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App e n d i x A

QED

This appendix contains some details of the derivation of the higher-order electron-
photon coupling Hamiltonian.

A.1 HΨ to second order

Below the components of HΨ = ΩHαΩ−1 + i~(∂tΩ)Ω−1 are calculated. First,

ΩHαΩ−1 = Hα +
1

2

[
D̃2, Hα

]
= Hα +

1

2

[
D̃2,−eφ

]
. (A.1)

where in the last step only terms up to O(m−2) are kept, and where

(2mc)2
[
D̃2, φ

]
= σiσj (DiDjφ− φDiDj) = σiσj (Di(∂jφ) +DiφDj − φDiDj)

= σiσj (∂i(∂jφ) + (∂jφ)Di + (∂iφ)Dj) = ∂2
i φ+ 2(∂iφ)Di

= −ρ/ε0 +
2i

~
(∇φ) · (p + eA). (A.2)

Second,

i~∂tΩ =
i~

2(2mc)2
∂t
[
(p + eA)2 + e~σ ·B

]
=

ie~
2(2mc)2

[(∂tA) · (p + eA) + (p + eA) · (∂tA) + ~σ · (∂tB)]

=
ie~

2(2mc)2
[2(∂tA) · (p + eA) + ~σ · (∂tB)] (A.3)
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Putting things together, one finds

HΨ = Hα −
1

2

e~2ρ

(2mc)2ε0
− ie~

(2mc)2
E · (p + eA) +

ie~2

2(2mc)2
σ · (∂tB)

=
(p + eA)2

2m
+

e~
2m
σ ·B− eφ+

e~
(2mc)2

σ ·E× (p + eA) +
1

2

e~2ρ

(2mc)2ε0

− ie~
2(2mc)2

~σ · (∂tB). (A.4)

Note that the E× p term is not Hermitian for dynamic fields, because E and p
do not commute in that case. The ‘imaginary term’ in HΨ solves this issue: it
can be rewritten as

− ie~
2(2mc)2

~σk(∂tB
k) =

ie~2

2(2mc)2
εijkσk(∂iE

j) =
ie~2

2(2mc)2
εijkσk(∂iE

j − Ej∂i)

= − e~
2(2mc)2

εijkσk(−i~∂iEj + Ei(−i~)∂j)

= − e~
2(2mc)2

σ · (p×E + E× p) (A.5)

With this substitution, HΨ assumes the form of Eq. (2.22).

A.2 HΨ to third order

This section contains the derivation of HΨ to order O(m−3).
Starting point is Eq. (2.7):

β(x) = D̃α(x) + D̃0D̃α(x) + D̃2
0D̃α(x). (A.6)

Substitution in Eq. (2.5) gives the equation for α(x):

D̃0α(x) + D̃
(

1 + D̃0 + D̃2
0

)
D̃α(x) = 0. (A.7)

Every D̃0 is commuted to the right:

0 =

[
D̃0 + D̃2 + D̃

(
1 + D̃0

)(
D̃D̃0 +

ie~
(2mc)2c

σiEi
)]

α(x)

=

[
D̃0 + D̃2 + D̃

(
D̃D̃0 +

ie~
(2mc)2c

σiEi
)

+D̃

((
D̃D̃0 +

ie~
(2mc)2c

σiEi
)
D̃0 + D̃0

ie~
(2mc)2c

σiEi
)]

α(x) (A.8)

Using [
D̃0, E

i
]

=
−i~
2mc

(∂0E
i), (A.9)
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one obtains

−D̃0α(x) =

[
D̃2
(

1 + D̃0 + D̃2
0

)
+ D̃

ie~
(2mc)2c

σiEi
(

1 + 2D̃0

)
+D̃

e~2σi(∂0E
i)

(2mc)3c

]
α(x). (A.10)

D̃0α(x) is replaced by the second order Schrödinger equation, and only terms
that contribute to the Schrödinger equation at order O(m−3) are considered:

− D̃0α(x) =

[
D̃2
(

1− D̃2
)

+ D̃
ie~

(2mc)2c
σiEi + D̃

e~2σi(∂0E
i)

(2mc)3c

]
α(x). (A.11)

The normalization condition becomes∫
d3x

[
α(x)†α(x) +

{(
1 + D̃0 + D̃2

0

)
D̃α(x)

}† {(
1 + D̃0 + D̃2

0

)
D̃α(x)

}]
= 1.

(A.12)
Up to order O(m−3), this is

1 =

∫
d3x

[
α(x)† + α(x)†D̃2 +

{
D̃0D̃α(x)

}†
D̃ + α(x)†D̃D̃0D̃

]
α(x)

=

∫
d3x

[
α(x)† + α(x)†D̃2 +

{(
D̃D̃0 +

ie~
(2mc)2c

σiEi
)
α(x)

}†
D̃

+α(x)†D̃

(
D̃D̃0 +

ie~
(2mc)2c

σiEi
)]

α(x)

=

∫
d3x α(x)†

[
1 + D̃2 +

(
ie~

(2mc)2c
σiEi

)†
D̃ + D̃

ie~
(2mc)2c

σiEi

]
α(x)

=

∫
d3x α(x)†

[
1 + D̃2 +

e~
(2mc)2c

[
D̃, iσiEi

]]
α(x), (A.13)

where the commutator[
D̃, iσiEi

]
=

~
2mc

(
σiσj(∂iE

j)− 2iεijkσkEiDj

)
(A.14)

is hermitian. The renormalization operator becomes

Ω(x) = 1 +
1

2

(
D̃2 +

e~
(2mc)2c

[
D̃, iσiEi

])
= Ω(x)†, (A.15)

so that to order O(m−3)

Ω(x)−1 = 1− 1

2

(
D̃2 +

e~
(2mc)2c

[
D̃, iσiEi

])
. (A.16)
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With this renormalization operator, one can obtain the Schrödinger equation for
the normalized wave function Ψ(x). Its Hamiltonian HΨ consists of the parts

i~(∂tΩ)Ω−1 =
ie~

2(2mc)2
{2(∂tA) · (p + eA) + ~σ · (∂tB)}

+
e

2c

(
−i~
2mc

)3 (
σiσj(∂t∂iE

j)− 2iεijkσk(∂tE
iDj)

)
(A.17)

and

ΩHαΩ−1 = 2mc2
(
− eφ

2mc2
+ D̃2 − D̃4 + D̃

ie~
(2mc)2c

σiEi + D̃
e~2σi(∂0E

i)

(2mc)3c

)
+

[
1

2

(
D̃2 +

e~
(2mc)2c

[
D̃, iσiEi

])
,−eφ+ 2mc2D̃2

]
= −eφ+

(p + eA)2

2m
+

e~
2m
σ ·B− 1

2mc2

(
(p + eA)2

2m
+

e~
2m
σ ·B

)2

− e
(
−i~
2mc

)2

σjσiDjE
i − e

(
−i~
2mc

)3

σjσiDj(∂0E
i)

−
(
−i~
2mc

)2
e

2

(
∂2
i φ+ 2(∂iφ)Di

)
− e2~

2(2mc)2c

[[
D̃, iσiEi

]
, φ
]
, (A.18)

where the commutator is[[
D̃, iσiEi

]
, φ
]

= −
[
φ, D̃iσiEi

]
+
[
φ, iσiEiD̃

]
= −

[
φ, D̃

]
iσiEi − D̃

[
φ, iσiEi

]
+
[
φ, iσiEi

]
D̃ + iσiEi

[
φ, D̃

]
= −

[
φ, D̃

]
iσiEi + iσiEi

[
φ, D̃

]
=

~
2mc

(
σjσi − σiσj

)
Ei(∂jφ)

=
~

2mc
i2εjikσkEi(∂jφ) =

−i~
2mc

2 σ ·E× (∇φ), (A.19)

so that

ΩHαΩ−1 = −eφ+
(p + eA)2

2m
+

e~
2m
σ ·B− 1

2mc2

(
(p + eA)2

2m
+

e~
2m
σ ·B

)2

− e
(
−i~
2mc

)2

σjσiDjE
i − e

(
−i~
2mc

)3

σjσiDj(∂0E
i)

−
(
−i~
2mc

)2
e

2

(
∂2
i φ+ 2(∂iφ)Di

)
+

ie2~2

(2mc)3c
σ ·E× (∇φ). (A.20)

Putting the O(m−3) term of HΨ together, one obtains

− 1

2mc2

(
(p + eA)2

2m
+

e~
2m
σ ·B

)2

− e
(
−i~
2mc

)3

σjσiDj(∂0E
i) +
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+
ie2~2

(2mc)3c
σ ·E× (∇φ) +

e

2c

(
−i~
2mc

)3 (
σiσj(∂t∂iE

j)− 2iεijkσk(∂tE
iDj)

)
=

1

(2mc)3

[
−c
(
(p + eA)2 + e~σ ·B

)2
+
ie2~2

c
σ ·E× (∇φ)

− e

2c
(−i~)

3
σjσi

{
(∂j∂tE

i) + (∂tE
i)Dj +Dj(∂tE

i)
}

+
e(−i~)3

2c

(
σiσj(∂t∂iE

j)− 2iεijkσk
{

(∂tE
i)Dj +

ie

~
Ei(∂tA

j)

})]
=

1

(2mc)3

[
−c
(
(p + eA)2 + e~σ ·B

)2
+
e(−i~)3

2c

(
−2iεijkσk(∂tE

i)Dj

)
− e

2c
(−i~)

3
σjσi

{
(∂tE

i)Dj +Dj(∂tE
i)
}
− ie2~2

c
σ ·E×E

]
=

1

(2mc)3

[
−c
(
(p + eA)2 + e~σ ·B

)2
−e (−i~)

3

2c

{
(∂tE

i)Di +Di(∂tE
i)− iεijkσk(∂t∂jE

i)
}]

, (A.21)

giving Eq. (2.23).
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App e n d i x B

YTiO3

This appendix contains some of the lengthy expressions involved in calculating
the RIXS spectra of YTiO3 (section 5.4).

B.1 RIXS – Single site processes

The angular momentum l̂ and quadrupole operators Q̂, T̂ in Eqs. (5.43−5.45) are
defined as follows:

l̂x = i(c†b− b†c) (B.1)

l̂y = i(a†c− c†a) (B.2)

l̂z = i(b†a− a†b) (B.3)

Q̂x = l̂2x − l̂2y = nb − na (B.4)

Q̂z =
1√
3

(l̂2x + l̂2y − 2l̂2z) =
1√
3

(2nc − na − nb) (B.5)

T̂x = l̂y l̂z + l̂z l̂y = −(b†c+ c†b) (B.6)

T̂y = l̂x l̂z + l̂z l̂x = −(c†a+ a†c) (B.7)

T̂z = l̂x l̂y + l̂y l̂x = −(a†b+ b†a) (B.8)
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which are normalized by Tr
(

Γ̂2
)

= 2. The corresponding matrices Γd′d in

Eq. (5.41) are

ΓQx =
1

2

−1 0 0
0 1 0
0 0 0

 , ΓQz = 1
2
√

3

−1 0 0
0 −1 0
0 0 2

 ,

ΓTx = −1

2

0 0 0
0 0 1
0 1 0

 , ΓTy = − 1
2

0 0 1
0 0 0
1 0 0

 ,

ΓTz = −1

2

0 1 0
1 0 0
0 0 0

 , Γlx = 1
2

0 0 0
0 0 i
0 −i 0

 ,

Γly =
1

2

0 0 −i
0 0 0
i 0 0

 , Γlz = 1
2

 0 i 0
−i 0 0
0 0 0

 (B.9)

with the indices d, d′ = (yz, zx, xy) (or for polarization dependence: α, β =
(x, y, z)).

B.2 Multiplet factors

For the multiplet effect factors in Eq. (5.46), we have

M
A1g

d′d =

√
2

3
(〈d′| x̂ |m〉 〈m| x̂ |d〉+ 〈d′| ŷ |m〉 〈m| ŷ |d〉+ 〈d′| ẑ |m〉 〈m| ẑ |d〉)

(B.10)

MQx
d′d = (〈d′| ŷ |m〉 〈m| ŷ |d〉 − 〈d′| x̂ |m〉 〈m| x̂ |d〉) (B.11)

MQz
d′d =

1√
3

(2 〈d′| ẑ |m〉 〈m| ẑ |d〉 − 〈d′| x̂ |m〉 〈m| x̂ |d〉 − 〈d′| ŷ |m〉 〈m| ŷ |d〉)

(B.12)

MTx
d′d = − (〈d′| ŷ |m〉 〈m| ẑ |d〉+ 〈d′| ẑ |m〉 〈m| ŷ |d〉) (B.13)

M
Ty
d′d = − (〈d′| ẑ |m〉 〈m| x̂ |d〉+ 〈d′| x̂ |m〉 〈m| ẑ |d〉) (B.14)

MTz
d′d = − (〈d′| x̂ |m〉 〈m| ŷ |d〉+ 〈d′| ŷ |m〉 〈m| x̂ |d〉) (B.15)

M lx
d′d = −i (〈d′| ŷ |m〉 〈m| ẑ |d〉 − 〈d′| ẑ |m〉 〈m| ŷ |d〉) (B.16)

M
ly
d′d = −i (〈d′| ẑ |m〉 〈m| x̂ |d〉 − 〈d′| x̂ |m〉 〈m| ẑ |d〉) (B.17)

M lz
d′d = −i (〈d′| x̂ |m〉 〈m| ŷ |d〉 − 〈d′| ŷ |m〉 〈m| x̂ |d〉) (B.18)

Note that the position operators act on the core electrons, not the t2g ones. Both
the core and t2g electrons are implied in the states |d〉 , |d′〉.
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B.3 The operators Γ̂ in terms of orbitons

In terms of the orbiton operators, we obtain the one-orbiton creation part of
Γ̂q =

∑
i e
iq·ri Γ̂i to be

l̂
(1)
x,q−q1

=
i |c0|

2

√
N

3

[{
(1−

√
3)uq + (1 +

√
3)vq

}
(sh θ1,q + ch θ1,q)α†1,−q

+
{

(−1−
√

3)uq + (1−
√

3)vq

}
(sh θ2,q + ch θ2,q)α†2,−q

]
(B.19)

l̂
(1)
y,q−q2

=
i |c0|

2

√
N

3

[{
(1 +

√
3)uq + (1−

√
3)vq

}
(sh θ1,q + ch θ1,q)α†1,−q

+
{

(−1 +
√

3)uq + (1 +
√

3)vq

}
(sh θ2,q + ch θ2,q)α†2,−q

]
(B.20)

l̂
(1)
z,q−q3

= −i |c0|
√
N

3

[
(uq + vq)(sh θ1,q + ch θ1,q)α†1,−q

+ (vq − uq)(sh θ2,q + ch θ2,q)α†2,−q

]
(B.21)

T̂
(1)
x,q−q1

=
|c0|
6

√
N
[{

(1 +
√

3)uq + (−1 +
√

3)vq

}
(ch θ1,q − sh θ1,q)α†1,−q

+
{

(1−
√

3)uq + (1 +
√

3)vq

}
(ch θ2,q − sh θ2,q)α†2,−q

]
(B.22)

T̂
(1)
y,q−q2

=
|c0|
6

√
N
[{

(1−
√

3)uq + (−1−
√

3)vq

}
(ch θ1,q − sh θ1,q)α†1,−q

+
{

(1 +
√

3)uq + (1−
√

3)vq

}
(ch θ2,q − sh θ2,q)α†2,−q

]
(B.23)

T̂
(1)
z,q−q3

= −|c0|
3

√
N
[
(uq − vq)(ch θ1,q − sh θ1,q)α†1,−q

+ (uq + vq)(ch θ2,q − sh θ2,q)α†2,−q

]
(B.24)

Q̂(1)
x,q = |c0|

√
N

3

[
−(uq + vq)(ch θ1,q − sh θ1,q)α†1,−q

+ (uq − vq)(ch θ2,q − sh θ2,q)α†2,−q

]
(B.25)

Q̂(1)
z,q = − |c0|

√
N

3

[
(uq − vq)(ch θ1,q − sh θ1,q)α†1,−q

+ (uq + vq)(ch θ2,q − sh θ2,q)α†2,−q

]
(B.26)

with q1 = (π, 0, π), q2 = (π, π, 0), q3 = (0, π, π). The expressions for the
two-orbiton creation part of Γ̂q =

∑
i e
iq·ri Γ̂i are

l̂(2)
x,q =

i√
3

∑
k

[
(vu′ − uv′)ch θ1 sh θ′1 α

†
1,kα

†
1,−k−q1−q +
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+ (vu′ − uv′)ch θ2 sh θ′2 α
†
2,kα

†
2,−k−q1−q

+ (uu′ + vv′)(ch θ1 sh θ′2 − sh θ1 ch θ′2)α†1,kα
†
2,−k−q1−q

]
(B.27)

with u, v, θ1, θ2 = uk, vk, θ1,k, θ2,k and primed quantities u′, v′, θ′1, θ
′
2 = uk+q1+q,

vk+q1+q, θ1,k+q1+q, θ2,k+q1+q. Further, l̂
(2)
y,q and l̂

(2)
z,q have the same form as l̂

(2)
x,q

but with q1 replaced by q2 and q3 respectively. Next,

T̂ (2)
x,q =

∑
k

[{
−(uu′ + vv′) +

uu′ − vv′√
3

+
uv′ + vu′

3

}
ch θ1 sh θ′1 α

†
1,kα

†
1,−k−q1−q

+

{
−(uu′ + vv′)− uu′ − vv′√

3
− uv′ + vu′

3

}
ch θ2 sh θ′2 α

†
2,kα

†
2,−k−q1−q

+

{
−(uv′ − vu′)− uv′ + vu′√

3
− uu′ − vv′

3

}
(ch θ1 sh θ′2 + sh θ1 ch θ′2)×

α†1,kα
†
2,−k−q1−q

]
(B.28)

T̂ (2)
y,q =

∑
k

[{
−(uu′ + vv′)− uu′ − vv′√

3
+
uv′ + vu′

3

}
ch θ1 sh θ′1 α

†
1,kα

†
1,−k−q2−q

+

{
−(uu′ + vv′) +

uu′ − vv′√
3

− uv′ + vu′

3

}
ch θ2 sh θ′2 α

†
2,kα

†
2,−k−q2−q

+

{
−(uv′ − vu′) +

uv′ + vu′√
3

− uu′ − vv′

3

}
(ch θ1 sh θ′2 + sh θ1 ch θ′2)×

α†1,kα
†
2,−k−q2−q

]
(B.29)

where in the expression for T̂
(2)
y,q we replaced q1 by q2: u′, v′, θ′1, θ

′
2 = uk+q2+q,

vk+q2+q, θ1,k+q2+q, θ2,k+q2+q.

T̂ (2)
z,q =

∑
k

[{
−2

3
(uv′ + vu′)− (uu′ + vv′)

}
ch θ1 sh θ′1 α

†
1,kα

†
1,−k−q3−q

+

{
2

3
(uv′ + vu′)− (uu′ + vv′)

}
ch θ2 sh θ′2 α

†
2,kα

†
2,−k−q3−q

+

{
2

3
(uu′ − vv′)− (uv′ − vu′)

}
(ch θ1 sh θ′2 + sh θ1 ch θ′2)α†1,kα

†
2,−k−q3−q

]
(B.30)

where we replaced q1 by q3: u′, v′, θ′1, θ
′
2 = uk+q3+q, vk+q3+q, θ1,k+q3+q,

θ2,k+q3+q. Finally,

Q̂(2)
x,q = − 1√

3

∑
k

[
−(uu′ − vv′)ch θ1 sh θ′1 α

†
1,kα

†
1,−k−q

+ (uu′ − vv′)ch θ2 sh θ′2 α
†
2,kα

†
2,−k−q+
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+ (uv′ + vu′)(ch θ1 sh θ′2 + sh θ1 ch θ′2)α†1,kα
†
2,−k−q

]
(B.31)

Q̂(2)
z,q =

1√
3

∑
k

[
(uv′ + vu′)ch θ1 sh θ′1 α

†
1,kα

†
1,−k−q

− (uv′ + vu′)ch θ2 sh θ′2 α
†
2,kα

†
2,−k−q

− (uu′ − vv′)(ch θ1 sh θ′2 + sh θ1 ch θ′2)α†1,kα
†
2,−k−q

]
(B.32)

where in both equations we replaced q1 by 0: u′, v′, θ′1, θ
′
2 = uk+q, vk+q, θ1,k+q,

θ2,k+q.

B.4 RIXS – two-site processes with superex-
change model

Functions f11, f22 and f12 in Eqs. (5.79−5.80) are:

f11(k,q) = [−γ3,q(uv′ + u′v)− γ2,q(uu′ − vv′)− (1 + γ1,q)(uu′ + vv′)]×
(ch θ1 sh θ′1 + sh θ1 ch θ′1)

+ 2 [γ′1(uu′ + vv′) + γ′2(uu′ − vv′) + γ′3(uv′ + u′v)]×
(sh θ1 sh θ′1 + ch θ1 ch θ′1) (B.33)

f22(k,q) = [γ3,q(uv′ + u′v) + γ2,q(uu′ − vv′)− (1 + γ1,q)(uu′ + vv′)]×
(ch θ2 sh θ′2 + sh θ2 ch θ′2)

+ 2 [γ′1(uu′ + vv′)− γ′2(uu′ − vv′)− γ′3(uv′ + u′v)]×
(sh θ2 sh θ′2 + ch θ2 ch θ′2) (B.34)

f12(k,q) = 2 [γ3,q(uu′ − vv′) + γ2,q(uv′ + u′v)− (1 + γ1,q)(uv′ − u′v)]×
(ch θ1 sh θ′2 + sh θ1 ch θ′2)

+ 4 [γ′1(uv′ − u′v) + γ′2(uv′ + u′v)− γ′3(uu′ − vv′)]×
(sh θ1 sh θ′2 + ch θ1 ch θ′2) (B.35)

where we shortened notation by writing θ1/2 = θ1/2,k, θ
′
1/2 = θ1/2,k+q, u(′) =

uk(+q), v(′) = vk(+q) and γ′i = γi,k+q.
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App e n d i x C

Phonon RIXS

This appendix contains the lengthy derivations involved in calculating the Ein-
stein phonon RIXS spectra of chapter 7. In the following, we evaluate the scat-
tering amplitude (7.8). We use (see Mahan [62], section 4.3.2)

〈n|e
M
ω0

(b†−b) ∣∣n0
〉

= e−g/2 〈n| e
M
ω0
b†e−

M
ω0
b
∣∣n0
〉

= e−g/2
n∑
k=0

n0∑
l=0

〈n−k| (M/ω0)
k

k!

[
n!

(n− k)!

]1
2 (−M/ω0)

l

l!

[
n0!

(n0 − l)!

]1
2 ∣∣n0−l

〉
= e−g/2

n∑
k=0

n0∑
l=0

(M/ω0)
k

k!

[
n!n0!

(n− k)!(n0 − l)!

] 1
2 (−M/ω0)

l

l!
δn0−l,n−k

=

 e−g/2
∑n0

l=0
(M/ω0)l−n

0+n

(l−n0+n)!

[
n!n0!

(n−(l−n0+n))!(n0−l)!

] 1
2 (−M/ω0)l

l! for n > n0

e−g/2
∑n
k=0

(M/ω0)k

k!

[
n!n0!

(n−k)!(n0−(n0−n+k))!

] 1
2 (−M/ω0)n

0−n+k

(n0−n+k)! for n ≤ n0

=

 e−g/2
∑n0

l=0
(−1)l(M/ω0)2l−n

0+n

l!(l−n0+n)!

√
n!n0!

(n0−l)! for n > n0

e−g/2
∑n
l=0

(−1)l+n
0−n(M/ω0)2l+n

0−n

l!(l+n0−n)!

√
n!n0!

(n−l)! for n ≤ n0
(C.1)

with g = m2/ω2
0 . For simplicity, we assume the system is initially in its ground

state: n0 = 0. In that case, the above expression simplifies to

〈n| e
M
ω0

(b†−b) |0〉 = e−g/2
(M/ω0)

n

√
n!

. (C.2)
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These expressions are inserted in the Kramers-Heisenberg equation (7.12):

Ffg = Tel(ε
′, ε)

∑
i

eiq·RiFi (C.3)

with

Fi = e−g
n′i∑
n=0

n∑
l=0

(−1)l+n
′
i−n (M/ω0)

2l+n′i

l!(l + n′i − n)!

√
n′i!

(n− l)!
1

z + (g − n)ω0

+ e−g
∞∑

n=n′i+1

n′i∑
l=0

(−1)
l
(M/ω0)

2l−n′i+2n

l!(l − n′i + n)!

√
n′i!

(n′i − l)!
1

z + (g − n)ω0
. (C.4)



App e n d i x D

Magnetic spectral weight at
the Γ point in 2D cuprates

This appendix contains the calculational details from Sec. 4.5.5, where the leading
magnetic contribution to the q = 0 RIXS spectra at the Cu L edge is established.

D.1 H̄
(4)
eff to fourth order in t/U

In this section we evaluate Eq. (4.74) in the presence of a core hole.
The first term of Eq. (4.74) changes the Hamiltonian to

H̄
(4)
eff = H0 −

4t2

U

∑
i

pip
†
i

∑
δ

Si · Si+δ + . . . (D.1)

where p†i creates a core electron, δ points to nearest neighbors, and the dots
indicate the corrections to H0 due to the four hop terms.

To handle the four hop terms systematically, we categorize all terms according
to the ‘connections’ between sites. With a ‘connection’ is meant that one or more
hops occur between the sites in question. For example, only the sites i and j,
and j and k are connected if we select the following four hoppings from the V ’s:

tij
∑
σ

(c†iσcjσ+c†jσciσ)× ...×tjk
∑
σ′

(c†jσ′ckσ′+c
†
jσ′ckσ′)× ...×tij(...)× ...×tjk(...),

(D.2)



206 Magnetic spectral weight at the Γ point in 2D cuprates

but also processes with a different hopping order like tijtijtjktjk and tjktijtijtjk,
etc., have the same connections and are thus categorized together. We will there-
fore represent the category comprising all these processes by t2ijt

2
jk. The order

of the t’s is not important, only the number of times a certain hop occurs is
important for indicating the category.

We now establish the different categories. The most general string of t’s is
tijtkltmntpq. A lot of these processes change the occupancy of one of the sites.
These terms vanish because of the P0’s at the beginning and end of every four
hop term. This imposes a restriction on the indices i, j, k, l,m, n, p, q: if an index
appears an odd number of times, the occupancy is changed and the process does

not contribute to H
(4)
eff . We are left with the following categories: (a) t4ij , (b)

t2ijt
2
kl(i, j 6= k, l), (c) t2ijt

2
jk(i 6= k), and (d) tijtjktkltli (i, j, k, l form a square). If

there is no core hole present at any of the sites involved, we can just copy-paste
the results from Ref. [82]. Below we analyze the processes where there is a core
hole present.

Processes in category (a) do not flip any spins. The doublon (the doubly
occupied site) hops 4 times between site i and j, where i is the core hole site.
We obtain the (a) contribution:

H
(4)
eff = · · ·+ pip

†
i

t4

U3
c

P0

∑
σ

c†iσcjσc
†
jσciσP0 c

†
iσcjσc

†
jσciσP0 , (D.3)

where the dots indicate other fourth order terms. At the core hole site, c†iσciσ = 1,
and we use the projected spins as defined in Eq. (2.14) of Ref. [82] to get

H
(4)
eff = · · ·+ pip

†
i

t4

U3
c

(
{1

2
(1− σzj )}2 + {1

2
(1 + σzj )}2

)
= · · ·+ pip

†
i

t4

U3
c

11. (D.4)

The corresponding part of H0 is

H0 = · · · − 16t4

U3
Si · Sj (D.5)

which should be replaced by Eq. (D.4). Dropping the constant term, this gives

H̄
(4)
eff = H0 +

∑
i

pip
†
i

∑
δ

16t4

U3
Si · Si+δ + . . . (D.6)

Processes in category (b) do not appear in the fourth order expansion of the
half-filled Hubbard model. If we add one doubly occupied site (namely, the core

hole site i), there still is no contribution to H̄
(4)
eff . The only matrix elements for

which this is not a priori clear, involve configurations pictured in Fig. D.1.
If the spins at k and l are parallel, the corresponding matrix element is obvi-

ously zero. Working out the other matrix elements (12 pathways for interchanging
anti-parallel k and l, and 12 pathways for leaving anti-parallel k and l invariant),
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i j

k l

Figure D.1: The processes of category
(b) involve t2ijt

2
kl, connecting i to j and

k to l.

i j k ij k

Figure D.2: The processes of category
(c) are subdivided into two cases: the core
hole site is connected to one other site
(left), or the core hole site is connected to
two other sites (right).

it turns out that all pathways interfere to give 0, just as in the half-filled case.
Therefore, H0 is not modified by category (b) processes.

Processes in category (c) connect three sites i, j and k. They can be sub-
divided into two cases: in the first one, the core hole site i is connected to one
other site, and the second one, the core hole site i is connected to two other sites.
Starting with the first case, we have for the following matrix elements:

↑j↑k→↑j↑k and ↓j↓k→↓j↓k : H̄
(4)
eff = · · · − pip

†
i

t4

U3
c

(
1

2
11 + 2Szj S

z
k

)
, (D.7)

↑j↓k→↑j↓k and ↓j↑k→↓j↑k : H̄
(4)
eff = · · · − pip

†
i

t4

U3
c

(
1

2
11− 2Szj S

z
k

)
, (D.8)

↑j↓k→↓j↑k and ↓j↑k→↑j↓k : H̄
(4)
eff = · · ·+ 0. (D.9)

Adding these contributions and dropping the constants yields

H̄
(4)
eff = · · ·+ 0. (D.10)

The second case gives

↑j↑k→↑j↑k and ↓j↓k→↓j↓k : H̄
(4)
eff = · · ·+ pip

†
i

2t4

U3
c

(
1

2
11 + 2Szj S

z
k

)
, (D.11)

↑j↓k→↑j↓k and ↓j↑k→↓j↑k : H̄
(4)
eff = · · · − pip

†
i

(
2t4

UU2
c

+
4t4

U2
c (2Uc + U)

−2t4

U3
c

)(
1

2
11− 2Szj S

z
k

)
, (D.12)

↑j↓k→↓j↑k and ↓j↑k→↑j↓k : H̄
(4)
eff = · · ·+ pip

†
i

(
2t4

UU2
c

+
4t4

U2
c (2Uc + U)

)
×
(
S+
j S
−
k + S−j S

+
k

)
. (D.13)

Adding the contributions and dropping the constants yields

H̄
(4)
eff = · · ·+ pip

†
i

(
4t4

UU2
c

+
8t4

U2
c (2Uc + U)

)
Sj · Sk. (D.14)
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The corresponding part of H0 (including the second neighbor terms from category
(d))1 is

H0 = · · ·+
∑
j 6=k

4t2ijt
2
ik

U3
Sj · Sk (D.15)

and it is replaced by

H̄
(4)
eff = H0 +

∑
i

pip
†
i

∑
j 6=k

(
4t4

UU2
c

+
8t4

U2
c (2Uc + U)

− 4t4

U3

)
Sj · Sk + . . . (D.16)

where the sum over j 6= k is over all pairs of neighbors j, k of i.

Finally, the processes of category (d) are

↑j di
↑k ↑l

→ ↑j di
↑k ↑l

+ flipped :

H̄
(4)
eff = · · · − pip

†
i

2t4

U3
c

(
1

4
11 + Szj S

z
k + SzkS

z
l + Szj S

z
l

)
, (D.17)

↑j di
↓k ↑l

→ ↑j di
↓k ↑l

+ flipped :

H̄
(4)
eff = · · ·+ pip

†
i

2t4

UU2
c

(
1

4
11− Szj Szk − SzkSzl + Szj S

z
l

)
, (D.18)

↓j di
↑k ↑l

→ ↓j di
↑k ↑l

+ flip + j ↔ l :

H̄
(4)
eff = · · ·+ pip

†
i

2t4

UU2
c

(
1

2
11− 2Szj S

z
l

)
, (D.19)

↓j di
↑k ↑l

→ ↑j di
↓k ↑l

+ flip + j ↔ l :

H̄
(4)
eff = · · · − pip

†
i

(
t4

U3
c

+
t4

UU2
c

)(
S+
j S
−
k + S−j S

+
k

+S+
k S
−
l + S−k S

+
l

)
, (D.20)

↓j di
↑k ↑l

→ ↑j di
↑k ↓l

+ flip + j ↔ l :

H̄
(4)
eff = · · · − pip

†
i

(
t4

U3
c

+
t4

UU2
c

)(
S+
j S
−
l + S−j S

+
l

)
. (D.21)

where we have labeled the sites as shown in Fig. D.3, with di the doubly occupied
core hole site.

1We do this because, first, it simplifies notation: the second and third neighbor terms in the
sum get the same prefactor. Second, Coldea also does this, and following him makes it easy to
compare to his mean field result for the ring exchange terms.
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ij

k l

Figure D.3: The processes of cat-
egory (d) (tijtjktkltli) describe ring
exchange.

Dropping constants, the final result for processes of category (d) is

H
(4)
eff = · · · −

∑
i,squares at i

pip
†
i

(
2t4

UU2
c

+
2t4

U3
c

)
(Sj · Sk + Sk · Sl + Sj · Sl) . (D.22)

The corresponding terms in H0 (minus the second neighbor terms, which were
absorbed in the correction to H0 due to category (c)) are

H0 = · · · − 8t4

U3

∑
〈i,j〉

Si · Sj +
80t4

U3

∑
squares

[(Si · Sj)(Sk · Sl) + (Si · Sl)(Sj · Sk)

−(Si · Sk)(Sj · Sl)] . (D.23)

The mean field result is easily obtained [82,83]:

H0 = · · · − 48t4

U3

∑
〈i,j〉

Si · Sj −
20t4

U3

∑
i,k

Si · Sk, (D.24)

where the sum over i, k is over all pairs of next nearest neighbors. Then, at
the mean field, the intermediate state Hamiltonian for processes of category (d)
becomes

H̄
(4)
eff = H0+

∑
i

pip
†
i

∑
squares at i

[
24t4

U3
(Si · Sj + Sj · Sk + Sk · Sl + Sl · Si)

+
20t4

U3
(Si · Sk + Sj · Sl)

−
(

2t4

UU2
c

+
2t4

U3
c

)
(Sj · Sk + Sk · Sl + Sj · Sl)

]
+ . . . (D.25)

Adding all contributions from all categories, we obtain

H̄
(4)
eff = H0 +

∑
i

pip
†
i

{∑
j

(
16t4

U3
− 4t2

U

)
Si · Sj +

∑
j 6=k

(
4t4

UU2
c

+
8t4

U2
c (2Uc + U)

−4t4

U3

)
Sj · Sk +

∑
squares

[
24t4

U3
(Si · Sj + Sj · Sk + Sk · Sl + Sl · Si)

+
20t4

U3
(Si · Sk + Sj · Sl)−

(
2t4

UU2
c

+
2t4

U3
c

)
(Sj · Sk + Sk · Sl

+Sj · Sl)
]}
. (D.26)
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The sums between the curly brackets are, respectively, over all nearest neighbors
j of i, over all pairs of nearest neighbors j, k of i, and over all squares of 2 × 2
sites containing i. Grouping the different neighbor interactions, we finally get
Eq. (4.75).

D.2 Scattering amplitude to fourth order in t/U

Once the intermediate state Hamiltonian is obtained to fourth order in t/U , it
is straightforward and tedious to derive the RIXS scattering amplitude to this
order. Below, we go through this expression term by term, where each term
groups the interactions between certain neighbors.

The nearest neighbors term gives∑
i

eiq·Ri

nn∑
j

Si · Sj |0〉 =
∑
k

[− (1 + γq) (Uk−qVk + UkVk−q)

+ (γk−q + γk) (Uk−qUk + Vk−qVk)]α†kα
†
−k+q |0〉 (D.27)

as before.
For the next nearest neighbor term, we find∑
i

eiq·Ri

nnn∑
j

Si · Sj |0〉 = −
∑
k

fnnn(k,q) (Uk−qVk + UkVk−q)α†kα
†
−k+q |0〉 .

(D.28)

where

fnnn(k,q) = cos(kx − qx) cos(ky − qy) + cos kx cos ky − 1− cos qx cos qy. (D.29)

The next term (with j 6= k nearest neighbors of i) is∑
i

eiq·Ri

∑
j 6=k

Sj · Sk |0〉 = −
∑
k

fa(k,q)(UkVk−q + Uk−qVk)α†kα
†
−k+q |0〉 ,

(D.30)

with

fa(k,q) = fa(−k− q,q) = 2γ2k−q − 6γq + 2 cos kx cos(ky − qy)

+ 2 cos ky cos(kx − qx). (D.31)

In the sum over squares, we have for the Sj · Sl term in the square sum:∑
i

eiq·Ri

∑
δ,δ′

Si+δ · Si+δ′ |0〉 = −
∑
k

(UkVk−q + Uk−qVk)fb(k,q)α†kα
†
−k+q |0〉

(D.32)
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where the sum over δ, δ′ is over the 4 pairs of orthogonal vectors that point to
nearest neighbors of site i (they indicate Sj and Sl), and

fb(k,q) = 2 [−2γq + cos kx cos(ky − qy) + cos ky cos(kx − qx)] . (D.33)

For the square terms Sj · Sk + Sk · Sl we find

∑
i,j,k

eiq·RiSj · Sk |0〉 =
∑
k

(
−(Uk−qVk + UkVk−q)fc1(q)

+ (UkUk−q + VkVk−q)fc2(k,q)

)
α†kα

†
−k+q |0〉 (D.34)

with j pointing to nearest neighbors of i, k to next nearest neighbors of i that
are also nearest neighbors of j, and

fc1(q) = 2γq + 2 cos qx cos qy, (D.35)

fc2(k,q) = cos kx cos qy + cos ky cos qx

+ cos(kx − qx) cos qy + cos(ky − qy) cos qx. (D.36)

Putting all parts together, we obtain the total scattering amplitude (4.77).
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[16] H. Yavaş, private communication (2008).

[17] J. Als-Nielsen and D. McMorrow, Elements of modern X-ray physics (Wi-
ley, 2001).

[18] P. Debye, Ann. d. Phys. 348, 49 (1913).

[19] L. J. P. Ament, G. Ghiringhelli, M. Moretti Sala, L. Braicovich, and J.
van den Brink, Phys. Rev. Lett. 103, 117003 (2009).

[20] M. Moretti Sala, V. Bisogni, L. Braicovich, C. Aruta, G. Balestrino, H.
Berger, N. B. Brookes, G. De Luca, D. Di Castro, M. Grioni, M. Guarise,
P. G. Medaglia, F. Miletto Granozio, M. Minola, M. Radovic, M. Salluzzo,
T. Schmitt, and G. Ghiringhelli, arXiv:1009.4882 (2010).

[21] L. Braicovich, M. Moretti Sala, L. J. P. Ament, V. Bisogni, M. Minola, G.
Balestrino, D. Di Castro, G. M. De Luca, M. Salluzzo, G. Ghiringhelli, and
J. van den Brink, Phys. Rev. B 81, 174533 (2010).

[22] J. Zaanen, G. A. Sawatzky, and J. W. Allen, Phys. Rev. Lett. 55, 418
(1985).

[23] C. Castelnovo, R. Moessner, and S. L. Sondhi, Nature 451, 42 (2008).

[24] K. I. Kugel and D. I. Khomskii, Sov. Phys. Usp. 25, 231 (1982).

[25] J. Kanamori, Prog. Theor. Phys. 17, 177 & 197 (1957).

[26] J. Luo, G. T. Trammell, and J. P. Hannon, Phys. Rev. Lett. 71, 287 (1993).

[27] L. L. Foldy and S. A. Wouthuysen, Phys. Rev. 78, 29 (1950).

[28] M. E. Peskin and D. V. Schroeder, An Introduction to Quantum Field
Theory (Addison-Wesley Publishing Co., 1996).



BIBLIOGRAPHY 215

[29] A. Messiah, Quantum mechanics, vol. 2 (North Holland Publishing Com-
pany, Amsterdam, 1962).

[30] Y. B. Zeldovich and V. S. Popov, Sov. Phys. Usp. 14, 673 (1972).

[31] J. Arthur et al., LCLS Conceptual Design Report, 2002.

[32] J. J. Sakurai, Advanced Quantum Mechanics (Addison Wesley, 1967).

[33] M. Blume, J. Appl. Phys. 57, 3615 (1985).

[34] W. Schülke, Electron Dynamics by Inelastic X-Ray Scattering (Oxford Uni-
versity Press, Oxford, 2007).

[35] F. A. Blum, Phys. Rev. B 1, 1125 (1970).

[36] G. A. Mourou, T. Tajima, and S. V. Bulanov, Rev. Mod. Phys. 78, 309
(2006).

[37] J. P. Hill, private communication (2009).

[38] P. M. Platzman and E. D. Isaacs, Phys. Rev. B 57, 11107 (1998).

[39] J.-P. Rueff and A. Shukla, Rev. Mod. Phys. 82, 847 (2010).

[40] J. J. Sakurai, Modern Quantum Mechanics, revised edition (Addison Wes-
ley, 1994).

[41] H. A. Kramers and W. Heisenberg, Z. Phys. 31, 681 (1925).

[42] M. V. Klein, Light scattering in Solids I (Springer-Verlag, Berlin, 1983),
Vol. 8, p. 147.
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[101] K. Hämäläinen, S. Manninen, P. Suortti, S. P. Collins, M. J. Cooper, and
D. Laundy, J. Phys.: Condens. Matter 1, 5955 (2010).

[102] Q. Shen, I. S. Elfimov, P. Fanwick, Y. Tokura, T. Kimura, K. Finkelstein,
R. Colella, and G. A. Sawatzky, Phys. Rev. Lett. 96, 246405 (2006).

[103] I. S. Elfimov, N. A. Skorikov, V. I. Anisimov, and G. A. Sawatzky, Phys.
Rev. Lett. 88, 015504 (2002).

[104] T. Oguchi, Phys. Rev. 117, 117 (1960).

[105] J. P. Hill, private communication (2008).



BIBLIOGRAPHY 219

[106] P. A. Fleury and R. Loudon, Phys. Rev. 166, 514 (1968).

[107] R. J. Elliott and R. Loudon, Phys. Lett. 3, 189 (1963).

[108] T. P. Devereaux and R. Hackl, Rev. Mod. Phys. 79, 175 (2007).

[109] B. S. Shastry and B. I. Shraiman, Int. J. Mod. Phys. B 5, 365 (1991).

[110] P. Kuiper, J.-H. Guo, C. S̊athe, L.-C. Duda, J. Nordgren, J. J. M.
Pothuizen, F. M. F. de Groot, and G. A. Sawatzky, Phys. Rev. Lett. 80,
5204 (1998).
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