = 700, 350, and
175 pc for N, = 1883, 376% and 7523, respectively), and to
< 3 per cent when e = 43.75 pc was kept fixed for all Ny.
For haloes resolved with > 32 particles, corresponding to the
resolution limit of SUBFIND, FoF mass functions converge to
within ~ 10 per cent for fiducial softening values, and to
within &~ 5 per cent for e = 43.75pc. The overall trend is
such that lower mass resolution results in a systematic in-
crease in the total number of FoF haloes, driven mainly by
a slight increase in the number of poorly resolved systems.
For Ma2op the converse is true: runs of lower resolution pro-
duce systematically fewer haloes. Differences are small but
systematic, reaching ~ 5 per cent in our fiducial runs for
haloes resolved with at least N2go > 100, and ~ 10 per cent
for runs with e = 43.75 pc.

e At fixed mass resolution (corresponding to N, = 376°)
Mpror mass functions converge to within ~ 6 (15) per cent
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Figure 13. Upper panels: Resolution dependence of cumulative halo mass functions for FoF (left) and Maggo (right) mass definitions.
In both panels, results are shown for six separate runs. Three adopt the “fiducial” softening parameter, corresponding (at z = 0) to a
fixed fraction f ~ 0.011 of the Lagrangian mean inter-particle separation, but vary the total particle number, N, (solid lines). These
are compared to three additional runs carried out with the same three Np, but with e held fixed at a value of 43.75 pc (dashed lines).
Downward arrows mark the mass of 100 DM particles for each N, above which the mass functions agree with the higher resolution
runs to within < 10 per cent. Upper residual panels show the departure of our fiducial runs from the N, = 7523 run with the smallest
softening, e = 43.75 pc (i.e. from the dashed black line); lower residual panels compare runs at fixed softening, e = 43.75 pc, regardless of
resolution. Lower panels: Dependence of cumulative mass functions on softening. As on top, left and right hand panels correspond to FoF
and Magp masses, respectively. Dashed lines show results for our Np = 7523, € = 43.75 pc run; coloured lines correspond to N, = 3763
runs for a variety of softening lengths, as indicated in the legend. Note that, despite e differing by over a factor of ~ 103, the mass
functions have typically converged at the level of ~ 5 per cent for Npor X 100, and to &~ 10 per cent for Nagg < 100. The lower panels
plot the residuals with respect to the N, = 7523 run with e = 43.75 pe.

for Nyor > 100 (32), for a range of e spanning nearly a
factor of 10® (5.46 pc to 5.6 kpc). For Mago, we obtain con-
vergence at the 11 and 15 per cent level for Nago 2 100 and
Z 32, respectively, although larger differences are found for
the most extreme values of € tested. There is also a system-
atic trend: increasing e results in a gradual increase in the
abundance of haloes composed of < 100 particles, provided
it remains smaller than about 8 X eaq ~ 0.091, where the
total abundance of haloes peaks.

e Changing the redshift zpnys below which the softening
parameter remains fixed in proper units (rather than co-

moving) can have a comparable affect on the abundance of
low-mass < 100-particle haloes. When ¢ is fixed at z =0 a
higher zpnys implies larger physical softening lengths for all
Z > Zphys- As we have seen above, larger softening lengths
tend to enhance slightly the formation of low-N haloes,
provided e does not become too large. For example, for
N, = 376° and ¢(2 = 0) = 350 pc, increasing zpnys from
0 to 10 results in a < 2 per cent increase in the abundance
of haloes with N2gg = 100; for Nago > 32 deviations are not
larger than = 5 per cent.
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Overall, our results suggest that halo mass functions are
a robust result of N-body simulations once a definition of
halo mass has been specified. Variations in halo abundances
with numerical parameters tend to be restricted to poorly
resolved systems containing fewer than 100 particles. Yet,
however slight, these changes may have a noticeable impact
on the first generation of star formation if these haloes hap-
pen to have masses comparable to the threshold for efficient
gas cooling. Calibrating sub-grid models at fixed N, and €
may help mitigate any non-physical effects brought about
by star formation in this first generation of poorly resolved
haloes, but may not easily adapt to increasing or decreas-
ing resolution. As a result, simulations that adopt numerical
parameters that differ from those for which the models were
calibrated may yield noticeably different star formation his-
tories and/or galaxy properties. We will address these issues
in a companion paper.

6 CONCLUSIONS

We have carried out a systematic convergence study of the
median and statistical properties of DM haloes in fully cos-
mological, dark matter-only simulations. Unlike previous
work, which targeted single haloes, we focused our analy-
sis on their median spherically-averaged density profiles as a
function of mass and on several mass-dependent structural
scaling relations. After verifying the need for fine timesteps
to resolve halo centres, we tested the sensitivity of halo pro-
files to total particle number, N, and force softening length,
€. We also revisited the calculation of the convergence ra-
dius originally provided by P03, and derived its explicit (but
weak) dependence on the gravitational softening.

In addition to mass profiles, we also studied conver-
gence in the abundance of haloes as a function of mass,
focusing on runs carried out with different particle numbers
and redshift-dependent softening lengths. Our main results
can be summarized as follows:

(i) Softening and 2-body relaxzation: Softening does not
significantly affect 2-body relaxation times, which are pri-
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marily driven by particle number. This is contrary to com-
mon belief, despite being well documented in the literature
(e.g. Huang et al.||1993; |Theis 1998, [Dehnen! 2001)). The
result may, at first, seem puzzling because encounters be-
tween particles give rise to velocity perturbations that scale
approximately as dv ~ G mpwm/bv, increasing significantly
for encounters with small impact parameter, b. Neverthe-
less, close encounters are rare and, as pointed out by |Chan-
drasekhar| (1942) and |Spitzer & Hart| (1971)), the large num-
bers of distant encounters dominate the cumulative effect of
perturbations: relaxation is driven by discreteness on large
scales, where most of the mass is (see, e.g., |Hernquist &
Barnes||1990). Softening does, however, suppress small-scale
“collisions” between particles: for Plummer softening inter-
actions between particles become increasingly unimportant
for separations < €/+/2. Softening therefore serves the pur-
pose of smoothing the matter distribution on small scales,
allowing force estimates to more faithfully represent a con-
tinuous matter field.

(ii) Convergence of the median mass profiles of CDM
haloes: Provided e and timestep size are appropriately cho-
sen, 2-body relaxation imposes a strict and well-defined
lower limit on the spatial resolution of collisionless CDM
haloes. Convergence in mass profiles, for example, can only
be achieved at radii beyond which 2-body relaxation times
are a sizeable fraction of a Hubble time, or longer. As a re-
sult, convergence radii are primarily determined by the en-
closed particle number, though analytic arguments suggest
a weak (approximately logarithmic) dependence on soften-
ing. Softening appears to compromise the spatial resolution
of simulations only if it is larger than the convergence ra-
dius dictated by 2-body scattering: in this case, our results
suggest that reonvy &~ 2 X €.

Particle interactions tend to drive the local velocity dis-
tribution towards a Maxwellian and, occasionally, impart
velocities exceeding the local escape speed. The net effect
of 2-body relaxation is therefore to monotonically suppress
the central densities of haloes, allowing convergence radii
to be determined empirically by comparing runs of different
(mass) resolution. A simple but accurate description of our
measured convergence radii can be obtained using eq. or
where Kk = trelax/tH; better convergence is achieved for
higher values of . Circular velocities, for example, converge
to within &~ 3, 10 and 20 per cent for x = 0.566, 0.177 and
0.106, respectively (values of k for arbitrary levels of con-
vergence can be approximated using eq. .

These results, valid at all redshifts, are qualitatively con-
sistent with those of P03 and N10, but differ in the de-
tails. P03, for example, find that 10 per cent convergence
in Vg(r) requires £ ~ 0.6, while N10 find x = 7.5 yields
AV, /V. = 0.025; both are larger than the values of k we ad-
vocate for the same level of convergence (= 0.2 and = 0.6,
respectively). It is worth emphasizing, however, that both
previous studies focused on single dark matter haloes of
fixed virial mass, whereas our results apply to median mass
profiles that span a broad range of halo masses. Differences
between our results and theirs may arise as a result of sam-
pling haloes possessing a wide range of concentrations at
fixed mass: since rconv (and its relation to k) depends ex-
plicitly on profile shape, it will necessarily vary from halo to
halo. The convergence criteria advocated by P03 and N10

are therefore more conservative than ours, a result echoed
by the recent work of |Zhang et al.| (2018]).

At fixed mass resolution, the convergence radii anticipated
by eq. exhibit a weak dependence on Nggo, varying by
about a factor of two for NFW haloes with Nagp ranging
from ~ 10% to ~ 10%. Indeed, the measured median conver-
gence radii of haloes in our simulations are compatible with a
much simpler approximation in which 7¢ony is simply a fixed
fraction of the mean inter-particle spacing, I. For example,
< 10 per cent convergence in circular velocity is obtained ap-
proximately at a radius reonv(2) = 0.055%1(z) (eq.[17). Soft-
ening lengths for cosmological simulations should be chosen
with this in mind.

(iii) The optimal softening for cosmological simulations:
We note that the “optimal” softening length, €opt/T200 =
0.005 X (Nago/10%)7/3, advocated by [van den Bosch &
Ogiyal (2018) for NF'W haloes is typically a factor of 2 to
4 smaller than reony at fixed Nago. It is therefore unlikely
to compromise the central mass profiles of simulated haloes.
Furthermore, since eopt o< N;O;“ the ratio eopt/m})@[ is fixed
and €opt can be expressed in units of the mean inter-particle
distance: €qpt /b ~ 0.017 (this is a factor ~ 1.6 larger than the
maximum physical softening length for our fiducial runs).
We suggest that softening lengths of order €op¢ be employed
in future large-scale simulations.

(iv) Convergence of halo mass functions: The mass func-
tions of central CDM haloes are a robust prediction of
cosmological simulations once a halo mass definition has
been specified. For our fiducial softening lengths, Friends-of-
friends (Mror) and spherical overdensity (Mazoo) mass func-
tions, converge to within ~ 10 per cent of those obtained
from a higher-resolution run, above a mass scale correspond-
ing to &~ 32 particles. Convergence is better at higher masses,
reaching ~ 5 per cent for haloes resolved with at least 100
particles. These results are valid for a wide range of softening
lengths, as demonstrated in Figure where we compared
the mass functions in a suite of 11 simulations that var-
ied € from = 5.5pc (1/64™ of eqq) to ~ 5.6kpc (16 times
€ra). For all but the largest softening length, all of these
runs converge to within & 5 per cent for FoF mass, and to
with =~ 10 per cent for Mspo provided haloes are resolved
with at least 100 particles. Although small, the deviations
depend systematically on e. For both mass definitions, the
total abundance of haloes containing of order a few dozen
to a few hundred particles increases systematically with in-
creasing €, reaching a maximum at 4 to 8 times the fiducial
softening (corresponding to roughly 4 to 8 per cent of the
mean inter-particle separation) before rapidly declining. We
emphasize, however, that such large softening lengths are
undesirable as they compromise the innermost structure of
DM haloes, limiting the simulation’s spatial resolution.

Overall, our results confirm and extend prior work on
the accuracy and reliability of cosmological simulations of
collisionless cold dark matter. The primary catalyst of this
work was a follow-up study in which we repeat a number
of these simulations but including either adiabatic hydro-
dynamics, or a fully-calibrated set of sub-grid physics models
for galaxy formation. In our opinion, it is therefore neces-
sary to first highlight and expound the level of convergence
in these pure DM runs, validating the numerical results in



order to facilitate the interpretation of more complex hydro-
dynamical simulations.

We close by reiterating that our convergence study fo-
cused exclusively on isolated or “main” DM haloes, and that
our results are unlikely to apply directly to sub-structure. As
emphasized recently by [van den Bosch & Ogiya, (2018)) and
van den Bosch et al.|(2018)), the evolution of substructure in
haloes is governed by several phenomena, both physical and
numerical, that do not necessarily apply to isolated systems.
We do, however, encourage future studies such as ours tar-
geted explicitly at the structural evolution of substructure
in hierarchical cosmologies.

ACKNOWLEDGMENTS

We thank Lydia Heck and the cosma support team for their
invaluable assistance, and Alejandro Alejandro Benitez-
Llambay and Matthieu Schaller for helpful conversations.
Our work has also benefited from various public PYTHON
packages, including: scipy (Jones et al. |2001), NUMPY
(van der Walt et al.|2011)), MATPLOTLIB (Hunter|2007) and
IPYTHON (Pérez & Granger||2007). ADL acknowledges fi-
nancial supported from the Australian Research Council
through their Future Fellowship scheme (project number
FT160100250). This work was supported by the Science
and Technology Facilities Council [ST/P000541/1]. This
work used the DIRAC Data Centric system at Durham
University, operated by the Institute for Computational
Cosmology on behalf of the STFC DiRAC HPC Facility
(www.dirac.ac.uk. This equipment was funded by a BIS Na-
tional E-infrastructure capital grant ST /K00042X/1, STFC
capital grant ST/K00087X/1, DiRAC Operations grant
ST/K003267/1 and Durham University. DIRAC is part of
the National E-Infrastructure.

REFERENCES

Alimi J.-M., Bouillot V., Rasera Y., Reverdy V., Corasaniti
P.-S., Balmes 1., Requena S., Delaruelle X., Richet J.-N.,
2012, ArXiv e-prints

Allgood B., Flores R. A., Primack J. R., Kravtsov A. V.,
Wechsler R. H., Faltenbacher A., Bullock J. S., 2006, MN-
RAS, 367, 1781

Angulo R. E., Hahn O., Abel T., 2013, MNRAS, 434, 3337

Angulo R. E.; Springel V., White S. D. M., Jenkins A.,
Baugh C. M., Frenk C. S., 2012, MNRAS, 426, 2046

Balogh M. L., Navarro J. F., Morris S. L., 2000, ApJ, 540,
113

Binney J., Tremaine S., 1987, Galactic dynamics. Prince-
ton, NJ, Princeton University Press, 1987, 747 p.

Blake C., James J. B., Poole G. B., 2014, MNRAS, 437,
2488

Boylan-Kolchin M., Springel V., White S. D. M., Jenkins
A., Lemson G., 2009, MNRAS, 398, 1150

Bryan G. L., Norman M. L., 1998, ApJ, 495, 80

Bullock J. S.; Kolatt T. S., Sigad Y., Somerville R. S.,
Kravtsov A. V., Klypin A. A., Primack J. R., Dekel A.,
2001, MNRAS, 321, 559

Chandrasekhar S., 1942, Principles of stellar dynamics

Numerical convergence of CDM haloes 21

Crain R. A., Schaye J., Bower R. G., Furlong M., Schaller
M., Theuns T., Dalla Vecchia C., Frenk C. S., McCarthy
I. G., Helly J. C., Jenkins A., Rosas-Guevara Y. M., White
S. D. M., Trayford J. W., 2015, MNRAS, 450, 1937

Dehnen W., 2001, MNRAS, 324, 273

Despali G., Giocoli C., Angulo R. E., Tormen G., Sheth
R. K., Baso G., Moscardini L., 2016, MNRAS, 456, 2486

Despali G., Giocoli C., Tormen G., 2014, MNRAS, 443,
3208

Diemand J., Moore B., Stadel J., 2004, MNRAS, 353, 624

Dolag K., Komatsu E., Sunyaev R., 2016, MNRAS, 463,
1797

Dubois et al 2014, MNRAS, 444, 1453

Dutton A. A., Maccio A. V., 2014, MNRAS, 441, 3359

Eke V. R., Cole S., Frenk C. S., 1996, MNRAS, 282, 263

Fillingham S. P., Cooper M. C., Wheeler C., Garrison-
Kimmel S., Boylan-Kolchin M., Bullock J. S., 2015, MN-
RAS, 454, 2039

Gao L., Navarro J. F., Frenk C. S., Jenkins A., Springel
V., White S. D. M., 2012, MNRAS, 425, 2169

Gao L., White S. D. M., Jenkins A., Stoehr F., Springel
V., 2004, MNRAS, 355, 819

Ghigna S., Moore B., Governato F., Lake G., Quinn T.,
Stadel J., 1998, MNRAS, 300, 146

Ghigna S., Moore B., Governato F., Lake G., Quinn T.,
Stadel J., 2000, ApJ, 544, 616

Gott IIT J. R., Weinberg D. H., Melott A. L., 1987, ApJ,
319, 1

Hernquist L., 1990, ApJ, 356, 359

Hernquist L., Barnes J. E., 1990, ApJ, 349, 562

Hopkins P. F., Keres D., Onorbe J., Faucher-Giguere C.-
A., Quataert E., Murray N., Bullock J. S., 2014, MNRAS,
445, 581

Huang S., Dubinski J., Carlberg R. G., 1993, ApJ, 404, 73

Hunter J. D., 2007, Computing In Science & Engineering,
9, 90

James J. B., Lewis G. F., Colless M., 2007, MNRAS, 375,
128

Jenkins A.; 2013, MNRAS, 434, 2094

Jenkins A., Frenk C. S., White S. D. M., Colberg J. M.,
Cole S., Evrard A. E., Couchman H. M. P., Yoshida N.,
2001, MNRAS, 321, 372

Jones E., Oliphant T., Peterson P., et al.,, 2001, SciPy:
Open source scientific tools for Python

Kaiser N., 1984, ApJL, 284, L9

Klypin A., Yepes G., Gottlober S., Prada F., He3 S., 2016,
MNRAS, 457, 4340

Klypin A. A., Trujillo-Gomez S., Primack J., 2011, ApJ,
740, 102

Knebe A., Wagner C., Knollmann S., Diekershoff T.
Krause F., 2009, ApJ, 698, 266

Ludlow A. D., Angulo R. E., 2017, MNRAS, 465, L.84

Ludlow A. D., Bose S., Angulo R. E., Wang L., Hellwing
W. A., Navarro J. F., Cole S., Frenk C. S., 2016, MNRAS,
460, 1214

Ludlow A. D., Navarro J. F., Boylan-Kolchin M., Bett
P. E., Angulo R. E.; Li M., White S. D. M., Frenk C.,
Springel V., 2013, MNRAS, 432, 1103

Melott A. L., Shandarin S. F., Splinter R.. J., Suto Y., 1997,
ApJL, 479, L79

Merritt D., 1996, AJ, 111, 2462

Moore B., Katz N., Lake G., 1996, ApJ, 457, 455



22  Ludlow et al.

Navarro J. F., Frenk C. S., White S. D. M., 1996, ApJ, 462,
563

Navarro J. F., Frenk C. S., White S. D. M., 1997, ApJ, 490,
493

Navarro J. F., Hayashi E., Power C., Jenkins A. R., Frenk
C. S., White S. D. M., Springel V., Stadel J., Quinn T. R.,
2004, MNRAS, 349, 1039

Navarro J. F., Ludlow A., Springel V., Wang J., Vogels-
berger M., White S. D. M., Jenkins A., Frenk C. S., Helmi
A., 2010, MNRAS, 402, 21

Pérez F., Granger B. E., 2007, Computing in Science and
Engineering, 9, 21

Pillepich et al 2018, MNRAS, 475, 648

Planck Collaboration Ade P. A. R., Aghanim N., Alves
M. I. R., Armitage-Caplan C., Arnaud M., Ashdown M.,
Atrio-Barandela F., Aumont J., Aussel H., et al. 2014,
A&A, 571, Al

Poole G. B., Angel P. W., Mutch S. J., Power C., Duffy
A. R., Geil P. M., Mesinger A., Wyithe S. B., 2015, ArXiv
e-prints

Power C., Knebe A., 2006, MNRAS, 370, 691

Power C., Navarro J. F., Jenkins A., Frenk C. S., White
S. D. M., Springel V., Stadel J., Quinn T., 2003, MNRAS,
338, 14

Power C., Robotham A. S. G., Obreschkow D., Hobbs A.,
Lewis G. F., 2016, MNRAS, 462, 474

Reed D., Gardner J., Quinn T., Stadel J., Fardal M., Lake
G., Governato F., 2003, MNRAS, 346, 565

Reed D., Governato F., Quinn T., Gardner J., Stadel J.,
Lake G., 2005, MNRAS, 359, 1537

Romeo A. B., Agertz O., Moore B., Stadel J., 2008, ApJ,
686, 1

Sawala T., Frenk C. S., Fattahi A., Navarro J. F., Bower
R. G., Crain R. A., Dalla Vecchia C., Furlong M., Helly
J. C., Jenkins A., Oman K. A., Schaller M., Schaye J.,
Theuns T., Trayford J., White S. D. M., 2016, MNRAS,
457, 1931

Schaye et al 2015, MNRAS, 446, 521

Schneider A., 2015, MNRAS, 451, 3117

Smith R. E., Peacock J. A., Jenkins A., White S. D. M.,
Frenk C. S., Pearce F. R., Thomas P. A., Efstathiou G.,
Couchman H. M. P., 2003, MNRAS, 341, 1311

Spitzer Jr. L., Hart M. H., 1971, ApJ, 164, 399

Splinter R. J., Melott A. L., Shandarin S. F., Suto Y., 1998,
AplJ, 497, 38

Springel V., 2005, MNRAS, 364, 1105

Springel V., Pakmor R., Pillepich A., Weinberger R., Nel-
son D., Hernquist L., Vogelsberger M., Genel S., Torrey
P., Marinacci F., Naiman J., 2018, MNRAS, 475, 676

Springel V., Wang J., Vogelsberger M., Ludlow A., Jenkins
A., Helmi A., Navarro J. F., Frenk C. S., White S. D. M.,
2008, MNRAS, 391, 1685

Springel V., White S. D. M., Jenkins A., Frenk C. S.,
Yoshida N., Gao L., Navarro J., Thacker R., Croton D.,
Helly J., Peacock J. A., Cole S., Thomas P., Couchman
H., Evrard A., Colberg J., Pearce F., 2005, Nature, 435,
629

Springel V., White S. D. M., Tormen G., Kauffmann G.,
2001, MNRAS, 328, 726

Stadel J., Potter D., Moore B., Diemand J., Madau P.,
Zemp M., Kuhlen M., Quilis V., 2008, ArXiv e-prints,
808

Stoehr F., White S. D. M., Springel V., Tormen G., Yoshida
N., 2003, MNRAS, 345, 1313

Theis C., 1998, A&A, 330, 1180

Tinker J., Kravtsov A. V., Klypin A., Abazajian K. a.,
2008, ApJ, 688, 709

Tinker J. L., Robertson B. E.; Kravtsov A. V., Klypin A.,
Warren M. S.; Yepes G., Gottlober S., 2010, ApJ, 724,
878

van de Voort F., Bahé Y. M., Bower R. G., Correa C. A,
Crain R. A.; Schaye J., Theuns T., 2017, MNRAS, 466,
3460

van den Bosch F. C.; Ogiya G., 2018, MNRAS, 475, 4066

van den Bosch F. C.; Ogiya G., Hahn O., Burkert A., 2018,
MNRAS, 474, 3043

van der Walt S., Colbert S. C., Varoquaux G., 2011, CoRR,
abs/1102.1523

Vega-Ferrero J., Yepes G., Gottlober S.; 2017, MNRAS,
467, 3226

Vera-Ciro C. A., Sales L. V., Helmi A., Navarro J. F., 2014,
MNRAS, 439, 2863

Vogelsberger M., Genel S., Springel V., Torrey P., Sijacki
D., Xu D., Snyder G., Nelson D., Hernquist L., 2014a,
MNRAS, 444, 1518

Vogelsberger M., Genel S., Springel V., Torrey P., Sijacki
D., Xu D., Snyder G., Nelson D., Hernquist L., 2014b,
MNRAS, 444, 1518

Wang L., Dutton A. A.; Stinson G. S., Maccio A. V., Penzo
C., Kang X., Keller B. W., Wadsley J., 2015, MNRAS,
454, 83

Wetzel A. R., Tollerud E. J., Weisz D. R., 2015, ApJL, 808,
L27

Wetzel et al 2016, ApJL, 827, 1.23

White S. D. M., Davis M., Efstathiou G., Frenk C. S.; 1987,
Nature, 330, 451

White S. D. M., Frenk C. S., 1991, AplJ, 379, 52

Zhang T., Liao S., Li M., Gao L., 2018, ArXiv e-prints



	1 Introduction
	2 Simulations
	2.1 Simulation set-up
	2.2 Halo identification

	3 Analytic expectations
	3.1 Preliminaries: limits on gravitational softening
	3.2 2-Body relaxation and the convergence radius

	4 Median mass profiles
	4.1 Integration accuracy
	4.2 Median circular velocity profiles
	4.3 The convergence radius of collisionless cold dark matter haloes
	4.4 Scaling relations
	4.5 Convergence Requirements for cosmological simulations
	4.6 Section summary

	5 Halo mass functions
	5.1 Dependence on halo mass definition
	5.2 Dependence on particle number and softening
	5.3 Dependence on redshift evolution of 
	5.4 Section summary

	6 Conclusions

