Cover Page

The handle http://hdl.handle.net/1887/21042 holds various files of this Leiden University
dissertation.

Author: Siviero, Andrea
Title: Class invariants for tame Galois algebras
Issue Date: 2013-06-26


https://openaccess.leidenuniv.nl/handle/1887/1
http://hdl.handle.net/1887/21042
https://openaccess.leidenuniv.nl/handle/1887/1�

Class invariants for tame Galois algebras

Proefschrift

ter verkrijging van
de graad van Doctor aan de Universiteit Leiden,
op gezag van Rector Magnificus prof.mr. C.J.J.M. Stolker,
volgens besluit van het College voor Promoties
te verdedigen op woensdag 26 juni 2013
klokke 08:45 uur

door

Andrea Siviero
geboren te Rovigo, Italié
in 1986



Samenstelling van de promotiecommissie
Promotores

prof.dr. B. Erez (Université Bordeaux I)

prof.dr. P. Stevenhagen
Copromotor

dr. B. de Smit
Overige leden

prof.dr. A. Agboola (UC, Santa Barbara)
dr. N. Byott (University of Exeter)

prof.dr. P. Cassou-Nogués (Université Bordeaux I)

prof.dr. H-W. Lenstra, Jr.

This work was funded by ALGANT-Doc Erasmus Action and was carried out at

Universiteit Leiden and Université Bordeaux I

an
o“‘e“y d N,

1% é&
< >

R
L
7
S
<<

UNIVER SITE

o]
o
b
A=)
=m
-
c
”

Universiteit Leiden

Cover picture courtesy of Nicola di Pietro (Glimpse of the Dolomites - Cadore, in the Italian region of Veneto)



THESE

présentée a
L’UNIVERSITE BORDEAUX I

ECOLE DOCTORALE DE MATHEMATIQUES ET
INFORMATIQUE

par Andrea SIVIERO

POUR OBTENIR LE GRADE DE

DOCTEUR

SPECIALITE: Mathématiques Pures

Class 1invariants for tame Galois

algebras

Directeurs de recherche: Bart DE SMIT et Boas EREZ

Soutenue le: 26 Juin 2013 & Leiden

Apres I'avis favorable de la commission d’examen formée de:

M AGBOOLA, Adebisi Professeur UC, Santa Barbara Rapporteur
M BYOTT, Nigel Docteur University of Exeter Rapporteur
M CASSOU-NOGUES, Philippe Professeur Université Bordeaux I Examinateur
M DE SMIT, Bart Docteur Universiteit Leiden Directeur

M EREZ, Boas Professeur Université Bordeaux I Directeur

M LENSTRA, Hendrik W., Jr.  Professeur Universiteit Leiden Examinateur
M STEVENHAGEN, Peter Professeur Universiteit Leiden Examinateur






Class invariants for tame Galois Algebras
ABSTRACT (short version)

Let K be a number field with ring of integers Ok and let G be a finite group.
By a result of E. Noether, the ring of integers of a tame Galois extension of K
with Galois group G is a locally free Ok [G]-module of rank 1.

Thus, to any tame Galois extension L/K with Galois group G we can associate
a class [Or] in the locally free class group Cl(Og[G]). The set of all classes in
Cl(Ok|G]) which can be obtained in this way is called the set of realizable classes
and is denoted by R(Ok[G]).

In this dissertation we study different problems related to R(Ox[G]).

The first part focuses on the following question: is R(Ok|G]) a subgroup of
Cl(Ok[G])? When the group G is abelian, L. McCulloh proved that R(Og[G])
coincides with the so-called Stickelberger subgroup St(Ok[G]) of Cl(Ok[G]). In
Chapter 2, we give a detailed presentation of unpublished work by L. McCulloh
that extends the definition of St(Og[G]) to the non-abelian case and shows that
the inclusion R(Ok|[G]) C St(Ok[G]) holds (the opposite inclusion is still not
known in the non-abelian case).

Then, just using its definition and Stickelberger’s classical theorem, we prove in
Chapter 3 that St(Ok[G]) is trivial if K = Q and G is either cyclic of order p
or dihedral of order 2p, where p is an odd prime number. This, together with
McCulloh’s results, allows us to have a new proof of the triviality of R(Ok|[G]) in
the cases just considered.

The main original results are contained in the second part of this thesis. In Chap-
ter 4, we prove that St(Og[G]) has good functorial behavior under restriction of
the base field. This has the interesting consequence that, if N/L is a tame Galois
extension with Galois group G, and St(Og[G]) is known to be trivial for some
subfield K of L, then Oy is stably free as an Ox[G]-module.

In the last chapter, we prove an equidistribution result for Galois module classes
amongst tame Galois extensions of K with Galois group G in which a given prime
p of K is totally split.

Keywords: Galois module structure, tame Galois extensions, locally free modules, re-

duced norm, realizable classes, locally free class group, Stickelberger’s Theorem.
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Klasse-invarianten voor tamme Galoisalgebra’s
SAMENVATTING (beknopte versie)

Zij K een getallenlichaam met ring van gehelen O en zij GG een eindige groep.
Een resultaat van E. Noether zegt dat de ring van gehelen van een tamme G-
Galoisuitbreiding van K een lokaal vrij O [G]-moduul van rang 1 is.

Hieruit volgt dat we aan elke tamme G-Galoisuitbreiding van K een klasse kun-
nen toekennen in de lokaal vrije klassegroep Cl(Ok|[G]). De verzameling van alle
klassen in Cl(Og[G]) die atkomstig zijn van de ring van gehelen van een tamme G-
Galoisuitbreiding van K wordt de verzameling van realiseerbare klassen genoemd
en wordt genoteerd als R(Ok[G]).

In dit proefschrift bestuderen we verschillende problemen gerelateerd aan R(Ok[G]).
Allereerst het volgende probleem: is R(Og[G]) een ondergroep van Cl(Ok|[G])?
Voor abelse G bewees L. McCulloh dat R(Og[G]) overeenkomt met de zogenaamde
Stickelberger-ondergroep St(Ok[G]) van Cl(Ok|[G]). In hoofdstuk 2, wij geven
een gedetailleerde presentatie van de gedeeltelijk ongepubliceerde resultaten van
L. McCulloh die de definitie van St(Ok[G]) uitbreiden tot het niet-abelse geval,
en een inclusie R(Ok[G]) C St(Ok|[G]) bewijzen (of de omgekeerde inclusie ook
altijd geldt, is voor niet-abelse G nog steeds niet bekend.)

Vervolgens bewijzen we in hoofdstuk 3, gebruikmakend van de definitie en de
klassieke Stelling van Stickelberger, dat St(Og[G]) triviaal is als K = Q en G een
cyclische groep van orde p is of een dihedrale groep van orde 2p, waarbij p > 3
priem is. Dit resultaat, samen met resultaten van McCulloh, staat ons toe om een
nieuw bewijs te geven voor de trivialiteit van R(Ok[G]) in bovenstaande gevallen.
De belangrijkste originele resultaten zijn bevat in het tweede deel van dit proef-
schrift. In hoofdstuk 4, bewijzen we dat St(Ok|[G]) zich functorieel goed gedraagt
ten opzichte van het beperken van het grondlichaam. Dit geeft het interessante
gevolg dat als N/L een tamme Galoisuitbreiding met groep G is, en als St(O[G])
triviaal is voor een deellichaam K van L, de ring Oy stabiel vrij is als Ok[G]-
moduul.

In het laatste hoofdstuk bewijzen we een resultaat over de verdeling van Galois-
moduulklassen afkomstig van tamme Galoisuitbreidingen van K met Galoisgroep

GG met de beperking dat een gegeven priem p van K volledig splitst.

Steekwoorden: Galoismoduulstructuur, tamme Galoisuitbreidingen, lokaal vrije modu-
len, gereduceerde norm, realiseerbare klassen, lokaal vrije klassegroep, Stelling van Sti-

ckelberger.
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Invariants de classe pour algébres galoisiennes

modérément ramifiées
RESUME (version bréve)

Soient K un corps de nombres d’anneau des entiers O et G un groupe fini.
Grace a un résultat de E. Noether, I’anneau des entiers d'une extension galoisienne
de K modérément ramifiée, de groupe de Galois GG, est un Ok [G]-module locale-
ment libre de rang 1.

Donc, a chaque extension galoisienne L/K modérément ramifiée, de groupe de
Galois G, on peut associer une classe [Op] dans le groupe des classes des modules
localement libres Cl(Ok[G]). L’ensemble des classes de Cl(Og[G]) qui peuvent
étre obtenues de cette fagon est appelé ensemble des classes réalisables et on le
note R(Ok[G]).

Dans cette theése, on étudie différents probleémes lies & R(Ok|[G]).

Dans la premiére partie, nous nous focalisons sur la question suivante: R(Og[G])
est-il un sous-groupe de Cl(Og[G])? Si G est abélien, L. McCulloh a prouvé
que R(Ok[G]) coincide avec le soi-disant sous-groupe de Stickelberger St(Ox[G])
dans Cl(Ok|G]). Dans le Chapitre 2, nous donnons une présentation détaillée
d’un travail non publi¢ de L. McCulloh qui étend la définition de St(Ok[G]) au
cas non-abélien et montre I'inclusion R(Ok[G]) C St(Ok[G]) (I'inclusion opposée
n’est pas encore connue dans le cas non-abélien).

Puis, en utilisant sa définition et le Théoréme de Stickelberger classique, nous
montrons dans le Chapitre 3 que St(Og[G]) est trivial si K = Q et G est soit
un groupe cyclique d’ordre p soit un groupe diédral d’ordre 2p, avec p premier
impair. Ceci, lié aux résultats de McCulloh, nous donne une nouvelle preuve de
la trivialité de R(Ok[G]) dans les cas considérés.

Les résultats originaux les plus importants sont contenus dans la deuxiéme partie
de cette these. Dans le Chapitre 4 nous montrons la fonctorialité de St(Ox[G])
par rapport au changement du corps de base. Ceci implique que si N/L est une
extension galoisienne modérément ramifiée, de groupe de Galois G, et St(Ok[G])
est connu étre trivial pour un certain sous-corps K de L, alors Oy est un Ok |[G]-
module stablement libre.

Dans le dernier chapitre, nous montrons un résultat concernant la distribution des
classes réalisables parmi les extensions galoisiennes de K modérément ramifiées,
de groupe de Galois (G, dans lesquelles un idéal premier de K donné est totalement

décomposé.
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Mots-clés: structure des modules galoisiens, extensions galoisiennes modérément rami-
fiées, modules localement libres, norme réduite, classes réalisables, groupe des classes des

modules localement libres, Théoréme de Stickelberger.
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Nomenclature

K Algebraic number field

Ok Ring of integers of K

G Finite group

Gab Abelianization of G

Irr(G) Set of irreducible characters of G

Ra Ring of Z-linear combinations of elements in Irr(G)

Ag Augmentation kernel

X Complex conjugate of the character y

{q} Fractional part of ¢

lq] Integral part of ¢

[f] Class with representative f

Z(A) Center of A

5 Conjugacy class of s

G Set of conjugacy classes of GG

m Reduced norm

K, Completion of K with respect to its place p

K¢ (resp. Kj) An algebraic closure of K (resp. K,)

K™ Maximal extension of K unramified at finite places

K" Maximal unramified extension of K, if p is finite
K" = K, if p is infinite

K* Maximal tame extension of K

Kg Maximal tame extension of Ky, if p is finite
K, = K, if p is infinite

Ok p Completion of Ok with respect to p, if p is finite
Ok, = K,, if p is infinite

Of (resp. O ,) Integral closure of O (resp. Ok,p) in K¢ (resp. Ky)

Qg (resp. Qk,) Absolute Galois group of K (resp. K,,)

Q% (resp. Q7) Gal(K™/K) (resp. Gal(K,"/K,))

Qf (resp. ) Gal(K'/K) (resp. Gal(K,/K,))

X1



NOMENCLATURE

xil
J(K) Group of idéles of K (including infinite places)
U(Ox) 1,05,
J(K°®) lim J(L), as L runs over all fin. Galois ext. of K in K°

Group ring of G over K (resp. K)
Group ring of GG over K¢ (resp. Ky)
Group ring of G over Ok (resp. Ok, p)
Group of idéles of K[G] (including infinite places)
[T, Oxc5[G1*,
Set of isomorphism classes of G-Galois K-algebras
Set of isom. classes of tame G-Galois K-algebras
Set of isom. classes of G-Galois K-alg. unram. at p||G]|
Set of isom. classes of G-Galois field ext. of K
Set of isom. classes of tame G-Galois field ext. of K
Set of isom. cl. of G-Galois field K-ext. unram. at p||G|
Ideal class group of K
Locally free class group of Og|G]|
Set of Steinitz classes given by tame G-Galois K-alg.
Set of classes realized by tame G-Galois K-alg.
Set of classes realized by tame G-Galois field ext. of K
Set of classes realized by unramified G-Galois K-alg.
{a e K)G)*|a™t-a¥ € G, Yw € Qx}
H(K[G)/G
{ac€ KiG o™t -a¥ € G, Vw e Qk, }
H(I[G)) /G
{ae O% IG]*|a™!-a¥ € G, Yw e Q, }
H(Ox,[G))/G
Hom,,, (ZIG(~D)], (K%)*)
Hom,,_ (Z[G(~1)],(0x)")
Restricted direct product of (K/_\)X w.r.t. AX
Hom, (Ag,J(K°))
(Hom,, (Ag, (K°)*) - TT, Det(H(Ox p[G])))
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Chapter O

Introduction

Throughout this dissertation we will study properties of the structure of rings of
integers in Galois extensions, when seen as Galois modules.

Let K be an algebraic number field and let L/K be a finite Galois extension with
Galois group G (abbreviated as G-Galois extension in the sequel). The question
which gives rise to the main subject of this thesis is: when does there exist a
normal integral basis generator for L over K, i.e. an element a € O such that
{s - a}seq, the set of translates of a by the elements of G, forms an Og-basis of
Or? Or in another equivalent form, does there exist an element a € Oy, such that
Or = Ok|G] - a?

This question goes under the name of Normal Integral Basis Problem (NIBP).
Note that, from the Normal Basis Theorem (see [23]), we know that for any G-
Galois extension L/K, there exists an element b € L such that L = K[G]-b (such

an element b is called normal basis generator of L/K).

When the base field K equals Q and the group G is abelian, the NIBP is completely
solved by the Hilbert—Speiser Theorem. From the Kronecker—Weber Theorem
we know that any abelian G-Galois extension L/Q is contained in a cyclotomic
extension Q((,) and we define the conductor of L to be the smallest natural number
r such that L C Q((,). Then the Hilbert—Speiser theorem says that a finite abelian
extension L/Q has a normal integral basis if and only if its conductor is square-
free, or equivalently if L/Q is tamely ramified (i.e. for any prime (p) of Z, its
ramification index in L is coprime to p, or equivalently the trace map from Op, to
Z is surjective).

It is shown in [2I] that the field Q is the only field with this property, i.e. such

that any finite abelian tame Galois extension over it has a normal integral basis.



2 Chapter 0 Introduction

It is clear that, if a G-Galois extension L/K has a normal integral basis, then for
any prime ideal p of Ok also O, := Ok, ®o, O (where K, is the completion
of K with respect to the topology induced by p) has a normal integral basis, i.e.
there exists a, € Op, such that Op, = Og,[G] - a,. We call an Og[G]-module
with this property locally free of rank 1 (see for a precise definition).

For local extensions, tameness is a necessary and sufficient condition for the exis-
tence of a normal integral basis (as it was globally over Q by the Hilbert—Speiser

Theorem), as Noether’s Criterion explains.

Theorem 0.0.1 (Noether’s Criterion). Let L/K be a finite G-Galois extension.
Then L/K is tamely ramified if and only if Or, is a locally free Ok |[G]-module of

rank 1.

We understand from this that, over a general number field K, the right framework
to study the normal integral basis problem is given by tame extensions.

So restricting our attention to tame G-Galois extensions over K, we can see the
NIBP as a question about when a locally free Ok [G]-module is actually free.
The main way of approaching such a question is to translate it in terms of a
computation inside a particular classgroup that will be denoted by Cl(Ok|[G]).
The precise definition of this group will be given in Chapter [1}

The idea behind its definition is analogous to the one leading to the definition
of the classical classgroup Cl(Of), which can be considered for the moment as a
prototype of Cl(Og[G]) (it will coincide with it in the case G = 1). The classgroup
Cl(Ok) measures how far O is from being a principal ideal domain; more precisely
any ideal p of Ok is clearly Og-locally free (since Ok, is a principal ideal domain)
and its class in Cl(Og) is trivial if and only if p is Og-free.

With this in mind, basic K-theory will lead to a rigorous definition ( of the
locally free classgroup Cl(Og[G]); where, if G is abelian, the class [M] of a locally
free Og[G]-module M is trivial if and only if M is free (when G is not abelian a
slightly modified version of this holds, see and §1.4). As we will see, C1(Ok[G])
is a finite abelian group.

Thus to any tame G-Galois extension L/K we can associate the class of its ring
of integers [Op] in Cl(Ok|[G]). Noether’s Criterion holds in general for G-Galois
algebras over K (see for a precise definition), which are a generalization of
the notion of G-Galois field extensions over K. Hence, as for field extensions, to
any tame G-Galois K-algebra we can associate a class in Cl(Og[G]).

It is well-known that the set of isomorphism classes of G-Galois K-algebras is in
bijection with H(Q, G) (see [35], §5] for a precise definition), the first cohomology

set of the absolute Galois group Q2 with coefficients in G (where Qg acts trivially



Chapter 0 Introduction 3

on (). Hence we can consider the following morphism of pointed sets:

R:H (Y, G) — ClOK[G])
(L] — [O4],

where QY% denotes the Galois group of the maximal tame extension over K. In
terms of this map, the NIBP reduces to the study of the kernel of R (i.e. the
inverse image of the trivial class in Cl(Og[G])). Note that, for any finite group
G, the set H'(Q%, G) is defined as the pointed set Hom (Q%, G) /Inn(G) (where
Hom (QY, G) is the set of continuous homomorphisms from QY% to G and Inn(G) is
the set of inner automorphisms of G), so in particular, if G is abelian, H*(QY, G)

is equal to the group Hom (QY%, G).

The map R also allows us to define a new set, which is the main subject of this
thesis: the set of realizable classes.

The set of realizable classes, denoted by R(Ok|[G]), is defined as the image of R,
i.e. it is composed by all the classes in Cl(Og[G]) which can be obtained from the

rings of integers of tame (GG-Galois K-algebras.

From what we have seen above, if G is abelian and K equals Q, the set R(Z[G])
is trivial. In all the other cases this set is quite difficult to study and describe.
For example, over a general number field K and given a finite group G, a natural

question is still open in general:

Question 1. Is R(Ok[G]) a subgroup of Cl{(Ok[G])?

Firstly note that R, when not trivial, is not a priori a group homomorphism.
Indeed, if G is not abelian, the domain is just a pointed set, but even if G is
abelian, it is not difficult to find an example which explains why R is not a group

homomorphism. For a deeper explanation of this fact, see [Appendix]

Remark 0.0.2. We could restrict the map R to the set of isomorphism classes of
G-Galois field extensions of K, i.e. to the set of classes in H'(QY, G) represented
by surjective homomorphisms. The tmage of this restriction will be denoted by
Rr(Ok|G]) and we will see that in many cases, with this restriction, we do not
lose any realizable class, i.e. Rp(Ok|G]|) = R(Ok|G]). When we shall want to
distinguish between the two sets of realizable classes, we will denote R(Ok[G]) by

RA(Ok|GY).

When the base field is Q and G is abelian we have already seen that R(Z[G]) = 1.
Thanks to a result by Taylor ([43]), proving a conjecture of Frohlich, the same
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holds if K = Q and G is a non-abelian group with no symplectic characters. More
generally he proved that any element in R(Z[G]) has order at most 2 in Cl(Z[G]).

Remark 0.0.3. Note that we could also restrict our attention to Rp(Z[G]) in the
statement of Taylor’s general result, even if, in this case, one has to take care of
the inverse Galois problem. Indeed, given a finite group G, before investigating
the structure of the set Rp(Z[G]), one has to be sure that there exists at least a
G-Galots field extension of Q. The study of this question goes under the name of
inverse Galois problem and, for a general non-abelian group G, is still one of the

main open problems in number theory.

Over a general number field K, when G is abelian, a positive answer to Question
is given by Leon McCulloh in [28§].

Given a finite group G, he introduced a subgroup St(Og[G]) of Cl(Ok|[G]) (the
notation used here differs from the original one by McCulloh), defined in terms of

some Stickelberger maps (see Chapter [2)), and he proved the following result.

Theorem 0.0.4. Let G be a finite abelian group, then
Rr(Ok[G]) = Ra(Ok[G]) = St(Ok[G]).

In particular Ra(Ok[G]) is a subgroup of Cl(Ok[G]).

When G is non-abelian, he managed to prove the following inclusion (this is an
unpublished result announced in a talk given in Oberwolfach in February 2002 -
a detailed proof of it will be the main subject of Chapter [2).

Theorem 0.0.5. For any finite group G,

R(Ok[G]) € SH(Ok[G)).

The proof of the reverse inclusion still remains an open problem.

When G is non-abelian and K # Q, determining if R(Ok[G]) forms a subgroup is
in general an open problem.

Nevertheless, with an approach different from McCulloh’s that starts from the in-
clusion R(Ok[G]) C CI°(Ok|G]) (where CI°(Og[G]) is the kernel of the augmen-
tation map from Cl(Ok[G]) to Cl(Ok), see §3.1), some non-abelian results have
been achieved. In particular, it has been proved that R(Ok[G]) = CI°(Ok|[G]) in
the following cases: G' = Dg, the dihedral group of order 8, with the assumption
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that the ray class group modulo 40k of Ok has odd order (see [10]); and G = Ay,
without any restriction on K (see [I1]).

Recently in [9], Nigel P. Byott and Bouchaib Sodaigui, under the assumption that
K contains a root of unity of prime order p, showed that R(Og[G]) is a subgroup
of Cl(Ok[G]), when G is the semidirect product V' x C' of an elementary abelian
group V of order p" by any non-trivial cyclic group C' which acts faithfully on V'
and makes V' into an irreducible F,[C]-module (where F, is the finite field with p
elements). This last result contains as a corollary the main result of [11].

In the non-abelian context, more has been done in describing a weaker form of
R(Ok[G]). If M denotes a maximal order in K[G] containing Ok[G], then, as
done for R(Ok[G]), we can define R(M) to be the subset in CI(M) of classes
(M ®0,., Orl, where L is a tame G-Galois algebra over K. The two sets R(M)
and R(Og[G]) are linked by the extension of scalars Ex : Cl(Og[G]) — Cl(M)
and in fact one has R(M) = Ex(R(Ok[G))).

A complete list, as far as we are aware, of works investigating the structure of
R(M) follows: [37] with G = Hg; [39] with G = Dy; [20] with G = Ay; [§] with
G =V x,C, where V is a vector space of dimension r over the finite field with 2
elements Fy, C' is a cyclic group of order 2" — 1 and p is a faithful representation
of C'in V; [0] with G = Sy; [6] with G = V %, C, where V is a vector space of
dimension 7 over the finite field with p elements F,, C' is a cyclic group of order
p" — 1 and p a faithful representation of C'in V; [38] with G = Hy and [32] with
G = C; x C,, (where C} and C,, are cyclic groups of order [ and m respectively;
this article also improves another previous similar work [36]). Note that [6] and

[8] are improved by [9].

Apart from studying the structure of R(O[G]), more has been done on realizable
classes and, as an example of them, we cite the work by Adebisi Agboola [I] (which
improves a previous result by K. Foster [16]).

Given G abelian, once one knows the description of R(Ok[G]) in terms of the Sti-
ckelberger group St(Ok[G]), one may wonder if the G-module structures of rings
of integers of G-Galois K-algebras are equidistributed among the set of realizable
classes. Agboola managed to prove that the asymptotic number (with a slight re-
striction) of tame G-Galois extensions over K which realize a class ¢ € R(Ok|[G]),
counted by the absolute norm of the product of ramified primes, does not depend

on the given class ¢ (for details see Chapter [5)).

Some motivations to study realizable classes are given, as noted in [I], by the fact
for example that they arise in looking for an explicit analog of known Adams—
Riemann—Roch Theorems for Cl(Ok[G]) (see [2, §4]).
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Moreover realizable classes are useful to deduce some results on another related
open subject in number theory: the problem of Steinitz classes. Given L a G-
Galois K-algebra, we know that O = O%:K]fl @ I as Og-modules, where [ is a
fractional ideal of Of. The associated class [I| in Cl(Ok) is called the Steinitz
class of L/K. Analogously to the set of realizable classes, the collection of all
classes in Cl(Of) which can be obtained as Steinitz classes of tame G-Galois field
extensions of K defines the set of Steinitz classes denoted by Ri(Og,G). The
set of realizable classes and the set of Steinitz classes are linked by the restric-
tion map resﬁ} : Cl(Ok[G]) — Cl(Ok) (see , indeed under this map
resﬁ}(R(OK[G])) = Ri(Og, G).

In this thesis, we shall investigate some questions on the problem of realizable
classes with particular regard to the Stickelberger subgroup St(Ok|[G]), introduced
by McCulloh, and we will study some new problems related to the equidistribution

result of Agboola.

We shall start in Chapter [I] with some preliminary notions and prerequisites on
the locally free classgroup Cl(O[G]), giving a good reference for people interested
in the subject.

Chapter [2| will be devoted to McCulloh’s results, in particular we shall give the
unpublished proof (by McCulloh) of the inclusion R(Ok[G]) C St(Ok[G]) in the
non-abelian case (Theorem. The chapter will finish with a sketch of the proof
of the equality given in Theorem [0.0.4] of which the original version is contained
in [28].

Chapter [3] will contain the first new results. After a general comparison of the
Stickelberger group St(Og[G]) and CI°(Ok[G]) (see above), we will explicitly com-
pute, just using its definition, St(Z[G]) in the cases G = C,, a cyclic group of prime
order p, and G = D,, a dihedral group of order 2p (with p an odd prime). In par-

ticular we shall prove the following theorem.

Theorem 0.0.6. Let p be an odd prime number. If G = Cy, a cyclic group of
order 2, or G = C,, a cyclic group of order p or G = D,, the dihedral group of
order 2p, then St(Z|G]) = 1.

In Chapter 4| we shall study the behavior of St(Ok[G]) under the change of base
field K. Namely, if L is a number field containing K, there is a restriction map

Nk : CIOL[G]) — Cl(Ok[G]) (see §1.8.3). We shall prove the following result.
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Theorem 0.0.7. For every finite group G,

N1/ (St(OL[G])) € St(Ok[G]).

This will have some nice consequences, such as a new proof of a result of Taylor,
contained in [43], which says that the ring of integers of an abelian G-Galois tame

extension over K is free over Z[G].

In the last chapter, restricting ourselves to the abelian case, we will start the
investigation of the connections between the work of Agboola [I] and the work
of M. M. Wood [47]. Given G a finite abelian group, in [1], Agboola studied the
distribution of the G-Galois algebras over a number field K with respect to the
group of realizable classes, while Wood, in [47], studied the distribution of local
behaviors in abelian G-Galois field extensions. The main result of the chapter will
consist of a description of Ry ,(O[G]), the set of realizable classes given by tame
G-Galois K-algebras totally split at a given finite prime p of K. After introducing
the group St ,(Ok[G]), a modified version of the original Stickelberger subgroup
St(Ok[G]), we shall prove the following result.

Theorem 0.0.8. Let G be a finite abelian group. Then

Ris p(Ok|[G]) = Stisp (O [G])-

In the second part of the chapter we will adapt the equidistribution results con-
tained in [I] to Rysp(Ok[G]). Namely, let us consider Ay, (K') the set of isomorphism
classes of G-Galois K-algebras unramified at the primes dividing |G|. Moreover,
given L € Ay (K), let us denote by D(L/K) the absolute norm of the product of
primes of Ok that ramify in L. Then, given ¢ € Rys,(Ok[G]), let us define

Proy(c) = lim H{[L] € AL(K)| Ly tot. split at p, [Or] = ¢, D(L/K) < X}
A S H{[L] € AG(K)|D(L/K) < X} '

In the last chapter we shall prove the following result.

Theorem 0.0.9. Given c € Ri,(Ok|[G]), the limit Prs,(c) exists and it does not

depend on the given realizable class c.

The chapter will end by highlighting the connections between [I] and [47] with
regard to the totally split situation. In particular we shall prove that, with regard
to the totally split case, the events considered by Agboola and Wood, respectively,
are independent if and only if Ry, (Ok[G]) = R(Ok[G]).
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0.1 Notations

Let K be a number field and Ok its ring of integers. Given a place p of K, we
denote by K, its completion with respect to the metric defined by p: if p is a finite
place, then K, is a non-archimedean field which is a finite extension of Q, (where
p is the characteristic of Ok /p); if p is an infinite place, then K, is isomorphic to
R or C.

We choose an algebraic closure K¢ (resp. Kj) of K (resp. K,) and, for each (finite
or infinite) prime p of K, we fix an embedding 4, : K¢ — K. Let Qg (resp.
Q) denote the Galois group of K¢/ K (resp. K;/K,). When no confusion arises,
to simplify the notation, we will just write Q (resp. Q,). We denote by i, the
corresponding embedding of 2, into (2.

The symbol Q™ (resp. (") will denote the Galois group of the maximal unramified
(at finite places) extension K™ /K (resp. K;"/K,) in K¢ (resp. K;) and Q" (resp.
€2,) will be the Galois group of the maximal tame extension K*/K (resp. K;/K,)
in K¢ (resp. K;). At the infinite places we take K} = K = K.

If p is a finite place, let Ok , be the completion of O with respect to p (which
also coincides with the ring of integers of the completion K,) and Of , the integral

closure of O in K. If p is an infinite place, we define O , to be K.

Let J(K) denote the group of idéles of K, i.e. the restricted direct product of
{K, }p with respect to {Og ,}y, where p runs through the places of K (both
finite and infinite). We consider K* diagonally embedded in J(K) and U(Ok)
will denote the product Hp Oy ,- Similarly, given a finite group G, the idele
group J(K[G]) is the restricted direct product of the unit groups of group rings
{K,|G]*}, with respect to {Ok,,[G]* }», where p runs through the places of K.

The notation J(K°) (resp. U(O%)) will denote the direct limit of the idéle groups
J(L) (resp. U(Oyr)), as L runs over all finite Galois extensions of K inside K°.

When we consider a representative for a class in a class group, we use the brackets
[ —] to denote its class (e.g. [Or] denotes the class in Cl(Ok[G]) corresponding to
the ring of integers Oy, of a tame G-Galois algebra L/K).

Throughout this dissertation, G will denote a finite group, G its abelianization
and G its set of conjugacy classes. Given s € G, we denote by 5 its conjugacy
class.

The set of irreducible complex characters of G will be denoted by Irr(G) (occa-
sionally by @) The symbol Rg will denote the ring of virtual characters of G, i.e.
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the ring of Z-linear combinations of elements in Irr(G). The complex conjugate of

a character y will be denoted by y.

If Y is a group acting on the left on a set X, we denote the action of y € Y on
x € X by the symbol z¥ (occasionally by y-z); note in particular that (z¥)* = x*V.
If Y is a group acting on two groups H and H’', we denote by Hom, (H, H') the
set of all group homomorphisms from H to H' fixed by the action of Y; in other
words, let f € Hom(H, H') (group homomorphisms), then f € Hom, (H, H') if
and only if f(h¥) = (f(h))Y,forally € Y and h € H.

If we choose an embedding of K€ in C, then the values of the irreducible characters
of GG are in K¢ and we get that the absolute Galois group €2 naturally acts on the
left on Irr(G) by x“(s) = x(s)¥, for all w € 2 and s € G. We extend this action
by linearity to Rg. When we have an 2-action on a set, we can always consider a

(),-action on the same set, via the embedding i,.

All these notations and further ones that we will encounter in this thesis are listed

in the [Nomenclature page|







Chapter 1
Prerequisites

In this chapter we will recall some general results linked to the notion of locally
free class group. Throughout this chapter, unless otherwise stated, let R be a

Dedekind domain with quotient field an algebraic number field K.

Definition 1.0.1 (Finite dimensional separable algebra). Let L be a field. A finite
dimensional separable L-algebra B is a finite dimensional semisimple L-algebra

such that the center of each simple component of B is a separable field extension
of L.
As proved in [30, Theorem 7.18|, the following result holds.

Theorem 1.0.2. Let B be a finite dimensional L-algebra. The following are equiv-

alent:

- B is a finite dimensional separable L-algebra;
- There exists a finite separable field extension E/L such that
E®p B[ M., (B),
i=1

as E-algebras, where M,,,(E) is the E-algebra of n; x n; matrices over E and

s is a natural number;
- For every field F O L, F ®, B is semisimple.

Thus, from now on, given our algebraic number field K, let us consider a finite

dimensional separable K-algebra A.

11
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Definition 1.0.3 (Order). Let S be a Dedekind domain with field of fractions L.
An S-order in a finite dimensional separable L-algebra B is a subring I' of B such
that:

- S is contained in the center of I';

- I' is finitely generated as S-module;

-L-T'=08.

Thus, from now on, given our K-algebra A, let us take an R-order A in A.

Definition 1.0.4 (A-lattice). A A-lattice M is a left A-module which is finitely
generated and projective as R-module.

All these definitions are taken from [14, §23].

We shall start this chapter by introducing the definition of locally free module.

1.1 Locally free modules

Given a maximal ideal p of R, let us denote by R, its completion with respect to
the metric induced by p. We then define

Ap = Rp ®R A

Analogously given a A-lattice M, let us define M, := R, ®p M.

Definition 1.1.1 (Locally free A-lattice). Let n € Zso. A A-lattice M is said to

be locally free of rank n (or locally free of constant rank n) if
M, = Ay, as Ay—modules,

for each mazimal ideal p of R. We then define tk(M) :=n.

Example 1.1.2. In this thesis we will frequently consider G-Galois field exten-
sions L/ K, with G a finite group. Then the group ring K[G] is clearly a finite
dimensional separable K-algebra and if we consider R = O (the ring of integers
of K), then Ok|G| is an Ok-order and Oy, is an Ok|G]-lattice.

Moreover, when the G-Galois field extension L/K is tame, Noether’s Criterion
(see Chapter[(]) states that Oy is a locally free Ok |G]-module of rank 1.
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Note that in our definition of locally free A-lattices of rank n we could consider
R (resp. Ay := Ry @ A and My := R,y ®p M), where Ry is the localization
of R with respect to a maximal ideal p of R, instead of R, (resp. A, and M,).
Replacing completions by localizations gives an equivalent version of Definition
[1.1.1] due to the following result contained in [14, Proposition 30.17].

Proposition 1.1.3. Let p be a mazximal ideal of R and let M and N be two
A-lattices. Then

M, = Ny as Ay-modules <= M) = Ny as Agy-modules.

Remark 1.1.4. The same definition of locally free A-lattices applies even when
K is just the fraction field of a Dedekind domain R (we do not need the fact that
K is assumed to be an algebraic number field). In fact, the results in section
and[1.3 also hold in this more general setting.

1.2 Link with projective modules

The locally free notion is strictly connected to the definition of projective modules,

as we shall explain in this section.

Proposition 1.2.1. Let A be an R-order and M a A-lattice. If M is a locally free
A-lattice of rank n then M 1is a finitely generated projective A-module.

Proof. Since, for every maximal ideal p of R, the lattice M, is free as a Ay;-module
(and the same is true considering localizations), we deduce that, for all maximal
ideals p, the functor HomA<p)(M(p), —) from the category of A(,)-modules to the
category of R(,)-module is exact. This implies, since M is finitely presented, that
Homy (M, —)®gRy) is exact for all p. It follows that the functor Homy (M, —) from
the category of A-modules to the category of R-modules is also exact. Therefore

M is projective as a A-module. m

The reverse implication is not in general true. Nevertheless when A is a group ring
R[G] (with G a finite group and R satisfying an extra hypothesis detailed below),
for every finitely generated projective A-module M there exists an n € Z>, such
that M is a locally free A-lattice of rank n. Before giving the precise result let us

recall the following lemma contained in |33 Exercise 16.4].
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Lemma 1.2.2. Let G be a finite group. Suppose that for every prime number p
dividing the order of the group |G| there exists a mazimal ideal p of R with R/p of
characteristic p. Then if M is a projective R|G|-module this implies that K @ g M
is a free K|G|-module.

Thanks to this lemma, we can now prove the following result.

Proposition 1.2.3. Let A be the group ring R|G|, with G a finite group and R
satisfying the hypothesis of Lemmal[1.2.3. Then every finitely generated projective

A-module M is a locally free A-module of rank n, for some n € Zs.

Proof. In [41] Richard G. Swan showed that, given a maximal ideal p of R and two
projective Ry[G]-modules M and M’ (where G is a finite group), then, if K, ® M
is isomorphic to K, ® M’, this implies that M = M’. Thus combining this result
with Lemma [1.2.2] the proof follows. O

Example 1.2.4. Of course, the ring of integers Ok satisfies the conditions of
Proposition[1.2.3. So, if A = Ok[G], an Ok[G]-lattice is projective if and only if
there exists an n € Zsq, such that M is a locally free Ok|G]-lattice of rank n.

1.3 Genus and locally free class group

We say that two A-lattices M and N are in the same genus (or are locally isomor-
phic) and we denote it by M V N (or N € g(M)), if

M, = N,, Vp maximal ideal of R,

as Ap-modules. A A-lattice in g(A) is usually called a locally free left A-ideal in A.

Again, by Proposition [I.1.3] it is irrelevant if in the previous definition we use

localizations instead of completions.

Our definition implies that, if M and N are in the same genus, then also for
= 0 (i.e. for all prime ideals of R) we have My = KM = KN = Ny. This

follows from the fact that for every maximal ideal p we have KM = K M, (resp.

KN = KNgy)).

Definition 1.3.1 (Maximal order). A mazimal order I" in A is an R-order such
that, for all R-orders I'" with I' C I, we have I' =1".
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Remark 1.3.2. In general checking that two A-lattices M and N are in the same
genus reduces to checking local isomorphism at a finite set of maximal ideals. More

precisely, if
S(A) :={p| A, is not a mazimal Ry-order in Ay}

is not empty, for having M VvV N it is sufficient that M, = N, for all p € S(A).
This follows from the fact that if M, = N, for at least one mazimal ideal, then
KM = KN, which implies that KM, = KN, for all mazimal ideals. Now, when
A, is a mazimal R,-order in Ay, if KM, = KN, as A,-modules then M, = N, as
Ay-modules ([14), Exercise 26.11]).

If A is mazimal, the genus of M is given by the isomorphism class of K M.

In some cases S(A) can be determined explicitly, e.g. if A = R[G], with G a finite
group, then S(R[G]) = {p|p contains |G|} (this follows from [1], Proposition
27.1] which explains that if A" is a maximal order in K[G| then R[G] C A’ C
|GI7'R[G]).

An application of a Lemma by Roiter ([14, 31.6]) gives us a first indication on the
direct sum of A-lattices in the same genus: if L, M, N are A-lattices in the same
genus, then there exists L' € g(M) such that

MoN=LaL. (1.1)

In the same vein we have also the following property (|15, Proposition 49.3]): given
two A-lattices M and N, if MV N, with r a natural number, then M = N™~1q M’
with M’V N.

In order to define the locally free class group for a general order A we have to

focus our investigation on the elements in g(A).

Given a A-lattice M in g(A), since KM = A, up to an isomorphism, we can
consider M C A. For every maximal ideal p of R we have M, = A, and so,
considering this isomorphism as the restriction of an element in Auty4,(A,) = Ay,

we can write
M, = Ay -y with o, € A, Vp maximal ideal of R.

Moreover, given m # 0 in M C A, then A -m and M differ at only finitely many
places, as do A and A - m; hereby M, = A, a.e. and so a, € A a.e. (actually we
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can take oy, = 1 a.e.).

Definition 1.3.3. We define the group J*(A) as the group of elements {x =
(mp)p € Hp Ay s xy € A a.e}, where the product is taken over all mazimal ideals
p of R. Moreover U*(A) denotes the set of elements x = (), in J*(A) with

r, € A for every maximal ideal p of R.

Remark 1.3.4. J*(A) does not depend on the choice of A, i.e. if we take another
R-order A" spanning A over K, we have that Ay, = A, a.e. and so they give the
same group J*(A).

Thus to every A-lattice M in g(A) we can associate an element o € J*(A). Con-

versely, given a € J*(A), we can recover the A-lattice M as

M=I1(a):= ﬂ {ANA; - ap}

p max

which is evidently in g(A).
So considering /(«) and I(3), two A-lattices in the genus of A, we observe that

Ia)=I1(B) = I(a)=I(B)-awithae A* & Ay -ap = Ay - By - ip(a) V p max. ideal,
where 7, embeds A into A,. This shows that

I(a) =2 1(B) <= ay=uy By iy(a) with u, € A), Vp maximal ideal

< a=u-f-awhereue U'(A) and a € A™.

We are now ready to define Cl(A) the locally free class group associated to the
R-order A.
We can reformulate our formula in terms of idéles: given a, 8 € J*(A) we
have from [14], 31.19]:

IHa)® I(B) = A I(af). (1.2)

It would be nice to define a group law on the isomorphism classes of A-lattices
in g(A) as [I(«)] + [I(B)] = [I(aB)] (where the symbol [—] denotes an isomor-
phism class), reflecting the group structure of J*(A), but unfortunately, for some

particular A’s (see [42] for an explicit example),

Aol(y)=ZAeI() = 1(y)=1(Y)
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and so the addition would not be well defined in these cases.
To avoid these “cancellation problems” we have to introduce the notion of stably
isomorphic A-lattices: we say that M and N, two A-lattices, are stably isomorphic

if there exists a natural number k& such that
M@ A~ Na A" (1.3)

Note that this definition does not imply that M = N as already noted before.
Just in some special cases this notion is equivalent to the notion of isomorphic

A-lattices; the next section will develop this topic in detail.

Remark 1.3.5. The Bass Cancellation Theorem ([15, 41.20]) allows us to restrict

our previous definition to k = 1, since it proves the following implication

MOANXNOA ' = MOANDA.

If now [M]s denotes the stable isomorphism class of M, we define
CI(A) = {[M], : M € g(A)} (1.4)

and we call it the locally free class group of A. Now, on this set, using ([I.1)), we

have a well defined group law given by
My, + [Ma], = [Ms),, (1.5)

where, M3 € g(A) such that M; & My = A @ Ms.

This addition law is well defined since if we take another representative M of [M;],
(resp. My of [Ms)]s) and Mj is such that M| & M = A & M}, we have that there
exists a natural number k such that My &A* =2 M{®A* (resp. Ma®AF = M AF).
Therefore

M@ AP = M@ AY @ My @ AF 2= M) @ AF @ M) @ A* = M @ AP

which proves that [Ms]; = [Mj]s. This operation is clearly commutative and

associative, with unit [A]s and [I(a™')]s inverse element of [I(a)]s.

From ([1.2)), we see that we have a surjective group homomorphism from J*(A) to
CI(A), which sends a € J*(A) to [I(a)]s € CI(A).



18 Chapter 1 Prerequisites

Since K is a global field, the Jordan-Zassenhaus Theorem (see [30, Theorem 26.4])
tells us that the number of isomorphism classes of A-lattices in g(A) is finite, so a
fortiori CI(A) is finite.

Example. If A = R, then the locally free class group CI(R) is exactly the ideal
class group of R.

1.4 Cancellation law

We have already seen that, given two A-lattices M and N such that M @ AF =
N @A, for a natural number k, then this does not generally imply M = N. In this
section we will recall some results which explain when two lattices which are stably
isomorphic are also isomorphic. We call this property locally free cancellation and

in this case we say that A has locally free cancellation.

With our assumption on K to be an algebraic number field, a sufficient condition
to have locally free cancellation is that A (as at the beginning of the chapter)
satisfies the Eichler condition. We define this condition just in the case when R is
the ring of integers of K, which is actually the original case considered by Eichler;
the generalization due to Swan to every K-algebra A with K global field can be
found in |15, §51A].

Definition 1.4.1 (Totally definite quaternion algebra). A simple K-algebra B
is totally definite quaternion if its center Z(B) is a totally real number field and
for every embedding Z(B) — R the scalar extension B ®zp) R is the Hamilton

quaternion algebra.

Definition 1.4.2 (Eichler’s condition, when K is a number field). A K-algebra
A satisfies the Eichler condition when none of the simple components of A is a

totally definite quaternion algebra.

When A = K|[G], which will be our case in the sequel, [I5, Theorem 51.3| lists
all the groups G for which A does not satisfy the Eichler condition. In particular

when G is abelian or of odd order the Eichler condition is always satisfied.

Using this definition we have the following fundamental result.

Theorem 1.4.3 (Jacobinski Cancellation Theorem). If A, as defined at the be-
ginning of the chapter, satisfies the Eichler condition, then every Og-order A in

A has locally free cancellation.
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Proof. See [15, 51.24]. O

Note that the same result is true if we replace Ok with a Dedekind domain R with
field of fractions a global field K.

The Eichler condition is actually just a sufficient condition to have locally free can-
cellation, indeed for example when A = Z|G], various authors such as J. Martinet
and R. G. Swan investigated the groups G for which the locally free cancellation
holds for the integral group ring even if the Eichler condition does not. For details
see [15, §51C].

Remark 1.4.4. If A is an order with locally free cancellation, we deduce that

CI(A), as previously defined, consists now of the isomorphism classes of A-lattices
in g(A) and we have that [M|s = 1 if and only if M is A-free.

Remark 1.4.5. If R is a d.v.r. then locally free cancellation always holds ([15,
Exercise 39.1]).

1.5 Other (equivalent) definitions of the locally free

class group

In the literature we also find other definitions of Cl(A) through the Grothendieck
group Ky(A) of projective A-modules. We shall see in this section that they all

coincide with our previous one.

Definition 1.5.1 (The Grothendieck group of projective modules). The Grothen-
dieck group Ko(A) of projective A-modules is defined as the abelian group with

generators the isomorphism classes [M| of finitely generated projective A-modules
under the relation [M] + [N] = [M & NJ.

By the definition of projective module, we immediately understand that every
element z € Ky(A) can be written as [F] — [X], where F is a free A-module and
X a finitely generated projective A-module.

Remark 1.5.2. When A is equal to Ok[G], by Ezample the Grothendieck
group Ko(Ok[G]) can be defined as the abelian group with generators the isomor-
phism classes [M] of locally free Ok |G]-lattices with the sum defined as before.
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The next proposition shows that we can also define the locally free class group
CI(A) as the kernel of the following map

Ui Ko(A) — ] Ko(Ay),

p max

(M) — T 4]

p max

Proposition 1.5.3. Let ¢ : CI(A) — Ky(A) be the group homomorphism sending
[M]s € CI(A) to [A] — [M] € Ko(A). Then the following sequence is exact
0 —— CI(A) —25 Ko(A) =TT, e Kol(Ay).

Proof. Since [M] = [N] in the Grothendieck group if and only if M is stably
isomorphic to NV (see [15, Proposition 38.22|), we see that ¢ is injective. Moreover
we also understand that an element z € Ky(A), written as before ([F] — [X]),
is in the kernel of ¢ if and only if F, is stably isomorphic to X, which, by
Remark , is equivalent to say that F, = X, for every p (or in other words
X € g(F)). Moreover if F' is free of rank k, by the property below (|1.1)), we have
that [X] = [A]*"! + [M] and x = [A] — [M], where M € g(A). Thus, looking at
the definition of CI(A) (see [1.4]), this shows that x € Ko(A) is in the kernel of ¢
if and only if it is in the image of ¢, concluding the proof. ]

Other equivalent definitions of the locally free class group CI(A) exist, considering

the following Grothendieck group.

Definition 1.5.4. The Grothendieck group Ki¥(A) is defined as the abelian group
with generators the isomorphism classes [M] of locally free A-lattices of constant
rank, under the relation [M] + [N] = [M & N|.

Remark 1.5.5. Note that if A = Og[G], then by Section the Grothendieck
group Ko(A) coincides with KF¥(A).

When A = K[G], with G a finite group, and A is an R-order in A, another way
of defining CI(A), used for example by Frohlich in his works (see for example
[17, §2]), is through the surjective homomorphism rky : K} (A) — Z, defined
extending linearly the map sending [M] — rk(M) (see Definition [1.1.1)). Using
this homomorphism, CI(A) is defined as its kernel (Cl(A) := Ker(rky)).

As before we can see every element z in KY¥(A) as [F] — [X], where F is a

free A-module of rank k£ and X a locally free A-lattice of constant rank. Then
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x € Ker(rky,) if and only if X is of constant rank k, or in other words X € g(A*).
Then, as seen before, we can write [X]| = [A]*~! + [M], with M € g(A), which

proves the equivalence of this definition with the previous one.

Equivalently, always considering A an R-order in A = K|[G], the locally free class

group CIl(A) can also be defined as the cokernel of the homomorphism

obtained extending the map which sends a natural number n to the class [A"] (see
for example [19] §2]).

Remark 1.5.6. If the group G is abelian, then the locally free class group C1(Ok[G])
is isomorphic to the Picard group Pic(Ok|G]) (see [4, Part 4, Corollary 3.8]).

1.6 Idelic representation of CI(A\)

In this section we recall the idelic representation of C1(A) presented by A. Frohlich
in [I7]. As in the original paper, except for [1.6.2] we restrict our study to the case
R equal to Og. We recall from the beginning that A is assumed to be a finite
dimensional separable (and so semisimple) K-algebra and that A is an R-order in
A.

Moreover from now on we also need to add the infinite places of K to our definition

of the idelic group J*(A), in particular we shall need the following definition.

Definition 1.6.1. Let us define A, to be equal to A, at the infinite places p of
K. Then the idelic group J(A) is defined as the set of elements (z,), belonging to
the product over all places of K (also infinite) Hp Ay, such that xy, € A almost
everywhere.

The group U(A) is now defined as the set of elements x = (x,), in J(A) with

x, € Ay for every place p of K.
Given an element a € J*(A) we embed it in J(A) imposing a, = 1 at every
infinite place.

The main role in the idelic description of CI(A) is played by the reduced norm

map on A.
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1.6.2 Reduced norm

Note that all the definitions and results contained in this subsection hold for
every field K (not necessarily an algebraic number field). Let us denote by d the

dimension of A as a K-algebra.

Given an element a in A and chosen a basis of A, we can define the characteristic
polynomial of a over K, denoted by chp,,/, x(a), as the characteristic polynomial of
the matrix associated to the K-linear transformation m, : A — A, which sends z
to ax. If T, is the associated d x d matrix, then chp,,x(a) := det(X14—T,). The
trace of a over K, denoted by Tru,x(a), and the norm of a over K, denoted by

Na/k(a), are defined as the following coeflicients of the characteristic polynomial:
ChpA/K(a) = X1— r_Fl“,Ll/K(a).Xd_1 4+t (—1)dNA/K(a).

If we consider the simple algebra A = M,,(K) and we take a matrix a € A, we

immediately realize that

Tra/k(a) = n(Tr(a))
Nayx(a) = (det(a))",

where Tr(a) (resp. det(a)) is the usual trace (resp. determinant) of the matrix a.
This suggests that it would be useful to have some tools which generalize the
previous relations to a general finite dimensional separable K-algebra, with instead
of the trace and determinant of the matrix a a “modified version” of the trace and
norm maps. This is the main motivation which leads to the notions of reduced

trace and reduced norm.
Definitions and properties

From the definition of A and Theorem [1.0.2] there exists F, a finite separable field
extension of K, such that E splits A, i.e. such that

E @k A= [ M, (E);
i=1
where this isomorphism of F-algebras, that we call h, sends 1 ® a to the product

[, Tu,, with T, € M,,,(E), for 1 <i < s.

The reduced characteristic polynomial of a over K, denoted by rchp 4, x(a), is then
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defined as the following polynomial of degree m := > n;

S

rchp 4/ (a) == Hchp(Tai) = Hdet(Xlni —T,,). (1.6)
i=1 i=1
It can be proved that rchp 4, (a) € K[X] and that this definition does not depend
on the choice of E and of the isomorphism A (see [30, Chapter 2, §9]).

For the proof it is sufficient to consider the case where A is a central simple
K-algebra. In this situation there exists E as above with an isomorphism h :
E @x A — M,(F), where n? is the dimension of A over K. Then in this
case every other isomorphism h' : E @x A — M, (F) is related to h by an
inner automorphism, i.e. for every u € E Q@ A we have h(u) = th'(u)t~! with
t € M,(F), and consequently the characteristic polynomial remains the same.
Moreover it does not depend on the choice of the field extension F, since if we
consider another field extension £’ with the property above we find a field F' such
that both £ and E’ embed inside it; F' is again a splitting field and, considering
the original characteristic polynomials “inside” F', we see that they are actually
the same. Finally rchp,, x(a) € K[X] in this case since we can choose E to be

Galois over K with Galois group G and show that s fixes rchpy ,(a) for every
se G.

Since (chp(Ty,))™ = chpyy, (g)/(Ts;) for every i and since E®@x A = [[7_; M, (E),
we deduce that

S

H(Chp(Tai))m = H ChpMni(E)/ETai = ChpE®KA/E<1 ®a) = ChpA/K<a>7 (1.7)

=1 i=1

which allows us to understand that rchp 4, and chpy i have the same irreducible

factors.
We can then write
rehp (@) = X™ = (rtayc(a)) X" 4o+ (=1) "4k (a),
where the reduced trace of a is defined as rt4,/x(a) and the reduced norm of a as
ma/k(a).

The reduced trace behaves as the usual one, namely it is a K-linear map from A
to K and

rta/x(ab) = rta/k (ba).
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While for the reduced norm we have the following formulas:

ma/k(ab) = 1na/k(a)rmak(b)

ma/k(ka) = k"rngax(a),
for every k € K.

If A is a separable simple K-algebra with center L (so L separable over K),
let dim;A = u? and dimgL = v, then E can be chosen such that £ ®x A =

[T;-; My (E) and for every a € A, from (1.6) and (1.7)), we obtain

ChpA/K(a) = (rChpA/K(a))u
Tra/x(a) = m(rta/k(a))
Na/k(a) = (rna/x(a))".

If A is a separable K-algebra (so semisimple) we can decompose it in simple

algebras as A = A; x --- x A;, where each simple algebra A; has center K; a field
2

extension of K and dimg,A; = m;. If a € A is equal to (ay,...,a,), extending

the previous formulas to this situation, we have

t
Tra/k(a) = Zmi-rtAi/K(ai)
i=1

t

Na/r(a) = H(TnAi/K(ai))m"

i=1
t t
and moreover 1ty = Y . rta,/x and ra/x = [[,_, ma, k.

Example 1.6.3. Let A = K|[G|, with K of characteristic 0 and G abelian, then
the reduced norm (resp. reduced trace) coincides with the usual norm (resp. trace).
Indeed A = 1[;_, K;, where each K; is a cyclotomic extension. Then it is easy to
see that

S

mai(a) = [ [ ruyx(a:) = [ [ Neyyuc(ai) = Najx(a),
=1

=1

where a = [ a;. Analogously for the trace.

Other examples on explicit computations of reduced traces and norms can be found

in [14, §7D].

Remark 1.6.4. As already noted at the beginning of the section, the reduced norm

map can be defined for every field K (not necessarily an algebraic number field).
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In this general context, one of the main reason to use rty,  instead of the usual
trace map is that, when A is a separable simple K-algebra of dimension m? over
its center, it allows us to have a mon-degenerate bilinear form from A x A to K
even if char(K) divides m (which does not hold for the usual trace). This result
can be extended to every finite dimensional separable K-algebra. For details on

that see [T, §7D].

The image and kernel of the reduced norm map

We see from [14] §7D]| that, when we consider A a central simple K-algebra, the
image and the kernel of the reduced norm map are well known.

Namely as regards the image, in the local case we have the following theorem.

Theorem 1.6.5. Let p be a finite place of K and A a central simple K,-algebra,
then tna g, (A*) = K°.

Globally, the result is a bit more delicate and in order to explain it we have to
define the subgroup K7 in K. This is defined as the set of elements 2 € K* such
that o, > 0 at each real prime p of K ramified in A. For an infinite prime p to be
ramified in A means that A, is a central simple R-algebra such that A, = M,,(H),
where H is the skewfield of real quaternions (remember that every central simple
R-algebra has to be of the form M, (R) or M,,(H), since R and H are the only finite
dimensional skewfields with center R). Note that this definition even if not explicit
in the notation depends on the algebra A and not just on K. Then in the global

case we have the following result.

Theorem 1.6.6 (Hasse—Schilling-Mass Norm Theorem). Let A be a central simple
K-algebra. Then tna/x(A*) = K.

This result also holds for K a global field (not necessarily an algebraic number

field).

Remaining in the case of A a central simple K-algebra, both Nakayama and Matsu-
shima, for the local case, both Wang and Platonov, for the global one, proved that
the kernel of rny gk : A* — K* is equal to the commutator subgroup [A*, A*].
For details and proofs see [14], §7D] and [30), §33].

Extending now these results to the more general case of A a separable K-algebra,

with K a global field, we can consider its decomposition in simple components

A=A x - x A,
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where each A; is a simple algebra with center K;. Then we can consider rny, /k, :
AY — K], which combine to yield the reduced norm rng za) : A = Z(A)*,
where Z(A) is the center of the algebra A and Z(A)* =[] K.

Using the previous results, we have that for A a separable K-algebra

I"IIA/Z(A)(AX) = Z(A)i
Ker(rna,za)) = [A*, A%,

where Z(A); = [] K, and K", is analogously defined as for K with respect

now to the simple component A;.

Locally for every finite place p, if we consider A,, we have that g, z(4,) is sur-
jective on Z(A,)* with kernel the commutator subgroup, while 1n4,,z(4,)(A;) €

Z(Ay)*, with equality when A, is a maximal order.

Hence we can consider an idelic version of the reduced norm
mya)y/0(za)  J(A) = J(Z(A)),

where now the kernel, denoted by J(A), is equal to the closure in J(A) of J(A)N
[1,[A Ayl (which coincides with the commutator subgroup of J(A), see [I5
Exercise 51.1]); while the image is given by J(Z(A)); = [[ J(K;)+ (subgroup of
idéles positive at the real primes ramifying in A), by the behavior of the reduced

norm at the infinite real primes.

We conclude this section with a remark which will be useful in the sequel.

Remark 1.6.7. Given M a mazimal R-order in A,
maza)(U(M)) = U(O)4,

where O is the mazximal order of Z(A). Note that O is isomorphic to [ [ Ok,, with
Ok, the ring of integers of K; for every i (as above the K;’s are the centers of
the simple components), and U(M) and U(O) are special cases of U(A) defined
in Definition[1.6.1 Now U(O). denotes U(O)NJ(Z(A))4. The proof is based on
the fact cited before that tna, z(a), (A)) = Z(Ay)* when A, is a mazimal order.
For details we refer to [17).
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1.6.8 Idelic description

Let J(A)" be defined as the commutator subgroup [J(A), J(A)]. In [I7], Frohlich
showed that J(4)

CI(A) = T A T(A) (1.8)
where the isomorphism sends [I(a)] — a (see Section [L.3).
If we denote the reduced norm from A to Z(A) just by rn, applying it to the
right-hand quotient above and using the fact that rn(J(A)) = J(Z(A))4 (resp.

m(A*) = Z(A)f), we get the isomorphism

J(Z(4))s
Z(A)L - m(U(A))

Cl(A) =

which, thanks to the equality J(Z(A)) = J(Z(A))+ - Z(A)*, yields

J(Z(A))
Z(Ay<-m(U(A))

CI(A) = (1.9)

When the K-algebra A is commutative, since J(A)" = 1, (1.8]) simplifies to

When M is a maximal order in A, we know that rn(U(M)) = U(O),, where O

is the maximal order of Z(A), so (1.9) reduces to

Remark 1.6.9. The idelic representation can be actually deduced by a more gen-
eral work of Wall [{4)], where he gave an idelic description of CI(A) with A an

R-order, where R now is a general Dedekind domain.

Remark 1.6.10. There is also a way of writing the previous isomorphism without
considering the infinite primes, i.e. using the group J*(A) defined in Definition
[1.3.3. For details on that, see [15, page 226].

1.6.11 Explicit idelic description for A = K[G]

We now assume that A = K[G] and A = R[G]. In this case, given an R[G]-
lattice M in the genus of R[G|, we are able to give an explicit way to find the
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representative a € J(K[G]) of the class associated to M.

Proposition 1.6.12. Let b be a free generator of KM over K[G] and a, a free
generator of M, over Ry[G], for every mazimal ideal p. Let us define ¢, € K,[G]*
such that a, = ¢, - b, for every maximal ideal p. At the infinite place let us take
cp = 1.

Then the class of M in Cl(R[G]) is given by the class of representative ¢ := (cp),
in J(K[G])/ (J(K[G]) - K[G]* - U(R[G])).

Proof. Referring to Section [1.3] let us consider M in K[G] via an embedding i
which sends b to 1. Then, for every maximal ideal p, if i, : M, — K,[G] denotes
the completion at p of 4, since i,(a,) = c,, we deduce that i,(M,) = R,[G] - c,.

Let ¢* := (¢p)p<ce € J(K[G])*. In Section [1.3] we defined I(c*) as ), (K[G] N
R,[G] - ¢y). Then, from the previous relation, we get
[(¢") = ((K[G] N RG] - ) = () (K[G] iy (My)) = i(M),
p<oo p<oo
as we wanted to prove to show our claim. O

Remark 1.6.13. Note that a representative of the class of M in terms of the
1somorphism 15 obtained applying the reduced norm rtn to the idelic element

(¢p)p found in the previous proposition.

1.7 Hom representation of CI(A\)

Let K be as above and let G be a finite group.

The idelic description just seen in the previous section, despite its easiness and
elegance, turns out not always to be so convenient in its applications to concrete
computations of class groups. Also for this reason, when A is equal to K[G],
Frohlich in [I8] gave another description in terms of homomorphism groups in-
volving complex irreducible characters, which are common arithmetic invariants
often appearing in number theory. This description is better known as the Hom-

description.

For the rest of the section we restrict our attention to the case A = K[G].
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1.7.1 The Det map

Given a finite group GG, we denote by R its associated ring of virtual characters,
i.e. the Z-linear combinations of characters in Irr(G).

Moreover we consider F a Galois field extension of K such that the irreducible
complex representations of GG are defined over E. Let G denote the Galois group
Gal(E/K). Then Gg acts naturally on the left on Irr(G) via x“(s) = x(s)*, for
all w € Gg, x € Irr(G) and s € G. This action linearly extends to the ring Rg,
which therefore can be considered as a left G g-module.

Moreover the group G g acts on the left on Hom(Rg, E*) by conjugation: f“(«) =
(f(aw))wfl, where f € Hom(Rg, E*),w € Ggand a € Rg. Werecall from the In-
troduction that Hom, (Rq, E*) denotes the set of fixed elements in Hom(Rg, £)
under the left action of Gg (i.e. the set of elements f € Hom(Rg, E*), such that
(f(a)Y = f(av), for all w € Gg and a € Rg).

Given x € Irr(G), we can consider an associated representation 7, : G —>
GL,(F) and its K-linear extension, always denoted by 7}, which sends K[G] to
M, (E) (i.e. the group of n-square matrices over E). To every character xy we can
associate the map det,, an extended version of the usual determinant map, via
the following diagram

Tx

K[G] —= M, (FE)

det

E

where det is the usual determinant of a matrix. If T} is another associated rep-
resentation, then for every s € (@, there exists a square matrix D, such that
T\(s) = D7'T}(s)D; hence we understand that this definition does not depend
on the choice of the representation associated to the character x (det(7)(z)) =
det(T}(x)) for every x € K[G]).

It is clear that det, sends a unit x € K[G]|* to E*. Moreover we can easily see
that det, (z - 2’) = det, (z)det,(z’), proving that det, is actually a group homo-
morphism from K[G]* to E*.

T 0
Since T4y () = x(2) ‘

0 |T(2)
we can finally define a group homomorphism Det : K[G]* — Hom(Rg, E*),

), we have det, /() = det, (x)det,/(x), thus

which maps x to the linear extension of the homomorphism sending x +— det, (z).
If we consider now the Gg-action on the characters of G we see that T\« can
be chosen so that T\w(z) = T (z)* and thus we deduce that, for all w € Gg
and x € K[G]*, we have det,w(x) = det, (z)* which finally explains why we can
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consider the Det map as follows:

Det : K[G]* — Hom, (Ra,E*)

r — (x> det,(2)).

A “local” analog can be easily obtained substituting K with its completion K,
with p a prime of K (finite or not). Then we have that T, sends K,[G] to M,,(Ey),
where as usual £, := E ®x K,. Considering G acting on the left on E, via its

action on the first component, for every p we also have
Det : K,[G]* — HomGE(Rg, pr).

One may wonder what happens if we restrict the Det-map to R[G] (resp. R, [G]).
The key point now is that if we restrict our attention to the local case R,[G],
with p a finite maximal ideal, every K,-representation is equivalent to an R,-
representation ([14, Corollary 16.14|) and so for every € R,[G] we can consider
T\ (z) € M,(S,), where S is the integral closure of R in E (e.g. if R = Ok then
S = Og). Or better it is sufficient to note that the image of R,[G] under T, is an
Ry-order in M,,(E,), so the determinant of elements in T, (R,[G]) must be integral
over R,, and therefore contained in \S,. Note that this is no longer true for R not

a d.v.r.. So for every maximal ideal p, we have
Det : Ry[G]* — Hom,_(Rg, Sy). (1.10)

Remark 1.7.2. At the beginning of the section we chose a Galois field extension
E/K, nevertheless everything remains the same if we consider another field exten-
sion E'/ K, with the only requirement being that it is Galois and contains all the
values of the irreducible complex characters of G. A method to avoid the choice
of E is to consider a given algebraic closure K¢ of K and everything can be re-
written replacing E with K¢, G with Qg (the absolute Galois group of K) and S,
with the integral closure of Ok,. This simplifies the choice at the beginning but it

introduces an infinite extension which is somewhat harder to be used in practice.

Remark 1.7.3. We also have an analogous homomorphism to if we replace
R,[G)* by Ay, where A is an R-order contained in A = K[G]. Namely

Det : A — Hom,, (Rg,S,).
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1.7.4 Hom description

The Det-map just defined and the reduced norm are almost the same, indeed they
are equal up to an isomorphism, as explained by the following theorem (the proof

given here is taken from [I5 Proposition 52.9]).

Theorem 1.7.5. Let E be an extension of K defined as at the beginning of [1.7.1).
There is an 1somorphism [ : Z(K[G])* — Hom, (Rg,E™), such that the fol-

lowing diagram commutes

Z(K[G))* — Hom,,_(Rq, E*).

Proof. To understand the proof we have to recall some well-known facts on the
Wedderburn’s decomposition of the group algebra K[G]. First the number of
simple components is equal to the number of characters of irreducible K-repre-
sentations of GG, which in turn are in bijection with the orbits of the irreducible
complex characters under the action of G (|22, Chapter 10]). Moreover, let
X1,---, Xt be a set of representatives of the irreducible complex characters under

the action of Gg, then we have the Wedderburn’s decomposition:

where each A; is a simple algebra with center K(x;), i.e. the field extension of
K obtained adding the values of the character x; (|15, §75]). Hereby the center

Z(K[G)) = Ty K (x)-

We can now proceed to the proof of the statement, starting with the definition of
the isomorphism f. Given an element ¢ = [[\_, ¢; € Z(K[G]) we define f(c) =
fe € Hom, (Rg, E*) as the product [1._, f., where each f,. is defined on each

character y as

fa(X) =

¢ if x = x¥ for some w € Gp,
1 otherwise.

Then in general for an element ) a,x € Rg, fo(D_ ayx) =1 fe(x)**. The injec-

tivity of f is given computing the values of f. at the representatives x;, while for the
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surjectivity it is sufficient to underline that every element g € Hom,, (Rg, E)
is determined by the values it assumes on the representative x; and that g(x;)

belongs to K (x;).

For the commutativity of the diagram, it is sufficient to show it on a single char-
acter x € Irr(G), since then by linearity we can extend it on Rg . Let us assume
that x = x¥, for an w € Gg, we would like to prove that, for every a € K[G]*,
f(en(a))(x) = Det(a)().

Our field extension E, by definition, is a splitting field for each simple compo-
nent (i.e. for every simple component £ ®x A; = M, (E), for some n; € N), so
from the definition of the reduced norm map we have rm(a) = [[/_, det(Ty,(a)) =
Hle dety,(a), where T,, is a representation associated to x;. Hereby applying f,

we get

fm(a))(x) = H Faety. @ (x) = H Faery, (@(X7) = dety, (a)”.

At the same time by definition we have Det(a)(x) = det,«(a). But as explained

in the previous subsection det,«(a) = det,,(a)*, which gives our claim. O

The isomorphism f induces the isomorphism J(Z(K[G])) — Hom, (Rg, J(E)).
Thus, applying it to the idelic formula (1.9 and using the commutativity of the

previous diagram, we get the Hom-formula for the class group:

Hom,,_ (R, J(E))
Hom,, (Rg, E*) - Det(U(R[G]))’

CI(R[G]) =

where, by (1.10), Det(U(R[G])) is contained in Hom, (Rg,U(S)), with U(S) =
[1, 5, (remember that for the infinite primes R, = K, and S, = E;).

Explicitly the Hom-description is given in the following way: given M a locally free
left A-ideal and considering it as I(«), with a := (o), € J(K[G]), the function
f € Hom, (Rg, J(E)) representing the class of M is clearly defined by linearity

at each p as
f(X)P = detx(ozp),

Vx € Irr(G). Remember that in Section [1.6.11} we gave an explicit method to
find a.

Remark 1.7.6. If instead of the finite field extension E/K we consider the al-

gebraic closure K¢, with absolute Galois group denoted by Qx, the Hom-formula
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becomes:

HOHIQK (Rg, J(KC))
Hom,, (R, (K°)*) - Det(U(R[G]))’

12

CI(RI[G)) (1.11)

where J(K°) is given by the direct limit of J(F'), as F' runs over all finite Galois

extensions of K inside K°.

Remark 1.7.7. If we replace R[G] by a generic R-order A contained in K[G], we

also have

N Hom, (Rg,J(E))
Cl(A) = Hom, (Rg, E)-Det(U(A))

Remark 1.7.8. If M is a mazximal order contained in K|G|, we have
Det(U(M)) = Hong(Rg, U(Og));

where now Hong (R, U(Og)) denotes the set of homomorphisms which are posi-
tive for every symplectic character of G at every idelic component corresponding to
infinite real prime ideals of K. A symplectic character is a complex character such
that the associated representation T : G — GLg,,(C) factors through GL,,(H),
where H is the skew-field of real quaternions.

The previous formula is a direct consequence of Remark[1.6.7 and Theorem
using the fact that the symplectic characters correspond exactly to the simple com-
ponents of R[G] isomorphic to M,,(H).

Hereby the Hom-formula for a mazimal order simplifies to

N Hom, (Rg,J(E))
MM = o, (Re ) - Hom?_(Re, U(05))

GE

1.8 Functorial properties of Cl(R[G])

One of the main advantages of the Hom-description is given by the fact that it
allows one to readily express some functorial properties of C1( R[G]). In this section

we state these properties without giving any proof, for details see [18].

For two different algebras A and A’ (not necessarily equal to K[G]) containing
the R-orders A and A’ respectively, a homomorphism of orders A : A — A’ easily
induces a homomorphism between class groups CI(A) — CI(A’), sending the class
[M] to the class [A" @, M].

This property is valid in general, while when we restrict our attention to the special
case A = K[G] we have some further functorial properties under the change of the
group G or of the field K.
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We shall use the notation of the previous section and in particular we recall that
E is defined to be a finite Galois extension of K containing the values of the

irreducible complex characters of G.

1.8.1 Change of the group

Restriction. Given H < G, every R|G]-module can be considered as an R[H]-
module, via restriction of scalars. Since R|G] is R[H]-free of rank [G : H], every
locally free R[G]-module is locally free when considered as an R[H|-module. This

yields a natural restriction map
res$, : CI(R[G]) — CI(R[H]).

On the rings of virtual characters we have the induced map ind$ : Ry — Rg
which in turn defines a map r : Hom(R¢, —) — Hom(Rpy, —).
Under the isomorphisms given by the Hom-description, the following diagram

commutes:

CI(R[G]) —— Hom,, (R, J(E))/(Homy, (Rg, E*) - Det(U(R[G])))

G
res HJ/ l?‘

Cl(R[H]) —— Hom,, (R, J(E))/(Hom,_(Ry, E*) - Det(U(R[H]))).

Example 1.8.2. Given a group G, let us consider the trivial group {1}. The only
character of {1} is the trivial one xo and moreover ind{Gl}(Xo) = pg, where pg
1s the character of the reqular representation of G defined as pg = er (@) X-
Then, given a class ¢ € CI(R|G]) represented by f € Hom, (Rg, J(E)), the class

resﬁ}(c) is represented by the homomorphism which sends xo to f(pg).

Induction. Given H < G and M a locally free R[H]-module, then the tensor
product R[G] ®pgm; M yields a locally free R|G]-module (this is a special case of
the general situation described in the introduction of this section). This induces

a natural induction map
ind% : CI(R[H]) — CI(R[G]).

Restricting the characters of G to H, gives a restriction map on virtual characters
res? : Rg — Ry, which in turn defines a map i : Hom(Ry, —) — Hom(Rg, —).

Under the isomorphisms given by the Hom-description, the following diagram
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commutes:

Cl(R[H]) — Hom,_(Ry, J(E))/(Hom, _(Ry, EX) - Det(U(R[H])))

indgl lz

CI(R[G]) —— Hom, (R, J(E))/(Hom, _(Rg, E*) - Det(U(R[G]))).

1.8.3 Change of the base field

Let us consider a finite group G and a finite field extension L/K. Let R’ be the
integral closure of R in L. Moreover we now choose as E a field extension of L
containing all the values of the irreducible complex characters of G such that £/ K
is Galois. We denote by G’ the Galois group Gal(E /L), while G will denote as
usual Gal(E/K).

Restriction. Since R’ is a projective R-module, we deduce that R'[G] is R|[G]-
projective, then every projective R'[G]-module, once considered as an R|G]-module,
is still projective. This induces a homomorphism Ky(R'[G]) — Ko(R[G]) which

commutes with completion and in turn gives a map
res i : Cl(R'[G]) — ClUR|[G]).
On the set of homomorphisms of characters we can define a “norm map”

NL/K : HOI’HG,E (Rg, J(E)) — HOHIGE (Rg, J(E))

1

defined as N (1)) = e apye, JOCO)T
Under the isomorphisms given by the Hom-description, the following diagram

commutes:

CI(R'[G]) — Hom,,, (Rg, J(E))/(Hom,, (Rg, E) - Det(U(R(G])))

E
I‘eSL/KJ( JVNL/K

CI(R[G)) —— Hom,, (Rg, J(E))/(Hom, (Rg, E*)- Det(U(R[G)))).

Induction. Given M a locally free R[G]-module, then if we consider the tensor

product R’ ® g M we get a locally free R'[G]-module; this gives an induction map
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(Ra, J(E)).

Under the isomorphisms given by the Hom-description, the following diagram

We also have a canonical injection ¢’ : Hom, (Rg,J(E)) — Hom,,
E

commutes:

CI(R[G]) —— Homy, (Re, J(E))/(Homy, (Rg, E*) - Det(U(R[G])))

indL/KJ( J{Z‘l

CI(R’[G])iHomG,E(Rg,J(E))/(HomG,E(Rg,EX) -Det(U(R'[G)))).

1.9 (G-Galois K-algebras

In this section we recall some well-known results on Galois algebras, which will be

frequently used in what follows.

Given G a finite group, a finite dimensional K-algebra L (dimension denoted by
[L : K]), on which G acts on the left as a group of automorphisms, is called
G-Galois K-algebra (or G-Galois algebra over K) if:

- L is a commutative finite dimensional separable K-algebra (i.e. isomorphic

to a finite direct product of finite algebraic field extensions of K),
- [L: K] =G,

- LY = K (fixed elements coincide with the elements of the base field).

A morphism (resp. isomorphism) of G-Galois K-algebras is a morphism (resp. iso-
morphism) of K-algebras preserving the G-action. Considering these morphisms,

we can then look at the category of G-Galois K-algebras.

We define a G-torsor Q-set (remember that @ = Qf := Gal(K°/K)) as a finite set
X with continuous left -action and with right G-action, respecting the relation
W (@gs)=(w-qz) s foralwe Q z e X and s € G, and such that it
is a G-torsor, i.e. under the action of GG there exists a unique orbit and for some
element z € X (and so for all) the stabilizer is trivial (see also [35, §5.2|, where a

G-torsor Q-set is called espace principal homogéne).

It is well known that there is an anti-equivalence between the category of G-Galois

K-algebras and the category of G-torsor Q-sets (with {2, G-equivariant functions).

This anti-equivalence sends a G-Galois algebra L/K to the set Homg (L, K€), on
which 2 acts on the left through its natural action on K¢ and G on the right
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via its action on L. Under this anti-equivalence G-Galois field extensions over K

correspond to finite sets with a transitive (2-action.

If we consider the set of isomorphism classes of GG-Galois K-algebras, this is in
bijection with the first cohomology set H'(Q, G) (see [35, Proposition 33]). Since
Q acts trivially on G, by the definition of the cohomology sets, H'(Q, G) is given
by the quotient Hom (2, G) /Inn(G), where Inn(G) denotes the set of inner auto-
morphisms of G. Note that, if G is not abelian, this is just a pointed set, while, if
G is abelian, H'(Q2, G) is a group.

This bijection sends [h] € H'(Q, G), with representative h € Hom (£, G), to the
G-Galois K-algebra

K}, := Map,, (hG, KC) ,

where "G denotes the set G with a possibly non-trivial left Q-action via the ho-
momorphism A (i.e. w-s = h(w)s, for all w € Q and s € G) and Map ("G, K°)
denotes the algebra of maps a € Map ("G, K¢) such that w - (a(s)) = a(w - s),
for all w € Q and s € G. The left action of G on K, is given by the formula
s-a(s') :=a(s's), for a € Map  ("G,K°) and Vs, s' € G.

Under this bijection classes of G-Galois field extensions over K correspond to the

elements in H'(Q, G) represented by surjective homomorphisms in Hom(Q2, G).

Remark 1.9.1. If the group G is abelian, then H'(Q,G) = Hom (Q, G) and the
set of isomorphism classes of G-Galois K -algebras inherits the structure of abelian
group. Given hy, hy € Hom (Q, G) the product hihy corresponds to the algebra
Ky, h,. The following isomorphism holds

Kiyny = (Kp, @k Kp,)<em)

where m : G x G — G is the multiplication homomorphism. Note that this is
an isomorphism of G-Galois K-algebras, where on the right G acts as (1,g) (or
equivalently as (g,1)). See [28, page 268] for a proof of this fact.

From now on we consider every G-Galois K-algebra, up to isomorphism, as being
some K}, where h € Hom(Q2, G). It is evident that an element a € K, is deter-
mined by the values it assumes on a set of coset representatives of h(Q2)\G, and
these values can be chosen arbitrarily with the only restriction that they have to
belong to (K C)Ker(h). This implies that the following isomorphism of K-algebras

holds
[G:h(2

)
K= [] K" (1.12)

=1
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where K" := (K C)Ker(h) (this also explains why a surjective h corresponds to a

G-Galois field extension over K).

Remark 1.9.2. Fvery G-Galois K-algebra is, up to an isomorphism of G-Galois
K-algebras, contained in the K°-algebra Map (G, K°).

With this notation the integral closure of O inside K}, is given by
Ok, = Map | (hG, Oﬁ{) ,

which is in turn isomorphic to a product of [G : h(€2)] copies of Ogn (the ring of
integers of the field extension K"/K).

Remember that in the Notations section we defined €2, as Gal(Kj/K,) and there
you can also find the definitions of Q' (resp. €2) and Q™ (resp. ).
Locally, for every place p of K, if h, = hoi, € Hom(Q),, G), we have

Ky = K, @k Ky = (Kp)n, = Map,, ("G, K}). (1.13)

If we regard Hom(€2,, G) as a subset of Hom(,, G), we say that (K)p, is tame
if and only if h, € Hom(€2, G). Globally K}, is tame if and only if it is tame for
all primes p, or equivalently 4 € Hom(Q", G).

The definition of unramified algebras is the same with Q' (resp. €2}) replaced by
Q™ (resp. (7). Note that with the term unramified we mean unramified just at

the finite places.



Chapter 2

Realizable classes and Stickelberger

subgroups

From now on m will denote the exponent of G (i.e. the least common multiple of
the orders of the elements of G).

This chapter is devoted to the exposition of McCulloh’s results on the problem
of realizable classes. Referring to his main work on the subject [28] and to some
unpublished notes on two talks given by McCulloh in Oberwolfach in 2002 and in
Luminy in 2011, we will introduce St(Og[G]) a particular subgroup of Cl(Ok[G]),
defined through the use of a Stickelberger map. Then we shall give the unpublished
proof of the following result (this corresponds to Theorem in the Introduc-

tion).

Theorem A. For every number field K and finite group G, we have

RA(Ok[G]) € St(Ok[G]).

The description and the notation used for the subgroup St(Ok[G]) do not reflect
McCulloh’s original choice, but they are rather inspired from some later informal
notes by A. Agboola. I am heartily thankful to A. Agboola for his notes, which I

used to clarify many points of this chapter.

In the last section of the chapter we restrict our attention to the abelian case and we
will explain the proof of the following theorem, which is the main result contained
in [28] (this is a more precise version of Theorem in the Introduction).

39
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Theorem B. For every number field K and finite abelian group G, we have
RA(Ok[G]) = St(Ok[G]).

Moreover Rp(Ok[G]) = Ra(Ok[G]) and every class can be obtained from a G-
Galois field extension Ky, /K unramified at a preassigned finite set of finite primes
of K.

2.1 Resolvends

One of the main tools used by McCulloh in his works is the notion of resolvend,
which, following McCulloh, we spell with the letter “d” on purpose. Roughly
speaking it is similar to the Fourier transform, that allows us to attach to any
element in a G-Galois K-algebra an element in K°[G]. We will see how some
properties of the resolvend map are closely connected to the notions of normal
bases in Galois algebra extensions.

The word “resolvend” is similar to “resolvent”. In fact these two objects are closely

related and indeed one can obtain the second from the first using the characters
of G.

Let us recall that © denotes the absolute Galois group Qx := Gal(K°/K).

As we have already seen in §1.9) any G-Galois K-algebra can be viewed, up to
isomorphism, as Kj := Map (hG, KC), where h € Hom({2, G). In particular
any G-Galois K-algebra may be viewed as lying in the K¢-algebra Map (G, K°¢)
(Remark [1.9.2). The resolvend map is then defined as follows

re : Map (G, K¢) — K°[G]
a — Za(s)s‘l.

se G

We underline the two following properties:

(P1) rq is a K¢[G]-module isomorphism (but not an isomorphism of algebras since

it does not preserve multiplication);

(P2) given a € Map (G, K¢) and © acting on the left on K°[G] via its action on the
coefficients in K°, we see that a € K <= rg(a)” = rg(a)h(w), Vw € Q.
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We recall that an element a € K}, is called a normal basis generator (NBG) of K},
over K if the set {s-a}sc forms a K-basis of Kj,. Such a basis is called a normal
basis. Analogously, an element of K} is called a normal integral basis generator
(NIBG) of K}, over K if it is a normal basis generator for Ok, over Of. The first

property connecting resolvends with these notions is the following.

Proposition 2.1.1 (NBG). For every a € K, we have

a is a normal basis generator of K over K <= rg(a) € K°|G]*.
Proof. |28, Proposition 1.8]. O

Following the notation used by McCulloh in his work, we introduce the following

definitions:

H(K[G])) = {a€ K[G]*|a™"-a" € G, Ywe Q},
HKIG)) = H(KIG)/G = {a-Gla e HKIG)} = (KIG)/G)".

Pay attention that H(K[G]) is just a left coset space.

Corollary 2.1.2. H(K[G]) = {r¢(a)|a NBG of K},/K for h € Hom(Q2, G)}.

Proof. (C) Given a € H(K|[G]), since the resolvend map is an isomorphism of
K¢[G]-modules we have that there exists ' € Map (G, K¢) such that a = rg(a’).
Thanks to the fact that for any w € Q, the element rg(a’)™! - rg(a’)” belongs
to G, we can consider a homomorphism A’ € Hom (2, G) defined as h'(w) =
rg(a’)™' - rg(a’)¥. The proof that A’ is an homomorphism follows from the fact

that 2 acts on the left on K°[G]*, indeed

P (wwy) = ot (wiws - a)

where we used the property that a™! - (w; - ) € G and so it is fixed under the
action of 2.

We immediately see that a’ € K} and that it is a normal basis generator of it by
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Proposition [2.1.1}
(D) Just use (P2). O

Thus we have just proved that H(K|[G]) coincides with the set of resolvends of
normal basis generators for G-Galois algebras over K and we easily deduce that
H(K[G]) is in bijection with the set of normal bases for G-Galois K-algebras, since
we take the quotient by G.

If we consider the quotient map rag : K¢[G]* — K°[G]*/G, we can write

H(KI[G]) = {rag(rg(a))|a NBG of K,,/K for h € Hom(Q2, G)}. (2.1)

Proposition 2.1.3. There is an exact sequence of pointed sets (groups if G is

abelian)

rag

11— G — K[G]* —H(K|G]) — H'(Q,G) — 1.
Proof. As in the abelian case treated in [28|, we consider the following exact se-

quence of pointed sets:

rag

1— G —— KG] % K[G]* /G —— 1 . (2.2)

Applying (non-abelian) Q-cohomology (see [35, Chapter 1, §5]), we get in turn the
following exact sequence of pointed sets:

rag

11— G — K[G]* — H(K|G]) — H'(Q,G) — 1. (2.3)

The surjectivity on the right follows from the fact that any G-Galois K-algebra
has a normal basis generator and ({2.1). O

Remark 2.1.4. Let A, B, C be three pointed sets with distinguished elements ag,

by, co, respectively. Recall that the following sequence of pointed sets

ALBLC’

(with maps preserving the distinguished elements) is called exact if the image of f

s equal to the inverse image under g of the distinguished element of C, i.e.

f(A) = g7 (o).
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Analogously, we also have a local notion of the sets just defined. For each finite
place p of K:

H(K,[G)) = {ae KJ[G]"|a™"-a¥ e G, Vwe Q}
= {rg(ap)| ay NBG of (K,)p, /K, for h, € Hom(Q,, G)} ,
H(K[G]) = H(K[G])/G ={a Glae H(K[G])}

An integral analog of Proposition exists just for unramified extensions as
explained by the following proposition.

Proposition 2.1.5 (NIBG). Given a € K, such that K, = K[G] - a, we have

a is a NIBG of K;, and Ky /K is unramified at all fin. p <= rg(a) € O%[G]*.

Proof. The proof consists in slightly adapting the original proof given in [28] (2.11)]
to the non-abelian case.

Let us consider the map [—1] : G — G which sends an element s € G to its
inverse s~'. This map induces involutions on Map (G, K¢) and K°[G], that we
denote with the same symbol [—1].

Let Tr : Map (G, K¢) — K¢ denote the standard trace map defined on a €
Map (G, K€¢) by the formula Tr(a) = > . a(s). By restriction, it induces a
trace map Tr : K;, — K. Note that the associated bilinear form, which sends
(a,b) € Kj x K, to Tr(ab) € K, is non-degenerate.

Moreover, given M an Ok-lattice of K} (i.e. an Og-submodule of Kj,, finitely
generated and projective as an Ox-module and such that K - M = K}), its dual
lattice M* is defined as

The discriminant of K}, is then defined as
diSC(OKh/OK> = [O;(h . OK]OK,

where [— : —]o, denotes the Og-module index. By definition, the algebra K, is
unramified at all finite places if and only if its discriminant is (1).

For every a,b € K}, we have the following formula

ra(a) - re() =Y Tr(ab)s™, (2.4)
seG
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where, given an element s € G, the map a® € Kj, is defined, for every t € G, by
the formula a®(t) = a(ts). The proof of follows by an easy computation, that
can be found explicitely in [27, (1.6)] (pay attention that the calculation given
there is still correct if G is non-abelian).

Moreover, exactly as in |28, (2.11)], we have the following properties:

- there exists a map b € K, such that rg(a)™1 = r4(b)~! and (Ok[G] - a)" =
Ok|G] - b,

- [(Ok[G] - a)* : Ok[G] - dlo, = [Ok[G] : Ok[Glra(a)ra(a) "]

Ok’

Then, using the inclusions Og[G]-a C Ok, C Ok, C (Ok[G] - a)", the conclusion
follows exactly as in the abelian case (|28, (2.11)]). O

If we denote by H'(€2", G) the elements in H'(€2,, G) coming from the homomor-
phisms A in Hom(Qgr, (), thanks to the local version of the previous proposition,

we have a local integral analog of the exact sequence ({2.3]).

Proposition 2.1.6. For any finite place p, there is an exact sequence of pointed

sets (groups if G is abelian)

rag

1 —— G —— Ok ,[G]* —= H(Ok ,[G]) — H (", G) — 1, (2.5)

Proof. Clear from above and from the fact that any local unramified extension has
a NIBG. O

Now, analogously as before, we have

H(Ok,[G]) = {a€ 0% [G]*|a"-a“ e G, Vwe Q,} (2.6)
= {re(ap)|ap, NIBG for (K,)s, where h, € Hom (), G) },

H(OkplG]) = H(Ok,[G)/G
= H{a-Glae H(Ok,[G])}
= {rag(re(ay))| ay NIBG for (K,)p, where h, € Hom ()", G) } .

Remark 2.1.7. If K,/ K is a tame G-Galois extension, we know by Proposition
that its representative in terms of the idelic description is given by the

idele (cy), defined componentwise by the relation ay = ¢, - b (with b considered as
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embedded in the completion at p), where b and a, are normal basis generator and
local normal integral basis generator of Ky /K, respectively.

If we apply rag o rg to the previous equality, we get

rag(ra(ap)) = rag(cy) - rag(ra(b))

in H(K,[G]). This condition is sufficient to characterize (O, ], since, as explained
in [28, page 277], if rag(c,) = rag(c,) for each p, then (c,), and (c,), differ by an
element (sy)y € [[, G and hence represent the same class in Cl(Ok|[G]).

Note that at the infinite primes we take c, = 1 (since at those primes we can take
a, equal to the embedding of b in the completion) and this is the reason why in

what follows these primes play no role.

2.2 Determinants of resolvends

We shall now see how determinants of resolvends may be represented in terms of

character maps.

Given an irreducible character x of G, the map det, (Chapter [I} Section [1.7.1]) is

a character of G of degree 1 (or a character of G*) and it was defined as
det, (s) = det(Ty(s)),

where T), is a representation associated to x.
This definition is independent of the choice of the representation 7 and we can

in turn consider the homomorphism det : Rg — Gab defined by
det Z ax | = H (det, ).
x€Irr(G) x€Irr(G)

Let Ag be the kernel of this map, we shall call it the augmentation kernel. Then

we can consider the following short exact sequence of groups:

0—— Ag —— Rg 35 Gab — 1. (2.7)

Remark 2.2.1. When the group G is abelian we have an explicit Z-basis of Ag.

From the proof of [28, Theorem 2.14/, if Irr(G) has a basis x1,- - ., Xk, with x; of

ordere;, fori =1,...,k and any x € Irr(QG) is written uniquely as x = Hle X:i(X),



46 Chapter 2 Realizable classes and Stickelberger subgroups

where 0 < r;(x) < e;; a Z-basis of Ag is given by the non-zero elements in the
collection {eix|i=1,...,k} U {x = 5, m:(x)xil x € Trr(G)}.

Going back to the previous short exact sequence and using the fact that (K¢)* is

injective, the functor Hom(—, (K°)*) gives the following short exact sequence

1 — Hom ((/;\b (KC)X) — Hom (Rg, (K¢)*) 2% Hom (Ag, (K¢)*) — 1
(2.8)
where the map rag’ is just the restriction map to the augmentation kernel (this

also explains its name).

Extending the definition of the map Det given in Section to
Det : K°[G]* — Hom (Rg, (K€)*)

we have now the following proposition.

Proposition 2.2.2. (Global commutative diagram). There is a commutative €2-

diagram (every map preserves the action of Q1) of pointed sets with exact rows:

rag

1 G K[G) — 5 L K[G] )G ———1  (29)

J{Det lDet lbi;t

1 —— G — Hom (R, (K)*) 5 Hom (Ag, (K°)) —— 1

Proof. If s € G, then Det(s)(x) = det,(s) and so Det restricted to G has im-
age Hom (Gab,(KC)X> ~ b (by duality). Thus Det induces a map Det :
K°[G)*/G — Hom (Ag, (K€)™), making the diagram commute. O
Remark 2.2.3. Note that from the definition of the map Det and from the canon-
ical isomorphism Hom <Gab, (KC)X> >~ G2 the map Det : G — G coincides

with the natural quotient map G — G? which sends s € G to its associated coset

in G/|G,G].

Applying (non-abelian) Q-cohomology we deduce the following proposition.

Proposition 2.2.4. (Global commutative diagram 2). There is the following

commutative diagram of pointed sets with exact rows:

rag

1 T K[G)x H(K[G]) ——— HY(Q,G) —— 1
Det lDet Det l

rag’

1 — G* — Hom,, (RG7 (KC)X) — Hom,, (AG; (KC)X) — Hom (Qv Gab) —1
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Proof. We just note that exactness at the bottom row follows applying {2-cohomolo-

gy to the sequence (2.8)).

Indeed H'(Q,Hom (Rg, (K)™)) = 1, since Hom (Rg, (K°©)*) is isomorphic to
Z(K°|G))* and H*(Q, Z(K°[G])*) = 1, by Hilbert’s Satz 90 (see [34, Chapter X,
§1]). O

Similarly, for any place p of K, we have an analogous diagram.

Proposition 2.2.5. (Local commutative diagram). The following diagram of

pointed sets with exact rows commutes:

rag

1 G K,[G]* H(K,[G]) ———— HY (9, G) —— 1

lDet lDet Det l

1— Gob —>H0mszp <RG7 (K§>X> ig;Homnp (AG7 (Kg)x> — Hom (QP’Gab) —1

From Proposition [2.1.6, the integral analog follows.

Proposition 2.2.6. (Local integral commutative diagram) For any finite place p
of K, we have the following commutative diagram:

1 G Ok, p[G]* ———2——H(Ok, 4[G]) ————— H' (", G) —— 1

e e l

1 _>Gab _>HOmQF (RG7 (O([:(,p)x> ﬁHome (AG7 (O%)p)x) —)Hom (Qgr,Gab) — 1.

Proof. We just note that exactness at the bottom row follows from the fact
that the map H 1((2;“”, G) — Hom (Qgr, Gab), induced by the natural map from
Hom (Q;“, G) to Hom (Qgr, Gab), is surjective as one can check using the descrip-
tion of (1" as a procyclic group (see at the beginning of Section . n

Therefore we have defined the following maps of pointed sets

Det : H(K[G]) — Hom,, (Ag, (K°)) (2.10)
Det : H(K,[G]) — Hom,, (A, (K5)") (2.11)
Det : H(Ox.5[G]) — Hom,, (AG,( ;w)x) (2.12)

and we can actually show that the image of (2.12)) is a group. Before giving the

proof, let us make the following remark.
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Remark 2.2.7. There is a left action of O ,[G]* on H(Ok,,|G]) defined, via left

multiplication, as follows

Ok p[GI" x H(Oxp[Gl)  — H(Ox,[G))
\a)) — [A-al.

It is easy to see that this action is well defined and that X\ - o € H(Okg ,[G]).
Proposition 2.2.8. The image of 1S a group.

Proof. From the diagram of Proposition [2.2.6] we have
(Ox,[GT) \ H(Ox,5[G]) = HY(XT, G),

where here the symbol (O ,[G]*) \ H(Ok,,|G]) denotes the set of orbits of the
set H(Ok p[G]) under the left action of O ,[G]* (see Remark [2.2.7)).
Thus, applying the map ITejc, we get

rag(Det(Ox, »[G]*)) \ Det(H (O, ,[G])) = Hom(QL, G™),

since the map H 1(Q;‘r, G) — Hom (Qgr, Gab) is surjective. Thus the orbit space
rag’(Det(Ok,,[G]*)) \ Det(H(Ok,[G])) inherits from Hom(€2)", G**) the structure
of an abelian group.
From this we can now prove the group structure of ]/)E(H(OK,J[G])): given
Det(z), Det(y) € Det(H(Ok.4[G])), there exist A in Ok, ,[G]* and z € H(Ox ,[G])
such that

Det(x) - Det(y) = rag/(Det(A)) - Det(2),

where the products are considered in Hom o (AG, ( ¢ 7p) ><>, Moreover

Det(z) - Det(y) = rag/(Det())) - Det(z)
= Det(\-2),

which therefore proves, by Remark 2.2.7, that Det(z) - Det(y) € ]/)\e/t(?-[(OK,p[G])),
as we wanted to prove. Analogously, given x € H(Og, ,[G]), one can prove that
Det(z)~! € Det(H(Ox ,[G])). 0

Note that, for every finite place p of K, since the reduced norm rn sends O%’p[G] x
into Z(0O% ,[G])* and thanks to Theorem [1.7.5] we have the following inclusions

Det(H(Ox,p[G))) € (Z(0% ,[G))* /G*)™ C Hom,, (Ag, (ogw)x) . (213)
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When the finite place p does not divide |G|, then Ok ,[G] is a maximal order of
K,|G] and, from Remarks [1.6.7| and |1.7.8|

m(Ok, o [G]*) = Z(Ok,,[G])* = Hom,, (Rg, (O‘kp)x) .

Thus in these cases the inclusions in (2.13) are actually equalities, as one can
deduce looking at the diagram of Proposition [2.2.6)and at the proof of Proposition

2.2.8
When p divides |G|, we need not have equality, nevertheless, when G is abelian,
the following approximation result does hold.

Proposition 2.2.9. Let G be abelian. If m is an integral ideal of Oy divisible by
a sufficiently high power of |G|, we have

Hom, (Ag, (1+mO% ;)N (O%,,)*) € Det (H(Ok 4[G))) € Hom,, (Ag, (0% ,)*),

for each finite place p of K.

Proof. See [28, Theorem 2.14] for the original proof by McCulloh. O

Remark 2.2.10. [t is important to note that when G is abelian, the Det maps
2.10) and (2.11) are isomorphisms and that (Z(O;QP[G])X/Gab)Qp equals the set
H(Ok,p|G]). Thus, we can replace Det (H(Ok,,[G])) with H(Ok,y|G]) in Proposi-
tion[2.2.9 (as well as in what follows when G is abelian).

Now if we write

U(Ok[G)) := [ Det(H(Ox [G1)) € Hom,, (Ag, J(K)) (2.14)
p

and we define the group

B Hom , (Ag, J(K°))
MCUOKIC]) = =g, (ko)) (O [Gl)

we see that the map rag’ : Hom,, (R¢, J(K¢)) — Hom,, (Ag, J(K°)), induced by
the local version of (2.8)), yields a group homomorphism

. Hom , (Rg, J(K®)) Hom , (Ag, J(K°))
8 Hom, (Ra, (K)%) - Det(U(Ox[GT)  Homy, (Aa, (K©)) - U(O[G)

(2.15)
which, by the Hom-description of Cl(Ok[G]) (see (1.11))), can be written as

Rag : Cl(Ok|G]) — MCHOk|G)).
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If we now consider R, (Ox[G]), the subset of realizable classes given by unramifed
(at finite places) G-Galois K-algebras, using the previous results on resolvends
and via §1.6.11] we have the following result.

Proposition 2.2.11. For every finite group G and number field K,

R, (Ok|G]) € Ker(Rag).

Proof. If K}, /K is an unramified G-Galois K-algebra, we consider b € K}, a normal
basis generator of Kj,/K and, for each finite place p of K, we choose a, € Ok, ,
a normal integral basis generator. Considering the idéle ¢ = (¢,), defined com-
ponentwise by the relation rag(ra(ay)) = rag(c,) - rag(ra(b)) (Remark 2.1.7), the
element Det(c) represents the class [Ok, | in terms of the Hom-description (at the

infinite primes we take ¢, = 1). From the local analog of Proposition m,

rag (Det(c)) = Det(ras(c)) = (Det (rag(ro(ay))) - Det (rag(re(2) ™))

which, by Proposition and Proposition [2.1.5] gives the proof. O]

2.3 The Stickelberger map

In order to describe resolvends of local normal integral basis generators in the
ramified case, McCulloh introduced a Stickelberger map O¢ : A — Z|G]. It is
in particular its transpose O, : Hom (Z[G], —) — Hom (Ag, —), after a necessary
adjustment due to the Q-action, which will be used to give a local decomposition
of resolvends. The original definition of the Stickelberger map, when G is abelian,
is contained in [28], while its extension to the non-abelian case was presented for
the first time by McCulloh in a talk given in Oberwolfach in 2002. Let us start
defining the Stickelberger pairing.

We define a Q-pairing (—, —) : Q ®z Rg X Q[G] — Q as follows:

* Characters of degree 1. If x is a character of degree 1 and s € G, (x, s) is the

rational number defined by

X(S) _ 627ri(x,s>’
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such that 0 < (x,s) < 1. This was the original definition contained in
[28] (in the abelian case every irreducible character is of dimension 1). If
G is abelian, this already defines, extending it by Q-bilinearity, a Q-pairing
(—,—):Q®z Re x Q[G] — Q.

* Characters of higher degree. If x is a character of degree bigger than 1, then

we define
<X’ 8> = <I’6S<CLT;> X S>7

where resg> X is the restriction of the character y to the cyclic group gener-
ated by s.

Extending it by Q-bilinearity, we have the required pairing for a generic finite

group G.

Thanks to this pairing, the Stickelberger map O¢ : Q ®z R — Q[G] is defined
by Z-linearity as

Oc(x) =Y (X, 5)s.

seG

Going back to the definition of Ay, we can now prove the following proposition.

Proposition 2.3.1. Let « € Q ®z Rg, then Og(a) € Z[G] <= a € Ag. So O¢g
induces a homomorphism O¢g : Aqg — Z|G].

Proof. Given av:= ) a,x € Q ®z R¢, we have

det(a)(s) = [ x(o)™- J] det(Ty(s)™,

x of deg 1 x of deg >1

with T}, a representation associated to x. We know that det (T} (s)) = []r, 87,
where 3; are the eigenvalues of T\ (s).
In the meanwhile we have res<Gs>T Y = 21 Ji Xi, where each y; is the irreducible
character of (s) associated to the eigenvalue 5; (5; = xi(s)).
Thus

det (T, (s)) = 2™t

and, by bilinearity, we get det(a)(s) = e?™(®); which gives

Oc(a) € Z[G] <= (o, s) € Z,Vs € G <= det(a)(s) =1,Vs € G<= a € Ag.
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Up to now we have not considered the 2-action. If we let € act trivially on G,
as at the beginning of the chapter, it is easy to see that the Stickelberger map
does not preserve {2-action. In order to have such an invariant property we have

to introduce a non-trivial Q2-action on G.

Definition. Let m be the exponent of G and pi,, the group of m-th roots of unity.
Restricting Q) to Gal (K (j1,,) /K), we consider the map  : Q@ — (Z/mZ)™ defined
via the formula ¥ = ("), for C € pp,.

We denote by G(—1) the group G with an Q-action defined via the inverse of k:

If we take a character y of degree 1, we have x(s) € p,, and, since x“(s) equals
X (s)°, we get
X4(5) = x (5)° = x ()" = x(s").

By bilinearity, we deduce that, for all « € Q ®z Rg and for all s € G,
(%) s) = (a, ")) = (a, s ). (2.16)

Applying this to the Stickelberger map, we get

Oc(a”) = Z(Oz“’, sys = Z(a, s ) s = Z(a, s) 8%

seG seG seG

from which we deduce the following proposition.

Proposition 2.3.2. The map O¢ : QzRe — Q[G(—1)] is an Q-homomorphism,
1.€.
O¢(a®) = O¢ (a)”,

Vae Q®z Rg and w € (2.

The pairing (x, s) just depends on the conjugacy class of s € G (it is the same for
all the elements in the same conjugacy class) and hence ©¢(Q ®z Rg) C Z(Q[G]),
where Z(Q[G]) is the center of the group algebra Q[G], with basis the conjugacy
class sum of G. If we denote by G the set of conjugacy classes of G, then the action
of Q via k™! preserves conjugacy classes and it induces an Q-action on Z(Z[G]) and

on Z|G]; we denote these -modules by Z(Z[G(—1)]) and Z[G(—1)], respectively.

There is a canonical Q2-module isomorphism i between Z[G] and Z(Z[G]), defined



Chapter 2 Realizable classes and Stickelberger subgroups 53

by linearity as follows:

i ZIG] — Z(Z|G))
5 — i(5) ::Zt

Moreover, defining the Stickelberger pairing on the set of conjugacy classes as

X 8) = (x, s),

we denote by ©s the map, defined by Q-bilinearity as:

Oq: Q®z R — Q[G] (2.17)
X — Z(X, 5)Ss.
seG

Clearly i©g = O¢ and Oa(x) € Z[G] <= x € Ag.

Transposing the map O¢ : Ag — Z[G(—1)], we get the Q-equivariant homomor-
phism
O : Hom (Z[G(-1), (K°)*) — Hom (Ag, (K)*) .

Hence, if we write

(KA)™ :=Hom,, (Z[G(-1)],(K*)"),
AX := Ho

B
0
N

Q)

|
=
Q
x°
J

then O, induces a homomorphism
OL : (KA)" — Hom,, (Ag, (K°)*).
For any place p of K, we get a local analog just replacing K with K,:
@E—?,p : (Kp/_\p)X — Hom,,, (A, (K5)7) .

Moreover OF, p(/_\px) C Hom,, (Ag, O% ). Be careful that at the infinite places,

since we set Ok, = K,, we have A, = K,A,.

Hence, if we define the idéle group J(KA) as the restricted product of (KA)*

with respect to AX, the homomorphisms @E—;’ " combine to give an idelic transpose
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Stickelberger homomorphism:
Of : J(KA) — Hom,, (Ag, J (K°)). (2.18)
Remark 2.3.3. Note that J(KA) can also be defined as
Hom,, (Z[G(-1)], J(K®));

for details see [28, Remark 6.22].

Remark 2.3.4. Note that if G is abelian, we can remove the “bar” from all our no-
tation, since G = G. In the sequel, if G is abelian, we will adopt this simplification

in the notation.

2.4 Resolvends of local tame extensions

In this section we describe the decomposition of resolvends of normal integral basis

generators of local tame extensions which will be the main ingredient of the proof

of For this section p is a finite place of K.

Notation. For any finite place p of K we consider a uniformizer m, of K, and we
denote by g, the cardinality of the residue field.
Moreover we choose a compatible set of roots of unity {(,} and roots of the

uniformizer {W;/ "}. The term “compatible” means that the following relations
hold: ¢}, = ¢, and <7r;/nr> = W;/T. Clearly W;/n = (W;/n> .

We denote by K" the maximal unramified extension of Ky, it is well known that

K" =Ky ({Ga s (n, ) = 13}).

Analogously we write K, for the maximal tamely ramified extension of K, and we
know that

K;j =K, ({Cn, 7'(';/” D (n,q) = 1}) )

The Galois group F := Gal(K"/K,) is a procyclic group generated by the
Frobenius element ¢y, defined by ¢,(¢,,) := " This in turn determines a generator
oy of Gal(K}/K}"), defined as op(my™) = Cum!". If we extend ¢, to Gal(K;/K,)
fixing 71';/”, one can see that () := Gal(K}/K,) is the profinite group topologically
generated by o, and ¢, subject to the relation ¢, - oy - ¢, ' = 0,7, The set of

elements aggéﬁ € Qg, with ¢ and j natural numbers, forms a dense subgroup of Q;;.
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Thanks to this description, we clearly have the following bijection

Hom(,G) «— {(t,u):t,ue Gandt-u-t~" =u®}
hy = (hp(p), hy(oy)) -

From now on, let s, be an element in Hom(£2;, ). We denote by u the element
hy(0y) and by t the element hy(¢,). We write e for the order of v and f for the
order of ¢.

Note that if G is abelian then e|(g, — 1). While in general, for any finite group,

we have
(67 qP) =1,

since t € Ng((u)) (where Ng((u)) is the normalizer of (u) in G) and hence g,
belongs to (Z/eZ)*.

Let hy" and hy" be two maps in Map (Q;;, G), defined by:

h' (ohdl) =t/ (2.19)
hyt (aégbﬁ) = (2.20)

Clearly hy, = hj" - hy" and by € Hom(€%)", ). Moreover, if we denote by Gy, the

group G with a non-trivial 2;-group action defined as
s = hy'(w) - s - hy(w) ™,
or better, considering w = agqﬁg, as

we can prove the following lemma.

Lemma 2.4.1. The map hy € Z'(S%, Gy.), where Z' (S, Gre) represents the set
of 1-cocycles of 2, in Gy

Proof. Given two elements O';ng and Ufgzﬁé in Q;, we need to show the equality
R I S AN S T N I VRN
hy (035 - 0 y) =y (0,05) by (03 0,) "

Now, using the relation ¢, - oy - ¢, ' = 0}, it is easy to see that

1 (g afol) = 15 (o) "o ) — it



56 Chapter 2 Realizable classes and Stickelberger subgroups

Moreover hff (aégbﬁ) = v’ and the equality
s (ohl) W = a1 = o
p \“pPp - -
concludes the proof. O

Let us denote by " Gy, the Q;—set G with an Qg—action defined as
s = hy'(w) - hy'(w) - s - h?r(w)_l,

the easy proof that this action respect the associativity is left to the reader and
follows from the fact that b € Z 1(95, Ghe). Pay attention to the fact that we

look at "% Gy, as an Q;-set and not as an €-group.

Then we consider the (Hopf) K,-algebra
(Kp)hf,r = Mapng <h§anr7K§> .

Here we need to make a clarification: the theory of resolvends that we have seen in
the previous sections for G-Galois algebras over K (or K, ) can be generalized to the
set of Hopf algebras, as fully done by N. Byott in his paper [7] (the author consid-
ered just the abelian case, but what we are going to use is valid in the non-abelian
case too). In particular (K)) ne 1s an example of those algebras that the author
calls principal homogeneous spaces (p.h.s.) over the algebra Map - (Gm, Kg) (this
corresponds to B in [7]). As explained in the cited work, (Kp)uy can be consid-
ered as a (Kg[Gnr])Qvg—module, where, given a = 3 . ass € (Kg[Gm])QE and
a € (Kp)py,
(a-a)(s) := Z asa(s' - s).

se Gnr

The algebra (K, )y, considered with such a structure, is free of rank 1 (this follows
from the fact that Map(Gu,, K;) is free of rank 1 over Kj[Gy,]), i.e. there exists
b € (Kp)py such that (K)ue = (K5 [G])™ - D

Now if we take its ring of integers O(x,), ., = MapQt (hgr Gy, O% p), we can consider
Lp b )
1 — i/e
the element £, := - 3., 7Tp/ € O , and the map ¢, , € Map(G, O ,,) defined
e b b

as

Pou(s) = (2.21)

0 otherwise.

{ oi(B) ifs=ul,

We can now prove the following results.
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Proposition 2.4.2.  (a) The map ¢y, belongs to Ox,) .. -
p

(b)

The map @y generates Ok, over (O p[Gnr])QE, i.e.
LP k)

O(Kp) = (Oi( P [Gnr])ﬂg Ppu-

tr
by

(c) Given a € (Kp)py, for any w € €,

ra(a)” = hy'(w) ™ - rala) - hy(w).

Proof.  (a) For any w = Jggb’; € Q,, we have

(b)

fpu((W)?) = @pu(u - t*-ut - t7F)
= ¢p,u(uj+iq§)
= 0" (5.)
= o ok (8)
= oloron(Bu)
= %,u(ui)w,

where we frequently use the relations ¢ -u-t~' = u% and ¢, - 0y - ¢, = 0y

If s ¢ (u), then also s*, for w € €, is not in (u), so clearly ¢, ,(s)* =0 =
Ppuls?).

The proof of this point generalizes the analogous result in the abelian case
contained in [28, page 281] and follows the proof of [7, Lemma 6.6].

Let us consider the cyclic group (u) inside " Gy, then the group Q, acts
transitively on it. Now if we consider the algebra L, := Map% ((u), K;;),
this, since the action of () is transitive on (u), embeds in a subfield of K
via the map which sends b € L, to b(1) € K. Since (look at the action of
Q; on ht’anr)

we see that L, coincides with the subfield of Kﬁ given by the elements fixed
by ¢, and oy, i.e. K, (71';/6). Its ring of integers is clearly OK,p[ﬂ;/e].

Consider now (Of. p[<u>])95, where (u) is now seen in G, and define a :=
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Zf;ol ¢, Mu’. Since o, acts trivially on G, and

e—1 e—1
bp __ —kiqp, qpt __ —ki 1 __
a® = G, Pyt = ¢ u' =«
1=0 i=0

using the fact that (e, g,) = 1, we see that o € (O%7p[(u>])95. Moreover

e—1 e—1
« - ﬂu = z;ce—kzuz : Bu = Z; U;(/Bu)ce_kz

and this sum coincides with Wf/e (cfr. [28, page 281]). Note that /3, coincides
with ¢, (1).
Hence we have proved that (O%iju}])Q; - Bu = OK,p[ﬂ';/e], which in turn

proves that (Okp[Gnr])Q;’ “Ppu = O(K,J)hgr-

(c) Remember that rg(a) € KJ[G] and € acts trivially on G. Then we have

rag(a)” = Za(sw)s_l

s€@G

= Z a(hy (w) - hy'(w) - s - hgr(w)_l)s_l
s€G

= D alr) Iyw) T (W) -y (w)
TEG

O

Given a,, a normal integral basis generator of (Kj)pr := Map o (hng, Kg) and

ayr an element in (Kp)ue such that O, = (O p[Gm])QE - agy, we can find an
p 7
element a € (K,)p, such that

re(a) = relaw) - relay) € KE[G)*.

The fact that we can find an element a € Map(G, K;) such that its resolvend is

equal to the product follows from the fact that the resolved map is an isomorphism.
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To prove that a is actually in (K,)s, we use (P2), noting that, for any w € €,

re(a)” = relaw)” rolaw)”

= rg(am) - hy'(w) - hgr(w)_l re(an) - hp(w)

= rg(a) - hy(w),

where on the second line we used point (¢) of the previous proposition. The fact
that rg(a) € K;[G]* proves that @ is in particular a normal basis generator of
(Kp)hp/ Kp'

In fact McCulloh proved something more: the element a just found is a normal

integral basis generator of (Kj)p,/K,.

Proposition 2.4.3. Let a,, and ai, be as above. The element a € (K,g)hp defined
by

TG(a) - TG(anr) : TG(atr)

is a normal integral basis generator of (Kp)n,/Ky.

Proof. The proof is essentially the same of the one given in the abelian case in 28|
Theorem 5.6, page 283]. Since a,, and ay, are normal integral basis generators it
is clear that their resolvends have coefficients in Of; ,, thus we have Ok ,[G] - a C
O(x,) - The equality follows, as in the abelian proof, comparing the discriminants
of Ok p|G] - @ and of O(x,), - O

For any finite place p, let us define
Cq, = {s € G|s? € 5}.

Given h, € Hom(Q;, G), it follows, from the relation ¢, - 0, - ¢, = 0", that the
element hy(o,) belongs to C,,.

Then for any s € C,,, let us define the map f,,; € Map (G(-1), (Kg)*) as

. (2.22)
1 otherwise.

fos(t) = {

Since s € C,,, the group €, fixes 5 considered in G(—1) and thus we see the

()p-equivariance of f, ;.

Moreover let us define F, C (K,A,)* as the set { fostsec,,- These combine to
define ' C J(KA) as the set of idéles f € J(KA) such that f, € F, for all
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finite p. We immediately see that, by the definition of J(KA), if f € F then
fy = 1 a.e.. The set F, can be considered embedded in F' via the natural map
(KyAp)* — J(KA) and the non-trivial elements of F, once considered in F' are

called prime F-elements over p.

We choose T' a set of representatives of the orbits of G(—1) under the Q-action
and, for any ¢ € T, denote by K (¢) the field extension over K given by the fixed
elements in K¢ under the stabilizer of £. Then we have the following Wedderburn

decomposition:

KA= [ K@),

where, for every t € T, the projection KA — K(t) is given by evaluation of
functions in KA at t. For any prime p of K, let us denote by K (t), the tensor
product K, ®x K (t), then analogously, we also have

KpAy = H K(t),,
teT
where now, pay attention that every K(t), is not a field but a product of fields.
Moreover, if J(K(t)) denotes the restricted direct product of K(t), with respect
to O;((t)’p (where Ok := Ok,p ®o, Ok(1)), one can prove that

J(KA) = [T J(K (). (2.23)

teT

If s € Cg, we deduce that (gp,|s|) = 1 and that 5 is fixed by €2, (and hence
K(s), = K,). Thus (cf. |28 page 288]), we see that the prime F-elements over p
coincide with the invertible prime ideals B = (Bi)zer of A, with Ps a prime of
degree one over p in K(s), for some 5 # 1 with v,(|s|) = 0 (where v, denotes the
valuation associated to p), and Pz = Ok, V1 # 5.

By an easy computation, for any s € C,, and o € Ag, we have:

@té(fp,s> (O./) = fp,s(gé(a))

= fP,S Z<a7 t_>t_>

(a,8)

Q)

In the meanwhile we have the following result.
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Proposition 2.4.4. Let us consider p,, as defined in . For any a € Ag,

(o)

Det (rag(re(gp.u)))(a) = )

Proof. Let x € Irr(G), assume that res%(x) = Z%@ ay®. Then
e—1
Det(ra(ppu))(x) = det (Z Ué(&)Tx(ul))
=0

= 11 (ia;wu)w(ul)) :

I =0

PE (u)

Since, as in [28, page 282|, we have the relation "¢, o (Bu)(u) = W1§¢’“>, wo
get

e—1 Ay
7 - <Z u) @ d%u) U
I (Z%(ﬁum(u 1>) )

N =0

Pe (u)
So by linearity, for any o € Ag,

Det(rag(ra(pu))) (@) = rag (Det(ra(ppa))) () = Det(ra(ppa)) (@) = m™".

Corollary 2.4.5. f)\é%(rag(rg(gpp,u))) = O%(fou)-

Proof. Clear. [

Remark 2.4.6. I/)\/et(rag(rg(gpp,u))) just depends on the conjugacy class of u, since

it is easy to check that rg(@p s—1us) = S c(Ppu)S-

From now on, let us take ay = @y 4.

Proposition 2.4.7. Let h, € Hom,, (O, G). If a} is a NIBG of (Ky)n, /Ky, then

Det(rag(re(ay))) = O (fyu) - wp,
where u = hy(oy,) and w, € If)\eg(H(OK,p[G])).

Proof. Given a, a NIBG of (Kj)p,/K,, if we consider a, the NIBG defined, as
in Proposition [2.4.3] (considering ay = ¢y,), by the relation rg(ay) = re(an) -
7c(#p.u), then there exists an element d, € Of ,[G]*, such that a; = d, - a,. Thus,
since ﬁe/t(rag(OK,p[G]X)) C f)\e/t(H(OKvp[G])), using and Corollary [2.4.5, we
conclude. O
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2.5 Proof of Theorem Al

We can now define the Stickelberger subgroup St(Og[G]). Thanks to the defini-

tions given in the previous sections, we have the following group homomorphisms

Rag

CUOK[G]) 5 MCIOK [G]) & J(KA),

where the map on the right is the natural map given by the composition of
OL : J(KA) — Hom,, (Ag, J (K¢)) with the quotient map Hom,, (Ag, J(K*)) —
MCI(Ok[G]) (and we will denote it again by ©f).

Definition 2.5.1. The Stickelberger subgroup St(Ok[G)) is defined as

St(Ox[G]) := Rag™' (Im(©})).

Thanks to the previous section, we can now give a proof of [Theorem Al

Theorem A. Given a number field K and a finite group G,

R4(Ok|[G]) C St(Ok[G)).

Proof. Let us consider Kj; a G-Galois K-algebra tamely ramified, where h €
Hom (9, G). Then as in Propostion , we choose a normal basis generator
b and, for any finite place p, a local normal integral basis generator a,. Then we
know, by Remark [2.1.7] that the class [Of,] is represented by the idele ¢ = (¢;), €
J(K[G]) defined componentwise by the relation rag(rg(a,)) = rag(c,) - rag(ra(b))
(where ¢, = 1 at the infinite primes).

Applying now the map [/)\e/t, by and Proposition , for any finite prime p
we get

Det(rag)(cy) = 97" - O5(fo) - w,

with g = la\e/t(rag(rg(b))) € Hom, (Ag, (K°)*) (note that g does not depend on
p), wy, € ﬁe/t(H(OK,p[G])) and f,u € Map,, (G(=1), (K5)*) defined as in (2.22),
with w = hy(0,). Note that since Kj,/K has to be unramified a.e., f,, will be
equal to 1 a.e..

If we define f := (fyu)p € J(KA) (with f,, = 1 at the infinite primes) and
w =[], w, € U(Ok|G]) (with w, = g, at the infinite primes), we finally get

Det(rag)(c) = g - O%(f) - w,
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which concludes the proof. O

2.6 The abelian equality

From now on the group G will be assumed to be abelian.

In this last part of the chapter we will explain the main ideas which led McCulloh
to prove the inclusion St(Ok[G]) € Ra(Ogk[G]) in the abelian case and hence
Theorem Bl

When G is abelian, the main simplifications, with respect to the previous sections,

are the following:

* The maps Det and Det in the diagrams of Proposition and Proposition
are isomorphisms (Remark [2.2.10]). So we will avoid in the notation

the use of Det and we have

=
[
X
It

Hom | (Rg, (KC)X) ,
HOIIlQ (.Ag, (KC)X) s
H(Ok,p|G]) C Hom,, (Ag, (O%’p)x).

=
=
Q

I

* Any irreducible character of G is of dimension 1.

x The set of conjugacy classes G coincides with G, so in particular J(KA) =
J(KR).

* In Section [2.4] the set C,, becomes the set of elements in G of order dividing
qp - ]..

The proof of Proposition [2.4.7]becomes easier in the abelian situation, in particular
we do not need to use the notion of Hopf-algebras, thanks to the fact that h;r €
Hom (QE, G) in this case. Moreover, we also have a reverse statement of that

proposition.

Proposition 2.6.1. Given an element s € G of order dividing q, — 1 and an
element w, € H(Ok ,|G]), there exists an h, € Hom (0, G), such that hy(o,)
equals s and (Ky)n, /K, has a NIBG a, such that rag(ra(ap)) = Og(fp,s) - Wp.
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Proof. (|28, Theorem 5.6]) The general idea is that for any element s € G of order
dividing g, — 1 we can always find a totally ramified extension (/) i /K, such
that hy' (o) equals s and A" (¢,) = 1. In the meanwhile, by (2.6)), we can find an
unramified 22" € Hom (2", G) with a NIBG )" such that rag(rg(a)7)) = w,. A

homomorphism h, defined as h, = h;r - hy" will give the extension required. O

The following proposition will be the main ingredient in the proof of [Theorem B

Proposition 2.6.2. Let K, /K be a G-Galois K-algebra and take b a normal basis
generator. Then K /K is tamely ramified if and only if there are ¢ € J(KI[G]),
fe F andw e U(Ok[G]), such that

rag(c) = rag(rg (b)) ™" - Og(f) - w. (2.24)

Moreover ¢ is a representative of the class [Og,| and f is uniquely determined
by the relation f, = f,s for each finite p, with s = hy(0yp). In particular h is
unramified at p if and only if f, =1 and h is unramified if and only if f = 1.

Proof. See |28, page 286]. The main property which allows to prove this result in
the abelian case is that, when G is abelian, H(K,[G]) = Hom,,| (Ag, (K5) X), for
any place p. O

This would already be sufficient to give the proof of [Theorem B| restricting the
Stickelberger map from St(Ok[G]) to O to F. But note that F' is not a group

and so this would not prove that the set of realizable classes, for an abelian group,

forms a subgroup of Cl(Ok[G]). Hence in order to give a proof of we
need to show that OF(F) = O (J(KA)) in MCI(Ok[G]) and this will be obtained

through the following approximation result.

Let m be an integral ideal of Og. For each finite place p of K, we define
Un(Dy) = {gp € (KA | gp(s) € (14+mO% )N (Ok )", Vs e G, s#1}.

The value at s = 1 can be arbitrary. If we write

Un(A) = (H U&(Ap)> NJ(KA),

then we define the modified ray class group mod m of A as

J(KA)
(KA)< - UL

m

CL (A) = (2.25)

(A)
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The following result holds.

Proposition 2.6.3. Given an integral ideal m of Oy, each class in CL (A) con-
tains infinitely many elements of I and they can be chosen with support disjoint

from any preassigned finite set of finite primes. Moreover f € F can be chosen

so that f, # 1 for each t € T \ {1}, where f = [[,cr fe, via the Wedderburn
decomposition .

Proof. (|28, Proposition 6.14]) This mainly follows considering

ClA) = J[ Clu(Oxw).

te T\{1}

where Cly(Ok ) is the ray class group mod m of K(t). Indeed, as already seen
below 7 the prime F-elements over p coincide with the invertible prime ideals
P = (Pi)ier of A, with P, a prime of degree one over p in K(s), for some s # 1
with v,y (|s|) = 0, and By = Ok, ¥t # s. Thus, since, for every t € T\ {1},
each ray class mod m of K(t) contains infinitely many prime ideals of degree one
in K(t)/K, the proof follows. O

Corollary 2.6.4. ©4(F) = ©L(J(KA)) in MCI(Ok[G)).

Proof. Let us consider m an integral ideal divisible by a sufficiently high power
of |G| (following Proposition [2.2.9)). Then, by the previous proposition, given an
element g € J(KA) there exists an f € F (which can be chosen with support

disjoint from any preassigned finite set of finite primes S), such that
g = f mod((KA)* - UL (A)).

Thus, applying the map O, to this relation and using the fact that % ((KA)*) C
Hom,, (Ag, (K¢)*) and O (U} (A)) CU(Ok[G]) (by Proposition [2.2.9)), we get

O (9) = Og(f) mod (Hom,, (Ag, (K)*) - U(Ox[G])) -

Thanks to this, we can now (re)state and prove [Theorem B|

Theorem B. Given a number field K and a finite abelian group G,

RA(Ok|G]) = St(Ok[G]).-
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Moreover Rp(Ok|G]) = Ra(Ok[G]) and any class can be obtained from a G-Galois

field extension K, /K unramified at a preassigned finite set of finite primes.

Proof. For a precise proof see [28, Theorem 6.17]. Nevertheless the general idea
behind the proof should now be clear and the main ingredients are given by: the
fact that in the abelian case Det is an isomorphism, Proposition and Corollary
2.6.4

The fact that any class can be actually obtained from a (G-Galois field extension

follows from:

- if K5,/K is not a field, then it contains an unramified non-trivial extension
H/K,

- given Kj//K such that the associated (via [2.24) f € F is so that f; # 1,
for each t € T'\ {1} (in terms of (2.23)), then every K-subalgebra of K is
ramified ([28, page 290]).

Since for any class ¢ we can find an algebra K /K realizing ¢ such that the associ-
ated f € Fissothat f; # 1, foreach t € T'\ {1} (Proposition [2.6.3), we conclude
that this has to be a field extension.

The statement on the ramification follows from the fact that the element f € F
in a given modified ray class group can be chosen with support disjoint from any

preassigned finite set of primes. O

Corollary 2.6.5. Given a number field K and a finite abelian group G,

R (Ok|[G]) = Ker(Rag).

Proof. This follows from Proposition [2.2.11] [Theorem B|and the last statement of
Proposition [2.6.2] O




Chapter 3

Computing the Stickelberger

subgroup

This chapter contains the first new results of this dissertation.

In the first part we shall investigate the relations between the Stickelberger sub-
group St(Ok|[G]) defined by McCulloh in his works and the subgroup CI°(Ok|[G]),

that we have already met in the Introduction.

The second part of this chapter is devoted to the explicit computations of St(Ok[G]),
just using its definition, in some particular situations. Namely, we will consider
K = Q and we will develop the cases G = C), and G = D,,, where C,, is a cyclic
group of prime order p and D, the dihedral group of order 2p, with p > 3.

3.1 St(Og|G]) and CI°(Ok|G])

In this section G is a finite group, not necessarily abelian.

From of the previous chapter, we know, that for any number field K
and for any finite group G,

RA(Ok[G]) C St(Ok[G]),

where St(Ok|[G]) is a particular subgroup of Cl(Ok|[G]), defined in Definition [2.5.1,
via a Stickelberger map (see (2.18)) and the map Rag (see (2.15).

67
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In the meanwhile, we recall that C1°(Og[G]) is defined as the kernel of the group
homomorphism ¢* : Cl(Ok|[G]) — Cl(Og), induced by the augmentation map
€ : Og[G] — Og which sends > _.ass to > . as,. McCulloh proved the

following result.

Proposition 3.1.1. For every number field K and finite group G,

RA(Ok[G]) € CI(Ok[G]).

Proof. The original proof is contained in [26] (see also [27]). The general idea is
that given L/K a tame G-Galois K-algebra, then

1
e*([O1]) = Ok ®oy(c) O1 = @TIL/K(OL)7

where Try/k is the trace map from L to K.
By definition of tame extensions the trace map is surjective, i.e. Try/x(Or) = Ok,
hence €*([Or]) is trivial in Cl(Ok). O

Remark 3.1.2. In terms of the Hom-description (§1.7.4]), we have the following

1somorphism

Hom? (Rq, J(K*))
Hom?, (Rg, (K¢)*) - Det® (U (Ok[G])) '

C1°(Ox[G]) =

The superscript “ o 7 means that we are considering the homomorphisms f such
that f(xo) = 1, where xo is the trivial character of G (see [10]).

Considering the two inclusions just recalled, a natural question arises: what is the
link between the two groups St(Og[G]) and CI°(Ok|[G])? Are they equal?
A first answer to these questions is given by the following result.

Proposition 3.1.3. Given a number field K and a finite group G,

St(Ok[G]) € CI'(Ok[G)).

Proof. Let us consider a class ¢ € St(Og[G]) represented in terms of the Hom-
description by f € Hom, (Rg, J(K°¢)). In order to prove that ¢ € CI°(Og[G]),
we need to show that f(xo) € K* - U(Ok) (see [10, Proposition 2.1]).

Since for any finite group G, the trivial character yo belongs to Ag, in order to get
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f(xo0) we can compute the value of rag'(f)(xo). By the definition of St(Ox[G]),

we have
rag'(f) € Hom,, (Ag, (K°)*) - U(Ok[G]) - O (J(KA)),

so we can split the computation on yq to any of the three components on the right.

Let us compute these values:

* Hom,, (Ag, (K°)*): If we take a homomorphism g € Hom,, (Ag, (K°)*), the

fact that ¢ is Q2-equivariant means that, for any w € 2, we have

Thus when we consider the value g(xg), we have that, for any w € €,

9 (x0)" = 9(x5) = 9(x0)

and hence g(xo) € K*, since it is fixed by Q. So we have shown that every

element in Hom, (Ag, (K°)*) evaluated at x gives a global element in K*.

* U(Ok|G]): We look at each place p separately and we compute the values at yo.
By definition of the map Det and considering an element o := )" _,ass €
K*[G], we obtain Det(a)(x0) = Ty, () = Y _,c ¢ s
If we take z, € (O% ,[G]*/G)"™ represented by a, € O [G]*, we have

Det () (xo0) = rag/(Det(ay))(xo) = Det(ay)(xo).

Now, for any w € €2, we have oy = - s', where s' € G. Thus, applying
T

X0
belongs to O, which combine to show that each element in U(Ok[G]) is

we get T\, (o) = Ty, (ap). Hence, for each p, the element Det(cy)(X0)

sent to U(O) when evaluated at xo.

* OL(J(KA)): Given h € J(KA), just by definition, we have ©%(h)(xo) =
h(Oa (x0)), but ©a(x0) = 0, since xo(s) = 1 for each s € G. Thus ev-
ery element in O (J(KA)) evaluated at yo is trivial.

Combining all together, it is now easy to see that, if we take ¢ € St(Og[G])
and we consider a representative of it f € Hom,, (Rg, J(K°)), we obtain f(xo) €
K* - U(Og), as we wanted to prove. O
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After this proposition, one may wonder if the reverse inclusion also holds. This is
the case for some groups (e.g. G = Ay, see [II]), but is not in general true as the

next counterexample shows.

Counterexample. Given a prime number p, take G = C,,, a cyclic group of order
p; then, as shown in [31], we have C1(Z[C,]) = Cl(Z[(,]), where (, is a primitive
p-th root of unity. Since Cl(Z) = 1, we get C1°(Z[C,]) = CI(Z[C,)).

By the Hilbert-Speiser theorem, R(Z[C,]) = 1 and, by McCulloh’s results, the
group St(Z[C,)]) is trivial. So, just taking a cyclic group C,, with a prime p such
that the class number of Cl(Z[(,]) is not one (e.g. p = 23, see [46, Chapter 11]),
we have a simple example where St(Ok[G]) C CI°(Ok[G]).

3.2 Computing St(Og[G])

In this section we compute explicitly St(Og[G]) in some special cases, just using
its algebraic definition and Stickelberger’s classical theorem. The results here con-
tained are summarized in the next theorem (Theorem in the Introduction).

Theorem 3.2.1. Given a prime number p # 2. If G = Cy, a cyclic group of order
2, or G = Cy, a cyclic group of order p or G = D,, the dihedral group of order 2p,
then St(Z[G]) = 1.

This result will immediately imply, just using [Theorem A} the following corollary.

Corollary 3.2.2. In the cases of the theorem above, R(Z|G]) = 1.

Note that these are already known results. As explained in the Introduction, the
case G = C,, with p a prime number, follows from Hilbert-Speiser, while the
dihedral case is contained in the more general result by Taylor [43]. The proof
given here does not assume either of these results, however, but instead uses the
definition of St(Z[G]) together with Stickelberger’s theorem.

The dihedral case is in some sense the more interesting one, since in particular it
goes in the direction of extending to non-abelian groups, indeed from
Theorem we clearly deduce an easy non-abelian example where the equality
R(Z[D,]) = St(Z[D,]) holds.
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3.2.3 Background on C, and D,

Let C, be a cyclic group of order a prime number p with generator denoted by ¢
and let the group of characters a; be generated by x,, where x,(t) := s . We
denote by xo the trivial character (x = xo).

The following result, that we have already used in the previous counterexample,
describes C1(Z[C,]) in terms of the class group of a cyclotomic extension Q((,) and

is due to D. S. Rim.

Lemma 3.2.4. Let , be a primitive p-th root of unity, then we have the following

group isomorphism.:

L. CUZIC,)) — CUZIG))
c=1f] — [fOw)]

Proof. This is a result contained in [31] and here rewritten in terms of the Hom-

description, after having recalled the idelic representation of the ideal class group

CI(ZKP]) =J (Q(Cp)) / (Q(Cp)x ’ U(Z[Cp])) :

The element f, representative of the class ¢, belongs to Hom, (ch, J (QC)). n

The dihedral group D, is the group of symmetries of a regular polygon with p sides,
including both rotations and reflections. It has order 2p and it can be represented
as

D,:=(rs|r=s=1s"rs=r"").

We will just consider p > 3, note that D, is the Klein four-group.
If p > 3, the set of irreducible characters over C, denoted by Irr(D,), consists
of two characters ¢y and ¢ of dimension 1, and (p — 1)/2 characters 1; (with
=1,...,(p —1)/2) of dimension 2. The character 1)y is the trivial character,
while ¢, sends r* to 1 and sr* to —1. The characters v;, for j =1,...,(p—1)/2,
are defined as

2k

rk|—>2cos<—), k=0,....,.p—1;
p

sk — 0, k=0,....,p—1.

wji

For D, an analogous result to Lemma follows.
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Lemma 3.2.5. Let p be an odd prime and let ¢, be as above, then the following

group isomorphism holds:

J: QUZID,)) — CUZ(G+GY)
[f] — [f(1)] -

Proof. This follows from the Wedderburn decomposition Q[D,] = QxQx M (Q({,+
¢, ")) and the isomorphism CI(Z[D,]) = CI(M) = CI(Z((, + ¢, ")), where M de-
notes a maximal order in Q[D,] containing Z[D,]. See [I5, Theorem 50.25| for

more details. [l

3.2.6 Stickelberger’s classical theorem

We briefly recall here some annihilation results for class groups.

Let N/Q be a finite abelian extension, so, by the Kronecker—Weber theorem, N C
Q((,) (n is assumed to be the minimal integer with this property and (, is a
primitive n-th root of unity). If H = Gal(/N/Q), then it can be viewed as a
quotient of (Z/nZ)* and we denote by o, where p € (Z/nZ)*, both the element
of Gal(Q(¢,)/Q) which sends ¢, to its u-th power and its restriction to N. Then
the Stickelberger element of N is defined as

vi= Y {g}ogleQ[H}
we Zjnz)*

and we have the following classical theorem.

Theorem 3.2.7. (Stickelberger’s Theorem). Let I be a fractional ideal of N, let
B € Z[H], and suppose BV € Z[H]. Then (BY) - I is principal.

Proof. |46, Theorem 6.10]. O

Another useful relation for ideal classes of cyclotomic extensions is given by the

next theorem.

Theorem 3.2.8. Let L = Q((,), where (, is a primitive n-th root of unity and
denote by o, for p € (Z/nZ)*, the automorphism defined above. Let p be a prime

number, such that p{n and let us consider a prime ideal P|p in Or. For positive
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integers a, b such that ab(a + b) Z 0 mod n, let us write

= (| L)

1€ (Z/nZ)x

Then (Vo). B is principal. Since any ideal class contains infinitely many primes,

this gives a relation on the ideal class group of Q((,)-

Proof. [24, Chapter IV, §4, Theorem 11]. O

3.2.9 The Stickelberger map for C, and D,

For any prime number p, in the cyclic case C,, it is easy to see that (xo,t’) is

equal to 0 and (x}, /) = {Q}, for j=0,...,p—1andi=1,...,p— 1. Hence
p

Xo '—>07
Oc A ] 21 — 1)
Cp Y ,_>£t_|_ il 24t u =1 for1 <i<p-—1.
P p p p

While for the dihedral group D, (with p > 3), first we have to think about the
restriction of the irreducible characters over the cyclic subgroups (r) (of order p)

and (sr*) (of order 2). For the characters of dimension 1 we clearly have

D D
res ;%o = Xo res, %o = o

D D
res<r’>’w6 = Yo res<sik>w[’) = ¢

where xq represents the trivial character of the cyclic group (r) (we use the same
notation for the trivial character of C,, since they are both cyclic group of order
p), while ¢g, ¢} are the trivial and the non-trivial character of a cyclic group of
order 2, respectively.

For the other characters of dimension 2, using the inner products and some com-

putations, since C), = (r), we get

D ; _; .
res<r’>’¢j =x,+x5 7, forj=1,....(p—1)/2
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While for the subgroups (sr*), where k =0,...,p — 1, we get

D
res, ”

o >¢j:¢0+¢6, forj=1,...,(p—1)/2.

Then we easily deduce the values of the Stickelberger pairings on the elements
of Irr(D,):

(o, 7%) = (g, s7%) =0, for k=0,...,p—1,
(h, %)y =0, (W}, sr%) =1/2, for k=0,...,p— 1,
(;,1) =0, for j=1,...,(p—1)/2,
(j,r*y =1, fork=1,....,p—land j=1,...,(p—1)/2,
(i, s7%)y =1/2, for k=0,...,p—land j=1,...,(p—1)/2.

Thus we can now consider the Stickelberger map on the conjugacy classes

Op, : Q®z Rp, — Q[D,)]

X <X, §>§.
D

®|
m

There are (p + 3)/2 conjugacy classes of D,
{a}, {r*r "} fork=1,...,(p—1)/2 and {s, sr,sr%, ..., sr""'};
then, since (y, §) was defined as (x, s), it is easy to see that we obtain:

¢0 '—>07
1

@ﬁp: w[l) '—>§§7

_ - 1
’l/}j '_>Zl(€p:11)/27,k+§§’ for]:1’7(p—1)/2

3.2.10 The augmentation kernels A¢ and Ap,

As we have already seen in Remark [2.2.1] we have the following lemma.

Lemma 3.2.11. Let C, be the cyclic group of prime order p, then

‘ACQ - <X07 2X2>7
ACP = <X07jXp_Xg)7 po>7 fO?" QSJ SP_L pr#2

An analogous result for the dihedral group D, follows.
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Lemma 3.2.12. Let D, be the dihedral group of order 2p, with p > 3, then
ADp = <¢07 2¢67 ¢(l) - ¢j> fOTj = 17 teey (p - 1)/2

Proof. Consider an element o € Rp, and write it as
(p—1)/2
a=ago+aplh+ > g
j=1

Since det(1);) = ¢j, we have

p—1)/2 .

/ (
det(a) = ()™,

hence, by the definition of Ap,

(p—1)/2
ae Ap, <= o)+ Z a; =0 mod 2.
j=1
Thus writing
(p—1)/2
o = agtho + 2605 — Y (U — ¥y),
j=1
where b € Z such that o + Z§.p:_11)/2 a; = 2b, we get our claim. O

3.2.13 The triviality of @tcp and @%p over Q

Once we know the structure of the augmentation kernel A¢, , we can apply Stickel-
berger’s classical theorem in the computation of O, (Hom,, (Z[C,(—-1)], J(Q%))),
as the following proposition explains. We warn the reader that, since we are

working over Q, the notation (2 here stands for (1q.

Proposition 3.2.14. For any prime number p,
Of, (Homy, (Z[C,(—1)],J(Q%))) € Hom,, (Ac,,Q(G)" - U (Z[G])) -

Proof. We first remark that the group Hom, (Z[C,(—1)], J(Q°)) is equal to the
group Hom, (Z[C,(—1)],J (Q((,))) (think about the Q-action) and, given h €
Hom,, (Z[C,(—1)],J (Q((p))), we immediately understand that, thanks to the Q-

action, it is uniquely determined by h(1) and h(t) (where ¢ is the chosen generator
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of Cp). Indeed o; ' -t = t' (remember the twist in the definition of the action of
Q on C,(—1)), where, as before, o; € Gal(Q((,)/Q) is such that o,((,) = ¢, for
i=1,...,p—1. Thusif h(t) = z € J(Q((y)), considering the Q-invariance, we
have h(t') = o; ' - x.

Now, using the description of the Stickelberger map given in §3.2.9] on the gener-

ators of Ag, we get

Xo — 0,
@Cpl PXp '_>t;2t2+"'+(p—1)ti%7
Xo =X HL—jJtMm%uJﬁo—l,for2§j§p—1;
p p

where the last line is not considered if p = 2.
Thus we can now compute the transpose of the Stickelberger map (again when
p = 2 we just consider the first two lines) on h € Hom,, (Z[C,(—1)],J (Q(())),

obtaining

X0 '—>17
O, (h) ; Py — (X0 ) @
o= — (S |2 o) e, for2<j<p-t

Now, using the idelic representation of Cl(Z[(,]) recalled in the proof of Lemma
, we immediately deduce from Theorem W that O, (h)(px,) is trivial con-
sidered in CI(Z[(,]) or in other words O (h)(px,) € Q(G)* - U(Z[(]); which
proves the proposition for p = 2.
When p # 2, for the other generators jy, — Xf,, we use Theorem considered
for the cyclotomic extension Q((,) and we proceed by induction. Starting with
j =2, we get

| 2

0%, (1) (2x, ~ 12) = (Z H azl) F

i=1
and using Theorem , with a = b = 1, we get O (h)(2x, — x5) € Q(G)™ -
U(Z[¢,)) (proving the result for p = 3).
For p > 3, let j be a natural number in {2,...,p — 1}, denote @tcp(h)(jxp — X%)
by z; and assume that z; € Q(¢,)* - U(Z|[(,]), then we have

(S5 B -

which belongs to Q(¢,)* - U(Z[(,]), applying Theorem with a = j and b = 1.
Thus we deduce that, if z; € Q((,)* - U(Z[(,]), then z;41 € Q(¢,)* - U(Z[(),
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which by induction gives the proof. O

We do exactly the same for D, and an analogous result follows.

Proposition 3.2.15. Let D, be the dihedral group defined above, with p > 3, then
O, (Hom,, (Z[D,(—1)],J(Q%))) € Hom, (Ap,,Q(¢ + ¢, ") - U (Z[G + ¢, ') -

Proof. Going back to the definition of the Q-action on D,(—1), we see that Stab (5) =
Q, since s is of order 2, while Stab (r*) = Gal(Q°/Q((, + (1)), for all k =
L...,(p—1)/2

Thus note that Hom,, (Z[D,(—1)],.J(Q%)) = Hom,, (Z[D,(—1)],J (Q(¢ + ¢, 1)))-
Given h € Hom,, (Z[Dy(-1)], J(Q)), then O}, (h) in Hom,, (Ap,. J(Q)) is de-
fined by the values it assumes on the set of basis elements of Ap, which we studied
in the previous section. In particular, if we denote by z € J(Q) the element h(5s)
and by y € J(Q(¢, + ¢, ")) the element h(7), we have

¢0 — 1 ’
Op,(h) : 20—,
Vo — 1 — _(ZaeGal(Q(cp+§;1)/Q) o).y, forj=1,..., (p—1)/2.

where in the last computation we used the fact that Gal(Q(¢, + ¢, ")/Q) acts
transitively on the set of conjugacy classes {7’7’“} b=l (p1)/2"

We see that @“D—p(h)(wo) and @tD—p(h)(Qz/J{)) are in J(Q) so they can be written as
a product of a global and a unit element (Cl(Z)=1). While, we have the relation

(D 0e Gal(Q(¢&+61)/Q) o)y = NQ(ngrCIjl)/Q(y)v hence @%p(h)(% — ;) € J(Q), for
j=1,..., (p—1)/2, which concludes the proof. ]

3.2.16 Proof of Theorem [3.2.1]

Let us consider the isomorphism £, given in Lemma(3.2.4l For everyw € Qand ¢ €
CL(Z[C,)), represented in terms of the hom-description by f € Hom,, (Rc,, J(Q%)),

we have:
L(e)* = [fO))” = [f0w)1 = [f (x3)],

where, in the last equality, we use the Q2-equivariance of f.

Using again Stickelberger’s Theorem and the isomorphism £ between Cl1(Z[C}])

and Cl(Z[(,]), we can now prove the following proposition.
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Proposition 3.2.17. Let p be a prime number and f € Hom, (ch, J(QC)), such
that

rag/(f) € Hom,, (Ac,,Q(G)* - U (Z[G])) -
If ¢ :=[f] € CUZ|C})), then ¢ = 1.

Proof. If p = 2, then Cl(Z[C5]) = Cl(Z) = 1, so there is nothing to prove and in

our proof we can assume p # 2. Using the isomorphism £, we have

(a) (b)

(L) = [Fou)P = [F0w)) = Fox) = g (D) =1, (3.1)

where (a) is given by the fact that f is a homomorphism, (b) since px, € Ac, and
(¢) thanks to the idelic representation of the ideal class group ClL(Z[(,]).
If o; € Gal(Q((p)/Q) is such that o;(¢,) = ¢J, for j =1,...,p — 1, we also get

(d)

(L(0)) = [f Gxe — Gxo — X)) = FGx)Ilf Gxo—x)] ™ = [F(xp)] = (L(e))

g

where in (d) we use the fact that jy, — X% € Ag, and the idelic representation of

CI(Z(Cp))-

Once we know the action of o; on L£(c), we can apply Stickelberger’s Theorem to
the element of Cl(Z[(,]) given by L(c):

p—1 p—1

1= joyt (L) 2 [T ey = L@y (3.2)

j=1 j=1

where the first equality is exactly Stickelberger’s Theorem and (e) is assured by

—1 _ |
o; = 0j-1, where j

Note that the last equality follows from the fact that j5~! = 1 mod p and from

B1).
Finally, putting together (3.1)) and (3.2)), we have

is the inverse of j in (Z/pZ)* belonging to {1,...,p — 1}.

which implies ¢ = 1 in CI(Z[C,]), thanks to the isomorphism between Cl(Z[C,])
and C1(Z[(,]). O

Analogously, using the isomorphism J given in Lemma [3.2.5] in the dihedral case

we have the following result.
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Proposition 3.2.18. If p > 3, let us consider f € Hom,, (RDP, J(Qc)), such that

rag'(f) € Hom,, (Ap,. QG+ M) - U (ZIG+G1)) -

If ¢ .= [f] € CUZ[D,)), then ¢ = 1.

Proof. Given ¢ € Cl(Z[D,]) as in the hypothesis, then

J(e) = [f(wn)] = [f (v — (v — vu))] = [F(R)I[f (o — vu))

Now since v, — 1)y is contained in Ap,, by hypothesis we have [f(1y — 1)) =1
and so we get J(c) = [f(¢)]. Since f(¢)) € J(Q), this concludes the proof. [

We can finally prove Theorem [3.2.1]

Proof of Theorem We consider the case G = D, the case C), is analogous.
A class ¢ = [f] € Cl(Z]|D,]) belongs to St(Z[D,]) if and only if

rag'(f) = g- 0}, (h) - w,

where g € Hom,, (Ap,,(Q%)*), h € Hom, (Z[D,(—1)],J (Q (¢ +¢,"))) and w €
U(Z[D,]) C Hom,, (Ap,, U(Z%)) (see for the original definition of U (Z[D,])).

Since

HOIHQ (ADP’ (QC)X) = Homg (-ADpa Q(Cp + Cp_l))
Hom,, (Ap,,U(Z%)) = Hom, (Ap,, U(Z[¢+ 1)),

clearly g - w € Hom,, (Ap,,Q(¢, + ¢, 1) - U (Z[¢, + ¢, *])). Thus, using Proposi-

tion [3.2.15] and Proposition [3.2.18] we finally get ¢ = 1, as we wanted to show.






Chapter 4

Functoriality of St(Oy[G]) under

base field restriction

In this chapter G is a finite group (not necessarily abelian).

As seen in §1.8.3] given K a subfield of a number field L, we have a restriction
map resy /g : Cl(Op[|G]) — Cl(Og[G]), which in terms of the Hom-description is
expressed by the norm map

N Hom,, (Rg,J(Q°)) . Hom, (Re,J(Q%))
% Hom,, (R, (Q)) Det(U(OLIG]) ~ Homg, (Re.(Q9)%) - Det(U(Ok[C])
[f] = [NL/K(f)]

where Nk (F)(@) = [Tueqp s, 19(@) = Mucapa, (a“’71> (by the definition
of the left Q-action on Hom (Rg, J(Q°))) and instead of taking K¢ and L°, we
consider Q¢ in order to homogenize the notation (we can do it since L and K are

both algebraic extensions of Q).

From Chapter 2, we know that R(O.[G]) (resp. R(Ok[G])) is contained in the
Stickelberger subgroup St(O[G]) (resp. St(Ok|[G])), with equality when the group
(G is abelian. An interesting question naturally arises: is the Stickelberger sub-

group functorial under this map? Or more precisely, does the inclusion
Nk (St(OL[G])) € St(Ok[G])

hold?
In this chapter we are going to give an affirmative answer to this question, which

will have some nice consequences, as explained in the last section.

81
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4.1 Changing the base field for the Stickelberger

subgroup

In §2.5 using the group homomorphisms

Ragy,

CL(OL[G]) 2255 MCU(OL[G]) 2= J(LA),

we defined St(OL[G]) as Rag;'(Im(©%)). Analogously for St(Ox[G]). Differently
from §2.5| it is better to put in evidence the base field in our notation used for
the map Rag and ©F: namely Rag;, (resp. Ragy) stands for the map Rag defined
over L (resp. K') and analogously O} (resp. ©f) stands for the map O} defined
over the field L (resp. K).

It is not difficult to see that N7,k induces the following well-defined group homo-

morphisms (for which we will use the same name):

Nijk : Hom,, (Z|G](-1),J(Q%)) —> Hom,, (Z[G)(-1), J(Q%)).

Thus we can prove the next result.
Proposition 4.1.1. The following diagram commutes:

Ragy, )

CUOL[G))— 2, MO, [G)) —E—Hom,, (Z[G(~1)], J(Q))

lNL/K ‘NL/K J/NL/K
Rag ot

Cl(OK[G)) = MCL(O [G])+—=—Hom,,  (Z[G(~1)], J(Q%)).

Proof. First of all we claim that the following diagram commutes

Ragp,

COLG])— M0, [6)
lNL/K Ni/k

Ragg

CHOK[G]) — &, MO0k [G)).
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Given f € Hom, (Rg,/(Q%)) and an element o :=
the definition of Ny k, we have

xeTrr(@) WX € Ag, using

Nik(Rag(F)(@) = ] Rage(f) ()

we QK/QL

o Iy

we QK /O
= Nuyk(f)(o)
= Rag(Nr/k(f))(a)

which proves our claim. From this we deduce in particular that N,/ (Ker(Rag;))
is contained in Ker(Ragy).

We pass now to the proof of the commutativity of the following diagram

t

MCI(O[G])———Hom,, (Z[G(~1)],J(Q))
Ni/k lNL/K

MCIHO[G]) 25 —Hom,, (Z[G(~1)], J(Q%)) .

Given g € Hom,, (Z|G(-1)],J(Q%)) and an element a € Ag, we have

Ok Nk (9))(@) = Ni/k(g) (Z(a,E)E)

5e

= H g ((Z<Q{,S>S> )
weQK/QL 5€ G

- ()
weQk/Qr \3eG

119 f)”)

we QK/QL teG
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using the fact that any w acts as an automorphism. On the other side

Nii® @) = T eilo) (o)

w€ QK /QL

— H g (Z(a”_l, 5)5)
we Qg /Qp 5€G

- I (Hg<s><a“’“§>>
weQK/QL \5¢G

- T (eee)
weQK/Qr \35€G

where in the last equality we used the relation

<aw 7§> = <aw_178> = <a7 3w> = <a78_w> - <a7§w>v

which one can get using the definition of the action of w on conjugacy classes, the
definition of the Stickelberger pairing for the set of conjugacy classes and property
(2.16)). This proves the commutativity.

The previous two diagrams combine to prove that the following diagram commutes

Ragy, )

CUOL[G))— 2L, MO, [G)) —E—Hom,, (Z[G(~1)], J(Q))

lNL/K ‘NL/K J/NL/K
Rag ot

Cl(Ok[G)) MO [G])+—=—Hom,, _ (Z[G(~1)], J(Q%)).

A more precise version of Theorem of the Introduction now easily follows.

Theorem 4.1.2. Given a finite group G and a subfield K of a number field L,
then

Ni/x(Ker(Rag,,)) C Ker(Ragy)
N1k (St(OL[G])) € St(Ok|[G)).

Proof. We have already noted the first inclusion in the proof of Proposition [£.1.1]
For the second one it is sufficient to have in mind the definition of the Stickelberger
subgroup and use Proposition [.1.1] O
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4.2 Corollaries

The first consequence of Theorem in the abelian case follows.

Corollary 4.2.1. Let G be a finite abelian group and let K be a subfield of a
number field L. Then Np k(R (OL[G])) C Ru(Ok[G]) and Ny, (R(OL[G])) C
R(Ok|[G]).

Proof. This follows from Theorem and from the equalities in the abelian
case of Chapter 2} R..(OL[G]) = Ker(Rag,) (resp. Rn(Ok[G]) = Ker(Ragy))
and R(O4[G]) = St(O[G]) (resp. R(OK[G]) = SHOK[G))) a

The following result is valid for any finite group G.

Corollary 4.2.2. Let G be a finite group and K be a subfield of a number field
L, such that St(Ok[G]) = 1. Then for any tame G-Galois L-algebra N, its ring
of integers O is a stably free Ok [G]-module.

Proof. Clear from Theorem and from the fact that [Oy] = 1 in Cl(Og[G])
means that Oy is a stably free when seen as an Ox[G]-module (see §1.3). O

From this we deduce as an immediate consequence a result of Taylor.

Corollary 4.2.3. Given a number field L and an abelian tame G-Galois extension
N/L, the ring of integers Oy is a free Z[|G]-module.

Proof. It follows from Corollary with K = Q and from the fact that, since G
is abelian, R(Z[G]) = 1, by Hilbert—Speiser’s Theorem. Moreover, note that from
the cancellation law (§1.4), in the abelian case, to be a stably free Z|G]-module
implies to be free (see Remark [1.4.4). [

Finally, from our result on D, contained in Chapter |3 we have the following

corollary.
Corollary 4.2.4. Let D, be a dihedral group of order 2p, where p is an odd prime

number. Given a number field L and a tame D,-Galois L-algebra N, the ring of

integers Oy 1is a free Z[D,]-module.

Proof. The proof is a direct consequence of Theorem [3.2.1], Corollary and the
fact that Z[D,] has locally free cancellation. This last claim follows from Theorem
1.4.3, indeed Q[D,] satisfies the Eichler condition (see Definition [1.4.2)) by the

Wedderburn decomposition given in the proof of Lemma [3.2.5] O]






Chapter 5

Equidistribution of rings of integers

with local splitting behavior

In this chapter the group G will be abelian and K, as usual, a number field.

To simplify the notation throughout this chapter, we denote by Ag(K) (resp.
AL (K)) the set of isomorphism classes of G-Galois K-algebras (resp. tame G-
Galois K-algebras) and by Fg(K) (resp. F5(K)) the set of isomorphism classes
of G-Galois field extensions of K (resp. tame G-Galois field extensions of K).
Moreover Ay (K) (resp. F,(K)) will denote the set of isomorphism classes of G-
Galois K-algebras (resp. field extensions) unramified at every p||G|. We will denote
the elements in these sets by [L]|, where L is an algebra (or field) representative of
the class.

Note that AL (K) C AL (K) (resp. FL(K) C FL(K)).

Once one knows the structure of R(Ok[G]), one may wonder how the G-module
structures of the ring of integers of tame GG-Galois K-algebras are distributed over
the realizable classes, i.e., roughly speaking, given two realizable classes ¢; and ¢y,
is the number of tame G-Galois K-algebras realizing the two classes asymptotically
of the same order of magnitude?

More precisely, given L € Ag(K), let us denote by D(L/K) the absolute norm of
the product of the primes of O that ramify in L. Given a class ¢ € R(Ok|G])
and a natural number X, let us write Np(c, X) for the number of classes [L] in
AL (K) such that Oy, realizes the class ¢ and D(L/K) < X. Moreover we denote
by Mp(X) the number of classes [L] in AL (K) such that D(L/K) < X. Then,

87
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when limy o Np(c, X)/Mp(X) exists, we can define

T ND<C7X)
Pra(e) = lim =7 5

Hence our previous question becomes: is Pr4(c) independent of the realizable class
c?

Adebisi Agboola in [I], using McCulloh’s result R(O[G]) = St(Ok[G]) (see Chap-
ter and improving a previous result by K. Foster [16], managed to give a positive
answer to a slightly modified version of this question.

Let us consider Nj(c, X) (resp. M}(X)) obtained considering just the classes
[L] € AL (K) in the definition of Np(c, X) (resp. Mp(X)) and let us write

N (e, X)
/ T D\*

Then Agboola’s result is as follows.

Theorem 5.0.5 ([I, Theorem B]). Let G be a finite abelian group and K a num-
ber field. For every ¢ € R(Okl[G]), the limit Pr'y(c) exists and it is equal to
1/|R(Ok[G])I.

Remark 5.0.6. Note that every class in R(Ok|G]) can be obtained from a G-
Galois algebra unramified at the primes dividing |G| (see in Chapter

).

Moreover, using the fact that every class in R(Og[G]) can be obtained from the
ring of integers of a tame G-Galois field extension of K (as McCulloh showed),
Agboola also proved that the same result holds if in our definition of Pr/,(c) instead

of taking classes in A (K) we just consider F/,(K).

The general result contained in [I] also considers other kinds of “counting func-
tions” different from D(L/K). In particular Agboola showed that for some of
them (e.g. using as a counting function the discriminant of L/K) an analogous
result to Theorem is unlikely to hold (actually, in a talk given in Luminy
in 2011, he really showed an explicit example of a counting function for which
the equidistribution result does not hold). This explains that the equidistribution

result depends on the counting function we use (for more details on that see [1]).

As suggested by Agboola in [I], his result has some natural connections with
the work [47] by Melanie M. Wood, where she studied the distribution of local
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behaviors in abelian G-Galois field extensions. Let us recall the main questions
and results of [47].

Given a G-Galois field extension L/K and a finite place p of K, we know that

pOL = Hme7

Blp

where P8 runs over the primes of L over p, the exponent e is the ramification index
of p and |G| = efg, with f the inertia degree at p and g the number of primes B
over p (see [34, Chapter 2|).

Given a pair of natural numbers (e, f) such that ef divides |G|, we call T' = (e, f)
a splitting type and we say that p is of type T"in L (or L has splitting behavior T’
at p), if p splits in L with ramification index equal to e and inertia degree f. To

simplify the notation, when p is of type 1" in L, we will write L, =T,

The main question addressed by Wood in [47] is the following: given a prime ideal
p C Ok, what is the probability that p splits in a determined way in a random
G-Galois field extension L over K7 Or, more precisely, given a splitting type
T = (e, f) and setting

Pry (T, p) = lim t{[L] € Fo(K)| Ly =T and D(L/K) < X}

T e R bR <x) 0 O

where D(L/K) is as above, can we show that it exists and compute Pry (T, p)?

The first problem one encounters in the study of this question is given by the fact
that not every splitting type can always be obtained (e.g. if G = Cj, the cyclic
group of order 8, L/Q is never inert at the prime 2). This problem has been
already studied in detail and a result due to Grunwald-Wang (see [45] and also
[3, Chapter 10]) describes, given a finite abelian group G and a finite place p of
K, all the possible splitting types which are “realizable” as splitting pattern of p
in a G-Galois K-algebra. We call these splitting types, realizable splitting types
at p (without making explicit the dependence on G and K).

In particular, given an abelian finite group G and a number field K, there is a
finite set of “problematic” primes Sy, for which not every splitting type occurs.
This finite set of primes Sy is defined in the following way: let s be the maximal
natural number such that z, := (5 + (' (where (s denotes a primitive 2°-th root
of unity) belongs to K; then, if 2! does not divide the exponent of G, the set
Sy is the empty, otherwise Sy is the set of all primes p’ of K dividing the ideal

20 such that none of —1, 2 + z, and —2 — z, are squares in K, (this definition
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is taken from [47, §2.2]). Note that, if G is of odd order, the set S is empty.
For the precise result explaining which realizable splitting types at the primes

contained in Sy do not occur, we refer to [3, Chapter 10].

Aware of all the realizable splitting types, Wood proved, as corollary of a more

general theorem (see [47, Theorem 2.1]), the following result.

Theorem 5.0.7. Let G be a finite abelian group, let K be an algebraic number
field and let p be a prime of K not belonging to Sy, if |So| # 1. Then, given
T = (e, f)and T = (¢, f') two realizable (via Grunwald-Wang) splitting types at
p, the following formula holds:

Priw(T,p) _ Cr/Nij(p*™)
Pry(T",p)  Cr/Nijq (p°0))

where Cp = #{isom. classes of G-Galois K,-algebras giving the splitting type T'}
(analogously for Cp), the map N q is the usual norm map and 5(—) is defined
to be equal to 1 on ramified splitting types (e > 1), while equal to O on unramified
splitting types (e = 0).

This result follows as a special case of [47, Corollary 2.2|, obtained by restricting
it to the single prime p and using as counting function the absolute norm of the

product of ramified primes (see [47, §2.1]).
Moreover she also proved the next result.

Theorem 5.0.8. Let S be a finite set of finite places {p1,p2,...,pn} of K disjoint
from Sy, if |So| # 1. Given Ts := {T1, ..., T,,} a collection of n splitting types,
then .
Pry (Ts) = HPTW(Ti,Pi);
i=1
where Pry (Ts) denotes the probability, as in , that a G-Galois field extension
L/K is such that Ly, = T; for alli=1,...,n.

This result follows as a special case of [47, Corollary 2.4].

Wood also considered other kinds of counting functions different from D(L/K)
and she extended her results to the set of functions that she called “fair” counting

functions (for details see [47, page 108]).

We immediately see that the probabilities considered by Agboola and Wood have

some connections and a first question arises: are they “independent™?
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Namely, given ¢ € R(Ogk[G]), a finite place p of K and a realizable splitting type

T at p, we can define

oy HE € FG(B) Ly =T, [On] = ¢, D(L/K) < X}
L HlL] € FG(K)|D(L/K) < X}

(5.2)

Note that, in the definition, it does not matter whether or not p divides |G|.
Then, does the limit Pr(7,p, c) exist?

Moreover, let Pry, ((T7 ) ’ L unr. at all p’| |G|> denote the conditional probability
defined as the quotient

Pry (p of type T'& L unr. at all p'||G|) /Pry (L unr. at all p'||G]),  (5.3)

where Pryy (p of type T & L unr. at all p’[|G|) denotes the probability (as in )
that a random G-Galois field extension of K has splitting behavior 7" at p and
is unramified at all primes of K dividing |G|, while Pry (L unr. at all p’||G])
denotes the probability (as in (5.1])) that a random G-Galois field extension of K
is unramified at all primes of K dividing |G|. Then if Pr(7,p, c) exists, does the
equality

Pr(T,p,c) = Pry ((T,p) ‘ L unr. at all p"|G|> - Pr'y(c) (5.4)

hold?

The study of this question restricted to the totally split case is the main subject
of this chapter, i.e. we focus our attention on the splitting type 7' = (1,1) (which
is always realizable at every prime, for every abelian group G and number field
K). In Proposition we will find a sufficient and necessary condition such
that holds when 7" = (1,1). To reach this result the main effort will consist
in determining Ry, (Ok|[G]), the set of realizable classes given by tame G-Galois
K-algebras totally split at a given prime p. In particular in Theorem we
will give a description of this set (actually group) in terms of a modified version
of the original Stickelberger subgroup St(Ox[G]).

A natural question arises: is Ry, (Ok|[G]) the same as R(Ok[G])? It seems reason-
able to expect that, for every abelian group G, each realizable class can be realized
by a GG-Galois K-algebra totally split at every prescribed finite set of primes, by
analogy with the statement where “totally split” is replaced with “unramified” (see
Theorem BJ|). This will lead us to the following two conjectures (note that the

second one is clearly stronger than the first one):
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Conjecture 1. Let K and G be as before. For every prime p of K, we have
Risp (Ok[G]) = R(Ok|G]).

Conjecture 2. Let K and G be as before. Given a finite set S of primes of K, let
us denote by R s(Ok[G]) the set of classes in Cl(Ok[G]) given by tame G-Galois

K-algebras totally split at every prime p in S. Then, for every finite set S of
primes of K, we have R s(Ok[G]) = R(Ok[G]).

We will discuss these conjectures in Section [5.3]

5.1 Realizable classes totally split at p

We have seen that R(Ok|[G]) is defined as the classes in Cl(Og|[G]) which can
obtained from the ring of integers of tame G-Galois K-algebras. This set, since

we are considering GG abelian, is a group, described in terms of ideles by the work

of McCulloh (Chapter [2, [Theorem B)).

Given a finite place p of K, we may restrict our attention to the classes in
Cl(Ok[G]) which can be obtained from tame G-Galois K-algebras with a par-
ticular splitting behavior at p. Given a splitting type T, we write

Rr,(0k|G]) :={[01] € CI(Ok|G))|[L] € Ag(K) and L, = T'}.

In the same way, given S = {piy, ..., p,} a finite set of finite places of K and
taking Ts := {11, ..., T} a collection of n splitting types, we write

Ry, (Ok[G]) :=={[O1]) € COk[G))| L] € AG(K) and L, =T}, Vi=1,...,n}.

In our work we are going to consider the totally split case, i.e. we will focus our
attention on the splitting type decomposition 7' = (1,1). Given a finite place p,
we will denote R(;1),(Ok[G]) with the more intuitive notation Ry, (Ok[G]).

In this section we will modify McCulloh’s proof of in order to give
an idelic description of Rys,(Ok[G]) analogous to the one given for R(Ox[G]) in
Chapter 2| in terms of the Stickelberger subgroup St(Ok|[G]).
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5.1.1 Resolvends of local totally split extensions

Given a G-Galois K-algebra K, (see §1.9)) and a finite place p of K, by (1.12) and
(1.13]), we have

Kpp = K, @k K, = (Ky)p, = Map, (hPG,Kg) o (KE)Ker(hp).

By definition Kj, is totally split at p if and only if (Kj), = Hﬁll K,, i.e. if and
only if the map h,, is trivial. Thanks to this remark and Proposition we can

now prove the following result.

Proposition 5.1.2 (NIBG totally split case). Given a, € (K,)p,, we have

ay is a NIBG and (K,)n, /K, is totally split <= rq(a,) € Ok ,[G]™.

Proof. (=) Since the extension is totally split we know that a,(s) € K,, Vse€ G
and hence rg(ay) € K,[G). Thus from Proposition 2.1.5] the resolvend rg(ay)
belongs to K,|G]NO% ,[G]*; it remains to show that K,[G]NO5 ,[G]* = Ok ,[G]*.
One implication is trivial, for the other one let us consider ) . ass € K,[G] N
O% ,|G]*, we know that there is } ., bss € Of ,[G]* such that the product

(D scc @s5) (D sc bss) is equal to 1. If we enumerate the elements of G as {s; =

1, 59, ..., 8¢}, to find the inverse ) . bss is equivalent, by linear algebra, to
solve the system in the variables x1, 22, ..., z|g which follows:
T
4. To _ 0 ’
uite] 0

where A = (a;;)1<ij<iq| € GLig|(K,) with a;; = a,, such that s is the only el-
ement in G satisfying s - s; = s;. Thus we understand that ) __ . bss actually
belongs to K,[G].

Moreover considering the intersection at each coefficient, we have Ky[G]NO%, ,[G] =
Ok, p|G], which shows that ) _,bss € Ok [G] and Y _,ass € Ok, ,[G]*, as we

wanted to prove.

(«<=) From Proposition [2.1.5] we know that a, is a NIBG of the unramified G-
Galois algebra (Kp)p,/K, (where hy, € Hom (Q,G)). Moreover, since r¢(a,) €
Ok, p|G]*, we have ay(s) € Ok, Vs € G. Thus, since we also have (K,),, =
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K,|G] - ay, this implies that (K)p, is equal to a finite product of copies of K, and
hy is trivial, so totally split. O

Remark 5.1.3. In the first part of the proof, the non trivial inclusion
Kp[GI N OF ,[GT* € Ok [G]”

could also be proved (maybe more easily) in the following way: if o =) . ass €
K, [GINO% ,[G]*, then, since it is a unit, the multiplication by o gives an isomor-
phism mq, : Of ,[G] — Of ,[G] which induces an isomorphism My @ KJ[G] —
K{|G]. By restriction, since a € Ky|G], we get an isomorphism Mg, : K,|G] —
K,|G]. Hereby, looking at the intersection we have that the multiplication by o
gwes an automorphism of Ok (G|, which says that actually o € Ok, ,[G]*.

Analogously to ([2.6]), the previous proposition also tells us that

Ok p[G]* = {ra(ap)|ap NIBG for (Ky)p,, where hy, € Hom(f,,G) is trivial} , (5.5)
Ok p[G]*

8 = {rag(ra(ap))|ap NIBG for (Ky)p,, where hy, € Hom(£,G) is trivial } .

Remark 5.1.4. The previous equality could also be seen from the exact sequence
, namely the set of reduced resolvends of NIBG for totally split G-Galois
algebras over K, is the kernel of the connecting homomorphism H(Ok ,[|G]) —
HY (), G). So by exactness it coincides with rag(Ok,,[G]*) = Ok, ,[G]*/G.

For future use, we also prove the following lemma.

Lemma 5.1.5. Given a finite group G, then Ok o|G]*/G C H(Ok,,[G]) with

finite index.

Proof. By the previous remark, considering the exact sequence , if we show
that H'(", G) is finite, we have the claim. It is sufficient to remark that Q" is
the procyclic group generated by the Frobenius automorphism of K" /K, to see
that |H1(Q;‘r,G)| = [Hom(2,", G)| = |G| O

Remark 5.1.6. Note that Proposition and Lemma are valid even if G

18 not abelian.
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Remark 5.1.7. Another way to prove the previous lemma, which is valid just in
the abelian case, is as follows: since G is finite and abelian, it has finite exponent

denoted by m, then it is easy to see that
Hom(€2,", G) = Hom (QénrAB’m), G) ,

where Qf,mAB’m) is the Galois group over K, of the mazimal unramified abelian

extension of exponent m of K,, known to be finite by local class field theory.

5.1.8 The subgroup R ,(Ox[G])

Analogously to Chapter [2] and in the light of the results above, we are going to
modify the definition of St(Og[G]) in order to have a suitable subgroup which will
be equal to R, (Ok[G]).

Given a finite place p of K, we write

Uisp (O [G]) = (H ’H(OK,pI[G])> (Ok,»[G]7/G) (5.6)

p'Fp

and we define
Hom,, (Ag, J(K°))

H(K[G]) - Ussp (O [G])

Thus we can consider the group homomorphism

MClisp(Ok[G]) :=

Rag,, , : Cl(Og[G]) — MCly,(Ok[G])
and the natural map induced by O, : J(KA) — Hom, (Ag, J(K°))
O isp  J(KA) — MCly o (Ok[G]).
Analogously to §2.5] we define
Stesp(Ox[G]) == Ragy,, (Im(6 44,))- (5.7)

Defining F* C F (see (2.22), as the subset of elements f € F which are trivial at
the finite prime p (i.e. f, = 1), we get the following modified version of Theorem
2.6.2]

Theorem 5.1.9. Let K,/K be a G-Galois K-algebra and take b a normal basis
generator. Then, K /K is tame and totally split at p if and only if there exist
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ce J(KI[G)), f e FP and w € U, (Ok[G]) such that

rag(rg(b)) = (rag(c)) "' OL(f)w.

Moreover c is a representative of the class [Og, ], the element f is unique and K,
ramifies at p' if and only if f # 1.

Proof. The proof is essentially the same of Theorem [2.6.2] where we now control

the totally split condition using Proposition [5.1.2} O

In order to give an analog of [Theorem B| proving in particular that Ri,(Ok[G])

is again a subgroup of Cl(Ok|G]), we have first to introduce a modified version of

the approximation result given by Proposition [2.2.9,

Theorem 5.1.10. For every finite prime p of K, there exists a natural number
N,, such that

Hom,,, (Ac, (1+ ™05 ,) N (0%.,)") C Ox[G)* /G C Hom,, (Ag. (O%,)") -

We postpone the proof of this theorem, which is a bit technical, to the next section,
we will now rather show how to deduce from this an analog of (this
corresponds to Theorem in the Introduction).

Theorem 5.1.11 (Realizable classes totally split at p). Let G be a finite abelian
group and let K be a number field. For every finite prime p of K, we have

Risp(Ok[G]) = Stisp (O [G])

Moreover every class can be obtained from a G-Galois field extension unramified

at a preassigned finite set of finite primes of K.

Proof. One inclusion is clear from Theorem [5.1.9

For the other one suppose that we have ¢ € J(K[G]) such that rag(c) = b-0%(g)-w,
with b € H(K[G]), g € J(KA) and w € Uis,(Ok[G]). Then, using Proposition
with an integral ideal m divisible by a sufficiently high power of |G| and of
the ideal p (i.e. p™ where N, is given by Theorem , we find an element
f € F? such that g = f mod ((KA)* - U} (A)). We can find f really in F* using
the property of Proposition [2.6.3| which explains that f can be chosen with support
disjoint from any preassigned finite set of finite primes. Then, by Theorem [5.1.10]
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we get OL(g) = OL(f) mod H(KIG]) - Uisy(Ok[G]). This, applying Theorem
[.1.9) allows us to deduce that

rag(c) = b - ©4(f) - w

with ' € H(K[G]), w' € Uisp(Ok[G]) and f € FP.
The proof of the second statement remains the same as in O

Remark 5.1.12. From the last assertion, we see that in the definition of the set
Ris»(Ok|[G]), if instead of taking the classes [L] in Ag(K) we consider just the
classes [L] in F&E(K) (or even F/(K)) the group does not change.

Remark 5.1.13. If instead of considering a single prime p, we take S a finite set
of finite primes of K. We can naturally define

utsS OK H H OK p ) H(OK,p[G]X/G)
p¢S pes

and, analogously as above, we define the associated group Stis s(Ox[G])).
If Ris5(Ok[G]) denotes the set of realizable classes given by tame G-Galois K-

algebras which are totally split at every prime in S, we can generalize the proof of

Theorem[5.1.11] and get Ris s(Ok|[G]) = Stis,s(Ok[G]) (with G abelian of course!).

Remark 5.1.14. In the non-abelian case, thanks to Remark[5.1.6, an analog of
holds. It is sufficient to extend the definition of St ,(Ok|[G]) to the
non-abelian case.

Let G be a finite group (not necessarily abelian). Given a finite place p of K, we

write
Use (Ox G (HDet Ok m) - Det(Ox 5[ /)
p'#p

and we define

Hom,, (Ag, J(K°))

Ml Ot = S K1) - U016

Then if Sty (Ok|[G]) is defined likewise to the abelian situation , an analog
of [Thearem A follows.

Theorem 5.1.15. Let G be a finite group and let K be a number field, then for
every finite place p of K, we have

Risp(Ok[G]) € Stis p(Ok[G])-
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The proof remains exactly the same of [Theorem A, imposing the totally split con-

dition via the description of resolvends given in the previous part.

5.1.16 Proof of Theorem [(.1.10!

We pass now to the technical proof of Theorem [5.1.10} The proof is based on
the properties of profinite groups and the techniques differ from the ones used by

McCulloh for proving Proposition [2.2.9]

Before going into details we need to recall three lemmas on profinite groups which

will be useful in the proof.

Lemma 5.1.17. Given M and N profinite groups and a homomorphism ¢ : M —

N, if ¢ 1s continuous and with finite cokernel, then it is an open map.

Proof. 1f we take an open subgroup My C M, then it is closed and of finite index
(property of profinite groups). Since M is closed in a compact space, it is compact,
as is its image under the continuous . Moreover N is Hausdorff, so we deduce
that ¢(Mp) is a closed subgroup of N (compact in a Hausdorff space). Since
My € M with finite index, we have ¥(My) C ¥(M) with finite index and, since
the cokernel is finite, we see that ¢(My) C N with finite index.

Finally we have shown that (M) is a closed subgroup of finite index in N and
so, again using the equivalence for profinite groups, it is open, as we wanted to
show. O

Lemma 5.1.18. Let M be a profinite abelian group and H a finitely generated
group acting continuously on it. Given a continuous H -equivariant endomorphism
¢ M — M with finite kernel and cokernel, its restriction to the subgroup of fixed

elements M is again continuous and has finite kernel and cokernel.

Proof. Let H = (sy,...,5;), we can then consider the map 7 : M — M" (where
M'" denotes the direct product of ¢ copies of M) which sends m to 7(m) := (sym —
m,...,ssm —m) (where M is considered with the additive structure). We can

then consider the following commutative diagram

0 MH M—"s7(M) 0
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and applying the Snake Lemma we get

0 Ker(¢|yn ) — {Finite} —— {Finite} >
4
0 M M—T (M) ———0
¢ ¢ ¢
0 M M—" (M)

~— Coker(¢|psa ) — {Finite} ——— .7,

which shows our claim. O

Now given M and H as before, for every n € N we can consider the continuous
H-equivariant automorphism n : M — M which sends m to m™ (it is continuous
since M is a topological group and the multiplication is continuous by definition).
Supposing that the cokernel of this map is finite, the next lemma will show that

M* has the property that every finite index subgroup is open.

Lemma 5.1.19. Let M be, as above, a profinite group with the additional property
that for every n € N the quotient M/M™ is finite, then every subgroup of M of

finite index is open in M™Y.

Proof. From the previous two lemmas we see that for every n € N, the map
n: M7 — M previously defined, is open. So, given a subgroup My C M with
finite index r, we have (MH)T C M. Since (MH)T is open in M it will contain
a neighborhood of 1 and so the same holds for M;,, which as a consequence is open

in M*, by the structure of topological groups. O]

Using these lemmas we can now proceed to the proof of Theorem|5.1.10} but before

doing it, let us make the following remark.

Remark 5.1.20. (Reduction to the finite case.) Looking at Hom (Ag, (0%.,)%).
roughly speaking and similarly to we would like to reduce its definition to



100 Chapter 5 Equidistribution of rings of integers with local splitting behavior

a finite context.

Let us consider the number field E containing K and all the values of the char-
acters of G; since G is finite, the extension E/K is finite and Galois. So,
considering the restriction map r : Q — Gal(E/K), in the definition of the
group Hom,, (Ag. (0%.,)*) we can just consider the finite group ry($,) (where

Ty =71 01y) and we see that
Hom,, (Ag. (0%.,)°) = Hom_ | (Ag, OF) ,

where L is a finite extension of K, (in particular L = E - K,, the compositum of
E and K,, and r,(§,) = Gal(E - K,/K,)). Just to be clear, here is a diagram

representation:

Finally, we can now write down the proof of Theorem [5.1.10]
Proof of Theorem [5.1.10. As explained in Remark [5.1.20],

HOIHQp (.Ag, (O%’p)x) = HOIIl (Ag, O;)

rp(Qp)

where L is a finite extension of K, and ry(€2,) is finite.

We would like to apply Lemma , where now M = Hom (Ag, Of) and H =
75(€). The fact that Hom (Ag, Of) is profinite follows from the fact that it can
be written as a finite product of copies of Of (since Ag is a finitely generated
abelian group). If we look at M"™ = (Hom (.Ag, OZ))” for every n € N, we have
(Hom (Ag, OF))" = Hom (Ag, (OF)") and so we see that M/M" is finite since
(Or)*/ ((Or)*)" is (property of local fields). Thus all hypotheses of Lemma5.1.19]
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are satisfied and, combining it with Corollary|5.1.5 we see that O ,[G]*/G is open
in Hom, ., (Ag, OF) = Hom,, (A, (0% ,)%). Since the set {(1 + p*Of ,) N
(O%.p)* }sen forms a fundamental system of neighborhoods of 1 in (O% ,)*, the
open subgroup Ok ,[G]* /G has to contain an open neighborhood of the unity and

so there exists a power p™* such that
Hom,, (Ag, (1 + 905 ,) N (0% ,)*) S Ok4[G]*/G;

which gives the proof. 0

5.2 Equidistribution for R ,(Ok[G])

Once we know the idelic structure of the realizable classes given by G-Galois
K-algebras totally split at a given prime p of K, we would like to obtain an
analog of Theorem for the group of classes Ry, (Ok[G]). More precisely, we
would like to prove that Pr((1,1),p,c) (see (5.2))), does not depend on the class
¢ € Risy(Ok[G]).

At the beginning we shall work with a general counting function W (a precise
definition will be given in and not just D as in the introduction of the
chapter. Given X a natural number; we denote by Nyy s,(c, X) the number of
classes [L] in AL (K), such that L/K totally split at p, its ring of integers realizes
the class ¢ and such that W(L/K) < X. Moreover Myy(X) will denote the number
of classes [L] in A% (K) such that W(L/K) < X. Then we would like to understand
if the limit

exists and is independent of the class c.

In this section we will just adapt the whole proof given in [I] to our setup step
by step without any particular modification and, as in the cited work, we will
answer the previous question putting some extra conditions at primes dividing
|G| (namely, we will have to consider [L] in A (K) and our result will concern
Pry misp(€); @ modified version of Pryy s ,(c) analogous to Prly(c) with respect to
Pra(c) as in the introduction of the chapter).

When the proofs remain exactly the same of [I], we refer directly to the original

paper for explanations and details.
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5.2.1 Towards the counting problem

As in [I] we move our problem to a counting one. For that we will transpose
the characterization of the group Ris,(Ok[G]), given in Theorem [5.1.11} to the

following group:

Hom,, (Ag, J(K°))
(K[G]*/G) - Uss p(Ok[G])

Cisp((Ok[G]) ==

note that this definition is very similar to the one given for MCl,(Ok[G]) with
a slight difference at the denominator. See for a definition of U, (Ok|[G]).
Since we are working with an abelian group G sometimes it is better to think of
Hom,, (Ag, J(K°)) as the restricted direct product of H(K,[G]) with respect to
H(Ox,[G)).

Let us consider the following three homomorphisms:

pisp - CLOK[G]) — Cisp ((Ok[G]),

where pisp is induced by the embedding J(K[G]) — Hom,, (Aq, J(K°))
(consider it as the restricted direct product of H(K,[G])), using the isomor-
phism Cl(Ok[G]) = J(K[G])/(K[G]* - 1, O plGT)-

Utsp : Hom(Q, G) — Cis 5 ((Ok[G]),

induced by the following composition of maps

Hom(Q), G) — Ag(K) H}%ﬁ” Cisp ((Ok|[G])
hi K [re (b)) ——— [rc(b)]

where b is a normal basis generator of K}, and the last map is the natural
quotient. The independence of 1)y, from the choice of b follows from the
fact that we quotient by K[G]*.

Oisyp + J(KA) — Cis,((Ok[G)),

induced by the following composition of maps

J(KA) —— Hom,, (Ag, J(K¢)) — Cis»((Ok[G])

fr———0u(f) ——————[6(/)]
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where the last map is the natural quotient.
Proposition 5.2.2 ([1, Proposition 3.4]). The previous homomorphisms have the
following properties:
1. pisyp 1S injective.

2. h € Ker(¢rsp) <= K/ K is unramified totally split at p and Ok, is Ok|[G]-

free.

3. Oisp|pv 1s injective.

Proof. 1. It is sufficient to note that

J(K[G]) N ((H H(OK,W[GD) X <0K,p[G]>X) = [[(Ox.vIG)*.

p'Fp »

2. The proof remains the same as in [I] with the adjustment given by Theorem

L.ITII

3. This follows immediately from the proof given in [I], since F* C F'.

Corollary 5.2.3. Ker(¢ysy) is finite.

We know, by Theorem [5.1.9, that, given a tame (G-Galois K-algebra K to-
tally split at p, there exist ¢ € J(K[G]), a unique f € F* and an element
we (M HOkp[G]) X (Ox,[G]*/G)), such that

rag(c) = rag(ra (b))~ - O%(f) - w.

Thus if we move to Cis,((Ox[G]), using the three previous homomorphisms, we
get that there exist a unique class [¢] = [Ok,| € Cl(Ok|G]) and a unique f € F?,
such that

prsp([c]) = Yisp(R) ™1 Ousp (). (5.8)

Moreover, by the previous corollary, if, given a class [c] € Rsp(Ok[G]) and an
element f € F®, there exists h € Hom(€2, G) such that (5.8)) is satisfied, then there
are |Ker(¢ysp)| elements in Hom($2, G) satisfying (.8)) with the same [c] and f.
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Thus we have seen that pisp(Risp(Ok|[G])) C Im(pisp) N [Im(Oysp) - Im (145 )], but,
thanks to Theorem [5.1.11] we also get the reverse inclusion, obtaining the identity

Ptsm(Rts,p(OK (G])) = Im(ﬂts,p) N [Im(@t&p) ) Im(wts,p)]‘

Hereby in order to count all the tame G-Galois K-algebras (up to isomorphisms)
totally split at p realizing a fixed class [c] € Ris,(Ok|[G]), we have to count all the
couples (h, f), with h € Hom(Q2, G) and f € F*, satisfying equation (5.8, where
[c] is fixed.

Counting problem: Let [c] € Risy(Ok[G]), then pisp([c]) = tisp(h) 'O p(Ae),
with h € Hom(Q",G) and A. € F*. Following [I], we can now define the set

Poy, = A{r € J(KA)|Owsp(x) € Tm(¢rsp)}

and one can prove that a couple (h,, ), with h, € Hom (Q,G) and p € J(KA),

satisfies

prsp([c]) = Prsp(hu) " Ot (1)

if and only if 4 € A Pe,,, (see [I, Proposition 3.7], with our modified homomor-
phisms the proposition remains the same).

Hence we see that counting the couples (h, f), with h € Hom(Q', G) and f € F*,
satisfying equation (j5.8), with [c] fixed (and so counting all the tame G-Galois
K-algebras, up to isomorphisms, totally split at p realizing the class []), is the
same (up to multiplication by [Ker(t/1sy)|) of counting the elements in F*NA.Peg,,,
for a fixed coset \.Po,,, of Po,, in J(KA).

Following [I], we divide the study of this counting problem into two parts: an

algebraic one and an analytic one.

5.2.4 Algebraic part

Using the modified ray class group CI/,(A) already defined in (2.25)) and Theorem
5.1.10] we can prove the following proposition.

Proposition 5.2.5 ([I, Proposition 3.9]). Let m be an integral ideal divisible by a
sufficiently high power of |G| and of p, then we have a natural quotient

Gm Cl:n(A) — J(KA)/P@CST;J

and hence A\.Peo,, , is equal to a disjoint union of cosets of (KA)*-Uy(A) in J(KA).
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Proof. We develop the proof in detail, since the original one (|1, Proposition 3.9])
contains a mistake.

If m is an integral ideal divisible by a sufficiently high power of |G| and of p

(see Theorem and Proposition 2.2.9)), then O (U}, (A)) € Uy, (Ok[G]) and
hence Oy, (U (A)) = 0 in Cisp((Ok[G]). Moreover Oy, ((KA)*) C H(K[G)).
Since every element in H(K[G]) can be obtained from a normal basis generator
of a G-Galois K-alegbra , thinking about the definition of 1, and of P,
we see that (KA)* - Uy (Ay) € Po,,, € J(KA). Then we have a natural quotient
gm : Cl,,(A) — J(KA)/Pe,,_,, which proves our statement and shows moreover
that J(KA)/Pe,, has to be finite. O

From now on, we fix once and for all m to be an integral ideal satisfying the

hypothesis of the previous proposition.

As we will see in the sequel the use of the modified ray class group, through the
choice of the integral ideal m, will oblige us to avoid some algebras in our counting

procedure, but this will be clearer later on.
Let us recall some facts and notations used in [I] which are useful in the sequel.

Given T a set of representatives of the orbits of G(—1) under the Q-action, we

recall the Wedderburn decomposition given in (|2.23]):

J(KA) = [T J(K ().

teT

Following the description below ([2.23)), if we consider the set of ideals of A obtained
taking the ideal content (denoted by co(—)) of the elements in F? and we denote
it by §°, we see that it consists of the ideals T = (;)ic 7 such that:

* q31 - OK7
* Ngak(B) = [Lier Ne,x (Be) is a squarefree Og-ideal,
* B, is coprime to the order of t,
* P is coprime to p.
The function that we shall use to count extensions is defined via the use of weights

introduced by Agboola in [I]. A weight on the set of representatives 7', given as
above, is a function W : T' — Z, which is equal to 0 for ¢ = 1 and different from
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0 for each t # 1. The minimum of the values it assumes outside ¢t = 1 is denoted
by ayy. The easiest example of weight is W, which is defined as the constant
function 1 for each t # 1.

For every fractional ideal a = (a;)c7 of A, Agboola defined dyy(a) := (al/v (t)>

and the associated discriminant for Galois algebras over K as

teT

Dw(Ky/K) == [A : dw(co(f))],

where f € F is the element of J(KA) satisfying (5.8)) for the given extension. For
example using Wiam, we get that Dy, (K} /K) is equal to the absolute norm of
the product of primes of K which ramify in K, /K.

Definition of probability. Given a class ¢ € R(Ok|[G]) and a natural number
X, Nywymisp(c, X) is defined as the number of classes in Af,(K) such that their
representatives K}, /K are totally split at p, realize the class ¢ (i.e. [Ok,| = ¢) and
have Dy (K),/K) coprime to m and less or equal to X. While M)y ,(X) denotes
the the number of classes in A% (K) such that their representatives K3 /K have
Dy (K}, /K) coprime to m and less or equal to X. In what follows we will study the
behavior of the limit of the quotient of these two quantities as X goes to infinity,

which we denote as:

We shall prove that, if W is constant on 7"\ {1}, this limit exists and does not

depend on the class c.

Remark 5.2.6. If ¢ ¢ Ris,(Ok[G]), then Pryy, ., (c) is clearly equal to 0.

So, given ¢ € Rys,(Ok[G]), the discussion in §5.2.1]implies that

Nywmsp(c, X) = K-|{f € FPNAPeo,., | (co(f),m) =1 and [A : dy(co(f))] < X},

where K := |Ker(¢tsy)|-
Following Proposition [5.2.5] if for every coset ¢ of (KA)* - U,(A) in J(KA) we
define

Ewmisp (6, X) == [{f € F*Nc|(co(f),m) =1 and [A : dw(co(f))] < X}, (5.9)
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we get

Nwmtsp(e, X) =K | Y Rwmesp(c, X) |, (5.10)
€ gm ' (Ae)

where ¢y, is the natural quotient of Proposition [5.2.5]
Thus, we see that the asymptotic behavior of Nyy s p(c, X) is controlled by the
asymptotic behavior of Ky msp(c, X). For example, if we are able to prove that
Kwmitsp(€, X) is asymptotically independent of ¢ as X goes to oo, then we will
have as a consequence that Pri, . . (c) is independent of ¢, as we would like to
prove. Note that, if Kyymsp(c, X) is not asymptotically independent of ¢ as X
goes to oo, the asymptotic behavior of Nyy ytsp(c, X) could still be independent

of c.

5.2.7 Analytic part

We have reduced our problem to an analytic one: we want to understand the
asymptotic behavior of Ky msp(c, X) as X — oo. We shall prove now, that, for
certain counting function W, it does not depend on the class c.

As we shall immediately see, the proof of this fact will be a direct consequence of
the results contained in [I, Sections 4-8|. So, without repeating arguments which
are already in [, Sections 4-8|, we shall explain the main steps which lead to the
analytic investigation of the behavior of Kyy misp(c, X) as X — oo, refering to [I]

when the proofs given by Agboola apply to our case too.

Given a coset ¢ of (KA)* - U} (A) in J(KA), let us consider the function of z € C

Demsp(2) = Y [A:dy(a)] ™.

a€ co(FPNc)
(a,m)=1

—

Using CI/,(A), the group of characters of CI/ (A), we can write

1
D m,ts = T AN X DS ) )
¢,m,t ,p(z) |Clm(A)| Z X(C) t ,p(z X)

—

x€ CL, (A)

where Disp(2, X) := > qeze X(a)[A : dw(a)] 7% and x is considered as a map on the
set of integrals ideals of A, by establishing x(a) = 0 if a; # Ok (where a = (a;)ic7)

or if a is not coprime to m.
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Since, in our case, we are considering m divisible by a sufficiently high power of

|G| and of p, we understand that, by the description of F* given above, we have
{a € co(F*N¢), (a,m) =1} ={a € co(FNc), (a,m) =1}.

Thus, with our choice of m, the series D¢ sp(2) previously defined, is equal to

the series

Dem(2) = Y [A:dw(a)] ™

a€ co(Fnc)
(a,m)=1

considered by Agboola in his paper (see [I, Definition 4.1]). This is the reason
why the analytic part remains exactly the same of [I]: we are considering the same

series studied by Agboola with just an extra condition on the prime m.

Proposition 5.2.8. The series D misp(2) is convergent in some right hand half-

plane.

Proof. From our discussion above, this result follows from the analogous one
proved in [I, Section 4] for the series D, n(z). See in particular [I, Proposition
4.5] where, through the use of Euler product expansions, Agboola showed that

D (2) converges in some right hand half-plane. O

From its definition we know that D s,(2) is a Dirichlet series ZZOZO a,n” %, where

the a,, are non-negative coefficients, and it is moreover clear that

KVW,m,ts,p(C;X) = Z Ay, .

n<X
So we have reduced our problem to study the asymptotic behavior of the sum of
the first X coefficients of a convergent Dirichlet series. A classical theorem which

helps at this point is the Délange—-Tkehara Tauberian Theorem, which is recalled

below.

Theorem 5.2.9 (Délange-Ikehara Tauberian Theorem). Let Y >°  a,n"* be a
Dirichlet series with non-negative coefficients which is convergent on the half-plane

Re(z) > a > 0. Assume that in its domain of convergence

Z apn~ = g(2)(z —a)™" + h(2),
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where w > 0 and g(z) and h(z) are holomorphic functions on the closed half-plane
on the right of a, such that g(a) # 0. Then

S~ 2Dy (tog(x))t,

n<X a: ('U)

as X — oo. At the denominator T'(w) is the value of the classical Gamma function

at w.

In order to apply Theorem to our case, first of all we need to find the most
right pole (¢, m) of D¢ pmisp(2) (which corresponds to D, w(z) in [I]), its order
d(c, m) and the “residue” at (¢, m) given by

7(e,m):= lim (z— f(c, m))‘s("m)ng,ts,p(z).

z—f(c,m)
Then, using Theorem [5.2.9| we shall get

T(c,m)

Bemy TEEmy S (oa(OPEm T (5.1)

RW m ts,p (Ca X) ~

Hence, from this, if we are able to show the independence of £(¢,m), 7(c¢,m)
and 0(c,m) from ¢, we will deduce the independence of Ky misp(c, X) from ¢, as

X — o0.

Let I(A) denote the group of fractional ideals of A. The values (¢, m), 7(¢c, m) and
d(c,m) can be found, as already done in [I, Sections 6-7|, through a comparison
of D¢ msp(2) with the Dirichlet L-series associated to A

ZX A = dw(a)]™*

ac I(A
aCA
In particular, if we define
d(c,m)
bayy, (X) == lirr% (Z — —) Disp(2,x),
2 as (3%Y)
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from [I, Section 7] (be careful that in Proposition 7.1, the assumption p { m is

superfluous), we get:

Ble,m) = $
S(e,m) = [te T\ {1} st. W(t) = |
r(em) = |Cl—1(/\)| DRG]

x€ CL, (A)

Finally, we have the following result.

Proposition 5.2.10. Let Ky misyp(c, X) be defined as in . Then
KEwmisp(€, X) is asymptotically independent from ¢ <= by, (x) =0, V x # 1.

Moreover, in this case we have

1 da (D)
lim (z_—) Demton(2) = by (1)/ICL(A))].

z%ﬁ (03%Y)
Proof. For a proof of it see [I, Lemma 7.5 - Proposition 7.6]. O

As explained in [I], the easiest case when b,,,(x) = 0, Vx # 1, is when W is
chosen to be constant on 7\{1}. While in the non-constant case we can lose the

asymptotic independence as explained in [I, Proposition 7.8].

An example, as we have seen, of constant W is given by Wian,. In this case we

have o, =1 and so
ram

ba,, (1)

KW rammits,p (€, X ) ~ AR BEAIS] X (log(X))'T\{IH_l,

as X — oo, and hence, from ([5.10)),

baWram ( 1 )

(IT\ALH) - [Clu(A))]

NWram,mytSvp(C7 X) ~ IC ’ |Ker(qm)| . 1’1 ' X : (10g(X))|T\{1}|_1,

as X — oo.

Thus the analog of [I, Theorem B| now clearly follows (this is a more precise
version of Theorem in the Introduction).
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Theorem 5.2.11. Let ¢ be a given class in Ry, (Ok|[G]). The asymptotic behavior
of Nwam mitsp (€, X), as X — oo, does not depend on c. Moreover Prwram7m7ts,p(c)

exists and does not depend on c.

Proof. Clear from the previous asymptotic approximation and from the definition
Of Pr;/\/ram,m,ts,p(c>' D

Remark 5.2.12. Analogously to [1, Section 9, Proposition 9.5/, one can prove that
i our definition of probability, if instead of considering G-Galois K -algebras we
restrict our attention to just field extensions, the result of Theorem|5.2.11 remains

the same.

Corollary 5.2.13. The limit Pr((1,1),p,c), defined in the introduction of this
chapter (see ), exists and does not depend on the given realizable class ¢ €
Riuy Ok ().

Proof. Since Dy, (L/K) coincides with D(L/K) (see at the beginning of the
chapter), taking m := (|G| - p)"Ok (where m is the sufficiently high natural
number given by Theorem [5.1.10| and Proposition [2.2.9)), and thanks to Corollary

5.2.13, we see that Pr)y, . . . (c) coincides with Pr((1,1),p,c). O

5.3 Probabilities on (G-Galois K-algebras totally
split at p

Thanks to the previous results, going back to question (5.4)), we can now prove

the following result.

Proposition 5.3.1. Let K be a number field and G a finite abelian group. Given
a finite prime p of K and ¢ € Ry, (Ok[G]), we have

Pr((1,1),p,¢) = Pry (((1,1),p) ‘L wnr. at all p’“Gy) . Pr,(c)
if and only if Ris,(Ok[G]) = R(Ok[G]).

Proof. The proof is a direct consequence of Corollary [5.2.13| Indeed, from that re-
sult, we know that the limit Pr((1,1),p, ¢) does not depend on the given realizable
class ¢ € Ris(Ok|[G]). Thus, from the definition of Pr((1,1),p, c), we have

Pr((1,1),p,¢) = Pry ((1, 1), p ‘ L unr. at all p'\|G|) /| Rusp (O [G])]-
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Moreover we know from Theorem that Pr'y(c) = 1/|R(Ok[G])|. Hence the

claim of the proposition is now straightforward. O

Remark 5.3.2. Assuming that R(Ok[G]) = {c1,¢a, ... ¢}, the following dia-
grams give a representation of the different probabilities computed by Agboola and
Wood. We focus our attention on the classes in F{,(K). The columns are taken of
the same width since the realizable classes are equidistributed as Agboola proved,
while the different heights of the rows are related to the conditional probabilities at

one prime which can be computed through the results of Wood.

C1 Co Ce Ce Cpn—1 Cp,

Totally split at
p

Other types of

ramification at

p

Actually it is conceivable that some classes are not realized by extensions with a
particular ramification condition at p, so a more faithful table should be similar to
the following, where a black cell means that the correspondent class is not realized

by any extension with the ramification condition of the respective row.
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C1 Co Ce Ce Cpn—1 Cp,

Totally split at
p

( l!

Other types of

ramification at

p

The previous result opens a new conjecture which, surprisingly, seems not to have

received any attention.

Conjecture 1. Let K and G be as before. Given p a finite place of K, the equality
Risp(Ok|[G]) = R(Ok[G])
holds.

We are not able to prove this conjecture even if we know the representations of the
two groups, following McCulloh’s method, as explained in the previous sections.
The idea that a restriction of such a kind on a single prime can result in the loss
of some realizable classes is quite weird and a good motivation which strengthens
the conjecture is given passing from realizable to Steinitz classes (which we have

already encountered in Chapter @

Given L a G-Galois K-algebra, we denote by st(L/K) its associated Steinitz class
in Cl(Og). Given a base field K and a finite group G, we define the subset of

Steinitz classes given by field extensions as
Ri(Ok,G) :={ce Cl(Ok) : 3 [L] € F4{(K) s.t. st(L/K) = c}. (5.12)

As already noted in Chapter [0 there is a link between realizable and Steinitz
classes. Namely, given L/K a tame G-Galois algebra, then st(L/K) is equal to
the image of [Op] under the natural restriction (see |1.8.1)) between class groups

resﬁ} : Cl(Ok[G]) — Cl(Ok).
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There are several works on the problem of describing the set of Steinitz classes,
as the recent ones by Alessandro Cobbe and Luca Caputo. In particular in [12),
Remark 3|, the authors underline that, given a finite prime p of K, if we denote
by Ritsp(Ok, G) the set of Steinitz classes given by tame field extensions which
are totally split at p, we do not lose any class or in other words R;(Og,G) =
Ritsp(Ok, G). Hereby we obtain that res{Gl}(Rt&p(OK[G])) = res{Gl}(R(OK[G])),
even if this does not allow us to deduce a proof of our original conjecture on

realizable classes.

5.3.3 More primes and other types of splitting behavior

Instead of imposing the totally split condition on a single prime we could take
a finite set S of finite primes of K and wonder to describe Ry s(Ok[G]), the set
of realizable classes given by tame G-Galois K-algebras which are totally split at
every p € S. As we have already noted in Remark [5.1.13] one has the equality
Ris.5(0Ok|G]) = Stis s(Ok[G]) (see Remark for precise definitions).

Hereby, just using an integral ideal m divisible by a sufficiently high power of
|G| and of every ideal in S, the results obtained in can be easily generalized

considering a finite set of primes. More precisely, given S := {p1, ..., p,} as above

.....

_ oy, HILE Fe(R) Ly =T, ¥i=1,...,n [Or] = ¢, D(L/K) < X}
X—00 H{[L] € FG(K)|D(L/K) < X}

Pr(Ts, S,c) :

Moreover let Pry, (p of type (1,1), Vp € S| L unr. at all p“G\) be defined sim-
ilarly to (5.3). Then we have the following proposition analogous to Proposition

B3Il

Corollary 5.3.4. Let K and G be as before. Given a finite set S of finite prime
ideals in K, let Tis g be the finite collection {Tisp }pe s, where Ty, = (1,1) for every
pe S, then

Pr(Tiss, S, ¢) = Pry (p of type (1,1), Vp € S| L unr. at all p“G|) - Pr'y(c)

if and only if
Ris 5(Ok[G]) = R(Ok|[G]).

Hereby also the following conjecture arises spontaneously.

Conjecture 2. Let K and G be as before. Given a finite set S of finite places of
K, R s(Ok|[G]) = R(Ok[G)).
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Again the analogous conjecture for the group of Steinitz classes is proved in [12]

Remark 3|.

Another immediate question is the following: what happens if we consider other
types of ramification at a prime (or a finite set of primes)? Following our method
used in the previous sections for the totally split case, we can just make the

following remark.

Remark 5.3.5. Let d be a natural number dividing |G|. The equidistribution result
of the chapter (see C’orollary may be “generalized”, replacing the totally split
condition with the condition that a G-Galois extension of K is unramified at p,
with p splitting into a number of primes divisible by |G|/d.

This follows applying the methods used in the chapter, with the group Ok ,|G]* /G,
which corresponds to the totally split case, replaced by the subgroup of elements
a € H(Ok,[G]) such that a® € Ok o|G]*/G. Indeed we have to underline that
the quotient H(Of y[G])/(Ok ,[G]*/G) is isomorphic to Hom()", G) (= G) and
that, given K/K an unramified extension at p, the number of primes lying over
p is equal to |G|/|Im(hy)|.

Note that our original totally split condition corresponds to the case d = 1.






Appendix

Why the map R is not a group homomorphism

Suppose G to be abelian. We have seen in the Introduction that the image of the

map

R:HYQL,G) — ClOx[G))
[L] +— [Ou],

is the set of realizable classes R(Og[G]), which McCulloh showed to be a subgroup
of C1(Ox[G)).

This raises the question: is R a group homomorphism?

When the map is trivial (e.g. when K is equal to Q), the answer to our question
is clearly yes. We will now give an explicit example where R is not a group

homomorphism.

To do so, let us consider the group homomorphism res{Gl} : Cl(Ok[G]) — Cl(Ok).
As we have already seen, given [L] € H'(Q%, @), the compositum res{Gl}(R([L]))
is equal to st(L/K), the Steinitz class associated to the G-Galois K-algebra L
(see Chapter [0)). The first cohomology group H'(Q%, G) is equal to Hom(Q%, G)
(since G is abelian). Thus, given h € Hom(Q%, ), we clearly see that st(K,/K) =
st(Kj-1/K), since as K-algebras Kj; & Kj,-1. So if the map st : H(Q%, G) —
Cl(Ok), which to any [L] € H'(Q%,G) associates st(L/K), would be a group
homomorphism, any Steinitz class should be of order less or equal than 2. Thus,
in order to find an example when st (and so R) is not a group homomorphism,
we shall show that there exists a quadratic extension of K # Q with non-trivial

Steinitz class of order different from 2.

Let us consider K = Q(v/—26), then with MAGMA we find that Cl(Og) is iso-
morphic to Z/6Z. Let p be one of the two primes over (17). We compute that the

117
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ray classgroup Cl,(Og) is isomorphic to Z/2Z x Z/24Z. By Class Field Theory
(see [29, Chapter V, §3|), to any subgroup of Cl,(Ok) of index 2 corresponds a
quadratic extension of K of conductor dividing p and to any subgroup of Cl(Ok)
of index 2 corresponds an unramified (at both finite and infinite places) quadratic
extension of K. Since Z/2Z x Z/24Z contains three subgroups of index 2 (they
correspond to the elements of order 2 in Cl,(Ok)/2CL,(Ok) = Z/2Z x Z/2Z),
while Z/6Z only contains one, by the results of Class Field Theory just stated, we
can find two tame quadratic extensions L, L' of K with discriminant over K equal
to p.

Let us consider just L and suppose that o € K satisfies L = K (y/a). Then, by a
general result on Steinitz classes (see for example [I3, Theorem 1.3.6]), the ideal
p/a is a square and the class of its square root is equal to st(L/K). Always with
the help of MAGMA, we see that p is not a principal ideal, proving in particular
that st(L/K) # 1, as well as st(L/K)? # 1.

This can also be seen as a consequence of the more general result Ry(Og,Cy) =
Cl(Ok), where Ry (Of, Cs) denotes the set of classes in Cl(Og ) which can obtained
as Steinitz classes of quadratic extensions over K (see [13, Proposition 2.2.3|, even

if this result goes back at least as far as McCulloh’s paper [25]).

Remark. The question if R is a group homomorphism was already answered “no”
by Jan Brinkhuis in [3], without giving an explicit example as we did. More-
over, in the same paper, he also showed that a weaker group law holds: given
hi,hy € HY Q% G), such that the corresponding G-Galois K -algebras have dis-

joint ramification, then

For details on this “weak” group law version, see [J, Section 3/.
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Samenvatting

Klasse-invarianten voor tamme
Galoisalgebra’s

Zij K een getallenlichaam met ring van gehelen Ok en G een eindige groep.

Een algebra N over K met een werking van GG heet een Galoisalgebra met groep
G als N étale is (d.w.z. N is een eindig product van lichaamsuitbreidingen van

K) en als G op N werkt als een groep van automorfismen zodanig dat:

- [N K] =G,

- N =K.

Galoisuitbreidingen van lichamen zijn speciale gevallen van Galoisalgebra’s.

Een Galoisalgebra N over K met groep G wordt tam wvertakt genoemd als voor
alle maximale idealen p van Ok, de vertakkingsindex van p copriem is met de
karakteristiek van het restklassenlichaam van p (dit is equivalent met het bestaan

van een element in de gehele afsluiting Oy van Of in N met spoor 1).
De Stelling van Noether

De Stelling van de normale basis vertelt ons dat een Galoisalgebra N/K een vrij
K[G]-moduul van rang 1 is, d.w.z. er bestaat een element b € N zodanig dat

{s-b}se ¢ - de baan van b onder de actie van G - een basis vormt voor N over K.

De vraag die ten grondslag ligt aan dit proefschrift is het verkrijgen van een
analagon voor de ring van gehelen Oy: zij N een Galoisalgebra over K met Galois-
groep (G, wanneer bestaat er een voortbrenger van een normale basis van gehelen,
d.w.z. een element a € Oy zondanig dat {s - a}sce een basis vormt voor Oy
over Og? Of, equivalent, wanneer bestaat er een element a € Oy zondanig dat
On = Ok|G] - a?

Dit probleem wordt probleem van de normale basis van gehelen genoemd.

Als G abels is en K = Q, dan is het probleem geheel opgelost door de Stelling
van Hilbert-Speiser: een abelse Galoisalgebra N/Q heeft een normale basis van

gehelen dan en slechts dan als N/Q tam vertakt is.
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Als K ongelijk aan Q is of GG is niet abels, dan is het resultaat in het algemeen
incorrect, maar dankzij E. Noether hebben we een resultaat dat net iets zwakker

18.

De Stelling van Noether zegt dat een Galoisalgebra N over K met Galoisgroep G
tam vertakt is dan en slechts dan als Oy een lokaal vrij Ok[G]-moduul van rang
1 is.

Het Ok [G]-moduul Oy is lokaal vrij van rang 1 als voor elk priemideaal p C Ok
de ring Oy := On ®o, Ok, een vrij Ok y-moduul is van rang 1 (hierbij is Ok
de completering van O bij de metriek geinduceerd door p), d.w.z. als er voor
elke p een voortbrenger a, € Oy, van een normale basis van de ring van gehelen
van Oy, over Ok, bestaat.

Het is duidelijk dat een vrij moduul noodzakelijkerwijs lokaal vrij is, dus we zien
dat tam vertakte Galoisalgebra’s het correcte framework zijn voor het bestuderen
van het probleem van de normale basis van gehelen. Wanneer we ons beperken
tot tam vertakte Galoisalgebra’s, dan is het probleem van de normale basis van
gehelen dankzij de Stelling van Noether equivalent met het begrijpen wanneer een

zeker lokaal vrij moduul vrij is.

Met AL(K) noteren we de wverzameling van isomorfieklassen van tam vertakte
Galoisalgebra’s over K met Galoisgroep G, en we bekijken Cl(Ok[G]), de groep
van klassen van Og[G]-modulen die lokaal vrij van rang 1 zijn, d.w.z. de groep
gegeven door de stabiele isomorfieklassen van lokaal vrije Og[G]-modulen.

Dankzij de Stelling van Noether hebben we een afbeelding
R : AL(K) — Cl(Ok[G])

die aan elke klasse van AL (K), gerepresenteerd door N, de klasse van de ring van
gehelen Oy in Cl(Og[G]) toekent.
Dit proefschrift behandelt verschillende vragen die gerelateerd zijn aan de studie

van deze afbeelding.
Het beeld van R en de verzameling van realiseerbare klassen

De eerste vraag die we behandelen is de studie van het beeld van de afbeelding R.
Het beeld van deze afbeelding wordt genoteerd als R(Ok[G]), en de elementen van
R(Ok|G]) heten realiseerbare klassen. Explicieter, de verzameling van realiseer-
bare klassen is de deelverzameling van Cl(Og[G]) bestaande uit de klassen van

ringen van gehelen van tam vertakte Galoisalgebra’s over K met Galoisgroep G.
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De studie van de realiseerbare klassen wordt ook gemotiveerd door haar toepassin-
gen in andere problemen in de getaltheorie. Zo zijn er connecties met de zoektocht
naar een expliciete versie van zekere stellingen van het type Adams—Riemann—
Roch verbonden aan Cl(Ok[G]) en geeft deze studie belangrijke informatie bij het

bestuderen van de deelverzameling van Cl(Of) van Steinitz-klassen.

Aangezien de afbeelding R slechts een afbeelding van verzamelingen is, kunnen we
ons afvragen wanneer het beeld, d.w.z. de verzameling van realiseerbare klassen,

een ondergroep van Cl(Og[G]) is.

In 1986 heeft L. McCulloh, na het introduceren van St(Og[G]), een ondergroep
van Cl(Ok|G]) gedefinieerd in termen van zekere Stickelbergerelementen, bewezen
dat

R(Ok[G]) = St(Ok[G]),

als G' abels is.

Hieruit volgt een positief antwoord op de vraag of de verzameling van realiseerbare
klassen een groep vormt in het geval dat G abels is, d.w.z. gegeven twee klassen
c1, o € R(Ok|G]), bestaat er een Galoisalgebra N over K, met Galoisgroep G,
tam vertakt, zodanig dat R([N]) = ¢; + c2, waarbij [N] de isomorficklasse van N
aangeeft (een vergelijkbare opmerking is waar voor de inverse van een realiseerbare

klasse).

In het geval dat G niet abels is, is de vraag of de verzamling van realiseerbare
klassen een ondergroep van Cl(Ok[G]) vormt nog een open probleem.

In het eerste deel van dit proefschrift geven wij een gedetailleerd bewijs van een
ongepubliceerd resultaat van L. McCulloh dat ook in het niet abelse geval de
inclusie

R(Ok[G]) € St(Ok[G])

geldt. Of de bovenstaande inclusie een gelijkheid is in het niet-abelse geval is een

open probleem.
De kern van R en het probleem van de normale basis van gehelen

De studie van de kern van de afbeelding R is sterk verbonden met het probleem
van de normale basis dat we hiervoor besproken hebben.

In het geval dat G abels is en in verschillende niet-abelse gevallen (bijvoorbeeld als
G dihedraal is, de orde van G oneven is, ...) is een klasse van Cl(Og[G]) triviaal

dan en slechts dan als zijn representant een vrij O [G]-moduul van rang 1 is.
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Alleen gebruikmakend van de definitie van St(Ox[G]) en de Stelling van Stickel-
berger tonen we in dit proefschrift aan dat St(Z[G]) triviaal is als G = C,, een
cyclische groep van priemorde p, of G = D,, een dihedrale groep van orde 2p, met
p > 3 priem.

Met de resultaten van McCulloh geeft dit een nieuw bewijs voor het welbekende
feit dat R(Z[G]) = 1 in de bovenstaande gevallen, d.w.z. dat de ring van gehe-
len van een tam vertakte Galoisalgebra over Q met groep G (waarbij G = C,, of

G = D,) een normale basis van gehelen heeft.
Het gedrag van St(Og[G]) onder basisuitbreiding

Als K een deellichaam van L is, dan induceert de restrictie van L tot K de volgende

natuurlijke functor:
Nk = CI(OL[G]) — Cl(Ok[G]).

In dit proefschrift bestuderen wij het gedrag van de groep St(Og[G]) onder deze

functor.

In het bijzonder tonen we aan dat, voor alle lichamen L en deellichamen K en

voor alle eindige groepen G geldt:
N/ (St(OL[G])) € St(Ok[G]).

Dit heeft de volgende interessante gevolgen:

- als G abels is, volgt met de resultaten van McCulloh dat

Nk (R(OL[G])) € R(Ok[G]),

- als elk stabiel vrij Ok [G]-moduul vrij is, en St(Ok[G]) = 1 (wat het geval is
als K = Qen G = C, of G = D, voor een priemgetal p > 3), dan leiden wij af
dat de ring van gehelen van een tam vertakte Galoisalgebra met Galoisgroep

G over een getallenlichaam L dat K bevat, vrij is als Ox[G]-moduul.

De vezels van R en de verdeling van realiseerbare klassen

Als de structuur van R(Og[G]) bekend is, kan men zich afvragen of het aantal
tam vertakte Galoisalgebra’s dat een bepaalde klasse realiseert, athankelijk is van
de gekozen klasse. We kunnen dit probleem opvatten als de studie van de vezels

van onze afbeelding R.
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Het werk van A. Agboola laat ons zien dat, als we de tam vertakte Galoisuitbrei-
dingen van K op een bepaalde manier tellen, in het abelse geval het asymptotische
aantal van tam vertakte Galoisuitbreidingen die een klasse realiseren onathankelijk
van de gekozen klasse is, of anders gezegd, de tam vertakte Galoisuitbreidingen

zijn gelijk verdeeld over de realiseerbare klassen.

In het laatste deel van dit proefschrift beperken we ons tot het abelse geval en
bestuderen we aan hieraan gerelateerde vragen.

Eerst beschrijven wij, in termen van een aangepaste versie van St(Og[G]), de
verzameling van realiseerbare klassen verkregen uit tam vertakte Galoisuitbreidin-
gen waar een gegeven priem p C Og volledig splitst.

Vervolgens bewijzen we dat een analogon van de resultaten van A. Agboola kan
worden verkregen voor deze deelverzameling van realiseerbare klassen, d.w.z. het
aantal tam vertakte Galoisuitbreidingen waar p volledig splitst, die een klasse ¢

realiseren, is in de limiet niet afthankelijk van c;

We eindigen met een vergelijking tussen het zojuist geciteerde werk van A. Ag-
boola en het werk van M. M. Wood die de kansen van verschillende decompositie-
types van een vast priemideaal in een Galoisuitbreiding van K met Galoisgroep G
bestudeert.
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Résumé

Invariants de classe pour algébres
galoisiennes modérément ramifiées

Soient K un corps de nombres d’anneau d’entiers Ok et G un groupe fini.

Une algebre N sur K, avec une action de G, est dite galoisienne de groupe de
Galois G, si N est étale (c.-a-d. un produit d’un nombre fini d’extensions finies de

corps sur K) et si G agit sur N comme un groupe d’automorphismes tel que :

- [N K] =G,

- N =K.

Les extensions galoisiennes de corps sont des cas particuliers d’algébres galoisi-

ennes.

Une algebre galoisienne N sur K, de groupe de Galois GG, est dite modérément
ramifiée si pour tout p, idéal maximal de O, l'indice de ramification en p est
premier & la caractéristique du corps résiduel de p (ou de fagon équivalente s’il

existe dans la cloture intégrale Oy de O dans N un élément de trace 1).
Le Théoréme de Noether

Le Théoréme de la base normale nous dit qu'une algébre galoisienne N/K est un
K|G]-module libre de rang 1, c.-a-d. il existe un élément b € N tel que {s-b}scq

- Porbite de b sous l’action de GG - forme une base de N sur K.

La question a l'origine du sujet principal de cette thése est d’obtenir un analogue
pour l'anneau d’entiers Opy: soit N une algébre galoisienne sur K de groupe de
Galois G, quand existe-t-il un générateur de base normale d’entiers, c.-a-d. un
élément a € Oy tel que {s - a}se ¢ forme une base de Oy sur Og 7 Ou, d’une
fagon équivalente, quand existe-t-il un élément a € Oy tel que O = Og[G] - a ?

Ce probléme est appelé probleme de la base normale d’entiers.

Si K = Q et GG est abélien, le probléme est complétement résolu par le Théoréme
de Hilbert- Speiser : une algebre galoisienne abélienne N/Q a une base normale

d’entiers si et seulement si N/Q est modérément ramifiée.
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Si K est différent de Q ou G est non abélien, ce résultat n’est plus valable en

général, méme si, grace a E. Noether, on a un résultat un peu plus faible.

Le Théoreme de Noether dit qu'une algebre galoisienne N sur K de groupe de
Galois G est modérément ramifiée si et seulement si Oy est un Og[G]-module
localement libre de rang 1.

L’ Ok[G]-module Oy est dit localement libre de rang 1 si, pour tout idéal premier
p C Ok, 'anneau Oy, := Oy ®oy Ok, est un Ok p[G]-module libre de rang 1
(Ok,p dénote le complété de Ok par rapport a la métrique induite par p), c.-a-d. si
pour tout p il existe un élément a, € Oy, générateur d'une base normale d’entiers
de Oy sur Ok p.

On comprend tout de suite qu'un module libre doit nécessairement étre localement
libre, donc on voit bien que les algébres galoisiennes modérément ramifiées sont le
cadre correct pour étudier le probléme de la base normale d’entiers. En outre, grace
au Théoreme de Noether, en restreignant notre attention a ’ensemble des algébres
galoisiennes modérément ramifiées, on peut donc voir que le probléme de la base
normale d’entiers consiste a comprendre quand un certain module localement libre

est libre.

Nous notons AL (K) 1'ensemble des classes d’isomorphisme des algébres galoisi-
ennes sur K, de groupe de Galois G, modérément ramifiées et nous considérons
Cl(Ok|G]), le groupe des classes des Ok [G]-modules localement libres de rang 1,
c.-a-d. le groupe donné par les classes d’isomorphisme stable des O [G]-modules
localement libres.

Grace au Théoréme de Noether, on peut considérer l'application d’ensembles
pointés

R : AL(K) — ClOx[G))

qui associe a une classe de AL (K) de représentant N la classe dans Cl(Og[G]) de
représentant 'anneau d’entiers Oy .

Cette these aborde plusieurs questions liées a I’étude de cette application.
L’image de R et ’ensemble des classes réalisables

La premieére question que nous considérons consiste a étudier 'image de ’application
R. Nous appelons cette image ensemble des classes réalisables et elle sera notée
R(Ok|G]). Plus explicitement, I'ensemble des classes réalisables est 1'ensemble
des classes de Cl(Ok[G]) que l'on peut obtenir a partir des anneaux d’entiers des

algebres galoisiennes sur K, de groupe de Galois G, modérément ramifiées.
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L’étude des classes réalisables est motivée aussi par ses applications dans d’autres
problémes en théorie des nombres, elle intervient par exemple dans la recherche
d’un analogue explicite de certains théorémes de type Adams—Riemann—Roch con-
nus pour Cl(Og[G]) et elle donne des informations importantes pour 'étude de

I'ensemble en Cl(Ok) des classes de Steinitz.

Meéme si ’application R est une application d’ensembles pointés, on peut se de-

mander si son image, c.-a-d. ’ensemble des classes réalisables, est un sous-groupe
de Cl(Ok[G]).

En 1986, L. McCulloh, aprés avoir introduit un sous-groupe St(Ok[G]) du groupe
des classes Cl(Ok|[G]) défini en termes de certaines applications de Stickelberger,

a montré que, si G est abélien, alors
R(Ok[G]) = St(Ok[G]).

De ce résultat émerge, dans le cas abélien, une réponse affirmative a la question
précédente sur la structure de sous-groupe, c.-a-d., étant données deux classes
c1, 2 € R(Ok[G)), il existe une algébre galoisienne N sur K, de groupe de Galois
G, modérément ramifiée telle que, si [N] dénote sa classe d’isomorphisme, alors
R([N]) = ¢1 + ¢2 (des considérations analogues sont valables pour I'inverse d'une

classe réalisable).

Dans le cas d’un groupe GG non abélien, la question si I’ensemble des classes réal-
isables est un sous-groupe de Cl(Og[G]) est encore ouverte aujourd’hui.
Dans la premiére partie de cette thése nous donnons une preuve détaillée d'un

résultat non publié de L. McCulloh qui montre que méme dans le cas non abélien
R(Ok|G]) C St(Ok[G)).

Savoir si cette inclusion est une égalité, méme dans le cas non abélien, est une

question encore ouverte.
Le noyau de R et le probléme de la base normale d’entiers

L’étude du noyau de 'application R est strictement liée au probléme de la base
normale d’entiers, que nous avons rappelé précédemment.

En fait, dans le cas abélien et dans plusieurs cas non abéliens (p. ex. G diédral,
G d’ordre impair, . ..), une classe de Cl(Ok[G]) est triviale si et seulement si son

représentant est un O [G]-module libre de rang 1.
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Dans cette thése, en n'utilisant que la définition de St(Ok[G]) et le Théoréme
classique de Stickelberger, nous montrons que, si G = C,, un groupe cyclique
d’ordre premier p, ou G = D,, un groupe diédral d’ordre 2p, avec p premier
impair, alors St(Z[G]) est trivial.

Comme conséquence, en utilisant les résultats de McCulloh, nous obtenons, par
une méthode différente, le résultat bien connu R(Z[G]) = 1 dans les cas ci-dessus,
c.-a-d. 'anneau d’entiers d’une algébre galoisienne sur Q, de groupe de Galois G

(ot G = C, ou G = D,), modérément ramifié a une base normale d’entiers.

Le comportement de St(Ok[G]) par rapport au changement de corps de

base

Si on considére K contenu dans un autre corps L, la restriction de L a K induit

naturellement le foncteur suivant :
NL/K : Cl(OL|G]) — Cl(Ok|[GY).

Dans cette thése nous étudions le comportement du groupe St(Og[G]) par rapport

& ce foncteur.

En particulier nous montrons que, pour tout corps L et sous-corps K et pour tout
groupe fini G,
Nk (St(OL[G])) € St(Ok[G]).

Ce résultat a des conséquences intéressantes :

- d’abord, si G est abélien, en utilisant les résultats de McCulloh, nous voyons
que

Nk (R(OL[G])) € R(Ok[G]),

- ensuite si K et G ont les deux propriétés suivantes: pour un Ok [G]-module
étre stablement libre est équivalent a étre libre et K est tel que St(Og[G]) = 1
(ce qui est le cas dans le paragraphe précédent), alors nous en déduisons que
I’anneau d’entiers d’une algébre galoisienne sur un corps de nombres L qui
contient K, de groupe de Galois GG, modérément ramifiée est libre en tant

que Ok|G]-module.

Les fibres de R et la distribution des classes réalisables

Une fois que I'on connait la structure de 'ensemble R(Ok[G]), on peut se demander

si le nombre d’algébres galoisiennes modérément ramifiées qui réalisent une classe
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varie selon la classe. On peut considérer ce probléme comme une étude des fibres

de notre application R.

Par rapport a cette question un travail de A. Agboola nous montre que, si on
compte les extensions galoisiennes modérément ramifiées de K avec des fonctions
qui satisfont certaines caractéristiques, alors dans le cas abélien le nombre asymp-
totique des extensions galoisiennes modérément ramifiées qui réalisent une classe
ne dépend pas de la classe choisie, ou, dit d'une autre fagon, les extensions ga-
loisiennes modérément ramifiées sont équidistribuées par rapport a 'ensemble des

classes réalisables.

Dans la derniére partie de cette thése, en nous restreignant au cas abélien, nous
avons étudié un probléme lié & ce travail.

D’abord nous avons décrit, en termes d’une version modifiée de St(Ok|[G]), I'en-
semble des classes réalisables obtenues des extensions galoisiennes modérément
ramifiées totalement décomposées en un idéal premier p C O donné.

Puis nous montrons qu'un analogue des résultats de A.Agboola peut étre obtenu
pour ce sous-ensemble de classes réalisables, c.-a-d. le nombre des extensions ga-
loisiennes modérément ramifiées totalement décomposées en un idéal premier p,

qui réalisent une classe ¢, asymptotiquement ne dépend pas de c.

Enfin nous terminons en mettant en évidence des relations entre le travail d’Agboola
déja cité et un travail de M. M. Wood qui étudie les probabilités des différents types
de décomposition d’un idéal premier fixé dans une extension galoisienne de K de

groupe de Galois G.
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