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QED

This appendix contains some details of the derivation of the higher-order electron-
photon coupling Hamiltonian.

A.1 Hyg to second order
Below the components of Hy = QH,Q~! +ih(9,Q)Q2~! are calculated. First,
OH,Q ' = H, + % [DQ, Ha} — H, + % [D% fegb} . (A1)
where in the last step only terms up to O(m~2) are kept, and where
(2me)? [ D%, 6] = 0’07 (DiD;6 — 9D:D;) = '0” (Di(8;6) + DioéD; — 6D;D;)
= 0'07 (9:(9;¢) + (9;6) Di + (9:0) D;) = 0} ¢ + 2(0:) D;

= plen+ %(w) (p+cA). (A.2)
Second,
_ ﬁ (D,A) - (p+cA) + (p+cA) - (DA) + hor - (9,B)]
_ R o0A) - (p+eA) + ho - (9,B)] (A3)

2(2mec)?
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Putting things together, one finds

1 eh?p ieh ieh?
Hy = H, — - - E- A+ " 5. (5B
¥ “2(2me)2eg (2mc)? (pHeA)+ 2(2mc)? o (0:B)

_ (p+eA)? eh eh 1 eh?p
= + 5 B—ep+ (2mc)20 Ex (p+eA)+ 3 @me)?e
ieh

Note that the E x p term is not Hermitian for dynamic fields, because E and p
do not commute in that case. The ‘imaginary term’ in Hy solves this issue: it
can be rewritten as

ieh T - TS YN 0 R TS UL,
2(2mc)2hg (0.B7) = 2(2mc)26 o (O:E7) = 2(2mc)26 o (OF — B0,
eh » ; ;
- ijk k(. T i )
2(2mc)26 o"(—ith0; B’ + E*(—ih)0;)
ch (pxE+E x p) (A.5)
= -0 - .
2(2me)? P P

With this substitution, Hg assumes the form of Eq. (2.22).

A.2 Hyg to third order

This section contains the derivation of Hy to order O(m=2).
Starting point is Eq. (2.7):

B(x) = Da(x) + DoDa(z) + D2Dafx). (A.6)
Substitution in Eq. (2.5) gives the equation for a(z):

Doa(z) + D (1 + Dy + Dg) Da(z) = 0. (A7)

Every Dy is commuted to the right:

_|F A2 T = A 7 ieh i
0= {Do—i—D +D (1+D0> (DDO+ G )} a(z)

~ 3 . ieh .
— Do+ D*+ D ( DDy + —<_siEi
(2me)?c
ieh
(2me

. - O\ = - ieh -
+D ((.DDO —+ 2C(J'l.EZ) DO + DO(27’nc)2CO—lE’L>:| Oé(m) (AS)

Using
e .
|:D07E } = Tmc(aOE )s (A.9)
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one obtains
ieh
(2mc)2e

—Doa(z) = [DZ (1 + Dy + D%) +D o E" (1 + 2D0)
- eh?a' (0 EY)

) . A.10

Bme)c a(z) (A.10)

an(x) is replaced by the second order Schrédinger equation, and only terms
that contribute to the Schrédinger equation at order O(m~3) are considered:

ieh  , . =eh?0'(0yE")

B+ D————
(2mc)2ca + (2mc)3e

— Doa(z) = [D? (1 - DQ) +D } a(z). (A.11)

The normalization condition becomes

[ @ |ateiate)+ {(1+ Do+ ) Datw)}' {(1+ Do+ B8) Date)}| =1

(A.12)
Up to order O(m~3), this is
- o~ oo ~ e~
1= /dgx {cx(a@)lr + a(z) D? + {DODa(x)} D+ a(x)TDDOD] a(x)
:/d3x a(x)' +a(z)'D? +{ | DDy + ich o'E") a(z) Tb
(2mc)2e
+a(z)'D ( DDy + ich o'E' )| ax)
0 (2mc)?c
. h N en
— 3 T 1 D2 e (i D D it
/d x oz) + D"+ ((ch)zca + (2mc)2ca ax)
3 2 ch SRR
- /d z a(z)t {1 FD [D,w E H a(z), (A.13)
where the commutator
o o , . .
s | 199 I\ _ 9:. 40k ki,
[D,w E} =g (o'0? (0, E7) — 2ie*a" E' D;) (A.14)
is hermitian. The renormalization operator becomes
Q) =141 (D24 - _ [f) iJiE’} = Qx)t (A.15)
2 (2me)2e L7 ’ '

so that to order O(m=3)

Q)L =1- % (D2 P - [D,z'aiEiD . (A.16)
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With this renormalization operator, one can obtain the Schrodinger equation for
the normalized wave function ¥(x). Its Hamiltonian Hy consists of the parts

(0,000~ = —_190,A)- (p+eA) + ho - (9,B)}
2(2mc)?

(& —ih 3 i 1 . Qg i
"% (m) (007 (@:0,57) — 2ic* (@ B'Dy)) (A7)

and

~ ~ - ieh ;. =eh?c'(E")
OH.O0 ' =ome? (- p2_prop O igiy pero (Gl
me ( 2mc? + + (2mc)260 * (2mc)3e

1 (= eh B i 272
+[2 (D +(26[D,M—ED, e¢+2mcD]

2me)
2
(p+eA)? eh 1 (p+eA)? eh
- preA) N B LB
e+ 2m + 2ma 2mc? 2m + 2m0

—e (2_mﬂz>2 O'jG'iDjEi —e (2_m@7z>3 UjaiDj(aoEi)
- (;;Z)Q 5 (976 +2(019)D;) — 2(;:2)20 [Dio'E'] 0], (A15)
where the commutator is
([sio ] ] = - [6 Die B] + [0, io' D]
= [0.D]ic'E' = D [6,i0'E'] + [6,i0'E') D+ io B [, D

= [¢.D]ic'B' +i0'E [$, D] = - (o9 — oio?) B(0;0)
2

me
h . . —ih
= —i2d%ckE(9.0) = —2 0 - E Al
chz o B (0;9) e o x (Vo), (A.19)
so that
A2 eh 1 A2 eh 2
QHa9712—6¢+M+LU.B_ 5 (p+e ) +670-.B
2m 2m 2me 2m 2m

—ih\” g i i —ih\” j i i
—elg o’c"'D;E" — e e d’a'D;(0E")
ie’h?
(2me)3e

Putting the O(m™3) term of Hy together, one obtains

2 2 o 3 o )
1 <(p+€A) +th'B> 6( 'Lh> O’jCTZDj(aOEl)+

) (-ih>2 © (@0 +2000)D) +

2me

o-Ex (Vo). (A.20)

 2me2 2m 2m 2me
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ie*h? e (=in\’ i j - ijk _k i
* (2mc)3ca B x (Vo) + 2% (ch) (0’07 (010, E7) — 2ie*o* (0, E' D))
279
= (2;0)3 {—c ((p +eA)? + eho - B)2 n el o B x (Vo)
5. (i) 070 {(9,0,E") + (9 E")D; + D, (')}
“ 2 : <"Z"j (OO E7) = 2ie M o* {(@EZ)DJ‘ + Z;Ei(atw})]
1 i3 ,
= 2mo)? {C ((p+cA)* +cho - B)” + % (—2ic7*o* (0, E") D;)
e N3 i i i ,L'€2h2
7276(7Zh) olo {(8tE )D]+D](atE )}7 o ExE
1 ) 5
-t ety e
_el=ih)®

{(0:E")D; + D;(0,E") — ic"*c*(0,0;E")} | , (A.21)

2c

giving Eq. (2.23).
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YTIOg

This appendix contains some of the lengthy expressions involved in calculating
the RIXS spectra of YTiOg (section 5.4).
B.1 RIXS — Single site processes

The angular momentum [ and quadrupole operators Q7 T in Egs. (5.43—5.45) are
defined as follows:

lo = i(ctb—bTe) (B.1)
[y =i(a’e—cfa) (B.2)
[, =i(bfa — a'b) (B.3)
Qz:l?n—lz:nb—na (B.4)
Q= =@+ —2i2) = %(znc e — ) (B.5)
[y = 1yl + 1.1, = —(bTe+ cb) (B.6)
[y = ol 4 1.1, = —(cta + a'e) (B.7)
[, = lly + Uyl = —(aTb + bl a) (B.8)
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which are normalized by Tr (f‘2> = 2. The corresponding matrices I'y/y in
Eq. (5.41) are

1 -1 0 0 -1 0 0
M =-(o0 1 0], I%=-11|o0 1 0},
2\0 o0 0 M \o 0 2
1 0 0 0 0 0 1
FTz:fi 00 1}, rv=-1{o o o],
01 0 1 0 0
1 01 0 0 0 O
rTz:f5 1 0 0], r-=1(o o i),
0 0 O 0 —2 0
1 0 0 — 0 <2 0
Il =510 0 : r==11-i 0 0 (B.9)
t 0 0 0 0 O
with the indices d,d’ = (yz,zx,zy) (or for polarization dependence: «,f =

(z,9,2)).

B.2 Multiplet factors

For the multiplet effect factors in Eq. (5.46), we have

Mgy = \/§(<d’|i¢|m> (m| & |d) + {d'| §|m) (m|§|d) + (d'| 2 |m) (m| £ |d))

(B.10)

Mgs = ((d'[§|m) (m| g |d) — (d'| &|m) (m| &|d)) (B.11)
M3y = % 2(d'| 2|m) (m| 2|d) — (d'| & |m) (m| & |d) — (d'| § |m) (m| §|d))

(B.12)

Mgy = = (' §|m) (m| 2|d) + (d'| 2 |m) (m| |d)) (B.13)

My = = ((d'| 2 |m) (m| & |d) + (d'| & |m) (m] £|d)) (B.14)

Mgy = — (| & [m) (m| §|d) + (d'| § |m) (m| & |d)) (B.15)

My = —i ((d'[ §|m) (m| 2 |d) — (d'| 2 |m) (m| §|d)) (B.16)

My = —i ({d'| 2lm) (m]| & |d) — (d'] & |m) (m| £ |d)) (B.17)

Mgy = —i ((d'| & m) (m|§ |d) — (d'| § |m) (m| & |d)) (B.18)

Note that the position operators act on the core electrons, not the ¢34 ones. Both
the core and ty, electrons are implied in the states |d), |d').
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B.3 The operators I' in terms of orbitons

In terms of the orbiton operators, we obtain the one-orbiton creation part of
=y, e i to be

i(l) \Co| \/ 1 - u +(1+V3) } (sh 6y o +ch Gl’q)aJ{ﬁq
n {(4 - \/§)uq (- \/é)vq} (sh 6,4 + ch oqu)a;,q} (B.19)
~ ilc N
= ‘2‘)' V3 {0+ VB + (1= VB)ug} (s 6 4 + e 6 g)al g
n {(—1 +V3)ug + (1 + \/?Z)vq} (sh 6, o + ch ezyq)a;_q} (B.20)
. N
Uamas = —ileol {5 [ (g +vq)(sh 0 g + e 6y g)al g
+ (vgq — tg)(sh Oy o +ch 92,q)o¢;_q} (B.21)

1)_q1 = %\/ﬁ H(l + \/g)uq +(-1+ \/g)vq} (ch 014 —sh 917q)0f[

1,—q

8=
o

n {(1 —VB)ug + (1+ \/?:)vq} (ch 6, o —sh 92,q)a;_q] (B.22)
T 'CO‘\F [{( —VB)ug + (—1 - \/§)vq} (ch 6, 4 —sh 6, ol

Y,d—q2 1,—q

+ {(1 +V3)ug + (1= V3)ug p (h g —sh Oy ) o] (B.23)

A CO
Tz(’lg,qg = —u\/ﬁ [(uq — )(ch 014 —sh 4917q)a{7_q
(g + vg)(ch Oy 4 —sh by () _q] (B.24)
(1) = |col \/ —(ug + vq)(ch 01 q — sh 6; q)al q
+ (uq — vq)(ch 02,4 —sh 92,q)a£ q} (B.25)
= —|co] \/ )(ch 61,4 —sh 91,q)a1_q
+ (ug + vq)(ch 034 — sh 92,q)a;,q} (B.26)

with q1 = (7,0,7), g2 = (7,7,0), q3 = (0,7, 7). The expressions for the
two-orbiton creation part of I'q = >, '™ ['; are

“ 7
5;2,3; = 7 zk: [(vu’ —uv’)ch 6y sh 0] oz}kaifqurq +
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+ (vu’ — uv')ch 6 sh 6}, O‘; kozg —k—qi1—q

+ (uu’ + vv')(ch 67 sh 6, — sh 6 ch Og)aika;_k_ql_q] (B.27)

with u, v, 01,02 = ux, vk, 61 x, 02 x and primed quantities u' v 0,05 = = Uktaitq;
(2
Vktai+a> 01, k+aq1+qs 02, k+q1+q- Further, l q and I .q have the same form as S )

but with q; replaced by qs and qs respectively. Next,

o ’ ’
T2 :Z H—(uu’ + o) + u \/gvv + —ii))—vu }Ch 61 sh 0] a}koﬂiﬁ
K

uu —vv' w’ + ou
V3 3
w' +ou’ uwn — v’
+ < —(uwv" —vu') — —
-t =) = 25 3
ai,ka;,fqulfq} (B28)

. wu' — oo’ wv + vu
Tzi?o)l :Z i{(uu’ +vv') — V3 + 3 } ch 61 sh 63 aivkai,—k—%—q
Kk

k—qi—q

+ {—(uu' + o) — } ch 0 sh 6, a;ka;7

k—qi—q

}(ch 61 sh 65 + sh 6; ch 05)x

un —vv’ w’ + v
+ {(uu/ + ') + 7 - 3 } ch 6, sh 6}, a;ka;_k_%_q
/ / [
+ {—(uv' —vu') + b \J/%Uu _— 3 ek } (ch 6y sh 65 + sh 6y ch 05)x
ai,ka;—k—qz—qi (B.29)

. . - (2
where in the expression for ng,()l we replaced qi by qqo: u/,v', 07,05 = Uuktqytqs
Vktaz+q> U1 k+az+as 02.k+as+q-

. 2
(72& E H—g(uv’ +ou') — (ud + Uq},)} ch 0 sh 0] O‘i,kai,fqurq
Kk

2
+ {3(uv’ +ou’) — (uu’ + vv’)} ch 65 sh 6}, a;’ka;7k7q37q

2
+ {3(uu’ — o) — (w' — Uu/)} (ch 61 sh 0% +sh 0y ch 0)al od o o
(B.30)

. / !/ / / _
where we replaced q; by q3: u',v',07,05 = Ukiqs+qs Vk+as+ar O1,k+qs+q>
02 x+qs+q- Finally,

z’ = Z[ uu' — ') ch91sh91a1ka4{ “k—q

+ (uu" — vv')ch 6 sh 6}, a;ka;fqu-i-
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+ (uwv’ 4+ vu')(ch 61 sh ) + sh 6; ch Hé)a;ka;ﬁqu} (B.31)
A 1
Qf()l = 7 Z {(uv’ +vu’)ch 6y sh 0] a;ka;_k_q
K

— (wv" + vu')ch 03 sh 6, a;ka;fqu

— (uu’ — vv')(ch 6y sh @ + sh 6, ch Gé)ai’ka;_k_q} (B.32)
where in both equations we replaced qi by 0: v, v’, 0], 05 = ukiq, Vk+q, 01,k+q
B304
B.4 RIXS - two-site processes with superex-

change model

Functions f11, fo2 and fi12 in Egs. (5.79—5.80) are:

fii(k,a) = [—73,q(w’ +u'v) = 2,q(ur — v0') = (1 +71,9) (ut’ + v0')] x

(ch 01 sh 0] + sh 6 ch 67)

2P (e + 00') + A (ud — vnf) A’ + )] X

(sh 61 sh 0] + ch 6; ch 60]) (B.33)
Fra(ls @) = b q 60’ + 00) + g qast — 00') — (14 )t + )] x

(ch 62 sh @, + sh 6, ch 8))

+2 71w’ +0v") = 5w’ — vv') — (w0’ +u'v)] x

(sh 65 sh 65 + ch 65 ch 65) (B.34)
Fra(ls @) = 2 s g — ') + paq(a + ') — (14 m1.q)(u" — w0)] x

(ch 81 sh 8} +sh 6, ch 6))

+4 [y (w0 = u'v) + 75w + u'v) — 5w’ —v0)] x

(sh 61 sh 65 + ch 6 ch 65) (B.35)

where we shortened notation by writing 60,5 = 61 /2 x, 9’1/2 =01/2x4+q ul’) =

U (+q)s V() = Vk(+q) and ¥} = Vik+q-
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PoonoN RIXS

This appendix contains the lengthy derivations involved in calculating the Ein-
stein phonon RIXS spectra of chapter 7. In the following, we evaluate the scat-
tering amplitude (7.8). We use (see Mahan [62], section 4.3.2)

e ) = ol e 2 o

> 3) Y LIChy N /N T RO

k=0 1=0

/3 Mw n!n?! 5 (— M),
o ZZ / . {n—k)!(no—l)!] : u/ -t

k=0 1=0
B e—9/2 ?_00 (Nil/w%)o:;i;rn |:(n (= n?fn)')wno l)']% (_M/WO)l for n > n
e ZZ: Wfenl” | r=mermy | e %ior)ziw for n < n
e —g/2 (= )lgy/:gf;)n A m for n > nY (1)
em9/2y 1)’*““61%/}”))2”" - ﬂ for n < n® .

with ¢ = m?/w?. For simplicity, we assume the system is initially in its ground
state: n” = 0. In that case, the above expression simplifies to

(n]eso®' =¥ |0) = 6_9/20\4/\/%?)”. (C.2)
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These expressions are inserted in the Kramers-Heisenberg equation (7.12):

Frg =Tal€ € Zeiq'RiFi (C.3)
with
P l;nz e P el
n=0 =0 n; —n)! (n =0z 4 (g —n)wo
i "2 ) (Mo )2l—n§,+2n o 1 o

=i+ ml (= Dle+ (g —n)o



MAGNETIC SPECTRAL WEIGHT AT
THE [' POINT IN 2D CUPRATES

This appendix contains the calculational details from Sec. 4.5.5, where the leading
magnetic contribution to the q = 0 RIXS spectra at the Cu L edge is established.

D.1 FIéff) to fourth order in t/U

In this section we evaluate Eq. (4.74) in the presence of a core hole.
The first term of Eq. (4.74) changes the Hamiltonian to

- 412
Hy = Ho— 7> pipl D Si-Siws + ... (D.1)
% 4

where p;r creates a core electron, ¢ points to nearest neighbors, and the dots

indicate the corrections to Hy due to the four hop terms.

To handle the four hop terms systematically, we categorize all terms according
to the ‘connections’ between sites. With a ‘connection’ is meant that one or more
hops occur between the sites in question. For example, only the sites ¢ and 7,
and j and k are connected if we select the following four hoppings from the V’s:

ti Z(czacjo—i—c;-gcw) XXty Z(C}a,cka, —i—c}o_,clm,) X Xty () XXty (1),
o o’

(D.2)
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but also processes with a different hopping order like ¢;;t;;t;xt 1 and t;iti;ti5tk,
etc., have the same connections and are thus categorized together We will there-
fore represent the category comprising all these processes by tut] .- The order
of the t’s is not important, only the number of times a certain hop occurs is
important for indicating the category.

We now establish the different categories. The most general string of t’s is
tijtritmntpg. A lot of these processes change the occupancy of one of the sites.
These terms vanish because of the Py’s at the beginning and end of every four
hop term. This imposes a restriction on the indices 14, j, k, [, m, n, p, ¢: if an index
appears an odd number of times, the occupancy is changed and the process does
not contribute to H, (4). We are left with the following categories: (a) t”, (b)
3t (1,5 # k1), (c) tfjt?k( i # k), and (d) t;tjktrity (4,7, k, 1 form a square). If
there is no core hole present at any of the sites involved, we can just copy-paste
the results from Ref. [82]. Below we analyze the processes where there is a core
hole present.

Processes in category (a) do not flip any spins. The doublon (the doubly
occupied site) hops 4 times between site ¢ and j, where i is the core hole site.
We obtain the (a) contribution:

4
He(ff) +pzpz U3 PO Zcm jacjaczapoczocjacjacvapo? (D3)

where the dots indicate other fourth order terms. At the core hole site, cjacw =1,

and we use the projected spins as defined in Eq. (2.14) of Ref. [82] to get

ptt 1 . t
Hé;*f)_ 4-prZU3 ({ (1—0)}24-{ (1—|—o'j)}2>:..._|_p2plU3]1 (D.4)

The corresponding part of Hy is

16t*
HOZ"'*WSi'Sj (D.5)

which should be replaced by Eq. (D.4). Dropping the constant term, this gives
Ay =Ho+ > pip] Z S “Siys +- (D.6)

Processes in category (b) do not appear in the fourth order expansion of the
half-filled Hubbard model. If we add one doubly occupied site (namely, the core
hole site 7), there still is no contribution to H, é?f). The only matrix elements for
which this is not a priori clear, involve configurations pictured in Fig. D.1.

If the spins at k and [ are parallel, the corresponding matrix element is obvi-
ously zero. Working out the other matrix elements (12 pathways for interchanging

anti-parallel k£ and [, and 12 pathways for leaving anti-parallel k£ and [ invariant),
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i .
H ¢_J Figure D.1: The processes of category

(b) involve t3t;, connecting i to j and
== ktol.

Figure D.2: The processes of category

(c¢) are subdivided into two cases: the core

H T_ f_ T_ H 1_ hole site is connected to one other site
(left), or the core hole site is connected to

bk I T K two other sites (right).

it turns out that all pathways interfere to give 0, just as in the half-filled case.
Therefore, Hy is not modified by category (b) processes.

Processes in category (c) connect three sites i, j and k. They can be sub-
divided into two cases: in the first one, the core hole site 7 is connected to one
other site, and the second one, the core hole site ¢ is connected to two other sites.
Starting with the first case, we have for the following matrix elements:

_ 1
ttetite and L=l s Hog = —pipl g (211 + 25582) , (D7)
_ ctt 1
b tibe and Lt bt s Hog = —pipl o5 (211 - 26‘552) , (D§)
tile—lite and Lite—tile s HE = 40. (D.9)
Adding these contributions and dropping the constants yields
Y = +o. (D.10)
The second case gives
_ 2t (1
et and Lile= il s Hg =+ p,0l g (211 + 25;@*;) , (D.11)
L B® p (2t 4!
Tibe= T and Lite—=0Te 0 Heg =+ —pp; (UUCQ + U220, + U)
2t4\ (1 as
U3> (2]1 —28; Sk> , (D.12)
oW _ p( 2t 4t
Tﬂ\l/kg)ij/]\k and J/]Tk*y]\.?‘l’k . Heﬁ = +p1p7, (UUCQ + UCQ(2UC + U)
x (S7S; +5;785). (D.13)

Adding the contributions and dropping the constants yields

() i At 8t
Heff — ... +pipi UU2 + U2(2Uc T U) S] . Sk~ (D14)
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The corresponding part of Hy (including the second neighbor terms from category
(d)' is
4212

Hy=--+Y_ (’};’“sj-sk (D.15)
7k

and it is replaced by

() " 44 8tt 4¢4
i i#k ¢ errre

where the sum over j # k is over all pairs of neighbors j, k of i.
Finally, the processes of category (d) are

T di T di

— flipped :

TSR VI M

- 2t* (1

A = —pipzﬁ <411 + 57SE + SEST + S§Sf> , (D.17)
Ij ?i — Ij % + flipped :
k l k l

- 2t (1

Hyg =+ pipl (411 — §2S7 — SiSF+ S;Sf) ,(D.18)
*j ?i - *j % T fip+j ol
k l k l

- 2t (1

AY = +pp! T (211 —25;55), (D.19)
*j CTli - Ij % T fip+ gl
k l k l

HE = i N

eff__pzpl U763+UU62 (] k+ i Pk

+S55S7 + 5.5, (D.20)

S R

7(4) + t t* e ot

HY = ... —pp! 7 o (S;S;+575%). (D.21)

where we have labeled the sites as shown in Fig. D.3, with d; the doubly occupied
core hole site.

1We do this because, first, it simplifies notation: the second and third neighbor terms in the
sum get the same prefactor. Second, Coldea also does this, and following him makes it easy to
compare to his mean field result for the ring exchange terms.
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j1_ H i Figure D.3: The processes of cat-

egory (d) (t;jt;ktrityi) describe ring
k1_ _$ ! exchange.

Dropping constants, the final result for processes of category (d) is

24 2t
i,squares at i ¢ ¢

The corresponding terms in Hp (minus the second neighbor terms, which were
absorbed in the correction to Hy due to category (c)) are

8tt 80t*
Ho=-+ =73 > SiSi+ 7 D [(Si+8;)(Sk-81) +(Si-S)(S; - Si)

(i,9) squares
—(Si - Sk)(S; - S)]. (D.23)
The mean field result is easily obtained [82,83]:

48t 20t

HO:..-—FZS,SJ-—FZS,S;C, (D.24)
(4,5) i,k

where the sum over i,k is over all pairs of next nearest neighbors. Then, at

the mean field, the intermediate state Hamiltonian for processes of category (d)
becomes

- 24t4
aly = "oty ppl > [U?’ (Si-S;+S,-Si+Sk-S+5,-S)

7 squares at ¢

20t4

+W(stk+sjsl)
2t 2t

- m+ﬁ (S]Sk+SkSl+S]Sl) + ... (D25)

Adding all contributions from all categories, we obtain

) 16t 4¢2 4t 8t
7Y = Hy + ,T{ (—)Si-S-+ +
off 0 Z;Pzpz zj: 3 U J ;C Uuz = U2(2U. +U)

4t 24¢*
>Sj‘Sk+ Z |:W(Si'Sj+Sj’Sk+Sk'Sl+Sl'Si)

~+3
squares
20t 2t 2t
er(si'SkJFSj'Sl)* <UU02+UC3) (Sj'Sk+Sk‘Sl

5]} 0.20)
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The sums between the curly brackets are, respectively, over all nearest neighbors
j of i, over all pairs of nearest neighbors j, k of ¢, and over all squares of 2 x 2
sites containing . Grouping the different neighbor interactions, we finally get
Eq. (4.75).

D.2 Scattering amplitude to fourth order in t/U

Once the intermediate state Hamiltonian is obtained to fourth order in ¢/U, it
is straightforward and tedious to derive the RIXS scattering amplitude to this
order. Below, we go through this expression term by term, where each term
groups the interactions between certain neighbors.

The nearest neighbors term gives

D e RiN"8 - 810) = Y [~ (14 7q) (Uk—qVi + UiVie—q)
i j k

+ (Me—a + 70 (Uke-aUk + Vi-qVi)] afal 10) (D.27)

as before.
For the next nearest neighbor term, we find

nnn

ZeZqR Zs .S, [0) = annn (k, q) (Uk—qVi + Ui Vi—q) afear’ 1, ¢ 0}
(D.28)
where
fonn(k, q) = cos(ky — ¢g) cos(ky — qy) + cosky cosky — 1 — cosgy cosgy. (D.29)
The next term (with j # k nearest neighbors of ) is
Z RN S 8k ]0) = = > falk, @) (UiVie—q + Uk—qVidafal 10)

J#k k
(D.30)

with
fa(ka Q) = fa(fk —q, q) = 2’)/2k—q - 6'7q + 2 cos km COS(ky - qy)
+ 2cos ky cos(ky — qz). (D.31)

In the sum over squares, we have for the S; - S; term in the square sum:

Z elaRi Z Sivs - Sivsr |0) = Z(Ukvk—q + Uk—q Vi) fo(k, Q)OZLOéJr_k+q |0)
5,07 Kk
(D.32)
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where the sum over §,d’ is over the 4 pairs of orthogonal vectors that point to
nearest neighbors of site ¢ (they indicate S; and S;), and

fo(k,q) = 2[—274 + cos k, cos(ky — gqy) + cos ky cos(ky — ¢z)] - (D.33)

For the square terms S; - Sy, + Sy, - S; we find

Z eiq-RiSj - Sk |0> = Z (—(Uk_qVk + Uka_q)fcl (q)
4,4,k k

+ (Ukkaq + Vkkaq)fc2 (ka q)) CVI(O[T_k_i_q |O> (D34)

with j pointing to nearest neighbors of i, k to next nearest neighbors of 4 that
are also nearest neighbors of j, and

fe1(q) = 27 + 2 cos g, cos gy, (D.35)
fe2(k,q) = cosky cos gy + cos ky cos g,
+ cos(ky — gz) cos g, + cos(ky — gy) oS ¢y (D.36)

Putting all parts together, we obtain the total scattering amplitude (4.77).
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