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Chapter 5

The 16-rank of Q(\/—p)

Abstract

Recently, a density result for the 16-rank of Cl(Q(/—p)) was established when p varies
among the prime numbers, assuming a short character sum conjecture. In this chapter
we prove the same density result unconditionally.

5.1 Introduction

If K is a quadratic number field with narrow class group Cl(K), there is an explicit
description of CI(K)[2] due to Gauss. Since then the class group of quadratic number
fields has been extensively studied. If one is interested in the 2-part of the class group,
i.e. Cl(K)[2°], the explicit description of CI(K)[2] is often very useful. It is for this
reason that our current understanding of the 2-part of the class group is much better
than the p-part for odd p.

In 1984, Cohen and Lenstra put forward conjectures regarding the average behavior
of the class group CI(K) of imaginary and real quadratic fields K. Despite significant
effort, there has been relatively little progress in proving these conjectures. Almost all
major results are about the 2-part with the most notable exception being the classical
result of Davenport and Heilbronn [I4] regarding the distribution of CI(K)[3]. Very
little is known about C1(K)[p] for p > 3. The non-abelian version of Cohen-Lenstra has
recently also attracted great interest, see [1], [2], [39] and [80].

Gerth [27] studied the distribution of 2C1(K)[4], when the number of prime factors of
the discriminant of K is fixed. Fouvry and Kliiners [20] computed all the moments of
2CI(K)[4], when K varies among imaginary or real quadratic fields. In the paper [19],
they deduced the probability that the 4-rank of a quadratic field has a given value. Their
work was based on earlier ideas of Heath-Brown [33].
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68 Chapter 5. The 16-rank of Q(1/—p)

The study of CI(K)[2°°] has often been conducted through the lens of governing fields.
Let £ > 1 be an integer and let d be an integer with d Z 2 mod 4. For a finite abelian
group A we define the 2¥-rank of A to be rkox A := dimg, 2°~1A/2% A. Then a governing
field My ) is a normal field extension of Q such that

rkox C1 (Q <\/<Tp))

is determined by the splitting of p in Mg. Cohn and Lagarias [I1] were the first to
define the concept of a governing field, and conjectured that they always exist.

If k£ < 3, then governing fields are known to exist for all values of d. In case k = 2
this follows from work of Rédei [62] and Stevenhagen dealt with the case k = 3 [70].
The topic was recently revisited by Smith [68], who found a very explicit description
for Mg 3 for most values of d. He then used this description to prove density results
for 4C1(K)[8] assuming GRH. Not much later Smith [69] introduced relative governing
fields, which allowed him to prove the most impressive result that 2CI1(K)[2°°] has the
expected distribution when K varies among all imaginary quadratic fields.

If we let P(d,k) be the statement that a governing field My exists, then there is
currently not a single value of d for which the truth or falsehood of P(d,4) is known.

This has been the most significant obstruction in proving density results for the 16-rank
in thin families of the shape {Q (\/ dp)}

p prime’

This barrier was first broken by Milovic [58], who dealt with the 16-rank in the family
{Q (\/—Qp) }pE_l mod 4+ Milovic proves his density result with Vinogradov’s method,
and does not rely on the existence of a governing field. His use of Vinogradov’s method
was inspired by work of Friedlander et al. [24], which is based on earlier work of Fried-
lander and Iwaniec [23].

Milovic and the author established density results for the families {Q (\/—Qp) }pz1 mod 4

and {Q (v/=p)},, see respectively [43] and [AI] with the latter work being conditional
on a short character sum conjecture. Both [43] and [41] follow the ideas of [24] closely
in their treatment of the sums of type I, see Section for a definition. However, if
one applies the method of [24] to a number field of degree n, one is naturally lead to
consider character sums of modulus ¢ and length q%.

In [43] we apply the method from [24] to a number field of degree 4. This leads to
character sums just outside the range of Burgess’ bound. Fortunately, the lemmas in
Section 3.2 of [43] allow us to reduce the size of the modulus from ¢ to gz, and this
enables us to deal with the sums of type I unconditionally. In [41] we use a criterion
for the 16-rank of Q(y/—p) due to Bruin and Hemenway [7], and this criterion is stated
most naturally over Q (Cg, V14 i), which has degree 8. The resulting character sums
are far outside the reach of Burgess’ bound and we resort to assuming a short character
sum conjecture, see [41] p. 8].

In this chapter we manage to deal with the 16-rank of Q(1/—p) unconditionally by using
a criterion of Leonard and Williams [53], which one can naturally state over Q((g).
However, the Leonard and Williams criterion has the significant downside that it is
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the product of two residue symbols instead of one residue symbol, namely a quadratic
and a quartic residue symbol. The resulting sums of type I can still not be treated
unconditionally with the method from [24]. Instead, we use a rather ad hoc argument
to deal with the resulting character sum.

Theorem 5.1.1. Let h(—p) be the class number of Q(v/—p). Then
{p prime : p < X and 16 | h(—p)}| 1

li =—.
X b [{p prime : p < X} 16

Milovic [57] has previously shown that there are infinitely many primes p with 16 dividing
h(—p). Theorem gives an affirmative answer to conjectures in both [12] and [71].
For p a prime number, we define e, by

1 if16 | h(—p)
ey =14 —1 if8|h(—p),161h(—p) (5.1)
0 otherwise.

Theorem [5.1.1]is an immediate consequence of the following theorem.
Theorem 5.1.2. We have

Y e

p<X exp ((logX)O'l) -

It is natural to wonder if the other conditional results in [41] can be proven uncon-
ditionally using the methods from this chapter. This is likely to be the case, but it
would require some effort to obtain suitable algebraic results similar to the Leonard and
Williams [53] criterion used in this chapter.
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5.2 Preliminaries

5.2.1 Quadratic and quartic reciprocity

Let K be a number field with ring of integers O . We say that an ideal n of O is odd
if (n,2) = (1). Similarly, we say that an element w of Ok is odd if the ideal generated
by w is odd. If p is an odd prime ideal of O and a € Ok, we define the quadratic
residue symbol

o 1 if @ € p and o = B2 mod p for some 3 € Ok
() =< —1 ifadépand a# BZmodyp for all B € Ok
P/2K 0 if a €p.
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Then Euler’s criterion states

a N -1
<) =a 2  modp.
P /oK

For a general odd ideal n of O, we define

@, ~T((2)..)

pelin

Furthermore, for odd f € Ok we set

(5= ().

We say that an element o € K is totally positive if for all embeddings ¢ of K into R we
have o(a) > 0. In particular, all elements of a totally complex number field are totally
positive. We will make extensive use of the law of quadratic reciprocity.

Theorem 5.2.1. Let o, € Ok be odd. If « or 8 is totally positive, we have

(g)K — (e, B) (ﬁ)K

where p(a, B) € {£1} depends only on the congruence classes of o and 5 modulo 8.
Proof. This follows from Lemma 2.1 of [24]. O

If K = Q, we shall drop the subscript. In this case the symbol (—) is to be interpreted as
the Kronecker symbol, which is an extension of the quadratic residue symbol to allow for
even arguments in the bottom. We presume that the reader is familiar with the quadratic
reciprocity law for the Kronecker symbol. Now let K be a number field containing Q(%)
still with ring of integers Ok. For @ € Ok and p an odd prime ideal of Ok, we define
the quartic residue symbol (a/p)a x to be the unique element in {£1, +4,0} such that

(a) = ozN(p4)71 mod p.
P/ak

We extend the quartic residue symbol to all odd ideals n and then to all odd elements 3
in the same way as the quadratic residue symbol. Then we have the following theorem.

Theorem 5.2.2. Let o, 3 € Z[(g] with 3 odd. Then for fived c, the symbol (o/B)4,q(cs)
depends only on 8 modulo 16aZ[(g]. Furthermore, if « is also odd, we have

a B
) () ,
(5 ) 4,0(¢s) @/ 4,0(¢s)

where p(a, B) € {£1,+i} depends only on the congruence classes of a and  modulo 16.

Proof. Use Proposition 6.11 of Lemmermeyer [50, p. 199]. O
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5.2.2 A fundamental domain

Let F' be a number field of degree n over Q and let Op be its ring of integers. Suppose
that F' has r real embeddings and s pairs of conjugate complex embeddings so that
r + 2s = n. Define T to be the torsion subgroup of OF. Then, by Dirichlet’s Unit
Theorem, there exists a free abelian group V' C O% of rank r +s—1 with O =T x V.
Fix one choice of such a V.

There is a natural action of V' on Op. The goal of this subsection is to construct
a fundamental domain D for this action. Such a fundamental domain allows us to
transform a sum over ideals into a sum over elements. It will be important that the
resulting fundamental domain has nice geometrical properties, so that we have good
control over the elements we are summing.

Fix an integral basis w = {w1,...,w,} for Op. Then we get an isomorphism of Q-vector
spaces i, : Q" — F', where 14, is given by (a1,...,a,) — ajw1 + ...+ aywy,. For a subset
S C R™ and an element o € F, we will say that o € S if i;!(a) € S. Define for our
integral basis w and a real number X > 0

il

Lemma 5.2.3. Let F' be a number field with ring of integers Op and integral basis
w={w1,...,wy}. Choose a splitting Oy =T x V, where T is the torsion subgroup of
O%. There exists a subset D C R"™ such that

H x10;(w) .+ zp0i(wn))

B(X,w) = {(ml,..., ) ER":

where o1, ...,0, are the embeddings of F' into C.

(i) for all o € Op \ {0}, there exists a unique v € V such that va € D. Furthermore,
we have the equality

{ueOr:uaeD}={tv:teTh

(ii) DN B(1,w) has an (n — 1)-Lipschitz parametrizable boundary;
(iii) there is a constant C(w) depending only on w such that for all o € D we have
las| < C(w) - IN(a)|*, where a; € Z are such that o = ajwi + . .. + anwn,.

Proof. This is Lemma 3.5 of [43]. O

We will use Lemma [5.2.3| for F' := Q((s); in order to do so we must make some choices.
We choose V := (1 + > and integral basis w := {1, (s, (?,(3}. The resulting funda-
mental domain will be called D, and we define D(X) := DN B(X,w).
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5.3 The sieve
Let {a,} be a sequence of complex numbers indexed by the primes and define

S(X) := Z ap.

p<X

To prove our main theorem, we must prove oscillation of S(X) for the specific sequence
{ep} defined in equation . There are relatively few methods that can deal with
such sums. The most common approach is to attach an L-function and then use the
zero-free region. This approach requires that our sequence {e,} has good multiplicative
properties. It turns out that {e,} is instead twisted multiplicative (see Lemma and
Lemma [5.6.3), and this suggests we use Vinogradov’s method instead.

Recall that h(—p) denotes the class number of CI(Q(y/—p)). By definition of e, we have
ep = 0 if and only if 8 { h(—p). It is well-known that Q((s,+/1 +¢) is a governing field
for the 8-rank of Cl(Q(y/—p)), in fact a prime p splits completely in Q((s,+/1+ ) if
and only if 8 | A(—p). This is extremely convenient. Indeed, if we apply Vinogradov’s
method to our governing field, primes of degree 1 will give the dominant contribution
and these primes automatically have e, # 0.

Unfortunately, Q((s,v/'1+ 1) is a field of degree 8, which is simply too large to make
our analytic methods work unconditionally. Indeed, using the same approach for the
sums of type I as [24], one ends up with short character sums of modulus ¢ and length
roughly qé, which is far outside the reach of Burgess’ famous bound. However, assuming
a short character sum conjecture, one still obtains the desired oscillation and this is the
approach taken in [4I]. Instead we work over Q((s); fortunately, Q({s, /1 +14) is an
abelian extension of Q((s), which implies that the splitting of a prime p of Q((s) in
the extension Q((s,v/1+14)/Q({s) is determined by a congruence condition. Such a
congruence condition can easily be incorporated in Vinogradov’s method.

We will follow Section 5 of Friedlander et al. [24], who adapted Vinogradov’s method
to number fields. Define

SN |
An) :_{ logNp ifn=p

0 otherwise

and suppose that we want to prove oscillation of

S(X) =Y anA(n),

Nn<X

where a, is of absolute value at most 1. The power of Vinogradov’s method lies in
the fact that one does not have to deal with S(X) directly. Instead one has to prove
cancellation of

AX,0) = ) an,

Nn<X
on
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which are traditionally called sums of type I or linear sums, and

B(M,N):= > > amButmn,

Nm<M Nn<N

which are traditionally called sums of type II or bilinear sums. It is important to remark
that S(X) depends only on a, with n a prime power, while A(X,?) and B(M, N)
certainly do not. This gives a substantial amount of flexibility, since we may define
ay on composite ideals n in any way we like provided that we can prove oscillation of
A(X,0) and B(M, N). Constructing a suitable sequence a, will be the goal of Section
We are now ready to state the precise version of Vinogradov’s method we are going
to use.

Proposition 5.3.1. Let F' be a number field and let a, be a sequence of complex num-
bers, indexed by the ideals of O, with |ay] < 1. If 0 < 61,05 < 1 and 03 > 0 are such
that

e we have for all ideals 0 of Op
X

A(X,0) €ran, — v
exp ((log X) )

(5.2)

o we have for all sequences of complex numbers {awm} and {Bn} of absolute value at

most 1
B(M,N) <pa,,0, (M + N)?%2(MN)'~%(log MN)%. (5.3)
Then we have for all ¢ < 64
X
S X c,F,a /1 y\C\"
) e 0200 G (log X))
Proof. This quickly follows from Proposition 5.1 of [24]. O

The remainder of this chapter is devoted to the three major tasks that are left. We start
by constructing a suitable sequence a, in Section to which we will apply Proposition
with F = Q(¢g). The main result of Section is Proposition which proves
equation (5.2) for #; = 0.2. Finally, we prove in Section that (5.3) holds with
0y = 21—4; this is the content of Proposition Once we have proven Proposition

and Proposition the proof of Theorem is complete.

5.4 Definition of the sequence

By Gauss genus theory we know that the 2-part of Cl(Q(\/—p)) is cyclic, and the 2-
part of Cl(Q(y/—p)) is trivial if and only if p = 3 mod 4. Let us recall a criterion for
16 | h(—p) due to Leonard and Williams [53]. We have

4| h(—p) <= p=1mod 8.
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Now suppose that 4 | h(—p). There exist positive integers g and h satisfying
p=29° — h?.
Then a classical result of Hasse [31] is

8|h(—p)<:><]gg>=1andpzlmod8

or equivalently

-1
8| h(—p) = <> =1 and p =1 mod 8.
)

We are now ready to state the result of Leonard and Williams [53]. If p is a prime
number with 8 | h(—p), we have

i = (9, (2) -

With this in mind, we are going to define a sequence {a, }, indexed by the integral ideals
of Z[(s], such that for all unramified prime ideals p in Z[(s] of norm p

1 if 16 | h(—p)
ap =1 —1 if8|h(~p),16}h(~p) (5.4)
0 otherwise.

The sequence {a, } will be constructed in such a way that we can prove the two estimates
in Proposition and Proposition Before we move on, it will be useful to recall
some standard facts about Z[(g]. The ring Z[(g] is a PID with unit group generated by
(s and € := 1 + /2. Odd primes are unramified in Z[(g], while 2 is totally ramified.
Furthermore, an odd prime p splits completely in Z[(g] if and only if p = 1 mod 8 if and
only if 4 | h(—p). We will make extensive use of the following field diagram.

M = Q((g)

If n is not odd, we set a, := 0. From now on n is an odd, integral, non-zero ideal of
Z[(s] and w is a generator of n. We can write w as

w = a4+ blg + (2 +d¢3
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for certain a, b, c,d € Z. Define u,v € Z by
wr(w) = u+ vV/2.
We can explicitly compute v and v using the following formulas

_ wt(w) + o(w)or(w)

5 =a® +0* + 2+ d? (5.5)

and

_wr(w) —o(w)or(w) " e
v= 3 =ab— ad + bc + cd. (5.6)

Since w is odd, it follows that Nw = 1 mod 8. Then it follows from

Nw = u? — 202
that u is an odd integer and v is an even integer. Set
g:=u+v, h:=u+2v,

so that g is an odd integer and h is an odd integer, not necessarily positive. We claim
that g is positive. Indeed

g=a>+b?+2+d>+ab—ad+bc+ cd
1 1 1 1
= 5(a+b)2+§(a—d)2+§(b+c)2+§(c+d)2 > 0.

By construction g and h satisfy

Nw = 2¢% — h®.

)

does not depend on the choice of generator w of our ideal n.

Lemma 5.4.1. Let n be an odd, integral ideal of Z[(s]. Then the value of equation
is the same for all generators w of n.

We start by showing that the value of

Proof. Suppose that we replace w by (sw. Because (s7((s) = 1, it follows that u and v,
hence also g, do not change. Suppose instead that we replace w by ew. In this case u
becomes 3u + 4v and v becomes 2u + 3v, so g becomes 5u + 7v. Hence our lemma boils

down to
-1 B -1
ut+v) \bu+T7v)’

u+ v = 5u + Tv mod 4.

which holds if and only if

But recall that v is even by our assumption that w is odd. O
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We define for odd w € Z[(g] the following symbol
g 2h
= (), (2).
w/aM \ g
where we remind the reader that M is defined to be Q({g). We express this as

l =l [oh= (2), k= (2)).

It is easily checked that [(sw] = [w]. Unfortunately, it is not always true that [ew] = [w].
To get around this, we need the following lemma.

Lemma 5.4.2. We have for all odd w

[etw] = [w].

Proof. We have for any odd w

[w]; = (2)4 = <u+v>4M _ (5 - ﬁ) o(w)oT(w) | 55

where we use the explicit formulas for u and v, see equation (5.5)) and equation (5.6)), in
terms of w. From this expression it quickly follows that [e2w]; = [w];. We also have

we= (2) = (22) - (2 (%)
() () - (FE) Qe e

A straightforward computation shows that the v and v associated to e*w are respectively
u1 := 577u + 816v and vy := 408u + 577v. Then we have

v 408u + 577v v
2y (=== ) (22 1
(u) (577u—|—816v> <u1> (5-10)

due to Proposition 2 in Milovic [58]. It will be useful to observe that the following
congruences hold true

u =wu; mod 8, v=w; modS8.

(u_fv) B (ul_—|—2v1>’ (5.11)

and therefore the lemma. O

This immediately implies
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With this out of the way, we have all the tools necessary to define a,. Suppose that n
is an odd, integral ideal of Z[(s] with generator w. Then we define

(5.12)

A ([w] + [ew] 4 [w] 4 [3w])  if w satisfies (5.7)
ay = .
0 otherwise.

for any generator w of n. Here we say that w satisfies equation (5.7)) if (—1/g) = 1,
where ¢ is defined in terms of w as above. Then an application of Lemma and

Lemma shows that (5.12)) is indeed well-defined.

Lemma 5.4.3. The sequence a, satisfies equation for all unramified prime ideals
p of degree 1 in Z[(s].

Proof. Let p be an unramified prime ideal of degree 1 in Z[(s] and let w be a generator
of p. Put p := Nw. Lemma and the aforementioned result of Hasse imply

w does not satisfy (5.7) <= 8t h(—p),
and a,, is indeed 0 in this case. Now suppose that w does satisfy (5.7)). Recall that

g 2h
wl=(2),, (2),

w/am \ g
where g and h are explicit functions of w. We stress that these g and h are not necessarily
the same g and h from Leonard and Williams. Indeed, Leonard and Williams require g
and h to be positive, while our A is not necessarily positive. However, since w satisfies
, their criterion remains valid irrespective of the sign of h. Then, the criterion
implies

[w] = [ew] = [*w] = [e*w].

Furthermore, the criterion also shows that

[w] =1<= 16 | h(—p).

This completes the proof of our lemma. O

5.5 Sums of type I

The goal of this section is to bound the following sum

A(X,0) = Z an = Z Ay

Nn<X Nn<X
on ?|n,n odd

By picking a generator for n we obtain

AXY =1 Y ew=g X e @ (] + o]+ [Fu)).

weD(X) weD(X)
w=0 mod 0 w=0 mod 0
w odd w odd
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We define for i = 0,...,3 and p an invertible congruence class modulo 2'°
g 2h
A(X,D,’U,i,ﬂ) = Z ['LU] = Z (7) <) )
w/aM \ g
weu; D(X) weu; D(X)
w=0 mod ? w=0 mod ?
w=p mod 21° w=p mod 21°

where u; := €'. With this definition in place, we may split A(X,0) as follows

3
1
AX,0) = o > > 1, sar. EAAX,0, Ui, p),

=0 pe(On /2190 )*

since the truth of equation depends only on w modulo 4. Then it is enough to
bound each individual sum A(X,9,u;, p). In order to bound this sum, our first step is
to carefully rewrite the symbol [w] in a more tractable form. While doing so, we will
find some hidden cancellation between [w]; and [w]s that is vital for making our results
unconditional.

Throughout this section we use the convention that u(-) € {£1,+i} is a function de-
pending only on the variables between the parentheses; at each occurence p(-) may be a
different function. Since our cancellation will come from fixing b, ¢ and d while varying
a, factors of the shape u(p, b, ¢, d) will present no issues for us. Let us start by rewriting
[w]a. Tt follows from equation that

(2) = (2)un 19

Using the formulas for u and v we get

v ab — ad + be + cd
(;) - <a2—|—b2—|—02+d2)' (5.14)

If v is not zero, we can uniquely factor v as
v 1= v1V2t,
where vy is an odd, positive integer satisfying ged(vi,b — d) = 1, vy is an odd integer

consisting only of primes dividing b — d and ¢ is positive and only divisible by powers of
2. Then we have

ab—ad+bc+ecd) V1 tug (5.15)
a2+ +c+d?) a2+ +E+d? ) \a?+02+c2+d?)’ '

Let p’ be the congruence class of v1 modulo 8. Using the following identity modulo v

a*(b—d)? = *(b+d)? mod v
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and the fact that this identity continues to hold for any divisor of v, so in particular for
vy, we rewrite the first factor of equation ([5.15)) as follows

v , a4+ 0%+ 2+ d?
s 5 ) = e )
a’?+b2+c?+d V1

a? 24 02 2 2
=u(p7p’)(( + 0% + Ujd)(b d)>
a2(b—d)2+(b2+c2+d2)(b—d)2>
c2(b+d)2+(b2+c2+d2)(b—d)2)
(0% +d*) (2% + (b~ d)2)) |

U1

= u(p, p') (

= p(p,p’) (

= p(p,p) ( (5.16)

Stringing together (5.13)), (5.14)), (5.15) and (5.16]), we conclude that

(5) o (20 (o) O

Our next goal is to simplify [w];. We have by equation (5.8)) and Theorem

1 1

1--1 o(w)or(w) o(w)or(w)
(2)4’M _ ( f> = u(p) ()4,1\4'

5.18
" " (5.18)
4,M

The quartic residue symbol in equation (5.18]) is the product of two quartic residue
symbols. One of them is equal to

(m(w)) _ <a+d<s —c<§+b<§> _ (—2c<§+(d—b)<<s —cé”))
w oy \Na+bls+eGHdeE ), a+bCs+cE+diE ),
_ ( G ) (—2c+(b—d)(<s+<§’)>
~ \a+bCs+ e +dé AM a+ bCs + cF +d¢3 4,M

(e -G+ )
=0 (e )4,M’

(5.19)

where the last equality is due to Theorem For the remainder of this section we

assume that b — d is not zero. We factor —2c + (b — d)((s + ¢3) in the ring Z[v/—2] as
—2c+ (b—d)(Gs + &) = n'"eve

with 77 and ey consisting only of even prime factors, ey not divisible by a non-trivial
fourth power and e odd. This factorization is unique up to multiplication by units.
Then we have by Theorem [5.2.2

( a+bCs + cC2 +d¢3 >47M —M(P,b,&d)( B >4M. (5.20)

)
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But a simple computation shows
a+blg + (2 +d¢S = or(a+ blg + (2 + d¢3) mod e.

Let p be a prime in Z[\/—2] that divides e. Then we may replace a + b(s + (2 + d(3 by
some element in Z[v/—2] by Lemma 3.4 of [43]. In case p splits in M, we apply Lemma
3.2 of [43]. While if p remains inert, we see that p is of degree 1 and Np = 3 mod 8. In
this case we apply Lemma 3.3 of [43]. Hence in all cases

a+ bCs + c(3 + dé3 _
. = Lgcd(atbestec2+dcd p)=(1)-
4, M

This yields

(a + bs + (3 + d¢

e

>4 = ]]-gcd(w,a‘r(w)):(l)' (521)

s

We deduce from equation ([5.19), (5.20) and (5.21) that
(UT(U})

w ) = 1(p: b, ¢ d) Lged(w,or(w))=(1)- (5:22)
4, M

We will now study the other quartic residue symbol in equation ([5.18)) using very similar
methods. We start with the identity

(U(w)> _(a—bC8+CC§—dC§’> _( —2Gs(b 4 d¢3) )
w 4,M_ a+bls + (g +d¢E 4,M_ a+bls + G +dGE ) 4 ur

( —2(3 ) < b+ d¢3 )
a+bls +cC3 +d¢g aM a+bls + (3 +d¢ AM

B b+ d¢2 )
_“(p)<a+bg8+c§§+dcg ot (5.23)

where we use Theorem once more. We choose i := (2 and factor b+ di in the ring
Z[i] as

b+ di = n"eye
with 1 and e}, consisting only of even prime factors, e not divisible by a non-trivial

fourth power and ¢’ odd. Such a factorization is unique up to multiplication by units.
With this factorization we have due to Theorem [£.2.2]

( b+di > — bcd)<a+b§g+cC82+dC83>
A+ b+ e rdG ), MO o o

We claim that

(a+b§s+c<§+d§§’> _ (a+c§82> _ (a—l—ci) (5.25)
e 4,M e 4M e 2,Q(4)

) )

(5.24)
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Indeed, let p be a prime in Z[i] that divides e’. If p splits in M, Lemma 3.2 of [43] shows

that
(a—|—c<82> _ <a+ci>
p 4M p 2,0(4)

Suppose instead that p remains inert. Then p is of degree 1 and Np = 5 mod 8. Now we
apply Lemma 3.3 of [43] to obtain

<a+c§§> <a+ci)
p 4,M p 2,@(1‘)'

This establishes our claim and hence equation (5.24). Combining (5.23), (5.24) and
(5.25)) acquires the validity of

<"S;”)>47M — ulp,b,c,d) <“ Z“)wm . (5.26)

tv
f(’LU, p) = M(p7 ,0/7 b, c, d) ]]-gcd(w,a'r(w)):(l) ( 2 ) .

a?+b% 4 c? + d?
Using (5.17)), (5.22)) and (5.26]), we conclude that

(%)4,1\4 <2gh> ~ f(w.p) ((b2 +d2)(2221+ (b — d)z)) (a:'d)m(i)' (5.27)

Our hidden cancellation will come from comparing the Jacobi symbols

(b2+d2) (a—i—ci)
and ; .
U1 € 2,Q(i)

Our goal is to show that these two Jacobi symbols are equal up to some easily controlled
factors. We can uniquely factor

Put

b2 + d2 = 2172,
where z; and z are positive integers satisfying
L4 (217 22) = 13
e z; odd and squarefree;

e if p is odd and divides 22, then also p? divides zo.

With this factorization we have

(55 - G () =wen (2) ()

In a similar vein we uniquely factor, up to multiplication by units, €’ in Z[i] as

e = Y172
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with (N1, Nvy2) = (1), Nv; squarefree and N+, squarefull. The point of this factorization

iS that N’}/l = Z1. Thlb gives
(’Ul ) (’Ul >
1 1 2,Q(4) .

(tva, 1) = (d, 1) = (1). (5.28)

We clearly have (t,71) = (1), so we first show that (ve,v1) = (1). Let p be an odd prime
of Z[i] above p such that p | v2 and p | v1. Then we have p | v and Np | Nv;. However,
vy is composed entirely of primes dividing b — d, while Nvy; divides b% 4+ d2. We conclude
that p divides both b and d. But then p can not divide 7; by construction. We can
prove in a similar way that (d,~v1) = (1), thus proving the claim.

From equation (|5.28|) we acquire the validity of

(2)=(2),, =reeen () (5)
A1 1/ 2,00) 11/ 2,06) \V1/ 2,0(i)

. Al
= u(b, c,d,t) (Uz> (aﬂl) (( H))
M/ 206 N T/ 2,00) N 2,Q(i)

=u(b7c,d,t)<vz) (”“) ,
T /206 N\ /206

where we use the identity

We claim that

v=ab—ad+bc+cd=—ad(l+1i)+cd(l—1)=—-d(1+i)(a+ci) mod .

We conclude that

<b2+d2> (a—i—ci) B
1 ¢ /00

z v a—+ct
w(p,p',b,c,d,t) (;) <2> ( ) Lged(atein)=(1)- (5-29)
1/ \M /2006 \ 72 /200

Put

a2+b2+c2+d2

) (). e
0 " 200 o 200 ged(a+ci,y1)=ged(w,o7m(w))=(1)"

After combining equations (5.27) and ([5.29)), we get

(01 (3) -0 (22825

= ''bcd,t S :
H(P:Pa ,C, A, )g(w,p) <202+(b_d>2>

tv
g(w, p) == p(p, p',b, ¢, d,t) ( 2 )
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With this formula we have finally rewritten our symbol in a satisfactory manner; we
now return to estimating the sum A(X,0,u;, p). We recall the factorization v = vy vot,
where vy is an odd, positive integer satisfying ged(vy,b — d) = 1, vy is an odd integer
consisting only of primes dividing b — d and t is positive and only divisible by powers of
2. We further recall that p’ is the congruence class of v; modulo 8.

Let 2 be the closest integer power of 2 to X 10. We fix b, ¢, d such that b — d has 2-adic
valuation at most . If a modulo 2 is given, we claim that veqq is determined modulo
8, where v,44 is the odd part of

v=a(b—d)+c(b+d), (5.30)

with the exception of < X200 congruence classes p” for a modulo 2%. Note that, for
fixed b, ¢ and d, p” determines v modulo 2%. If @ > 3, v modulo 2% determines voqq
modulo 8 unless v is divisible by 2473, There are only 8 congruence classes modulo 2¢
divisible by 2¢73. Now take such a congruence class, say p”’. But there are < X 300
congruence classes p” modulo 2% with

p"(b—d) +c(b+d) = p" mod 2%
by our assumption that the 2-adic valuation of b—d is at most 5, and our claim follows.

Similarly, we know the value of ¢t with the exception of <« X 300 congruence classes for a
modulo 2¢. We remove all such congruence classes from the sum, which gives an error
of size at most X 200. From now on we assume that a does not lie in such a congruence
class. For the remaining congruence classes modulo 2%, we observe that p’ is determined
by voqq modulo 8 together with b, ¢ and d. Hence both p’ and ¢ are determined by a
modulo 2¢.

We would also like to treat vy as fixed, and we use a similar technique to achieve this.
Once more we fix b, ¢ and d. We assume that

ged(b — d, be + cd) < exp ((1og X)O'25) .

We can uniquely factor a positive integer n as xjx2, where ged(z1,22) = 1, 21 > 0
is squarefree and x5 > 0 is squarefull. We call x1 the squarefree part, and x5 the
squarefull part. We further assume that the squarefull part of b — d is of size at most

exp ((log X)0'25>. We now factor

k
ged(b — d,be + cd) = [ [ ol
i=1

Define f/(p;) to be the smallest integer such that
pfi,(p") > exp (2 (log X)0'25>
and define

G = ﬁp{:(m)
i=1
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Clearly, we have that ged(b—d, be + cd) divides G, since the squarefull part of b—d is of
size at most exp ((log X)0'25>. If @ modulo G is given, we claim that vy is determined

modulo G with the exception of at most

G
< IOgX min T
1<i<k ,fi(Pi)
congruence classes p” for @ modulo G. Take a prime divisor p; of b — d. If p; does not
divide bc + cd, then clearly

pita(b—d) + be+ cd,
so we have found the p; valuation of a(b— d) 4+ bc+ cd. Now suppose that p; also divides
bc + cd. Then we know the p; valuation unless

a(b—d) +bc+cd = 0 mod p/+®?

i .

However, we know that the p; valuation of b — d is at most f(p;)/2. Hence there are at
fi(pi)/2

most p; congruence classes for a modulo pif P72 g1 which

a(b —d) + bc+ cd = 0 mod le_”{(zoi)7

and we call such a congruence class forbidden. We let GG; be the set of forbidden con-
gruence classes modulo p{ ) Now we discard all congruence classes p”’ modulo G for

which there exists a prime p; dividing ged(b — d, be + ¢d) such that the reduction of p”

modulo p{ P Jies in G;. This proves the claim.
Set

m := lem (G, 22, Nyg, 29 210) . (5.31)
Then

(wrmvera) () ()0 (57)
a?+ 02+ +d? ) \vi) \n/a0m \ 2 /200

depends only on a modulo m, b, ¢ and d. If we write 3 := b(g + c¢(2 + d(3, we have the
following estimate

U1
A(X,0,u4, p) < Z Z Z (Mb_d)g) Lgcd(atci,y)=ged(a+B,07(a+8))=(1) | »

B fEZ/MZ a€Z
a sat. (x)

where () are the simultaneous conditions
a+BeuD(X), a+Bf=0modd, a+pF=pmod2'’ a=fmodm.

Recall that the condition a 4 8 € u;D(X) implies a,b, ¢,d < X1, see Lemma We
will only consider g satisfying the following five properties
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o 25, Ny, < X300,

o ged(b—d,bc+ cd) < exp ((log X)0'25>;

e the 2-adic valuation of b — d is at most §;

e the squarefull part of b — d is of size at most exp ((log X)0'25);
e the odd, squarefree part of 2¢2 + (b — d)? is at least X 200,

We claim that there are at most
x4

< exp ((1og X)O'2)

elements [ that do not satisfy all five conditions. To do so, we shall bound the number
of B that fail a given bullet point in the above list. For the third and fourth bullet point
this is easily verified. For the fifth bullet point, we use that 2¢? + (b — d)? represents a

given integer at most <. X ite times, and this reduces the problem to an easy counting
problem. A similar argument disposes with the first bullet point. Finally, for the second
bullet point, we count the number of 3 such that

1 1
ged(b —d,b+d) > exp <2 (log X)0'25> or ged(b—d,c) > exp (2 (logX)0'25> )

For those 3, we bound the inner sum trivially by < X g /m inducing an error of size
X

< exp ((log X)O'z) .

For the remaining 3, we have G <. X and hence m <. X Bote by the first bullet point
and the definition of m, see equation (5.31)). Note that
Lyca(at,om(a+6)=(1) = Lgcd(a+,0m(8)-)=(1)-

We use the Mobius function to detect the coprimality conditions, which yields the fol-
lowing upper bound

A(X,0,u;, p) <<Z Z Z Z Z (m>a

B fEZ/MZd1|vy1 d2]l0T(B)—B a€L
a sat. (xx)

where (x*) are the simultaneous conditions

a+pecuDX), a+B=0modd, a+pB=pmod2” a=fmodm
a+ci=0modd;, a4+ =0modD,.
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Define m’ to be the smallest positive integer that is divisible by lem(d,01,02). Put
M :=lcm (m,m’).

The congruence conditions for a in (x) are equivalent to at most one congruence con-
dition modulo M. We assume that it is equivalent to exactly one congruence condition
modulo M, say F, otherwise the inner sum is empty. Then we have

U1
AX D) <Y, D > D > <2c2+(b—d)2) - (532)
B fEZ/mZLDy|y1 d2|0T(B)—B a€’
a+B€u; D(X)
a=F mod M
We assume that M < X 57 since otherwise the trivial bound suffices. Furthermore,
for fixed 8, the condition a + 8 € u;D(X) means that a runs over < 1 intervals with
endpoints depending on S and u;. Since a < X # we know that each interval has length
1
< X1, We have the factorization

2¢° + (b—d)* = qigo,

where g1 is the odd, squarefree part. We know that ¢o < X ﬁ, and we split the sum over
a in congruence classes modulo ¢g». For fixed b, ¢ and d, the condition a = F mod M
implies that vy is a linear function of a with linear term not divisible by ¢; by our
assumptions ¢; > X200 and M < X5. Hence we may employ Burgess’ bound [§] to
equation with r =2 and ¢ = ¢ < X3 to prove

X
exp ((log X)O'Q) 7

where the second term accounts for the discarded congruence classes for a, the third term
1

accounts for those M with M > X& and the fourth term accounts for the discarded (.

This establishes the following proposition.

A(X,0,u,p) < X BHsotatate X350 4 X1 4

Proposition 5.5.1. We have for all ideals 0 of Z[(s]
X

AX,0) <« —exp ((10g X)o.z) )

5.6 Sums of type II

During the proof of Lemma we defined [w]; and [w]e. We have the useful decom-
position

[w] = [w]1[w]2.
In this section we need to carefully study the multiplicative properties of [w], and we
do so by studying the multiplicative properties of [w]; and [w]y. These properties will
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then be used to prove cancellation in sums of type II. We start by studying [w];; our

treatment is almost identical to [43]. If w is an odd element of Z[(g], we have

1 1

[w) = = "

s

Define

ain= ()

(3 - 25) owlorw) ((2 ~v3) a<w>w<w>> |
4, M

(5.33)

For the remainder of this section, we use the convention that d(w,z) is a function
depending only on the congruence classes of w and z modulo 2'°; at each occurence

0(w, z) may be a different function.

Lemma 5.6.1. We have for all odd w, z € Z[(g]
[wzly = 6(w, 2)[w]1[z]im1(w, 2) Lged(w,or(2)=(1)-

Proof. By definition of [w]; we have

B (2= V2) o(wz)oT(wz)
[wz]; =
4,M

wz

)

b, <US))4,M <JTU(}Z)>4’M <U(Z)>4,M (UTSU)>4,M'

Since o fixes ¢ and therefore any quartic residue symbol, Theorem [5.2.2] yields

() () o (50). ().
— 5w, 2) (C’EU))M o ( "fU>>M>

= 6w, 2) ("S))Q,M.

If we do the same computation for o7, we obtain

oT1(z oT(w
( U) ( H) = 0(w, 2) Lged(w,or(2)=(1)»
4,M 4M

w z

since o7 does not fix 7. This proves the lemma.

In the next lemma we collect the most important properties of v (w, 2).

Lemma 5.6.2. Let w, z € Z[(s] be odd and define y1(w, z) as in equation ([5.35).
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(i) y1(w, z) is essentially symmetric
T (w, z) = 6(w, 2)71 (2, w).
(i) v1(w, z) is multiplicative in both arguments
T (w, 2122) = (W, z1)71(w, 22),  M(wiws, 2) = 11 (w1, 2)71 (w2, 2).

Proof. This is straightforward. O

With this lemma we have completed our study of [w]; and 1 (w, z). We will now focus
on [w]a. Recall that

The second representation of [w]s is very convenient, since it allows us to use earlier
work of Milovic [58]. Define

Y2(w, 2) = (U(wz)m(wz)kx, (5.34)

wT(w)
where K := Q(v/2).
Lemma 5.6.3. The following formula is valid for all odd w,z € Z[(g]
[wz]z = 0(w, 2)[w]2[z]272(w, 2).
Proof. Milovic [58, p. 1009] defines the following symbol

[u+ v\/§]3 = (%) .

Then it is easily seen that [w]s = §(w)[wT(w)]3 and that wr(w) is totally positive. Now
apply Proposition 8 of Milovic [58]. O

To further our study of v2(w, 2), it will be convenient to define a second function m(w)
by the following formula

m(w) = y2(w, 1) = (dw)m(w)L,K.

wr(w)

It turns out that v2(w, z) is neither symmetric nor multiplicative. Instead, it is sym-
metric and multiplicative twisted by the factor m.

Lemma 5.6.4. Let w,z € Z[(s] be odd and define v2(w,z) as in equation ([5.54).
(i) v2(w, z) is twisted symmetric

Ya(w, 2)y2(z, w) = m(wz).
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(ii) v2(w, z) is twisted multiplicative in z
Y2(w, z122) = m(w)72(w, 21)72 (w, 22).

Proof. Left to the reader. O

With this out of the way we are ready to tackle the sums of type II. Let {a,} and
{B.} be sequences of complex numbers of absolute value at most 1 and let p and p be
invertible congruence classes modulo 2!°. We define

By(M,N,p,p):= Y > awBilwel,
weD(M) z€D(N)
w=p mod 20 z=px mod 21°

where we suppress the dependence on {a,} and {8.}. Then we have the following
proposition.

Proposition 5.6.5. There is an absolute constant 63 > 0 such that for all sequences of
complex numbers {a,,} and {B8.} of absolute value at most 1, all invertible congruence
classes p and p modulo 2*°

Bi(M, N, p, ) < (M*ﬁ + N*z*i) MN (log MN)?%.

Proof. We start by expanding [wz] using Lemma and Lemma m We may
absorb [w]1, [w]s, [2]1 and [z]2 in the coefficients a,, and B,. Then it suffices to prove
for all sequences of complex numbers {«,, } and {8.} of absolute value at most 1 and all
invertible congruence classes p and p modulo 2'° the following estimate

Bo(M,N,p,p) = Y > wBar(w, 2)72(w, 2) Lyed(wor()=(1)
weD(M) z€D(N)
w=p mod 2'° z=px mod 2'°

< (M*i + N*i) MN (log MN)?.

ol 7) = <o—(z)m(z)>2’K’

wT(w)

Define

so that we have the factorization v2(w, z) = m(w)y3(w, z). Absorbing m(w) in a,, and
using the identity
Y3(w, 2) Lged(w,or(z))=(1) = V3(W, 2),

we see that it is enough to establish
Bs(M,N,p,p):= > > awBm(w, 2)vs(w, 2)

weD(M) z€D(N)
w=p mod 2'° z=yx mod 21°

< (M—Ti + N—i) MN (log MNP,
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Theorem shows that v3(w, z) is also essentially symmetric, i.e.

v3(w, z) = §(w, 2)y3(z, w).

Due to the symmetry of v; (w, z), see Lemma i), and the symmetry of vs(w, z), we
may further reduce to the case N > M. We take k := 12 and apply Holder’s inequality
with 1 = % + % to the w variable to obtain

k
|BS(M7N707M)| S

k—1 k
_k_
D Jag|®T > > Bnlw,2)ys(w, 2)
weD(M) weD(M) z€D(N)
w=p mod 21° w=p mod 2'° | z=p mod 21°

The first factor is trivially bounded by < M*~! with absolute implied constant. Lemma
5.6.2((ii) implies that ~;(w, z) is multiplicative in z and Lemma ii) implies that
~3(w, z) is multiplicative in z. Hence 1 (w, z)y3(w, z) is multiplicative in z. We conclude
that

[Bs(M,N,p, )" < MF=1 N~ e(w) Y Bin(w, 2)ys(w, 2), (5.35)
weD(M) z
w=p mod 210

where

> sepwv) Ben(w,2)ys(w, z)

z=p mod 210

Z 2€D(N) 52’71(1072)73(“}’2)

z=p mod 210

e(w) ==

and

B = > By By

Z2=2Z1... 2k
21,...,25 €D(N)
Z1=...=z=p mod 210

We will now study the summation condition for z in the inner sum of equation ({5.35))
more carefully. By construction, D(NN) contains exactly eight generators of any principal
ideal. Furthermore, there are << N* values of z for which 3, # 0. Hence we obtain the
bound

> (8 < (log N)* N*

z

for some absolute constant 03, since k is fixed. An application of the Cauchy-Schwarz
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inequality over the z variable yields

2 2
Do ew)d Bim(w,2)s(w,z) | = DB D ew)mn(w, 2)s(w, 2)
weD(M) z Z  weD(M)
w=p mod 210 w=p mod 21°
< (log N)% N* Z Z e(wy)e(ws) Z’yl(wlwg,z)’yg(wlwg,z), (5.36)
wleD(M) WQGD(M) z

w1=p mod 2% wy=p mod 2'°

because 1 (w, z) and ~3(w, z) are multiplicative in w. Conveniently, inequality ([5.36)
remains valid if we extend the sum over z to a larger domain. Let z1,...,2z; € D(N)

and write
4
_ § : J
z; = aijCS.
j=1

Then we have |a;;| < N%. Now define

4
B(C) := Zajgg taj € Z,|aj| < CN#
j=1
Then, if C is sufficiently large, 8, # 0 implies z € B(C). For this choice of C, we extend

the range of summation over z in equation (5.36) to the set B(C). We split the sum
over z in congruence classes ¢ modulo N(wjws); we claim that for all odd w

Z 7 (w, {)y3(w,¢) =0

¢ mod N(w)

provided that N(w) is not squarefull. Substituting the definition of v (w, ¢) and y3(w, ¢)
gives

. , _ U(C)UT(C)) <U(C)>

o= B o= 3 G Gl

Then a calculation shows that for all odd w and w’ satisfying (N(w),N(w’)) =1
flww') = f(w) f(w").

Hence, to establish the claim, it is enough to prove that f(w) = 0 if w is an odd prime
of degree 1. To do so, we start with the identity

(U(wC)TZ}()C))ZK _ (0(0517(0)271\4 _

Here we rely in an essential way that w is an odd prime of degree 1, so we have an
isomorphism of finite fields Ops/w = Ok /wr(w). We use this to give a simple expression

for f(w)
flwy= > (UTH(}O) L) w)=1);
) 2,M

)
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which apart from a non-zero factor is

Z o7(¢) 1 _
w (e(Q)w)=(1) =
¢ mod o(w)oT(w) 2,M
T
> ( U(JO) Y. Le@aw=0) =0

¢ mod o7 (w) 2,M ¢ mod o(w)

Note that o(w) and o7(w) are coprime, so that we are allowed to expand the sum
over o(w)oT(w) as the product of the two sums over o(w) and o7(w). With the claim
established, we can give an upper bound for the sum over z € B(C)

Z Y1 (wiws, 2)y3(wiws, 2) <

{ NF if N(wqws) is squarefull
z€B(C)

Z?Zl M2 Nk otherwise,

where the second bound uses the claim and N(wjwz) < M2. Because of our choice of k
and N > M, we can simplify the second bound to M2N ik, Equation 1] equation
(5.36)) and the above bound acquire the validity of

|Bs(M, N, p, 1)|?* < (log N)% M2F—2 N* (M NF 4 M2 MQN%k)
< (log N)% (MQk‘l NP MR N%’“) )

Since the first term above dominates the second term due to our choice of k and N > M,
the proof of the proposition is complete. O

Having dealt with sums of type II for the symbol [wz], we now turn to sums of type II
with amy. For sequences of complex numbers {ay, } and {8,} of absolute value at most
1 we defined in Section the following sum

B(M,N)= > > omButmn.

Nm<M Nn<N

Proposition 5.6.6. There is an absolute constant 05 > 0 such that for all sequences of
complex numbers {an} and {Bun} of absolute value at most 1

B(M,N) < (M~ + N"# ) MN(log MN)".

Proof. By picking generators for m and n we obtain the following identity

1
B(Ma N) = Z Z O BnGnn = 64 Z Z awﬂza(wz)'

Nm<M Nn<N weD(M) zeD(N)

We split the sum B(M, N) in congruence classes modulo 2!°. We need only consider
invertible congruence classes, since otherwise a,,, = 0 by definition. Furthermore, con-
dition (5.7) depends only on g modulo 4, which is in turn determined by w modulo 4.
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Therefore, it suffices to bound the following sum

Z Z B ([w2] + [ew2] + [wz] + [wz])
weD(M) 2€D(N)
w=p mod 2'° z=px mod 2*°

where p and g are invertible congruence classes modulo 2'° such that ¢ = 1 mod 4.
From Lemma [5.6.7] and Lemma [5.6.3] we deduce that

[ewz] = 6(w, 2)[e][wz].

Now apply Proposition [5.6.5 O]
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