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Abstract

In this paper we study a random walk in a one-dimensional dynamic random environ-
ment consisting of a collection of independent particles performing simple symmetric
random walks in a Poisson equilibrium with density p € (0, 00). At each step the ran-
dom walk performs a nearest-neighbour jump, moving to the right with probability p,
when it is on a vacant site and probability pe when it is on an occupied site. Assuming
that po € (0,1) and pe # % we show that the position of the random walk satisfies a
strong law of large numbers, a functional central limit theorem and a large deviation
bound, provided p is large enough. The proof is based on the construction of a renewal
structure together with a multiscale renormalisation argument.
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1 Introduction and main results

Background. Random motion in a random medium is a topic of major interest in
mathematics, physics and (bio-)chemistry. It has been studied at microscopic, mesoscopic
and macroscopic levels through a range of different methods and techniques coming
from numerical, theoretical and rigorous analysis.

Since the pioneering work of Harris [14], there has been much interest in studies of
random walk in random environment within probability theory (see [17] for an overview),
both for static and dynamic random environments, and a number of deep results have
been proven for various types of models.

In the case of dynamic random environments, analytic, probabilistic and ergodic
techniques were invoked (see e.g. [1], [4], [7]-[11], [12], [13], [19], [27], [28]), but
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good mixing assumptions on the environment remained a pivotal requirement. By
good mixing we mean that the decay of space-time correlations is sufficiently fast —
polynomial with a sufficiently large degree — and uniform in the initial configuration.
More recently, examples of dynamic random environments with non-uniform mixing have
been considered (see e.g. [15], [24], [6], [2]). However, in all of these examples either
the mixing is fast enough (despite being non-uniform), or the mixing is slow but strong
extra conditions on the random walk are required.

In this context, random environments consisting of a field of random walks moving
independently gained significance, not only due to an abundance of models defined in
this setup, but also due to the substantial mathematical challenges that arise from their
study. Among various conceptual and technical difficulties, slow mixing (in other words,
slow convergence of the environment to its equilibrium as seen from the walk) makes
the analysis of these systems extremely difficult. In particular, in physical terms, when
ballistic behaviour occurs the motion of the walk is of “pulled type” (see [31]).

In this paper we consider a dynamic random environment given by a system of
independent random walks. More precisely, we consider a walk particle that performs
a discrete-time motion on Z under the influence of a field of environment particles
which themselves perform independent discrete-time simple random walks. As initial
state for the environment particles we take an i.i.d. Poisson random field with mean
p € (0,00). This makes the dynamic random environment invariant under translations in
space and time. The jumps of the walk particle are drawn from two different random
walk transition kernels on Z, depending on whether the space-time position of the walk
particle is occupied by an environment particle or not. For reasons of exposition we
restrict to nearest-neighbour kernels, but our analysis easily extends to the case where
the kernels have finite range.

Model. Throughout the paper we write N = {1,2,...}, Z; = NU{0} and Z_ = —INU{0}.
Let {N(z): x € Z} be an i.i.d. sequence of Poisson random variables with mean p €
(0,00). At time n = 0, for each z € Z place N(x) environment particles at site z.
Subsequently, let all the environment particles evolve independently as “lazy simple
random walks” on Z, i.e., at each unit of time the probability to step —1, 0, 1 equals
3(1—4q), ¢, £(1 — q), respectively, for some ¢ € (0,1). The assumption of laziness is not
crucial for our arguments, as explained in Comment 5 below.

Let 7 be the set of space-time points covered by the trajectory of at least one
environment particle. The law of 7 is denoted by P? (see Section 2.1 for a detailed
construction of the dynamic environment and the precise definition of 7). Note that 7
does not have good mixing properties. Indeed,

1
Cov,(L(0,00e7> Lio,n)er) ~ C(P)m, (1.1)

where Cov, denotes covariance with respect to P” (see (2.9)-(2.11) in Section 2.1.)
Given T, let X = (X,,)nez, be the nearest-neighbour random walk on Z starting at
the origin and with transition probabilities

PT(XnJrl —z+1 | X, :l') _ { Do, if (xvn) ¢ 7-7 (1.2)

Do, if (x,n) eT,

where p., p, € [0, 1] are fixed parameters and P” stands for the law of X conditional on
T, called the quenched law. The annealed law is given by P?(-) = [ P7(-) P*(dT).
We will denote by

Vo =2po—1 and wve =2pe —1 (1.3)
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the drifts at vacant and occupied sites, respectively. Following the terminology estab-
lished in the literature on random walks in static random environments (see [32], [33]),
we classify our model as follows.

Definition 1.1. The model is said to be non-nestling when v,v, > 0. Otherwise it is said
to be nestling.

We are now in the position to state our main results.

Theorem 1.2. Let v, # 0 and v, # —sign(v,). Then there exist p, > 0 and v > 1 such
that for all p > p, there exist v = v(Vo, Ve, P) € [Uo AVs, Vo VUe] and o = o (v, Ve, p) € (0,00)
such that:

(a) PP-almost surely,
lim n7'X, = . (1.4)

n—oo

(b) Under IP?, the sequence of random processes

X — |nt
M 7 neN, (1.5)
n'/2q >0

converges in distribution (in the Skorohod topology) to the standard Brownian motion.

(c) For all € > 0 there exists ¢ = ¢(v,, Ve, p,€) € (0,00) such that
Pp(ﬂtzn: | X; — to] >5t) < ¢ leclog™n VneN. (1.6)

Moreover, in the non-nestling case p, can be taken equal to 0.

The difference between the nestling and the non-nestling case can be seen in the
statement of Theorem 1.2: in the non-nestling case we can prove (a)-(c) for any p > 0, in
the nestling case only for p > p,, where p, will need to be large enough.

Theorem 1.2 will be obtained as a consequence of Theorems 1.4-1.5 and Remark 1.6
below. Before stating them, we give the following definition that will be central to our
analysis.

Definition 1.3. For fixed v,,v., p and a given v, € [—1, 1], we say that the v,-ballisticity
condition holds when there exist ¢ = ¢(vo, Ve, Vs, p) > 0 and v = v(vo, Ve, Vs, p) > 1 such
that

P’(3neN: X, <nv, — L) <c le 'L vLeN (1.7)

Condition (1.7) is reminiscent of ballisticity conditions in the literature on random walks
in static random environments, such as Sznitman’s (7”)-condition (see [32]).

The next theorem shows that, if the model satisfies (1.7) with v, > 0 as well as an
ellipticity condition, then the asymptotic results stated in Theorem 1.2 hold.

Theorem 1.4. Let v, > 0, v, > —1 and p € (0,00). Assume that (1.7) holds for some
vy € (0,1]. Then the conclusions of Theorem 1.2 hold with v > v,.

Our last theorem shows that (1.7) holds when v, < v, < ve and p is large enough.
Theorem 1.5. If v, < v,, then for all v, € [v,,ve) there exist p, = pu(vo, Ve, vs) € (0,00)
and ¢ = c(vo, v, v4) € (0,00) such that (1.7) holds withy = 3 for all p > p,.

Remark 1.6. If v, A v, > 0, then (1.7) holds for all p € (0,00) and v, € (0,v, A ve) by
comparison with a homogeneous random walk with drift v, A ve. In fact, in this case the
bound in the right-hand side of (1.7) can be made exponentially small in L.

Theorem 1.2 now follows directly from Theorems 1.4-1.5 and Remark 1.6 by noting
that, when v, # 0, by reflection symmetry we may without loss of generality assume that
ve > 0. Note that Theorem 1.5 is only needed in the nestling case.
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The proofs of Theorems 1.4 and 1.5 are given in Sections 4 and 3, respectively.
They rely on the construction and control of a renewal structure for the random walk
trajectory, respectively, on a multiscale renormalisation scheme. The latter is used to
show that the random walk stays to the right of a point that moves at a strictly positive
speed. The former is used to show that, as a consequence of this ballistic behaviour,
the random walk has a tendency to outrun the environment particles, which only move
diffusively, and to enter “fresh territory” containing particles it has never encountered
before. Therefore the random walk trajectory is a concatenation of “large independent
random pieces”, and this forms the basis on which the limit laws in Theorem 1.2 can
be deduced (after appropriate tail estimates). None of these techniques are new in the
field, but in the context of slow mixing dynamic random environments they are novel
and open up gates to future advances.

Comments.
1. It follows from Theorem 1.5 (and reflection symmetry in the case v, < v,) that

lim v(vo, Ve, p) = Ve, (1.8)
p—r00
where v = v(vo, v, p) is as in (1.4). This can also be deduced from the following
asymptotic weak law of large numbers derived in [16]:

lim limsup]Pp(\n_an — Vo] > 5) =0 Ve > 0. (1.9)

P70 n—sco

In fact, [16] considers the version of our model in Zd, d > 1, in continuous time and with
more general transition kernels.

2. It can be shown that the asymptotic speed and variance v and ¢ in Theorem 1.2 are
continuous functions of the parameters v,, v, and p. (See Remark 4.8 in Section 4.3.)

3. We expect Theorem 1.2 to hold when v, # 0, ve # —sign(v,) and p is small. In the
non-nestling case, this already follows (for any p > 0) from Theorem 1.4, but in the
nestling case we would have to prove the analogue of Theorem 1.5 for v, < v, and p
small.

4. Our techniques can potentially be extended to higher dimensions. The restriction
to the one-dimensional setting simplifies the notation and allows us to avoid certain
technicalities.

5. Our dynamic random environment is composed of lazy random walks evolving in
discrete time. This assumption was made for convenience in order to simplify some
technical steps. However, as discussed in Remark C.4, our analysis can be extended to
symmetric random walks with bounded steps that are aperiodic or bipartite (in the sense
of [20]), or that evolve in continuous time.

6. It is a challenge to extend Theorem 1.2 to other environments, in particular to environ-
ments where the particles are allowed to interact with each other. The renormalisation
scheme is robust enough to show that the ballisticity condition (1.7) holds as long as the
environment satisfies a mild decoupling inequality (see Section 3.5 for specific examples).
On the other hand, the regeneration structure is more delicate, and uses model-specific
features in an important way. A recent development can be found in [18], where the
authors consider as dynamic environment the simple symmetric exclusion process in
the regimes of fast or slow jumps. While their proofs differ significantly from ours, their
methods are in spirit close. It remains an interesting question to determine how far both
methods can be pushed (see also Section 4.4).
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7. After the preprint version of the present article appeared, it was brought to our
attention that a regeneration argument similar to the one used to prove Theorem 1.4
appears in [3], where the authors consider a different model in the same random
environment (in continuous time). We believe, however, that our approach is simpler
and is better suited to the ballisticity condition (1.7) (which is mildly stronger than the
one used in [3]).

Organization of the paper. In Section 2 we give a graphical construction of our
random walk in dynamic random environment. This construction will be convenient
during the proofs of our main results. In Section 3 we set up a renormalisation scheme,
and use this to show that, for large densities of the particles, the random walk moves
with a positive lower speed to the right. This lower speed of the random walk plays the
role of a ballisticity condition and is crucial in Section 4, where we introduce a random
sequence of regeneration times at which the random walk “refreshes its outlook on
the random environment”, and show that these regeneration times have a good tail. In
Section 4.3 the regeneration times are used to prove Theorem 1.4. Appendices A-E
collect a few technical facts that are needed along the way.

2 Preliminaries

In this section we give a particular construction of our model, supporting a Poisson
point process on the space of two-sided trajectories of environment particles (Section 2.1)
and an i.i.d. sequence of Uniform([0, 1]) random variables that are used to define our
random walk (Section 2.2). This formulation is equivalent to that given in Section 1,
but has the advantage of providing independence and monotonicity properties that are
useful throughout the paper (see Definitions 2.1-2.2 and Remark 2.3 below).

Throughout the sequel, ¢ denotes a positive constant that may depend on v,, v, and
may change each time it appears. Further dependence will be made explicit: for example,
¢(n) is a constant that depends on 7 and possibly on v,, v,. Numbered constants co, ¢, . . .
refer to their first appearance in the text and also depend only on v, and v, unless
otherwise indicated.

2.1 Dynamic random environment

Let ‘ ‘ ‘
S = (5" ien ez With S = (52") ez (2.1)

be a doubly-indexed collection of independent lazy simple random walks such that
Si" =z for all i € IN. By this we mean that the past (SZ?),cz and the future (S2%),cz,
are independent and distributed as symmetric lazy simple random walks as described in
Section 1.

Let (N(z,0)).cz be a sequence of i.i.d. random variables independent of S. Then, the
process N(-,n) defined by

N(@n) =Y Y Ly, (¢,n)eZ’ (2.2)

z€N 1<i<N(z,0)

(with 0 assigned to empty sums) is a translation-invariant Markov process representing
the number of environment particles at site z and time n. For any density p > 0, the
process N is in equilibrium when we choose the distribution of N(-,0) to be product
Poisson(p). Denote by P? the joint law of N(-,0) and S in this case.

It will be useful to view N as a subprocess of a Poisson point process on a space of
trajectories as follows. Let

W ={w=(w(n))pez: w(n) € Z, lw(n+1) —w(n)| <1Vne 7z}, (2.3)
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denote the set of two-sided nearest-neighbour trajectories on Z. Endow W with the
sigma-algebra W generated by the canonical projections Z,(w) = w(n), n € Z. A
partition of W into disjoint measurable sets is given by {W,},cz, where W, = {w €
W: w(0) = x}.

We introduce the space ) of point measures on W as (be careful to distinguish w
from w)

Q:{w: Z Ow;» wj €WVjeEZy, |w(Ww)\<ooneZ}, (2.4)
JEZ

and define a random point measure w € ) by the expression

w=Y Y s (2.5)

2€Z 1<i<N(2,0)

It is then straightforward to check that, under IP?, w is a Poisson point process on W
with intensity measure pu, where

n=S"P, (2.6)

TEZ

and P, is the law on W, with support on W, under which Z(-) = (Z,,(-))nez is distributed
as a lazy simple random walk on Z. Moreover, we have that

N(z,n) =w({w e W: w(n) =z}), (z,n) € Z*2. (2.7)

For w € W, let Trace(w) = {(w(n),n)}nez C Z* be the trace of w, and define the total
trace of the environment trajectories as the set

T=Tw)= U U Trace(S*"). (2.8)

2€7Z 1<i<N(z,0)

We can now justify (1.1). Noting that {(z, k) ¢ T} = {w(w(k) = z) = 0}, compute

P?[(0,0) ¢ T,(0,n) ¢ T] = P? [w(w(0) = 0 or w(n) = 0) = 0] 2.9)
= exp {—pp(w(0) =0 or w(n) =0)}. ’
Now,
p(w(0) =0 or w(n) =0) = u(w(0) =0) + p(w(n) =0 # w(0)) (2.10)
:1+P0(Zn7é0):27P0(Zn:0)7 .
where we used the symmetry of Z. Hence,
Covy (Ly0)eT}: Liomery) = Covp (Li.0¢7y: Li0meT})
=e 2 (epp"(z"zo) — 1) ~ c(p)n_% (2.11)

[N

since Py(Z, =0) ~cn

2.2 Random walk in dynamic random environment

In order to define the random walk on our dynamic random environment, we first
enlarge the probability space. To that end, let us consider a collection of i.i.d. random
variables U = (U,),ecz2, independent of the previous objects, with each U, uniformly
distributed on [0, 1]. Set Q = Q x [0,1]%", and redefine P* to be the probability measure
giving the joint law of N(-,0), S and U.
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Given a realisation of w and U and y € Z?2, define the random variables YY,neZ,,
as follows:

Yy =y,
Y'r? + (17 1)7 if Yﬁ’ S T(UJ) and Uy;L/ < De
V= orY! ¢ T(w)and Uyy < po,
YY 4+ (—1,1), otherwise.

(2.12)

In words, Y¥ = (Y}),cz, is the space-time process on Z? that starts at y, always moves
upwards, and is such that its horizontal projection X¥ = (X¥),cz, is a random walk with
drift vy = 2p, — 1 when Y¥ steps on 7 (w) and drift v, = 2p, — 1 otherwise. Note that Y¥
depends on 7 (w), but this will be suppressed from the notation. Also note that, for any
Yy e 72, the law of X¥ under P? coincides with the annealed law described in Section 1.
So from now on X = X° will be the random walk in dynamic random environment that
we will consider. We may also write Y,, to denote Y.

Definition 2.1. For w,w’ € (), we say that w < w’ when T (w) C T (w'). We say that a
random variable f: Q — R is non-increasing when f(w',€) < f(w, &) forallw < ' and all
¢ €0, 1]22. We extend this definition to events A in ) by considering f = 1,4. Standard
coupling arguments imply that E*’ (f) < EP(f) for all non-increasing random variables f
and allp < p'.

Definition 2.2. We say that a random variable f: Q — R has support in B C Z? when
— 2

f(w, &) = f(w', &) forallw',w € Q with T(w) N B =T (w')N B and all £,¢' € [0,1]% with

E(v) =¢ (v) forallv € B.

Remark 2.3. The above construction provides two forms of monotonicity:

(i) Initial position: If z < z’ have the same parity (i.e., 2’ — x € 2Z), then

xEm < xm ynezviez,. (2.13)
(ii) Environment: If v, < ve and w < «’, then

X! (w) < XY(W) VyeZ’VieZ,. (2.14)

3 Proof of Theorem 1.5: Renormalisation

In this section we prove Theorem 1.5, which shows the validity of the ballisticity
condition in (1.7) when v, < v, and p is large enough. This will be crucial for the proof
of Theorem 1.4 later.

In Section 3.2 we introduce the required notation. In Section 3.3 we devise a
renormalisation scheme (Lemmas 3.2-3.3) to show that under a “finite-size criterion”
the random walk moves ballistically, and we prove that for large enough p this criterion
holds (Lemma 3.4). In Section 3.4 we show that the renormalisation scheme yields
the large deviation bound in Theorem 1.5 (Lemma 3.5). This bound will be needed in
Section 4, where we show that, as the random walk explores fresh parts of the dynamic
random environment, it builds up a regeneration structure that serves as a “skeleton”
for the proof of Theorem 1.4. In Section 3.5 we comment on possible extensions.

3.1 Space-time decoupling

In order to implement our renormalisation scheme, we need to control the depen-
dence of events having support in two boxes that are well separated in space-time. This
is the content of the following corollary of Theorem C.1, the proof of which is deferred to
Appendix C.
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Corollary 3.1. Let B; = ([a,b] x [n,m]) N Z? and By = ([a’,b] x [-n',0]) N Z2 be two
space-time boxes (observe that their time separation is n) and assume that n > c. Recall
Definitions 2.2 and 2.1, and assume that f1: Q — [0,1] and fo: Q@ — [0,1] are non-
increasing random variables with support in By and Bs, respectively. Then, for any
p=>1

[f1] BP[fo] + c(per(Bi) +n) e ", (3.1)

where per(B,) stands for the perimeter of B;.

]Ep(1+n‘1/16)[f1f2] < Ep+n=/10)

The decoupling in Corollary 3.1, together with the monotonicity stated in Defini-
tion 2.1, are the only assumptions on our dynamic random environment that are used in
the proof of Theorem 1.5. Hence, the results in this section can in principle be extended
to different dynamic random environments. (See Section 3.5 for more details.)

3.2 Scale notation

Define recursively a sequence of scales (Lj)rcz, by putting
1/2
Ly = 100, Ly =L,/ | Lg. (3.2)

(The choice Ly = 100 has no special importance: any integer > 4 will do, as long as
it stays fixed.) Note that the above sequence grows super-exponentially fast: log L ~
(3/2)*1og Ly as k — oo. For L € N, let By, be the space-time rectangle

By = ([-L,2L] x [0,L]) N Z? (3.3)
and I, its middle bottom line
I, =1[0,L] x {0} C B (3.4)
(see Fig. 1). For m = (r,s) € Z2, let
Br(m) = Br(r,s) = (r,s)L + By, Ip(m)=15(r,s) = (r,s)L + Ir. (3.5)

For k € IN, let
My = {(r,s) € Z*: By, (r,s)NBy,,, #0} (3.6)

denote the set of all indices whose corresponding shift of the rectangle By, still intersects
the larger rectangle Br,,, = Br,_,(0,0).

L

Figure 1: Picture of By, (rectangle) and I, (middle bottom line).

Fix v < v,, let 6 = %(U. —v), and define recursively a sequence (vy)recw of velocities
by putting
6 1
V1 = Vg — 0, Vg1 = U — O <7r2) w2 (3.7)
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Since ), . 1/k* = 7% /6, it follows that k — vj, decreases strictly to v. The reason why
we introduce a speed for each scale k is to allow for small errors as we change scales.
(The need for this “perturbation” will become clear in (3.15) below.)

We are interested in bounding the probability of bad events A; on which the random
walk does not move to the right with speed at least v, namely,

Ax(m) = {3 (2,n) € I, (m): XM — 2 < vkLk.}, keNmeZ®.  (3.8)

Note that Ay (m) is defined in terms of the dynamic random environment and the random
walk within By, (m), so that 14, (,,) is a random variable with support in Bz, (m), in the
sense of Definition 2.2. We say that By, (m) is a slow box when Aj;(m) occurs. Since we
are assuming that ve > v, (recall (1.6)), for each k£ and m the random variable 1 Ay (m) 1S
non-increasing in the sense of Definition 2.1.

Define recursively a sequence (py)rez, of densities by putting

po >0, peri =1+ Ly )y (3.9)

Again, we introduce a density for each scale k in order to allow for small errors. (The
need for this “sprinkling" will become clear in (3.18) below.) Observe that p; increases
strictly to p, defined by

pe=po [ 1+ L") € (po, 0). (3.10)
=0

Finally, define
pr = PP (A(0)) = PP*(Ar(m)), ke, (3.11)

where the last equality holds for all m € Z? because of translation invariance.

3.3 Estimates on p;

Lemmas 3.2-3.4 below show that p; decays very rapidly with k£ when pq is chosen
large enough.
The first step is to prove a recursion inequality that relates pj; with py:

Lemma 3.2. Fix py > 1. There is a kg = ko(0) such that, for all k > kq(9),
/
prt1 <o Li [pﬁ + LD 8} : (3.12)

Proof. Let kg = ko(d) be a non-negative integer such that, for all k£ > ko (),

6\ 1 4
) () —_ > —. (3.13)
2 ) 2 = ,1/2
™R L
The existence of kq follows from the fact that L increases faster than exponentially in k.
We begin by claiming the following:

For all k > ko, if Ar+1(0) occurs, then there are at least
three elements m; = (11, $1), ma = (12, $2), m3g = (r3, s3) in My, (3.14)
with s; # s; when 4 # j, such that A;(m;) occurs fori =1,2,3.

The proof is by contradiction. Suppose that the claim is false. Then there are at most
two elements m = (r,s), m' = (',s') in My, with s # s', such that By, (m) and By, (m’)
are slow boxes. It then follows that, for any (z,n) € I, ,,

(z,n) _ LLI./QJ (z,n) (z,n)
XLA:+1 -r = Zj:li [Xij _X(j,m[,k]
> 2L +uly (42 -2) (3.15)
> —4Lp + v Ly,
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where the terms in the sum correspond to the displacements over the LL}C/ 2J time layers

of height Ly, in the box By, ,. The term —2L; appears in the right-hand side of the first
inequality because there are at most two layers (associated with the two slow boxes
mentioned above) in which the total displacement of the random walk is at least — Ly,
since the minimum speed is —1. The second inequality uses that v; < 1.

By the definition of kq(d) we get,

4Lk + vpLipy1 =—4Li + [6 (%) 75] Li+1 + Vi1 Lt

- LLf/ﬂ Lit1+ [0 (5%) 72] L1 +vps1 Ly (3.16)
> Vk1Llr4a.
Substituting this into (3.15) we get
Xgifl) —z 2> g1 lgn Y(z,n) €1, (3.17)

so that Aj11(0) cannot occur. This proves the claim (3.14).

Thus, on the event A;(0), we may assume that there exist m; = (r1,s1), mg = (r3, s3)
in My such that s3 > s; + 2, meaning that the vertical distance between By, (ms) and
By, (my) is at least Ly. It follows from Corollary 3.1 and the fact that the events A (m)
are non-increasing that

Prest (Ag(ma) N Ag(mz)) < PP+t (Ag(my)) PPe (Ag(m3))

+efper(Br,) + Ly e
L (318

P (Ak(ml))z + c[per(Br,) + L] e~ rrlx

IN

1/8
< pp4cLpe by,

where per(By, ) denotes the perimeter of By,, and in the last inequality we use that
pr > po > 1. Since there are at most ¢(Ljy1/Ly)* = cLL,lc/Qj4 possible choices of pairs of
boxes By, (m1) and By, (ms) in My, it follows that

/

prit < oL} [} + D™ (3.19)

which completes the proof of (3.12). O
Next, we prove a recursive estimate on py.

Lemma 3.3. There exists a k1 = k() > ko(0) such that, for all k > kq,

— logs/2 Ly,

pE<e — prgr < e 108" D (3.20)

Proof. Suppose that p;, < e™ 108" Lt for some k > ko(0). For such a k, Lemma 3.2 gives

prit S eiLf [pf + Lee B < e [ g peme kT @21)
Pick k1 = k1(d) > ko(0) such that

ClLi (6—(1/10)10g3/2 Ly +Lke—chi/3+10g3/2 Lk+1> <1 Vk >k, (3.22)

which is possible because limy_,. Ly = oo. Dividing (3.21) by e~ 198""* Lr+1 recalling
from (3.2) that Ly < Li/2 and using (3.22), we get

>(1/10)

3/2 3/2 3/2 71/8 3/2 (3.22) 3.23
g €08 D < ¢ 12 {e—(2—(3/2) Iog¥ 2 Li 4 1 o—caly/Hlog?/? Ly ] B2 (3:23)

which completes the proof of the (3.20). O
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Finally, we show that if py is taken large enough, then it is possible to trigger the
recursive estimate in 3.3.

Lemma 3.4. There exist pg large enough and ko = ky(§) > ki(0) such that pi, <
710g‘3/2 Lk.
e 2.

Proof. Recall (3.3), (3.8) and (3.11). Recall also from (2.2) that N(z,n) denotes the
number of particles in our dynamic random environment that cross (z,n) (i.e., N(z,n) =
w{w € W;w(n) = z})), and let

O = {N(x,n) >1V(z,n) € BLk} (3.24)
be the event that all space-time points in By, are occupied by a particle. Estimate
pr < PPR(AR(0) | Ck) + PPE(CY). (3.25)
The first term in the right-hand side of (3.25) can be estimated from above by

PrE(Ap(0) | Cr) < LiPPe(XY < wvpLi | Cy)

< LpPPr (X)) < v Ly | Cr) (3.26)
0
= Lk]PPk ()il;k < Ve — o ‘ Ck)a

where the last inequality uses (3.7). On the event (Y, all the space-time points of By, in
the dynamic random environment are occupied, and so the law of (X°)o<,<z, coincides
with that of a nearest-neighbour random walk with drift v, starting at 0. Therefore, by
an elementary large deviation estimate, we have

PP*(A(0) | Cp) < Lpe DI ke N, (3.27)

independently of the choice of py. We can therefore choose ky = ko(9) large enough so
that o
PP (A, (0) | Ci,) < Je o8 Fra (3.28)

Having fixed k5, we next turn our attention to the second term in the right-hand side
of (3.25). Recalling that, under P**2, the random variables (N (x, n)),cz are Poisson(pg, ),
we have P**2 (Cf ) < 3LZ_e™"*2. Since this tends to zero as py — oo (recall (3.9)), we can
take py large enough so that

Prra(Cf,) < dem1oe Lia (3.29)
Combine (3.25), (3.28) and (3.29) to get the claim. O

3.4 Large deviation bounds

Together with Lemmas 3.3-3.4, the following lemma will allow us to prove Theo-
rem 1.5.
Define the half-plane

’HU’LZ{(J;,n)EZ% xSnv—L}. (3.30)

Lemma 3.5. Fix v < v, and p > 0. Suppose that P?(A;) < e~ 108" L forall k > ¢,
(where Ay, is defined in terms of v as in (3.8)). Then, for any ¢ > 0,

Pr(3n € N: Yy € Hyor) Scle,e)L7/2e "0 vL e, (3.31)
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Proof. We first choose kg = ko(¢) such that Ly41/Lr > 1+ 2/¢ for all k > k. A trivial
observation is that we may assume that L > 2L y,+2, as this would at most change the
constant ¢(g, ¢;) in (3.31). We thus choose k such that

2Lk+2 <L< 2Lk+3. (3.32)

Note that k > ko by our assumption on L.
We next define the set of indices (see Fig. 2)

Mllc = {m € My: BLk (m) - BLk+2(O)}’ ke ZJr» (3.33)
and consider the event
Bp=() ) Ax(m). (3.34)
k>k meM;,

This event has high probability. Indeed, according to our hypothesis on the decay of
P?(Ag), and since k > ¢;, we have

PB) <Y S Prlacm) < 3 o BE2) e

k>k meM;, E>k (3.35)
_ 3/2 7/2 _ 3/2 ~ _ 3/2 *
<ec Z 15/2¢—log lS CLE/ e~ log™? Ly < cL7/2o—clog L7
I>Ly,

where in the fourth inequality we use Lemma D.1, while in the last inequality we use that
-3 —

L > Lg;/;) > ¢LB/277 (see (3.2) and (3.32)) and that 2L; < L. It is therefore enough

to show that the event in (3.31) is contained in Bg.

HMH‘ || ‘ || ‘

Figure 2: Illustration of space-time points m € My, for k = 0,1,2. The boxes By(m) for which
I, (m) intersects the line of constant speed v are shaded. The set Jy is drawn on the left: different
scales appear with different tick lengths.

Define the set of times

Ly+2/Ly
ch = U U {lLk} CZy. (3.36)
k>k =0
We claim that on the event B;,
X;>vj  Vje . (3.37)

To see why this is true, fix some k > k as in the definition of Jj. It is clear that the
inequality holds for j = 0. Suppose by induction that X;;, > vlL; for some | < Ly o/ L.
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Observe that Yz, belongs to some box By(m) with m € M, C M’; It even belongs to
the corresponding interval I, (m) as defined in (3.5). Since we are on the event Ay (m)°,
this implies that

Yir,

X(l—i—l)Lk = XlLk +XLk — XlLk > v(l =+ I)Lk, (3.38)

which shows that the bound in (3.37) holds for [+ 1. Since this can be done for any £ > k,
we have proven (3.37) by induction.

We now interpolate the statement in (3.37) to all times n > 2L;  ,(> Ly o+ L;). More
precisely, we will show that, on the event Bj,

Xn>(w—e)n Vn2>2Lg . (3.39)
Indeed, given such a n > Lj , + L;, we fix k to be the smallest & such that
U< Liyo/Lg: n € [ILg, (14 1)Lg), (3.40)
and we write [ for this unique value of /. Noting that
k>k>koandl> Ly /Ly — 1> 2/e, (3.41)

we can put the above pieces together and estimate

X, = Xy, + X, E Xy > il — Ly = Ly(ol 1)
=Li((v—e)l+el—1) > Lp((v—e)l+1)
> max (Li(l+1)(v — ), Lgl(v —€)) > (v —e)n, (3.42)

where the first inequality uses (3.37), k > k and the definition of /, the second inequality
uses that [ > 2/, the third inequality uses that v — ¢ < 1 and, for the fourth inequality,
we use (3.40) considering separately the cases v — e > 0, v — ¢ < 0. This proves (3.39).
To complete the proof, we observe that, since X is Lipschitz, having (as in (3.39))
Xn > (v—¢)nforanyn > 2L; , we get X,, > (v—¢)n —2L; 5 > (v —¢)n — L for all
n € Z,. Thus, we have proved that the event appearing in the right-hand side of (3.31)
is contained in Bg, so that its probability is bounded as in (3.35). O

Proof of Theorem 1.5. Put v = v, + ¢, let pg be large enough to satisfy Lemma 3.4, and
take p, as in (3.10). Recalling that X, is the horizontal projection of Y,, and that, by
monotonicity,

PP (AR(0)) <pr  VkeN, (3.43)

we see that Lemmas 3.3-3.5 prove the large deviation bound in Theorem 1.5. O

Remark 3.6. Note that the speed in Lemma 3.5 was not chosen arbitrarily below the
speed given by the law of large numbers in (1.4). What we have obtained is that for any
v < v, there exists a density pg(v) such that (3.31) holds for p > po(v).

3.5 Extensions

The ballisticity statement in Theorem 1.5 holds under mild conditions on the underly-
ing dynamic random environment. Indeed, the only assumptions we have made on the
law of 7 are:

(i) The monotonicity stated in Definition 2.1 (see (3.18)).
(ii) The decoupling provided by Corollary 3.1 (used in (3.18)).

(iii) The perturbative condition lim,_,. P,[0 € 7] = 1 (used to trigger (3.29)).
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Let us elaborate a bit more on the space-time decoupling condition given by Corollary 3.1.
This condition was designed with our particular dynamic random environment in mind,
which lacks good relaxation properties. However, several dynamic random environments
satisfy the simpler and stronger condition

EP[f1 f2] < EP[f1]E°[f2] + cper(B;)e ", (3.44)

for some xk > 0 and all f; and f,; with support in, respectively, B; = [a,b] X [n,m] and
By = [a/,b'] x [-n/,0]. It is important to observe that the constants appearing in (3.44)
are not allowed to depend on p, since the triggering of (3.29) is done after the induction
inequality of Lemma 3.3. The condition in (3.44) holds, for instance, when the dynamic
random environment has a spectral gap that is bounded from below for p large enough.
Such a property can be obtained for a variety of reversible dynamics with the help of
techniques from Liggett [21].

The contact process. It can be shown that (3.44) holds for the supercritical contact
process for non-increasing fi, fo, uniformly in infection parameters that are uniformly
bounded away from the critical threshold. A proof can be developed using the graphical
representation (see e.g. Remark 3.7 in [15]) and the strategy of Theorem C.1. Note,
however, that the results in [15] already imply stronger results for the large deviations
of the random walk in the regime of large infection parameter, namely, (1.6) with
exponential decay.

Independent renewal chains. Let us mention another model for which our techniques
can establish a ballistic lower bound for the random walk. Consider the probability dis-

tribution p = (pn)nez, on Z given by p, = exp[—n'/*]/Z, where Z =", _, exp[-n'/"].
Define the Markov chain transition probabilities given by
01— , ifl €N,

gltm) = 4 b (3.45)
P, ifl=0.

This Markov chain moves down one unit a time until it reaches zero. At zero it jumps
to a random height according to distribution p. We call this the renewal chain with
interarrival distribution p. It has stationary measure ¢ = (¢n)ncz, given by

1 . / .
b=t S 2= T Yol @340

j>n neZ4 j>n

For each site = € Z, we produce an independent copy N(z,n),cz, of the above Markov
chain. Denote by P, the law of one chain started from the probability distribution v. We
define as a dynamic random environment the field given by these chains when starting
from the stationary distribution q.

We fix p > 0 and set 7 = {(z,n): N(z,n) < p}, so that we can define the random
walk (Y )nez, asin (2.12).

In order to prove Corollary 3.1 for this dynamic random environment, we would like
to couple two renewal chains N(0,n), N'(0,n), starting, respectively, at dy and ¢, in such
a way that they coalesce at a random time 7. Using Proposition 3 of [22], we obtain such
a coupling with Es, ,[exp[T"/%]] < co (note that p is aperiodic, i.e., gcd(supp(p)) = 1).

We now fix any events A € o(N(0,m): m < 0) and B € o(N(0,m): m > n), and
estimate P,[A N B] — P,[A]P,[B]. For this, we first check whether N (0, m) reaches zero
before n/2 and, if so, we try to couple it with an independent N’(0,m) starting from the
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stationary distribution. This leads to

P,[AN B] < Py[N(0,0) > n/2] + P, [A] sup, <<, /2 Ps; [ B]
< Py[N(0,0) > n/2] + Py, [T > n/2] + P,[A| P, B] (3.47)
< P, [A|P,[B] + cexp|—en'/®],

where in the last inequality we use the definition of ¢ and the Markov inequality for
exp[T'/®]. Repeating this for every chain N(x,n) with = € [a,b], we prove (3.44) for T
with k£ = %. It is clear that lim,_.. P[0 € T] = 0. Thus, the conclusion of Theorem 1.5
holds for the dynamic random environment 7.

In fact, also Theorem 1.4 holds in this case, as a simple regeneration strategy can be
found; see Section 4.4. As a consequence, the statements of Theorem 1.2 are true for
this example.

Remark 3.7. Observe that 7 is not uniformly mixing. Indeed, given any n € Z, we can
start our Markov chain in events with positive probability (say, N(0,0) = 2n) such that
the information at time zero is not forgotten until time n.

4 Proof of Theorem 1.4: Regeneration

In this section, we state and prove two results about regeneration times (Theo-
rems 4.1-4.2) that are then used to prove Theorem 1.4 in Section 4.3. A discussion about
extensions is given in Section 4.4.

In Section 4.1 we introduce some additional notation in order to define our regenera-
tion time. This definition is made in a non-algorithmic way and does not immediately
imply that the regeneration time is finite with probability 1. Nonetheless, in the latter
event we are able to show in Theorem 4.1 that a renewal property holds for the law of the
random walk path. The next step is to prove Theorem 4.2, which shows that the regener-
ation time not only is a.s. finite but also has a very good tail. This is accomplished by
finding a suitable upper bound, which consists of two main steps. First, we define what
we call good record times and show that these appear very frequently (Proposition 4.6).
This is done in an algorithmic fashion, but only by exploring the system locally at each
step. Second, we show that, outside a global event of small probability, if we can find
a good record time then we can also find nearby an upper bound for the regeneration
time.

4.1 Notation

Suppose that p € (0,00), v« € (0,v,) and ¢ € (0, 00) satisfy (1.7). Conditions for this
are given in Theorem 1.5 and Remark 1.6. In the sequel we abbreviate P = P”.

Figure 3: An illustration of the sets Z(y) (represented by white circles) and /(y) (repre-
sented by filled black circles), with y = (z,n) € Z2.
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1

Define v = 3

v, l.e.,

vx. Let Z(z,n) be the cone in the first quadrant based at (z, n) with angle
Z(x,n) = £(0,0) + (z,n), where £(0,0) = {(z,n) € Z3;x > vn}, (4.1)
and 7(z,y) the cone in the third quadrant based at (z,n) with angle 7, i.e.,
7(x,n) = 7(0,0) + (x,n), where 7(0,0) = {(x,n) € Z>: = < on}. (4.2)

(See Figure 3.) Note that (0,0) belongs to Z(0,0) but not to (0, 0).
Define the following sets of trajectories in W:

an = trajectories that intersect Z(z,n) but not /(x,n),
Wz7n = trajectories that intersect /(z,n) but not Z(x,n), (4.3)

W[, = trajectories that intersect both /(z,n) and 7 (z,n).

Note that W<, W~ and W* form a partition of W. As above, we write Y;, to denote Y.
For y € Z?2, define the sigma-algebras

Gr=o(w(A): ACW, AeW) =17+, (4.4)
and note that these are jointly independent under P. Also define the sigma-algebras

L{; =0 (U,: z € L(y)),

(4.5)
7 .
U, =aU.: z€ 7(y)),
and set
Fy=6,vagrvu, . (4.6)
Next, define the record times
Ry =inf{n € Z,: X, > (1 —0)k + on}, ke N, (4.7)
i.e., the time when the walk first enters the cone
Zi = Z((1 —v)k,0). (4.8)

Note that, for any k € N, y € £ if and only if y + (1,1) € Zg41. Thus, Rr11 > Rp + 1,
and Xg, +1 — Xg, = lifand only if Ry = Ry, + 1.

Define a filtration F = (Fy)ren by setting Foo = 0 (w(A): A€ W) Vo(U,:y € Z?)
and

Fi = {B € Foo: YyeZ? 3B, € F, with BN {Yg, =y} = B, N {Yz, = y}}, (4.9)

i.e., the sigma-algebra generated by Y, , all U, with z € /(Y}y, ) and all w(A) such that
Acwy, UWY . Inparticular, (Y;)o<i<r, € Fk-
Finally, define the event

AV ={YY e Ly Viel,}, (4.10)

in which the walker remains inside the cone Z(y), the probability measure

Pe()=P(  |w(W)=0,4%, (4.11)
the regeneration record index
T—inf {k e N: w(Wy, ) =0, A" occurs } (4.12)
and the regeneration time
T = R7. (4.13)
EJP 20 (2015), paper 95. ejp.ejpecp.org
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4.2 Regeneration theorems
The following two theorems are our key results for the regeneration times.

Theorem 4.1. Almost surely on the event {1 < oo}, the process (Y, y; — Y;)icz, under
either the law P( - | 7, (Y;)o<i<-) or P#( - | 7,(Y;)o<i<-) has the same distribution as that
of (Y;)iez, under P<(-).

Theorem 4.2. There exists a constant ¢, > 0 such that
E [e&* log” T} < 00 (4.14)

and the same holds under P¥4.

4.2.1 Proof of Theorem 4.1

Proof. First we observe that, for all kK € IN and all bounded measurable functions f,

E[f((YRk"ri —Yr,)iez, ), AV | ]:k}

(4.15)
=B [f((Y)iz0)] P (A° |w(Wg) = 0) ass.on w(Wy, )=0.

Indeed, we have

E [f((yy)i20)>Ay7 By’w(WJ) =0, YRk = y]

2

4.16
= B4 [F((V)0) P (A | w(Wg) = 0) P (Bpw(W3, ) =0.Ye, =1)

for all B, € F, because
(2) Onw(W;) =0, f((Y¥)iz0)lav € G5 VUL

?

(3) The joint distribution of f((Y;?)i>0), AY and w(W;") under P does not depend on y.

3

By summing (4.16) over y € Z?, we get (4.15).

Next, let F, be the sigma-algebra of the events before time 7, i.e., the set of all
events B € F. such that, for each k € N, there exists a By € Fj, such that BN {Z =
k} = B N{Z = k}. Note that 7 and (Y¥;)o<i<, are measurable with respect to F,. Let
Iy = {w(Wy, ) = 0} N A", and note that for each 0 < k < n € IN there exists a
Dy, € F, such that I'yNTI,, = Dy NIy, In particular, there exists a C,, € F,, such that

n—1
{ZT=n}= ﬂr;mrnzcnmrn. (4.17)
k=1

Thus, for B € F, and f bounded measurable, we may write
E{f((yr+i —Y.)iez, ), B, 7 < OO}

= Z E [f((YRn+i - YRn)ieZJr)a B,,C,, Fn}
(S
- ]E{Bn, Cooy (W, ) = O.B[f (Y, 4i — Yr, Jicz, ) AV | fn]] (4.18)
eN

3
Z

3

By (4.15), the right-hand side equals
EC (V)] S P (Bm Chyw(WY, ) = 0) P (A | w(W§) =0), (4.19)

nelN
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which, again by (4.15), equals

B [f(Y)] Y B[Bu, Coy (WY, ) = 0.P (A7 | F,) |

nelN

=E“[f(Y)] )P (Bn,I=n)
nelN
=E“[f(Y)]P(B,7 < ), (4.20)

which proves the statement under P(-). To extend the result to P4 = P(- | ), note that
I'y € F; because I'y NIy, = Dy, NI, with Dy ,, € F,, and so we may apply (4.20) to
BnNTy. O

4.2.2 Proof of Theorem 4.2

In what follows the constants may depend on v.,v., vx and p. We begin with a few
preliminary lemmas.
Define the influence field at a point y € Z? as

hy) =inf {1 € Zy s w(W AW, ,) =0}, (4.21)

Lemma 4.3. There exist constants c;,c; > 0 (depending on v,, p only) such that, for all
yeZ?
Plh(y) > 1] < ce” ™, 1€Z,. (4.22)

Proof. By translation invariance, it is enough to consider the case y = 0. By the definition
of h(0), we know that

{h(0) > 1} C {3y € 7(0,0),y € Z(,1): w(Wyery) >0}, (4.23)
where Wi, ) (2rn) = {w € W: w(n) = z,w(n') = 2’} (recall (2.8)). It follows that

P (h( Z Z Wyey) > 0)

y€e 7(0,0) y’e£(1,1)

- > ¥ (- "’”(Wyw')> Yoo D u(Wyey)

ye 7(0,0) y'€Z(L,1) ye 7(0,0) y’ e Z(L,1)

(4.24)

Recall from Section 2.1 that P, stands for the law on W, under which the family
(Zn)nez given by Z,,(w) = w(n) is distributed as a two-sided simple random walk starting
at x. We write y = (z,n) and 3’ = (2/,n’), use translation invariance of y, and use
Azuma’s inequality, to get

(o o)

N = a=1 —x) < Lo —x) < —
pWyesy) = Po(Zn—p =2 —x) < Po(Zpi—yy > @ x)_exp{ Q(n’—n)}' (4.25)

Combining (4.24-4.25) and noting that n’ — n < (2/ — x) /9, we get
P(R(O)>1)<p > > exp{-o( —2)}. (4.26)
(z,n)€ 7(0,0) (z',n")eL(L1)

For fixed © = —k, there are at most k/v space-time points (x,n) € 7(0,0). Analogously,
for fixed ' = k' 4+ [, there are at most (k' + 1)/o space-time points (z/,¢') € Z(l,1).
Therefore, using (4.26) we obtain

_ _ 2
P(h(0) > 1) < v2 S k(K 4 1) TR D2 <@ﬁ2e*vl/2( 3 (k+1)e*vk/2) . (4.27)

k.k'€Zy kEZy
By choosing the constants c¢; and ¢ properly, we get the claim. O
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Choose ) )
0= ———— €= Z(Csé A1), (4.28)

4log (575,)
and put, for 7' > 1,
T =|T¢], T" = |§log(T)]. (4.29)

Define the local influence field at (x,n) as

W' (@,n) = inf {l € Zy: WWZ | _gypr) . "W, AW, 0) = 0F (4.30)

Lemma 4.4. ForallT > 1,
P (h"(y) > 1| Fy(a-nyrr)0) S e, Pas.  VyeZ® 1€y, (4.31)
where c;, ¢, are the same constants as in Lemma 4.3.

Proof. The result follows from Lemma 4.3 by noting that h%(y) is independent of
Fy—(l(1-v)17],0) @nd smaller than h(y). O

We say that Ry is a good record time (g.r.t.) when

T (Yg,) < T, (4.32)

UYRk+(l7l) Spo /\p., VZZO,...7TH—1, (433)
4

W(WYRk N W;Rk+(T~7T~)) =0, (4.34)

{YRk+T//+17 LR 7YRk+T/} - A(YRIH»T” ) (435)

Note that, when (4.33) occurs, Yg, + (T7,7") = YR, (see Fig. 4).

1 - o) "

Figure 4: Illustration of a good record time Rj. Note the validity of the conditions (4.32), (4.33)
and (4.35).

The idea is that, when Ry is a good record time, Ry 7 is likely to be an upper bound
for the regeneration time. In Proposition 4.6 below we will show that when many records
are made, with high probability good record times occur. First, we need an additional
lemma.
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For y € Z?, denote by
k(y) := max{k € N: y € £} (4.36)

the index of the last cone containing y. Note that x(Yg, ) = k. Then define, for ¢ € N, the
space-time parallelogram

Pe(y) = (L) \ Zuwy+e) N (y + {(z,n) € Z%: n < t/7}) (4.37)
and its right boundary
O Puy) = {2 € Z*\ Pu(y): z—(1,0) € Pe(y)}- (4.38)

We say that “Y¥ exits P;(y) through the right” when the first time i at which Y} ¢ P,(y)
satisfies Y, € 97P;(y). Note that, when y = Yj,, this implies Y = Y, .

Lemma 4.5. There exists a constant ¢, > 0 such that, for allt € N large enough,
P (Y exits P,(y) through the right | F,) > ¢, P-as. Vye 7> (4.39)

Proof. If v, > wv,, then the claim follows from simple random walk estimates, since
0 < ¥ < ve. Therefore we may assume that v, < v,.
First note that, for fixed y and t large enough (e.g. t > 3),

P (Y exits P,(y) through the right | 7)) > P (Y, —y ¢ H,, 1 Vn € Z | Fy) (4.40)
where H, 1, is as in (3.30). Reasoning as for (4.16), we see that the latter equals
P (Y, & Ho,1Vn € Zy |w(W)=0) P-as.on the event {w(W,;) = 0}. (4.41)
By monotonicity, if w(WW,") > 0, then YV can only be further to the right. Hence

P (Y exits P;(y) through the right | F,)
>P (Y, ¢ Ho, 1V €Zy |w(W{)=0) P-as, (4.42)

so we only need to show that this last probability is strictly positive. To that end, fix
L > 1 large enough such that

P(3n€Zi: Yo €Ho, |L0-0,)) € 5 P (0(W5)=0), (4.43)
which is possible by (1.7). If ¢ is large enough (e.g. t > 2), then
P (Yn ¢ Hv*,l Vn e Z+, OJ(WO-/_) = 0)
>P (UW) <poVi=0,....,L -1, VLD ¢y, VnecZ, (W)= 0)

> pk {IP (w(WJ) = 0) -P (Eln €Z,:Y, ¢ Hy*,LL(lfv*)j)}
> $ptP (w(Wg) =0),

which concludes the proof. O

(4.44)

The following proposition is the main step in the proof of Theorem 4.2.

Proposition 4.6. There exists a constant ¢, > 0 such that, for all T > 1 large enough,

P[Ry isnotag.rt foralll <k <T|< e (4.45)
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Proof. First we claim that there exists a ¢ > 0 such that, for any k¥ > 1",
P [Rk isa g.r.t.f]—'k,T/] > 10108(Po/pe) g g (4.46)

To prove (4.46), we will find ¢ > 0 such that

P[(4.32) | Foer] > ¢ a.s., (4.47)
P[(4.33) | F] > T0lo8perre) a.s., (4.48)
P[(4.34) | (4.33), ] > ¢ as., (4.49)
P[(4.35) | Frsrr] > ¢ a.s. (4.50)

(4.47): For B € Fj,_7/, write

P (h"(Yr,)>T".B)= Y P (hT(yg) >T" Vi, =2, YR, . = U1, Byl)

Y1,Yy2 €22

< Z Z P (hT(Z/2) > T”?YRk—T/ = ylaByl>

Yy1€Z2 y2 €01t Pri(y1)

+ Z P (Yyl does not exit Pr(y1) through the right,Yg, ., = v1, Byl)
y1E€Z2

< {CST'e*CGT” vl 07} P(B) < {cseCST*%M r1- 07} P(B), (4.51)

where for the second line we use Lemmas 4.4-4.5 and |07 P;(y)| < t/v, while for the third
we use the definition of e. Thus, for T large enough, (4.47) is satisfied with ¢ = ¢, /2.
(4.48): This follows from the fact that (UyRkJr(l,l))le]NO is independent of Fy.

(4.49): We may ignore the conditioning on (4.33) since this event is independent of
the others. For B € F}, write

P (w(We, OWY, o) = 0,B)

Yr, +
= Z ]P (UJ(W; m W;+(T'/,T//)) - O7YRk = y?BU)
yeZ?
yEZL?
> P (w(W§)=0)P(B), (4.52)

where the second equality uses the independence of Qj and F,, and the last step uses
the monotonicity and translation invariance of w.

(4.50): For B € Fj 7, write

P ({YRk+T”+17 cee 7YRk+T/} C A(YRR+T//)7 B)
> P (y”%w exits Pr+(Vi, ) through the right, B)

=Yr (Yy exits Py (y) through the right, Yz, ., = v, By)

yeZ?
> ¢,P (B) (4.53)
by Lemma 4.5.
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Thus, (4.46) is verified. Since {Ry, is a g.r.t.} € Fi71/, we obtain, for T large enough,

P (Ry, is not a g.r.t. for any k < T) < P (R(2j41)7 is not a g.r.t. for any k < T//3T")

¢ T1+0108(porpe)
S L T

< exp {—ET%} (4.54)
by our choice of € and J. O
We are now ready to finish the proof of Theorem 4.2.

Proof of Theorem 4.2. Since P4(-) = P(-|Ty) with P(I') > 0, it is enough to prove the
statement under IP. To that end, let

E, = {3ye[-T.T)x[0,T]N 72 h(y) > T'/2}, (4.55)
E2 = {E' Yy e [—T, T] X [O, T} N ZQI YV touches Yy + HU*,LT’/2J } ’
Then, by Lemma 4.3, (1.7) and a union bound, there exists a ¢ > 0 such that
P(E,UE,) <c¢ leclog’ T yT>1, (4.56)

Next we argue that, for 7" large enough, if Ry is a g.r.t. with £ < v7 and both F; and
E5 do not occur, then 7 < Ry v < T. Indeed, if 7" < T’ < vT/2, then on ES we have
R 3747 < T, since otherwise Y touches #H,,, |7//2). Thus, all we need to verify is that

w(Wy.  )=0 (4.57)

kT

and that
AYPrir occurs (4.58)

under the conditions stated.
To verify (4.58), note that Yz, ., € [-7,7] x [0,7]N Z? on E$ N ES. Therefore

YRy p+1 € Z(VRy, o) V1€ Zy, (4.59)

on E¥, and (4.58) follows from (4.59) and (4.35).
To verify (4.57), first note that, by (4.32) and (4.34), we only need to check that
w(Wy

YR o

nwy,, NWy, )=0. (4.60)

+ +
,kf(L(lfﬁ)T/J,O)) < W(WYRk NWy.

2, —(L(1=2)T7],0)
To that end, define
L=7Yg, —([(1—=2)T"],0))NZ % [0,00). (4.61)

Note that 9t L C [-T,T] x [0,T] on E$ N ES. Furthermore, since the paths in W take
nearest-neighbour steps, we have

{w(W{;Rk nwy

Vo, —(L(1-0)771,0) > 0} Cc{3yedtL: h(y) >T"/2} (4.62)

and the latter set is empty on Ef N ES. Thus, (4.60) holds.
In conclusion, for T' large enough we have

P(r>T)<P(EiUE;)+P(Rgisnotag.rt. Vk <oTl)

< ¢ le—cllos )T | e—Cs(ﬁT)l/27 (4.63)
which concludes the proof. O
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4.3 Proof of Theorem 1.4
We begin by making the following observation.
Theorem 4.7. On an enlarged probability space there exists a sequence (7,)nen Of

n

random times with 7, = 7 such that, under P and with S, =" | 7;,

(Tn+1, (X545 = X8, Jocscr, )nE]N (4.64)

is an i.i.d. sequence, independent of (7, (X)o<s<-), With each of its terms distributed as
(7, (Xs)o<s<-) under P~.

Proof. The claim follows from Theorem 4.1 and the fact that 7 < oo a.s., exactly as in
Avena, dos Santos and Vollering [2, Proof of Theorem 3.8]. O

We are now ready to prove Theorem 1.4.
Proof of Theorem 1.4. We start with (c). Let

z
L= EL[T] and v := IE]JEA[A[)E] (4.65)

By Theorems 4.2 and 4.7 and Lemma E.1, for any € > 0 we have
P(3i>n: |Xs, — S|V |S; —it| > ei) < ¢ lemcloe’n (4.66)

for some ¢ > 0.
Next define, for ¢t > 0, k; as the random integer such that

Sp, <t < St (4.67)

Since S,, > t if and only if k; < n, for any € > 0 we have
P(3t>n: |k —t/t] >te) <P(3Fi>dn:|S;—i] >e) (4.68)
for some ¢, ¢ > 0 and large enough n. On the other hand, since X is Lipschitz we have
| Xt — tv] < |Xs,, — Skl + (1 +[v]) {[Sk, — Kee| + |k — 2]}, (4.69)

and therefore for any € > 0
P(3t>n: |X;—tv] >et) <P (3t >n: |k —t/] >te)

+P(3i>dn: |Xs, — Siv| V|[S; —it| > ei) (4.70)

for some ¢’,¢’ > 0. Combining (4.66)-(4.70), we get (c), and (a) follows by the Borel-
Cantelli lemma.

To prove (b), let 62 be the variance of X, — 7v under P4, which is finite because of
(4.14) and strictly positive because X, — 7v is not a.s. constant. For the process (Yi)ren
defined by Y, = X5, — Skv, a functional central limit theorem with vari