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Abstract

For Cuntz-Pimsner algebras of bi-Hilbertian bimodules of finite Jones-Watatani index satisfy-
ing some side conditions, we give an explicit isomorphism between the K-theory exact sequences
of the mapping cone of the inclusion of the coefficient algebra into a Cuntz-Pimsner algebra,
and the Cuntz-Pimsner exact sequence. In the process we extend some results by the second
author and collaborators from finite projective bimodules to finite index bimodules, and also
clarify some aspects of Pimsner’s ‘extension of scalars’ construction.
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1 Introduction

Mapping cones play an important role in studying the properties of K K-theory, [9, 17], and have
likewise been used to further the study of non-commutative topology and dynamics [8, 19]. The
aim of this note is to make explicit, in a specific case, the abstract relationship between extensions
of C*-algebras and mapping cone extensions.

Motivated by direct calculations with mapping cone and Cuntz-Pimsner exact sequences, as in
[2, 3], we investigate the relationship between the defining extension of the Cuntz-Pimsner algebra
Og

0 — End’ (Fg) Tp ——= Og 0, (3.1)

(here Fg is the Fock module, Tg the Toeplitz-Pimsner algebra and EndY denotes the algebra of
compact endomorphisms) and the exact sequence of the mapping cone M (A, Og) of the inclusion
of the coefficient algebra A into Og

0 SOp M(A,0p) —= A——>0,

where 8Op is the suspension. We show that we can construct an explicit isomorphism of the
associated K-theory sequences at the level of unbounded K K-cycles.

Abstractly, the existence of such an isomorphism follows from the fact that the K K-category is a
triangulated category whose exact triangles are mapping cone triangles, with isomorphisms given
by K K-equivalence (cf. [17]). Indeed, for every semi-split extension with quotient map m, by
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[9], one has an isomorphism of triangles making the extension triangle equivalent to the mapping
cone triangle of 7, i.e. one has a commutative diagram of triangles where all “vertical” arrows are
K K-equivalences.

More specifically, in the case of Cuntz-Pimsner algebras, when the coefficient algebra A is nuclear,
the defining extension is semi-split, and hence one obtains an isomorphism of the extension triangle
with the mapping cone triangle for

80 — M(Tg,0p) — Tp ——= Op . (1.1)

Using the K K-equivalence between A and T and the natural Morita equivalence between A and
EndY% (Fg), one can show that the mapping cone triangle

SOp —— M(A,0p) —= A——=0p

for the inclusion of the coefficient algebra A into O is in turn isomorphic to (1.1). This follows
from the axioms of a triangulated category which imply that the mapping cone of A — Opg is
unique up to a (non-canonical) isomorphism in K K. Combining the two isomorphisms of triangles,
one obtains the isomorphism of exact triangles

8O0 ——= M(A,Op) ——= A——Op

80p —=EndY(Fg) —= Tp — Op

which induces an isomorphism of the corresponding K K-exact sequences.

In this paper we provide the isomorphism between the associated six-term exact sequences explicitly
at the level of unbounded K K-cycles. This allows one to exploit these mapping cones in concrete
computations. We indicate how this works in the case of C*-algebras of non-singular graphs.

Many of the constructions we rely on from [11, 21] were proved for finitely generated bimodules
over unital algebras. In order to deal with suspensions we extend these results to handle the more
general case of bimodules with finite right Watatani index. Our main result is as follows.

Theorem 6.2 Let E be a bi-Hilbertian A-bimodule of finite right Watatani index, full as a right
module with injective left action, and satisfying Assumptions 1 and 2 on pages 8 and 9 respec-
tively. Let (Og,=4,D) be the unbounded representative of the defining extension of Og, and

(M(A,OFR),E4,D) the lift to the mapping cone. Then
“Or(a.0) [(M(A,08). 24, D)) : K.(M(A,0p)) - K.(4)

is an isomorphism that makes diagrams in K -theory commute. If furt@ermpre the algebra A belongs
to the bootstrap class, the Kasparov product with the class [(M(A,Og),Z4,D)] € KK(AM(A, Og),A)

is a K K-equivalence. Together with the identity map, - @r(a,0,) (M (A, Op), =4, D)| induces an
isomorphism of KK -theory exact sequences.
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2 Finite index bi-Hilbertian bimodules for non-unital algebras

We start by recalling the basic setup of [21] and [11], and show how it extends to non-unital algebras
using more refined constructions from [12]. In [21] and [11], the basic data was a unital separable
nuclear C*-algebra A, and a bi-Hilbertian bimodule E over A in the sense of [12, Definition 2.3],
which is finitely generated and projective for both the right and left module structures.

In this paper we will dispense with the unitality of the algebra A, and consequently also the
finitely generated and projective hypotheses on the module E. So we will assume throughout the
paper that E is a countably generated bimodule over A, which carries both left and right A-valued
inner products 4(:|-), (+|-)a for which the respective actions are injective and adjointable, and E
is complete. The two inner products automatically yield equivalent norms (see, for instance [21,
Lemma 2.2]). We write 4E for E when we wish to emphasise its left module structure and E4 for
FE when emphasising the right module structure.

Thus a bi-Hilbertian bimodule is a special case of a C*-correspondence (E, ¢) over A, which is a
right Hilbert A-module E endowed with a *-homomorphism ¢ : A — End’(F), where End%(E) is
the algebra of adjointable operators on E. For x and y in F 4, we denote the associated rank-one
operator by O, := z(y|-)a. The algebra of compact operators EndY%(E) is the closed linear span
of the rank-one operators O, ,. The algebra End% (E) is the multiplier algebra Mult(End%(E)) of
the compact endomorphisms End% (E).

Since E is countably generated (as a right module) there are vectors {e;};>1 C E such that

Z ®ej,ej = IdE,

Jj=1

where the convergence is in the strict topology of End’ (E). Such a collection of vectors is called a
frame, and [12, Theorem 2.22] proves that

P = ZA(ej|ej) (2.1)

j>1

is a well-defined (central positive) element of the multiplier algebra of A if and only if the left
action of A on E is by compact endomorphisms. The injectivity of the left action which we assume
ensures that e is invertible (justifying the notation). Equation (2.1) expresses the finiteness of
the right Watatani index of E, which is then independent of the choice of frame. This finiteness
condition seems to be the correct replacement for the finitely generated hypothesis in the unital
case, since a module over a unital algebra with finite right Watatani index is finitely generated (and
so projective). As further evidence for this, and for later use, we record the following result.

Proposition 2.1. Let E be a bi-Hilbertian A-bimodule with finite right Watatani index €®. Define
the suspended bi-Hilbertian 8 A-bimodule SE over the suspension SA := Co(R)® A as follows. Define
SE := Cy(R) ® E, with the operations (fj, gj € Co(R), a; € A, e; € E)
(r®a1)-(f@e): (g2®az) =g1fg2 ® areas
(fi®ellfa®ea)sa = fif2 @ (e1]e2)a
sA(f1®e1|fa®e2) = fify @ aler]ez).
Then SE has finite right Watatani index given by 1 ® e where 1 € Cy(R) is the constant function

with value 1 and e® € Mult(A) is the right Watatani index of E. If Ex is full so too is SEsy and
if the left action of A on E is injective, so too is the left action of SA on SE.



Proof. The proof that SE is bi-Hilbertian is a routine check of the conditions, and so too the
statements about fullness and injectivity. The right Watatani index must be finite by [12, Theorem
2.22], since 8 A acts by compacts on SE, and so it only remains to determine the value of the index.

We let {e;};>1 be a (countable) frame for E and pick a partition of unity (¢x)rez subordinate to
the intervals (k — €, 1+ k + €) for some fixed 0 < € < 1. Then by a direct computation we find that
(Vor ®ej); is a frame for 8Eg, and similarly that

3 sa(Vor @ ej[ v/ ® ¢j) = 1@ e € Mult(8A) = Cy(R) @ Mult(A). 0
.k

An important class of examples are the self-Morita equivalence bimodules (SMEBs) over A. A
self-Morita equivalence bimodule is a bi-Hilbertian A-bimodule for which

Alelf)g =e(flg)a.

We do not require this compatibility condition in the definition of bi-Hilbertian bimodule.! We
will see in Proposition 3.2 that, upon changing the algebra of scalars, we can always construct a
self-Morita equivalence bimodule out of a bi-Hilbertian bimodule. This implies in particular that
the Cuntz-Pimsner algebra of a bi-Hilbertian bimodule can always be interpreted as a generalised
crossed product in the sense of [1] for a self-Morita equivalence bimodule over a different algebra.

3 Cuntz-Pimsner algebras

We start from a bi-Hilbertian A-bimodule E with finite right Watatani index. We assume that the
left action of A (which is necessarily by compacts) is also injective, and that the right module E 4 is
full. Regarding E as a right module with a left A-action by adjointable operators (a correspondence)
we can construct the Cuntz-Pimsner algebra Op. This we do concretely in the Fock representation.
The algebraic Fock module is the algebraic direct sum

alg alg
1 k k 2
R =@ Eo = PE* = Ao Do %o -
k>0 k=0

where the copy of A is the trivial A-correspondence. The Fock module F is the Hilbert C*-module
completion of Fglg. Forv e F alg, we define the creation operator 7, by the formula

T, (e1® - Qep)=vRe @ - ey, ej € E.

The expression T, extends to an adjointable operator on Fg, whose adjoint 7, acts (when v is
homogenous with v € E®I¥l) by

(Ve @ - @epa-ep1 @ - Qep k> |v
0 otherwise

)

T:(€1®‘”®6k)={

and so is called an annihilation operator. The C*-algebra generated by the set of creation operators
{T. : e € E} is the Toeplitz-Pimsner algebra Tg. It is straightforward to show that T contains

'Our notion of Hilbert bimodule is different from the one of [6, Definition 1.8], which was used in [1] in the
construction of generalised crossed products.



the algebra End%(Fg) of compact endomorphisms on the Fock module as an ideal. The defining
extension for the Cuntz-Pimsner algebra Op is the short exact sequence

0 — EndY (Fg) T ——= Of 0. (3.1)

It should be noted that Pimsner [18] in his general construction uses an ideal that in general is
smaller than End%(Fg). In our case, A acts from the left on E4 by compact endomorphisms,
ensuring that Pimsner’s ideal coincides with End%(Fg). For v € F glg, we let S, denote the class
of T, in Op. If v € E®* we write |v| := k.

Since we assume A to be separable and nuclear, by [16, Theorem 2.7] (see also [15, Theorem 7.3])
the algebra Op is separable and nuclear. By [5, Corollary 1V.3.2.5] C*-algebra extensions with
separable and nuclear quotients are semi-split, hence the defining extension (3.1) is semi-split, i.e.
it admits a completely positive cross section s : Op — Tg. As a consequence, the above extension
will induce six terms exact sequences in K K-theory.

Using the natural Morita equivalence between End%(Fg) and A, the K K-equivalence between A
and T proved in [18, Theorem 4.4] and [18, Lemma 4.7], the six term exact sequences can be
simplified to a great extent. Specialising to the case of K-theory we obtain

1-[E L
Ko(A) 25 Ko(A) —= Ko(O)

y I
Kl(OE)TKl(A)mKl(A)

where ¢y 1= 14,0+ is the map in K-theory induced by the inclusion t4,0, : A < Op of the coefficient
algebra into the Pimsner algebra and 1— [E] denotes the Kasparov product - ®a ([Idg (4, 4)] — [E])-

Similarly, the corresponding six term exact sequence for K-homology reads

1-[E)]

KO(A) K9(4) <—— K°(Op) .

o| lo

K'(Op) — K'(4) 2L K (4)

L

3.1 Pimsner’s extension of scalars

Before tackling the extension, its K K-class and the relation to mapping cones, we examine the
relationship of the Cuntz-Pimsner construction to the generalised crossed product set up of [1].
Pimsner [18] showed that by changing the scalars the completely positive cross section mentioned
above can be obtained explicitly, though this is at the expense of changing the exact sequence (3.1)
and the coefficient algebra.

We will recall these constructions, and a little background, with a view to proving that Pimsner’s
extension of scalars realises Og as the Cuntz-Pimsner algebra of a SMEB. While at least some of
the content of this statement is folklore, we could find nothing more explicit than Pimsner’s original
construction in the literature. We provide both a precise statement and proof below.

The formula
z - Sl/ = Z‘V|Sy, VI/ G E®k,



is easily seen to extend to a U(1)-action on Og. We denote the fixed point algebra for this action
by Og. Averaging over the circle action defines a conditional expectation

p:0p — OF, p(x) ::/ z-xdz,
U(1)

where dz denotes the normalized Haar measure on U(1). The infinitesimal generator of the circle
action defines a closed operator N on the completion XO% of O as a O;,E—Hilbert module in
the inner product defined from p. Under the spectral subspace assumption (see [7, Definition
2.2]), N is a self-adjoint, regular operator with locally compact resolvent whose commutators with
{S,: veF glg} are bounded. In particular,

defines an unbounded (OE,O%)—Kasparov module, where Op is the polynomial algebra in the
creation and annihilation operators Se, S}, e € E4.

With these reminders in place, we turn to the extension of scalars. First, the SMEB case is precisely
when we do not need to extend the scalars, for those C*-correspondences (E, ¢) over A for which
O7, = A can be characterised as follows.

Proposition 3.1 (cf. [15, Proposition 5.18]). Let (E,¢) be a C*-correspondence over A with left
action given by compact operators, and let O be the corresponding Pimsner algebra. Then E
is a self-Morita equivalence bimodule if and only if the fixed point algebra O;é coincides with the
coefficient algebra A.

In general, O, is substantially larger than A and the generator of the circle action is insufficient
for constructing an unbounded (Og, A)-Kasparov module representing our original extension (3.1).

The unbounded Kasparov module in (3.2) gives a class in KK'(Opg,O0}), and when E is a self-
Morita equivalence bimodule, this class represents the extension (3.1), [21]. In the more general
case when O}, # A, Pimsner considered the right O)-module E' := E ®4 O}, [18, pp 195-196].
Under some additional assumptions this enlargement of the scalars puts us back into the self-
Morita equivalence bimodule case, where Cuntz-Pimsner algebras are known to correspond to the
generalised crossed-products of [1] by [14, Theorem 3.7].

Proposition 3.2. Given a correpondence (E, ), suppose that the module E 4 is full and the left
action ¢ is essential?. Then the module E' := E ® 4 OE 1s a bi-Hilbertian bimodule over Ozﬂ which
is left and right full and which satisfies the compatibility condition

A(&In)¢ = &(nlC)a;

hence is a self-Morita equivalence bimodule over O;é. The Cuntz-Pimsner algebra O = Opgr agrees
with the generalised crossed product O}, x g Z.

We again thank Jens Kaad and Bram Mesland for fruitful discussions that lead to the formulation
and proof of this result.

2Recall that the action of A on E is said to be essential if the linear span of ¢(A)FE is dense in E.



Proof. By its very definition, E’ is a right Hilbert O}, module, with right action and inner product
given by the interior tensor product construction. In particular, the right inner O;é—valued product
is given by

(e1® file2 @ fa)oy = filerlex)afe = (fil(erle2)afa)oy, €1, e2 € B, fi, f2 € O

If the left action of A on E is essential and the right inner product is full, then E’ is a right-full
Hilbert O}-module by the following argument. Using the right fullness of E4, [20, Lemma 5.53]
shows that there exists a sequence y; € I such that for all b€ A

k

Jim > (wjly;)ab =10,

j=0
and thus because the left A action is essential limg_, . Z?:o(yﬂyj) Ay =y for all y € E. Now let
S Sy € Of. We want to show that this element of the fixed point algebra O}, can be

V1 Un
approx1mated by inner products. By rewriting the inner product

(Syy Suren Sy | 85)07 = Spireoin S Sy = Spreopin (55,84, 1)

1 Un™ - pin H1fnMyivy vy 3
= Sm---un( (yj|yj)ASl/1~~l/n)* = Sul"-un (S(yj|yj)AV1‘“Vn)*’

we see that
k

hm Z(SyJSVl Vn Ml un‘Syg)O'y - hm ZS/M ‘Hn S(yg‘yg)AVl Vn) S 5;1 ‘Un?

k—o0
7=0

and so E ®4 O} is right full.

The non-trivial part is the left module structure. We define a left action ¢ : O}, — End}) (E') by
E

using the natural inclusion E’ < Op given on simple tensors by e® f + S.- f, e € E and f € O).
The core O}, is generated by elements of the form 5,5}, with |u| = |v| = n. Such elements act on
simple tensors by

H(SuS) (e ® f) = 11 ® (Spsin Sty (1) af), ¢ € E, f €O},

since Sy, Sy, is again an element of the fixed point algebra O},

V2 Un

In order to define a left inner product, we again use the above identification and define
oy (e1® filea ® f2) := Se, f1f2 5,

We now show this inner product is left-full. This can be done by choosing a frame (z;)Y; for E4
(N can be infinity). Then

N
2 : * * *
Sxisxisul“'unsm ‘Un Sul“'unsul “Un)

and at the same time writing v = 117 and p = p@ we have
Su0S5 Syreapn Siren, = Seion (@ili) 4 19555)S5, = on (2 © (wilpn)a |11 © S5S5),

which shows that the left inner product is full. We conclude by checking the compatibility condition
by computing that

5(0%(61 ® file2 ® f2)> e3® f3 = O(Se, [1f355)es @ f3 = e1 @ (f1555,Ses f3)
=1 ® f1(f359:,5:f3) =e1® f1(e2® fales® f3)oy. O



3.2 The extension class

A Kasparov module representing the class of the extension (3.1) was constructed in [21], under the
assumption that A is unital and E finitely generated, and a further assumption discussed below.
Here we recall the salient points, and extend the discussion to handle the non-unital situation.

So we suppose that E is a bi-Hilbertian A-bimodule with finite right Watatani index, full as a right
module and with injective left action of A. We choose a frame (e;);>1 for E4. The frame (e;);>1
induces a frame for E®4* namely (€p)|p|=k Where p is a multi-index and e, = e, ® --- ®e,,. We
define

B End (B%%) 4, @u(T) = 3 a(Teyley).

lpl=Fk

Here End% (E®4F) denotes the finite rank operators on E®4F, Tt follows from [12, Lemma 2.16] that
@}, does not depend on the choice of frame and extends to a norm continuous map on End% (E®F),
[12, Corollary 2.24]. By [12, Proposition 2.27], the functionals ®; extend to strictly continuous
maps @, : End* (E®*) — Mult(A).
In particular, we denote by e’ the element @ (Idgs 4x) = > 1pl=k Al€pl€p) € Mult(A). Since Py is
independent of the choice of frame, so is €. Note that e is a positive, central, invertible element
of Mult(A), [12, Corollaries 2.24, 2.28]. Therefore f, is a well-defined self-adjoint central element
in Mult(A).
We further extend the functional @, to @, : End’y (Fg) — Mult(A) by defining ®4(T') := @y (P,T Py)
for T € End*(Fg), where Py : Fp — E®* is the projection. Naively, we would like to define

Do (T) “:="resg—1 Z &y (T)e (1 4+ k*)~*/2,  for suitable T € End(Fg). (3.3)
k=0

Indeed, ®;(T)e P is easily shown to be bounded, and so it is tempting to try to define ®,, using
some ‘generalised residue’ in the sense of generalised limits and Dixmier traces. In general, problems
arise since @, (if well-defined) is not a numerical functional, but A-valued. Worse still, in the non-
unital setting we only have the strict continuity of the ®j in general. The lack of norm continuity
is handled as follows.

Lemma 3.3. Suppose that T € Ty C End’y(Fg). Then for each k =0, 1, 2,..., the compression
P.TP; is a compact endomorphism on E¥*, and hence ®y, : Ty — A is norm continuous.

Proof. We approximate T' € Tg in norm by a finite sum of generators T¢T)y for &, n € F'r homoge-
nous. If [§] # |n| then P, T: Ty P, = 0, and so we suppose that [£] = [n].

In that case, for k < |¢| we again have Py T¢ T, Py = 0, while for k > [¢] the endomorphism P, T Ty P
coincides with a compact endomorphism of E®* by [18, Corollary 3.7] and the injectivity of the left
action of A. Since P,T P, is approximated in norm by finite sums of endomorphisms PkaT; Py,
P,TP, is a compact endomorphism of E®¥. O

Thus for Re(s) > 1, since ||®4(T)e || < ||T||, the map

Tpo Ty p(T)e Pr(l+ k)
k=0



is norm continuous. The only remaining problem with the tentative definition in Equation (3.3) is
the existence of the residue. Following [21], we work under the following assumption guaranteeing
that the residue exists for T' € Tg.

Assumption 1. We assume that for every k € N, there is a § > 0 such that whenever v € E®*
there exists a 7 € E®F satisfying

e Prvefn—r — 7| = O(n=°%), asn — oco.

When Assumption 1 holds, Equation (3.3) defines an A-bilinear functional ®, : Ty — A, which is
a continuous A-bilinear positive expectation, which in addition vanishes on End%(E) C Tg. Hence
®,, descends to a positive A-bilinear expectation ®, : O — A. The details of this construction
can be found in [21, Section 3.2], and the only change in the non-unital case is the norm continuity,
which follows from Lemma 3.3. This functional furnishes us with an A-valued inner product
(S1152) 4 := Poo(STS2) on Op, and the completed module is denoted Z 4.

We assume that Assumption 1 holds for the remainder of the paper.

Theorem 3.4 (Theorem 3.14 of [21]). If the bi-Hilbertian bimodule E satisfies Assumption 1, then
the tuple (Og,Z4,2Q — 1) is an odd Kasparov module representing the class of the extension (3.1).
The projection @ has range isometrically isomorphic to the Fock module Fg.

Example 3.5. When E is a self-Morita equivalence bimodule, @ : Op — A coincides with the
expectation p : Op — O}, discussed prior to Equation (3.2). Therefore

Z4= @E@n
nez
with the convention that E®(-I") = F®|n‘, where E is the conjugate module, which agrees with the
C*-algebraic dual of E. In this case we can define the number operator N on the module Z4 by
Np=mnp for p e E®". Then (Og,Z4, N) is an unbounded Kasparov module representing the class
of the extension (3.1) in KK'(Og, A), by [21, Theorem 3.1].

In [11], under an additional assumption, Theorem 3.4 was extended, presenting an unbounded
representative of the class defined by (Op,Z4,2Q — 1). In order to construct the unbounded
representative D we need an additional assumption on the bimodule. Under Assumption 1, we can
define the operator q;, : E®F — E®F by

qev =D = lim e Prpelr,
n—oo

By [11, Lemma 2.2], each g, is adjointable for both module structures, a bimodule map and positive.
Then in order to construct D we need to assume

Assumption 2. For any k, we can write q; = cx R = Ricp where Ry, € End*A(E®k) s a projection
and ¢y, is given by left-multiplication by an element in Mult(A).

Both Assumptions 1 and 2 hold for a wide variety of examples, as shown in [21] and [11].

When A is unital and Assumption 2 holds, [11, Theorem 2.10] proves that the module =4 decom-
poses as a direct sum of bi-Hilbertian A-bimodules =, , of finite right Watatani index.



To check this in the non-unital case means computing the index directly in terms of the frame for
=4 presented in [11, Lemmas 2.8, 2.9]. The construction of the frame begins with a frame {e;};>1
for E4 and a frame {fj};>1 for 4E, and produces a frame {W T, }pa C Z 4 for multi-indices

2% |

p, 0, and where ¢/, is as in Assumption 2. For fixed values of |p|, |o| we have

Sooa(W e W e )= Y Do (St S71sz, Soir2 S2,)

lpl=r, |o|=s lp|=r, |o|=s

= Y Do(Se, (5 P foles P f0) aSE)

lpl=r,|o|=s
'l D ®oo(Se,(folfo)aSs,)
|pl=r|o|=s

e S @oo(Se, bsSE) < lles ™M D @oo(Se, S2)

ep e

lpl=r lpl=r
= ||CSH_1 ls e’

where (s is the left numerical Watatani index of E®*, which is finite by [12, Theorem 4.8]. This
computation shows (in particular) that the summands =, , in the decomposition

E4= &y B (3.4)
n€zZ, r>max{0,n}
are bi-Hilbertian A-bimodules of finite right Watatani index, and we denote the projections onto

these sub-modules by P, ;.

Then one defines D =}, ¥(n,7) P, where 1 is a suitable function, [11, Definition 2.12]. By [11
Lemma 2.14] the projection ) appearing in Theorem 3.4 has the form

Q = an,rw
n=0

with respect to the above decomposition (3.4).

Remark 3.6. Note that in the self-Morita equivalence bimodule case, a suitable choice of the op-
erator D along with the decomposition of the module =4 coincides with the number operator and
the decomposition described in Example 3.5.

We assume that Assumption 2 holds for the remainder of the paper.

Theorem 3.7 (Theorem 2.16 of [11]). If the bi-Hilbertian A-bimodule E satisfies Assumptions 1
and 2, then the tuple (Op,Z4,D) is an odd unbounded Kasparov module representing the class
of the extension (3.1). The spectrum of D can be chosen to consist of integers with bi-Hilbertian
A-bimodule eigenspaces of finite right Watatani index, and non-negative spectral projection Q).

The only difference arising in the non-unital case is that the resolvent of D is not compact, but only
locally compact. This follows since, just as in Lemma 3.3, the compression P, ;SFP, , of S € O
is a compact endomorphism. Since the eigenvalues of D are chosen to have +infinity as their only
limit points, we find that S(1 + @2)_1/ 2 is a norm convergent sum of compacts.

Our last task before turning to the mapping cone exact sequence is to show that the class of modules
we consider is stable under suspension. Proposition 2.1 gives us most of what we want, and we just
need to check that if I/ satisfies Assumptions 1 and 2 then so too does SE.
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Proposition 3.8. If F is a bi-Hilbertian A-bimodule of finite right Watatani index which is full
as a right module and with injective left action satisfying Assumptions 1 and 2, then the suspended
module SE is a bi-Hilbertian SA-bimodule of finite right Watatani index which is full as a right
module and with injective left action satisfying Assumptions 1 and 2.

Proof. This follows from Proposition 2.1 and the fact that the right Watatani index of (SE)®¥ is
1 ® e where e is the right Watatani index of E®*, O

4 Comparing the mapping cone and Cuntz-Pimsner exact sequences

In addition to the defining exact sequence for Op, we can look at the mapping cone extension
for the inclusion t4,0, : A < Op of the scalars into the Cuntz-Pimsner algebra. Recall that the
mapping cone M (A, Og) of the inclusion ¢4 o, is the C*-algebra

M(A,Op) :={f € C([0,0),0g) : f(0) € A, f(c0) =0, f continuous.}

We will frequently abbreviate M(A,Opg) to M. The algebra M fits into a short exact sequence
involving the suspension SOg ~ Cy((0,00), A). Due to the use of the mapping cone, we will often
write suspensions as Cy((0,00)) ® - instead of Cy(R) ® -. The sequence is

0——> 805 L= M(A,0p) —<~ A —0,

where ev(f) = f(0) and j(g ® a)(t) = g(t)a. The mapping cone extension is semi-split and induces
six term exact sequences in K K-theory.

Specialising to K-theory yields the exact sequence

Ko(A) —2~ Ko(SOp) 2= Ky (M)

€V T lev*

By [8, Lemma 3.1] the boundary map 0 : K;(A) — K;1(Og) is given, up to the Bott map
Bott : K;(Og) — K;j+1(8Og), by minus the inclusion of A in O, i.e. & = —Bott o4 0, Similar
considerations hold for the dual K-homology exact sequence.

We now compare the defining short exact sequence for Op and the mapping cone sequence for the
inclusion 4,0, : A <= Opg. To do so, we use the identification Bott : K;(Or) — K;+1(8OEg) to
define a map jZ : K;(Og) — K;11(M) given by j, o Bott. Then we have the partial comparison
with two out of three maps given by the identity:

:B
ev L

B
- — Ky(Op) J_*>K1(M) L K (A) —2= K1 (Op) LKO(M) M Ko(A) s

l: l? 1- () l l: l? 1-(£] l: o

- —5 Ko(Op) —> K1(A) —— K1 (A) = K1(Op) —> Ko(A) —— Ko(A4) “— -

Thus the question we seek to address is whether there is a map that can be put in place of ? which
makes the diagram commute (and so provide an isomorphism of six-term sequences).
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Remark 4.1. As pointed out in the introduction, the existence of an isomorphism between the two
exact sequences follows from the fact that the K K-category is triangulated, with exact triangles
the mapping cone triangles. The missing map can be easily constructed as a Kasparov product
with the class

[a] ®n, [u] Bpnao 5,y [TE] € KK (M, A), (4.1)

where M, denotes the mapping cone M (Tg,Op), a: M(A,Or) — M(Tg,Op) is the inclusion of
mapping cones induced by the natural inclusion a : A — Tg, [Fg] € KK(End%(JFE), A) is the class
of the Morita equivalence, and [u] € KK (M(Tg,Og), End%(Fg)) is the K K-equivalence given by
[9, Corollary 2.4].

In the following we will provide an unbounded representative for a class that makes diagrams in
K-theory commute, by lifting the unbounded representative of the extension class to the mapping
cone, as we describe below. The axioms of triangulated categories do not guarantee the uniqueness
of such a class, hence we leave it as an open problem to verify that our unbouded Kasparov module
is a representative for the class in (4.1)

The map 0 is implemented by the Kasparov product with the class of the defining extension. Now
we are working under Assumptions 1 and 2, and so we have an explicit unbounded representative
(Og,Z4,D) for the defining extension. As noted earlier, D has discrete spectrum and commutes
with the left action of A, hence we have i} 5 [(Op,E4,D)] = 0. In particular there is a class
[D] € KK(M(A,Og), A) such that j5*[D] = [(Op,Z4,D)]. As the notation suggests, there is an
explicit unbounded representative for the class [D], provided by the main result of [8]. Subject to
some further hypotheses, the class [@] can be used to help compute index pairings, [8, Theorem
5.1], because of the explicit unbounded representative. The even unbounded Kasparov module
representing the class [D] is denoted

(M(A,05), 24 =X & X~, D). (4.2)

The module X is a completion of L?([0,00)) ® Z4 while X~ also contains functions with a limit at
infinity. The operator is given by

(0 —9+D

b= <at +D 0 > '

together with suitable APS-type boundary conditions, [8, Section 4.1]. The details will not influence
the following discussion, but we stress that the operator is concrete, and so index pairings are
explicitly computable.

Trying -® vD in place of ? we find that the squares to the left of each instance of D in the diagram

B
Jx Lx

B
" Ko(Op) T Ky (M) 22 Ky (A) —> K1 (Op) —2> Ko(M) > Ko(A) -

o e e e
Ky (0p) — 2 K (A) T K (4) e K (05) — 2 Ko(A) T K (4) L
0\VE 1 1 1\VYE 0 0

(4.3)

commute. Now what about the squares to the right?
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5 The K-theory of the mapping cone of a Cuntz-Pimsner algebra

We use the characterisation of the K-theory group Ko(M) due to [19]. Classes in Ky(M) can
be realised as (stable homotopy classes of) partial isometries v € My (Og) with range and source
projections vv*, v*v € Mi(A). In the usual projection picture, the class of the partial isometry v
corresponds to the class [8, Section 5]

1— 1 * —it
-{(5 )] eo=("ERT TR,
00 Tz ¥ EEC

It is important to note for later use that this characterisation of Ky(M) does not depend on
having unital algebras: for A C B not necessarily unital, we need only consider partial isometries
v € My(B) over the unitisation B with vv*, v*v € My (A) satisfying vv* — v*v € M(A) or even
more generally, [vv*] — [v*v] € Ky(A). In the following discussion one can just replace v over Op
with v over Op satisfying [v*v] — [vv*] € K((A), and even take v € X ® Op.

Returning to the exact sequence, we again let v be a partial isometry over Op, say v € My(Og),
with v*v and vv* projections over 14 0,(A). Then we have ev,([v]) = [v*v] — [vv*]. In the other

direction, we need to evaluate the product [v] ®oy [D] @4 ([ldgx(a,4)] — [£]).
Our strategy is to use [8, Theorem 5.1], to find that the latter product is given by

— Index(QpvQy, : v'UFE — v0*FE) ®4 (Mdg g (a,a)] — [E]), (5.1)
where Qr = Q ® 1x, and Q=4 = Fpg, the Fock module. Here [E] is short hand for the class in
KK(A,A) of (A, E4,0), and similarly [Idg g (4,4)] can be represented by (A, A4,0).

In order to be able to use this formula, we need to check the hypotheses of [8, Theorem 5.1], and
then actually compute the product in Equation (5.1). The precise statement of [8, Theorem 5.1] in
our case is

Theorem 5.1. Let (Op,Z4, D) be the unbounded Kasparov module for the (pre-) C*-algebras Op C
Opg and A representing the extension class. Let (M,Z 4, @) be the unbounded Kasparov M(A,OF)-
A module of Equation (4.2). Then for any unitary u € My(A) such that Qi and the projection
(ker D) @ Idy, both commute with u(D @ Idg)u* =: uDpu* and u*Dru we have the following equality
of index pairings with values in Ko(A):

([ul, [((OE,E4,D)]) := Index(Qru* Q) = Index(eu(ﬁk ® 1g)ey) — Index(@k)
= (1| (p o)] 10r.20D1) € Kata)

Moreover, if v is a partial isometry, v € Mi(Og), with vv*,v*v € Mi(A) and such that Qy and
(ker D)y both commute with vDyv* and v*Dyv we have

<[ev] - [(é 8)] (M, 2, @)]> — Index(QuuQy : v'0FE — vt FE) € Ko(A).

It is important to observe that when we consider vD,v*, we are suppressing the representation of
v on EZ, but it makes a difference in what follows. For this reason we temporarily introduce the
notation ¢ : O — End’(E4) for the representation. This representation naturally extends to a
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representation ¢y : My(Op) — End’ (®5_Z4), and to X ® Op — End’ (H ® £4) in the countably
generated case.

The next result, that we state here in the particular case of Cuntz-Pimsner algebras of bimodules
satisfying Assumptions 1 and 2, holds in general for any representation of an algebra on a bimodule,
for which there exists a decomposition of the type in Equation (3.4).

Lemma 5.2. Given v € M(Og) or X ® O, define

Um,s = § Pn—l—m,r—l—s(pk (U)Pn,r-
neZ,r>max{0,n}

Then @r(v) = st Um,s where the sum converges strictly. If v is a partial isometry with range
and source projections in A, the v, , are partial isometries with v;,rvms = 5n,m5r,sv;§,rvn,r and
vnmv;ﬁw = (5n,m5r,svn,rv;7r. Hence the projections U;kwfun,r are pairwise orthogonal, and likewise the
projections vy yvy, . are pairwise orthogonal.

Proof. The first statement follows from the definition of v,, s, the orthogonal decomposition 24 =
®=,, together with the fact that Zn,r P, converges to Id=, strictly.

A

Now suppose that we have v € Op a partial isometry with range and source projections in A (the
following argument adapts to partial isometries in matrix algebras). Then we have

p(v) = Z Um,s-

Since vv* and v*v are matrices over A, we see, in particular, that they commute with D. Hence
* * * *
¥ = E Vi, sV € MN(A) = U sVy, = OmnGs rVm, sV, s-

.. N _ N . . .
Similarly Upn sUn,r = 5m7n557rvm7svn7r. Now we recall that vv* is a projection and consider

*_E: * *2_5: * 2_2: * *_E: * 2
v = Umysvm,s - (UU ) - ( Um,SUm,s) - Um,SUm,sUnﬂ“Un,r - (Um7svm,s)

. . * _ * : * *

the last equality following from vy, vn; = 0m 5 dsrUm,sVp, 5+ SINCE Uy sV, U vy, . = 0 for (m,s) #

(n,r), we see that each v, sv), ; is a projection over A, and the various v, sv, ; are mutually
b b

orthogonal. Similarly, the vy, ;s s form a set of mutually orthogonal projections. O

We deduce the commutation relation vy, Pt = PlymtsUm,s for all [,m € Z, t > max{0,1},
s > max{0,m}. This seems surprising given the more complicated commutation relation of [11,
Lemma 2.15], but they are reconciled by the following observation (proved in the Lemma below).
If 4 € Fg is homogenous of degree |u| then for n sufficiently large and positive

Pt lulntlu Subnn 7 0.

Hence S, = E‘]}L:‘O(Su)\u\,j has S, |, # 0, and we see that the decomposition in the Lemma uses

much more information than just the degree given by the gauge action.

Lemma 5.3. Suppose that S € O satisfies Sy, # 0 for some n € Z and r > max{0,n}. Then
Snon # 0.
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Proof. We approximate S by a finite sum of monomials SaSE- Then S,,, is approximated by
monomials S, S5 with [af = r and |a| — [B] = n.

For such monomials, and m > |g|, we have SaSng,mEA C Pm+|a\—|m,m+|a\—|m5aSEEA7 and by
considering [SgS,] € E4 we see that SQS;;Pmm # 0. Hence Pm+‘a|_‘5|7m+‘a|_‘5|SaSEPm7m = 0 for
m > |B|. Hence (SaS%) |- 18], la|-|8] = (SaSh)nn # 0 and so also Sy, # 0. O

Lemma 5.4. Let v € O (or 675) be a partial isometry with range and source projections in A.
Then ¢(v) is a finite sum of ‘homogenous’ components vy, s.

Remark 5.5. We are effectively repeating the argument of [7, Lemmas 4.4 and 4.5] for modular
unitaries and partial isometries. We know that ePp(S)e P € p(Op) for partial isometries S
with range and source in A, and that is all we will need.

Proof. We first suppose that in fact v is unitary, and define w; = @(v*)e?Pp(v)e P, Tt follows
from Lemma 5.2 that w; commutes (strongly) with D for all ¢. Then

ei(t—i—s)D —i(t+s)D

p(v)e
—itD eitD

Wigs = (V™)
= p(v")e" " p(v)e p(v")
= wy eitD ((,D(U*)eiSDQD(’U)e_iSD)e_itD

= w, eztD wse—ztD

eztD e—ztDez(t—i-s)D e—z(t—i—s)’D

p(v)

= Wt Wg.

Hence wy; is a norm continuous path of unitaries in A, whence w; = €@ for some a = a* € A. Thus
P p(v)e P = p(v)e*®. Recall now that we can choose D to have only integral eigenvalues, and
s0 ¢(v) = ¢(v)e?™. Hence a has spectrum a finite subset of Z, and we then easily see that only

finitely many components vy, s can be non-zero. In the general case we replace v by the unitary

1—v*v v*
v 1 —ovv*

and argue as above. O

Lemma 5.6. For any partial isometry v over ONE with range and source projections in g, the
operators (v)Dp(v*) and e(v*)Dp(v) commute with both the kernel projection of D and the non-
negative spectral projection of D, given by Q.

Proof. We assume for simplicity that v € éVE Using Lemmas 5.2 and 5.4, we see that the following
computation is justified and yields the first claim:

’U@’U* = ZUPm7S¢(m7 S)U* = Z Un,rpmﬁw(mv 8)’[)* = Z Pm+n,3+7‘¢(m’ S)UanU*

m,s m,s,n,r m,s,mn,r
. *
- g Pm—i—n,s-l—rw(ma S)Un,rvn,r'
m,s,n,r
The claims about v*Duv follow in the same way. O

15



6 The isomorphism K,(M(A,Og)) — K.(A) and the K K-equivalence

To prove that - @ D : K. (M(A,Op)) — K.(A) gives an isomorphism we need only show that
- ®ar D makes the diagram commute, since it then follows from the five lemma that taking the
Kasparov product with D is an isomorphism.

To prove that - @, D : K,(M(A,0F)) — K.(A) yields a K K-equivalence requires much more in
general, but follows relatively easily in the boostrap case. We go further, and provide an explicit
inverse when it exists, and conjecture that in fact it is an inverse in all generality.

6.1 The isomorphism in K-theory

We now know enough to prove the commutation of the diagram in Equation (4.3). We first con-

sider - @7 [D] : Ko(M(A,Of)) — Ko(A), and in this situation begin by considering v = vy,
‘homogenous’.
By [11, Lemma 2.14], the range of @ is the range of ) - Py, hence Qu@Q = 0 unless s = m. For
s = m we have

Index(QuQ : v vFE — v Fg) ®a (Idgg(a,4) — [E])
(@52 v oE®]) @4 (g ) = [E) m<0

_[@;n:—olw*E@j]) ®a (Mdgxan) — [E) m>0

| [v*vA] = WE®T™] m <0
Tl —[wvrAl + [v0*E®™] m >0

where the last equality follows from a telescopic argument. So to prove that
Index(QuQ : v vFr — v Fg) ®a (Idg g(a,4) — [E]) = evi([v]) = [v*v] — [vv7]
we are reduced to proving the isomorphisms of A-modules
VW E®™ ~ A form >0 and v'vE®™ ~uw*A for m < 0.

This is straightforward though, by the following argument.

For m < 0, the map v : v*vE®™ — vE®™ < A is a one-to-one A-module map, which is onto its
image, which is contained in vv*A. Hence v uE@IM and v E®I™l are isomorphic.

For m > 0, the map v* : vo* E®I™l — *E®I™ « A is a one-to-one A-module map, which is onto
its image, which is contained in v*vA. Hence vo* B and o* E®I™I are isomorphic.

Thus the result is true for homogenous partial isometries, and likewise for direct sums of homogenous
partial isometries, and by Lemma 5.4 this is enough. This gives commutativity of the diagram

€V

Ko(M) Ko(A)
o -
Ko(A) Ko(A)

-®(Ida—[E])
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and hence an isomorphism - @/ [D] : Ko(M(A,Op)) — Ko(A). To complete the argument, we
need to consider suspensions.

If fe8M(A,Op) welet f(t) = g with ¢t € M(A,Op) for all ¢ € R. Then define
U :8M(A,O) = M(8A,80g), (Y(f)(s))(t) =a(s), s€[0,00), t€R,
and check that U is an isomorphism. Hence, in particular, K;(M(A,Og)) = Ko(M(8A,8Og)).

Next we observe that Osp = 8Op. The isomorphism is defined on generators by ¢(S¢ge) = f® S,
and using the gauge invariant uniqueness theorem, as in [15, Theorem 6.4], we see that the map is
injective, and then since the range contains the generators of SOg, it is an isomorphism.

The unitary isomorphism of Kasparov modules (8A,8Fsa,0) = (Co(R), Co(R) ¢y r), 0)@c (A, Ea,0)
shows that the suspension of the map -® 4 ( (4, A4,0)— (A, E4,0) ) is the map -®g4 ((8A,8Ag4,0)—
(8A,8Fs4,0)). A similar but easier statement holds for the suspension of the evaluation map, and
so combining these various facts we find that the diagram

Sev.

K1(M(A,Op)) K1(4)

ok

K1(A) K1(4)

8@ (Ida—[E])

is given by

€V

Ko(M(8A,80g))

o -

Ko(SA) Ko(SA)

®(Idsa—[SE])

where now ev, is the evaluation map corresponding to the inclusion of SA into SOr. Now by
Propositions 2.1 and 3.8, SE satisfies all the assumptions that F does. Thus our proof that the
‘even part’ of the diagram commutes now holds verbatim to show that the ‘odd part’ of the diagram
comimutes.

6.2 The KK-equivalence and the main theorem
We conclude by showing that the class of [@] not only implements an isomorphism in K-theory,
but an actual K K-equivalence when A is in the bootstrap class.

First observe that by [4, Proposition 23.10.1], if A, B are two C*-algebras in the bootstrap class,
then o € KK (A, B) is a K K-equivalence if and only if the induced map - ®4 « : K.(A) — K.(B)
is invertible. This follows from the Universal Coefficient Theorem of [22].

Next, whenever the coefficient algebra A of the correspondence /4 belongs to the bootstrap class,
so does the algebra Op (cf. [15, Proposition 8.8]), and we obtain a K K-equivalence in this case.

Hence, provided that the coefficient algebra is contained in the bootstrap class, the class [@] €
KK(Og,A) is a KK-equivalence. The problem with this approach is two-fold. On the one hand
we need to know or verify that the coefficient algebra is in the bootstrap class. While this is often
possible, knowing that Disa KK -equivalence does not provide a representative of the other half
of the equivalence.
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We ameliorate both these problems by providing an explicit representative for the other half of the
K K-equivalence, when it is one.

In our particular situation, we can choose a countable frame {e;};>1 for the right module E 4, and
define the (possibly infinite) matrix over Og by

S: 0 - 0
w=|S, 0 -0

Then w*w = Id@; ® 0o = 14,05 (Id3) ® 0s and

(erler)a (erle2)a
ww* = (62|61)A (€2|62)A o = (ei]ej)m-zl =:!pE € MOO(A)

When the left action of A on F is injective and E has finite right Watatani index, the projection

pE lies in 14,0, (A), and so w defines a class in Ko(M). We will prove this fact below.

We can explicitly realise [w] as a difference of classes of projections over M (A, Og).2 Making the
identification [w] = [py] — [1n], we have

— 2 i
_ (W= mmre gew \ _ (mey —pe) + el e
Puw(t) = -

- it * 1 it * 1
itz W 2z 1dog iz W rzldos

The frame {¢;};>1 gives a stabilisation map ¢ : E — Hsq = H® A (for any separable Hilbert space
H) by defining 1(e) = ((ejle)a)j>1. Since E4 carries a left action of A, say ¢ : A — Enda(F), so
too does ppH.a with ¢ o ¢(a) o™ = ((es]d(a)e;)a)i;-

There are two important features of the representation of A on ppH 4. The first is that w defines
a class in Ko(M(A,OF)). Let (up)n>1 be an approximate identity for A, and recall that A acts
injectively and by compacts to see that ((e;|¢(un)e;j)a)i; converges strictly to pp. Extending the
representation of A to g, we see that pg =1 o ¢(a) o ¢—1(Idg). Thus pg is a class over A.

The second important feature is the ability to inflate from K-theory classes to K K-classes. Since
w(On_1 @ p(a))w* = op(a)orp™ and w*y o ¢p(a) o 'w = On_1 © ¢(a), it is straightforward to
check that for all ¢ € [0, 00)

(elo@eaes 0 _ ((elélae)a)y 0
pute) (PG ) = (R ) et

as operators on OZ (or A%V for ¢t = 0). Hence we can enrich the K-theory class
(o (A, 05N )]

=||C ("~ ,0)| e KK(C,M(A,O
= ( ( M(A,0p)Y (€, M(4,0r))

to a class _ . -
W) = ( " (p%f( E4Ab OEE;}VQN> ,0) € KK(A, M(A,O)).

3Here M(A7 Og) is the minimal unitisation of M (A, Og). As usual, the equality of the classes of p.(c0) and 1x
gives us classes in the KK groups for M (A, Og). See [13, Corollary 1, Section 7]
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These two classes are related, via the natural inclusion vc 4 : C — A, by [w] = & 4 ([W]).

Lemma 6.1. Let [D] € KK'(Op, A) = KK (8Og, A) be the class of the defining extension for Og,
(M(A,0F),24,D) the lift to the mapping cone, and W] € KK(A, M(A,Og)) the class defined
above. Then R

W] ®nma,0p) [P = —Idgk(a,4) -

Proof. Applying [8, Theorem 5.1] gives
(W] @n1(4,08) [@] = —IndeX(P RINywP @1y : w*w(E)N — ww*(E)N)

where P is the non-negative spectral projection of D. Since the non-negative spectral projection
of D is the projection onto a copy of the Fock space, we have

ker(P® IywP @ 1y) = Ay = EF°,  ker(P® lyw*P ® 1y) = {0}.

We can interpret the index not just as a difference of right A-modules, but as a difference of
A-bimodules. This works because the left action of A commutes with D and so P. Hence

~

(W] @wm [D] = —[(A,44,0)] = —Idgg(a,4)
as was to be shown. O

~

From Lemma 6.1, we know that —[D] ®4 [W] € KK(M(A,Og), M(A,Og)) is an idempotent
element. In particular, [D] ® 4 - is always injective and [W] @y - is always surjective and injective
on the image of [D]®a-. Thus as soon as [D]®4- is surjective, [D] is a K K -equivalence. Similarly,

the map - @ 4 [W1] is always injective and surjective on the range of - @r [D].

One approach to showing that [W] is in fact an inverse for [D] would be to show that the diagram

B B
Lx

—% Ko(Op) == Ky (M) 2= K (A) —= K (O) —= Ko(M) —= Ko(A) =

N

L 1-[E U 1-E U
5 Ko(Op) 2> K1 (A) 2 Ky (A) = K1 (Op) —2> Ko(A) 2 Ko(A) > -
(6.1)
commutes. The composition [W] ®p7(4,0,) [ev] is just the module
(v — pe)AN
A, A ,0
EN

with grading (1x —pg) ® 1® —1n. So [W] @40 [ev] = [A] — [ppAN] = [A] — [E]. Thus —[W]
makes one square commute, and we could try to show that the square to the left of W commutes
(up to sign) as well.

This means showing that —[D] ®4 [W] = [j] € KK(8Og, M(A,Og)), which is implied by the
stronger condition —[D] @ [W] = Idgg oy € KK(M(A,Op), M(A,Og)). We have not been

able to prove this equality in general, and leave it as an open problem.

If A is in the bootstrap class, then so too is Op and so M(A,Og). In this case - @y [A@] is an
isomorphism, hence the map - ®4 [W], which is always injective on the range of - @y [D], is an
isomorphism as well: the inverse of - @7 [D].
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Theorem 6.2. Let E be a bi-Hilbertian A-bimodule of finite right Watatani index, full as a right
module with injective left action, and satisfying Assumptions 1 and 2 on pages 8 and 9 respec-
tively. Let (Og,=4,D) be the unbounded representative of the defining extension of Og, and
(M (A, OE),éA,ﬁ) the lift to the mapping cone. Then

: ®M(A,OE) [(M(Av OE)v éAv ®)] : K*(M(Av OE)) - K*(A)

is an isomorphism that makes diagrams in K -theory commute. If furt@ermgre the algebra A belongs
to the bootstrap class, the Kasparov product with the class [(M(A,Og),24,D)] € KK(M(A,Og), A)

X

is a K K-equivalence. Together with the identity map, - ®@r(a,0,) (M (A, Op), =4, D)| induces an
isomorphism of KK -theory exact sequences.

Applying the result to the graph C*-algebra of a locally finite directed graph with no sources nor
sinks yields a well-known exact sequence for computing the K-theory. With G = (G°,G!,r, s) the
directed graph (G° =vertices, G'=edges), A = Cy(G°) and E = Cy(G') we have O = C*(G) and
we have the exact sequence.

0 —— K1 (C*(G)) — Ko(M(A, C*(G))) — > Ko(A) — Ko(C*(G)) —0.

Using Ko(A) = ®lC°1Z, together with the isomorphism Ko(M(A,C*(G))) = Ko(A) given by D,
gives

T
0— K1(C*(@) — @1 2= @V 2 — Ki(C*(G) —0.
where V' is the vertex matrix of the graph G, given by

V(i,j) = {e € G': s(e) = v;, r(e) =v;}.

Similarly, since A = Cy(GY) is in the bootstrap class, in K-homology we find
0— K (@) — 12— T2 — K'(C*(@)) —0,

and these results recapture the results of [10] for non-singular graphs.
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