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Low-high voltage duality in tunneling spectroscopy of the Sachdev-Ye-Kitaev model
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The Sachdev-Ye-Kitaev (SYK) model describes a strongly correlated metal with all-to-all random interactions
(average strength J) between N fermions (complex Dirac fermions or real Majorana fermions). In the large-N limit
a conformal symmetry emerges that renders the model exactly soluble. Here we study how the non-Fermi-liquid
behavior of the closed system in equilibrium manifests itself in an open system out of equilibrium. We calculate the
current-voltage characteristic of a quantum dot, described by the complex-valued SYK model, coupled to a voltage
source via a single-channel metallic lead (coupling strength I"). A one-parameter scaling law appears in the large- N
conformal regime, where the differential conductance G = d1/dV depends on the applied voltage only through
the dimensionless combination & = eV J/T"2. Low and high voltages are related by the duality G(§) = G (/).
This provides for an unambiguous signature of the conformal symmetry in tunneling spectroscopy.
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Introduction. The Sachdev-Ye-Kitaev (SYK) model, a
fermionic version [1] of a disordered quantum Heisenberg
magnet [2,3], describes how N fermionic zero-energy modes
are broadened into a band of width J by random infinite-range
interactions. The phase diagram of the SYK Hamiltonian can
be solved exactly in the large-N limit [4—6], when a conformal
symmetry emerges at low energies that forms a holographic
description of the horizon of an extremal black hole in a
(141)-dimensional anti—de Sitter space [1,3,4,7].

To be able to probe this holographic behavior in the
laboratory, it is of interest to create a “black hole on a
chip” [8-10], that is, to realize the SYK model in the solid
state. Reference [8] proposed to use a quantum dot formed
by an opening in a superconducting sheet on the surface
of a topological insulator. In a perpendicular magnetic field
the quantum dot can trap vortices, each of which contains
a Majorana zero mode [11]. Chiral symmetry ensures that
the band only broadens as a result of four-Majorana-fermion
terms in the Hamiltonian, a prerequisite for the real-valued
SYK model. A similar construction uses an array of Majorana
nanowires coupled to a quantum dot [9]. Since it might be
easier to start from conventional electrons rather than Majorana
fermions, Ref. [10] suggested to work with the complex-valued
SYK model of interacting Dirac fermions in the zeroth Landau
level of a graphene quantum dot. Chiral symmetry at the
charge-neutrality point again suppresses broadening of the
band by two-fermion terms.

The natural way to study a quantum dot is via transport prop-
erties. Electrical conduction through chains of SYK quantum
dots has been studied in Refs. [ 12—19]. For a single quantum dot
coupled to a tunnel contact, as in Fig. 1, Refs. [8-10] studied
the limit of negligibly small coupling strength I', in which
the differential conductance G = dI/dV equals the density of
states of the quantum dot. Conformal symmetry in the large- N
limit gives a low-voltage divergence oc1/+/V, until eV drops
below the single-particle level spacing § >~ J/N [20-22].

Here we investigate how a finite I" affects the tunneling
spectroscopy. We focus on the complex-valued SYK model for
Dirac fermions, as in the graphene quantum dot of Ref. [10].
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Our key result is that in the large-N conformal symme-
try regime J/N < eV < J the zero-temperature differential
conductance of the quantum dot depends on I', J, and V only
via the dimensionless combination £ = ¢V J/T'%2. Low and
high voltages are related by the duality G(§) = G (7 /&), pro-
viding an experimental signature of the conformal symmetry.

Tunneling Hamiltonian. We describe the geometry of Fig. 1
by the Hamiltonian

H = HSYK =+ ngl/f;l/fp + Z()\.jlelfp + )\.;k ]T)Ci)v
p

i,p

Hsyx = QN2> T clelee,. (1)
ijkl
Jijwa = Jigj = —Jji = —Jijuak-

The annihilation operators ¢;, i = 1,2, ... represent the N =
h® /e interacting Dirac fermions in the spin-polarized zeroth
Landau level of the graphene quantum dot (enclosing a flux ®).
Two-fermion terms ciTc_,- are suppressed by chiral symmetry
when the Fermi level u = 0 is at the charge-neutrality point
(Dirac point) [10]. The operators v, represent electrons at mo-
mentum p in the single-channel lead (dispersion ¢, = p*/2m,
linearized near the Fermi level), coupled to mode i in the
quantum dot with complex amplitude A;. The tunneling current
depends only on the sum of |A;|?, via the coupling strength

F=7pead Y 14l s = Qhve)™'. (2)

If 7 € (0, 1) is the transmission probability into the quantum
dot,onehas ' >~ TN§ >~ T J.

The Hamiltonian Hsyk is the complex-valued SYK model
[4] if we take random couplings J;;,«; that are independently
distributed Gaussians with zero mean (J;; ;) = 0 and variance
(IJij#a|*) = J*. The zeroth Landau level then broadens into
a band of width J, corresponding to a single-particle level
spacing 6 ~ J/N (more precisely, § >~ J/N In N) [20]. In the
energy range § < ¢ < J the retarded Green’s functions can
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FIG. 1. Tunneling spectroscopy of a graphene flake, in order to
probe the complex-valued SYK model [10]. We calculate the current /
driven by a voltage V through a single-channel point contact (coupling
strength I") into a graphene flake on a grounded conducting substrate.
At the charge neutrality point a chiral symmetry ensures that the
zeroth Landau level (degeneracy N = e®/ h for an enclosed flux @)
is only broadened by electron-electron interactions (strength J). For
a sufficiently random boundary the quantum dot can be described by
the SYK Hamiltonian (1).

be evaluated in saddle-point approximation [4],

r(/4—ipe/2
GR(e) = —in'4 [ L LA ZPe/2m) )
2w J T'(3/4 —ife/2m)
where B = 1/kgT and T'(x) is the gamma function. At zero

temperature this simplifies to

GR(E) = —in1/4exp [}tin sgn(e)]|J8|’1/2. “4)

Quantum fluctuations around the saddle point cut off the low-¢
divergence for |e| < § [20-22].

Tunneling current. The quantum dot is strongly coupled to
a grounded substrate [23], so the current is entirely determined
by the transmission of electrons through the point contact. The
current operator I is given by the commutator

/- E[H Zw,ﬁw} = i ES ely — b, ©)
I4 n.p

We calculate the time-averaged expectation value of I using the
Keldysh path integral technique [24—27], which has previously
been applied to the SYK model in Refs. [12,14,18,28]. The
expectation value / of the tunneling current is given by the
first derivative of cuamulant generating function [25]:

]
I =—ilim —InZ(yx), 6)
x—0dx

Z(x) = <Tc eXp<—i/Cdt[H+ %x(t)ID>. )

Here 7¢ indicates time-ordering along the Keldysh contour
[24] of the counting field x(¢), equal to +x on the forward
branch of the contour (from r = 0 to t = co) and equal to —x
on the backward branch (from# = cotot = 0). The calculation
is worked out in the Appendix.

The result for the differential conductance is

dl 4T Im GR(¢)

62 +o00
c=2_% de f'(s — eV)——2 28
h /_oo e = V) T T GRe)

dv ®

where f(¢) = (1 + #?)~! is the Fermi function. Substitution
of the conformal Green’s function (3) gives upon integration
the finite temperature curves plotted in Fig. 2.
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FIG. 2. Differential conductance G = dI/dV calculated from
Eq. (8), as a function of dimensionless voltage & = eV J/T'? for
three different temperatures. On the semilogarithmic scale the duality
between low and high voltages shows up as a reflection symmetry
along the dotted line (where § = /7).

At zero temperature f'(e —eV) — —38(e — eV) and sub-
stitution of Eq. (4) produces a single-parameter function of
E=eVJ/T?,

e? 22
h 2 + mlAg=1/2 4 g-1/4g1/2°

Low-high voltage duality. The T = 0 differential conduc-
tance (9) in the conformal regime J/N <K eV K J satisfies
the duality relation

G(E) = G(r/E), if N7'(J/T) <&,

G§) =

&)

1/ < (J/T)%
(10)

The V-to-1/V duality is visible in the semilogarithmic Fig. 2
by a reflection symmetry of the differential conductance along
the & = /7 axis. The symmetry is precise at T = 0, and is
broken in the tails with increasing temperature.

The voltage range in which V and 1/V are related by
Eq. (10) covers the full conformal regime for N ~ (J/I")*. In
this voltage range the 1/+/V tail at high voltages crosses over to
a+/V decay at low voltages. The high-voltage tail reproduces
the 1/ V'V differential conductance that follows [8—10] from
the density of states in the limit I' — 0 (since £ — oo for
I' = 0). The density of states gives [20-22] a crossover to
a +/V decay when eV drops below the single-particle level
spacing § ~ J/N. Our finite-I" result (9) implies that this
crossover already sets in at larger voltages eV ~ I'?/J, well
above § for N > (J/T)%.

The symmetrically peaked profile of Fig. 2 is a signature of
conformal symmetry in as much as this produces a power-law
singularity in the retarded propagator at low energies. It is not
specific for the square-root singularity (4); other exponents
would give a qualitatively similar low-high voltage duality.
For example, the generalized SYK;, model with 2p > 4
interacting Majorana fermion terms has a ¢! ~7)/? singularity
[5,13], corresponding to the duality G(§,) = G(C,/&,) with
C, anumerical coefficient and &, = (eV)*P=1/P J2/P =2 In
contrast, a disordered Fermi liquid such as the noninteract-

ing SYK> model, with Hamiltonian H =}, J; chc j» has a

i
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constant propagator at low energies and hence a constant
dIl/dV intherange J/N < eV <« J.

Conclusion. We have shown that tunneling spectroscopy
can reveal a low-high voltage duality in the conformal regime
of the Sachdev-Ye-Kitaev model of N interacting Dirac
fermions. A physical system in which one might search for
this duality is the graphene quantum dot in the lowest Landau
level, proposed by Chen et al. [10].

As argued by those authors, one should be able to reach
N of order 10? for laboratory magnetic-field strengths in a
submicrometer-size quantum dot. This leaves two decades in
the conformal regime J/N < eV < J.If we tune the tunnel
coupling strength near the ballistic limit I' < J, it should be
possible even for these moderately large values of N to achieve
N =~ (J/T)*and access the duality over two decades of voltage
variation. For such large I" the condition on temperature,
kgT <« T'?/J, would then also be within experimental reach
(J ~ 34 meV from Ref. [10] and T" >~ 10 meV has kgT =
107212/J at T = 300 mK).
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APPENDIX: OUTLINE OF THE CALCULATION

We describe the calculation leading to Eq. (8) for the
current-voltage characteristics, generalizing it to nonzero
chemical potential © and including also the shot-noise power.
We set /i and e to unity, except for the final formulas.

1. Generating function of counting statistics

Arbitrary cumulants of the current operator (5) can be
obtained from the generating function (7). A gauge transfor-
mation allows us to write equivalently

Z(x) = <Tc exp(—i/ H(t)dt)>, (A1)
C
H(t) = Hsyk + »_ep¥rivr, — ) _cle,
V4 n
+ ) @Ol + e OParyle,). (A2)

n.p

For generality we have added a chemical potential term o .
(In the main text we take u = 0, corresponding to a quantum
dot at charge neutrality.)

We need the advanced and retarded Green’s functions
GA(e) = [GR(¢)]" and the Keldysh Green’s function

GX(e) = F(e)[GR(e) — GA(e)], F(e) = tanh(Be/2).
(A3)

These are collected in the matrix Green’s function G, which on
the Keldysh contour has the representation [26,27,29]

GR GK Gt Gt
G = < 0 GA) = Loy <G+ G)LT, (A4)
1 /1 —1 1 0
S () A (R N

in terms of the Green’s functions on the forward and backward
branches of the contour:

Gt 1) = —iNT" Y (Teat)ci(t), (A6a)
G () =iN""Y (el (t)en (D)), (A6b)
Gty ==iN"" ) (ealt)eh (1), (A6c)

(A6d)

G (t.t) = —iNT' Y (T eu(t)ch(t)).

The operators 7 and 7 ! order the times in increasing and
decreasing order, respectively.

2. Saddle-point solution

In the regime J/N < ¢ < J the Green’s function of the
SYK model is given by the saddle-point solution [4]

) r(l—if4i¢
GR(e) = —iCe™,] B TG—is ), (A7)
2] T(3—ifE +if)
with the definitions
sin(Z 46
7€ = (5 +0) C = (/cos26)"/*. (A8)

_sin(%—e)’

The angle 6 € (—m /4, /4) is a spectral asymmetry angle
[30], determined by the charge per site Q € (—1/2,1/2) on
the quantum dot according to [31]

1

Q= N”Z(cjm ——=—0/7 — Z—llsinZO. (A9)

2

For it =0, when @ =0, one has § =0, C = n'/4. In good
approximation (accurate within 15%),

0 %—%nQ:C%(n/coan)l/“. (A10)

In the mean-field approach the quartic SYK interaction (1) is

replaced by a quadratic one with the kernel G~ from Eq. (A4).

A Gaussian integration over the Grassmann fields gives the
generating function

/00 de (det[l — ra(e)ATg(e)A])
InZ = —In s
oo 2T det[1 — T'E(£)G(¢)]

A ('coos(x/2) i sin(x/2)>, (AL
i sin(x/2) cos(x/2)
o 1 2F(—-V)
B(e) = l(O 1 )

The matrix E(¢) is the Keldysh Green’s function of
the lead, integrated over the momenta. This evaluates
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further to
* de iT(GR — G*)
InZ = —1In|1+ - ;
00 2T (1+iCGRY(1 —iT'GH)

([1 —F(e)F(e —V)l(cos x — 1)+ i[F(e) — F(e — V)]sin X)j|. (A12)

At zero temperature the distribution function simplifies to F(¢) — sgn(e), hence

Vd
1nZ=/ —Sln[l—i-
0 2]'[

3. Average current and shot-noise power

A p-fold differentiation of Z(x) with respect to x gives
the pth cumulant of the current. In this way the full counting
statistics of the charge transmitted through the quantum dot
can be calculated [25]. The first cumulant, the time-averaged
current / from Eq. (6), is given by

+00
1:5/ de
hJ -

which is Eq. (8) from the main text.
At zero temperature the differential conductance G =
dl/dv is

2 1 VE ]!
G = 7[1 t 2 snGr/4+6) (? + E)} ’

iT[F(e) — F(e — V)I(GR — GA)
(1+i0GR)Y(1 —ilGA)

(Al4)

(A15)

2iT(GR — GA)(elX — 1)

(14+iCGR)YA —iTGH)

}. (A13)

[
with & = ¢V J/I"2. The duality relation
G(E) = G(CY/§) (A16)

reduces to the one from the main text, G(§) = G(r /&), when
wesetu=0=0=0=C =n'/*

The second cumulant, the shot-noise power P, follows
similarly from

2

0
P=—1lim — InZ(x).

Al7
x—0 8)(2 ( )

The Fano factor F, being the ratio of the shot-noise power and
the current at zero temperature, is simply given by

dP/dV h
F=—"""—¢(l1-=G).
dl1/dv o2

It has the same one-parameter scaling and duality as G. The
fact that higher order cumulants of the current have the same
scaling as the differential conductance is a consequence of
the single-point-contact geometry, with a single counting field
x (). This does not carry over to a two-point-contact geometry.
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