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Preface

The theory of Riesz spaces, as a branch of functional analysis, has been developed
extensively in the last decades. It was first considered by F. Riesz, L. Kantorovic,
and H. Freudenthal in the middle nineteen thirties, and subsequently studied by
scholars from the Soviet Union, Japan and the United States. Then the theory
has grown rapidly in Dutch and German schools since the middle of the nineteen
seventies, and it has also attracted scholars from the United Kingdom and Spain.
Later on, more and more researchers have joined in the developments, for instance

from China, South Africa, Slovenia and so on.

Most vector spaces admit a partial order in a pointwise manner or in another
way. In a nutshell, Riesz spaces (vector lattices) are the partially ordered vector
spaces in which any pair of elements has a least upper bound with respect to the
order (lattice operation). Even though this is a very concise fact, the study of Riesz
spaces in conjunction with Banach’s theory of normed vector spaces has progressed
slowly and steadily from the mid-1930s to 1960s. The last 30 years of the previous
century was a fruitful age. The theory of Riesz space has systematically been
established in Riesz Spaces I by W. A. J. Luxemburg and A. C. Zaanen [40]. H.
H. Schaefer [48] has bridged the gap between the theory of positive operators in
Banach lattices and the mainstream of operator theory in Banach spaces in Banach
Lattices and Positive Operators. The book Positive Operators by C. D. Aliprantis
and O. Burkinshaw [6], and the book Banach Lattices by P. Meyer-Nieberg [42]
were remarkable next steps. There are too many monographs to list them one
by one at here, we refer the reader to the previously mentioned four books for
more history of Riesz spaces. In the area of dynamic systems, the theory of Riesz
spaces and positive operators has been applied as well. We only mention two books
which are related to this thesis. One is One-parameter Semigroups [16] by Dutch
scholars, and the other one is One-parameter Semigroups of Positive Operators

[45] by German scholars.

Compared with the high level of accomplishment in Riesz space theory, there are

only few results for general partially ordered vector spaces, due to the lack of lattice



structure. Nonetheless, some scholars, e.g. C. D. Aliprantis and E. Langford [7] in
1984, M. van Haandel [54] in 1993, have developed a theory of the vector lattice
covers of partially ordered vector spaces in a categorical approach. Based on the
theory in the latter approach, O. van Gaans and A. Kalauch have extended some
basic results from Riesz spaces, viz. the concepts of ideals, bands and disjointness
etc. to a new setting of pre-Riesz spaces. This thesis proceeds their works. It

extends the study of operators on pre-Riesz spaces.

This thesis includes five main chapters. The first chapter introduces some basic
terminologies in ordered vector spaces and vector lattices. The second chapter
investigates disjointness preserving operators on partially ordered vector spaces, in
particular pre-Riesz spaces. The third chapter is concerned with then extension of
the theory of compact operators, in particular the positive domination property in
pre-Riesz spaces. The fourth chapter studies disjointness preserving Cy-semigroups
in partially ordered vector spaces with respect to a suitable norm. In the last
chapter, the dissipativity and positive off-diagonal property of operators on ordered

vector spaces are considered.

i



Contents

Preface i
1 Preliminaries 1
1.1 Ordered vector spaces and vector lattices . . . . . . .. .. .. ... 2
1.1.1 Ordered vector spaces . . . . . . . . .. ... .. ... ... 2

1.1.2  Vector lattices . . . . .. .. ... ... ... ... ... 7

1.2 Pre-Riesz spaces and Riesz completions . . . . .. ... ... ... 9
1.3 Positive operators . . . . . . . .. ... Lo 15

2 Disjointness preserving operators on ordered vector space 17

2.1 A generalization of disjointness preserving operators on Riesz spaces 18
2.1.1 Pervasive pre-Riesz spaces as ranges . . . . . . .. . .. .. 19
2.1.2 Pre-Riesz spaces as domains . . . . . . ... ... ... ... 24

2.2 More conditions for extending disjointness preserving operators . . 33

il



iv CONTENTS

2.2.1 Riesz* homomorphism . . . . . ... .. ... ... ..... 34

222 Condition (B) . . . . . ... 35

2.2.3  Order bounded and disjointness preserving extension . . . . 38

3 Compact operators on pre-Riesz spaces 43
3.1 Extension of order continuous norms . . . . . . . .. ... ... .. 45
3.2 Extension of compact operators . . . . . . .. ... ... ... ... 50
3.3 Compact domination results in pre-Riesz spaces . . . . . . . .. .. 51

4 Disjointness preserving semigroups 65
4.1 Normed partially ordered vector spaces . . . . . . .. .. ... ... 66
4.2 Local operators . . . . . . . ... 69
4.3 Disjointness preserving Cg-semigroups . . . . . . . . . . . . . . .. 75

5 Dissipativity and positive off-diagonal property of operators 83
5.1 Half-norms on ordered vector spaces . . . .. ... ... ... ... 84

5.2 Contractivity and positivity of semigroups on ordered Banach spaces 88

5.3 Positive off-diagonal property of operators on ordered vector spaces 91

Bibliography 93

Index 101



Summary

Samenvatting

Acknowledgements

Curriculum Vitae

103

105

106

107



vi



Chapter 1

Preliminaries

In this chapter, we will introduce some of the basic background information and
results that will be used throughout this text. For the terminology of Riesz spaces
we mainly refer to W. A. J. Luxemburg & A. C. Zaanen [40], E. de Jonge & A. C.
M. van Rooij [18], A. C. Zaanen [60], for Banach lattices and positive operators to
[6, 42], and for topological vector spaces to [47]. The embedding theory of partially
ordered vector spaces has been studied by G. Buskes & A. C. M. van Rooij [14],
M. van Haandel [54] and, more recently, by O. van Gaans [50] and A. Kalauch
[29]. For the terminology of partially ordered vector spaces and pre-Riesz spaces,
we refer to these papers and monographs. For the readers’ convenience, we will

also introduce some concepts where they are needed in later chapters.
This chapter consists of three sections.

The first section includes two subsections, the one with the terminology of partially
ordered vector spaces and the other one with concepts of vector lattices. The
partial order of a vector space is induced by a positive cone, and such an order
appears throughout most of definitions and properties of spaces in this thesis. The

structure of vector lattices is given in the second subsection, e.g. ideals, bands etc..

Section 1.2 is concerned with the terminology of pre-Riesz spaces and Riesz com-
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pletions. A pre-Riesz space is one kind of partially ordered vector space, which
can be embedded order densely into a vector lattice cover, and the smallest such
a cover is called the Riesz completion. This theory was established by [54], and
considered as a cornerstone of this thesis. The importance of the embedding map
from a pre-Riesz space to a vector lattice will show up in the main body of this

text.

Section 1.3 contains definitions of different properties of linear operators between
ordered vector spaces. In addition, it presents the Hahn-Banach extension theorem

and the Kantorovich extension theorem.

1.1 Ordered vector spaces and vector lattices

In this section, we will introduce some basic terminology of ordered vector spaces

and vector lattices.

1.1.1 Ordered vector spaces

Definition 1.1.1. Let X be a real vector space.

(i) A reflexive, transitive and antisymmetric relation “<” on X is called a vector

space order if

(a) z,y,z€ X and z <y imply z + 2z < y + z,

(b) € X,0<zand A € RT imply 0 < Ax.

Then (X, <) is called a partially ordered vector space, in short, POVS.
For z,y € X, the relation x < y can be also written as y > x. An element
x € X is called positive if 0 < z. The relation x > 0 means x > 0 and
x # 0, and x is then called strictly positive.
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(ii) A non-empty subset K # {0} of X is called a wedge if z,y € K and
A p € RT imply Az + py € K. A wedge is called a cone if KN (—K) = 0.
A wedge K in X is called generating if X = K — K.

The following proposition is straightforward.

Proposition 1.1.2. Let X be a real vector space.

(i) Let K be a cone in X and < on X defined by means of
r<y o y—xeckK. (1.1)

Then < is a vector space order.

(ii) Let < be a vector space order on X. Then the set
Xt ={reX;0<2} (1.2)

of all positive elements in X is a cone.

(iii) Let K be a cone in X, < be the order defined by (1.1) and X* be the
corresponding cone in (1.2). Then K = X,

There are many ways to choose a cone K in a vector space. This is shown by the

following example.
Ezample 1.1.3. (1) Let X = R2.
(a) The set
K1 = {(331,332); T Z O,.%'Q Z 0}
is a cone. Here K is the so-called standard cone. The partial order
induced by K is called the standard order.
(b) The set
Ky = {(1‘1,1‘2); xTo > O} U {(.7}1,0); x> 0}

is a cone in X.
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(2)

Let X = R3. Then the set
Lgo = {(z1, 29, 23); 7 + 23 < 23, 23 > 0}

is a cone in X.

In a real vector space X, let K C X be a given cone. To stress that the vector

space order < on X is induced by the cone K, we will use (X, K) to denote the

ordered vector space. Occasionally, we write merely X instead of (X, K) if no

ambiguousness can arise.

Definition 1.1.4. Let (X, K) be a partially ordered vector space.

(i)

(i)

(iif)

X is called directed if for every z,y € X there exists z € X such that
z>T,.

For z,y € X, z <y, we denote
[z,y] ={z € X; z <z <y},

and we call [z,y] an order interval.

A non-empty subset M C X is called bounded above, if there exists x € X
such that for all m € M we have m < z, respectively, bounded below if
m > x. M is called order bounded if there exist z,y € X such that
M C [z,y]. The set of all upper bounds is denoted by

MU ={x € X;z>mforallme M},

respectively, M for lower bounds.

A non-empty subset M of X is called majorizing if for every x € X there
exists m € M such that m > x.

An element u > 0 is called an order unit if for every z € X there is a
A € R such that x € [—Au, A\u]. X is called an order unit space if it has

an order unit.
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(vi) X is called Archimedean if for every x,y € X with nz <y for every n € N

we have x < 0.

(vii) X is called Dedekind complete whenever every non-empty bounded above

(bounded below) subset of X has a supremum (infimum).

(viii) X is called o-Dedekind complete if every non-empty finite or countable
subset of X that is bounded above (bounded below) subset has a supremum

(infimum).

Note 1.1.5. It should be noticed that, in the above Definition 1.1.4 (iii), the order
of M C X is inherited from X. In this text, if not specified otherwise subspaces
of X are always equipped with the inherited order.

In a partially ordered vector space (X, K), the cone K is generating if and only
if X is directed. The existence of an order unit v > 0 in X implies that K is
generating. Indeed, for every x € X there is A € RT \ {0} such that \u —z € K,
moreover Au € K and

x=u— (Au—x).

Clearly, if X is Dedekind complete, then X is o-Dedekind complete. Moreover, if
X is o-Dedekind complete, then X is Archimedean.

Definition 1.1.6. Let (X, K) be a partially ordered vector space, and I a directed

index set.

(i) A net (za)aecr in X is called increasing, if a > f implies z, > xg, respec-
tively, decreasing if the net (—z4)aer is increasing. We will use z, |  to
denote that (x,) is decreasing and inf{zy;« € I} = z. Similarly, we use

To T .

(ii) A net (zq)acr C X is said to order converges, in short, o-converges to

z € X (denoted by x, > z), if there is a net (yg)ges C X such that for
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(iii)

(iv)

every f3 there is o such that for every o > o we have +(zo — ) < yg | 0.
1

A non-empty subset M C X is called order closed, in short, o-closed, if

for each net (z4)aer in M which o-converges to z € X one has that x € M.

A sequence (z,) in X is said to be relatively uniformly convergent
to z € X (denoted by z, ~ ), if there exist some v > 0 and A, | 0
in R such that £(z, — z) < A for all n € N. A subset M C X is
called relatively uniformly closed if it is closed under relative uniform
convergence of sequences. By the relative uniform closure of a set M C X
we mean the smallest relatively uniformly closed set in X which contains M.
For u > 0, the sequence () is called an u-uniformly Cauchy sequence
if for any € > 0 there exists an element n(e) € N such that £(z,, —z,) < eu
for all m,n > n(e). The Archimedean ordered vector space X is called
uniformly complete if, for every v > 0 in X, every u-uniformly Cauchy

sequence has a relatively uniform limit.

The main properties of order convergence are listed in the following lemma.

Lemma 1.1.7. Let (X, K) be a partially ordered vector space.

(iv)

If o | =, then Az, | Az for all A € RT.
If zo, L T or x4 T x, then To > .

If (za)aer and (yg)pes are decreasing, then for z(, g) i= Ta +yg, € € [, 8 €

J, we have that (2(,175)) is decreasing, where the index set I ® J

(.B)el®
is entry-wise directed, i.e. (a1,51) = (ag,S2) if and only if oy < ag and

B1 < B2. Moreover, if z, | 0 and yg | 0, then z, + yg = 2(a,B) 4 0.

If 24 = 2 and zo — y, then z = y.

!There is another definition for order convergence in partially ordered vector space X. A net
(za)aer in X is said to order converges to x € X if there is a net (ya)acr C X such that yo | 0
and for all a € I one has £(xo — ) < yo. The Definition 1.1.6 (ii) is stronger, [24, Proposition
3.6]. In this thesis, we will use Definition 1.1.6 (ii).
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(v) For z, > z and Y3 2 y then Az, + Hys 2 Az 4 py (where the according
index set {(a, 5)} is entry-wise ordered) for every A,y € R.

Proof. (i), (ii) and (iii) are clear.

(iv) It follows from +(z — z4) < ug 4 0 and +(y — z4) < v, | 0 that
+(z —y) = £(¢ — 2o + 2o —y) <ta + 00 L 0.

Hence, x = y.

(v) Firstly, we show if x, > z, then Az, — Az for arbitrary A\ € R. Because

there exists a net (uq)q 4 0 such that +(z, — ) < u,, we have
tAzq — ) < Fhug.

Then £A (2o — 2) < [A|ug 1 0, 50 Azq = Az

Secondly, we show if z, — & and Ys 25y, then z, + Y %z +y. It follows
from £(x — z4) < uq | 0 and +(y — yg) < vg | 0 that

£(@a +ys — 2z —y) = £[(xa —2) + (Ys — Y)] < ta +vp.

Let w(q,p) := ua + vg. By (iii) we have w(, g) | 0.

1.1.2 Vector lattices

Definition 1.1.8. Let (X, K) be a partially ordered vector space. X is called a
vector lattice or Riesz space if every subset consisting of two elements has a

supremum and an infimum. The supremum and infimum are denoted by

xVy:=sup{z,y} and x Ay :=inf{z,y}, Yo,y € X.
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The properties of vector lattices and the lattice operations on it can be found in

almost any textbook of Riesz space and Banach lattices, see, e.g. [6, 60].

For any vector x in a vector lattice X, define
T i=2Vv0, 27 :=(—2) V0, and |z| := 2V (—x).

The element z 7T is called the positive part, z~ is called the negative part, and

|z| is called the absolute value of x.

Next, we will give definitions of disjointness, ideal and band in a vector lattice.

These definitions will be generalized to pre-Riesz space in the next section.

Definition 1.1.9. Let X be a vector lattice.
(i) Two elements x,y € X are called disjoint if |z| A |y| = 0, denoted by = L y.

Let M be a subset of X.

(ii) The set

MY={zeX;z Lyforalyec M}
is called the disjoint complement of M.
(iii) M is called solid if x € X, y € M and |z| < |y| imply = € M.
(iv) M is called an ideal in X if M is a solid linear subspace of X.

(v) The ideal M is called a band in X if for any subset of M which has a
supremum in X, this supremum is in M, in other words, it follows from
D C M and f =supD that f € M.

The following theorem is due to |6, Theorem 1.7].
Theorem 1.1.10. Let X be a vector lattice, and x,y € X. Then x 1 y if and
only if |z +y| = |z — y|.

Note 1.1.11. It should be noticed that in an Archimedean vector lattice X, M4
is always a band and M is a band if and only if M = M4, where Mdd = (Md)d.
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1.2 Pre-Riesz spaces and Riesz completions

Pre-Riesz spaces are those partially ordered vector spaces which have suitable vec-
tor lattice completions. Pre-Riesz space have been introduced by M. van Haandel
in [54] firstly. Lately, they have been studied recently by O. van Gaans and A.

Kalauch [32, 34, 53|, most of our notations come from their papers.

Definition 1.2.1. A partially ordered vector space (X, K) is called pre-Riesz if
for every z,y, z € X the inclusion {x + y,z + z}" C {y, z}" implies =z € K.

The following proposition comes from [54, Theorem 1.7(ii)].

Proposition 1.2.2. Every pre-Riesz space is directed and every directed Archimedean

partially ordered vector space is pre-Riesz.

Clearly, each vector lattice is pre-Riesz. However, there are many examples of pre-

Riesz spaces which are not vector lattices, see [31, 33| and the following examples.

Ezample 1.2.3. (1) Let X = R? with the cone defined by K = {(z1,72); 2 >
0}U{(z1,0); z1 > 0}, then (X, K) is a pre-Riesz space but not Archimedean.

(2) Let X = C'0,1] be the differentiable functions space on [0,1] with the
natural cone K = {f € X; f(z) > Oforall x € [0,1]}, then (X, K) is

directed and Archimedean, hence a pre-Riesz space.

(3) Let X = Pol?(R) be the ordered vector space of all real polynomial functions
on R, ordered by the natural cone K = {f € X; f(z) > 0 for all z € R}.
Then (X, K) is a pre-Riesz space.

(4) Let X = {al+v; a € R,v € C[0,1],v(0) =0, fol v(t)dt = 0} ordered by the
natural cone, then X is a pre-Riesz space, where 1 denotes the constant-one

function.

Definition 1.2.4. A linear subspace D of a partially ordered vector space X is

called order dense in X if for every x € X we have

x=inf{y € D; y > x}.
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Remark 1.2.5. The order denseness in Definition 1.2.4 is slightly different from
the classical meaning of order denseness in vector lattices. To distinguish them,
we use the term ‘property (p)’ for the classical definition in vector lattices. A
vector sublattice G of a vector lattice E is said to have property (p) whenever
for each 0 < x € E, there exists some y € G with 0 < y < z, see [60]. However,
Definition 1.2.4 originally comes from [14]. In vector lattices, the order denseness
in the sense of Definition 1.2.4 implies the property (p), but the property (p) does
not implies the order denseness, see Example [30, Example 3.3.12|. If, moreover,
the vector lattice is Archimedean, then these two concepts are equivalent, |30,
Example 3.3.13].

In this text, the meaning of order denseness in partially ordered vector spaces

always refers to Definition 1.2.4 if not explicitly stated otherwise.

It is obvious that D is order dense in X if and only if for every z € X one has
x=sup{y € D; y < x}.

Moreover, any order dense subspace is majorizing.

Definition 1.2.6. Let X and Y be two partially ordered vector spaces. A linear
map i: X — Y is called bipositive if for every x € X one has

i(z) > 0 if and only if x > 0.

For sets L C X, M CY and a mapping i: X — Y, we denote

i(L) := {i(z); z € L} and i Y (M) :={z € X;i(z) € M}.

We say that a subspace X of a vector lattice Y generates Y as a vector lattice if

for every y € Y there exist a1,...,am,b1,...,b, € X such that

m n
Yy = \/ a; — \/ bi.
i=1 i=1
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It turns out that a pre-Riesz space can be always embedded as an order dense
subspace in a vector lattice. This is shown by the following theorem [54, Corollaries

4.9-11 and Theorems 3.5, 3.7, 4.13|, which plays a fundamental role in our research.

Theorem 1.2.7. Let X be a partially ordered vector space. The following state-

ments are equivalent.

(i) X is a pre-Riesz space.

(ii) There exist a vector lattice Y and a bipositive linear map i: X — Y such
that ¢(X) is order dense in Y.

(iii) There exist a vector lattice Y and a bipositive linear map i: X — Y such

that ¢(X) is order dense in Y and i(X) generates Y as a vector lattice.

A pair (Y,4) as in (ii) is called a vector lattice cover of X. All spaces Y as in (iii)
are isomorphically determined as vector lattices, i.e. if j is an isomorphism from
X onto an order dense subspace of a vector lattice Z, then there is an isomorphism
k from Z onto Y such that ko j = 4. In the sense of isomorphism, we will say
(Y,i) be the Riesz completion of X, denoted by X*.

The construction of the Riesz completion of X can be found in [54]. Throughout
this text, we will use (X”,4) to denote the Riesz completion of a pre-Riesz space
(X, K).

Obviously, the order denseness of (X ) in X” implies that i(X) is majorizing in
XP.

Ezample 1.2.8. (1) The Riesz completion of X = C[0,1] with the cone K =
{f € X; f(x) > 0for all x € [0,1]} is the space of piecewise differentiable

functions on [0, 1].

(2) The Riesz completion of X = Pol?(R) with the cone K = {f € X; f(x) >

0 for all 2 € R} is the space of piecewise polynomial functions on [0, 1].
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(3) [33, Example 4.8] Let X = R? and let the positive cone K be the positive
linear span of z; = (1,0,1), z2 = (0,1,1), 23 = (—1,0,1), z4 = (0,—1,1).
The map i: R® — R* is given by

i x> (fi(z), falz), f3(x), fa(z)),

with
-1 1 1 -1
fi= -1 |, fo= -1 1, fz= 1|, fa= 1
1 1 1 1

Then i is a bipositive linear map and i(X) is order dense in R*. Hence, i embeds

the partially ordered vector space (R3, K) into the vector lattice (R*,R%).

Note 1.2.9. It is worth mentioning that the classical Dedekind completion is
in general more involved than Riesz completions. For an Archimedean directed
partially ordered vector space X, there is a Dedekind complete vector lattice Y
and an order isomorphism j from X onto a subspace j(X) of Y such that j(X) is

order dense in Y, i.e. for every y € Y, one has
y=sup{j(z); z € X, j(z) <y} =inf{j(x); z € X, j(z) > y}. (1.3)

(Y,7) is called a Dedekind completion of X, see [35, Proposition 2.1.4]. We
will use (X?,5) to denote the Dedekind completion of X. If X is a vector lattice,
then j(X) is a sublattice of X?.

In general, the Dedekind completion is larger than the Riesz completion, see |32,
Example 3.5].
The following theorem shows that Dedekind completions of a directed Archimedean

partially ordered space are isomorphically determined, [54, Theorem 4.14].

Theorem 1.2.10. Let X and Y be two Archimedean directed partially ordered
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spaces, and i: X — Y a bipositive linear map such that i[X] order dense in Y.

Then their Dedekind completions X and Y? are order isomorphic.

If X is not Archimedean, then X? can still be constructed as a partially ordered
set, but it fails to be a vector space [32, p. 577]. If X is Archimedean, the Riesz
completion X” is the vector sublattice of X° generated by j(X) and therefore X7
is Archimedean [32, Remark 3.4]. So we have the following fact which is due to
[30, Proposition 1.4.7].

Proposition 1.2.11. If a pre-Riesz space (X, K) is Archimedean, then X7 is

Archimedean as well.

Next, we will introduce the concepts of ideal and band in partially ordered vector
spaces. Similar to the case of vector lattices, an ideal of a partially ordered vector

space is induced by means of a solid subset.

Definition 1.2.12. Let (X, K) be a partially ordered vector space and M is a
subset of X.

(i) M is called solid if for every x € X and y € M, one has {z, —z}" D {y, —y}"
implies x € M.

(ii) M is called ideal if M is a solid linear subspace of X.

Disjointness in a partially ordered vector space (X, K) is introduced in [32]. The

definition of band will be given by means of disjoint complements of subsets.

Definition 1.2.13. Let X be a partially ordered vector space. Two elements
x,y € X are called disjoint, in symbols = L y, if

{x+y77$7y}u:{xiyvix+y}u-

If X is a vector lattice, then this notion of disjointness coincides with the usual
one in vector lattices in Definition 1.1.9. Next, we will show an example of disjoint

elements in partially ordered vector spaces, which is cited from [32, Example 4.6].
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Example 1.2.14. Let X = R3 ordered by the cone K which is the positive linear
span of 1 = (1,0,1), z2 = (0,1,1), 3 = (—1,0,1), x4 = (0, —1,1). Then

{:Dl + 23, —T1 — :L'3}u = {xl —x3,—x1 + :Eg}u.

Hence, 1 L x3. Similarly, zo 1 z4.

The following proposition is due to [32, Proposition 2.1].
Proposition 1.2.15. Let X and Y be two partially ordered vector spaces and
z,y € X.

(1) If X is a subspace of Y, then z 1 y in Y implies z L y in X.

(2) If X is an order dense subspace of Y, then x L y in Y if and only if =z L y

in X.

Let X be a pre-Riesz space and (Y, ) a vector lattice cover of X. Then from the
above proposition it follows that for every x,y € X we have x L y if and only if
i(z) Li(y) inY.

Thus we could define disjoint complements in partially ordered vector spaces sim-

ilar to the vector lattice case.

Definition 1.2.16. Let X be a partially ordered vector space. The disjoint
complement of a subset M C X is the set

MY={yeX;yLaforalzec M}

We give the definition of a band in partially ordered vector spaces.

Definition 1.2.17. A subspace B of a partially ordered vector space X is called
a band in X if B = B4
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For a subset S C X, Proposition 1.2.15 implies that

§d =1 (i(S)d) . (1.4)

Thus, disjoint complements in pre-Riesz spaces have properties as in the vector
lattice setting, namely S¢ is solid and o-closed, see [33, Theorem 5.10]. In par-
ticular, a disjoint complement is a linear subspace in X, more than that, it is a
band.

Note that the notion of band coincides with the usual one provided X is an

Archimedean vector lattice.

We will need the following technical observation. If D is a majorizing subspace
of a vector lattice Y and w € Y is such that v 1 d for every d € D, then u = 0.
Indeed, there is w € D such that |u| < w. Hence |u| = |u| A w = 0, consequently
u=0.

Since i(X) is majorizing in X?, we have the following immediate result.

Lemma 1.2.18. If X is a pre-Riesz space and v € X” is such that v 1L z for
every = € i(X), then u = 0.

1.3 Positive operators

In this section, we will give definitions of some different classes of operators between

ordered vector spaces and list some basic properties of operators.

Definition 1.3.1. An operator T: X — Y between two ordered vector spaces X
and Y is called positive if T'(x) > 0 for all x > 0, denoted by T"> 0 or 0 < T.
The vector space of all linear operators between vector spaces X and Y is denoted
by £(X,Y). Usually £(X) stands for £(X, X)

Definition 1.3.2. An operator T: X — Y between two ordered vector spaces X

and Y is called order bounded if it maps order bounded subsets of X to order
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bounded subsets of Y. The vector space of order bounded operators between
two vector spaces X and Y is denoted by L (X,Y). Moreover L (X) stands for
Lp(X, X).

Definition 1.3.3. An operator T: X — Y between two ordered vector spaces X
and Y is called regular if there exists 77 > 0 and T5 > 0 such that T = T7 — T5.
The vector space of regular operators between two vector spaces X and Y is
denoted by £,(X,Y’). Moreover £,(X) means £,(X, X) .

With the above notations, we have the following inclusions,

The inclusion £,(X,Y) C £1,(X,Y) can be proper, see [6, Example 1.16].

Definition 1.3.4. An operator T': X — Y between two ordered vector spaces is
called disjointness preserving if for every z,y € X from x L y in X it follows
that Tx L Ty in Y.

Let us recall two important extension theorems, which are frequently used in this
text. The first one we cite from [6, Theorem 1.25].

Theorem 1.3.5. (Hahn-Banach) Let X be a vector space, Y a Dedekind com-
plete Riesz space, and let p: X — Y be a sublinear function. If U is a subspace of
X and S: U — Y is an operator with S(z) < p(z) for all z € U, then there exists
some operator T: X — Y such that

(i) T=SonU,ie. T is a linear extension of S to all of X.

(ii)) T'(z) < p(z) for all z € X.

The second one we cite from [6, Theorem 1.32].

Theorem 1.3.6. (Kantorovich) Let X be an ordered vector space, Y a Dedekind
complete Riesz space. Every positive linear operator T': D — Y defined on a ma-

jorizing subspace D C X extends to all of X as a positive linear operator.



Chapter 2

Disjointness preserving operators

on ordered vector space

Disjointness preserving operators on vector lattices have been studied by Y. A.
Abramovich and A. K. Kitover [3, 4], W. Arendt [9], B. de Pagter [19], C. B. Huijs-
mans and A. W. Wickstead [27]. In the problem section of [26], Y. A. Abramovich
raises a question: for an invertible disjointness preserving operator 7: X — Y
with X, Y being vector lattices, when does T~! preserve disjointness? An affir-
mative answer is given by C. B. Huijsmans and B. de Pagter in [25] by showing
that X being a uniformly complete vector lattice and Y a normed vector lattice

is a sufficient condition, see Theorem 2.1.1.

In this chapter, we mainly deal with the above question in the case of pre-Riesz
spaces. To generalize the result by C. B. Huijsmans and B. de Pagter [25], our
idea is to use that every pre-Riesz space can be embedded order densely into the
Riesz completion, and then we use the theory of Riesz spaces. It turns out that
the main difficulty is to deal with compatibility of order convergence and norm
convergence in both the pre-Riesz space and the Riesz completion. We will impose

suitable conditions on the pre-Riesz space, for instance pervasive, fordable, etc..

17
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This chapter includes two main sections.

In Section 2.1, we will discuss the generalization of the result by C. B. Huijsmans
and B. de Pagter [25]. It is separated into two parts. Subsection 2.1.1 concerns the
range space Y being a pre-Riesz space. To use the theory of the Riesz completion
Y it is necessary to extend the norm of Y to a Riesz norm on Y”. This comes
true if Y is a pervasive pre-Riesz space with a monotone norm. Then, to achieve
the goal, we use the fact that two elements are disjoint in Y if and only if they
are disjoint in Y”. As an independent interesting result, moreover, we generalize a
theorem by B. de Pagter from [19]. The second subsection deals with the situation
of the domain space X being a pervasive pre-Riesz space. This turns out to be
more difficult than the first part, and we have to add more conditions, e.g. a
denseness condition in the sense that for a positive element there exists a positive

sequence which is convergent from below.

Section 2.2 is concerned with exploring more sufficient conditions of extending
disjointness preserving operators on pre-Riesz spaces to Riesz completions. One is
that Riesz* homomorphisms on pre-Riesz spaces preserve disjointness. The other
one is that we can show that the inverse of T is a disjointness preserving opera-
tor, provided that X is a fordable pre-Riesz space and T satisfies the condition
(B). Moreover, by using the Hahn-Banach theorem, we establish that an order
bounded disjointness preserving operator 1" can be extended to an order bounded
disjointness preserving operator on the Riesz completion if the pre-Riesz space has

the Riesz decomposition property.

2.1 A generalization of disjointness preserving opera-

tors on Riesz spaces

In this section, the disjointness preserving operators and their inverses between
pre-Riesz spaces will be considered. An important result on inverses of disjointness

preserving operators is given in [25, Theorem 2.1, Corollary 2.2|, which reads as
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follows.

Theorem 2.1.1. Let X be a uniformly complete vector lattice, Y a normed
vector lattice, and T: X — Y an injective and disjointness preserving operator,
then T'z; L Txo implies x1 L a9 in X. Moreover, if T is bijective, then T-1is

disjointness preserving as well.

We will use two steps to generalize this result to pre-Riesz spaces. Firstly, we
consider the range space X being a pre-Riesz space, and secondly the domain

space Y being a pre-Riesz space.

2.1.1 Pervasive pre-Riesz spaces as ranges

Let us recall the definition of pervasiveness in pre-Riesz spaces. The definition was
firstly given by O. van Gaans and A. Kalauch [53, Definition 2.3| in studying the

restriction of bands in pre-Riesz spaces.

Definition 2.1.2. A pre-Riesz space X with Riesz completion (X”,i) is called
pervasive if for every y € X” with y > 0, y # 0 there exists z € X, z # 0, such
that 0 <i(z) <y.

It should be noticed that the term of pervasive is a property of a pre-Riesz space
in its Riesz completion, and the definition of property (p), which appeared in
Remark 1.2.5, is a similar property in vector lattices. We just use different terms
to distinguish them in different situations. Here are some examples of pre-Riesz

spaces which do or do not have the pervasive property.

Ezample 2.1.3. (1) The pre-Riesz space X = C1[0, 1] with the cone K = {f €
X; f(x) >0 for all x € [0, 1]} is pervasive.

(2) The pre-Riesz space X = Pol*(R) with the cone K = {f € X; f(z) >

0 for all z € R} is not pervasive.

(3) [30, Example 3.3.22] The pre-Riesz space X = {al + v; v € C[0,1], v(0) =
0, a € R, fol v(t)dt = 0} ordered by a natural cone is not pervasive.
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It is known that for a Riesz subspace of Y of an Archimedean Riesz space X, Y
has the property (p) (i.e. order dense in Riesz space) in X if and only if for each
r € X1, it has z = sup{y € Y; 0 < y < x}, see [6, Theorem 1.34]. In the proof
of this conclusion, it does not use the lattice operations. So one has the similar
conclusion in the Archimedean pre-Riesz space case. In fact, this was observed
by J. van Waaij |55, Theorem 4.15, Corollary 4.16|, and by H. Malinowski [41,

Lemma 89|, see the following proposition.

Proposition 2.1.4. For an Archimedean pre-Riesz space X, let (X”,i) be the

Riesz completion. The following are equivalent.

(i) X is pervasive.

(ii) For all 0 < y € X, it holds y = sup{z € i(X); 0 < z < y}.

It yields that in Riesz spaces, pervasiveness and order denseness are the same.

Now we turn to our main purpose of this subsection, which is replacing the range
space Y in Theorem 2.1.1 by a pre-Riesz space. The idea is to consider the Riesz
completion (Y”,7) of Y and apply Theorem 2.1.1 to i o T. For that purpose we

need a Riesz norm on Y°”.

Recall that for an ordered vector space (X, K) with a norm || - ||, we say that
(X, K, | -) is an ordered normed space. In some cases of this thesis, we write

|| - ||x to emphasize the norm of X.
Definition 2.1.5. Let (X, K) be a partially ordered vector space with a seminorm
D.
(i) p is called monotone if for every z,y € X with 0 < x < y one has p(z) <
p(y).

(ii) If X is a Riesz space, p is called Riesz if it is monotone and p(|z|) = p(z)
for every z € X.
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The next lemma presents conditions on a pre-Riesz space that provide a Riesz

norm on the Riesz completion.

Lemma 2.1.6. Let X be a pervasive pre-Riesz space, let (Y, %) be a vector lattice

cover of X, and let ||-||y be a monotone norm on X. Define for y € Y’

lylly =inf{[[z]lx; z € X, [y| <i(x)}. (2.1)

Then [|-||y is a Riesz norm on Y.

Proof. Let us first prove that || - ||y is a seminorm. Let y1,y2 € Y and u,v € X
be such that |yi| < i(u), |y2] <i(v). Then |y1 4+ yo| < |y1]| + |y2| < i(u+v). So we

have

1 + y2lly = inf {[lu+vly;ut+ve X |y +yo| <i(u+v)}
<inf{llutvlly;u,veX |yl <i(u), |y <i(v)}
< inf{|lullx + lvllx; u,v € X, [y1| < i(u), |ya2| < i(v)}
< inf{llullx; u e X, [pn] <i(w)} +inf {[Jv]ly; v e X, |yl <i(v)}

<Ilylly + llyzlly -

The absolute homogeneity and non-negativity are clear. So ||-||y is a seminorm.

Note that since i(X) is majorizing in Y, the set of which the infimum is taken in
(2.1) is nonempty. The equality |lully = [||u||]y is clearly true for any u € Y. To
show ||-]|y- is monotone, we suppose z,y € Y with |z| < |y|. For v € X we have

that |y| < i(v) implies |z| < i(v). So we have
[zlly = inf {{lvllx; v e X, |af <i(v)} <inf{[lvlly; ve X, |yl <i(v)} = llylly -

Therefore, ||-||y- is monotone, hence, Riesz. It remains to show that |-/, is a norm.

Observe that for v € X, v > 0, we have for every y € X with i(y) > |i(v)| that
y > v > 0. As |||y is monotone, hence ||y||x > |lv||x. So [[i(v)|y > ||v]x.
Let z € Y be such that z # 0. Since X is pervasive, there exists y € X with
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0 <i(y) < [z]. Then [[z]ly = [l[zllly = [li(y)lly = llyllx > 0. Hence ||-[|y is a Riesz

norm. O]

We can now extend Theorem 2.1.1 to a setting with the range space being a

pre-Riesz space.

Theorem 2.1.7. Let X be a uniformly complete vector lattice, Y a pervasive pre-
Riesz space with a monotone norm, and T: X — Y an injective and disjointness
preserving operator. Then for every x1,z9 € X we have that Tx; 1 Txo implies

1 1 9.

Proof. Let (Y*,4) be the Riesz completion of Y. Since T: X — Y is injective, we
have that o T: X — Y” is injective as well. As T is disjointness preserving, by
means of Proposition 1.2.15 we have that ¢ o T is disjointness preserving. With

the aid of Lemma 2.1.6, the monotone norm of Y yields a Riesz norm on Y”.

Let x1,29 € X be such that Tx; L Txe. Then (ioT)xy L (ioT)xe. We apply
Theorem 2.1.1 and obtain that z1 L xs. L]

Corollary 2.1.8. Let X be a uniformly complete vector lattice, Y a pervasive
pre-Riesz space with a monotone norm, and 7': X — Y a bijective and disjointness

preserving operator. Then T7!: Y — X is disjointness preserving as well.

Proof. Let y1,y2 € Y be such that y; L ys. Take x1,29 € X with Tz; = y; and
Txo = ys. We have Txy L Txo, hence according to Theorem 2.1.7 we obtain

x1 L 5. Therefore, T~ is disjointness preserving. O

A key role in the proof of Theorem 2.1.1 is played by the next result which is due
to B. de Pagter, see [19, Theorem 8|.

Theorem 2.1.9 (B. de Pagter). Let X be a uniformly complete Archimedean
Riesz space and let Y be an Archimedean Riesz space such that for every disjoint

sequence (wp)y, in Y with w, > 0 (n € N) there exist positive real numbers A,
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(n € N) such that the set {A\,wy,; n € N} is not order bounded in Y. Then for
every disjointness preserving operator T': X — Y, there exists an order dense ideal

in X on which T is order bounded.

One could try to generalize the range space in Theorem 2.1.9 to a more general
pre-Riesz space Y and thus try to generalize Theorem 2.1.1. It turns out that
the conditions on Y needed for this approach are not more general than those of
the approach above. Nevertheless, our extension of Theorem 2.1.9 might be of

independent interest.

We need the following simple observation, which follows from the fact that i(Y")

is majorizing in its Riesz completion Y7.

Lemma 2.1.10. Let Y be a pre-Riesz space and let (Y”,4) be its Riesz completion.
For every subset A C Y, one has that A is order bounded in Y if and only if i(A)

is order bounded in Y*.

We arrive at the following extension of Theorem 2.1.9.

Theorem 2.1.11. Let X be a uniformly complete Archimedean Riesz space and
let Y be a pervasive Archimedean pre-Riesz space such that for every disjoint
sequence (wp )y in Y with w, > 0 (n € N) there exist positive real numbers A,
(n € N) such that the set {A\,wy,; n € N} is not order bounded in Y. Then for
every disjointness preserving operator T: X — Y, there exists an order dense ideal
in X on which T is order bounded.

Proof. Let T: X — Y be a disjointness preserving operator. Let (Y?,i) denote
the Riesz completion of Y. By Theorem 1.2.15, we have for every x1,z9 € X
that i(T'z1) L i(Txe) in Y? if and only if T2y L Tagin Y, s0i0T: X — Y? is

disjointness preserving as well.

Let (wy)y, be a disjoint sequence in Y? with w,, > 0 (n € N). Since Y is pervasive,
for every n € N there exists y, € Y with 0 < i(y,) < wy,. Then (y,), is a

disjoint sequence in Y, so there exist positive real numbers A,, (n € N) such that
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{Anyn; n € N} is not order bounded in Y. With the aid of Lemma 2.1.10, it
follows that {A\,i(yn); n € N} is not order bounded and hence {\,wy; n € N} is

not order bounded.

Theorem 2.1.9 now yields that there exists an order dense ideal D in X on which
10T is order bounded. Then it follows from Lemma 2.1.10 that T is order bounded
on D. O

The condition in Theorem 2.1.9 and Theorem 2.1.11 involving the disjoint sequence
(wnp)r, is satisfied if the space Y can be equipped with a monotone norm. The next

lemma provides the details of the simple verification of this fact.

Lemma 2.1.12. If Y is a pre-Riesz space with a monotone norm |||y, then for
every sequence (wy,), in Y with w, > 0 (n € N), there exist positive real numbers
An (n € N) such that the set {A\,wy,; n € N} is not order bounded in Y.

Proof. For the sequence (wy, ), in Y, let Ay, := TonTy - Then | Anwnlly = m lwnlly
=n, so {\,wp; n € N} is not norm bounded. Since the norm of Y is monotone,
every order bounded set in Y is norm bounded. Hence {\,wy,; n € N} is not order

bounded in Y. ]

Observe that if X is a Banach lattice then X is a uniformly complete Archimedean
Riesz space due to P. Meyer-Nieberg [42, Proposition 1.1.8(iv)]. By combining

Theorem 2.1.11 with Lemma 2.1.12, we immediately obtain the following corollary.

Corollary 2.1.13. If X is a Banach lattice and Y a pervasive pre-Riesz space
with a monotone norm, then for every disjointness preserving operator T: X — Y

there exists an order dense ideal in X on which T is order bounded.

2.1.2 Pre-Riesz spaces as domains

In this subsection, we present some results of disjointness preserving operators on

pre-Riesz spaces. In the following two theorems, we consider extending disjointness
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preserving operators in two different ways, i.e. order continuous operators and

norm continuous operators.

Recall that an operator T': X — Y between two ordered vector spaces is said to

be order continuous if Tz, = 0 whenever z, — 0.

Theorem 2.1.14. Let X be a pre-Riesz space with the Riesz completion (X7, 7).
Let Y be a vector lattice. Assume that for every x € X? with > 0, there
exists a sequence (x,)5%; in X with i(x,) > 0 for every n such that i(x,) 1 z. If
T: XP — Y is an order continuous operator such that (foi): X —Y is a positive
linear disjointness preserving operator, then T is also disjointness preserving on
XP.

Proof. We only need to show the conclusion holds for positive elements in X”. Let
z,y € (XP)" be such that x L y. Then there exist sequences (,)°>, and (y,)°>,
in X* such that i(z,) T« and i(y,) 1 y. It follows immediately that z,, L y, in
X+. Since 7T is order continuous, and the lattice operations are order continuous

[35, Proposition 1.1.34], we get

T A Ty = (Thimiea)) A (Tlimi(yn) )

— (im (Toi) ) A (im (Foi) )

= lim (T'zp, A Typn) = 0.

We conclude Tz L fy O

Theorem 2.1.15. Let (X, ||-||x) be a normed pre-Riesz space. Let (Y,|-||y-) be
a normed vector lattice. Let (X”,i) be the Riesz completion of X with norm
||| xo- Assume that for every x € X*\ {0}, > 0, there exists an increasing
sequence (2,,)5 ¢ in X with 0 < i(z,) < x for every n, and ||i(z,) — x| x» — 0. If
T: XP = Y is norm continuous, (f o z) : X — Y is a positive linear disjointness

preserving operator, then 7T is also disjointness preserving on X7.

Proof. Let o,y in (X?)* with z | y. By assumption, there exist two increasing
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sequences ()02 1, (Yn)o2y in X with 0 < i(z,) <z, 0 <i(y,) <y for every n,
and ||i(xy,) — z||xr = 0, ||i(yn) — yl|xr — 0. Hence, z,, L y, in X7 for all n € N.

So it has (T o z) (rn) L (f o z) (yn). Since T is norm continuous, it follows that

H (foi) (xn) — T\(:E)HY — 0 and (foi) (yn) — T\(y)HY — 0. By the fact that

the lattice operations are norm continuous [35, Proposition 3.6.19], it has

(725) o

A ‘(foz) ()

-fr] ], o

Therefore )f(x)’ A ’f(y)’ =0, and hence 7 is disjointness preserving. O

It turns out the extension of operator as in the above two theorems is continuous.

Theorem 2.1.16. Let X be a pervasive pre-Riesz space with Riesz completion
(X*,ix), let ||-|| x be a monotone norm on X, and let ||-|| v, be defined as in (2.1).
Let Y be a partially ordered vector space with a monotone norm |||y, and let
T: X — Y be a positive and continuous linear map. Then every positive linear
map T: XP — Y that extends T in the sense that 7 o ix = T is continuous with
respect to ||-|| x, and Hf” < |||

Proof. As ||-||x is monotone, it follows from Lemma 2.1.6 that |||y, is a Riesz
norm. Let u € X? and v > 0. Take z € X with u < i(z), as T and T are

positive, it has 0 < T'(u) < <1A“o z) (z) = T'(x). Since ||-||y is a monotone norm,

we have ‘ quY < |ITzlly < |7l ||lz]l 5, and then HfUHY <|IT|| |l o Thus T is

continuous and HfH < ||| O

Since a pre-Riesz space is a majorizing subspace of the Riesz completion, we could
use the Kantorovich’s extension theorem to extend a positive linear operator, which
is from an Archimedean pre-Riesz space to a Dedekind complete Riesz space,
to a positive linear operator, which is from the Riesz completion to a Dedekind

complete Riesz space.
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To start with, we recall that Definition 1.1.6 (iv) for uniformly complete ordered

vector space X. We will use X" to denote the uniformly completion of X.

Theorem 2.1.17. Let X be a pervasive pre-Riesz space with Riesz completion
(X*,ix), let [|-||y be a monotone norm on X, and let |||y, be the norm on X?
defined as in (2.1). Assume that for every x € X* \ {0}, z > 0, there exists an
increasing sequence (zy), in X with 0 < ix(z,) < z for every n, and |ix(zy) —
z||xr — 0. Let Y be a pervasive pre-Riesz space with Dedekind completion
(Y?,iy), let |||y be a monotone norm on Y, and let ||-||ys be the norm on Y?
defined as in (2.1). If T: X — Y is a positive linear map that is continuous,
disjointness preserving and injective, then there exists a positive linear extension
T: XP Y% of iyoToiy': ix(X) — Y that is continuous, disjointness preserving
and injective as well. Moreover, if X has an order unit and X*" denotes the
uniform completion of X*, then there exists a positive linear extension T, : X** —

Y9 of iy oT o ij_{l: ix(X) — Y? that is disjointness preserving and injective.

Proof. Due to Theorem 1.3.6 (Kantorovich), there exists a positive operator T: XP -
V9 extending iy o T oiy': ix(X) — Y°. By Lemma 2.1.16, T is continuous with
respect to the Riesz norm |||y, on X? and ||-|lys on Y%, By Theorem 2.1.15, T

is disjointness preserving.

Next we show that T is injective. Let v € X? with Tv = 0, then Tvt —Tv= =0.
As T is disjointness preserving, Tvt =0 and Tv™ = 0. Suppose that v # 0, then
either v # 0 or v~ # 0. Assume without loss of generality that v+ # 0. As X
is pervasive, there is an element z € X \ {0} with 0 < ix(z) < v*. So we have
0 < (iy o T)(z) = (Toix)(z) < Tv" = 0 and hence Tz = 0. This contradicts
that T is injective. Therefore v = 0 and hence T is injective. So T: XP - YSis

a positive disjointness preserving injective operator.

As X7 is a majorizing subspace of X" by Theorem 1.3.6, T can be extended to

a positive operator T, : X% — YO,

We show as an intermediate step that every element in X#* can be approximated

from below in the relative uniform topology by a sequence from i(X). For z €
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(XP¥)T, 2 # 0, we have an element u € (X?)T, a sequence (z,,), € (X?)* and
a sequence (A\p), in R with A, | 0 and |z, — z| < Ayu for every n € N. Then
n — Au < z for every n. Take w, = (2, — A\u)T in XP. We have w, € X,
0 <w, <z and

lwn — 2] = [(zn — M) T — 27| < zn — Apu — 2| < 2\,
S0 wy, — z in the relative uniform topology.

Next we show that T, is disjointness preserving. Let v,w € XP* with v L w.
By the previous discussion, there exist v,,w, in X? such that 0 < v, < ||,
0 < w, <ly| and v, — |v| and w, — |w]| in the relative uniform topology. Then
0 <o, Awy < ] Aw| =0, so v, L w, and therefore fvn 1 fwn. Also, it
follows that there exist sequences (o), and (8y), in R with «;, | 0 and 3, | 0
and up,uz € XP? such that |v, — |v|| < apu; and |w, — |w|| < Brug for every
n. Take u = u; V ug. We obtain that |v| < ||v| — vy| + |vn| < apu + v, and
lw| < [Jw| —wy| + |wy| < Bru + wy,. It follows that

Tu([o]) A Tu(|w]) < Tulomu + va) A Tu(Buu + wn)
< (T (W) + Tu(vn)) A (BaTu(w) + To(wn))
< (o V Bu)Tu(u) + Tu(vn)) A (0 V Bn) Tu (1) + Tu(wn))
= (an V Bn)Tu(u) + (Tu(vn) A Tu(wn))
= (o V Bu)T(u) + (T (vn) A T (wn)).
= (an V Ba)T(u).

Since Y° is Archimedean and o, V 3, | 0, we infer that T,(|v|) A T (Jw|) =

Hence T,,: X" — Y? is disjointness preserving.

By using the same argument as for f, we get that T, is injective as well. O

Proposition 2.1.18. In the setting of Theorem 2.1.17, T;,: X** — T,,(X**) has

a disjointness preserving inverse T), 1: T, (X*%) — X
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Proof. Note that T, is a positive disjointness preserving operator, hence a Riesz
homomorphism. Therefore, T, (X**) is a Riesz subspace of Y9, We can extend
the norm of Y to a monotone norm on Y? by (2.1). Since T, is injective, Corollary
2.1.8 yields that 7, ': T,,(X?%) — X** is disjointness preserving. O

In the following example, we will give an application for Theorem 2.1.17.

Ezample 2.1.19. Let m € N and let C"™[0, 1] be the subspace of C[0, 1] consisting
of all m times continuously differentiable functions on [0, 1]. For every f € C[0,1]"
there exists a sequence (fy,)n in C™[0,1]1 with 0 < f,, < fand || fr,— f|loc — 0 and
also f, 1T f. We will give a proof of this statement in six steps below. The main
idea is to approximate f for a given € > 0 up to 6 from below by a g € C™|[0, 1],
by choosing g to be 0 where f < 4e, choosing g between f — 4e and f — 3¢
where f > 6e and glue these pieces of g smoothly together. Some technical
precautions are needed to make sure that our construction involves only finitely

many subintervals and that the smooth connecting parts of g are between 0 and

f.

(a) Firstly, note that for every f € C[0,1] and every € > 0 there exists g € C™[0, 1]
such that [|f — gljc < 4¢ and g < f — 3e. Indeed, according to Weierstrass’s
approximation theorem, there exists g € C"|0, 1] such that ||(f —(7/2)e) — g|lec <
e/2 and then g < (f — (7/2)e) +¢/2 = f —3c and || f — g|loo < 4e.

(b) Secondly, observe the following elementary gluing result. Ife > 0 and p, q,r, s €
[0,1] are such that p < ¢ <r < s and g: [p,q] U [r,s] = R is a C™ function, then
there exists h € C™[p, s] such that h = g on [p, ¢]U[r, s|] and min{g(q), g(r)} —¢ <
h(t) < max{g(q),g(r)} + € for every t € (¢, 7).

(¢) Thirdly, observe that the following variations on (b) are also true. If ¢ > 0
and p,q,r,s € [0,1] are such that p < ¢ < r < s and g: [p,q] U [r,s] — R is C™,
g(q) > ¢, and g = 0 on [r,s], then there exists h € C"™[p, s] such that h = g on
[p,q) U [r,s] and 0 < h(t) < g(q) + ¢ for every t € (¢, 7).

If e >0 and p,q,r,s € [0,1] are such that p < ¢ <r < s and g: [p,q]U[r,s] = R
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is C™, g(r) > ¢, and g = 0 on [p, ¢] then there exists h € C™[p, s] such that h = g
on [p,q| U[r,s] and 0 < h(t) < g(r) + € for every t € (¢, 7).

(d) Next, let f € C[0,1]* be such that f(0) > 0 and f(1) > 0 and let € > 0. We
will construct a g € C™[0, 1] such that 0 < g < f and ||g — f|lec < 6. Without
loss of generality we may assume that ¢ is so small that f(0) > 6e and f(1) > 6e.

Define 79 = 0 and for k£ € N define, inductively,

oy = inf{t € [1x_1,1]; f(t) < 5e or t =1}, and
T, = inf{t € ok, 1]; f(t) > 6e}.

We have 01 > 0 and for k € N with o, < 1 we have oy, < 7, since f(0), f(1) > 6¢
and f is continuous. If o, = 1, then 7, = 1. Similarly, for every £ € N we
have 7, < og41 or T = o1 = 1. For k € N with o < 1 we have f(oy) = be
and if 7, < 1 then f(7;) = 6e. There exists N € N such that o = 7, = 1 for
every k > N, since otherwise there would be a convergent subsequence (oy; ); with
ok; < 1 and hence f(oy,) = 5¢ for every j, and then (7y,); would converge to the

same limit while f(7;) = 6¢, which contradicts the continuity of f.

Now we are ready to construct the desired function g. Let & € N be such that

Tp—1 < 1. On [1x_1,0%], we the aid of (a), we take g to be C" and such that
g < f—3con[r_1,04
and SUPsefr, o0 [f(t) — g(t)] < 4e. Since f > 5e on 141, 0%], we have

g > € on [Tk—laak‘]'

If oy = 1, then we have thus defined g on all of [0,1]. Otherwise, let £ € N be
such that o, < 1. We will define g on (oj, 7;). Recall that 7, < 1, so that g has
already been defined on [r%_1, 0k| U [Tk, 0k+1]. Observe that f < 6e on [0y, %]

If f > 4e on [0k, 7%], then with the aid of step (b), we take g on (o, 7%) such that
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g is C™ on 141, 0%+1] and min{g(or), 9(7)} — € < g(t) < max{g(ow), g(7)} + ¢
for every t € (o, k). As g(ok),g(1k) > €, it follows that g > 0 on (o, 7). Since
g < f—3e < 3¢ at 0 and at 7k, we also have that g(t) < 4e < f(t) for every
t € (og, ).

If we do not have that f > 4e on [0k, 7%], then we define

T = inf{t € [o}, 7]; f(t) < 4e} and

pr = sup{t € [m, 7i]; f(t) < 4de}.

Note that 7, < pg and f > 4e on [0y, 7] U [pk, k). On [mg, pr] we take g = 0.
Recall that g(o) > e. With the aid of step (c), we take g on (oy,m) such that
g is a C™ function on [7;_1, px] and 0 < ¢(t) < g(oy) + € for every t € (op, k).
Then for every t € (o, ) we have g(t) < f(or) —3e +¢ =3¢ < f(1).

Similarly, on (pg,7x) we take g such that g is C™ on [mg, 0r11] and 0 < g(t) <
g(1i) + € for every t € (pg, 7). Then for every t € (pg,7k) we have g(t) <
f(mx) — 3+ e = 4e < f(t). Thus, we have constructed g on (o, 7x) such that
gis C™ g>0and g < f on [0k, 7]. Since f < 6e on [og, 7], it follows that

SUDy¢g, 7 | /(1) — g(t)] < Ge.
In conclusion, g € C™[0,1],0 < g < f, and || f — 9|0 < 6€.

(e) We show that for every f € C[0,1]" and & > 0 there exists a g € C™]0, 1] such
that 0 < ¢ < f and ||g — f|loc < 3e. Due to (d), it only remains to deal with the
case where f(0) = 0 or f(1) = 0. If f < 3¢ on [0,1], then we can take g = 0,
so we may assume that there exists ¢t € [0,1] with f(¢) > 3. We first consider
the case where f(0) =0 and f(1) > 0. Without loss of generality we assume that
f(1) > 2e. Define

7:=inf{t € [0,1]; f(¢) > 3¢} and
o :=sup{t € [0,7]; f(t) < 2¢}.

Observe that 0 < o < 7, f > 2¢ on [o,7], and f(7) = 3e. Then, according
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to (d), there exists a C™ function g on [r,1] such that 0 < g < (f — 2¢)T and
I(f —2¢)" — g|loo < e. We take g =0 on [0, 0] and with the aid of (c) we choose
g on (o, 7) such that g is a C™ function on [0, 1] and such that for every ¢ € (o, 7)
we have 0 < ¢g(t) < g(7) + €. Then, for every t € (o, 7) we have

g(t) < g(r) +e < (f(1) = 2¢)" +e <2 < f(1).

Thus we have constructed a g € C™[0, 1] such that 0 < g < f with ||f — g]lco < 3e.

The cases where f(0) = 0 and f(1) =0, or f(0) > 0 and f(1) = 0 can be dealt

with in a similar fashion.

(f) Let f € C[0,1]*. We construct a sequence (f,), as announced above. By
means of (e), we choose g1 € C™[0,1] with 0 < g1 < f and ||f — g1]jeo < 271
Inductively, for n € N we choose g1 € C™[0,1] with 0 < gp41 < f — Z;‘:l 9;
and ||(f — 3721 ¢j) = gnilloo < 27D, Let

foi=> gj, neN.

=1

Then, as every g; is positive, (f,)n is an increasing sequence in C™[0, 1]*. Further,
since gnt1 < f — fn, we have f, < f — gne1 < f. Moreover, ||f — fut1lloo <
2=+ 5 0 as n — oco. Finally, since f, T and ||f — fullso — 0, it follows that
f =sup,, frn in C0,1].

If T: C[0,1] — C[0,1] is an order continuous operator and T’ [p ) is disjointness
preserving, then T is disjointness preserving. Indeed, if f, g € C[0,1]" are disjoint,
take fn,gn € C®[0,1]" as above, then T'f,, L T'g, for all n € N. Since T is order
continuous, we have T'f,, — T f and T'g, = Tg asn — oo, so Tf L Tg. Hence T

is disjointness preserving.

In addition, if T': C*°[0,1] — C*°[0, 1] is positive disjointness preserving and con-
tinuous with respect to the norm ||-|| , and injective, then Theorem 2.1.17 yields

that there exists 7: C[0,1] — C[0,1] which is disjointness preserving and such
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that j:|c<>o [0’1} =T.
Combining Theorem 2.1.1 and Theorem 2.1.17 we obtain the following.

Theorem 2.1.20. In the setting of Theorem 2.1.17, if T: X — Y is bijective,

then T~ is disjointness preserving.

As for a Riesz subspace Z of Y, order denseness and pervasiveness are equivalent,
we have that Z is pervasive in Y°. The disjointness preserving of T in Z and Y?°
are equivalent as well, and their norms are identical. So we can use Corollary 2.1.8

to obtain a corollary.

Corollary 2.1.21. Assume the setting of Theorem 2.1.17, and let Z be a Riesz
subspace of Y and T),: XP* — Z. Then (T,)~ " is disjointness preserving.

In Theorem 2.1.15, it is required that for every x € (X*)T, there exists a sequence
(xr)5% 1 in X which converges to  from below. In general, however, this condition
is not always satisfied. For example, let X = Pol? [0,1], then X” is the subspace
of C[0, 1] consisting of piecewise polynomial functions. It is easy to find a positive
x € X?\{0} which vanishes on a subinterval of [0, 1] and then there is no sequence

in X that converges to z from below.

We note that not every disjointness preserving operator on a pre-Riesz space can
be extended to its Riesz completion without some strong conditions and keep
the property of being disjointness preserving. For example, if X = Pol?[0,1] the
operator T' defined by (T'z)( fo s)ds,t € [0, 1], is not disjointness preserving
on X” but it is d15301ntnebb preserving on X, since two elements x,y € X are

disjoint in X only if x =0 or y = 0.

2.2 More conditions for extending disjointness preserv-

ing operators

This section is a joint work with A. Kalauch (TU Dresden).
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In this section, we will explore disjointness preserving operators on pre-Riesz spaces

from three different angles.

The first part is concerned with the question whether Riesz* homomorphisms
between two pre-Riesz spaces are disjointness preserving operators on pre-Riesz
spaces. Then in the second part, a condition which is called 'condition (5)’, will
be considered and it will be shown to imply that the inverse of T  is disjointness
preserving. Moreover, we study when an operator from a pervasive Archimedean
pre-Riesz space with the Riesz decomposition property to a Dedekind complete
vector lattice can be extended to an order bounded and disjointness preserving

operator on the Riesz completion.

2.2.1 Riesz* homomorphism

Let us recall the definition of Riesz homomorphisms on Riesz spaces first.

Definition 2.2.1. Let X and Y be two Riesz spaces, an operator T: X — Y
is said to be Riesz homomorphism if it preserves the lattice operations, i.e.
whenever T'(z A y) = T'(x) AT(y) holds for all z,y € X.

The definition of Riesz* homomorphism on pre-Riesz spaces is given by M. van
Haandel [54, Definition 5.1].

Definition 2.2.2. Let X and Y be two pre-Riesz spaces, an operator T: X —
Y is said to be Riesz* homomorphism if for every z1,...,2, € X it has
T{x1,..., e, C{Txp,..., Tz, }" in Y.

The next theorem, due to M. van Haandel [54, Theorem 5.6], characterizes that
the Riesz* homomorphisms on pre-Riesz spaces are exactly the restriction of Riesz

homomorphisms on Riesz completions.

Theorem 2.2.3. Let T: X — Y between two pre-Riesz spaces be a linear op-
erator, and X? and Y” the Riesz completion of X and Y, respectively. Then T
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is a Riesz* homomorphism if and only if it extends to a Riesz homomorphism

T,: XP — YP.

Concerning disjointness preserving operators in vector lattices, Riesz homomor-
phisms are typical examples. Therefore, in view of Theorem 2.2.3, one expects

that in pre-Riesz spaces Riesz* homomorphisms preserve disjointness.

Lemma 2.2.4. If X and Y are pre-Riesz spaces and T: X — Y is a bipositive
Riesz* homomorphism, then for every z,y € X we have x L y if and only if
Tx L Ty.

Proof. If Tx 1 Ty in Y, then it follows directly from the definition of disjointness
that Tz L Ty in T[X] (see Proposition 1.2.15), so that bipositivity of T yields
that = 1 y.

Assume z L y. Let (X?,ix) and (Y?,iy) be the Riesz completions of X and Y,
respectively. Due to Theorem 2.2.3 there is a Riesz homomorphism 7),: X? — Y?
that extends 7" in the sense that T, o ix = iy o T. In particular, T}, is positive
and disjointness preserving. Recall that z L y in X if and only if ix(z) L ix(y)
in X?, and similarly for elements in Y. For z,y € X with « 1 y we thus have
ix(x) Lix(y) and therefore T,(ix(x)) L T,(ix(y)), so that iy (T (x)) L iy (T(y)),
which yields that T'(z) L T'(y). O

2.2.2 Condition (5)

In the setting of vector lattices, in [4, Definition 2.2| a condition () for T is
introduced by means of disjoint complements, and it is shown that (/) implies
that 7! is disjointness preserving. We deal with the analogous condition () in
pre-Riesz spaces, see the subsequent definition. Recall that for elements x,y of a

pre-Riesz space X one has {z}9 C {199 if and only if z € {y}9d.

Definition 2.2.5. Let X and Y be pre-Riesz spaces and let T: X — Y be a
linear operator. T is said to satisfy condition (3) if for every z,y € X with
{x}4d C {y}94 it follows that {Tz}dd C {Ty}4d.



36 Chapter 2. Disjointness preserving operators on ordered vector space

The idea of this condition was introduced by B. Randrianantoanina [46]|. In func-
tion spaces, (#) means the following: if the support of a function is contained in
the support of another function, then the same is true for the supports of their
images. We will show that (3) for T implies T~! being disjointness preserving,

provided X and Y are pre-Riesz spaces and X is, in addition, fordable.

Definition 2.2.6. Let X be a pre-Riesz space and (X7, 1) its Riesz completion.
X is called fordable if for every y € X? y > 0, there is M C X such that

{y} =i,

The property ’fordable’ emerges firstly in [53, Lemma 2.4]. The content of this

lemma is stated as follows.

Lemma 2.2.7. Every pervasive pre-Riesz space is fordable.

However, the converse of above lemma is not true in general. In [30, Example
3.3.22], it shows that X = {al1 +v; a € R,v € C[0,1],0(0) = 0, [ v(t)dt = 0}
is a fordable pre-Riesz space, but not pervasive. In addition, the pre-Riesz space
X = Pol?(R) is not fordable, hence not pervasive, see [30, Example 3.3.23].

With the aid of the fordable condition, we show some results about disjoint ele-

ments in pre-Riesz space.
Lemma 2.2.8. Let X be a pre-Riesz space and let z,y € X. Then the following
statements hold:

(i) If z L y then {z}4 N {y}4d = {0}.

(ii) If X is, in addition, fordable, then from {z}99 N {y}4d = {0} it follows that

z 1l y.

Proof. (i) Assume that z L y, i.e. y € {z}9. Hence, {y}dd C {2}ddd = [z}
which implies

{2} {yy € {2} n {2} = {0}.
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(ii) Assume that {z}99 N {y}9d = {0}. Let (X*,i) be the Riesz completion of
X and define u := |i(z)| A |i(y)]. Since X is fordable, there is S C X such that
{u}d =4(S)? in X*. From Proposition 1.2.15 it follows that

i1 [{u}d} =i [i(S)d} = 54, (2.2)

We show that S99 C {z}94. Indeed, let z € {x}9, then i(z) L i(x), hence
i(z) L u. Due to (2.2), z € i~ [{u}d] = 59, It follows that {z}4 C S9, and
therefore S44 C {x}dd.

Analogously, one obtains S99 C {y}94. The assumption yields S C S C {0}.
Now (2.2) implies that i(X) C {u}9, hence from Lemma 1.2.18 it follows that
u = 0. Consequently, i(x) L i(y), which implies = L y. O

If X is not fordable, then Lemma 2.2.8 (ii) is not true, in general. Indeed, consider
in [33, Example 4.8] the elements z = (1,0,1)T and y = (0,1,1)" in R3, then
{2} 0 {y}4 = {0}, but = L y.

We continue now with the main result of this subsection.
Theorem 2.2.9. Let X and Y be pre-Riesz spaces and let 7: X — Y be a linear
injective operator.

(i) If X is, in addition, fordable and T satisfies condition (3), then T—1: T[X] —

X is disjointness preserving.

(ii) Let T be surjective and disjointness preserving. If 7! is disjointness pre-

serving then T satisfies (53).

Proof. (i) Let y1,y2 € T[X] be such that y; L yo in Y and let x1, 22 € X be such
that Tx; = y; and Ty = y2. Due to Lemma 2.2.8 (i) one obtains

{y1}19 N {y2}4 = {0}.
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Let u € {21}99 N {22}, From u € {x1} it follows that {u}dd C {21}94, hence
property (B) yields that {Tw}dd C {Tx1}9. Analogously, {Tu}dd C {Txy}dd,

therefore
{Tu} € {Ta1}9 N T} = {51} N {2} = {0},

which yields Tu = 0. As T is injective it follows that u = 0. Thus we obtain that
{x1}99 N {22} = {0}. Since X is fordable, Lemma 2.2.8 (ii) yields that z1 L 5.

Consequently, 7! is disjointness preserving.

(ii) The line of reasoning here is similar to the proof of [4, Proposition 3.3|. Let
x1,72 € X be such that {z1}9 C {22199, and assume that {Tz;}99 ¢ {To}99.
This means Tzy & {Tz2}9, i.e. thereis ay € {Tz2}9, y # 0, such that Tz1 [ y.
In particular, one has y 1. T'xo. Since T is bijective, there is an x € X, x # 0, such
that To = y. Since T~! is disjointness preserving, one obtains « L 5. On the
other hand, since T is disjointness preserving, one gets = Y z1. This contradicts

the assumption, since x € {z2}4 C {21} O

2.2.3 Order bounded and disjointness preserving extension

The purpose of this subsection is to extend operators on pre-Riesz spaces to Riesz
completions with a different point of view than in previous sections. It turns
out that this extension could preserve the order boundedness and disjointness,
providing that X be a pervasive Archimedean pre-Riesz space with the Riesz

decomposition property and Y a Dedekind complete vector lattice.

Definition 2.2.10. The ordered vector space (X, K) has the Riesz decomposi-
tion property, in short RDP, if for every x1,x2,2 € K with z < x1 + x2, there

exist z1, z0 € K such that z = 21 4+ zo with 21 < z1 and 29 < xo.

The extension is characterized by the following theorem.

Theorem 2.2.11. Let X be a pervasive Archimedean pre-Riesz space with the
RDP, Y a Dedekind complete vector lattice. If T: X — Y is order bounded and
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disjointness preserving, then there exists an extension to all of X” which is order

bounded and disjointness preserving.

Proof. Let i: X — X” be the bipositive linear map as in Theorem 1.2.7. For a
fixed y € X? with y > 0, since X is pervasive there exists some z € X with
0 < i(x) < y. As X is Archimedean, it follows from Proposition 2.1.4 that
y = sup{i(z) € i(X);0 < i(zr) < y}. Because of i(X) is majorizing in X7,
there exists z € X such that y < i(z). So i(z) <y < i(z) and x < z. The
order boundedness of T implies that {Tz;z € X,0 < i(z) < y} is bounded.
Thus sup{Tz;x € X,0 < i(x) < y} exists in Y. So one can define a mapping
T: XP =Y via the formula

Ty =sup{Tz; z € X,0 <i(z) < |y}, y € X" (2.3)

Clearly, this T is order bounded in the sense that it maps order bounded sets to
order bounded sets. For 0 < i(z) < |y1 + y2| < |y1| + |y2|, because X has RDP,
there exist z1,x2 € X with 21 + 22 = 2, 0 < i(z1) < |y1] and 0 < i(x2) < |yal.
Thus f(yﬁ—yg) =sup{Tz;z € X,0 <i(z) < |y1+y2|} < sup{T(z1+x2); 21,22 €
X,0 <i(x1) < [y1],0 < i(x2) < |ya|} < Ty1+Tys. So T is sublinear, and it is clear
that T'(z) < T(z) holds for all z € X. By Hahn-Banach extension theorem, the
operator 1" has a linear extension S to X7 satisfying S(u) < f(u) for all u € X”.

An easy argument shows that .S is also order bounded. We only need to prove S
is disjointness preserving. Let yi,y2 € X? with y;1 L y2. So |y1| L |y2|. By the
above discussion, there exists 0 < x; € X such that 0 < i(z;) < |y;|, j = 1,2.
Hence, i(z1) L i(z2) and z1 L 9, the disjointness preserving of 7' implies that
Txz; L Txy. Thus fyl 1 fyg. Since S(y1) < f(yl) and —S(y1) = S(—y1) <
T(—=y1) = T(y1), we have |S(y1)| < T(y1). Similarly, |S(y2)| < T(ys). Hence,
1S(y)| A S (y2)| < T(y1) AT(y2) = 0. Thus S(y1) L S(y2). Thus we complete the
proof. O

It is a remarkable fact that in the case of vector lattices, every order bounded

and disjointness preserving operator is regular [25]. However, this is not true for
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operators on pre-Riesz spaces in general. In [52] an example of an order bounded,
non-regular linear functional on a directed partially ordered vector space was given.
We will use this example to construct an order bounded disjointness preserving

operator which is not regular.

Ezample 2.2.12. For A C [0,00) let x4 denote the corresponding indicator func-
tion. Define for n, k € N,

en :[0,00) = R, U= X[n—1n) (),

Up k- [0, o) = R, t— ntX[o,%](t) + %X{n_’_ %}(t),

(0.0) with point-

and consider the subspace X := span{ey,,u,x; n,k € N} of R
wise order. For every x € X there exists tg > 0 such that x is affine and, hence,

differentiable on (0, tg). Define

T: X - X, zw— <limx'(t)> er.
t10
For the sake of completeness, we list all relevant properties of X and 7', where (i),
(iv) and (v) are already dealt with in [52].

(i) X is directed. Indeed, every element in X is bounded and has bounded support.
For z,y € X there is n € N such that z,y <n >, e;, hence X is directed.

[0,00)

(ii) X is a pre-Riesz space. Indeed, R is Archimedean, therefore its subspace

X is Archimedean as well. [54, Theorem 1.7(ii)| yields that X is a pre-Riesz space.

(iii) T is disjointness preserving. Indeed, let W 2@ e X with 20 L 23, There
is M € N such that for i € {1,2}

2l = Z%(f)en + Z )‘S)kun,k,
n=1 n,k=1

1
VI
[0, ﬁ], then Tx(Y) = 0 and hence Tz | Tz3.

i.e. 2z and () are affine on [0 ] Let without loss of generality (') = 0 on
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(iv) T is order bounded. Indeed, for v,w € X with v < w there are N € N and
C € (0,00) such that +v, +w < Czi]\il e;. An element x € X withv <z <w is

affine on [0, %]7 hence —2NCey <Tx < 2NCle;.
(v) T is not regular. Indeed, assume that there is a positive linear operator S: X —

X such that S > T. For n,k € N one has that 0 <, <ej + %enﬂ, hence
T () = mer < S(une) < Ser) + £5(ensn).

and therefore k(ne; —S(e1)) < S(en+1) for every k € N. Since X is Archimedean,
it follows that ne; — S(e;) < 0. From ne; < S(ey) for every n € N one obtains

e1 < 0, a contradiction.
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Chapter 3

Compact operators on pre-Riesz

spaces

The theory of compact operators comes originally from integral equations theory.
Recall that a compact operator is an operator which sends the closed unit ball
of the domain space onto a relatively compact subset of the range space, i.e. this
subset has a compact closure. An alternative definition is that an operator which
maps every norm bounded sequence to a sequence with a norm convergent subse-
quence. Compact operators have more nicer properties than arbitrary operators.
For example, the spectral property by B. de Pagter [20] holds, Schauder’s Fixed
Point Theorem of compact maps, and moreover compact operators form a two-
sided ideal in the operator algebra, see the book by J. B. Conway [17]. For these

reasons compact operators are more attractive for studying.

We list some remarkable results for compact operators on Banach lattices. For
Banach lattices X, Y such that X', Y both have order continuous norms, if a
positive operator S: X — Y is dominated by a compact operator T: X — Y,
ie. 0 < S5 < T, then S is compact, this was established by P. Dodds and D.
Fremlin |21]. This positive domination property is also proved by A. W. Wickstead

[57] in the situations that either X’ or Y is atomic with an order continuous

43
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norm. This conclusion holds only in these three cases, due to A. W. Wickstead
[58]. The domination property holds for Dunford-Pettis operators as well, as was
established by N. Kalton and P. Saab [36]. Moreover, due to C. D. Aliprantis and
O. Burkinshaw [5], if a positive operator on a Banach lattice is dominated by a

compact operator, then its third power is a compact operator.

In this chapter, we mainly consider the similar positive compact domination prop-
erty on pre-Riesz spaces. Namely, we explore under which suitable conditions for
pre-Riesz spaces X and Y, we have that every positive operator dominated by
a compact operator is compact. We also address the question whether a similar
result concerning the third power of the operator is true for operators on pre-Riesz

spaces.

To use the theory of pre-Riesz spaces and Riesz completions, one natural question
is how we extend a norm on a pre-Riesz space to an order continuous norm on its
Riesz completion. In [50, Theorem 3.43|, the author states that a regular seminorm
on a pre-Riesz space can be extended to a Riesz seminorm on the Riesz completion.
So the difficulty comes down to the following. For an arbitrary element in the Riesz
completion, find a directed net in the pre-Riesz space that order converges to it.
In Section 3.1, we will settle this by providing the condition that the pre-Riesz

space is pervasive Archimedean with the Riesz decomposition property.

Section 3.2 is concerned with a unique extension of an operator defined on a pre-
Riesz space to its Dedekind completion, based on norm denseness and by means

of order continuous norms.

In Section 3.3, we investigate how the positive domination property of compact
operators introduced by P. Dodds and D. Fremlin in [21], and the theory of the
third power compact operators by C. D. Aliprantis and O. Burkinshaw [5] can be

generalized to operators on pre-Riesz spaces. We present some partial results.
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3.1 Extension of order continuous norms
A seminorm p on an ordered vector space (X, K) is said to be order continuous
if , > 2 implies p(zq — ) — 0.

Recall that Lemma 2.1.6 in Chapter 2 yields that for a pervasive pre-Riesz space
with a monotone norm there exists a Riesz norm on the Riesz completion of the

pre-Riesz space. In fact, such a norm can be obtained by a regular norm.

Definition 3.1.1. Let X be a directed partially ordered vector space with a

seminorm p, then we say that p is regular if for every x € X,

p(z) = inf{p(y); y € X, —y <z <y} (3.1)

On vector lattices, regular seminorms and Riesz seminorms coincide, this result is
due to O. van Gaans [50, Theorem 3.40|. Moreover, due to [50, Theorem 3.43 and
Corollary 3.45|, one can extend the seminorm on a pre-Riesz space in the following

way.

Theorem 3.1.2. Let (X, K) be a directed partially ordered vector space with a
seminorm p. Let Y be a directed partially ordered vector space and ¢: X — Y a

bipositive linear map, such that i(X) is majorizing in Y. Define
pr(y) := inf{p(z); x € X such that —i(z) <y <i(x)}, ye Y. (3.2)

The following statements hold.

i) p, is the greatest regular seminorm on Y with p, < p on K.
p g g p p

(ii) pr = p on K if and only if p is monotone. Moreover, if p is monotone, then

3D

S
S
Y

(iii) pr = p on X if and only if p is regular.
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Remark 3.1.3. There are more situations in which regular norms are used. In
the study of operator theory, if X and Y are two Banach lattices, then the space
Lp(X,Y) of all order bounded operators is merely a partially ordered vector space,
and the operator norm is not a Riesz norm. As a subspace of £1,(X,Y), the regular
operator space £,(X,Y’) is not complete with respect to the operator norm, but
it is a Banach space for the regular norm |||, := inf{||S]|; S € LT(X,Y),|Tz| <
Sx,x € XT}, T € L£,(X,Y). If Y is additionally Dedekind complete, then
(L:(X,Y),]| - ||) is a Banach lattice, see [42, Proposition 1.3.6]. For more re-
sults on regular norms we refer the reader to the work of Y. A. Abramovich, Z.
Chen, and A. W. Wickstead [2], W. Arendt [8], Z. Chen and A. W. Wickstead [15]
and A. W. Wickstead [59].

Before we consider the extension of order continuous norms on pre-Riesz spaces,
we point out the fact that for every pre-Riesz space X with the Riesz completion
(X?,1), the subspace i(X) is order dense in X”, but for a positive element in
X7, it is difficult to find an upward directed net of positive elements in i(X) such
that this net is order convergent to it, even if X is pervasive. In the following
discussion, we try to construct an increasing net in ¢(X) explicitly by using the
Riesz decomposition property. The next result is due to B. Z. Vulikh [56, Lemma
V.1.1].

Proposition 3.1.4. Let (X, K) be an ordered vector space. The following state-

ments are equivalent:

(i) X has the Riesz decomposition property.

(ii) For arbitrary x1,za, 3,4 € X with x1, 29 < x3, 24, there exists z € X such

that x1, 29 < z < x3, 4.

Notice that in Proposition 2.1.4, we have that if X is a pervasive Archimedean
pre-Riesz space, then for an arbitrary z € (X?)*, we can find some elements in
i(X)* for which z is the supremum. If we assume that X has additionally the
Riesz decomposition property, then we can construct a net which order converges

to x.
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Theorem 3.1.5. Let X be a pervasive Archimedean pre-Riesz space with the
RDP, let (X*,7) be the Riesz completion of X. For every 0 < y € X?, if there
exist a1,...,a, € X' such that y = /\;-L:1 i(a;), then there exists an increasing
net in i(X)T which is order convergent to y. Moreover, for every y € X? there

exists a net in ¢(X) which is order convergent to y.

Proof. Let 0 <y € X¥ and y = \}_,i(a;), a1,...,a, € XT. As X is pervasive,
the set
D={uci(X)";0<u<y}

is not empty.

Let u1,us € D with ug,us < aq,...,a, in X. Since X has the RDP, there exists
us € i(X) such that

Uy, U2 §U3§a17---7an-

So uz < Aj_ji(ar) = yi. Hence uz € D. This implies that D is upward directed.
Define (2a)aep by za = «, a € D, clearly (z4)q is an upward directed net in

i(X). As X is Archimedean, by Proposition 2.1.4 we have y = sup D.

Moreover, let y € XP. If y = 0, it is obvious that we can define a net consisting of
elements with value 0 such that it is order convergent to y. Let y # 0. Since i(X) is
an order dense subspace of X” and generates X” as a vector lattice, there exist a;
andbyin Xt j=1,...,nandk =1,...,m, such that y = Nj=1 i(a;)— Nz i(br)-
Let y1 = Aj_yi(as), y2 = NjZy i(br), then y1,y2 € (XP)*. Obviously, y1 and yo
can not be zero at the same time. Without loss of generality, let y; # 0. By
the previous discussion, there exists (zq)q in (X)) with zo = y;. By the same

reasoning, there exists a net (wg)s with wg 2 ya.

Define s, gy = 2a — wp. We claim that s, g) 2 y1 — yo. In fact, there exist nets
(ua)a, (vg)p in 4(X)T such that —uq < 2o — Y1 < Ua, —v5 < wg — y2 < vz and
Ua 4 0,3 1 0. So —(tua+v8) < (2a —wg) — (Y1 — y2) < uq+vg and (uq +vg) | 0.
Hence s, ) 2 y1 — yo. This completes the proof. O
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Remark 3.1.6. Clearly, for x = \/}_, i(ax) in (X?)T, and z € i(X) with z —z €
(X?)*, by the proof of Theorem 3.1.5, one has a net (uq)acp in i(X)* which is
upward directed and convergent to z — x. Define vy, = 2z — u, for every a € D,

then the net (vq)aep C i(X) is downward directed and convergent to x.

In the next lemma, based on Zorn’s lemma, it is shown that for a positive de-
creasing net in the Riesz completion (X7, i) of a pre-Riesz space X, if its infimum
exists, then there exists a downward directed net in 4(X )™ such that their infimum

are equal, it is due to [35, Lemma 3.7.11].

Lemma 3.1.7. Let X be a pervasive Archimedean pre-Riesz space and (Y,i) a
vector lattice cover of X. Let (ya)acr be a net in Y such that y, | 0. There exists
anet (x3)ges in X with 23 | 0 and such that for every g € J there exists o € I

such that for every a > o we have i(zg) > ya.

This lemma will be used to prove the following theorem, which extends order
continuous norms on pre-Riesz spaces. Recall that a norm || - | on a partially
ordered vector space X is called semimonotone if there exists C € Rt such that

for every z,y € X with 0 <z <y one has ||z|| < C||y||.

Theorem 3.1.8. Let X be a pervasive Archimedean pre-Riesz space, p a semi-
monotone seminorm on X, and (Y,4) a vector lattice cover of X. Let p, on Y be
defined by

pr(y) == inf{p(z); v € X such that —i(z) <y <i(x)}, y €Y.

If p on X is order continuous, then p, is an order continuous seminorm on Y as

well.
Proof. By Theorem 3.1.2 (i) it follows that p, is a seminorm on Y. We show that
Py is order continuous.

Assume that z, — 2z in Y, i.e. there exists a net (yg)ger C Y such that for every
there is g such that for every a > ag we have +(zo—x) < yg | 0. As by Theorem
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3.1.2 (i) the seminorm p, is regular we have p,(zo —z) < p,(ys). By Lemma 3.1.7
there exists a net (z,), C X such that for every ~ there is 5y such that for every
f > Bo we have i(zy) > yg and z, | 0. Since p is order continuous, p(zy) | 0.
Since p is semimonotone, there is a constant C such that p,(i(v)) < Cp(v) for
every v € X. Then p.(zq — 2) < pr(yg) < pr(i(zy)) < Cp(2zy) — 0. Hence p, is

order continuous on Y. O

Theorem 3.1.8 and Theorem 3.1.5 together yield the following corollary.

Corollary 3.1.9. Let X be a pervasive Archimedean pre-Riesz space with RDP
with an order continuous semimonotone seminorm || - [|x. Let (X?,7) be the
Dedekind completion of X, and define || - || ys on X by

llyllxs := inf{||z||x; x € X such that — j(z) <y < j(x)}.

Then ||-||ys is an order continuous seminorm and (X, || - ||x) is norm dense in
(X9, || - |l xs). Furthermore, || - || xs extends || - ||x if || - ||x is regular.
Proof. The order continuity of || - || xs is same with the Theorem 3.1.8. It remains

to show that (X, || - ||x) is norm dense in (X0, | - ||xs). Let (X?,4) be the Riesz
completion of X. For every y € X? according to Theorem 3.1.5, there is a net
(zo) in i(X) with 2, 2 y. By Theorem 3.1.8, || - ||x» is order continuous, and
then ||zo — yllxr — 0, so that X is norm dense in X?. Let y € (X%)*, and
D:={z € XP;0<z <y} Since X is pervasive in X% and X? is Archimedean,
hence, by Proposition 2.1.4, we have D is upward directed and sup D = y. Define
the net (z,), by 2, := p, u € D. Therefore z, = y and ||z, — y||xs — 0. Thus

we conclude X7 is norm dense in X?. It follows that X is norm dense in X?.

Moreover, by Theorem 3.1.2 (iii) the seminorm || - || xs extends | - ||x if (and only

if) || - ||x is regular. O
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3.2 Extension of compact operators

In this section, we will show that a compact operator on a pre-Riesz space X with
a suitable order continuous norm can be extended to a compact operator on the
Dedekind completion X% of X. To make sure that the norm on X indeed is an
extension of the order continuous norm on X, the norm of X is required to be
regular. Then we will use Corollary 3.1.9 to extend the operator, see the following

theorem.

Theorem 3.2.1. Let (X, || ||x) be a pervasive Archimedean pre-Riesz space with
RDP equipped with an order continuous regular seminorm. Let (X 5,2’) be the
Dedekind completion of X. Let Y be a Banach lattice with an order continuous
norm. If 7" is a bounded operator in L(X,Y), then there exists a unique bounded

linear extension T' € L(X°Y). If T is compact, then T is compact as well.

Proof. Recall that by Theorem 3.1.2 (i) there exists the greatest regular seminorm
||| xs on X? which extends || -||x. Due to Corollary 3.1.9, X is dense with respect
to the seminorm in X%. So there exists T € L(X%,Y) which uniquely extends T

by means of for z € X0 Tz = lim Tz, where (z,), € X norm converges to z.

Let (x,,)n be a norm bounded sequence in X?. It follows from the norm denseness
of X in X? that there exists a norm bounded sequence (y,), in X such that
[i(yn) — @nllxs < L holds for all n € N. As T is compact, (T'yn), has a convergent

subsequence (T'Yp, )n,. So there exists y € Y such that for £ — oo we have

|1 Tyns, = ylly = 0.

For the subsequence (fﬂ:nk) of (ffvn), one has

Hf:pnk — Tyn,

= [P, — Tt
< 17| e = il

1
<|7] ;-0
N,
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as k — oo. Then

fron ol o~

st 1 TYn, —ylly — 0

as k — 00. So (T\ xn) has a convergent subsequence, and hence T is compact. [

3.3 Compact domination results in pre-Riesz spaces

In this section, we will extend two results concerning the domination property of
positive compact operators on Banach lattices to the setting of pre-Riesz spaces.
We will consider appropriate norms and use Riesz completions or Dedekind com-
pletions of pre-Riesz spaces. In order to extend a compact operator on a pre-Riesz
space to a compact operator on the Dedekind completion, we will use Theorem

3.2.1. Let us recall some preliminaries first.

Let (X, 7) be a topological vector space. The topological dual X’ of (X, 7) is the
vector space consisting of all 7-continuous linear functionals on X. For a partially
ordered vector space X, the vector space of all order bounded linear functionals
is called the order dual of X, and denoted by X~. The next theorem is due to
|6, Theorem 3.49].

Theorem 3.3.1. The topological dual X’ of a locally convex-solid Riesz space

(X, 7) is an ideal in its order dual X™.

The classical domination property of compact operators between Banach lattices
by [6, Theorem 5.20], which reads as follows.

Theorem 3.3.2. (Dodds-Fremlin ) Let X be a Banach lattice, Y a Banach lattice
with X’ and Y having order continuous norms. If a positive operator S: X — Y

is dominated by a compact operator, then S is a compact operator.

Remark 3.3.3. This result is proved originally by P. G. Dodds and D. H. Fremlin

in [21]. An easier accessible proof is given in |6, Theorem 5.20]. In fact, note that
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in the proof of |6, Theorem 5.20], it does not use the norm completeness of X. As

a consequence, we have the following corollary.

Corollary 3.3.4. Let X be a normed Riesz space, Y a Banach lattice with X’ and
Y having order continuous norms. If a positive operator S: X — Y is dominated

by a compact operator, then S is a compact operator.

Now our aim comes down to extending Corollary 3.3.4 to pre-Riesz spaces. We
firstly consider the domain space X to be a pre-Riesz space, and we suppose it is
pervasive and Archimedean. Alternatively, if X is not norm complete, one could
consider the order continuous regular seminorm on X, then use the same argument

as in Theorem 3.2.1 and apply Corollary 3.3.4 to obtain compactness of S.

Theorem 3.3.5. Let X be a pervasive Archimedean pre-Riesz space with RDP
equipped with an order continuous regular norm, (X 5 i) the Dedekind completion
of X. Let Y be a Banach lattice with an order continuous norm. Let 7"in L(X,Y")
be a positive compact operator and assume that (X 5)’ has order continuous norm.
If Se L(X,Y) with 0 < S <T, then S is compact.

Proof. Recall that by Theorem 3.1.2 (i) there exists the greatest regular seminorm
on X7 extending the norm on X. By Theorem 3.2.1 there exists a unique bounded
linear extension 7 of T on X % which is compact. In fact, for z € X?°, T is given
by Tz = lim Tz, where (z,), € X norm converges to x. We define S in a similar
way. So for x € (X?)T we have (x,), € XT and Sz, < Tz, for all n € N. It
follows that

Sz = lim Sz, <lmTx, = Tx.

The positivity of S is clear. By Lemma 2.1.6 the seminorm on X? is actually
a norm. Due to Corollary 3.3.4, we have S is compact. Hence § = §]X is

compact. O

For an operator between two pre-Riesz spaces X and Y, even though we could

extend it to the Riesz completion, for the method in the proof of Theorem 3.3.2,



3.3. Compact domination results in pre-Riesz spaces 53

we also need that the norms of (X?)" and Y are order continuous. It is difficult
to characterize the space structure of dual spaces of pre-Riesz spaces, for example,
whether (X’)? equals (X?)" or not. Fortunately, if we suppose that the codomain
space Y is a directed Archimedean partially ordered vector space and complete
with respect to the regular norm, then it has a Dedekind completion which is norm
complete as well. Then we can embed Y into the Dedekind completion, and use

Theorem 3.3.5, see the following two theorems.

Theorem 3.3.6. Let X be a directed Archimedean partially ordered vector space
with a regular norm || - || such that X7 is || - ||-closed. Let (X?,) be the Dedekind
completion of X, and define for y € X?,

lyllr := inf{]lzll; 2 € X, —i(z) <y <i2)}.

If (X, - ||) is complete, then (X9, | - |») is complete.

Proof. The proof is similar to [50, Theorem 2.12|. Assume that (X,| - ) is
complete. Let (y,)n be a sequence in X° such that 3°°°, 2"||y,[l, < co. We
show that there exists y € X° such that ‘y— 27]27:1 yn’ — 0 as N — oc.
T

Take z, € X with —i(z,) < yn < i(zn) and |[ynllr > |lzall — 2. Then

Yool 1 2M|zn|| < oo. Since X is norm complete, u = > 7, 2"z, exists in X.

As for every n € N we have z, € X and X7 is closed, we have u € X
and v > Y " 2"z, > 2"z, for every m € N. Now for N > M, we have

N M N N ) N _n) -
Zn:l Yn — Zn:l Yn = Zn:MJrl Yn < Zn:M+1 Z(l‘n> < (Zn:M+1 2 n) Z(“’)? and
Zivzl Yn — er\zil Yn = — (Ziszﬂ 27”) i(u). Since mev:M+1 27" — 0 when
M, N — oo, we have that (2521 yn> N is a relatively uniformly Cauchy sequence.

Since X° is Dedekind complete and hence relatively uniformly complete, there

exists y € X? and there is a sequence (Ay)y of reals with Ay — 0 such that
“Awi(u) < y = S0 g < Awi(u). Then ||y — S0,

T
N — oo. Thus, (X‘S, | - [|r) is complete. O

< Anljul] = 0 as

Then we will proof the positive domination property of compact operators on
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pre-Riesz spaces in the following theorem.

Theorem 3.3.7. Let X be a pervasive Archimedean pre-Riesz space with RDP
equipped with an order continuous regular norm. Let Y be a directed Archimedean
pre-Riesz space with an order continuous regular norm || - ||y that Y is norm
complete. Let X? be the Dedekind completion of X and (X?)’ has order continuous
norm. If a positive operator S: X — Y is dominated by T, i.e. 0 < § < T, and

T is compact, then S is compact as well.

Proof. Let Y? be the Dedekind completion of Y, and i: Y — Y?° be the natural
embedding map. Since 7 is bipositive, we have 0 < i0S < 0T form X to Y. As i
is continuous and T is compact, i0T is compact. By Theorem 3.1.2 (i) there exists
the greatest regular seminorm on Y (in fact, since Y has a norm, the seminorm
on Y? is a norm) extending the norm on Y. Because Y has order continuous
norm, by Theorem 3.1.8 the space Y has order continuous norm as well, and by
Theorem 3.3.6 the space Y is norm complete. It follows from Theorem 3.3.5 that
io S is compact. Let (z,), be a norm bounded sequence in X, then (i o S)(x,)n
has a norm convergent subsequence (i 0 S) (2, )n, in Y°. Then (i o S)(xn, )n, is a
Cauchy sequence, so S(zp, )n, is a Cauchy sequence in Y. Since || - ||y is regular,
by Theorem 3.1.2 (iii) we have |ly|ly = ||i(y)|ys for every y € Y. As Y is norm

complete, S(zp, ) is convergent in Y. Hence S is compact. O

Beside the domination property of compact operators as in Corollary 3.3.4, there is
also a result in |5, Theorem 5.13| which clarifies the positive domination property

of third power of compact operators on Banach lattices, see the following theorem.

Theorem 3.3.8. (Aliprantis-Burkinshaw) If a positive operator S on a Banach

lattice is dominated by a compact operator, then S2 is a compact operator.

Now we may ask whether or not this result can be extended to pre-Riesz spaces.
The answer is affirmative if we additionally suppose, among other conditions, that
the pre-Riesz space has an order unit and an order unit norm. To establish this

result, let us recall some known preliminaries.
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Recall that a subset A in a topological vector space (X, 7) is called T-totally
bounded, if for every m-neighborhood V of zero there is a finite subset ® of A
such that A C |J,co(z+V) =2+ V.

The following result can be found in [6, Theorem 3.3|, and the next one is in |6,
Theorem 5.10).

Theorem 3.3.9. Let T: (X, 7) — (Y, &) be an operator between two topological
vector spaces. If T is continuous on the 7-bounded subsets of X, then T carries

T-totally bounded sets to £{-totally bounded sets.

Theorem 3.3.10. (Dodds-Fremlin) Let X and Y be two Riesz spaces with Y’
Dedekind complete. If 7 is an order continuous locally convex solid topology on
Y, then for each x € X, the set

B ={T € Ly(X,Y); T0, z] is T-totally bounded}

is a band in Ly(X,Y).

Recall that for a Riesz space X and its order dual X~ the absolute weak

topology on X is defined by a collection of seminorms py via the formula

pi(x) = [fl([z]), =€ X, feX7,

and it is denoted by |o|(X, X™). For a nonempty subset A of X, the absolute
weak topology generated by A on X is the locally convex solid topology on

X generated by the seminorms p; defined via the formula

pr(z) = |fl(|lz]), z€ X, feA

Consider a dual system (X, X'). A locally convex topology 7 on X is said to be
consistent with the dual system if the topological dual of (X, 7) is precisely X'.

Definition 3.3.11. Let X be a Riesz space, and let X’ be an ideal of X~
separating the points of X. Then the pair (X, X’), under its natural duality
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(xz,2') := a'(x), is said to be a Riesz dual system.

Let us recall a result by S. Kaplan [37, Theorem 3.50].

Theorem 3.3.12. (Kaplan) Let X be a Riesz space, and let A be a subset of X~
separating the points of X. Then the topological dual of (X, |o|(X, A)) is precisely
the ideal generated by A in X".

As a result of the above theorem, we have the following corollary.

Corollary 3.3.13. Let X be a Riesz space and (X, X’) a Riesz dual system. Then
the topological dual of (X, |o|(X, X)) is precisely X', and |o|(X, X”) is consistent
with (X, X').

Let us recall some known results with respect to the Riesz dual system. The
following one is due to [6, Theorem 3.57].
Theorem 3.3.14. For a Riesz dual system (X, X'}, the following statements are
equivalent.

(i) X is Dedekind complete and (X, X’) is order continuous.

(ii) X is an ideal of X".

The following theorem is due to |6, Theorem 3.54].
Theorem 3.3.15. For a Riesz dual system (X, X'}, the following statements are
equivalent.
(i) Every consistent locally convex solid topology on X is order continuous.
(ii) o(X,X’) is order continuous.

Also, recall that for a subset D of a topological vector space (X, 7), the restriction

topology, in short r-topology, on D is such that U C D is r-open if and only if
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there exists a V' C X which is 7-open and U = V N X. For a net (x4)qer in D

and x € D, we then have z,, 5 2 in D if and only if z, Lz in X.

Viewing the pre-Riesz space X as an order dense subspace of its Riesz completion
(X?,4). Our next goal is to establish the fact that if a positive operator from X to
X is dominated by a compact operator, then it is continuous from the r-topology
of |o](X?,(XP)") to the norm topology. We will use z, — = to denote that x,
converges to x in X with respect to the weak topology, i.e. the (X, X')-topology.

See the following lemma.

Lemma 3.3.16. Let X be an Archimedean pre-Riesz space endowed with a mono-
tone norm ||-||x, S,7: X — X bounded linear operators satisfying 0 < .S < T with
T compact. Let (X”,4) be the Riesz completion of X with the seminorm || - || x»
given by (3.2). Assume that there exists a positive compact operator T: XP — XP
such that T oi =ioT. Then S is continuous for the r-topology of |o|(X?, (X*)")

on norm bounded subsets of X to the norm topology.

Proof. Let (z4)a be a norm bounded net in X with x, 55 0. It is enough to show
that ||S(za)|lx — 0 holds. To this end, from assumption of z, — 0 in X it follows
that i(zq) 17X X)), 0 in X?, which means that for every f € (X*)’, we have
|flli(za)| — 0. Tt follows from 0 < |f(|i(za)|)| < |f|li(za)| that |i(za)| — 0 in
X?. According to Theorem 3.1.2 (ii), we have that ||z||x < 2|/i(z)||x» for every
z e X.

Since T is compact and ([i(z4)|)a is norm bounded, <f(\z(xa)\)> has a norm
(e

ll-llxe

convergent subnet (fw)ﬂ such that fyg —— z for some z € X”, and then
fyg % 2. As for every f € (XP) we have (f,T(|i(xza)])) = (T*f,|i(z4)]) — O.
So T(li(za)]) % 0 and then z = 0. Hence (f(\z($a)|)> has a subnet which

converges in norm to 0. Similarly, every subnet of (f (|z(:va)\)) has a subnet

that norm converges to 0. Therefore, f(!z(xa)DHX — 0.
P

Since 0 < § < T and i is positive, we have 0 < Soi < Toi. According to Theorem
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3.1.2 (ii) we have that ||z||x < 2||i(z)| x» for every x € X. Thus, we have

I8@a)lx < 2[|(8 0 )(za)

L S2 Hg(]z'(xa)DH <2 Hf(u(zamH =0,

X X

Hence S is continuous. O

We continue with a approximation property on the Riesz completion of a pre-Riesz

space with respect to the regular norm.

Lemma 3.3.17. Let X,Y be two normed pre-Riesz spaces with a regular norm
onY, and S,7: X — Y such that 0 < .S <T'. Let (Y”,1) be the Riesz completion
of Y. If T sends a subset A of X' to a norm totally bounded set, then for each
€ > 0 there exists some u € (Y”)" such that for all z € A we have

[(i(S2) = )]l <.
Proof. By Theorem 3.1.2 one can define the seminorm on Y* by
[Yllye = inf{{[z]ly; z € Y, —i(z) <y <i(2)}, y € Y.

It is obvious that ||i(y)|ly» = |ly|lly for y € Y, as || - ||y is regular. Let € > 0.
Since T sends a subset A of X to a norm totally bounded set of Y, there exist
x1,...,oy € A such that for all x € A we have | Tx — Txj||y < € for some j. Put
u=(ioT) (2?21 acj) € (YP)*, then for z € A and j with ||Tz — Tzj|ly < € we
have

N
0 < (i(Sw) —u)t = [i(Sz =T a))
j=1
N

n
i(Tz =T ;)
j=1

(i(T:c — ij))+

IN

INIA

‘(’L(TZE - ij))+) .
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Since regular norms are monotone we have

0 < [(i(Sz) = w)"|ly, < lli(Tz = Tz))llly,
= [[i(Tz = Txj)lly,

= | Tz~ Taylly <.

Thus we have completed the proof. O

Next, we will show that for every Archimedean Riesz space X with an order unit
u and an order unit norm || - ||, (X", X’} is a Riesz dual system. To this end we
need to show that X’ is an ideal of (X”)~ and use the theory of AL-spaces and
AM-spaces.

Definition 3.3.18. A Banach lattice X is said to be

(1) an AL-space if ||z +y|| = ||z + [Jy|| for all z,y € X with 2 Ay =0 and
(2) an AM-space if |z V y|| = max{||z|, ||y||} for all z,y € X with z Ay = 0.
The next lemma can be found in [42, Proposition 1.4.7]. We briefly recall the
proof.
Lemma 3.3.19. Let X be an Archimedean Riesz space with an order unit « and

an order unit norm || - ||,. Then (X', - ||) is an AL-space.

Proof. For every € X with ||z|, <1, we have —u < z < wu. So for f € X' with
f 20, we have —f(u) < f(z) < f(u), and thus [f(z)| < f(u). Hence [|f]| < f(u).
Since f(u) < || fllllull = || f]], it follows that ||f| = f(u). Therefore

If +gll = (f + 9)(u) = f(u) + g(u) = || + llgll

The norm dual of a normed Riesz space is a Banach lattice, so X’ is an AL-

space. ]
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Let us recall some know results. The following one is from [1, Corollary 3.7].

Corollary 3.3.20. Every AL-space has order continuous norm.

The next result is due to Nakano, see |6, Theorem 4.9].

Theorem 3.3.21. For a Banach lattice X the following statements are equivalent.

(i) X has order continuous norm.

(ii) X is an ideal of X".

We cite the following result from [6, Corollary 4.5].

Corollary 3.3.22. (G. Birkhoff) The norm dual of a Banach lattice X coincides
with its order dual, i.e., X' = X™.

Lemma 3.3.23. Let X be an Archimedean Riesz space with an order unit norm.
Then (X", X'} is a Riesz dual system.

Proof. By Lemma 3.3.19, X’ is an AL-space. By Corollary 3.3.20, every AL-space
has an order continuous norm, so by Theorem 3.3.21 X’ is an ideal of X"”. Since
X" is a Banach lattice, it follows from Corollary 3.3.22 that X" = (X")™~. Hence
X' is an ideal in (X")™~. Moreover, let x € X" with 2 # 0. Then there exists some

[ € X’ satisfying f(z) = z(f) # 0.

Hence (X", X') is a Riesz dual system. O

Since a pre-Riesz space with an order unit and an order unit norm need not be
norm complete, we can not use |6, Theorem 5.11] directly (in there it is required
for the spaces to be Banach lattices). The next lemma is a modification of |6,
Theorem 5.11|, provided that the range space has an order unit and an order unit

norm.
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Lemma 3.3.24. Let X, Y be two normed Riesz spaces such that Y has an order
unit and equipped with an order unit norm. Let S,7: X — Y be two positive
operators with 0 < S < T'. If T'(0, z] is |o|(Y, Y’)-totally bounded for each x € X,
then S[0, z] is likewise |o|(Y,Y”)-totally bounded for each x € X .

Proof. By Lemma 3.3.23, the pair (Y”,Y”) is a Riesz dual system. Since Y is an
ideal of Y, it follows from Theorem 3.3.14 that o(Y"”,Y”) is an order continuous
topology on Y”. By Theorem 3.3.15 we therefore have that every consistent locally
convex solid topology on Y is order continuous. Observe that Corollary 3.3.13 it
yields that |o|(Y"”,Y”) is consistent, and then |o|(Y”,Y”) is an order continuous

locally convex solid topology.

Let us view S,T as two operators from X to Y”. As T[0,z] is |o|(Y,Y)-totally
bounded for each z € X, it has T[0,z] is |o|(Y”,Y”)-totally bounded for each
x € XT. Since Y equipped with order unit norm, we have Y is Dedekind complete.
Hence, it follows from Theorem 3.3.10 that S[0,z] is |o|(Y”,Y”)-totally bounded
for each z € X*. So S[0, ] is |o|(Y, Y’)-totally bounded for each z € X . O

We are now in the position to extend the result of Theorem 3.3.8 to a setting with
pre-Riesz spaces. To this end, first notice that for every order unit e in a pre-Riesz

space X with the Riesz completion (X7, 7) the element i(e) is an order unit in X7.

Theorem 3.3.25. Let X be an Archimedean pre-Riesz space with an order unit
e and the order unit norm || - || such that X is norm complete. Let S,T: X — X
satisfy 0 < § < T, and let T" be compact. Assume that there exists a positive
compact operator T: XP — X such that Toi=io T, where (X?,1) is the Riesz

completion of X equipped with the order unit norm || - ||x». Then S is compact.

Proof. Let U = {x € X;||z|| < 1} be the closed unit ball in X. Since the norm on

X is an order unit norm we have

|z|| = inf{A € RT; —Xe <z < Xe}, v € X.
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Let z € U be such that ||z|| < 1. Hence there exists A < 1 with —y < z <y
and y = Xe. Due to z = (y + ) — 3(y — ) it follows from 0 < y + z < 2y and
0<y—x<2ythat |ly+z| <2yl <2and ||y — | < 2|y <2, respectively.
Thus 2(y +z),3(y —2) € UNXT, and then U C Ut — U™ holds. Therefore, it

is enough to show that S3(U™) is a norm totally bounded set.

Let (X?,i) be the Riesz completion of X, let e € X be an order unit, then i(e)
is an order unit in X”, and the extension norm | - ||x» is the order unit norm
with respect to i(e). By Lemma 3.3.17 there exists some u € (X?)" such that
|(i(Sz) —u)t||xe < € for all x € UT. This implies that 0 < (i(Sz) —u)t < ei(e).

Thus we have the following estimate,

i(Sz — ee) = i(Sz) ANu+ (i(Sz) —u)™ —€i(e)

So i(Sx) € [0,u + €i(e)] for every x € UT. Take v € X with i(v) > u. Then for
every x € UT we have i(Sz) € [0,i(v + ee)]. Hence

S(UT) C[0,v + ee].
Therefore
S2(UT) C S[0,v+¢e], and S3UT)C S%0,v + eel. (%)

By Lemma 3.3.16 the operator S is continuous on norm bounded subsets of X
with respect to the r-topology of the |o|(X”,(X”)") to the norm topology. By
Theorem 3.3.9 the operator S maps totally bounded sets with respect to the r-
topology of |o|(X?, (X*)") to norm totally bounded sets. Since T'[0, v+ €e] is norm
totally bounded, T'[0, v + ee] is totally bounded with respect to the |o|(X?, (X*)")
topology. Hence, T[0,v + ee] is totally bounded with respect to the r-topology
of |o|(X?,(X*)"). Then by Lemma 3.3.24 the set S[0,v + ee] is likewise totally
bounded with respect to the r-topology of |o|(X?, (X*)"). Clearly, S[0,v + ee] C
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[0, S(v + ee)]. Therefore, S?[0,v + ee] = S(S[0,v + ee]) is a norm totally bounded
set. By the second inclusion of (x) we have S3(U™) is a norm totally bounded set,
as desired. O

Remark 3.3.26. In the view of Theorem 3.3.25, it is of interest to know under
which condition such a positive compact operator T exists. By Theorem 3.3.5
and Theorem 3.3.7, we know that this is true for X with order continuous norm.
However, if X is a Banach lattice with an order unit e, then it can be renormed
by

|z]|oo = inf{A > 0; |z| < Xe},

and X becomes an AM-space. By Kakutani-Bohnenblust and M. Krein-S. Krein
representation theorem [6, Theorem 4.29], we have X is lattice isometric to some
C () for a (unique up to homeomorphism) Hausdorff compact topological space
2, and the norm || - ||oc on C(2) is not order continuous. So it is still an open

question which choice of a norm on X leads to a similar result as Theorem 3.3.25.
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Chapter 4

Disjointness preserving

semigroups

This chapter has been published as:

A. Kalauch, O. van Gaans and F. Zhang. Disjointness preserving Cg-semigroups
and local operators on ordered Banach spaces. Indag. Math. (N.S.), 29(2):535-547
2018.

In the theory of Cg-semigroups, many results involve the order structure of the
underlying Banach space. For instance, a rich theory of disjointness preserving
semigroups and semigroups with local generators has been developed in [10, 12].
The Banach spaces in these works are Banach lattices. In this chapter, we investi-
gate how results on disjointness preserving Cp-semigroups on Banach lattices can

be generalized to the more general setting of ordered Banach spaces.

Our main result of this chapter is that the generator of a disjointness preserving
Cp-semigroup on a suitable ordered Banach space is local, as in the Banach lattice
case. It turns out that the choice of norms is the main issue of the analysis. We
consider semimonotone norms for which the cone of positive elements is closed. On

Banach spaces, those norms are equivalent to regular norms, which are a natural

65



66 Chapter 4. Disjointness preserving semigroups

generalization of lattice norms.

This chapter is organized as follows. Properties of the norms are discussed in Sec-
tion 4.1. Section 4.2 contains a discussion of local operators in different settings
and some of their basic properties. In Section 4.3, we present our main result
of this chapter. Moreover, we establish two results on local operators generating
disjointness preserving Cp-semigroups. The first one considers a bounded gener-
ator and uses Taylor series, the second one uses resolvent operators and Yosida

approximations.

4.1 Normed partially ordered vector spaces

Let (X, K) be a partially ordered vector space with a seminorm p, p is called
semimonotone if there exists a constant C € R such that for every z,y € X
with 0 < 2 < y one has p(x) < Cp(y). The cone K is said to be normal if
p is semimonotone. Recall that a seminorm p on X is monotone if p(z) < p(y)

whenever x,y € X with 0 < x <.

We start the results of this section by a proposition, due to [56, Theorems IV.2.1
and IV.2.4], which clarifies the relation of semimonotone norms and monotone

norms on partially ordered vector spaces.

Proposition 4.1.1. If ||-|| is a semimonotone norm on ordered vector space X,

then there exists an equivalent monotone norm on X.

By using this proposition, we could extend the semimonotone norm on a directed
partially ordered vector space to a regular seminorm. In fact, such an extension
is exactly same with the formula which was given by (3.2) in the Theorem 3.1.2.
The only difference is we consider semimonotone norms at here. The details can

be seen in the next lemma.

Lemma 4.1.2. Let (X, K) be a directed partially ordered vector space and let

||I|| be a semimonotone norm on X. Let Y be a directed partially ordered vector
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space and i: X — Y a bipositive linear map, such that i(X) is majorizing in Y.
For y € Y let
py) == inf {[|lzll; z € X, —i(z) <y <i(z)}. (4.1)

IfY = X, K is closed and (X, ||-]|) is complete, then p o1 is a regular norm on X

that is equivalent to ||-||.

Proof. By Proposition 4.1.1, ||-|| is equivalent to a monotone norm and then, if
(X, ||-]l) is complete and K is closed, [51, Corollary 6.4(ii)] says that [-|| is equiv-

alent to the regular norm p o s. O

The space of Lemma 4.1.2 is actually an ordered Banach space. By an ordered
Banach space (X, K, ||-||) we mean a Banach space (X, ||-||) with a closed gener-
ating cone K. Since K is closed, the space (X, K) is Archimedean, and since K is
generating, (X, K) is directed. Consequently, (X, K) is a pre-Riesz space and can

be embedded into its Riesz completion X?, see Theorem 1.2.7.

The next lemma shows how disjointness can be detected with the aid of the ex-

tension given by (4.1).

Lemma 4.1.3. Let (X, K,||-||) be a normed partially ordered vector space such
that K is closed and generating. Let Y be a vector lattice and i: X — Y a
bipositive linear map, such that i(X) is majorizing in Y. For y € Y let p(y) be
defined by (4.1). If u,v € X are such that p(|i(u)| A |i(v)|) = 0, then u L v.

Proof. Let u,v € X be such that p(|i(u)| A |i(v)|) = 0. As

[i(w)| A fi(w)] = 5 []i(w) +i(v)] = [i(u) —i(v)]|

one obtains that p (|i(u) + i(v)| — |i(u) — i(v)|) = 0. Hence for every n € N there

exists an x,, € X such that

—i(n) < [i(w) +i(0)] — |i(w) — i(v)] < i(n) (4.2)
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and limy, oo ||z, || = 0. The first inequality in (4.2) yields
+(i(u) —i(v)) = i(zn) < fi(w) +i(v)],

hence for © > +(u + v) it follows that © > +(u — v) — x,, for every n € N. Since

K is closed and z, — 0, one obtains x > +(u — v). We conclude
{u+v,—u—v}" C{u—v,—u+ v} (4.3)
From the second inequality in (4.2) it follows that
+(i(u) +i(v)) — i(zn) < fi(w) —i(v)],

and an analogous argumentation yields equality in (4.3), which implies that u and

v are disjoint. O
Recall that a subspace B C X is a band in an ordered vector space X if B = B4,
It turns out that bands are closed for regular norms.
Lemma 4.1.4. If
(i) (X, K) is a pre-Riesz space with a regular norm ||-|| such that K is closed,
or

(ii) (X, K, ||-||) is an ordered Banach space with a semimonotone norm,

then every band in X is closed.

Proof. According to Lemma 4.1.2, the conditions in (ii) yield that the norm |-|| is

equivalent to a regular norm, so it suffices to give a proof under condition (i).

Let B be a band in X, let (z,) be a sequence in B and let z € X be such that
||xr, — x| — 0. Let (X?,i) be the Riesz completion of X, as in Theorem 1.2.7. Let
p be the Riesz seminorm on Y = X7 defined as in (4.1).
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Let y € BY. Then for every n € N one has z,, L y, so that by Proposition 1.2.15
one has i(z,) L i(y), which implies |i(z,)| A |i(y)| = 0. Since p(i(zy)) —i(x)) =
||z —x|| = 0, the continuity of the lattice operations with respect to p yields that
p(li(x)| Ali(y)|) = 0. Hence, by Lemma 4.1.3, we obtain x L y. It follows that
z € BY = B. Hence B is closed. O

4.2 Local operators

In this section we introduce a notion of local operators on pre-Riesz spaces. Also
band preserving operators are a well-established class of operators in the theory
of vector lattices, see e.g. [6, 42]. In [10, (5.4)], local operators are defined on
Banach lattices. Below we use disjointness to define local operators on partially

ordered vector space in the spirit of [10].

Throughout this chapter, we will use D(T") to denote the domain space of the
operator T, and L(X) to denote the bounded linear operators on X.

Definition 4.2.1. Let X be a partially ordered vector space and let T: X D
D(T) — X be a linear operator.

(i) T is called band preserving if for every band B in X one has T(BND(T)) C
B.

(ii) T is called local if for every x € D(T), y € X with « L y it follows that
Tz 1 y.

Local operators turn out to be a special class of disjointness preserving operators.
The class of local operators plays a role in the theory of differential equations,

where the notion ‘local’ is used ambiguously (see Remark 4.2.5 below).

With the above definition, we observe that local operators and band preserving

operators coincide in a pre-Riesz space.
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Proposition 4.2.2. Suppose that X is a pre-Riesz space and let T': X D D(T') —

X be a linear operator. T is local if and only if 7" is band preserving.

Proof. Let T be local. For every x € D(T) one obtains Tz € {2}, Indeed, for
every y € {z}4 it follows that Tz L y, therefore T € {z}94. Let B be a band in
X and # € BND(T). Then {z}4 C BY = B, hence Tz € B. We conclude that

T is band preserving.

Now let T be band preserving, 2 € D(T) and y € X such that 2 L y. Then {y}¢
is a band in X, and = € {y}4 N D(T), hence Tz € {y}9, which yields Tz L y.
Consequently T' is local. O

Typical examples of local operators are differential operators and multiplication

operators. We discuss some of these settings in the subsequent remarks.

Remark 4.2.3. If X is a Banach lattice, every bounded local operator on X is

contained in the center
Z(X)={TeL(X); 3a>0: —al <T < al}.

More precisely, the following assertions are equivalent for a bounded linear operator
T: X — X (see e.g. [44, Section 9]):
(i) T is local,
(i) =71 <T < |71,
(iii) for every ideal J in X one has T'[J] C J.

In [44, Section 9] the following two examples are given to illustrate that local

operators are closely related to multiplication operators.

(a) Let (92, i) be a o-finite measure space and X = LP(Q, u) (1 < p < 00), then
Z(X) is isomorphic to L*(£2, ) via the identification of y € L>(Q, u) with
the operator from X to X given by z — yzx.
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(b) Let © be a locally compact Hausdorff space and X the space Cp(£2) of all
continuous functions x on €2 vanishing at infinity (i.e. for every € > 0 there
is a compact set S C  such that for every ¢t € Q\ S one has |z(t)| < ¢),
endowed with the supremum norm. Z(X) is isomorphic to the space CP(Q)
of bounded continuous functions via the identification of y € CP(Q2) with the

operator from X to X given by z — yzx.

Remark 4.2.4. We continue the discussion of case (a) above for unbounded T'. Let
X =LP(Qu) (1 <p<oo)and T: LP(Q,u) O D(T) — LP(Q, ). A notion of
‘locality’ in this setting is defined in [23, 1.4.13(8)|. To avoid confusion, we denote
this property by (L):

(L) For every measurable set S C Q and for every z € D(T') with = 0 almost

everywhere on S it follows that Tz = 0 almost everywhere on S.

T is local if and only if (L) is satisfied. Indeed, suppose that (L) is satisfied and
let x € D(T), y € X and z L y. Then S := {t € Q; y(t) # 0} is measurable
and x = 0 almost everywhere on S, hence Tx = 0 almost everywhere on S,
which implies Tz 1 y. Therefore T is local. Now suppose that 7" is local and let
S C Q be measurable and = € D(T) be such that x = 0 almost everywhere on
S. Then = L xg, hence Tz L xg, which implies Tz = 0 on S. Consequently (L)
is satisfied. In the present setting, a local operator need not be a multiplication
operator, consider e.g. the operator T': LP[0,1] 2 C[0,1] — L?[0,1], = + 2.

Remark 4.2.5. We continue the discussion of (b) in Remark 4.2.3, where we now
consider the special case where ) is a compact Hausdorff space and X = C(Q).
For every bounded local operator T': C(2) — C(Q) there is y € C(€) such that
T:x — yz. (This can be deduced from the fact that C(£2) is an Archimedean
f-algebra with unit and that 7' is band preserving and order bounded, see |6,

Theorem 8.27].) We discuss several notions of locality for unbounded operators 7.

(I) In [12, Theorem 3.7| a linear operator T': C'(2) 2 D(T) — C(R) is called local
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if the following property is satisfied:
Ve eD(T), x>0, we Q with z(w) =0 = (Tz)(w)=0. (4.4)

If (4.4) is satisfied for an operator T, then T is local in the sense of Definition
4.2.1. The converse implication is not true, in general. Indeed, consider D(T') :=

{x € C?[0,1];2'(0) = 2/(1) = 0} and
T:C[0,1] 2 D(T) — C[0,1], x — 2"

(cf. the one-dimensional diffusion semigroup in [43, 2.7]). On one hand, T" does not
satisfy (4.4), take e.g. x(t) = %t3 — 242, then z(t)[i=o = 0 but (T2)(¢t)|s=0 = —1.
On the other hand, T is local. Indeed, let x € D(T), y € C[0,1] with = L y,
and N := {t € [0,1];z(t) = 0}. For ¢t € int N one has (Tx)(t) = 0, whereas for
t € ON and every n € N there is t,, € [t — %,t + %] N [0, 1] such that z(t,) # 0,
i.e. y(t,) = 0, which implies y(¢) = 0. Hence T'x L y, consequently T is local.

(IT) An operator T': C(Q2) 2 D(T) — C(R) satisfies (4.4) if and only if for every
open set O C Q one has T'(Ip N D(T)) C Ip, where

Io ={z € C(Q);Vw € 2\ O: z(w) =0},
i.e. T preserves for every open set O C € the largest ideal having O as its carrier.

(IIT) We relate (4.4) to a notion of locality given in [12, p.147, second Remark|. Let
(X, K) be a partially ordered vector space with a norm ||-||. For a linear operator

T: X DO D(T) — X the following property is considered:
Vee D(T)NK, fe K' with f(z)=0 = f(Tz)=0. (4.5)

Note that (4.5) is satisfied if and only if 7" and —7" are positive-off diagonal (for
a definition of this notion see [16, Definition 7.18| (we will study the positive-
off diagonal property in Chapter 5, so this definition can been seen in the next

chapter); cf. also the positive minimum principle in [10, Definition 1.6]).
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Before we link (4.4) and (4.5), we reformulate (4.5) for the case that X is an
Archimedean partially ordered vector space with an order unit w. The norm
induced by u, which will be denoted by ||-||,,, is defined by

|z||,, = inf{a € [0,00); —au <z < au}, z € X.

Let
Y :={f: X > R; f positive linear, and f(u) = 1},

and denote by A the set of extreme points of 3. For x € D(T) N K the set
N ={f €%; f(x) =0} is the weak* closure of the convex hull of N N A (see also
[29, (3.6)]). Therefore (4.5) holds if and only if

Vee D(T)NK, feA with f(x)=0 = f(Tz)=0. (4.6)

For X = C(Q2) as above and u the constant-one function, A is homeomorphic to §2,
hence the conditions (4.4) and (4.6) are equivalent. This implies the equivalence
of (4.4) and (4.5).

Now let us consider some basic results on local operators on pre-Riesz spaces. The

following lemma will be needed in the proof of Theorem 4.3.4.
Lemma 4.2.6. Let X be a pre-Riesz space.
(i) f S: X D D(S) - X and T: X D D(T) — X are local operators and
a,f €R, then aS+ T: X O D(S)ND(T) — X is a local operator.

(ii)) £ S: X ODD(S) —» X and T: X D D(T) — D(S) C X are local operators,
then ST: X O D(T) — X is a local operator.

Proof. (i) Let z € D(S)ND(T') and y € X be such that = L y. Then Sz L y and
Tz Ly, so that Sz, Tz € {y}9. Since {y}¢ is a linear subspace, it follows that
aSz + fTx 1 y. Hence aS + BT is local.
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(ii) Let « € D(T'),y € X be such that z L y. Then Tx L y as T is local, so that
STz 1 yas S islocal and Tz € D(S). Hence ST is local. O

Next we consider a result on the inverse of a local operator, which we need in the
proof of Corollary 4.3.7 below. It turns out that the inverse of a local operator T'

is local if both T" and T—! are positive.

Proposition 4.2.7. Let (X, K) be a pre-Riesz space, let T: X O D(T) — X be
a bijective linear operator such that the inclusion map i: D(T) — X is a Riesz™
homomorphism. If both 7" and T—! are positive and T is local, then T~ ! is also

local.

Proof. As a first step, for z € X,y € D(T) with 2 L y we show that T 'z L y
in D(T), which comes down to {T 'z +y,-T 1o —y}* N D(T) = {T"1x —
y, Tz +y}nD(T). Let z € {T ' +y,—T 'z — y}*ND(T). Then, as T is
positive, Tz > x + Ty, —x — T'y. Since T is local and therefore Ty 1 x, we have
Tz>ax—Ty,—x+Ty,s0z>T 'o—y, —T o4y, as T~! is positive. Therefore,
(T e +y, T e —y}"ND(T) C{T o —y,~T 1z +y}* N D(T). A similar
proof yields the converse inclusion, so that {T 1z + y, T 1z — y}* N D(T) =
(T2 —y,—T7 'z + y}* N D(T). This shows that T~z L y in D(T).

Since the inclusion map i: D(T') — X is a Riesz* homomorphism, Lemma 2.2.4

yields that i(T~'z) L i(y), hence T~z 1 yin X. Thus, 7! is local. O

We conclude this section by the following simple observation.

Lemma 4.2.8. Let (X, K) be a pre-Riesz space and T: X — X a bipositive linear

bijection. Then T is disjointness preserving.

Proof. Let z,y € X be such that z L y. Then {z+y, —z—y}" ={z—y, —z+y}"

Hence for every u € X we have

U>r+Yy,—r—Yy < u>r—y,—Tr+y.
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As T is bipositive, the latter is equivalent to
Tu>Tx+Ty,-Te—-Ty < Tu>Tzx—-Ty,—Tx+Ty.

Since T is surjective, this comes down to {Tx+Ty, —Tx—Ty}" = {Tx—Ty, —Tz+
Ty}". Hence Tx L Ty. O

4.3 Disjointness preserving Cy-semigroups

Disjointness preserving Co-semigroups on Banach lattices are discussed e.g. in |10,
Section 5|, where, in particular, it is shown that the generator of a disjointness
preserving Cg-semigroup is local. We prove the analogous result for disjointness

preserving Cp-semigroups on ordered Banach spaces with a semimonotone norm.

Let us see some necessary definitions in the theory of Cp-semigroups.

Definition 4.3.1. Let (X, K, | - ||) be an ordered Banach space.

(i) A subset {T'(t) : ¢t € RT} of L(X) is called a one-parameter semigroup
on X if T(0) =1, T(s+t) =T(s)T'(t) for all s,t € R, and usually written
as T'(t)¢>0. Here I stands for the identity operator.

(ii) The generator of T'(t);>0 is givenby A: X O D(A) = X,z — limy o M,
where D(A) is

T(t)r —
)z mexistsinX}.

D(A) := X; 1
(4) = {z € X; lim
(iii) T'(t)¢>0 is called strongly continuous, or also Cp-semigroup, if the map
t — T'(t) is continuous for the strong topology on L(X), i.e. limy_, [|T(t) f—
T(to)f|| = 0 for every f € X and tg > 0.

We say that a Cy-semigroup 7" : [0, 00) — L(X) is called disjointness preserving

if for every t € [0, 00), the operator T'(¢) is disjointness preserving. Then we have
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the following result.

Theorem 4.3.2. Let (X, K, ||-||) be an ordered Banach space with a semimono-
tone norm and let T': [0,00) — L(X) be a disjointness preserving Cyp-semigroup

with generator A. Then A is local.

Proof. Let (X*,i) be the Riesz completion of X. Because of Lemma 4.1.2, the
semimonotone norm ||-|| is equivalent to the regular norm p o ¢, where the regular
norm pon Y = X? is given by (4.1). As Y is a vector lattice, p is a Riesz norm and
(4.1) comes down to p(y) = inf{||z|; x € X, |y| <i(z)}, y € Y. Let x € D(A)
and y € X be such that x L y. Then i(x) L i(y) in Y. Now the line of reasoning
is as in the proof of [10, Proposition 5.4]. For every ¢ > 0 one has

|Fi(T )z — )| Aliy)] < $T@2)| A lily)] + ¢ i) Aliy)]
= (T @) Ai(T(t)y —y) — (T (t)y)|
< G lT@z) A [Ty - y)l
< Ji(T@)y —y)l-

Here we used that Y is distributive and T is disjointness preserving. We conclude
p ([T )z — )| Ali(y)]) < p(JiT(E)y — y)])-
For ¢ | 0 one has T'(t)y —y — 0 in X, hence p(|i(T(t)y — y)|) — 0, which implies
p (13T - )| Aliw)]) - 0.

Further,
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for ¢ | 0, since ||Az — $(T'(t)z — z)|| — 0. Therefore p (|i(Az)| A |i(y)|) = 0. Now
Lemma 4.1.3 implies that Az | y, hence A is local. O

Notice that the converse of the statement of 4.3.2 is not true in general, not even

in Banach lattices. We illustrate this by an example from [43, 23|.

Ezample 4.3.3. Let A be the second derivative operator given in Remark 4.2.5(I).
We have already shown that A is local. The one-dimensional diffusion semigroup

generated by A is given by

1
T(t)f(x) = /0 Ky () f (2)dy,

with kernel

o
Ki(xz,y) =1+ 2Zexp(—7r2n2t) cos(mnx) - cos(mny),
n=1
see [43, 2.7] or [23, 2.12]. There it is also shown that K,(-,-) is a positive, con-
tinuous function on [0,1]2. Obviously, for t € (0,00), T(t) is not disjointness

preserving on C[0, 1].

It is nevertheless interesting to investigate a converse of Theorem 4.3.2. We con-
sider two cases in which a Cp-semigroup with a local generator will be disjointness
preserving. The first one considers as extra condition that the generator is a
bounded operator and uses the Taylor series for the semigroup. The second case
assumes that also the resolvent operators are local and uses the Yosida approx-
imations. It turns out that in both cases the semigroup even consists of local

operators.
We begin with the case of a bounded generator.
Theorem 4.3.4. Let (X, K, ||-||) be an ordered Banach space with a semimono-

tone norm. If A € £(X) is local, then €' is local for every t € R.

Proof. Let x,y € X be such that x 1L y. Let t € R. For every N € N, Lemma



78 Chapter 4. Disjointness preserving semigroups

4.2.6 yields that Zszo %A"m L 9. According to Lemma 4.1.4, {y}? is closed, so
that e!da = Y oreo %A”x 1 y. Hence e is local. O

We proceed by investigating unbounded local generators. Typical examples of lo-
cal operators are differential operators and multiplication operators. Recall that
Example 4.3.3 shows an example of a differential operator that generates a Cg-
semigroup that is not disjointness preserving. The next example presents a differ-
ential operator that generates a Cg-semigroup which is disjointess preserving. It

also presents a multiplication operator as generator.

Ezample 4.3.5. (i) Translation Semigroup. We consider the Banach space X :=
Cub(R) of all uniformly continuous, bounded functions on R. For ¢ € [0,00), the

left translation operator Tj(t): X — X is given by
Ti(t)xz(s) :=x(s+1t), seR, x e X.

Then T;: [0,00) — L(X) is a Cp-semigroup on X with generator A given by
differentiation,

Ar =z

with domain D(A) = {z € X; x differentiable and 2’ € X}. Then A is local (and

unbounded) and 7' is disjointness preserving, but not local.

(ii) Multiplication Semigroup. Let X := Cp(£2), where € is a locally compact
Hausdorff space, as defined in Remark 4.2.3(b). Let ¢: Q@ — R be continuous and
bounded above. Define for ¢ € [0, 00) the operator T (t): X — X by

T,z =Wz z e X.

Then T,: [0,00) — L(X) is a Cp-semigroup with generator A given by Az = gz,
z € D(A) and D(A) = {z € X: gqx € X}. Then A is local and T,(t) is local for
every t € [0, 00).

An interesting difference between the generators A in Example (i) and (ii) above

is that in (ii) also the inverse of A is local. It turns out that a Cp-semigroup is
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local whenever both A and A~! are local, which is a special case of the following

theorem.

Theorem 4.3.6. Let (X, K, ||-||) be an ordered Banach space with semimonotone
norm and let T": [0,00) — L(X) be a Cy-semigroup with generator A. If A: X D
D(A) — X is local and there exists a A9 € p(A) NR such that for every A € p(A)
with A > Ao we have that (Al — A)~!: X — D(A) C X is local, then T'(t) is local
for every ¢ € [0, 00).

Proof. By Lemma 4.2.6, the Yosida approximation Ay = A(A — A)~! is local for
every A € p(A) with A > Ag. Let t € [0,00). Since A is bounded, due to Theorem
4.3.4 we obtain that e is local. For z € X, we have T(t)z = limy_,q e!*z. We
infer that T'(t) is local. Indeed, if 2,3 € X are such that z L y, then ez 1 .
Since the band {y}¢ is closed by Lemma 4.1.4, it follows that T'(t)z L y. Thus,
T'(t) is local. O

Corollary 4.3.7. Let (X, K, ||-||) be an ordered Banach space with semimonotone
norm and let 7: [0,00) — L(X) be a Cyp-semigroup with generator A such that
the inclusion map i: D(A) — X is a Riesz* homomorphism. If there exists a
Ao € p(A) NR such that Ao/ — A: D(A) — X is positive and local and for every
A € p(A) with A > \g we have that (A — A)~! is positive, then T'(¢) is local for
every t € [0,00).

Proof. Let A € p(A) with A > XAg. Then A\ — A: D(A) — X is positive and
bijective and, by assumption, (A — A)~! is positive. By Lemma 4.2.6, \[ — A =
Mol — A+ (A — M) is local. Proposition 4.2.7 then yields that (A — A)~! is
local. Hence we can apply Theorem 4.3.6 and obtain that T'(¢) is local for every
t € [0,00). O

Corollary 4.3.8. Let (X, K, ||-||) be an ordered Banach space with semimonotone
norm and let 7': [0,00) — L(X) be a Cyp-semigroup with generator A such that

the inclusion map i: D(A) — X is a Riesz* homomorphism. If A is positive and
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local and there exists a A\g € p(A) N R such that A < Agl, then T'(¢) is local for
every t € [0,00).

Proof. Assume that A is positive. Then T'(t) is positive for every t € [0,00), so
there exists \; € R such that (M — A)~! is positive for every A\ € p(A) with
A > A1, due to [16, Chapter 7]. As Aol — A: D(A) — X is positive and local,
Corollary 4.3.7 yields that T'(¢) is local for every ¢ € [0, 00). O

Merely as illustration, we present an example of an ordered Banach space satisfying
the conditions of Corollary 4.3.7, on which there exists a non-trivial multiplication

operator A which generates a Cg-semigroup.

Ezample 4.3.9. Consider the locally compact Hausdorff space [0,1) and

X = {a: € Col0,1); ], 1) € PoP[0, %]} :
where Cy[0, 1) is defined in Remark 4.2.3(b) and Pol?[a, ] is the space of polyno-
mial functions of at most degree 2 on [a,b]. As in the proof of [32, Example 3.5,
it can be verified that X is order dense in Cy[0,1). Thus, X is a pre-Riesz space
and the embedding map i: X — Cy[0, 1) is a Riesz* homomorphism.

Moreover, X is a closed subspace of (Cy[0,1), ||-||,)- Indeed, let (x,) be a sequence

in X and z € Cp[0,1) be such that ||z, — x|, — 0. Then (zn[y 1)) is a sequence
’2

in Pol?[0, 1] and

12
Since (Pol?[0, 31, I'll) is finite dimensional, it is closed in (C[0, 3], ||||.). Thus,

it follows that a:|[0 1 € Pol?[0, 1] and hence z € X.
)

< ||lzp — x|, — 0.

Zalio, 11 = Zlo, 1)

Since the cone in X is closed and generating, X is an ordered Banach space.

Let ¢ € C[0,1) be bounded above and constant on [0, 3]. As in Example 4.3.5
(ii), let Az = gz for x € D(A) = {zx € X; s — q(s)z(s) € X}. The elements of
X that vanish on an interval [1 — e, 1) for some £ > 0 are norm dense in X and
they are in D(A), hence D(A) is norm dense in X. Also, A is closed. Indeed,
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let x, € D(A) and z,y € X be such that ||z, — 2|, — 0 and ||Az, —y| . — 0.
Then for every ¢ € [0,1) we have that x,(t) — x(t), hence q(t)z,(t) — q(t)z(t),
and (qzy,)(t) — y(t), and therefore q(t)z(t) = y(t). Hence x € D(A) and Az = y.

Next we show that A: X D D(A) — X is local. Let x € D(A) and y € X be such
that x L y. Since X is order dense in Cy|0, 1), it follows that L y in Cy[0,1).
Therefore, for every t € [0,1) we have z(t) = 0 or y(t) = 0, hence ¢(t)z(t) = 0 or
y(t) = 0, which yields that Az L y in Cp[0,1) and hence in X.

Let A € [0,00) with A9 > sup, ¢(s). Then we have that \gI — A is positive and
local and for every A > g we have that (A — A)~! is positive. Now A satisfies all
conditions of Corollary 4.3.7, provided A generates a Cg-semigroup 7. This is in
fact the case, namely T is given by (T'(t)x)(s) = ez (s), s € [0,1], t € [0, o0).
Clearly, T'(t) is local for every ¢ € [0, 00).

The conditions in our analysis that the norm is semimonotone and the space is
norm complete appear fairly weak, but exclude in fact many interesting examples
such as C*-spaces and Sobolev spaces. A general theory of disjointness preserving

Co-semigroups on such spaces will be an interesting topic of further research.
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Chapter 5

Dissipativity and positive

off-diagonal property of operators

It is well know that the generator A of a positive contraction semigroup 7'(t):>0
can be characterized by means of dissipativity of A with respect to some appro-
priate sublinear functionals on a Banach space X, see [11, Theorem 2.6], and |16,
Proposition 7.13| for the case of X being an ordered Banach space with normal
positive cone. In Banach lattices, the positivity of T'(¢);>0 can be also character-
ized by its generator A which satisfies the “positive off-diagonal” property (it is
called “positive minimum principle” in [10, Theorem 1.11]) This is also studied in
an ordered Banach space with a cone with nonempty interior, [16, Theorem 7.27].
For more extensive treatments of dissipative operators, we refer the reader to K.
J. Engel and R. Nagel [22|. The positive off-diagonal property of operators on
ordered normed spaces is also studied by A. Kalauch [28, 29|, S. Koshkin [38] and
W. Arendt, P. R. Chernoff, and T. Kato [13] etc..

The goal of this chapter is to investigate the description of positivity and con-
tractivity of semigroups through the dissipativity of generators with respect to
corresponding sublinear functionals on ordered vector spaces. So the choice of

sublinear functionals on ordered vector spaces is crucial. In Section 5.1, we give

83
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two different ways of defining sublinear functionals which only involve the order
structure and the norm of the space. One is given by a regular norm and the other
one is obtained through a dual function. The latter one turns out to be more effec-
tive in studying the positivity and contractivity of semigroups on ordered Banach
spaces in Section 5.2. Moreover, in Section 5.3 we will show a representation for
positive functionals on Archimedean pre-Riesz spaces, which will be used to study

the positive off-diagonal property of operators on the pre-Riesz space C*[0, 1].

5.1 Half-norms on ordered vector spaces

This section is mainly concerned with some basic definitions of sublinear func-
tionals on ordered vector spaces, and some properties of operators. Two different
types of sublinear functionals will be introduced specifically, and some intuitive

properties of these functionals will be studied.

Definition 5.1.1. Let (X, K, ||||) be an ordered normed vector space. A sublinear
function p: X — R is called a half-norm if p(f)+p(—f) > 0 whenever f # 0in X.
If, in addition, there exists some constant C > 0 such that p(f) + p(—f) > C| f||
for all f € X, then p is called a strict half-norm.

For an ordered normed vector space (X, K, | - ), let

P(x) = dist(—z, K) = inf{|[z + y[l; y € K}
=inf{||yll; x <y € X}, z € X, (5.1)

then v defines a half-norm on X. This 9 is called the canonical half-norm.
Obviously, if X is a Banach lattice with a canonical half-norm p, then p(z) = ||z ||

for all x € X.

Remark 5.1.2. Every ordered normed vector space X has a canonical half-norm v
which is order preserving, i.e., if x <y then ¢)(x —y) < 0. Recall that a cone K in

a normed space X is called normal if the norm on X is semimonotone, see Chapter
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4. If K is closed then it is known that the following statements are equivalent:
(1), the cone K is normal; (2), the canonical half-norm is strict; (3), the canonical
half-norm is equivalent to the original norm. These properties are studied in [49].
By the open mapping theorem, X cannot be complete with respect to both norms

unless K is normal.

For a sublinear function p: X — R, a bounded operator T on X is called p-
contractive if p(T'f) < p(f) for all f € X. Similarly, a semigroup 7'(t);>0 is

called p-contractive if T'(¢) is p-contractive for all ¢ > 0.

We say that the subdifferential of p in f € X, denoted by dp(f), is defined by

dp(f) ={o € K'; (9,¢) < p(g) for all g € X, (f,¢) = p(f)}. (5.2)

Definition 5.1.3. An operator A: X O D(A) — X is called p-dissipative if for
all f € D(A) there exists ¢ € dp(f) such that (Af, ¢) < 0; A is called strictly
p-dissipative if for all f € D(A) the inequality (Af, ¢) < 0 holds for all ¢ € dp(f).

If N is the norm function on a Banach lattice X, i.e. N(f) = | f]|, define NT(f) =
l/T]l. An operator A on X is called (strictly) dispersive if A is (strictly) N*-
dissipative, i.e., if for every f € D(A), one has (Af,¢) < 0 for some (resp. all)
¢ € dN*(f), where dNT(f) is given by

ANT(f) ={¢ € K's |lo| < 1,(f,¢) = [/ ]I}

Obviously, if p is the canonical half norm, then the p-dissipative operators are

dispersive.

Recall that the regular norm on an ordered vector space defined by (3.1), and
studied in Chapter 3. By Theorem 3.1.2, there is a natural way to extend the
regular norms on ordered vector spaces. In the following propositions, we will
see that the sublinear functionals on ordered vector spaces induced by the regular

norms have intriguing properties.
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Proposition 5.1.4. Let (X, K) be a partially ordered vector space and | - ||, a

regular seminorm on X. Let p be the sublinear functional on X defined by
p(z) =inf{[lyl,; y € X,y 20,y > 2}, Vo € X. (5.3)

Then p is a strict half-norm on X. Moreover, let 1 on X be defined by (5.1), then
p(z) = ¢(z) for all x € K U (—K), in particular, p(z) = ¢(z) = 0 for z € (- K).

Proof. Let x #0 bein X. If y >0,y >z and z > 0, z > —x, then —(y + 2) <
z < (y + z). Since || - ||, is regular, we have ||z||, < ||y + z||+. So ||yll» + ||zl >

ly+z|lr > ||z||» > 0. Hence p(z)+p(—=z) > ||z||, > 0. Thus pis a strict half-norm.

Moreover, if 0 < z € X, we can take y = x > 0 in (5.3), then p(x) = ||z, = ¥(z).
It is clear that p(x) = ¢(z) =0 for z € X with x <0. O

Proposition 5.1.5. Let X be a partially ordered vector space, || - ||, a regular
norm on X, and p on X defined by (5.3). If T € L(X)™ is a contractive operator

with respect to the regular norm || - ||, then 7" is p-contractive.

Proof. Let T € L(X)*. For 0 <y € X, suppose ||Ty|» < |ly|l;. Then for z € X,

p(z) = inf{{lyll-; y > 0,y > =}
> wt{|[Tylhs y > 0,y > 2}
> inf{||z||,; 2 >0,z > Tx}

= p(Tx).
So T is p-contractive. O
We continue with a different approach of sublinear functionals on ordered vector

spaces, which turns out to be more useful in dealing with the contractivity and

positivity of semigroups.
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Proposition 5.1.6. Let X be a partially ordered vector space. For every mono-
tone sublinear functional ¢ € RX, ie. ¢(x) < ¢(y) whenever 0 < z < y in X,

define the sublinear functional ps on X by

po(f) =inf{(g,¢); g€ X,9>0,9> f},VfeX. (5.4)

Then py is sublinear. pg(f) = (f,¢) if f >0, and py(f) = 0 if f < 0. Moreover,
if X is a Banach lattice, then py(fT) = py(f) for f € X.

Proof. The sublinearity of py follows from ¢ is sublinear directly. It is clear that
ps(f) = (f,¢) for f >0, and py(f) =0 for f <0.

If X is a Banach lattice, let f € X,

p¢(f+) inf{(h,®); h > f* h >0}
inf{(h, ¢); h > inf{g;g > f,g > 0},h > 0}
h

> inf{(h,®); h = f,h = 0} = py(f).
Because h > f and h > 0 implies h > fT, and ¢ is monotone, we have {(h, ¢);

h
f,h >0} C {{(h,¢); h > f* ,h > 0}, and hence inf{(h,¢); h > f,h > 0}
inf{(h,¢); h > f*,h > 0}. So we have p(f) > p(fT).

v v

The differential function space X = C1[0, 1], or the Sobolev space X = W™P with
respect to its own norms are typical examples of ordered Banach spaces. On these

spaces, the norms are not monotone, but we could define a sublinear functional p

by (5.4).
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5.2 Contractivity and positivity of semigroups on or-

dered Banach spaces

In this section, we will give sufficient conditions on the generator A under which
a semigroup 7T'(t)¢>0 is contractive with respect to p defined by (5.4), or T'(t)>0 is

positive on an ordered Banach space.

Firstly, we will see that if A is supposed to be p-dissipative and (I—\A) is invertible

for some A > 0, then T'(¢);>0 is p-contractive.

Theorem 5.2.1. Let X be an ordered Banach space, ¢: X — R be a positive
linear functional, and pg on X defined by (5.4). Let A: X O D(A) — X be
pe-dissipative. If (I — AA) is invertible for some A > 0, then (I — AA)™! is py-
contractive. In addition, if T'(¢);>0 is a strongly continuous semigroup generated

by A, then T'(t) is pg-contractive for every ¢ > 0.

Proof. For a fixed f € D(A), let ¢ € dpy(f) be such that (Af,¢) < 0. Then
(9,v) < p(g) for all g € X and hence |(g,9)| < p(g). For some \g > 0 one has
that

ps((Aol = A)f) = (Aol — A) f,¥)| = Re((Mol — A) f, )
= Re((Mof,¥) — (Af,¥)) = Re(Aof, ¥)
= ReAo(f, ) = ReXop(f)
= Aop(f)-

So if A > 0 is such that (I — AA) is invertible, then (I — AA)~! is pg-contractive
for some A > 0.

In addition, for f in X and ¢ > 0,

T()f = lim (2R, A"f = lim (I—%A)‘”f.

n—oo { t n—oo

So T'(t) is pg-contractive for every ¢ > 0. O]
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Recall that a nonempty subset ® C K’ is called total if ¢(x) > 0 for each ¢ €
implies > 0; the original definition is in [39, p. 102]|. For example, if X = C[0, 1],
then ® = {d&;; ¢t € [0,1]} is total. To use this property, we claim that dp(f)N® # 0
for p in (5.4). In fact, for p defined in (5.4), let t € [0,1] and ¢ = &, then

pe(f) = inf{de(g); g > 0,9 > f} = inf{g(t);g = 0,9 = f} = fF(t). Soif
f(t) < 0 then pi(f) = 0. We only need to consider f > 0. Let ¢ = d;, then

U(g) = di(g) = g(t) < g™ (t) = pu(g), and ¥(f) = &(f) = f(t) = fT(t) = pe(f).
So ¥ € dp(f). In this case, if A is the multiplication operator which multiplies a

negative function, then A is p-dissipative.

The next theorem shows that the positivity of T'(¢):>0 is obtained by supposing A
is pg-dissipative for ¢ in a total set of X.

Theorem 5.2.2. Let X be an ordered Banach space. Let A: X D D(A) — X
be the generator of strongly continuous semigroup 7'(t);>o. If A is py-dissipative
for all ¢ in a total set ® and (I — AA) is invertible for some A > 0, then T'(¢) is
positive for all ¢ > 0.

Proof. Suppose that A is pg-dissipative for all ¢ € ®. Let T'(t);>0 be the semigroup
generated by A. Let ¢ € @, select f < 0 in X, by Theorem 5.2.1, one has that

po(T($)f) < po(f), which means
inf{(g, ¢); g > T'(t)f,9 > 0} <inf{(h,¢); h > f,h > O}.
Take h = 0, then the right side of the above inequality is 0. It follows that
inf{(g,¢); 9 > T(t)f,g =0} <0.
Because of g > T'(t) f, then (g,¢) > (T'(t)f, ¢) for ¢ is positive. So
(T(t)f, ¢) < inf{(g,¢); g = T(t)f, g > 0} <0.

Since ® is total, one has that (T'(t)f, ¢) < 0 for all ¢ € ® implies T'(¢)f < 0. Thus
T(t) is positive. O
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Remark 5.2.3. Notice that [10, Theorem 1.2| says that, if A is densely defined
on a Banach lattice, then T'(¢)¢>0 is positive and contractive if and only if A is
dispersive and (A — A) is surjective for some A > 0. By Theorem 5.2.1, we could
generalize one direction of this conclusion to ordered Banach spaces. We will
illustrate this through an example of a second derivative operator with Dirichlet

boundary condition. This example originally comes from [10, Example 1.5]|.

Ezample 5.2.4. Let X = (C™[0,1],| - ||) be a Banach space, the densely defined
operator A be the second derivative operator with Dirichlet boundary condition.
Then the domain satisfies D(A4) = {f € C"*2[0,1]; £(0) = f(1) = f"(0) =
f"(1)}. Choose p(f) = |[fT|l for f € X, then there exists € (0,1) such
that f(z) = supyep) f(y) = [[f Tl Since (g,0z) = g(z) < 97l = p(9)
for all g € X, (f,8.) = f(x) = ||[fT|loo, 50 0z € dp(f). We have (Af,d,) =
f"(x) <0 since f has a maximum in X. So A is p-dissipative. Let g € X, define
fo(z) = 3[e” fxl e Yg(y)dy — e ™ fxl eYg(y)dy]. Then there exist m,n € R such
that f(z) = fo(x) + me® + ne™™ and f(0) = f(1) =0, and then f € D(A). Since
f=f"=fo— f] =g, we have (I — A) is surjective. For f € D(A), suppose that
(I —A)f =0, then f(x) = ae® + fe™™. Notice that f(0) = f(1) = 0 such that
a=L0=0,s0 f(x) =0 for x € [0,1]. So (I — A) is injective. Take ¢ = || - || We
have that p is given by (5.4). It follows from Theorem 5.2.1 that A is the generator

of a contractive semigroup.

If g € X and g <0, then p(T'(¢)) < p(g) = [lg" oo = 0. So [(T(t)g)"[lec = 0, s0
T(t)g <0 for every t > 0. Hence T'(t);>0 is positive.

Remark 5.2.5. It is worth to mention that in an ordered Banach space, specifically
C10, 1], the dispersivity of A will fail, in general, with respect to the original norm.
However, by the above discussion, we still have flexibility to choose a functional
p as in (5.4), which is only depends on a functional ¢. This is also different from

the arguments in [10, Example 1.5].
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5.3 Positive off-diagonal property of operators on or-

dered vector spaces

In this section, we will introduce the positive off-diagonal property especially on
pre-Riesz spaces, in particular C1(2) with Q C R™ open. Explicitly, we investigate
a representation theorem for positive functionals on Archimedean pre-Riesz spaces,

which is also interesting independently.

Definition 5.3.1. The linear operator A: X O D(A) — X is said to have the
positive off-diagonal property if (Au,¢) > 0 whenever 0 < u € D(A) and
0 < ¢ e X* with (u,¢) =0.

The motivation of the positive off-diagonal property comes from matrix theory,
where the off-diagonal elements of the matrix A = (a;;) are positive, i.e., a;; > 0
for all ¢ # j. It is shown in [16, Lemma 7.23| that on an ordered Banach space
with an order unit u such that u € D(A), A has the positive off-diagonal property
and Au < 0 if and only if A is ¥,-dissipative, where V¥,, is the order unit function,
ie. Uy(x) = inf{\ > 0;z < Mu}, z € X. However, the dissipativity and the

positive off-diagonal property are independent, as the following example shows.

Example 5.3.2. In general, the properties that A has the positive off-diagonal

property and A is p-dissipative do not imply each other. In fact, let X = R?, take

1 1
A= L) then A has the positive off-diagonal property. Take f = (1,0), then

1 1
and D(A) = {z = (z1,22) € X;21 > 0,29 = 0}. Take ¢ = (1,0), then ¢ €
dN*(f) for every f € D(A). It is obvious that (Af, ¢) < 0. So A is dispersive,

but does not have positive off-diagonal property.

-1 -1
¢ = (1,0) € dp(f) but (Af,¢) =1, so A is not dispersive. Let A = ( ),

Next, we consider a representation theorem in pre-Riesz spaces.

Theorem 5.3.3. Let X be an Archimedean pre-Riesz space with order unit. Then

there exists a compact Hausdorff space 2 and a bipositive linear map i: X —
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C(€2) such that i(X) is order dense in C(2). Moreover, for every positive linear

functional ¢: X — R, there exists a regular Borel measure p on € such that

o(x) = /Qi(:c)(w)d,u(w), reX, well

Proof. The result of first part of this theorem comes from [31, Lemma 6].

For the second part, let C(€2) be the continuous function space where 2 is a
compact Housdorff space. Let i: X — C(Q) be a bipositive linear map such
that i(X) is an order dense subspace of C(€2). So for a positive linear functional
¢: X — R, one has that ¢ oi~!:4i(X) — R* is a positive linear functional on
i(X). Since R is Dedekind complete, and i(X) is a majorizing subspace of C(),
by Theorem 1.3.6 (Kantorovich), there exists an extension of ¢ 0i~! to a positive
functional ¢: C(Q2) — R. By the Riesz representation theorem, for ¢» on C(£2),

there exists a unique regular Borel measure p on €2 such that
vf) = [ @utw), Vre o), wee.
So for every z € X, one has ¢ o i 1 (i(x)) = ¥(i(x)). If we take f = i(z), then

¢Oi1(’i($))=¢(i($))=/i(x)(W)du(w)-
Q

Thus we get the conclusion. O

We give an example to illustrate that the positive off-diagonal property of A can
be generalized to a special kind of partially ordered vector space, in particular

pre-Riesz space C1[0, 1].

Ezample 5.3.4. Let C[0,1] be the real continuous functions. Let X = C[0,1]
which is an Archimedean pre-Riesz space, then X is an order dense subspace of
C[0,1]. Let A € L(X) be a densely defined operator, we claim that A has positive
off-diagonal property if and only if (Au)(w) > 0 whenever 0 < u € D(A) and
w € [0, 1] with u(w) = 0. In fact, first suppose that A has the positive off-diagonal
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property and 0 < u € D(A), w € Q with u(w) = 0. Take 0 < ¢, € X* to be the
point evaluation at w, then it follows from u(w) = (u, ¢,) = 0 that (Au, ¢,) > 0,
ie. (Au)(w) > 0. Conversely, assume 0 < u € D(A), and 0 < ¢ € X* with
(u, ) = 0. Then by the above Theorem 5.3.3, there exists a regular Borel measure
p that represents ¢, ie. (u,¢) = fol i(u)(w)du(w). By assumption, we have
i(u)(w) = 0 and u(w) = 0 for all w in the 5upp0rt of u, then (Au)(w) > 0 and
i(Au)(w) > 0. Hence (Au, ¢) = fo )dp(A) > 0. This shows that A has the
positive off-diagonal property.



Bibliography

(1]

2]

3]

4]

[5]

[6]

7]

18]

Y. A. Abramovich and C. D. Aliprantis. An invitation to operator theory,
volume 50. Graduate Studies in Mathematics, Amer. Math. Soc., Providence,
Rhode Island, 2002.

Y. A. Abramovich, Z. Chen, and A. W. Wickstead. Regular-norm balls can
be closed in the strong operator topology. Positivity, 1(1):75-96, 1997.

Y. A. Abramovich and A. K. Kitover. A solution to a problem on invertible
disjointness preserving operators. Proc. Amer. Math. Soc., 126(5):1501-1505,
1998.

Y. A. Abramovich and A. K. Kitover. A characterization of operators pre-

serving disjointness in terms of their inverse. Positivity, 4(3):205-212, 2000.

C. D. Aliprantis and O. Burkinshaw. Positive compact operators on Banach
lattices. Math. Z., 174(3):289-298, 1980.

C. D. Aliprantis and O. Burkinshaw. Positive Operators. Academic Press,
Inc., London, 1985.

C. D. Aliprantis and E. Langford. Order completions of Archimedean Riesz
spaces and l-groups. Algebra Universalis, 19(2):151-159, 1984.

W. Arendt. On the o-spektrum of regular operators and the spectrum of
measures. Math. Z., 178(2):271-287, 1981.

94



BIBLIOGRAPHY 95

19]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

W. Arendt. Spectral properties of Lamperti operators. Indiana Univ. Math.
J., 32(2):199-215, 1983.

W. Arendt. Characterization of positive semigroups on Banach lattices. In
R. J. Nagel, editor, One-Parameter Semigroups of Positive Operators, volume
1184 of Lecture Notes on Mathematics, chapter C-II, pages 247-291. Springer
Verlag, Berlin, Heidelberg, New York, Tokyo, 1986.

W. Arendt. Characterization of positive semigroups on Banach lattices. In
R. J. Nagel, editor, One-Parameter Semigroups of Positive Operators, volume
1184 of Lecture Notes on Mathematics, chapter A-II, pages 25-59. Springer
Verlag, Berlin, Heidelberg, New York, Tokyo, 1986.

W. Arendt. Characterization of positive semigroups on Cp(X). In R. J.
Nagel, editor, One-Parameter Semigroups of Positive Operators, volume 1184
of Lecture Notes on Mathematics, chapter B-11, pages 122-162. Springer Ver-
lag, Berlin, Heidelberg, New York, Tokyo, 1986.

W. Arendt, P. R. Chernoff, and T. Kato. A generalization of dissipativity
and positive semigroups. J. Operator Theory, 8(1):167-180, 1982.

G. Buskes and A. C. M. van Rooij. The vector lattice cover of certain partially
ordered groups. J. Austral. Math. Soc. (Series A), 54(3):352-367, 1993.

Z. Chen and A. W. Wickstead. The order properties of r-compact operators
on Banach lattices. Acta Math. Sin. (Engl. Ser.), 23(3):457-466, 2007.

P. Clement, H. J. A. M. Heijmans, S. Angenent, C. J. van Duijn, and
B. de Pagter. One-Parameter Semigroups. North Holland. CWI Monograph
5, Amsterdam, 1987.

J. B. Conway. A course in functional analysis, volume 96. Springer Science
& Business Media, 2013.

E. de Jonge and A. C. M. van Rooij. Introduction to Riesz spaces, volume 78.
Math. Centre Tracts, 1977.



96

BIBLIOGRAPHY

[19]

[20]

[21]

[22]

23]

[24]

[25]

[26]

[27]

28]

[29]

[30]

B. de Pagter. A note on disjointness preserving operators. Proc. Amer. Math.

Soc., 90(4):543-549, 1984.
B. de Pagter. Irreducible compact operators. Math. Z., 192(1):149-153, 1986.

P. G. Dodds and D. H. Fremlin. Compact operators in Banach lattices. Israel
J. Math., 34(4):287-320, 1979.

K.-J. Engel and R. Nagel. One-parameter semigroups for linear evolution

equations. Springer Science + Business Media, Netherlands, 1999.

K. J. Engel and R. Nagel. One-parameter Semigroups for Linear Evolution
Equations. Graduate Texts in Mathematics 194, Springer-Verlag, New York,
2000.

T. Hauser and A. Kalauch. Order continuity from a topological perspective.
arXw preprint arXiw:1711.02929, 2017.

C. B. Huijsmans and B. de Pagter. Invertible disjointness preserving opera-
tors. Proc. Edinb. Math. Soc., 37(2):125-132, 1994.

C. B. Huijsmans and W. A. J. Luxemburg. Positive operators and semigroups

on Banach lattices. Springer Science + Business Media, Netherlands, 1992.

C. B. Huijsmans and A. W. Wickstead. The inverse of band preserving and
disjointness preserving operators. Indag. Math. (N.S.), 3(2):179-183, 1992.

A. Kalauch. On positive-off-diagonal operators on ordered normed spaces.
Journal of Analysis and its Applications, 22(1):229-238, 2003.

A. Kalauch. Positive-off-diagonal operators on ordered normed spaces and

maximum principles for M -operators. PhD thesis, TU Dresden, 2006.

A. Kalauch. Structures and operators in pre-riesz spaces and stability of
positive linear systems. Habilitationsschrift, Technische Universitdt Dresden,
Germany, 2013.



BIBLIOGRAPHY 97

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

A. Kalauch, B. Lemmens, and O. van Gaans. Riesz completions, functional

representations, and anti-lattices. Positivity, 18(1):201-218, 2014.

A. Kalauch and O. van Gaans. Disjointness in partially ordered vector spaces.
Positivity, 10(3):573-589, 2006.

A. Kalauch and O. van Gaans. Ideals and bands in pre-Riesz spaces. Posi-
tivity, 12(4):591-611, 2008.

A. Kalauch and O. van Gaans. Directed ideals in partially ordered vector
spaces. Indag. Math. (N.S.), 25(2):296-304, 2014.

A. Kalauch and O. van Gaans. Pre-Riesz spaces. De Gruyter, Berlin, 2018.

N. J. Kalton and P. Saab. Ideal properties of regular operators between
Banach lattices. Illinois J. Math., 29(3):382-400, 1985.

S. Kaplan. The second dual of the space of continuous functions, II. Trans.
Amer. Math. Soc., 93(2):329-350, 1959.

S. Koshkin. A short proof of the Arendt-Chernoff-Kato theorem. Arch. Math.
(Basel), 101(2):143-147, 2013.

M. A. Krasnosel’skij, J. A. Lifshits, and A. V. Sobolev. Positive Linear
Systems. Heldermann Verlag, Berlin, 1989.

W. A. J. Luxemburg and A. C. Zaanen. Riesz Spaces I. North-Holland,
Amsterdam, 1971.

H. Malinowski. Pre-Riesz spaces: Structures and Operators. PhD thesis, TU
Dresden, 2017.

P. Meyer-Nieberg. Banach Lattices. Springer-Verlag, Berlin, Heidelberg, New
York, 1991.

R. Nagel and U. Schlotterbeck. Basic results on semigroups on Banach spaces.
In R. J. Nagel, editor, One-Parameter Semigroups of Positive Operators, vol-
ume 1184 of Lecture Notes on Mathematics, chapter A-I, pages 1-24. Springer
Verlag, Berlin, Heidelberg, New York, Tokyo, 1986.



98

BIBLIOGRAPHY

[44]

[45]

|46]

[47]

48]

[49]

[50]

[51]

[52]

[53]

[54]

R. Nagel and U. Schlotterbeck. Positive semigroups on Banach lattices. In
R. J. Nagel, editor, One-Parameter Semigroups of Positive Operators, volume
1184 of Lecture Notes on Mathematics, chapter C-I, pages 233-246. Springer
Verlag, Berlin, Heidelberg, New York, Tokyo, 1986.

R. J. Nagel, editor. One-Parameter Semigroups of Positive Operators. Lecture
Notes Math. 1184, Springer Verlag, Berlin, Heidelberg, New York, Tokyo,
1986.

B. Randrianantoanina. Injective isometries in Orlicz spaces. Jarosz, Krzysztof
(ed), Function spaces. Proc. of the 3rd conf., Edwardsville, IL, USA, 1998.
Providence, RI: Amer. Math. Soc. Contemp. Math., 232:269-287, 1999.

H. H. Schaefer. Topological Vector Spaces. Macmillan, New York, 1966.

H. H. Schaefer. Banach Lattices and Positive Operators. Springer-Verlag,
Berlin, Heidelberg, New York, 1974.

H. R. Thieme. Spectral radii and Collatz—Wielandt numbers for homoge-
neous order-preserving maps and the monotone companion norm. In Ordered

Structures and Applications, pages 415—467. Birkhauser, 2016.

O. van Gaans. Seminorms on ordered vector spaces. PhD thesis, University
of Nijmegen, 1999.

O. van Gaans. Subspaces of normed Riesz spaces. Positivity, 8(2):143-164,
2004.

O. van Gaans. An elementary example of an order bounded dual space that
is not directed. Positivity, 9(2):265-267, 2005.

O. van Gaans and A. Kalauch. Bands in pervasive pre-Riesz spaces. Oper.
Matrices, 2(2):177-191, 2008.

M. van Haandel. Completions in Riesz Space Theory. PhD thesis, University
of Nijmegen, 1993.



BIBLIOGRAPHY 99

[55] J. van Waaij. Tensor products in Riesz space theory. Master’s thesis, Leiden

University, 2013.

[56] B. Z. Vulikh. Introduction to the Theory of Cones in Normed Spaces (Rus-
sian). Izdat. Kalinin Univ., Kalinin, 1977.

[57] A. W Wickstead. Extremal structure of cones of operators. Q. J. Math.,
32(2):239-253, 1981.

[58] A. W. Wickstead. Converses for the Dodds—Fremlin and Kalton—Saab theo-
rems. Math. Proc. Camb. Phil. Soc., 120(1):175-179, 1996.

[59] A. W. Wickstead. AL-spaces and AM-spaces of operators. Positivity,
4(3):303-311, 2000.

[60] A. C. Zaanen. Introduction to Operator Theory in Riesz Spaces. Springer-
Verlag, Berlin, Heidelberg, 1997.



100 BIBLIOGRAPHY




Index

o-Dedekind complete, 5 order, 51
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AlL-space, 59

generating cone, 3
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generating subspace, 10
Archimedean, 5

generator, 75
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in partially ordered vector space, 14
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in partially ordered vector space, 13

in vector lattice, 8 in vector lattice, 8
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contractive operator, 85 net
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disjoint complement norm
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in vector lattice, 8 half, 84
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in partially ordered vector space, 13 order continuous, 45
in vector lattice, 8 regular, 45
dispersive, 85 Riesz, 20
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strict half, 84 Riesz* homomorphism, 34

normal cone, 66

semigroup

one-parameter semigroup, 75 disjointness preserving, 75
operator strongly continuous, 75

band preserving, 69 set

disjointness preserving, 16 directed, 4

local, 69 o-closed, 6

order bounded, 15 order bounded, 4

order continuous, 25 solid

positive, 15 in partially ordered vector space,

regular, 16 13
order dense, 9 in vector lattice, 8
order interval, 4 total, 89
order unit, 4 space
ordered Banach space, 67 order unit, 4
ordered normed space, 20 pre-Riesz, 9

Riesz, 7
partial order, 2 strictly dispersive, 85
partially ordered vector space, 2 subdifferential, 85
pervasive, 19
topology

positive cone, 3

positive element, 2 absolute weak, 55

positive off-diagonal property, 91 consistent, 55

positive part, 8 restriction, 56

relative uniform closure, 6 u-uniformly Cauchy sequence, 6

relatively uniformly closed, 6 uniformly complete, 6

relatively uniformly convergent, 6 vector lattice. 7

Riesz completion, 11 vector lattice cover, 11
Riesz decomposition property, 38
Riesz dual system, 56 wedge, 3

Riesz homomorphism, 34
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Summary

This thesis mainly extends the theory of positive operators on Riesz spaces to
a setting of pre-Riesz spaces. It includes five chapters. The first chapter is on
preliminaries, and the rest of the four chapters present main results. These results
can be roughly divided into two parts: the second and third chapter extend work
on disjointness preserving operators and compact operators to pre-Riesz spaces,
and the last two chapters concern the theory of Cy-semigroups in ordered Banach

spaces.

Our work is based on the theory which was established by M. van Haandel in
1993, which yields that every directed Archimedean partially ordered vector space
(pre-Riesz space) owns a vector lattice cover, that is, it can be embedded order
densely into a Riesz space. We establish that for a pervasive pre-Riesz space
X with monotone norm, there exists a Riesz norm on the Riesz completion X?”.
Moreover, we show that if for every nonzero positive element x in X”, there exists
an increasing sequence which is less equal than z and norm converges to x, then
every positive linear operator 7' : X — Y which is disjointness preserving and
injective can be extended to T:XP — Y? where T is disjointness preserving and
injective, and where X, Y are pervasive pre-Riesz spaces with monotone norms, X7
is the Riesz completion of X and Y7 is the Dedekind completion of Y. In addition,
we explore that for an operator T': X — Y with X a pervasive Archimedean pre-
Riesz space with the Riesz decomposition property and Y a Dedekind complete
vector lattice, there exists an extension of T to all of X? which preserves order
boundedness and disjointness. In a pervasive Archimedean pre-Riesz space X
with the Riesz decomposition property, for a positive element in X*, we construct
a net in X which is order convergent to it. Using this result, we extend order
continuous norms on pre-Riesz spaces. Furthermore, we show that the compact
domination property of positive operators from X to Y, where X and Y are Banach
lattices, holds as well in pervasive Archimedean pre-Riesz spaces with the Riesz
decomposition property and regular norms, provided (X?)" and Y having order

continuous norms.
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In the second part of the results, we establish that a disjointness preserving Cy-
semigroup 7'(t):>0 on an ordered Banach space with a semimonotone norm always
admits a local generator A. We show that the reverse direction of this implication
holds if A and A~! are local. We also consider the contractivity and positivity of
semigroups T'(t)¢>o on ordered Banach spaces, which are related to the dissipativ-

ity of A with respect to a suitable sublinear functional.

We provide many examples to support our results, where one typical example of

a pre-Riesz space is C*[0, 1].
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Samenvatting

Dit proefschrift breidt de theorie van positieve operatoren op Rieszruimten uit
naar pre-Rieszruimten. De tekst bestaat grofweg uit twee delen. De eerste twee
hoofdstukken breiden bestaand werk over disjunctheidsbewarende operatoren en
compacte operatoren uit naar pre-Rieszruimten. De laatste twee hoofdstukken

gaan over de theorie van Cy-halfgroepen op geordende Banachruimten.

Het werk bouwt voort op de theorie van M. van Haandel uit 1993. Deze the-
orie laat zien dat iedere gerichte Archimedische partieel geordende vectorruimte
(pre-Rieszruimte) een overdekkend vectorrooster heeft. Dat wil zeggen dat zo’n
ruimte orde-dicht ingebed kan worden in een Rieszruimte. We tonen aan dat er
voor een pervasieve pre-Rieszruimte X met monotone norm een Riesznorm op de
Rieszcompletering X? bestaat. Bovendien laten we zien dat er voor ieder postief
element = ongelijk aan nul een stijgende rij bestaat onder x die in norm naar x
convergeert. Dan kan iedere postieve injectieve disjunctheidsbewarende operator
T: X — Y uitgebreid worden naar een operator 7': X? — Y? die disjunctheidsbe-
warend en injectief is, aangenomen dat X en Y pervasieve pre-Rieszruimten zijn
met monotone normen, X* de Riesz completering is van X en Y° de Dedekind-
completering van Y. Verder gaan we na dat er voor een operator T: X — Y,
met X een pervasieve Archimedische pre-Rieszruimte met de Rieszdecompositie-
eigenschap en Y een Dedekind volledig vectorrooster, een uitbreiding van 7' naar
de hele ruimte X” bestaat die orde-begrensdheid en disjunctheid bewaart. In een
pervasieve Archimedische pre-Rieszruimte met de Rieszdecompositie-eigenschap
construeren we voor ieder positief element x in X” een net in X dat in orde naar
x convergeert. Met behulp van dit resultaat breiden we orde-continue normen op
pre-Rieszruimten uit. Verder laten we zien dat de domineringseigenschap voor
compacte positieve operatoren van X naar Y, waar X en Y Banachroosters zijn,
ook geldt in pervasieve Archimedische pre-Rieszruimten met de Rieszdecompositie-
eigenschap en reguliere normen, aangenomen dat (X°)’ en Y orde-continue normen

hebben.

In het tweede deel bewijzen we dat een disjunctheidsbewarende Cgp-halfgroep
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T(t)tzo op een geordende Banachruimte met een semimonotone norm een genera-
tor heeft die lokaal is. We laten zien dat het omgekeerde geldt als A en A~! beide
lokaal zijn. We beschouwen ook de contractiviteit en positiviteit van halfgroepen
op geordende Banachruimten en brengen die in verband met de dissipativiteit van

hun generatoren ten opzichte van geschikt gekozen sublineaire functionalen.

We geven veel voorbeelden om de resultaten te illustreren, waar de ruimte C[0, 1]

een typisch voorbeeld van een pre-Rieszruimte is.
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