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Abstract – The eigenstates of a quantum spin glass Hamiltonian with long-range interaction are
examined from the point of view of localisation and entanglement. In particular, low particle
sectors are examined and an anomalous family of eigenstates is found that is more delocalised but
also has larger inter-spin entanglement. These are then identified as particle-added eigenstates
from the one-particle sector. This motivates the introduction and the study of random promoted
two-particle states, and it is shown that they may have large delocalisation such as generic ran-
dom states and scale exactly like them. However, the entanglement as measured by two-spin
concurrence displays different scaling with the total number of spins. This shows how for different
classes of complex quantum states entanglement can be qualitatively different even if localisation
measures such as participation ratio are not.

Introduction. – Consider a Hamiltonian of L spin-
1/2 particles that conserves total spin in some direction;
for definiteness, let σz

T =
∑

i σ
z
i be conserved. The Hamil-

tonian is rendered block-diagonal in the σz basis and the
blocks are specifed by the total spin σz

T , the most trivial
of them being states where all the spins are up or down.
The case when m of the spins are up (corresponding to
σz
T = (L − 2m)/2) is a

(

L
m

)

dimensional subspace. For
example, m = 1 states are used to transport information
across spin-chains [1]. We will refer to states with m up
spins as “m− particle states”, since similar block-diagonal
structure in the Hamiltonian appear in spinless fermion
models.

In one-particle states, there is a clear monotonic rela-
tionship [2–4] between localisation, for example as mea-
sured by the participation ratio (for e.g., see [5–8]), and
the inter-spin entanglement as measured by, say, concur-
rence [9, 10]: more the localisation, less the entangle-
ment. There is no such strict monotonic relationship be-
tween localisation and entanglement for states with higher
particle-number. However, there are statistically very sig-
nificant correlations between localisation and entangle-
ment [11–16]. It is shown below that, for two-particle
states, in contrast to one-particle states, on average (in a

way to be defined precisely later), increased localisation
implies enhanced two-spin entanglement as measured by
concurrence. This effect is even more pronounced for two-
particle eigenstates of a spin glass Hamiltonian studied
below. It should be emphasised that this is entanglement
between two spins - other measures such as block entropy
may well decrease with localisation.

To study this in the simplest statistical context, random
states of definite particle-number were considered using
an ensemble that was uniformly distributed in such sub-
spaces [17]. It was found that while the expected entan-
glement between two spins for one-particle states having
L spins scales as 1/L and that of two-particle states scale
as 1/L2, in the case of three or more particle states, entan-
glement is practically absent and is exponentially small in
L (exp(−L lnL), to be precise). This is consistent with
such states having larger multipartite entanglement and
the fact that entanglement moves away from being locally
shared. In some sense, the “environment” of any two spins
is too large for the entanglement between the spins to re-
main intact.

This scenario is observed in models of many-body lo-
calisation, for example, the XXZ model with a random
external field [18–20]. In this case, when the interac-
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tion dominates, disordered eigenstates in the half-filled
(m = L/2, σz

T = 0) sector are such that there is vanish-
ing concurrence between two spins. Along with a many-
body localisation transition, concurrence also arises to
once again slowly disappear when the disorder completely
dominates the interaction. The present work must there-
fore be seen in the larger context of entanglement in dis-
ordered interacting quantum systems.
In random states, it is almost impossible to find en-

tanglement between subsystems unless the block length
(size of the subsystem) is of the order of the size of the
(pure) system, typically ∼ L/2 [21–24]. However, when
the states are restricted to be in the subspace of a fixed
particle number, then one can find entanglement as long as
the particle-number does not exceed the block length [17].
To reiterate, for example, concurrence between two spins
can be found in a typical two-particle state but not in
typical or random three-particle state.
The present work identifies a subset from within the

subspace of definite-particle states that have enhanced
entanglement. These are simply particle-added states
from lower particle-number sectors referred here as “pro-
moted states”. One can generate a whole class of ran-

dom promoted states, with high entanglement (compared
to generic random definite-particle states), and a different
scaling with the total number of spins L.
In order to compare these statistical considerations with

physical systems, we study the eigenstates of the infinite-
range quantum Heisenberg spin glass. The isotropy of the
Hamiltonian implies that total spin along any direction
is conserved, which in turn allows promoted eigenstates
to exist (see later). A subset of two-particle eigenstates is
found to have pronounced entanglement. A closer scrutiny
shows that these are in fact obtained by promoting one-
particle eigenstates. This adds a new dimension to the
study of entanglement in many-body systems [25] with
spin rotational symmetry. One can expect to find the anal-
ysis in this paper to be relevant for generic non-integrable
Hamiltonians that have such a symmetry.

Formulation of the problem. –

The infinite-range quantum Heisenberg spin glass.

The Hamiltonian considered in this paper is

H =
L
∑

j=1
i>j

Jij ~σi. ~σj (1)

where Jij are independent random variables drawn from
the normal distibution N (0, 1). This work concentrates
on the eigenstates and therefore the normalisation of the
energy is irrelevant. The Hamiltonian takes a block diag-
onal form, where each block is characterised by a particle-
number m, which is also the total number of up-spins in
the z direction.
The m-particle basis states are |im . . . i1〉 where i1 <

i2 < · · · < im refer to positions of ‘up-spins’:|↑〉 in the σz−

basis, the others being down. For a fixedm, the state with
uniform superposition of all the basis states is necessarily
an eigenstate, with eigenvalue SJ =

∑

i>j Jij . This is a di-
rect consequence of the isotropy of the Hamiltonian which
implies [H, σ±

T ] = 0, where σ±
T =

∑

i σ
±
i =

∑

i (σ
x
i ± σy

i ).
This in turn implies that repeated action of the σ+

T op-

erator on the zero-particle eigenstate |↓〉⊗L
will also give

eigenstates. We will refer to such eigenstates as ‘all-one’
states of the appropriate particle-number.

|all-one state〉m ∝
(

σ+
T

)m |↓〉⊗L ∝
∑

i1<···<im

|im . . . i1〉 .

(2)

Measures of Entanglement & Localisation. This work
focuses on bipartite entanglement between two spins as
measured by concurrence [9]. Concurrence is a simply cal-
culable entanglement monotone within any two-level sys-
tem which can be in a mixed or pure state. For a two
spin state ρ, C(ρ) ≡ max(0, λ1 − λ2 − λ3 − λ4), in which
λ1 ≥ λ2 ≥ λ2 ≥ λ4 are the eigenvalues of the positive
matrix R =

√√
ρρ̃

√
ρ with ρ̃ = (σy ⊗ σy)ρ∗(σy ⊗ σy). It

is known that 0 ≤ C(ρ) ≤ 1 and it is 0 iff ρ is a separable
state and is 1 iff the state is maximally entangled. For
definite-particle states, it is known that the reduced den-
sity matrix of any two spins takes the following form [26]:

ρ =









v 0 0 0
0 w z 0
0 z∗ x 0
0 0 0 y









. (3)

In this case, the concurrence is simply given by [26]:

C(ρ) = max (2(|z| − √
vy), 0) . (4)

The quantity 2(|z| − √
vy) is often referred to as pre-

concurrence. Throughout this work, we will refer to “av-
erage concurrence” of a state as the average of the con-
currence values between all pairs of spins.
The inverse participation ratio (see for e.g., [5–8]) is a

basis-dependent quantity that quantifies localisation and
is defined as follows. If a state |ψ〉 =

∑

β aβ |β〉, where
|β〉 are the kets in the computational basis, then IPR ≡
∑

β a
4
β, from which the participation ratio PR ≡ 1/IPR is

obtained. The range of values that the participation ratio
of any state can assume is [1, D], where D is the dimen-
sionality of the Hilbert space. PR = 1 occurs when the
given state happens to be one of the basis vectors them-
selves, with all but one of the coefficients being zero and
is thus highly localised. PR = D occurs when the magni-
tude of each of the coefficients is the same and therefore
corresponds to a highly delocalised state. Thus, for the
all-one state given by Eq. 2, PR = D =

(

L
m

)

is the largest
possible.

Concurrence and PR in the eigenstates. – Fig. 1
shows the participation ratio and the average concurrence
of all the eigenstates of them = 2 sector for one realisation
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Fig. 1: Plot of the participation ratio and average concurrence (averaged over all pairs of spins) of all the eigenstates, arranged
by their eigenvalues, for a typical realisation of the SK spin glass model with L = 100 and m = 2. SJ = Σi>jJij is the energy
of the all-one eigenstate. The broad features are similar for any random realisation of the SK Hamiltonian.

of the Hamiltonian in Eq. 1 with L = 100. The central
spike at E − SJ = 0 in each of Fig. 1(a) and Fig. 1(b)
corresponds to the two-particle all-one eigenstate. While
no other significant spikes are found in Fig. 1(a), several
such spikes are found in Fig. 1(b). It is now shown that
these spikes in Fig. 1(b) are in fact the subset of two-
particle eigenstates obtained by promoting one-particle
eigenstates. Closer scrutiny shows that the small struc-
tures present in the particpation ratio do not correspond,
by and large, to the well delineated ones in the average
concurrence figure, and hence these states with enhanced
entanglement are not special as far as localisation is con-
cerned.

Symmetries of the Heisenberg Hamiltonian. The

particle-number operator N̂↑ ≡ ∑

k
σz

k
+1
2 has eigen-

states which are definite-particle states, with correspond-
ing particle-numbers as their eigenvalues. The definite-
particle nature of the Hamiltonian is a result of H com-
muting with σz

T =
∑L

i=1 σ
z
i and hence with N̂↑. Due

to the isotropy of the Hamiltonian, it also follows that
the operators σ±

T =
∑L

i=1 σ
±
i commute with H , where

σ±
i = σx

i ± iσy
i . This implies that if |ψ〉 is an eigenstate of

H , then σ±
T |ψ〉 must also be an eigenstate of H with the

same eigenvalue. In addition, if |ψ〉 has particle-number
m, then σ±

T |ψ〉 has particle-number m± 1. The particle-
added state σ+

T |ψ〉 is referred to as the promoted (m+ 1)-
particle state corresponding to |ψ〉.

Promoted States. Fig. 2 shows a plot of the average
concurrence vs participation ratio of all the eigenstates of
the m = 2 sector for one realisation of the Hamiltonian in
Eq. (1) with L = 100. All the eigenstates are marked by
a + symbol. They are seen to separate into two “blobs”,
with the main group at the bottom left, separated from a
small set of eigenstates that have larger concurrence and

a majority of which are also more delocalised. The latter
are shown to correspond to precisely the large spikes in
Fig. 1(b).

Promoted states are also eigenstates of the operator
σ+
T σ

−
T with a non-zero eigenvalue, a property we used

to identify the promoted two-particle eigenstates amongst
the full set of two-particle eigenstates of the Hamiltonian.
The promoted eigenstates thus identified have a box en-
closing the + symbol in Fig 2. The promoted eigenstates
indeed stand out and form a separate cloud with sig-
nificantly higher average concurrence and predominantly
higher delocalisation.

Furthermore, we verified that the three-particle eigen-
states promoted from the one-particle and two-particle
eigenstates also form distinct clouds when we consider
2-spin and 3-spin entanglement in the three-particle sec-
tor (figure not included). Thus, the promoted charac-
ter of these states is distinguished in these localisation-
entanglement plots. As a useful benchmark against which
to compare, we also include data for random two-particle
states (circles in Fig. 2), and “random promoted” two-
particle states (marked by (×) symbols in Fig. 2). We
defer a detailed definition and discussion of these states
to the next section, but it is worth pointing out now that
while the “genuine” random two-particle states are dif-
ferent from “genuine” two-particle eigenstates of the spin
glass Hamiltonian, the promoted two-particle states in
these two cases are not all that different.

Random promoted states. – It is naturally of in-
terest to understand the origin of the enhanced entan-
glement in the promoted states as compared to other
states. As a statistical model, states promoted from ran-

dom definite-particle states are easier to study than the
promoted eigenstates of random Heisenberg Hamiltonians
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such as in Eq. (1). For the purposes of this work, it suffices
to restrict to ensembles states with real coefficients, which
are relevant to systems preserving time-reversal symmetry.
The defining characteristic of the random states is that

their distribution is isotropic in the associated Hilbert
space. To generate a random state, i.e., a state with ran-
dom orientation in a Hilbert space of dimension D, we
form a vector (r1, r2, . . . rD), where rk s are i.i.d. random
variables drawn from a Gaussian distributionN (0, 1). The
coefficients of the normalised state are then obtained by di-
viding the vector by its norm. For example, see [27]. Ran-
dom definite particles states are those sampled uniformly
from the associated definite particle sector of states.
The expectation value of concurrence is calculated as

〈C〉 = 1
(

L
2

)

∑

k>l

〈Ck,l〉 , (5)

where the averaging for any individual pair of spins comes
from an ensemble average, either via a statistical model
such as in the case of random states or from an ensemble
of Hamiltonians, as in the spin glass case. For random one-
particle states, it is known that 〈C〉 = 4/(πL) [2]. Note
that for one-particle states, 〈IPR〉 = 3/L, as the average
IPR for any D dimensional real random states is 3/D for
large D [28].
It follows that for a random two-particle state |ψ〉 =

∑

i>j aij |ij〉, its average IPR (
∑

i>j |aij |4) is

〈IPR〉 = 3
(

L
2

) ≈ 6

L2
. (6)

To estimate 〈C〉, it is helpful to first compute the proba-
bility of a pair of spins being entangled, P (C > 0). For the
ensemble of all real random two-particle states, it has been
shown [17] that P (C > 0) = 2

√
2/
√
πL and the expecta-

tion value of the concurrence is 16/(π3/2L2). A procedure
similar to the one in [17] can indeed be used to calcu-
late the expectation value of the IPR and concurrence for
promoted random states.

Random Promoted 2-particle States. Consider a ran-
dom one-particle state

∑

k ak |k〉. The ak s are ob-
tained following the procedure outlined above and satisfy
∑

k a
2
k = 1. A promoted two-particle state (unnormalised)

is obtained by action of σ+
T , on a one-particle state:

σ+
T

∑

k

ak |k〉 =
∑

i>j

(ai + aj) |ij〉 . (7)

Thus the special structure of promoted states is apparent
here: only L random numbers determine the

(

L
2

)

coeffi-
cients of a random promoted two-particle state, while a
random two-particle state, in general, depends on ∼ L2/2
independent random numbers.
To ease the theoretical calculations, it is convenient to

substitute the sum of L random numbers,
∑

k ak, by (L-
times) its mean, which is 0. It is a reasonable approxima-
tion since this holds exactly for one-particle eigenstates
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Fig. 2: Scatter plot of average concurrence vs. participation
ratio (PR) of all the eigenstates in the m = 2 sector (SG2)
of a typical realisation of the infinite range quantum Heisen-
berg spin glass for L = 100. The promoted eigenstates (SGP

2 )
are seen to form a separate cloud. Data for an equal number
(4950) of random 2-particle states (R2) and random-promoted

2-particle states (RP
2 ) are included. The solitary ‘all-one’ eigen-

state with a participation ratio of PR = 4950 is not shown.

of the above spin glass Hamiltonian (as a direct conse-
quence of orthogonality with respect to the all-one eigen-
state). It also follows that

∑

i>j(ai + aj) = 0 if
∑

k ak =
0. The coefficients of the normalised promoted random
two-particle states are then aij = (ai + aj) /

√
L− 2, as

∑

i>j(ai + aj)
2 = L− 2.

The IPR of a promoted two-particle state can then be
expressed in terms of the IPR of the corresponding one-
particle state:

∑

i>j

a4ij =
1

(L− 2)2

(

(L− 8)
∑

i

a4i + 3

)

, (8)

where aij = (ai + aj)/
√
L− 2, are the normalised coeffi-

cients. Note that Eq. 8 does not assume L is large but
only

∑

k ak = 0. Thus, it implies that when L < 8, the
IPR of the two-particle state decreases with increase in
the IPR of the one-particle state and vice versa and the
trend changes for L > 8. We observe in passing the some-
what amusing fact that when L = 8, whatever may be the
one-particle state, the promoted two-particle state has an
IPR of exactly 1/12, again provided that the coefficients
sum to zero.
Thus, as

〈
∑

k a
4
k

〉

= 3/L it immediately follows that

〈IPR〉 ∼ 6

L2
. (9)

Thus, to the leading order, this is identical to the IPR of
“genuine” two-particle random states, as given in Eq. 6.
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Thus as far as localisation is concerned there is typically
no difference between promoted and genuine two-particle
states, as also confirmed by numerical data in Fig. 2. A
very different situation is found regarding quantum corre-
lations, such as entanglement, to which we now turn.

Entanglement in promoted two-particle states. The el-
ements of the two-spin reduced density matrix that are
involved in the entanglement between the two spins, as
quantified by concurrence, are z, v, y (Eqs. 3, 4). For
two-particle states, when ρ is the density matrix of spins
at positions 1 and 2 (which we consider for simplicity and
without any loss of generality), these elements are

y = a212, z =

L
∑

k=3

a2ka1k, v =

L
∑

k,l=3
k<l

a2kl. (10)

Note that we are considering real state ensembles. For
generic random two-particle states, 〈v〉 = O(1), 〈y〉 ∼
1/L2, 〈|z|2〉 ∼ 4/L3 and 〈|z|〉2 = (2/π)〈|z|2〉. Thus,
the negative term in the pre-concurrence

(

2(|z| − √
vy)
)

is typically larger than the positive term, thus resulting in
the probability of a positive concurrence decreasing with
increasing L as 1/

√
L (see [17] for calculations).

However, for two-particle states promoted from one-
particle states obeying

∑

i ai = 0, it is straightforward to
show using aij = (ai+ aj)/

√
L− 2 that, up to the leading

order,

y ≈ (a1+a2)
2/L, z ≈ (1+La1a2)/L, v ≈ 1. (11)

Therefore, although z appears as a sum of order L number
of terms in Eq. 10, it simplifies for promoted states to this
simple form, which implies that both |z| and √

y are of
the same order of magnitude, namely 1/L. This follows
since ai ∼ 1/

√
L. As v = O(1), the concurrence (which is

proportional to |z|−√
vy) in promoted two-particle states

is always in a fine balance between the two competing
terms |z| and √

y. In contrast, for generic two-particle
states, the order of

√
y is 1/L which is much larger than

the order of |z| which is 1/L3/2, resulting in the probability
of nonzero concurrence scaling as 1/

√
L [17].

The probability of finding any two spins entangled
when the system is in a promoted two-particle state, i.e.,
P (C > 0) is now estimated. This is approximately same as
P (z2 > y), since v ≈ 1 (Eq. 11). Introducing the variables
xi =

√
Lai, and treating the two xi to be independent 1

and identically distributed random variables drawn from
the standard normal distribution N (0, 1), we have

P (C > 0) ≈ P (z2 − y > 0) = P [(1− x21)(1− x22) > 0]

= erf2
(

1√
2

)

+ erfc2
(

1√
2

)

≈ 0.566,

(12)

1Strictly speaking, x1 and x2 cannot be independent since∑
k ak = 1, but the dependence between a1 and a2 is weak, allowing

us to consider x1 and x2 to be independent with a small error

States P (C > 0) 〈C〉 〈IPR〉
One-particle 1 4/πL 3/L

Two-particle 2
√
2/
√
πL 16/π3/2L2 6/L2

Promoted
two-particle

0.566 0.465/L 6/L2

Table 1: A table comparing the random promoted two-particle
states with random one-particle and two-particle states. For
the promoted states, P (C > 0) is constant and 〈C〉 scales as
1/L , similar to those of one-particle states while the localisa-
tion scaling is similar to that of two-particle states.

where erfc(z) ≡ 1−erf(z) is the complementary error func-
tion. Thus, P (C > 0) is a constant for random promoted
two-particle states and does not decrease with L as it does
for generic two-particle states. Note that as v < 1 in real-
ity, the above can be expected to underestimate the actual
probability. It is also worth recounting that random one-
particle states have a probability 1 that the concurrence
is nonzero.
The average concurrence of random promoted two-

particle states may also be estimated by weighted inte-
gration over all x1, x2 where P (C > 0) > 0:

〈C〉 ≈
∫

∏
i
(1−x2

i
)>0

2(|z| − √
vy)e−

(x2
1+x

2
2)

2 dx1dx2 ≈ 0.465

L
,

(13)

where Eq. 11 and the assumption of independent
marginals has been used. The final result was obtained
by setting v = 1 and factoring out the L dependence, and
the L-independent integral was evaluated numerically to
obtain 0.465. The 1/L behaviour is to be compared with
generic two-particle states that have an expectation value
of concurrence ∼ 1/L2 [17], and that for generic random
one-particle states which goes as ∼ 1/L [2]. The promoted
states have, on average, smaller entanglement than one-
particle states, however they are much larger than what
may be expected for generic two-particle states.
Interestingly, for the promoted one-particle state, i.e.

the all-one state in the one-particle sector, the concurrence
between any two spins is 2/L and in the two-particle sec-

tor, the all-one state has C = 2

(L2)

(

L− 2−
√

(L2−5L+6)
2

)

,

which also scales as 1/L. This deserves a special mention
since Eq. 11 does not hold for the all-one state, yet the scal-
ing behavior is identical. Thus, on average, the promoted
random two-particle states retain the larger entanglement
present in the generic one-particle states, while at the same
time, they are as delocalised as generic two-particle states.
Our results are summarised and compared against generic
one-particle and two-particle states in Table 1.
One-particle eigenstates of the spin glass Hamiltonian

in Eq. 1 (considering a large number of realisations of the
Jij for various values of L) were obtained by exact di-
agonalisation. These were then promoted to two-particle
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ing the scaling behavior with the size of the system, L. The
meaning of the various labels is the same as from the previ-
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2
and Rp

2
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considering an average over many states (obtained from con-
sidering many samples of disorder for small L). The error-bars
are too tiny to be perceptible.

eigenstates. To compare properties, an equal number of
one-particle random states were generated to obtain two-
particle promoted random states. Fig. 3 shows the ex-
pectation value of the concurrence for the promoted two-
particle eigenstates of the spin glass Hamiltonian and pro-
moted random two-particle states (SGp

2 and R
p
2). It is seen

that Rp
2 states mimic the SGp

2 eigenstates rather well, and
that they behave differently from the random two-particle
states (R2) [17].

Thus using two reasonable assumptions, that
∑

k ak = 0
and that ai and aj (i 6= j) are marginally independent,
we have obtained analytical results for random promoted
two-particle states. While for large L the agreement with
the analysis leading to Eq. 13 with simulated random
states gets better, the same cannot be said for the spin
glass eigenstates. This result is not surprising because the
spin glass eigenstates carry special structure, which would
make them not uniformly distributed on the unit sphere
in Hilbert space, while random states are uniformly dis-
tributed, by construction. It is also striking that the scal-
ing for generic two particle random states (that goes as
1/L2 and is also shown for comparison) is indeed very
different. Thus, the statistical analysis of random two-
particle promoted states sheds light on the enhanced en-
tanglement observed in certain classes of spin glass eigen-
states.

Summary and future directions. – A central find-
ing of this paper is that when a many-body quantum sys-

tem is governed by a random Heisenberg Hamiltonian with
long range coupling, a special class of eigenstates emerge
that are characterised by enhanced entanglement. These
special eigenstates, shown to be “promoted-eigenstates”,
display significantly higher average concurrence compared
with the rest of the eigenstates.
As a first step to understand the peculiarities of such

promoted-eigenstates, the properties of random promoted
states were studied by a statistical approach. It has been
proved analytically and confirmed numerically in this work
that random one-particle states, for which the average
two-spin entanglement scales as 1/L, when promoted to
have particle-number 2, shows an average two-spin entan-
glement that is lower but still scales as 1/L. This is to
be contrasted with the scaling behaviour of 1/L2 for ran-
dom two-particle states [17]. In contrast, the localisation
of a promoted two-particle state, as measured by the in-
verse participation ratio (IPR), is comparable to that of a
typical two-particle state.
Thus, our results provide a small but an important step

towards understanding how entanglement is shared across
small subsystems in a larger system and providing hints
on what kind of states should the quantum system be pre-
pared in, to maximise or minimise entanglement as the
application might require. From the point of view of ran-
dom states, this work has introduced the study of pro-
moted random states that will be found in systems with
full rotational symmetry.
Two interesting questions seem natural to pursue fur-

ther: i) While the random one-particle states and one-
particle eigenstates have very different distribution in
the concurrence-PR plot (refer Fig. 2), the distinction is
largely reduced after the promotion. It remains to in-
vestigate if random promoted states are a good approxi-
mation to random promoted states for all models of the
Heisenberg Hamiltonian and at all particle-numbers. ii)
One can see that the zero-particle state when promoted
to have a particle-number of 1 or 2 (all-one states), the
concurrence still scales as 1/L. It seems likely that the
average two-spin entanglement of promoted one-particle
eigenstates will continue to scale as 1/L in higher particle
sectors as well and that of promoted two-particle eigen-
states will continue to scale as 1/L2. This implies that
one can have half-filled states with an average concurrence
much higher than what one would normally expect, some-
thing that needs further work for verification.
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