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Introduction

The material presented in this thesis belongs, as the title suggests, to the
subject of discrete tomography. The word ‘tomography’ is derived from the
Greek ‘tomos’ (slice) and ‘graphein’ (to write). It describes the study of
reconstructing images from projection data. This is a very broad description
and when working on tomography problems, one typically has in mind very
specific types of images and projections.

One important application of tomography is in medical imaging, e.g. in
CT-scans, where the images are density pictures of cross-sections of the body
and the projections are the data obtained by transmitting X-rays through the
desired cross-section from various angles. This idea of reconstructing a cross-
section or slice of the body is the origin of ‘tomos’ in tomography.

In this thesis, the images are functions f : A — Z, where A is a subset of Z",
the integer lattice in r-space. These are the integer-valued functions from
the title. The projection data are line sums of the function f: we have a set
L of lines that meet A and for each ¢ € £ we know

> f).

rEANL

In order to make these line sums well-defined in all cases, we restrict our
attention to functions f that are 0 almost everywhere, i.e., such that the set

{z | f(z) # 0} is finite.

The first chapter presents a thread in the history of discrete tomography
starting from the foundational work of Ryser [22] and leading to the work of
Hajdu and Tijdeman [12] and van Dalen [7] that is the starting off point for
the rest of this thesis.

Chapter 2 introduces the algebraic setup that will be used in the rest of
the text. It contains many examples that connect the material from the first
chapter to this setup. A fair amount of algebraic machinery is introduced
and explained. The chapter contains no real new results, but provides a solid
foundation for the theory.

Chapter 3 begins with an analysis of the case A = Z", where the recon-
struction problem has a very rich algebraic structure. Using the results from
this ‘global’ case it then focuses on A that are finite and convex. A final
section specialises to planar A, i.e., the case r = 2. This chapter extends the
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results from the paper [2] by Joost Batenburg and the author, which only
deals with the planar case.

Chapter 4 describes dependencies between line sums in the case A = Z2.
These are linear relations that will always hold between the line sums of an
image. It is shown in chapter 3 that the space of such dependencies has finite
dimension and that satisfying them all is a sufficient condition for a set of
line sums to come from an image. In this chapter we derive algorithms to
produce bases for the space of dependencies, first over Q, then over Q and
over Z.

The fifth and final chapter studies the case where A is periodic, i.e. it
has many translation symmetries. We describe the basic structure and give
algorithms to compute important spaces associated to the line sum map.
The theory in this chapter is not as complete as in the previous ones and the
chapter concludes with some open questions and thoughts on future research.



1 — Discrete tomography

This chapter is a short overview of results in discrete tomography leading
up to the problems that will be discussed in the rest of the thesis. Starting
with Ryser’s work on binary matrices [22], we present two generalisations or
adaptations of the original setup. The same central questions are studied
in each setup, but the answers and the mathematics that go into them vary
from case to case.

The work of compiling this chapter was much alleviated by Herman and
Kuba’s excellent book [13]. The first part of this book deals with the founda-
tions of discrete tomography. Though I shall usually cite more direct sources,
I derived my understanding of the material in the current chapter through
the expositions in this book.

As mentioned, the first section will deal with binary matrices and their
row and column sums. In section 1.2 we generalise this in an obvious way
to reconstructing more arbitrary subsets of a lattice from line sums in more
general directions. From this point one can go in many different directions.
We follow the work of Hajdu and Tijdeman in [12], which ties in with the
material that will be studied in the rest of this thesis. The final section
introduces a number of examples closely related to the material in 1.3. We
will revisit these examples throughout the following chapters and answer
some of the unresolved questions they raise at this point.

1.1 Binary matrices

Definition 1.1.1. Let m and n be positive integers. An m xn binary matrix

1s a matrix
ail o Alp

m,1 *° Ammn

where a; ; € {0,1} for all 4 and j.

Definition 1.1.2. Let (a;;) be an m x n binary matrix. For i =1,...,m
the i-th row sum is
a1+ -+ ajn.

For j =1,...,n the j-th column sum is

apj+ -+ amy-



4 -

The central theme of the questions we want study is the following.

Suppose we are given the row sums (r;) and column sums (cj) of some
unknown m X n binary matrix. What can we say about the entries of this
matriz from these row and column sums?

Specifically, three central questions are usually studied with regards to this
and other problems in (discrete) tomography. Suppose that non-negative
integers r1,...,7m, and cq,...,c, are given.

1. Consistency. Is there an m X n binary matrix having these numbers
as its row and column sums?

2. Uniqueness. Is there at most one m X n binary matrix having these
numbers as its row and column sums?

3. Reconstruction. How can one construct an m X n binary matrix
having these numbers as its row and column sums?

Certain variations to these questions can be considered as well. For example,
the uniqueness problem may be modified by asking for a given binary matrix
if there are other binary matrices having the same row and column sums. For
a reconstruction algorithm, it may make a difference whether or not we know
a priori that there exists a binary matrix with the given row and column
sums.

We shall see these questions come back in slightly modified form through-
out this chapter and they form the motivation for most if not all the work in
the rest of this thesis.

In the context of binary matrices, the central questions have been com-
pletely answered. Ryser’s 1957 paper [22] deals with all three of them. Inde-
pendently in the same year, Gale in [9] derived the same consistency condi-
tions and reconstruction algorithm by different means.

Uniqueness

Definition 1.1.3. Two m x n binary matrices are tomographically equivalent
if they have the same row and column sums.

The simplest example of two distinct but tomographically equivalent binary
matrices is the following pair.

(vo) (o7)
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The content of Ryser’s theorem, which we are going to prove as theorem
(1.1.9), is that this simple example essentially accounts for all tomographi-
cally equivalent matrices. The proof below is an adaptation of the proof in
Chapter 3 of [13] by Herman and Kuba. Ryser’s original paper [22] contains
a different proof.

Definition 1.1.4. Let (a; ;) and (b; ;) be two m X n binary matrices. Then
they differ by a 4-switch if there are i1, io, j1 and jo such that

{< Qiy 5y Qi jo ) < bihjl bih]é >} _ {( 01 > ( 10 >}
Aiy,51  Qig,ja ’ biz,jl bi2,j2 10/’ 01
and a; j = b; ; whenever ¢ is not in {i1, 42} or j is not in {ji, jo}.

The concept of 4-switch goes by many different names in the literature. Ryser
in [22] used the term interchange. Several names come up in [13], switching
component appears in the first chapter, while 4-switch is used in Chapter 3.

It is clear that binary matrices which differ by a 4-switch are tomographically
equivalent.

Definition 1.1.5. Let (a;;) and (b; ;) be two m x n binary matrices. A
switching chain of length ¢ for a and b is a sequence of distinct positions

(i1,71)s- - -, (dt, jt)
such that
e a;, j, and b;, j, are different;
o for s=1,...,t—1one has a;, ;, — bi,j, = bis\1,jos1 = Cigirjosrs

e fors=1,...,t —1 one has i = i,y if s is even
and js = js41 if s is odd.

A switching chain is called closed if it has even length and i; = 1.

Example 1.1.6. In the picture below are two tomographically equivalent
but distinct 3 x 3 binary matrices. The encircled positions form a switching
chain of length 4. It is not closed.



Example 1.1.7. Let a and b be m x n binary matrices which differ by a
4-switch, then the sequence

(41, 51), (i2, j1), (i2; j2), (71, J2)

is a closed switching chain of length 4.

Lemma 1.1.8. Let a and b be distinct but tomographically equivalent m X n
binary matrices. Then there exists a closed switching chain for a and b of
positive length.

Proof. As a and b are distinct, there is some position (4, j) such that a;
and b; ; are distinct. This position is a switching chain of positive length. As
a chain consists of distinct positions, the length of a chain is bounded above
by the number of positions. Hence there exist chains of maximal length and
their length is positive. We will show such a chain is closed, by showing that
a chain which is not closed can be extended to a longer chain.

Let

(41, 71), - -+, (ie, je)
be a switching chain and suppose that ¢ is odd. For j = 1,...,n define the

sets
If ={ilai;—bi;=1}

and

Iy =A{ilaij—bij=—1}.

Note that these sets have the same cardinality, as the j-th column sum of a
and b are the same. After possibly swapping a and b, we may assume that
11 is in I;:' It follows that i9s € Ij_25 and 79541 € I]T;H for all s.
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Let S = {s | jos = ji}. Then the switching chain hits precisely #S dis-
tinct elements of I, . Note that for every s € S we also have jos—1 = Jj¢
and that additionally, ¢ itself is also odd, so the switching chain hits #S5 + 1
elements of I]'-:. Hence there is an element 4441 of I ;, that is not hit by the
switching chain. This means we can extend the switching chain with the
position (i¢y1, jrr1 = Jji)-

If ¢ is even but the chain is not closed, we can apply a similar counting
argument to the rows of the matrices to find a point by which the chain can
be extended. Thus every switching chain that is not closed can be extended
into a longer chain and so a chain of maximal length must be closed. O

Theorem 1.1.9. (Ryser 1957) Let a and b be tomographically equivalent
m X n binary matrices. Then there is a sequence of m X n binary matrices
a1, ...,0¢ with ay = a and ay = b such that a; and a;4+1 differ by a 4-switch
fori=1,...,t—1.

Proof. We proceed by induction on the number of positions in which a and b
differ. If ¢ and b are equal, then the theorem holds with ¢ =1 and a = a; = b.

If a and b are distinct, then by lemma (1.1.8) there is a closed switching
chain of positive length for a and b. Let

(ilujl)v RIS (ita.jt)

be such a chain with minimal length. Note that ¢ > 4, because if t = 2
we need to have j; = jo (as it is a switching chain) and iy = 41 (as it is
closed), but then (i1, j1) = (i2,j2), violating the condition that a switching
chain consists of distinct points. After possibly interchanging a and b, we
may assume that a;, j, — b, j, = 1. The points

(i17j1)7 (i27j2)7 (i37j3)

are three corners of a rectangle, as j; = jo and 49 = i3. The fourth corner is
(i1,73). Note that we have

< Qiz,jo  Qig,js > _ < Lo )

iy Qiy,js 0 =z

< bis,jo  Dis,js > — ( 0 1 ) )
bi1,j1 bil,js 1y

If we have z = 0 and y = 1, then the sequence

and

(i17j3)7 (i47j4)7 ceey (itvjt)
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is a closed switching chain of smaller length than the original one. As such a
chain does not exist, this cannot happen.
Hence we have either

( Qig,jo  Qig,js ) _ ( Lo ) or < bis,jr  bis,js ) _ ( 01 )
iy gy iy js 01 biyji  Diy s Lo/
This means we can do a 4-switch at these positions either in a or in b. Suppose
this switch can be made in a, and call the resulting binary matrix c. Then ¢
differs from a in 4 positions. In at least 3 of these, we changed the entry from
a to the corresponding entry from b. It follows that the number of positions
in which ¢ and b differ is at least 2 fewer than the number of positions in
which a and b differ. Hence by the induction hypothesis, there is a chain
c1,...c of binary matrices connecting ¢ and b. We can then append a to this
sequence, as a and c differ by a 4-switch, to obtain a sequence connecting a

and b. The case where a switch can be made in b but not in a can be dealt
with similarly. O

Corollary 1.1.10. The m x n binary matriz a is uniquely determined by its
row and column sums if and only if there are no i12 and ji2 such that

< Airj1 - Qig,go > _ < 10 >
Qig,51 Qig,jo 01

We phrased the uniqueness question originally as taking the row and column
sums as input, not a complete matrix as in the corollary above. However,
this is not a problem as we shall see in corollary (1.1.14) that such a matrix
can be reconstructed in polynomial time from the row and column sums.

Consistency and reconstruction

In 1957 Ryser [22] and Gale [9] independently gave necessary and sufficient
conditions on numbers r1,...,r, and ci,...c, for them to be the row and
column sums of an m X n binary matrix. We follow Ryser’s proof here.
To show that the conditions are sufficient one exhibits an algorithm which
produces a matrix with the required row and column sums. Hence this result
answers the reconstruction problem as well as the consistency problem.

Definition 1.1.11. Let r = (r1,...,7ry) and ¢ = (c1,...,¢,) be sequences
in Z>o. The sequences r and c are compatible if



e fori=1,...,m one has r; < n;
e for j =1,...,n one has ¢; <m;

) r1+...+rm:cl+...+cn'

Lemma 1.1.12. Let r and c be the row and column sums of a binary matrix,
then r and c are compatible.

Proof. Let (a;;) be an m x n binary matrix and let r and ¢ be its row and
column sums. Then we have

T = Qi1 t Qi

which is bounded below by 0 and above by n as a; ; € {0,1} for all ¢ and j.
Likewise, c¢; satisfies 0 < ¢; < m. Finally we have

m m n n om n
E r; = E E Qj 5 = E E Qi 5 = E Cj. O
i=1 j=1

i=1 j=1 j=1i=1

Let a be an m x n binary matrix. Any permutation of the rows of a will
result in a permutation of the row sums. It will not change the column sums.
Conversely, any permutation of the columns will permute the column sums
and leave the row sums invariant. It follows that we lose no generality if we
impose an ordering on the row and column sums in what follows.

Theorem 1.1.13. Letr = (r1,...,7y) andc = (c1,...,cy) be compatible se-
quences that are non-increasing (i.e. r1 > -+- > 1y and c; > -+ > ¢ ). Then
there is a binary matrix whose row and column sums are r and c respectively

if and only if
n n
chZZr;f for1 < jo<n,
J=Jjo J=jo
where vy = #{i | r; > j}.

Proof. Suppose that (a; ;) is an m x n binary matrix whose row and column
sums are the 7; and c¢; respectively. We define another m x n binary matrix

b by
b — 0 ifj>mr
T i<y
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Note that in row ¢ of b, the first r; entries are 1 and the rest is 0. In the
corresponding row of a, some r; entries are 1, but not necessarily the first
ones. It follows that for every 1 < jo < n we have

ai1 4+t aijo—1 < bin b -1

and so
ijo + 0+ @i 2 bijo + o+ i

Let 1 < jp < n. Summing the inequalities we have obtained for each row

yields
DD =D > biy

i=1 j=jo i=1 j=jo
Note that for every j we have

m

m
cj = E a;; and ;= E bi j,
i=1 i=1
hence by swapping the summation order in the previous inequality, we obtain
n n
*
PILED I
J=Jjo J=Jjo

This proves the ‘only if’ part.

We prove the ‘if’ part by induction on n, the number of columns. If n = 1 we
have, by compatibility, that 0 < ¢; < n and r; € {0,1} for every i. Moreover
rr+ -+ rm = c1, S0, as the sequence r is non-increasing, we must have

r;=1fori=1,...,¢; and r; = 0 for ¢ > ¢;. The m x 1 binary matrix
= 0 ifi > ¢
B otherwise

yields the required row and column sums.

For n > 1 we will fill in the first column in such a way that the induction
hypothesis produces the remaining m x (n — 1) matrix. Let r and ¢ be
sequences that satisfy the hypotheses of the theorem. Note that

m

n
E ;= E i
j=1 i=1
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as both count the pairs (¢, 7) such that r; > j. Hence

n m n n
rf%-g 7“;:5 rizg cj:cl—i-g cj
=2 i=1 j=1 =2

and so we have
n

ri =c1+( E cj — E i) > c1.
Jj=2

As the sequence r is non-increasing, this implies that we have r1,...,r, > 1.

Let s = (s1,...,8m) be the sequence given by s; = r; — 1 if i < ¢; and
s; = r; if ¢ > ¢1. From what we have just shown, s; is non-negative for all 4.
I claim we also have s; < n — 1 for all ¢. For suppose that r; =---=r; =n,
then

neyL>ci 4 e =11+ +rm>tn

and so ¢; > t. Hence, if r; = n, then s; = n — 1. Also, if r; < n, then
si<ri<n-—1.
Observe that we have

S14 ot Spm= () —cr =cat o+ e

Let d = (dy,...,d,—1) be the sequence given by d; = ¢;+1. Then we have
just shown that the sequences s and d are compatible.
For j =1,. —1, let s* = #{z' | s; > j}. Note that r; > j + 1 implies

s; > j, hence we have ri41 = ;. It follows that for jo =1,. — 1 we have

deZc]ZZr>Zs

Jj=Jjo Jj=jo+1 Jj=jo+1 J=Jo

Let m be some permutation of {1,...,m} such that 7(s) = (sr1),-- -, S5r(m))
is a non-increasing sequence. The discussion above proves that the induction
hypothesis can be applied to the sequences 7(s) and d. Hence there is some
m x (n — 1) binary matrix (b; ;) whose row sums are 7(s) and whose column
sums are d. Now let (a; ;) be the m x n binary matrix given by

0 ifir>crand j =1
am': 1 ifigclandjzl
br=1(i),j—1 otherwise
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We finish by showing this binary matrix has the desired row and column
sums. For i =1,...,m we have

n n—1
E ;5 = a;1+ E bw*l(i),j = a1+ 8 =Ty
j=1 j=1

as a;1 = 1 precisely when s; = r; — 1. For the column sums, it is clear that

c1 =Y. a;1. For j =2,...,n, we have
m m m
D oaij = b =Y b =di=g
i=1 i=1 i=1
as required. This completes the proof. [l

Corollary 1.1.14. There is a polynomial time algorithm that given sequences
r1,...,Tm and c1,...,c, of non-negative integers produces either a binary
matriz having these as its row and column sums or an error message if no
such matriz exists.

Proof. Begin by checking the sequences are compatible, if they aren’t there
is no matrix by lemma (1.1.12). Rearrange the sequences to be non-increasing
and check that they satisfy the condition from theorem (1.1.13). If they don’t,
there is no matrix. If they do, the proof of the theorem gives an algorithm
to compute the matrix column by column. The work per column is clearly
polynomial in the number of rows and columns, hence the whole procedure
is polynomial. O

Example 1.1.15. While the proof of theorem (1.1.13) is somewhat involved,
the reconstruction algorithm that comes out of it is actually quite easy. It
proceeds one column at a time, starting with a column whose sum is the
highest and working in order down to the lowest column sum. In each column,
we place the 1’s in those rows where with the largest number of 1-positions
left, that is, such that the row sum minus the number of 1’s already filled in
is the largest.

Consider for example the following row and column sums

2 2 211

NN W



~ 13 -

According to the algorithm, the first column must be filled in as follows.

2 2 211
1
1
0
0

NN W

For the second column, we look at the number of 1-positions left in each row.
The first row has 3 in total, of which 1 has already been used, so there’s 2
left. Similarly, the second row has 1 left. The third row has 2 and the fourth
has 1. Thus the two 1’s in the second column go into the first and third row.
Continuing on we can find the following solution.

2 2 2 11
3/11. 100
2110100
210 1.0 10
1{0 00 0 1

1.2 Measuring subsets of Z"

A more geometric way to look at the binary matrices from the previous
section is to consider them as representing subsets of

{1,...,n} x {1,...,m} c Z%

The row and column sums of a matrix then count the number of points of the
corresponding subset on each horizontal and vertical line. In this section we
will generalise these notions by looking at different classes of finite subsets of
7" and different sets of lines in Z” to count along.

Definition 1.2.1. Let r > 2. A (lattice) direction in Z" is a vector
v € Z" that is non-zero. A direction v = (vy,...,v,) is called primitive
if ged(vy, ..., v) = 1.

Definition 1.2.2. Let v € Z" be a lattice direction and x € Z" be a point.
Then the lattice line (or simply line) in direction v through x is the set

byo={z+ I | XeZ}.
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Write £, for the set of all lattice lines in direction wv.

Definition 1.2.3. Let £ be a line in Z" and let X C Z" be finite. Then the
line sum of X along / is

pe(X) = #(X NY).

The three central questions posed in section 1 about binary matrices can
also be stated in this more general context. Let £ be a collection of finite
subsets of Z" and let £ be a collection of lines in Z". Suppose a function
p: L — Z>q is given.

1. Consistency.
Is there an e € £ such that p(e) = p(¢) for all £ € L7

2. Uniqueness.
Is there at most one e € £ such that py(e) = p(¥¢) for all £ € L?

3. Reconstruction.
How can one construct an e € £ such that py(e) = p(¢) for all £ € L?

The results from the previous section can be generalised to the case where
£ consists of all finite subsets of Z? and £ consists of all the lines in two
independent directions in Z2.

Theorem 1.2.4. Let v,w be independent directions in Z>. Let £ be the
collection of all finite subsets of Z? and L the collection of all lines in 72
in directions v and w. Then, keeping v and w fized, there are polynomial
time algorithms that given a function p : L — Z>o decide whether there is
an e € € with pg(e) = p(L) for all ¢ € L, find such an e, and decide if it is
unique.

Proof. First, suppose that v and w together generate Z?. Then there is a
linear transformation Z? — Z? sending v and w to (0,1) and (1,0). This
transformation also maps L to the set of horizontal and vertical lines. This
reduces the situation to one considered in the previous section, where we
already saw how consistency, reconstruction and uniqueness can be decided
in polynomial time.

If v and w do not span Z?, they span a subgroup L of Z?. As v and w are
independent, L is of finite index in Z2. Note that any lattice line in direction
v or w that has a point in common with L, lies entirely within L. This means
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we can decompose the original problem into [Z? : L] sub-problems consisting
of a translate of L and the lines going through that translate. Since v and
w generate L, we can apply the trick we used before to reduce each of these
sub-problems to a problem about binary matrices. O

When lines in three or more directions are considered, the computational
complexity of the situation is a lot worse. In [10], Gardner, Gritzmann and
Prangenberg give extensive complexity results in these cases. We will not go
into these results here, except to state the following theorem as a counterpoint
to theorem (1.2.4).

Theorem 1.2.5. Let vi,vs and v3 be pairwise independent directions in 7Z2.
Let £ be the collection of all finite subsets of Z? and L the collection of all
lines in Z? in directions vi,vy and vs. Then, for any fized vi, va and vs, the
consistency and uniqueness problems are NP-complete and the reconstruction
problem is NP-hard.

1.3 Another generalisation

In [12], Hajdu and Tijdeman consider a generalisation of the problems dis-
cussed in the previous section.
A finite subset S of some fixed set A C Z? can be represented as a function

1 ifae S
0 otherwise

fs:A—{0,1} ar—>{

In other words, there is a bijection between finite subsets of A and functions
f:+A— {0,1} that are 0 almost everywhere, i.e., such that f(a) = 0 for all
but finitely many a € A.

Line sums in this context can be represented by actual sums, as we have

pe(S) =#(SN = Y fs(a
acAn¢

for every finite subset S of A and every lattice line ¢.
Hajdu and Tijdeman propose the following relaxation of the problem.
Look at functions
fiA—7Z

that are 0 almost everywhere. For such functions we can extend the definition

of line sums to
> fla)

acAnd
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In this setup, we can ask the same central questions we considered in the
previous sections. Let A be a subset of Z" and let £ be a collection of lines
in Z". Suppose a function p : L — Z is given.

1. Consistency.
Is there an f : A — Z that is 0 almost everywhere such that p,(f) = p(¢)
for all £ € L?

2. Uniqueness.
Is there at most one f : A — Z that is 0 almost everywhere such that
pe(f) = p(¢) for all £ € L?

3. Reconstruction.
How can one construct an f : A — Z that is 0 almost everywhere such
that pe(f) = p(¢) for all £ € L7

One may ask what results about this relaxed version of the problem tell us
about the problems from the previous section, for functions f : A — {0,1}.
There is one trivial implication for the consistency problem: if there are no
solutions f : A — Z then there are no solutions f : A — {0,1}. But there is
an even stronger connection, as described in the next lemma.

Lemma 1.3.1. Let A be a subset of Z? and D a non-empty sequence of
pairwise independent primitive directions in Z%. Let L be the set of lattice
lines in directions from D that meet A. For a function f: A — Z that is 0
almost everywhere, the weight of f is

W(f)=> fl@)?

T€EA

Let f: A — {0,1} be 0 almost everywhere and suppose we have a function
g: A — Z that is 0 almost everywhere such that pe(f) = pe(g) for all € € L.
Then W (g) > W(f) with equality if and only if im(g) C {0,1}.

The lemma shows that if there are functions A — {0, 1} with given line sums,
then they are those functions A — Z which have minimal weight. We shall
not prove this lemma here. Corollary (2.1.13) is a more general version of
this statement.

What is gained by considering this relaxation of the problem? It has a
lot of additional structure compared to the original. We can add functions
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f:A—Z and g: A — Z together pointwise to obtain a new function
f+g:A— 7.
The line sum maps respect this addition, i.e. they satisfy

pe(f +9) = pe(f) + pe(g).

This shifts the emphasis of techniques for dealing with these problems away
from combinatorics and towards algebra.

Uniqueness

Most of the work in proving Ryser’s theorem (1.1.9) goes into finding a po-
sition where a 4-switch can be applied. This is also the primary thing that
fails when trying to prove an analogue of this theorem for three or more
directions.

When considering functions f : A — Z things become a lot easier. First
of all, note that we have

pe(f)=pelg) <= pu(f—9)=0.

It follows that the line sums of f uniquely determine f if and only if the
only function g : A — Z such that py(g) = 0 for all lines £ € L is g = 0. In
particular, this condition does not depend on f or its line sums, just on the
choice of A and L.

For rectangular A, i.e. A={1,...,n} x{1,...,m}, Hajdu and Tijdeman
in [12] give a complete description of the maps g : A — Z that have 0 line
sums for all lines ¢ in a given set of primitive directions in Z?2.

Before we state this theorem, we introduce one convenient notation.
Given a function f : Z2 — Z and s € Z? we define a function f, : Z?> — Z by
fs(z) = f(z — s) for all z € Z2.

Theorem 1.3.2. (Hajdu and Tijdeman, 2001) Let m and n be positive

integers and let dy,...,dy be a sequence of pairwise independent primitive
directions in Z*. Let A be the set {1,...,n} x {1,...,m} and let L be the
set of lattice lines in directions dy,...,d, that meet A. Then there are an

explicit function f : Z?> — Z and an explicit finite set S C Z* such that for
all s € S we have fs(x) = 0 whenever x ¢ A and pe(fs) =0 for all £ € L.
Moreover, any function g : A — Z such that pe(g) = 0 for all ¢ € L is an
integer linear combination of the fs with s € S.



~ 18 —

A priori, it is not even clear that a function f : Z? — Z can be written down
in a finite amount of time, but one easily sees that in the case of this theorem
f takes non-zero values only in a finite number of points, contained in some
translate of {1,...,n}x{1,...,m} (unless S = (), but in that case one should
take f =0).

We will not prove this theorem here, but merely remark it is a special case
of theorem (3.2.8). The proof of Hajdu and Tijdeman is also very similar to
the proof we shall give of that theorem. Their proof also shows that the same
result holds for functions g : A — Q of which all the line sums are 0, with
the same f and the same S. This will be important for their reconstruction
algorithm, which we shall describe next.

Consistency and reconstruction

Hajdu and Tijdeman in [12] deal with the consistency and reconstruction
issues at the same time, by giving a reconstruction algorithm that will also
detect if no reconstruction is possible. The central trick in their proof, of
which we present an adaptation here, is to solve the problem with ratio-
nal coefficients and then use theorem (1.3.2) to get rid of all non-integral
coefficients.

Theorem 1.3.3. For positive integers m, n and a non-empty sequence D of
pairwise independent primitive directions in 72, let A be the set

{1,....,n} x{1,...,m}

and let L be the set of lattice lines in directions from D that meet A. Then
there is an algorithm that given m, n, D, and ¢y € Z for every £ € L produces,
in polynomial time in the input length, a function g : A — Z that satisfies
pe(g) = cp for all £ € L or outputs an error is no such function exists.

Proof. Note that when #D > 2, the set £ has at least m + n elements: at
least one direction is not horizontal and so every point in the first row lies
in a different line in this direction and similarly, at least one direction is not
vertical and so every point in the first column lies in a different line in this
direction. It follows that the size of the input is at at least linear in n + m.
When #D = 1, the solution of the reconstruction problem is to give a point
on each line the value of the line sum for the line. This solution can certainly
be output in time polynomial in the input length.

The map sending a function g : A — Q to the vector (ps(g))ecs is a map
between finite dimensional vector spaces over Q. Finding a ¢ that maps
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to a particular vector thus comes down to solving a matrix equation of the
from Mx = b, where the matrix M and vector b are known, or rather, can
be computed in polynomial time from the input. There is much theory on
computational linear algebra that tells one how to do this in time polynomial
in the size of the matrix, and the size of the matrix is clearly polynomial in
m, n and k = #D (see e.g. [6, Ch. 2]).

Note that any solution g : A — Z is also a solution A — Q, so if the
linear algebra problem we just described has no solutions over Q, we know
the reconstruction problem over Z also doesn’t have a solution and we output
that no solution exists. Otherwise, we may assume we have found a solution
go : A — Q. We will then use our description of the functions that map to
the zero vector to try to modify our solution gy into one that takes integral
values.

Let f and S be as in theorem (1.3.2). If S = () or f = 0, that theorem states
that the map sending a function g to the vector (pg(g))ee is injective. Thus
go is the only function A — Q that has the given line sums. As remarked
before, any integral solution would also be a rational solution, so if there is
an integral solution it is gg. Thus we check if gy takes only integral values
(this can clearly be done in polynomial time). If so, we output go, if not, we
output that no solution exists.

If f is non-zero and S is non-empty, the set of points (x,y) such that
f(z,y) # 0 is finite and contains at most mn elements, as was remarked
immediately after theorem (1.3.2). Therefore, one of these points, call it
S0, is lexicographically first among them, and such a point can be found in
polynomial time, for example by sorting (see e.g. [15]).

Order the points in S lexicographically and label them si,...,s; in order.
Just as the number points such that f(z,y) # 0 is bounded by mn, so is the
number of elements of S. Let 1 < i < j <t and consider

Js; (50 + 53).

If ¢ = j, this value is f(sg) which is non-zero by construction of sg. If i < j,
sp + s; comes lexicographically before so + s; and so sp + (s; — s;j) comes
lexicographically before so and we have f,(so + si) = f(so + (s; — 55)) =0
as sg is the lexicographically first element (x,y) such that f(x,y) # 0.

Thus the map sending a linear combination

h:)\lfSI +"'+/\th15
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to the vector
(h(So + 81), e h(So + St)) € Qt

is a bijection (as the matrix describing it is upper-triangular). As theo-
rem (1.3.2) tells us, these linear combinations correspond precisely to the
functions whose line sums are all 0. So any solution g : A — Q of our re-
construction problem is of the form gg + h. In this way, we see that there
is a bijection between the set of solutions g : A — Q and Q' sending g to
(g(so + si))i_y- In particular, there is a unique solution g : A — Q such that
g(so+s;)=0fori=1,... ¢t

It is clear that we can construct g from gg in polynomial time: first make
91 = go + A1 fs, such that gi(so + s1) = 0, then g2 = g1 + Aafs, such that
92(s0 + s2) = 0, etc. up to g = gy.

Now suppose that there is a solution g, : A — Z. The same argument as
before shows that there is a bijection between integral solutions ¢’ : A — 7Z
and Z' sending ¢’ to (¢'(so+s;))!_;. It follows that there is a unique solution
g : A — 7Z such that ¢'(so +s;) =0 for i = 1,...,¢t. Note that ¢’ is also a
solution over Q satisfying this condition, and so by the uniqueness of g, we
must have g = ¢’ and the solution ¢ is indeed integral.

In other words, if there is an integral solution, the map g we have con-
structed is such an integral solution. Hence we simply check if g is integral
(which can again clearly be done in polynomial time). If so we output g, if
not we output that no solution exists. ([l

With some extra work, Hajdu and Tijdeman also show that a function can
be found such that its values are in a precise sense ‘not too big’. As we ar-
gued before in lemma (1.3.1), solutions A — {0,1} are the smallest possible
solutions. Theorem (1.2.5) shows there is very little hope for an efficient algo-
rithm to find these smallest solutions. Thus an efficient algorithm that finds
a small (but not necessarily smallest) solution is a noteworthy achievement.

The algorithm from theorem (1.3.3) has to do two tests for the existence of
a solution. First there is the linear algebra problem over Q that may or may
not have a solution. If there is a rational solution, we then try to make it
into an integer solution, which may again fail.

A consequence of the structure results we prove in chapter 3, specifically
corollary (3.2.10), is that this second step will never fail. The only obstruction
to the existence of a solution is the linear-algebraic one. This does not follow
from the results contained in [12].
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The linear-algebraic obstruction is non-trivial in most cases. We will
describe it briefly here, following [12]. The linear-algebraic nature of this
discussion means it is more convenient to consider functions with rational
values.

Example 1.3.4. Suppose we consider a rectangular domain

{1,...,n} x{1,...,m}

and projections in the directions (1,0) and (0, 1). This is the analogue of the
binary matrices we considered in the first section: we are looking at an m xn
matrix of integers and its row and column sums.

Starting from such a matrix, it is clear that the sum of its row sums is
the sum of all entries in the matrix, as is the sum of its column sums. Thus
we find a linear-algebraic relation between the row and column sums of the
matrix: the sum of former has to be equal to the sum of the latter. One
checks readily that this condition is the only one. A problem of the form

c1 Cy -+ Cp
™
T2
m

has a solution of the form

c1 (&) PPN Cn,
71 x Cy -+ Cp
ro |y 0 -+ 0
m | ™m O -+ 0

if and only if r{+-- -7, = ¢1+---+¢,. Note that we saw this same condition
already in section 1.1 in the definition of compatible sequences, (1.1.11).

Definition 1.3.5. Let m and n be positive integers and let di,...,d; be a
sequence of pairwise independent primitive directions in Z2. Let A be the
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set {1,...,n} x {1,...,m} and let £ be the set of lattice lines in directions
dy,...,di that meet A. A dependency is a vector (ag)ecr of rational numbers
such that for any function f: A — Q we have

> ami(f) =0.

el

It is clear that these dependencies form a vector space. In their paper, Hajdu
and Tijdeman compute the dimension of this space, under some mild condi-
tions. They also give the following example, where the space of dependencies
has dimension 7.

Example 1.3.6. Consider a rectangular domain A = {1,...,n}x{1,...,m}
and line sums in the directions (1,0), (0,1), (1,1) and (1, —1), i.e. horizontal,
vertical, diagonal and anti-diagonal. For a function f : A — Q these line
sums are

n
r; = Z f@i,9) 1<j<m the row sums,
i=1
m
¢ = Z f@i,9) 1<i<n the column sums,
j=1

s = Z (i, 79) l-n<k<m-1 the diagonal sums,

j=ith
(i.5)eA

e = Z fG@,j)  2<k<m+n the anti-diagonal sums.

i+j=k
(i.1)eA

The following seven dependencies hold for these line sums.

m n m—1 m+n
D= = D= b
j=1 i=1 k=1-n k=2

m—1 m-+n

Do o= Dt

k=1-n k=2

20k 20k
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m n m—1
—Zj?"j—f—ZiCi = Z ks
j=1 i=1 k=1-n
m n m+n
Zj?"j + Z ic; = Z kti
j=1 i=1 k=2
m n m—1 m—+1
2 ZjQ?”j + 2 Z izci = k28k + Z k‘th
j=1 i=1 k=1-n k=2

If m and n are sufficiently large, these dependencies are linearly independent.
Counting dimensions, Hajdu and Tijdeman conclude in [12] that these then
form a basis of the Q-vector space of dependencies.

A striking feature of these dependencies is that the weights assigned to
each line always seem to be polynomials in the numerical index of the line. We
also see that higher degree polynomials appear in dependencies that involve
lines in more directions. In one of the dependencies (on the second line)
we see a congruence condition appear in the weights (this dependency only
involves lines whose index is even).

Example 1.3.7. Once more, consider a rectangular domain
A=A{1,...,n} x{1,...,m}.

Taking line sums in the directions (1, —1) and (1, —2), something interesting
happens in the lower-right and upper-left corners of the rectangle A. As can
be seen in the following picture, the line through (1,1) in either direction
does not go through any other points of A.

It follows that these two lines always have the same line sum, namely, the
function value at (1,1). This is another example of a dependency. It is of a
very different nature than the dependencies we saw in example (1.3.6) above.
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Intuitively, there is a clear distinction between the dependencies that only
involve a few points in the corner of A and dependencies that involve many
lines going through points throughout A. We call the former ‘local’ and the
latter ‘global’” dependencies. This distinction is of course not very rigorous.
In chapter 3 we will make it more precise, leading up to corollary (3.5.10),
which for convex sets A in the plane shows that the dependencies indeed
decompose in a global part that doesn’t depend on the shape of A and a
local part that involves only lines in certain ‘corners’ of A.

A systematic discussion of dependencies for rectangular domains was at-
tempted by van Dalen in her 2007 Master’s thesis [7]. Her approach is to
construct explicit dependencies and show that they are independent. The
dimension of the space of dependencies is known from the work of Hajdu and
Tijdeman [12], so one knows when one has found a maximal independent set.

Van Dalen gives a conjecture for the dimensions of the spaces of global
and local dependencies. For the local dependencies, she goes on to construct
for every D and sufficiently large A an independent set of dependencies with
the conjectured dimension. For the global dependencies, she constructs an
independent set of the conjectured dimension in the cases where D has at
most 4 elements.

Our work in chapter 3 is largely complementary to that of van Dalen. We
prove the dimension of the space of global dependencies is as conjectured.
Moreover, we show that the complement of the global dependencies involves
only line sums in the ‘corners’ of the set A. The local dependencies con-
structed by van Dalen are precisely of this form. Our construction of the
global dependencies in chapter 4 supersedes the work of van Dalen in that it
gives a construction for all sequences D. Our approach is somewhat different
in that we will construct a generating set of the space of dependencies, rather
than an independent set.

1.4 Some examples

In this section we will introduce four examples of reconstruction problems
similar to the ones described in the previous section. We will come back to
these examples several times in the upcoming chapters to see how they tie
into the theory we describe there. As studying these objects is the primary
motivation for the work we will do, it is good to keep an eye on these concrete
examples.
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Example 1.4.1. The first example comes directly from section 1.3. We
consider the square grid A = {1,...,5} x{1,...,5} and projection directions

(0,1), (1,2), (2,1) and (0, 1).

Using theorem (1.3.2), one shows that all functions f : A — Z for which
all the line sums in these directions are zero, are multiples of the following
function.

o o0 0 1 -1
0 -1 1 -1 1
0 1 -2 1 0
1 -1 1 -1 0
-1 1 0O 0 O

We will revisit this example in chapter 3 to see how one can derive this (see
example (3.2.9)).

To compute the number of independent dependencies we expect, we con-
sider the reconstruction problem for functions f : A — Q and count the
dimensions of the vector spaces involved. The space of functions has dimen-
sion #A = 25. The number of line sums is 5 in each of the directions (0, 1)
and (1,0) and 13 in each of the directions (1,2) and (2,1). This leads to a
total number of 36 line sums. As remarked before, the map sending a func-
tion to its line sums is linear. Its kernel, the functions that have all line sums
zero, has dimension 1 as we have just seen. That means the image of the
map will have dimension 25 — 1 = 24 inside a 36-dimensional space. Hence
there will be 12 independent dependencies.

Two of these dependencies are of the ‘local’ type described in example
(1.3.7). The upper left point of A is the only point in A on a particular line in
direction (1,2) and a particular line in direction (2,1). The same is true for
the lower right point of A. These two dependencies are clearly independent,
thus we are left with a 10-dimensional space of dependencies that have not
yet been accounted for. We shall see in chapter 3 how these relate to the
dependencies in example (1.4.3) below.
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Example 1.4.2. A slight variation of the previous example is obtained by
removing the central point from the set A, while keeping the same line sum
directions. Thus we have B = {1,...,5} x{1,...,5}\{(3,3)}, or in a picture:

What makes this example behave significantly different from the previous
one, is that this set is not a convex grid set, because there is a ‘hole’ in it.

Keeping the previous example in mind, one sees easily that there are no
non-zero functions f : B — Q that have all line sums 0. The dimension
count for the number of dependencies again yields 12 independent dependen-
cies, as the rank of the domain and the kernel each decrease by 1. What
is noteworthy about this example is that there is a difference between the
consistency problem for rational solutions (which is entirely governed by the
dependencies) and the consistency problem for integral solutions.

Consider the following function B — Z:

0O 0 0 1 -1
0 -1 1 -1 1
1 1 0

1 -1 1 -1 0
-1 1 0 O

Its line sums are all 0, with the exception of the four lines that pass through
the (absent) middle point, which each have line sum 2. As the line sum map is
injective, this is the unique map B — Z having these line sums. But all these
line sums are even, so we can divide them all by 2. This yields a collection of
integral line sums. There is clearly a map B — Q yielding these line sums,
which one obtains by dividing all the entries in the table above by 2. Again,
as the line sum map is injective, this is the unique map B — Q having these
line sums. But clearly, this function does not take integral values. Thus we
have a set of integral line sums for which there is a rational solution, but not
an integral solution.
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Example 1.4.3. For dependencies such as the ones described in example
(1.3.6), it seems the shape of the set A is more or less irrelevant. If we want
to study such dependencies, it makes sense to simply remove all restrictions
on the shape and study general functions f : Z> — Z. In order to make
sense of the line sums, we need to impose the restriction that f(z,y) = 0 for
almost all (x,y) € Z2. That brings us to our third example. We consider
functions Z? — Z and their line sums in the same four directions as the
previous examples: (0,1), (1,2), (2,1) and (0,1).

We shall consider reconstruction problems of this nature extensively in
chapters 3 and 4. It turns out that the functions whose line sums are all zero
have a description very similar to that of theorem (1.3.2). There is a single
function Z? — Z such that the functions with all line sums zero are precisely
the linear combinations of translates of this function. Not surprisingly, this
function turns out to be the one we encountered already in example (1.4.1).
See corollary (3.1.3) and example (3.1.4) for the precise results.

When we consider the corresponding problem with rational coefficients,
we now encounter infinite dimensional vector spaces and cannot do a simple
dimension computation to figure out the number of dependencies. Indeed,
there is no reason to expect this number is finite. Yet, this turns out to be
the case, as we shall see in chapter 3 (see example (3.5.2)). In chapter 4, we
will explore the structure of these dependencies in great detail. As a result
of this, we can give explicit generators of the space of dependencies. We
will also show that in this case, the dependencies once again form the only
obstruction to the reconstruction problem for Z-valued functions.
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Example 1.4.4. The fourth and last example in this section can be consid-
ered as a combination of the previous two. We begin with the full grid Z? as
in the previous example and then introduce some ‘holes’ in it. We could just
make a single hole (in the origin, say), but rather we chose to make infinitely
many holes, in a periodic fashion. We consider the subset A = Z?\ 3Z2. In
this set a neighbourhood of any of the holes looks like

We remember this from example (1.4.2). However, unlike in that example,
there is in this case no difference between the reconstruction problem over Q
and that over Z. We will look at this example in detail in chapter 5.



2 — Reconstruction systems

In this chapter we develop from the ground up an algebraic context in which
we can study problems similar to the ones considered in sections 1.3 and 1.4.
The purpose is to provide a solid algebraic basis that can be used in the
upcoming chapters. Most of the results in the current chapter are therefore
fairly straightforward, many are special cases of well-known results from the
algebraic literature.

The first section of this chapter introduces the objects of interest and
describes their relation to the material from the previous chapter. This is
very important to understand the relation of the work in upcoming chapters
to the problems described in the first chapter.

Sections 2.2 and beyond go into the algebraic structure of the objects we
consider. Some basic familiarity with modern algebra is assumed. Care has
been taken to minimise this assumed knowledge. Many notions that will be
used shall also be explained, albeit briefly, in the text. We advise the reader
not to spend too much time on these sections, but to treat them mostly as
reference material. Each section begins with an introduction that highlights
the most important results it contains and explains briefly where they shall
be used in the remainder of the work.

2.1 Definitions and examples

Definition 2.1.1. Let k£ be a commutative ring. A reconstruction system
over k is a triple (T, P,p) where T and P are k-modules and p: T — P is a
k-linear map.

The elements of 7" and P are referred to as ‘tables’ (or ‘images’) and ‘pro-
jections’ respectively. These names of course are meant to emphasise the
connection with discrete tomograpy. By a slight abuse of notation we will
often refer to the reconstruction system (7, P,p) as p : T — P or even just
as p.

The notion of a reconstruction system is very general. While the current
chapter deals with them in this full generality, later chapters shall focus on
particular types of systems. To give the reader some motivation for studying
reconstruction systems and some concrete examples to keep in mind, we
will now look at how the objects studied in section 1.3 can be viewed as
reconstruction systems.
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Remark 2.1.2. Recall the definitions of (lattice) directions and (lattice)
lines, (1.2.1) and (1.2.2) in the previous chapter. Let r > 2, let p,q € Z" be
two points and d a direction (i.e. non-zero vector) in Z". Then the following
are equivalent

1. p and q lie on the same line in direction d;
2. p— q = Ad for some )\ € Z;
3. p=¢qholds in Z"/Z - d.

Thus the set of lines in direction d is parametrised by the quotient Z" /Z - d.
For convenience of notation we shall usually write Z"/d for Z" /Zd.

Definition 2.1.3. Let n be a non-negative integer and let D = (dy,...,d,)
be an n-tuple of directions in Z". We call D primitive if each d; is primitive.
Let t be an integer such that 2 <t < r. We call D t-reqular if any t elements
of D are independent in Z".

Remark 2.1.4. Let k be a commutative ring. For a set X, write k[X] for
the set
EX]={f:X = k| f(z) =0 for almost all z € X},

endowed with the structure of a k-module in the obvious way. By slight abuse
of notation we often identify an element x € X with the function e, : X — k
given by e;(y) = 1 if y = x and e,(y) = 0 otherwise. It is clear that any
element of k[X] can be written in a unique way as a k-linear combination of
functions e, with x € X. Thus the e, (or simply the elements of X) form a
basis for the free k-module k[X].

Example 2.1.5. We have seen these objects several times already in sections
1.3 and 1.4. For various A C Z? we considered functions A — Z and A — Q
that were 0 almost everywhere. Using the notation above, we write Z[A]
for the Z-module (i.e. abelian group) of functions A — Z that are 0 almost
everywhere and Q[A] for the Q-module (i.e. Q-vector space) of functions
A — Q that are 0 almost everywhere.

Remark 2.1.6. Let A be a subset of Z" and d a direction in Z". The image
of A inside Z"/d parametrises the set of all lines in direction d that pass
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through some point of A. Write Ay for this image. Let k be a commutative
ring. There is an obvious k-linear map

k[A] — k[Ad]

that sends an element of A (viewed as a basis element of k[A]) to the cor-
responding element of A; (viewed as a basis element of k[A4]). This map
identifies elements of A that are on the same line in direction d and thus
adds together the coefficients at these elements. Hence this map takes simul-
taneously the line sums for all lines in direction d that pass through A.

Example 2.1.7. Consider the set A = {1,2,3} x {1,2,3} and d = (1,0).

@ @ @ l3
as ae ag

@ @ @ Lo
as as ag

@ @ @ 151
al aq a7

The quotient group Z?/d is isomorphic to Z; an explicit isomorphism is
given by sending the pair (z,y) to y. We see this identifies points that lie
on the same horizontal line. The set A4 under this isomorphism is {1,2,3}.
Labeling the points and lines as in the picture above, we see that a;, a4 and
a7 get sent to /1. Likewise, agz, a5 and ag are sent to £ and as, ag and ag to
¢3. The map k[A] — K[A4] is therefore given by

cial + -+ cgag —> (C1 +cq4 + 07)51 + (02 +c5 + Cg)gz + (03 + cg + 09)53.

This is indeed the map that associates to a function A — k its row sums.

Definition 2.1.8. Let » > 2, n a non-negative integer, D = (dy,...,d,) a
sequence directions in Z" and A C Z". Let k be a commutative ring. Then
the grid reconstruction system over k associated to (A, D) is the natural map

p:k[A] — @k[Ai],
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where A; is the image of A inside Z"/d;.

Example 2.1.9. In section 1.3, we looked a functions A — Z where
A={1,...,n} x{1,...,m}

is a rectangular subset of Z2. The set of all these functions, with pointwise
addition and scalar multiplication is the Z-module Z[A]. As remarked in
(2.1.6), taking all the line sums in a particular direction d € Z?, corresponds
to looking at the map Z[A] — Z[A4].

If D is a sequence of pairwise independent, primitive directions d1, ..., d,,
then the grid reconstruction system over Z associated to (A, D) is the map
that associates to a function A — Z its line sums in all the lines in directions
in D that meet A.

Example 2.1.10. All of the examples we described in section 1.4 are grid
reconstruction systems. In every case, D is the 4-tuple

((0,1),(1,2),(2,1),(1,0)).

The sets A are given in the following table.

example ‘ A

(1.4.1) {1,...,5} x{1,...,5}
(1.4.2) [ {1,...,5} x{1,...,5}\ {(3,3)}
(1.4.3) 7*

(1.4.4) 72\ 37*

The questions we looked at in section 1.3 concerning uniqueness, consistency
and reconstruction can be related in a direct way to properties of the cor-
responding grid reconstruction system. This suggests that these properties
may also be of interest for more general reconstruction systems.

Let A C Z" and D a sequence of directions in Z". Let p be the grid re-
construction system over Z associated with (A, D). The uniqueness problem
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asks when two functions f,g : A — Z have the same line sums, i.e., when
p(f) = p(g). The linearity of p implies that

p(f) =plg) = p(f —g) =0.

So to answer the uniqueness problem, or study which functions have the same
line sums, we have to look at the kernel

ker(p) ={f: A—Z | p(f) =0}

For the consistency problem, an integer is given for each line in a direction
from D that goes through A, and we are asked when there is a function
f A — Z such that its line sums are precisely these numbers. Phrased in
terms of the reconstruction system, we are given an element ¢ € @;._; Z[A;]
and the question is if there is an f € Z[A] such that p(f) = c. In other words,
the question is to identify the image

im(p) = {p(f) | f € Z[A]}

of the projection map.
In this algebraic setup, the image of the projection map is not a convenient
space to work with. Instead, we will look at the so-called cokernel

cok(p) = (é Z[A)]) [im(p).

Note that an element of @' ; Z[A;] is in the image of p if and only if it maps
to 0 in cok(p), thus the cokernel serves just as well to answer questions about
consistency.

As was remarked in section 1.3, there is a nice connection between the re-
construction of functions A — Z from their line sums and the reconstruction
of subsets of A from their line sums as discussed in section 1.2.

Definition 2.1.11. Let p : T' — P be a reconstruction system over Z and
suppose that T' = Z[A] for some set A. Let B be a finite subset of A. Then
the subset function corresponding to B is the element t = (t4)qec4 of T given
by t, =1if a € B and t, = 0 otherwise.

Lemma 2.1.12. Let p : T — P be a reconstruction system over Z with
T = Z[A]. Let w be the function

w:ZA —Z (ta)aca Zta
acA
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and that we have a function w : P — Z such that w = wop. Let x € P. Let
W be the function

WZIAl —Z (ta)aca = Y _to.
acA

Then for any t € T with p(t) = x we have W (t) > w(zx) with equality if and
only if t is a subset function.

Proof. As the t, are integers, we have t2 > t, for all a € A. It follows that
W (t) > w(t) with equality if and only if ¢2 = ¢t, for all a € A4, i.e. if and only
if t, € {0,1} for all a € A. As w(t) = w(x), the result follows. O

Corollary 2.1.13. Letp : T — P be a grid reconstruction system with P #£ 0
and let x € P. If there are subset functions t satisfying p(t) = x, they are
the elements of minimal Buclidean norm in p~t{x}.

In section 1.3 we also looked at dependencies between line sums. For general
reconstruction systems, we give a definition below.

Definition 2.1.14. Let p be a reconstruction system over k. A dependency
for p is a k-linear map d : cok(p) — k. The set of all such dependencies is
the k-module Homy (cok(p), k). We will write Dep(p) for this module.

At first sight, the relation between this definition of dependencies and the
one described in section 1.3 is maybe somewhat non-obvious. The following
example shows how one can connect the two. After this example there are
two lemmas which describe this connection in full generality.

Example 2.1.15. Consider the reconstruction problem described in example
(1.3.6). Just as the examples from section 1.4, this one can be viewed as a
grid reconstruction system p : 7' — P. The set A is {1,...,n} x {1,...,m}
and the projection directions are d; = (1,0), d2 = (0,1), d3 = (1,1) and
ds = (1,—1). We have

T = Q4]

and
P=Q[A1]® - & Q[A4],

where A; is the image of A inside Z?/d;.



— 35 —

For every i, we choose an isomorphism of Z2?/d; with Z as in the table
below. The table also shows the image A; under the isomorphism

z‘(:c,y)H‘Az

1]y {1,...,m}

2|z {1,...,n}
3|ly—= {1-n...,m-—1}
4lxz+y {2,...,m+n}

To distinguish them more clearly from each other and from any numerical
constant that may come up, we will write a; ; for the element of Q[A;] cor-
responding to j € A;. For a function f : A — @, that is, an element f € T,
we see that its image in Q[A;] is the function that sends i € {1,...,n} to r;,
where r; is the i-th row sum as defined in example (1.3.6). For the images in
the other Q[A;] we have similar interpretations, as collected in the following
table.

Al s arari o amrm

Aol agicr + -+ agpcy

Asl: azi_nSi—n+ -+ a3m—15m—1

A ] Doagoty + o+ Aamtntmtn

Let’s now look at one of the dependencies from example (1.3.6). The

relation
m—+n

m n
erj + Zici = Z ktk
j=1 =1 k=2

can also be written as

m-+n

m n
S gri+ Y ici— Ykt =0.
j=1 i=1 k=2

Inspired by the formula on the left-hand side of this equation, together with
the relations described above, we define the following linear maps

defined by giving the image of each basis element a; ; € A;.

i

1 ai,j; — j
2 as,; — j
3 as; 0
4 aq,5 —j
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Together these define a linear map

6: QMA@ 2QA] — Q
(.’Bl,...,J}4) — (51($1)+-~~+(54($4).

The dependency between the line sums that we have just mentioned
means that for any f : A — Q, the element p(f) € P satisfies d(p(f)) = 0.
Hence im(p) is sent to 0 by ¢ and thus § induces a linear map on the quotient
vector space cok(p) = P/im(p). This linear map is a dependency for the
reconstruction system p, as per definition (2.1.14).

Lemma 2.1.16. Let p : T — P be a reconstruction system over k. Let
q : P — cok(p) be the quotient map. Then there is an isomorphism of k-
modules
Dep(p) — {f € Homy(Pk) | fop=0}
d — dog.

Proof. Note that for any d € Dep(p), doq is a k-linear map P — k and that
(dog)op=do(qop)=do0=0.

Thus the map from the lemma is well-defined. One sees readily that it is
k-linear. As q is surjective, we have doq = d’' o ¢ if and only if d = d’, so the
map is injective.

Suppose that f : P — k is k-linear and f op = 0. For every = € im(p)
we then have f(x) = 0. Therefore, if we have y € cok(p) = P/im(p) and let
gy € P be any lift of y, the value f(g) does not depend on the chosen lift,
only on y. In this way f induces a map d : cok(p) — k. One checks that
d is k-linear and satisfies f = d o ¢. Thus the morphism from the lemma is
surjective, and therefore is an isomorphism. O

Lemma 2.1.17. Let AC Z" andlet D = (di,...,d,) be a 2-reqular sequence
of primitive directions in Z". Let

L=AU---UA,

be the set of all lines in directions di up to d, passing though the set A. Let p
be the grid reconstruction system over k corresponding to (A, D). Then there
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is a bijection between Dep(p) and the set of sequences (¢g)per with ¢y € k for
all ¢ € L such that for every t € k[A] we have

> cpe(t) = 0.

el

Proof. From the previous lemma we know that there is a bijection between
Dep(p) and the set

{f € Homg (P, k) | f op = 0}.

Note that P is a free k-module with basis £, as it is the direct sum of
free k-modules with bases Ay,...,A,. A k-linear map P — k is uniquely
determined by where it sends the elements of a basis of P. Moreover, any
map L — k can be extended linearly to a P — k.

For t € k[A], the element p(t) in P can be written as

pr(t)ev

el

that is to say, the coefficient for the line ¢ is the line sum corresponding
to that line, as we have established before in examples (2.1.7) and (2.1.15).
It follows that the k-linear map f : P — k corresponding to the sequence

(ce)eer sends p(t) to
> eopu(t)

el

and we conclude such a map is a dependency if and only if all these are sent
to 0. O

The lemma tells us that for grid reconstruction systems, dependencies in
the sense of definition (2.1.14) correspond with those described in definition
(1.3.5). Using the algebraic description of Dep(p) we can now be very precise
about the relation between dependencies and the consistency problem. The
lemma below describes a very general case in which the dependencies suffice
to describe cok(p) completely. Corollary (2.1.19) is a special case that will
come up several times in chapter 3.

Lemma 2.1.18. Let k be commutative ring, let M be a k-module and suppose
that there is a free k-module F' such that M C F. For m € M one then has

m = 0 <= Vd € Homy (M, k) : d(m) = 0.
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If F' has finite rank, then there is a finite set of maps di,...,d, such that
one has
m=0<=di(m)=0,...,d,(m) =0.

If M itself is free of finite rank, then Homy (M, k) is free of the same rank.
Proof. Let (f;)ics be a basis of F'. Then any m € M can be uniquely written

as
m=> mif;
i€l

with all but finitely many of the m; = 0. For i € I let ¢; be the map sending m
to the coefficient m; in the expansion above. The map ¢; : F' — k is k-linear.
Denote by d; the restriction of ¢; to M. Then the d; are in Homy (M, k).
Thus if we have d(m) = 0 for all f € Homy (M, k), we have in particular that
m; = di(m) = 0 for all i € I, and therefore m = ) ,.; m;f; = 0. The other
implication is trivial.

Suppose F' has finite rank. Let f1,..., f,, be a basis of F' and let c1,...,c,
be the corresponding coefficient maps F' — k as defined in the previous
paragraph. Let g be any homomorphism F — k and let g; = g(f;) for
1 =1,...,n. Then we have

g=gic1+ -+ gnCn,

as these are linear maps F' — k which take the same values on all d;. Thus the
¢; generate Homy (F, k). Moreover, as the coefficients f; can be recovered from
f, they are unique. Hence the ¢; are a basis of Homy(F, k). Let di,...,d,
be the restrictions of the ¢; to M. As remarked before, we have m = 0 if and
only if dj(m) =0fori=1,...,n.

Lastly, if M is free of finite rank, then we can take F' = M and hence by
the previous paragraph, Homy (M, k) is free of the same rank, as the ¢; form
a basis. (Il

Corollary 2.1.19. (Consistency conditions) Let p : T'— P be a reconstruc-
tion system such that cok(p) is a free k-module of finite rank. Then Dep(p)
1s also free, of the same rank. Moreover, for x € P we have

x € im(p) <= Vd € Dep(p) : d(z) = 0.

That is, a vector of projections comes from a table if and only if it satisfies
all dependencies.
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Example 2.1.20. Looking at the examples from section 1.4, there are three
where the corollary does apply, and one (example (1.4.2)) where it does not.
We will see in chapter 3 that for full grids (such as in example (1.4.3)) and
finite convex grids (such as in example (1.4.1)), the corollary above applies,
i.e. the cokernel is free of finite rank and therefore the dependencies are the
only obstruction to the consistency problem. In chapter 5 we will show that
the cokernel for the periodic grid from example (1.4.4) is the same as that
for the full grid, so it is also free.

Example (1.4.2) describes an element v of P with the property that it is
not in the image of p, but 2v is. In other words, v represents an element of
order 2 in cok(p). We conclude that in this case cok(p) is not free, and so
the corollary above does not apply.

2.2 Morphisms and functors

In this section, we will describe the maps that we want to consider between
reconstruction systems. These will allow us to study reconstruction systems
in relation to each other and to try to take what we know about one system
and apply it to others. The first half of the section contains the required
definitions, some very basic results and a few examples. In the second half
of the section, we show that morphisms between reconstruction systems also
give rise to maps between their kernels, cokernels and dependencies in a nice
way.

A reconstruction system, as we’ve defined in the previous section, is a
homomorphism between k-modules. These are very basic objects in modern
algebra, about which a great deal has been written. Very many elementary
results hold for these objects, far more than can reasonably be collected into
this text. The results presented here are those that will be of interest to us
in the upcoming chapters. Proofs are included mostly for the convenience of
the reader.

As a general reference for all basic results about modern algebra, Lang’s
book [17] is indispensable. It has a chapter on modules and also a brief intro-
duction on categories. Another brief introduction on categories can be found
in [11, Ch. 2]. Northcott in [19, Ch. 4] discusses diagrams and morphisms
between them, of which our reconstruction systems are a simple case.
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The category of reconstruction systems

Definition 2.2.1. Let £ be a commutative ring and let p : T — P and
p' : T" — P’ be reconstruction systems over k. A morphism of reconstruction
systems is a pair f = (fr, fp) of k-linear maps fr: T — T and fp: P — P’
such that p’ o fr = fp o p holds.

We write f: p — p' to say f is a morphism from p to p’.

We often find it convenient to explain the relationships between various mod-
ules and maps pictorially, through the use of diagrams. Formally, a diagram
is a directed graph, whose vertices are labeled by modules and whose edges
are labeled by k-linear maps. The map corresponding to an edge of course
has as its domain and codomain the modules corresponding respectively to
the starting and ending vertex of that edge.

For example, the spaces and maps in definition (2.2.1) above can be cap-
tured in a diagram as shown here.

T2 . p

fr fp

T"— P
p/

A path in a diagram represents a sequence of maps that can be composed
to form another map, whose domain is the module corresponding to the
starting vertex of the path, and codomain is the module corresponding to
the ending vertex of the path. We say a diagram is commutative (or that
the diagram commutes) if whenever there are multiple paths between two
vertices of the graph, the corresponding maps are equal.

For example, the required condition in definition (2.2.1) is equal to saying
that the diagram above is commutative. In this case the formula describing
the relation is arguably simpler than the diagram, however when more spaces
are involved, commutative diagrams very quickly become much easier to think
about than the relations between maps they represent.

Example 2.2.2. Let A C Z" and B C A. Let D be a sequence of directions
in Z". Let k be a commutative ring. Note that any line in direction d; that
has points in common with B, also has points in common with A. Hence there
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are maps t; : B; — A; for all 4, in addition to the inclusion map ¢ : B — A.
These maps give rise to maps ¢ : k[B] — k[A] and ¢; : k[B;] — k[A;]. The
map k[B] — k[A] takes a function f : B — k and extends it to a function
f A — k by putting f(z) = 0 for all x € A\ B. Likewise, a function
g: B; — k is extended to A; — k by putting g(x) = 0 for all x € A; \ B;.

Let x € k[B] and consider the line sums of ¢(z) in direction d;. For any
line that doesn’t meet B, the line sum is 0, as it’s only summing coefficients
of points in A\ B, which are all 0. Likewise, for any line that does meet B,
the line sum of +(x) as a function on A is the same as the line sum of z as a
function on B, as the coefficient at any additional point in the sum is 0.

The upshot of the discussion above is the following. Let p and p’ be the
grid reconstruction systems over k associated to (B, D) and (A, D) respec-
tively. Let fr be the map ¢ : k[B] — k[A] and fp = (t1,...,tn). Then
(fr, fp) is a morphism of reconstruction systems p — p'.

Example 2.2.3. We continue with the same setup as in the previous exam-
ple: A CZ", B C A and D a sequence of directions in Z". Note that any
map f : A — k can be restricted to a map f|p : B — k, and likewise, any
map ¢ : A; — k can be restricted to a map g|p, : B; — k.

Thus if we let p and p’ be the grid reconstruction systems over k associated
to (B, D) and (A, D) respectively, there are restriction maps fr : k[A] — k[B]
and fp: @ k[A] = @i k[Bi]-

However, the pair (fr, fp) is, in general, not a morphism of reconstruction
systems. Consider for example

A={1,...,5} x{1,...,5}
and the directions as in example (1.4.1) and

B=A\{(3,3)}

as in example (1.4.2). Let p and p’ be the corresponding grid reconstruction
systems and fr and fp as above.

Let t : A — Z be the map sending (3,3) to 1 and every other point of 0.
Then fp(t) is the restriction of ¢ to B, which is simply the zero map on B.
Note that every line in a direction we consider that passes through A, also
passes through B, and vice versa. Thus the map fp is simply the identity.
Note that ¢ has line sum 1 in each of the lines passing through (3,3), thus
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p(t) is non-zero. On the other hand, as fr(t) = 0, we have p'(fr(t)) =0. We
conclude that fp(p(t)) and p'(fr(t)) are distinct, so the pair (fr, fp) is not
a morphism of reconstruction systems p — p'.

Lemma 2.2.4. Let p, p' and p” be reconstruction systems over k, and let
f:p—p and g:p — p” be morphisms between them. Then

gof=(grofr,gpo fp)
is a morphism of reconstruction systems p — p’.

Proof. Fixing notation, we have p : T — P and similarly for p’ and p”.
It is clear that gr o fr is a k-linear map T — T" and gp o fp is a k-linear
map P — P”. To show that g o f is a morphism of reconstruction systems,
it remains to be shown that (go f)pop = p”" o (go f)r. Plugging in the
definitions we see that

(gof)p = (gpofp)op=gpo(fpop)=gpo(p o fr)
= (gpop)ofr=@"ogr)o fr=p"o(gro fr)
= p'o(gof)r

holds as required. O

Corollary 2.2.5. Let k be a commutative ring. Then the reconstructions
systems over k together with their morphisms form a category.

Proof. A category consists of a collection (the reader will forgive me for
not going into the set-theoretical minutiae here) of objects, sets of morphisms
between them and a composition law for morphisms, satisfying certain con-
ditions.

In our case, the objects are reconstruction systems over k, the morphisms
are the ones defined in (2.2.1) and the composition law is the one described
in lemma (2.2.4).

The conditions come down to three things: that the ‘right’ morphisms be
composable, that the composition is associative, and the existence of identity
morphisms.

The first of these is dealt with in lemma (2.2.4), which defines composition
precisely for the right morphisms. Composiition is possible whenever the
codomain of the first map is the domain of the second.

The associativity of composition follows immediately from the fact it
holds for the composition of k-linear maps.
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This leaves the identity morphisms to be dealt with now. Let p: T — P
be a reconstruction system over k. The pair id, = (idr,idp) clearly defines
a morphism of reconstruction systems p — p. Moreover, it is clear that if
f:p — pand g:p— p” are morphisms of reconstruction systems, we have
id, o f = f and goid, = g. These are the properties the identity morphisms
in a category must satisfy. (]

The fact that we have these morphisms and the notion of composition means
that it also makes sense to make diagrams where the vertices represent recon-
struction systems over k£ and the edges morphisms between them. Indeed one
can sensibly talk about diagrams and commutative diagrams in any category.

Categories, like diagrams, are fairly pervasive in modern algebra. They
reflect the philosophy that one should not just study objects, but also the
relations between them, i.e. the morphisms. The language of categories makes
it easy to say with few words and treat as single notions things that have
fairly complicated definitions.

Definition 2.2.6. An isomorphism of reconstruction systems over k is a
morphism f : p — p’ such that there is a morphism g : p’ — p satisfying
go f=id, and fog=idy.

Note that this definition of isomorphism makes sense in any category. A basic
fact about k-linear maps between modules is that the notion of isomorphism
described here is equivalent to the k-linear map being bijective. Bijectivity
doesn’t make much sense in the category of reconstruction systems, where
the objects are not ‘sets with structure’.

Lemma 2.2.7. Let f : p — p’ be a morphism of reconstruction systems over
k. Then f is an isomorphism if and only if fr and fp are bijective.

Proof. Fixing notation, let p : T — P, p' : T — P’ and f = (fr, fp).
Suppose that f is an isomorphism. Then, by definition, there is a morphism
g :p' — psuch that go f =id, and fog =id,. Write g = (gr, gp). Plugging
in the definition of the composition law, we see that we have gr o fr = idp
and fr o gr = idyr, so fr is an isomorphism of k-modules and is therefore
bijective. Similarly, fp is a isomorphism of k-modules P — P’, so it too is
bijective.

Conversely, suppose that fr and fp are bijective. Write gr and gp for
their inverses. These are k-linear maps. To show that g = (gr,gp) is a
morphism of reconstruction systems, we have to prove that po gr = gpop'.
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Note that

fropogr=pofrogr=p =fpogpop.
As fp is injective, it follows that po gr = gp op’ holds as required. It is clear
that f and g satisfy go f =id, and f o g =id,. O

Some functorial constructions

We now direct our attention to proving some basic properties of the kernels
and cokernels of reconstruction systems. As remarked before, these have a
lot to do with questions of uniqueness and consistency.

Lemma 2.2.8. Let f : p — p' be a morphism of reconstruction systems over
k. Then one has fp(ker(p)) C ker(p').

Proof. This follows at once from the compatibility condition morphisms
must satisfy. If = € ker(p) we have

p'(fp(x)) = fr(p(z)) = fr(0) =0,
so fp(x) € ker(p') as required. O

Corollary 2.2.9. There is a covariant functor
KER : reconstruction systems over k — k-modules

that sends a reconstruction system p over k to the k-module ker(p).

Proof. If, in a somewhat recursive fashion, we think of categories as objects,
functors would be the morphisms that connect them. Specifically, a functor
F between categories C' and D associates to every object X of C' an object
F(X) of D and to every morphism f : X — Y of C a morphism F(f)
satisfying

F(f): F(X)— F(Y) if F'is covariant
F(f): F(Y)— F(X) if F'is contravariant.

These should satisfy F(idx) = idp(x) for all objects X of C' and for mor-
phisms f: Y - Zand g: X - Y in C:

F(fog)=F(f)oF(g) if F'is covariant
F(fog)=F(g)oF(f) if F is contravariant.

In the case of this lemma, the functor KER associates to the reconstruction
system p : T — P the k-module ker(p). Lemma (2.2.8) shows that if f is
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a morphism of reconstruction systems p — p’, then KER(f) = fplier(p) 15 2
k-linear map ker(p) — ker(p’). A straightforward verification shows that this
satisfies the properties mentioned above. O

Constructions that take an object of one type and associate to it another
object of another type are very common. To say such a construction is a
functor (or ‘functorial’) is to say that it behaves well with respect to maps
between the objects.

Example 2.2.10. Consider A and D as in example (1.4.1) and let p be the
corresponding grid reconstruction system. The inclusion A C Z? gives rise
to a morphism of reconstruction systems f : p — ¢ as described in example
(2.2.2), where ¢ is the grid reconstruction system corresponding to (%2, D),
as in example (1.4.3).

For t € ker(p), the function f7(t) is the map Z? — k that sends z to t(x)
ifz € Aand 01if x ¢ A. For any line not going through A, the line sum of
fr(t) is therefore 0, and for any line that does pass through A, it is equal to
the corresponding line sum of ¢, which is also 0. Thus fr(¢) is indeed in the
kernel of ¢ and we have a corresponding map ker(p) — ker(q).

This map is clearly injective and so we can identify ker(p) with a subspace
of ker(q). Looking at the definition it is clear which subspace it is:

ker(p) = {t € ker(q) | Vx ¢ A : t(x) = 0},

i.e. it is the space of those functions in ker(q) whose support is contained
in A. In chapter 3, we will use algebraic methods to derive a description of
ker(q). We can then use the relation between the kernels that we have just
shown to arrive at a description for ker(p).

Lemma 2.2.11. Let f : p — p’ be a morphism of reconstruction systems
over k. Then one has fp(im(p)) C im(p’).

Proof. Let y € im(p), then there is some = € T such that y = p(z) and
therefore we have

fry) = fr(p()) = p'(fr(z))
and so fp(y) is in im(p’). O
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Corollary 2.2.12. There are covariant functors IM and COK from recon-
struction systems over k to k-modules sending a reconstruction system p to
im(p) and cok(p) respectively.

Proof. Let f : p — p’ be a morphism of reconstruction systems over k.
By lemma (2.2.11), M(f) = fplim(p) is a k-linear map im(p) — im(p’). A
straightforward verification shows that 1M satisfies the conditions required of
a functor.

Let y € cok(p) and let = and 2’ be lifts of y to P. Then z — 2’ is in im(p),
and so fp(z — ') € im(p’) by lemma (2.2.11). It follows that the images in
cok(p’) of fp(z) and fp(z') are the same. Hence there is a well defined map
COK(f) : cok(p) — cok(p’) sending y € cok(p) to the class of fp(x) for some
lift « of y to P. Straightforward computations show that this map is k-linear
and that COK satisfies the conditions required for being a functor. O

Lemma 2.2.13. There is contravariant functor DEP from reconstruction
systems over k to k-modules, sending a reconstruction system p to

Dep(p) = Homg (cok(p), k).

Proof. Let f : p — p’ be a morphism of reconstruction systems. By corol-
lary (2.2.12) there is a k-linear map COK(f) : cok(p) — cok(p’). Write ¢
for this map. When d : cok(p’) — k is an element of Dep(p’), the com-
position d o ¢ is a k-linear map cok(p) — k, i.e. an element of Dep(p). A
straightforward computation shows that ¢ in this way induces a k-linear
map DEP(f) : Dep(p’) — Dep(p). More simple computations show that
these maps satisfy the conditions for a contravariant functor as given in the
proof of (2.2.9). O

Example 2.2.14. Continuing from example (2.2.10), the morphism of re-
construction systems f : p — ¢ gives rise to a morphism

g = DEP(f) : Dep(q) — Dep(p).
We can think of this map as follows. Any element
c€k[A]] @ - @ k[A4],
can be extended by zeros to the element

fp(c) € k[Z?/di] @ - - @ K[Z%/dy].
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By lemma (2.1.16), any dependency for g gives rise to a k-linear map

d: P krZ*/di) — k

such that d o ¢ = 0. Thus sending ¢ to d(fp(c)) is a k-linear map

4
d: @PrA] — k
=1

which satisfies d’ o p = 0, as by lemma (2.2.11), fp(c) is in im(q) whenever ¢
is in im(p). By lemma (2.1.16) this therefore is a dependency for p.

Looking at the coefficients for each line as in (2.1.17), we see that the
coefficients for d’ are simply the coefficients for d that correspond to lines
going through A. We will study the dependencies that can be obtained in
this way extensively in chapter 3.

2.3 Categorical constructions

There are very strong similarities between the category of reconstruction
systems over k and the category of k-modules. In this section, we will take
concepts that are well-known in the context of modules, such as direct sums,
and kernels and cokernels of morphisms, and construct analogues of these in
the category of reconstruction systems. The entire analogy can be expressed
succinctly by saying the category of reconstruction systems is an Abelian
category, see theorem (2.3.25).

Abelian categories are often studied in the context of homological alge-
bra. There, one begins with objects from some Abelian category and studies
complezxes

%Kn_ldlenan""l .
where d” od"~! = 0 for all n € Z. Associated to such a complex are homology
groups H™ = ker(d")/im(d"~'). We can view our reconstruction systems as
very simple complexes

o= 0=20=-T—>P—-0—-0—---.
p

The kernel and cokernel of p then arise as the only non-trivial homology
groups. Books on homological algebra rarely mention that the category of
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complexes is again Abelian, as it often suffices simply to define what an
exact sequence of complexes is (or trust their readers to figure this out by
themselves). Some references for homological algebra include [5], [11], [14]
and [19], as well as chapter 20 from [17] and appendix 3 from [8].

Lemma 2.3.1. Let p,p’ be reconstruction systems over k. Then the set
Hom(p,p') = {f:p — p' | f is a morphism of reconstruction systems}

has a natural k-module structure defined by

o f+g=(fr+gr fr+gp)
for any morphisms f = (fr, fp) and g = (97, gp) in Hom(p,p');

o Af = (Afr,AfpP)
for any morphism f = (fr, fp) in Hom(p,p') and any X € k.

Proof. For k-modules, M and M’, the set Hom(M, M') is a k-module with
point-wise addition and scalar multiplication. Moreover, the composition law

Hom(M, M') x Hom(M’, M") —s Hom(M, M")

is k-bilinear. From this one sees immediately that f + ¢ and Af defined
above are indeed morphisms of reconstruction systems. That they satisfy
the required axioms to be a k-module follows from the fact that we can
check this for the T- and P-maps separately, and we already know that for
k-modules they do give a module structure on the Hom-set. O

Lemma 2.3.2. Let p, p' and p” be reconstruction systems over k. Then the
composition of morphisms defined in lemma (2.2.4) is a k-bilinear map

Hom(p, p') x Hom(p', p”") — Hom(p,p").

Proof. As we saw in the previous lemma, the composition of k-linear maps
is bilinear. This carries over to the case of reconstruction systems as we can
verify the required axioms on the T- and P-maps separately. O

Remark 2.3.3. Let Z be the trivial k-module, Z = {0}. The unique k-
linear map 0 : Z — Z is a reconstruction system over k. We call it the zero
reconstruction system and write 0 for it. For every k-module M, there is
a unique k-linear map Z — M. This implies that for every reconstruction
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system p, there is a unique morphism of reconstruction systems 0 — p and
a unique morphism p — 0. If p and p’ are two reconstruction systems, the
zero element of Hom(p, p’) is the composition of p — 0 and 0 — p'.

The reconstruction system 0 is a so-called initial object in the category of
reconstruction systems over k. In a category C, an object [ is called initial,
if for every object X in C, there is a unique morphism I — X in C. Other
examples of initial objects include the trivial group in the category of groups
and Z in the category of rings.

In addition to being an initial object, the reconstruction system 0 is also
a final object in the category of reconstruction systems over k. In a category
C, an object F' is called final, if for every object X in C there is a unique
morphism X — F in C'. Another example of a final object is the trivial group
in the category of groups, or the zero k-module in the category of k-modules.

Not all categories have initial and final objects. Though the previous
paragraphs always speak of an initial or final object, they are what is called
‘“uniquely unique’ or ‘unique up to unique isomorphism’. We state this result
in its categorical generality here, because we shall use it several times later
on to show that other objects are likewise uniquely unique.

Lemma 2.3.4. Let C be a category and suppose that U and U’ both are
initial or both are final objects of C. Then the unique morphism U — U’ is
an tsomorphism.

Proof. As U is an initial object (or U’ is a final object), there is a unique
morphism f : U — U’. Likewise, as U’ is an initial object (or U a final
object), there is a unique morphism g : U' — U. Consider the composition
g o f. This is a morphism U — U. The identity morphism idy is also a
morphism, U — U. As U is an initial (or final) object, there is a unique
morphism U — U, so we must have g o f = idy. In the same way, we
must have f o g =idy as U’ is an initial (or final) object. Thus the unique
morphism f: U — U’ is an isomorphism. O

Sums and products

Definition 2.3.5. Let p; : 71 — P; and ps : 75 — P> be reconstruction
systems over k. The direct sum of p; and ps is the reconstruction system

P @p 11Ty — PO
(x1,22) +—  (p1(z1), p2(z2)).
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Remark 2.3.6. Let p; : 71 — P, and po : To — P, be reconstruction
systems over k and let p; @ p2 be their direct sum. Let ¢1 7 be the map

Thn — Tl
x +— (z,0)

and define ¢1 p and to 7, 12 p similarly. These maps give rise to morphisms
of reconstruction systems

Lipi —p1®pe e {12}

Let m 7 be the map
Tvely, — 1Ty
(x,y) — @

and define 71 p and mo 7, mo p similarly. These maps give rise to morphisms
of reconstruction systems

T p1 B p2 — P ie{l,2}.
For i € {1,2}, the morphism 7; o ¢; is the identity on p;.

Lemma 2.3.7. Let p1 and py be reconstruction systems over k. Let q be
another reconstruction system over k and let f1 : ¢ — p1 and fo : ¢ — ps
be morphisms. Then there is a unique morphism of reconstruction systems
F :q— p1 ®po such that f; =m0 F forie {1,2}.

Proof. Fixing notation, we write p; : T; — P; for i € {1,2} and ¢ : T' — P.
Let Fr : T — T @ T be the k-linear map sending = € T to (f1.7(z), for(z))
and let Fp : P — P; @ P> the map sending x € P to (f1,p(z), f2,p(z)). Note
that for z € T, we have

[(p1 @ p2) o Fr)(z) = [p1®p2](fi,r(), for(z))
= ([p1o firl(2),[p2 0 for](z))
= ([fr,podq|(z),[f2,poq](r)
= Fp(q(x)),

so F' = (Fp, Fp) is a morphism of reconstruction systems ¢ — p1 @ po.
For z € T and i € {1,2} we have

(mi o F)r(z) = mir(fir(), for(x)) = fir(z),

so (mj o F)p = fir. Similarly, one shows (m; o F)p = f; p, thus we have
fi = mj o F as required.
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Now suppose that G : ¢ — p1 @ p2 is a morphism of reconstruction systems
that satisfies f; = m;0 G for i € {1,2}. For z € T' and i € {1,2} we then have

mir(Gr(z)) = fir(2),

that is, Gr(x) = (fi,r(z), fo,r(x)) = Fr(x). Similarly, one shows that Gp
and Fp are equal. We conclude that F' is unique. O

The lemma shows that p; ® po is a product of p; and ps in the category of
reconstruction systems over k. If C is a category and X; and X, are two
objects in C', then a product of X; and X5 is an object P of C' together with
maps w1 : P — X1 and w9 : P — Xo.

X, p-".x

They satisfy the universal property described in the lemma: whenever we
have another object Y in C together with morphisms f; : ¥ — X; and
fo: Y — Xy, there is a unique morphism F': Y — P such that fj =m0 F
and fo =m0 F.

X, p-".x,

N

Y

Not in all categories do products always exist. In the category of recon-
struction systems over k they do, this is what we have just shown. In the
category of k-modules, they also exist, one verifies easily that the direct sum
of two modules, together with the projections to the summands, is a product
in that category.

Products, if they exist, are uniquely unique, in the same way initial or
final objects are. One derives this formally from lemma (2.3.4) by noting
that the triple (P, 71, m2) is a final object in the category whose objects are
triples (Y, f1, f2), where Y is an object in C' and f; : Y — X, for i € {1,2}.
What the morphisms in this category are, is left as an exercise to the reader.
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Example 2.3.8. Let A= {1,...,n} x {1,...,m} be a rectangular set in Z2.
Let p1 be the reconstruction system

Z[A] — zm
f — (Tl,...,Tm),

sending a function f : A — Z to its row sums and po the system

Z[A] — z"
f — (01,...,cn)

sending a function f : A — Z to its column sums. Let p : Z[A] — Z™ G Z"™ be
the grid reconstruction system corresponding to A and D = ((0,1), (1,0)).
The direct sum p; @ p2 is the reconstruction system

ZAl@Z[A] — Zmezn
(f,9) — (p1(f); p2(9))-

It sends two functions A — Z to the row sums of the first and the column sums
of the second. This map is clearly not the same as the grid reconstruction
system p, but there is a morphism between them, which we will construct
now.

Let d be the diagonal map

Z[4] — Z[A®Z[A]
foo—= £

One sees that d and the identity map on Z™ @ Z" form a morphism of
reconstruction systems p — p; @ pa. We will see later in lemma (2.4.14) how
to relate the kernel and cokernel of p to those of p; @ ps. This gives us a way
to ‘build up’ more complicated reconstruction systems out of simpler ones.

We can understand the morphism p — p; & p2 we have just constructed
in terms of the universal property from lemma (2.3.7) as well. There are
obvious maps p — p; and p — po that one obtains by simply forgetting the
sums one is not interested in. Corresponding to these two morphisms, there
should be a unique morphism p — p; @ p2. One checks it is the morphism
that we have just described.
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Lemma 2.3.9. Let p1 and py be reconstruction systems over k. Let q be
another reconstruction system over k and let f1 : p1 — q and fo : po — ¢
be morphisms. Then there is a unique morphism of reconstruction systems
F :p1 ®pa — q such that f; = F ou; fori € {1,2}.

Proof. Fixing notation, we write p; : T; — P; for i € {1,2} and ¢ : T'— P.
Let Fr : Ty & T, — T be the k-linear map sending (z,y) € Th & T» to
fir(x)+ far(y) and let Fp : Py @ P, — P the map sending (z,y) € P ® P,
to f1,p(x) + f2,r(y)-
Note that for (z,y) € T1 @ T> we have

[go Fr](z,y) = q(fir(z)+ far(y))

[go fir](z) +[go forl(y)
[f1,p o p1](x) + [f2,p o p2](y)
Fp(p1(x),p2(y))

= [Fpo(p1 ®p2)l(z,y),

so F' = (Fr, Fp) is indeed a morphism of reconstruction systems p; ®ps — q.
For x € T1 we have

Fr(ur(z)) = Fr((z,0)) = fir(z)

and similarly F’r oo 7 = fa 7. In much the same way one also shows
Fpoiup=fip for i € {1,2}.

It follows that F'o; = f; for i € {1,2} as required.

Conversely, suppose that G is a morphism py @ ps — q. Let (z,y) € Th & Ts.
Then we have

Gr(z,y) = Gr(u(z)+2(y)
= [Groul(z)+ [GT o 2)(y)
= fir(@) + far(y)
= FT(:L" y)

and similarly Gp = Fp. We conclude that F' is unique as required. O

This lemma shows that the direct sum p; & ps is a co-product in the category
of reconstruction systems over k. The notion of co-product is dual to that of
product. In the diagram for a co-product all the arrows point in the opposite
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direction than they do in the diagram for a product.

pl*’]h@pwim
\ I/

Like products, co-products do not always exist in every category. When
they do, they are essentially unique. This can be shown in much the same
way as for products, the universal property from the lemma translates to the
co-product being an initial object in a suitable category.

Q- - - -

Even if products and co-products exist in a category, there is in general
no reason to expect they are the same, unless the categories have additional
structure. In the category of k-modules, one checks that the direct sum of
two modules also is both product and co-product. In the category of groups,
the product is given by the usual direct product of groups, but this is not
the co-product. The co-product does always exist, but showing this is quite
complicated.

Given any finite collection of reconstruction systems pi,...,p, we can con-
struct the direct sum p; & --- @ p, by repeatedly summing pairs, or give a
direct definition similar to (2.3.5). One shows it satisfies universal properties
similar to those in lemmas (2.3.7) and (2.3.9).

Given an arbitrary index set I and reconstruction systems p; for ¢ € I,
we can still define a product and co-product, but when I is infinite these will
no longer be the same. The co-product

P — B

el el

is referred to as the direct sum of the p;’s. One application of such potentially
infinite direct sums is the following lemma about the decomposition of certain
grid reconstruction systems.

Lemma 2.3.10. Let r > 2, let D an n-tuple of directions in Z" and let
ACZ. Letp:T — P be the grid reconstruction system corresponding to
(A,D). Let L C Z" be a subgroup and suppose that dy,...,d, € L. Let s be
the rank of L. Then there is an n-tuple D’ of directions in Z° and there are
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subsets Ay C Z° for all x € Z" /L such that

re P p.

x€Z" /L

where p, is the grid reconstruction system corresponding to (A, D').

Proof. As . C 7" is a subgroup of a free abelian group of finite rank, it is
itself a free abelian group of finite rank s. Fix an isomorphism ¢ : L — Z°.
For i =1,...,n we have d; € L and so we can define d; = ¢(d;). Note that
any line in direction d; that is contained in L is transformed by ¢ into a line
in direction d; in Z°.

For x € Z" /L, let B, be the subset of A given by

B,={a€ A|a=xmod L}.

It is clear that the B, are pairwise disjoint and that we have A = UerT' /L B,.
Furthermore, note that for every ¢, any line in direction d; that has some
points in common with B, does not have any points in common with A\ B,.
Let g, be the grid reconstruction system corresponding to (B, D). From the
above discussion it follows that p decomposes as a direct sum

p= @ qz-

x€Z"/L

Let & € Z" be a lift of x € Z"/L and let ¢t : Z" — Z" be the translation
y+—y—x. Let
Ay = ¢(t(Bz))

and let p, be the reconstruction system corresponding to (A, D’). Then ¢ot
induces an isomorphism ¢, = p,. This completes the proof. O

Example 2.3.11. As an example of the previous lemma, consider the rect-

angular set
A={1,...,n} x{1,...,m}

and directions d; = (1,1) and do = (1,—1). Note that d; and ds span the
subgroup
L={(x,y) € Z* | z 4y is even}

of index 2 inside Z2.
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As in the proof of the lemma above, A is split into 2 pieces, corresponding
to the 2 residue classes in Z?/L. In the picture below, the dark points corre-
spond to the trivial class (i.e. the elements of L itself), which we shall call By,
and the light points to the other class, which we shall call B;. The lines in
directions di and dy are also drawn into the picture and we see they likewise
split up into two classes, each going only through points of one colour.

We pick the isomorphism ¢ : L — Z? given by
¢ : L — 7?2

() — (5250,

Following the proof, we then find d} = (1,0) and d, = (0,1). Up to transla-
tion, the sets Ag and A; are depicted in the following picture.

Kernels and cokernels

In our investigation of the similarities between reconstruction systems and
modules, we now turn our attention to certain objects associated with mor-
phisms in the category of k-modules: kernels and cokernels.

Lemma 2.3.12. Let f : p — p’ be a morphism of reconstruction systems
over k. Then one has p(ker(fp)) C ker(fr).

Proof. Let x € ker(fp). Then we have

fr(p(x)) = p'(fp(x)) = p'(0) =0,

so p(x) € ker(fr) as required. O
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Definition 2.3.13. Let f : p — p’ be a morphism of reconstruction systems
over k. Then a kernel of f is a reconstruction system ker(f) together with
a morphism ¢ : ker(f) — p such that fo: = 0 and such that for every
reconstruction system ¢ and morphism ¢ : ¢ — p satisfying f o g = 0, there
is a unique morphism h : ¢ — ker(f) such that g = ¢ o h.

For the direct sum, we gave a construction of the object and then showed
it satisfies certain universal properties. For kernels and cokernels we take
another approach, they are defined as object satisfying a certain universal
property, and we then have a lemma that shows they exist and are unique
up to unique isomorphism.

Lemma 2.3.14. Let f : p — p’ be a morphism of reconstruction systems
over k. Then a kernel of this morphism exists and is given by

ker(f) = p|ker(fp) : ker(fp) — ker(fT)‘

Moreover, if (q1,t1) and (q2,t2) are two kernels of f, the unique morphism
¢ :q1 — q2 such that 11 = 12 0 ¢ is an isomorphism.

Proof. By lemma (2.3.12), plier(fp) is @ k-linear map ker(fp) — ker(fr) as
claimed. The inclusion maps vp : ker(fr) — T and tp : ker(fp) — P give
rise to a morphism of reconstruction systems ¢ : ker(f) — p.

It is clear that f ot = 0. We will now show that the pair (ker(f),¢)
satisfies the universal property in definition (2.3.13). Let ¢ : T, — P, be
another reconstruction system over p together with a morphism g : ¢ — p
satisfying f o g = 0. Then fpr o gr = 0, so the image of gp is contained
in ker(fr). It follows that gr can be written as the composition of a map
hr : Ty, — ker(fr) and the inclusion ¢p : ker(fr) — T

Similarly, gp can be written as a composition hp : P; — ker(fp) followed
by tp : ker(fp) — P. Since g is a morphism of reconstruction systems,
h = (hp,hp) is also one. It satisfies g = h o« by construction Moreover, if
h' is another morphism satisfying g = h’ o ¢, then we have hy = hl. as ¢p is
injective, and similarly for the P-maps. We conclude that the pair (ker(f),:)
satisfies the universal property of the kernel.

The universal property shows that the pair (ker(f),¢) is a final object in
a suitable category. The objects of this category are pairs (g, g) where ¢ is a
reconstruction system over k and ¢ : ¢ — p a morphism such that fog =0. A
morphism (g1, 91) — (g2, ¢92) in this category is a morphism of reconstruction
systems ¢ : g1 — g2 such that g1 = goo¢. Applying lemma (2.3.4) to the final
object of this category yields the uniqueness of the kernel as required. O
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Example 2.3.15. Consider the sets A and B as in examples (1.4.1) and
(1.4.2), i.c.

A={1,...,5} x{1,...,5}

and B = A\ {(3,3)} and let D be the sequence of directions from these
examples. As we saw before in example (2.2.2), the inclusion B C A gives
rise to a morphism of reconstruction systems f : p — ¢, where p and ¢ are
the grid reconstruction systems associated to (B, D) and (A, D) respectively.

The maps fr and fp are both related to extending a function by 0 to
a larger domain. As such, it is clear that they are injective maps. From
the computation in the previous lemma, it follows that ker(f) is the zero
reconstruction system.

Example 2.3.16. An interesting example of a non-trivial kernel comes up
in the following situation. Consider a rectangular grid

A=A{1,...,n} x{1,...,m}
and the two sequences of directions

Dy = ((071) )
Dy = ((072)7(270))

For convenience of notation, let B = A and write A; 9 for the sets of lines
through A in the directions from D; and Bj o for the sets of lines through B
in the directions from Ds.

For i € {1,2} there is a 2-to-1 map from B; to A;, expressing that a line
in A; is split up in two in Bj;, as shown in the following picture.

These maps induce k-linear maps



— 59 —

which fit into the commutative diagram below.

k[B] —— k[B1] @ k[Ba)]

k[A] —— k[A1] & k[Ag]

L1 f2

In other words, there is a morphism of reconstruction systems f : p — q,
where p and ¢ are the grid reconstruction systems associated to (B, D3) and
(A, Dy) respectively.
The kernel of f, following the previous lemma, is the reconstruction sys-
tem
0 — ker(f1) @ ker(f2).

We will make use of a pair of reconstruction systems very similar to these in
chapter 5. In that case p can be understood quite well and ker(f) has a very
explicit structure as we have described just now. These together can then
be used to understand the system ¢, using the results we will describe at the
end of this section.

Lemma 2.3.17. Let f : p — p' be a morphism of reconstruction sys-
tems over k. Then p/(im(fr)) C im(fp). Hence p’ induces a k-linear map
cok(fr) — cok(fp).

Proof. Let z € T. Then we have p'(fr(z)) = fp(p(x)), so p'(im(fr)) is
indeed contained in im(fp). Let y € cok(fr) and let z, 2" € T" be two lifts of
y. Then 2’ = z + fr(z) for some 2 € T and so we have

P'() =p'(z + fr(x)) =p'(2) + 1/ (fr(x)) = p'(2) + fr(p(z)).

Therefore, the class of p/(z) in cok(fp) does not depend on the chosen list
z, only on y. One checks readily that this map induced by p’ is indeed
k-linear. g

Definition 2.3.18. Let f : p — p’ be a morphism of reconstruction systems
over k. Then a cokernel of f is a reconstruction system cok(f) together with
a morphism 7 : p’ — cok(f) such that 7 o f = 0 and such that for every
reconstruction system g and morphism g : p’ — ¢ satisfying g o f = 0, there
is a unique morphism A : cok(f) — ¢ such that g = ho .
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Like kernels, we define cokernels as objects satisfying a universal property.
Again, we have to show that they exist and are unique.

Lemma 2.3.19. Let f : p — p' be a morphism of reconstruction systems
over k. Then a cokernel of this morphism exists and is given by the map

cok(f) : cok(fp) — cok(fr)

induced by p'. Moreover, if (q1,m1) and (q2,72) are two cokernels of f, the
unique morphism ¢ : qu — qo such that mo = ¢ o w1 is an isomorphism.

Proof. By lemma (2.3.17), p’ induces a k-linear map cok(fr) — cok(fp)
as claimed. Let w1 be the quotient map 7" — cok(fr) and 7p the quotient
map P — cok(fp). One sees at once that m = (7w, 7p) is a morphism of
reconstruction systems and that it satisfies mo f = 0.

We will now show that the pair (cok(f), ) satisfies the universal property
of the cokernel as in definition (2.3.18). Let ¢ : T, — P, be some other
reconstruction system with a morphism g : p’ — ¢ satisfying go f = 0. Then
we have gro fr = 0, and so gr induces a well-defined map hy : cok(fr) — Tj,.
Similarly, gp induces a well-defined map hp : cok(fp) — P,;. One sees easily
that h = (hp, hp) is again a morphism of reconstruction systems and that it
satisfies g = h o m.

Suppose R’ is another morphism cok(f) — ¢ such that g = b’ o 7. Then
h'. = hr as 7r is surjective, and similarly for h’,. Thus h is the unique
morphism so that g = h o w and therefore the pair (cok(f), ) satisfies the
universal property of the cokernel as claimed. The uniqueness of the cokernel
is another application of lemma (2.3.4). O

Example 2.3.20. Continuing from example (2.3.15), the structure of cok(f)
is relatively simple in this case too. The cokernel of the inclusion map

k[B] — k[A]

is isomorphic to k, the isomorphism given by taking a function ¢t € k[A] and
evaluating it at the point (3, 3). In the directions we consider in this example,
the sets of lines going through A and B are the same, so fp is the identity
morphism, whose cokernel is 0. It follows that cok(f) is the reconstruction
system k — 0.
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Example 2.3.21. A more involved cokernel comes up in a similar situation
to the previous example. Consider again the situation as in example (1.4.1)
and let A’ be the following subset of A.

As explained in example (2.2.2) there is a morphism of reconstruction systems
f :p — q, where p and ¢ are the grid reconstruction systems associated to
(A, D) and (A, D) respectively.

The cokernel of the map fr : k[A’] — k[A] is the free k-module on the
set A\ A, as the image of k[A’] inside k[A] consists precisely of the maps
that are 0 on those points. For cok(fp) things are a little more complicated.
We are looking now for which lines in the directions we consider go through
points of A, but not through any points of A’. It turns out there are some,
but not many. They are shown in the picture below.

y

i

The cokernel of f is the reconstruction system r : cok(fr) — cok(fp). It
is similar to a grid reconstruction system, in that cok(fr) is the space of
functions A\ A’ — k and the map r takes line sums of these functions. What
is different is that we do not consider all lines in the projection directions.
Most notably there are no horizontal or vertical lines at all, but there are
also lines in the directions (1,2) and (2,1) which intersect A\ A’ but then
also go through points in A’, so they are not considered.

Nevertheless, the reconstruction system r is rather simple and straightfor-
ward computations show that ker(r) is trivial and cok(r) is a free k-module
of rank 2. The two independent dependencies for r express the fact that the
line sums for lines going through the upper left point are equal, as are those
going through the lower right point.
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For a morphism of k-modules, the cases where the kernel or cokernel is the
zero module correspond to the morphism being injective or surjective. For
reconstruction systems, these notions do not make sense directly, as the mor-
phisms are not simply maps between sets. The following lemmas show how
certain other properties of injective or surjective maps also hold for those
morphisms of reconstruction systems whose kernel or cokernel are 0.

Lemma 2.3.22. Let f : p — p' be a morphism of reconstruction systems
over k, let (ker(f),t) be its kernel and (cok(f),n) be its cokernel. Then the
following are equivalent:

1.
2.

3
4.
5
6

t=0;
ker(f) =0;

. fr and fp are injective;

(p, f) is the kernel of 7;

. (p, f) is the kernel of some morphism g : p' — p”;

. left-cancellation: for all reconstruction systems q and morphisms

g1:q—pand g : q— p, we have g1 = go if and only if fogr = fogs.

We call a morphism that satisfies these equivalent criteria injective.

Proof. We will prove that each item implies the next, and that the last
implies the first.

1=2

2=3

3=4

The zero morphism 0 : ker(f) — p satisfies fo0 = 0, and so there must
be a unique morphism ¢ : ker(f) — ker(f) such that ¢ or = 0. As
t =0, both ¢ =0 and ¢ = idye(y) would satisfy this, so they must be
the same and therefore ker(f) = 0.

As ker(f) = 0, we have ker(fr) = 0 and ker(fp) = 0. For k-linear
maps, the kernel is 0 if and only if the map is injective.

The kernel of the quotient map 7 : T" — cok(fr) is im(fr). As fr is
injective, it gives rise to an isomorphism

T — im(fr) = ker(mr).
Similarly, fp gives rise to an isomorphisms
P — im(gr) = ker(mwp).

Together, these identify (p, f) with the kernel of .



4=5

5= 6

6=1
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Trivial.

Suppose we have a reconstruction system g and morphisms g; : ¢ — p
and g2 : ¢ — p such that fo g, = fogs. Write h for this morphism
g — p'. Note that it satisfies

goh=gofogr=00g =0,

so by the universal property of the kernel, there is a unique ¢ such
that h = f o ¢. By construction, both ¢ = g1 and ¢ = g9 satisfy this
requirement, so g1 = go as required.

Note that f o is the zero map ker(f) — p’ by definition of the kernel.
So we have f ot = f o0, where 0 is the zero map ker(f) — p. By
left-cancellation, it follows that + = 0. O

Lemma 2.3.23. Let f : p — p’ be a morphism of reconstruction systems
over k, let (ker(f),t) be its kernel and (cok(f),m) be its cokernel. Then the
following are equivalent:

1.

AR R

m=0;

cok(f) = 0;

fr and fp are surjective;

(p', f) is the cokernel of i;

(p', f) is the cokernel of some morphism g : p” — p;

right-cancellation: for all reconstruction systems q and morphisms
g1:0 = qandgs :p — q, we have g1 = go if and only if 1o f = goof.

We call a morphism that satisfies these equivalent criteria surjective.

Proof. We will prove that each item implies the next, and that the last
implies the first. The astute reader may observe a strong similarity between
the proofs of this lemma and the previous one.

1 = 2 The zero morphism p’ — cok(f) can be written both as the 0o and as

ideok(f) © ¢~ By the universal property of the cokernel, there is a unique
¢ such that 0 = ¢ o, so it follows that id.. sy = 0 and therefore,
cok(f) =0.
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2 = 3 As cok(f) = 0, we have cok(fr) = 0 and cok(fp) = 0. For k-linear
maps, the cokernel is 0 if and only if the map is surjective.

3 = 4 The map fr induces an isomorphism T /ker(fr) — T’. Note that
T /ker(fr) is cok(vr). Similarly, fp induces an isomorphism

cok(tp) — P'.

Together these give an isomorphism cok(:) — p/, from which the re-
quired result follows.

4 = 5 Trivial.

5 = 6 Suppose we have a reconstruction system ¢ and morphisms ¢, : p’ — ¢
and go : p' — ¢ such that g; o f = go o f. Write h for this morphism
p — q. Note that it satisfies

hog=giofog=g100=0,

so by the universal property of the cokernel, there is a unique ¢ such
that h = ¢ o f. By construction, both ¢ = g1 and ¢ = gy satisfy this
requirement, so g; = go as required.

6 = 1 Note that wo f is the zero map p’ — cok(f) by definition of the cokernel.
So we have mo f = 0o f, where 0 is the zero map p’ — cok(f). By
right-cancellation, it follows that = = 0. U

Corollary 2.3.24. Let f : p — p’ be a morphism of reconstruction systems
over k. Then f is an isomorphism if and only if ker(f) = 0 and cok(f) = 0.

Proof. By lemma (2.2.7), f is an isomorphism if and only if fr and fp
are both isomorphisms. A k-linear map is an isomorphism if and only if it
is surjective and injective. By the preceding lemmas, fr and fp are both
surjective and injective if and only if ker(f) = 0 and cok(f) = 0. O

Theorem 2.3.25. Let k be a commutative ring. Then the category of recon-
struction systems over k is an Abelian category.

Proof. There are very many equivalent definitions of what an Abelian cat-
egory is. Here we will follow Lang’s Algebra, [17, I11.3]. It states that the
requirements are as follows.



— 65 —

1. The set of morphisms Hom(p,p’) is an abelian group for every pair
of reconstruction systems p and p’. This is a consequence of lemma
(2.3.1).

2. The composition law is bilinear. This is lemma (2.3.2).

3. There exists a zero object that is an initial and final object in the
category. This is remark (2.3.3).

4. Finite products and coproducts exist. This follows from the construc-
tion of the direct sum and lemmas (2.3.7) and (2.3.9).

5. Kernels and cokernels (as defined by their universal properties) exist.
This was shown in lemmas (2.3.14) and (2.3.19).

6. If f:p — p' is a morphism whose kernel is 0, then f is the kernel of its
cokernel. This is point 4 from lemma (2.3.22).

7. If f:p— p'is a morphism whose cokernel is 0, then f is the cokernel
of its kernel. This is point 4 from lemma (2.3.23).

8 If f:p— p is a morphism whose kernel and cokernel are 0, the f is
an isomorphism. This is corollary (2.3.24).

As the category of reconstruction systems over k satisfies all these properties,
it is an Abelian category. O

2.4 Exactness properties

The notion of an exact sequence is a very powerful extension to the language
of (commutative) diagrams. It can be defined in any Abelian category. We
will first explain what exact sequences of k-modules are and then expand
this notion to sequences of reconstruction systems over k. After that, we will
explore to what extent the functors KER, COK and DEP we defined before
respect exactness.

This section, just like the previous one, discusses results related to the
basics of homological algebra. In particular, lemma (2.4.10) can be seen as a
special case of the connection homomorphisms that are associated to a short
exact sequence of complexes. Some references relating to homological algebra
were given at the start of the previous section, we will not re-iterate them
here.
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A sequence of k-modules
M —s M — M"

is called exact at M if the image of the first map is the kernel of the second.
A longer sequence
My — My — --- — M,

is called ezxact if it is exact at Mo, ..., M, _1.
A morphism of k-modules M — N is injective if and only if the sequence

00— M — N
is exact. Similarly, it is surjective if and only if
M—N—70
is exact. Every k-linear map f : M — N fits into an exact sequence
0 — ker(f) = M — N — cok(f) — 0.

Perhaps the most useful type of exact sequence is a so called short exact
sequence. It is one of the form

0—>M —- M- M'—D0.

Such a sequence expresses the fact that M’ can be seen as a submodule of
M and that the quotient by this submodule is M”.

To carry the definition of an exact sequence over to reconstruction systems,
we need to define what the image of a morphism of reconstruction systems
is. The following lemma relates the naive definition to a more categorical
construction.

Lemma 2.4.1. Let f : p — p' be a morphism of reconstruction systems over
k. Then p’' induces a reconstruction system im(f) : im(fr) — im(fp). The
inclusion maps im(fr) — T and im(fp) — P’ give rise to a morphism

v im(f) — p'.
The pair (im(f), 1) is the kernel of the morphism 7 : p' — cok(f).

Proof. It was shown in lemma (2.3.17) that p’(im(fr)) is contained in
im(fr), so p’ indeed induces a reconstruction system im(fr) — im(fp). By
construction, ¢ is a morphism of reconstruction systems.
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Let 7 : p' — cok(f) be the cokernel of f. Then 7y is the map
T — COk(fT) = T’/im(fT),

whose kernel clearly is im(fr). Likewise ker(mp) = im(fp). From the proof
of lemma (2.3.14) we conclude that im(f) satisfies the universal property of
the kernel of . O

We can now define exact sequences of reconstruction systems in much the
same way as we did for k-modules. A sequence of morphisms

p/_>p_>pl/

is called exact at p if the image of the first is (i.e. satisfies the universal
property of) the kernel of the second. A longer sequence is called exact if it
is exact at every intermediate step.

Lemma 2.4.2. Let p; : T; — P; for i € {1,2,3} be reconstruction systems
over k and let f : p1 — p2 and g : pos — p3 be morphisms of reconstruction
systems. Then

P1—>P2—P3
f g
is exact at po if and only if

T —1T, — T3
fr gr
and

P1 — P2 — P3
fp gp

are exact as sequences of k-modules.
Proof. This follows at once from the description of the kernel given in

(2.3.14) and the description of the image given in lemma (2.4.1). O

Lemma 2.4.3. Let p; : T; — P; fori € {1,2,3} be reconstruction systems
over k and let f : p1 — p2 and g : poa — p3 be morphisms of reconstruction
systems. Then

0—pm 7>p2 7P

is exact if and only if (p1, f) is the kernel of g. Likewise,

jal 7>p2 ?p:’, — 0
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is exact if and only if (ps,g) is the cokernel of f.

Proof. For the first claim, note that exactness at p; is equivalent to saying
f is injective, which is in turn equivalent to saying f induces an isomorphism
p1 — im(f). Exactness at py is equivalent to saying im(f) = ker(g). The
result follows.

For the second claim, note that exactness at p3 is equivalent to saying g
is surjective. Let ¢ be the inclusion map ker(g) — p2. By lemma (2.3.23),
surjectivity of ¢ is equivalent to having ps = cok(t). Exactness at po is
equivalent to having im(f) = ker(g) and the result follows. O

The following lemma describes a short exact sequence for grid reconstruction
systems. We have already seen this construction in examples (2.3.20) and
(2.3.21).

Lemma 2.4.4. Let r > 2 and D an n-tuple of directions in Z". Let A C Z"
and B C A. Let k be a commutative ring and let p4 and pg be the grid re-
construction systems over k corresponding to (A, D) and (B, D) respectively.
Let py/p be the natural map

pasp : k[A\ Bl — @ k[A: \ By,
i=1

where A; and B; are the images of A and B in 7" /d;. Then there is a short
exact sequence of reconstruction systems

0—pp —pa—pap—0.

Proof. The sequences
0 — k[B] — k[A] - k[A\ B] — 0

and

are clearly exact. The diagram

k[B]

k[A]

pPB
n n

P B —— PrlA

i=1 =1

pPA
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commutes, as was shown in example (2.2.2). The diagram

k[A] k[A\ B]

PAB N’UA/B

D rA] — Dkl Bl
i=1 i=1
commutes, as any line in A; \ B; meets only points in A\ B. ]

In the remainder of this section, we look at what the functors KER, COK and
DEP do with exact sequences of reconstruction systems. A surprising relation
between the kernels and cokernels of a short exact sequence, known as the
snake lemma, is proved (see corollary (2.4.12)) and some consequences are
derived from it.

Lemma 2.4.5. Let
0—p1 —p2—p3

be an exact sequence of reconstruction systems over k. Then the induced
sequence of k-modules

0 — ker(p1) — ker(p2) — ker(ps)

is also exact.

Proof. Fixing notation, we let p; be the reconstruction system 7T; — P; for
i € {1,2,3} and write f for the morphism p; — py and g for the morphism
p2 — p3.

Let ¢; be the inclusion map ker(p;) C T; for i € {1,2,3}. Then the defini-
tion KER of a morphism implies that the following diagram is commutative.

0 —— ker(p1) —— ker(pa) —— ker(ps)

|

0 T1 T2 T3

It is given that the bottom row of the diagram is exact, and we have
to prove that the top row is as well. Note that fr oy is injective, as it
is the composition of two injective maps. As the left square in the diagram
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commutes, we have frot; = 190KER(f) and so KER(f) must also be injective.
This shows exactness at ker(pj).

Let x € ker(p2). As io is injective and the right square in the diagram
commutes, we see that [KER(g)](x) = 0 if and only if gr(t2(x)) = 0. By the
exactness of the bottom row, this happens if and only if to(x) is in the image
of fr. What remains to be shown is that if to(x) = fr(y), then y € ker(py).
Note that pa(e2(x)) = 0, so we have pa(fr(y)) = 0. As f is a morphism, it
follows that fp(p1(y)) = 0. As fp is injective, it follows that y € ker(p;). O

Example 2.4.6. Following examples (1.4.1) and (1.4.2), let
A=A{1,...,5} x{1,...,5}

and B = A\ {(3,3)}. We computed in example (2.3.20) the cokernel of
the morphism of reconstruction systems pg — pa where p4 and pp are
the grid reconstruction systems over Z corresponding to (A, D) and (B, D)
respectively. Following the names from lemma (2.4.4), we write p4,p for this
cokernel.

Applying lemma (2.4.5) to the short exact sequence

0—=pB—pa—pap—0
we find that there is an exact sequence

0 — ker(pp) — ker(pa) — ker(pa,/p)-

In example (1.4.1) we saw that ker(p4) is isomorphic to Z, and in example
(1.4.2) we concluded that ker(pp) is trivial. We computed in example (2.3.20)
that p 4, p is the reconstruction system Z — 0, whose kernel is clearly Z. Thus
the only information we still need about the sequence of kernels is which map
Z — 7. is the one between ker(pa) and ker(p4,p).-

On the level of T-spaces, the morphism ps — p4,p gives rise to the linear
map Z[A] — Z[A\ B] sending a function f : A — Z to its restriction to A\ B.
In this case A\ B contains only the single point (3,3), so the map is in fact
evaluation of a function f : A — Z in the point B. We saw the generator of
ker(pa) in example (1.4.1). Its value in (3, 3) is —2. Hence the exact sequence
of kernels is the sequence

0—>0—>Z—2>Z.
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This sequence is indeed exact, and we see it would not be exact if we added
a zero at the end, as multiplication by —2 is not surjective on Z.

We invite the reader to revisit example (2.3.21) and see for themselves
that in that case one obtains an exact sequence of kernels

0 —7Z-—72—0.

id

Lemma 2.4.7. Let
p1—p2 —>p3—0

be an exact sequence of reconstruction systems over k. Then the induced
sequence of k-modules

cok(p1) — cok(pz) — cok(ps) — 0

is also exact.

Proof. Fixing notation, we let p; be the reconstruction system 7; — P; for
i € {1,2,3} and write f for the morphism p; — py and g for the morphism
p2 — p3.

For i € {1,2,3}, let m; be the quotient map P; — cok(p;). From the
definition of COK of a morphism, it follows that the diagram below is com-
mutative.

Py Py Ps 0

|

cok(p1) — cok(pa) —— cok(ps) —— 0

It is given that the top row of this diagram is exact and we want to
prove that the bottom row is as well. Note that 73 o gp is surjective, as it is
the composition of two surjective maps. As the right square in the diagram
commutes, this means COK(g) o o is also surjective, so COK(g) is surjective.
This shows the exactness at cok(ps).

We prove exactness at cok(ps) in two steps. First, if x € cok(p;), then
there is a y € P; such that 7 (y) = x. By the commutativity of the diagram,
it follows that

[coK(g) o coK(f)](x) = m3([gp o fr](y)) = m3(0) = 0.
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Secondly, if x € cok(pa) satisfies [COK(g)](x) = 0, we want to show that
x is in the image of COK(f). Let y € P» be such that m(y) = x. Note
that m3(gp(y)) = 0 by the commutativity of the right square of the diagram.
Hence there is some z € T3 such that p3(z) = gp(y). As gr is surjective,
there is a u € Ty such that gr(u) = z. Let v = y — pa(u). This element
satisfies ma(v) = mo(y) = = and

gp(v) = gp(y) — gp(p2(u)) = gr(y) — p3(gr(u)) = gr(y) — p3(z) = 0.

By the exactness of the top row at P, it follows that there is a w € P; such
that fp(w) = v. Now we have

[COK(f)|(m1(w)) = ma(fp(w)) = m2(v) ==

as required. O

Example 2.4.8. This is a continuation of example (2.3.16). One sees easily
that there is a short exact sequence of reconstruction systems

0 — ker(f) —>p7>q—>0

where ker(f) is the kernel computed in that earlier example. Applying lemma
(2.4.7) we obtain an exact sequence of k-modules

ker(f1) & ker(f2) — cok(p) — cok(q) — 0.

In other words, cok(q) is the quotient of cok(p) by the image inside that
module of ker(f1) @ ker(f2).

The content of lemma (2.4.5) can be described by saying that the functor
KER is left-exact. Likewise, lemma (2.4.7) shows that COK is right-exact. For
DEP the nomenclature is inevitably a bit confusing, as contravariant functors
invert the direction of arrows. The convention is to say that the following
lemma shows DEP is left-exact.

Lemma 2.4.9. Let
p1 —p2 —p3—0



- 73—

be an exact sequence of reconstruction systems over k. Then the induced
sequence of k-modules

0 — Dep(p3) — Dep(p2) — Dep(p1)

is also exact.

Proof. The map
DEP(g) : Dep(p3) — Dep(p2)

is given by sending d : cok(ps) — k to d o COK(g). Lemma (2.4.7) shows
that COK(g) is surjective, which implies that DEP(g) is surjective, showing
the exactness at Dep(ps).

For the exactness at Dep(p2), note first that

DEP(f) o DEP(g) = DEP(g o f) = DEP(0) =0

holds by the (contravariant) functoriality of DEP. Conversely, suppose that
d : cok(pa) — k is a dependency satisfying d o COK(f) = 0. Let x € cok(ps)
and let y € cok(pz) be any element so that [COK(g)](y) = x. These exist by
functoriality. If we have another such element 3/, then y — 3/ is in the kernel
of COK(g) and therefore in the image of COK(f), by lemma (2.4.7). Hence
y' =y + [COK(f)](2) for some z € cok(p1) and we have

d(y') = d(y) + d([cok(f)](2)) = d(y) + 0 = d(y).

It follows that d(y) only depends on x, not on the chosen lift y, i.e., there is
a well-defined map d’ : cok(ps) — k given by x goes to d(y). More or less by
construction d’ satisfies d = d’ o COK(g). One sees easily that d’ is k-linear,
and so we conclude that d = [DEP(g)](d’) is in the image of DEP(g), which
confirms the exactness as Dep(p2). O

Lemma 2.4.10. Let
0—=p1 = ps—>p3—0

be an exact sequence of reconstruction systems over k. Then there is a k-
linear map
d : ker(p3) — cok(py)

so that
ker(pa) — ker(ps) — cok(p1) — cok(p2)

18 exact.
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Proof. Fixing notation, we let p; be the reconstruction system T; — P; for
i € {1,2,3} and write f for the morphism p; — py and g for the morphism
p2 — p3. For i € {1,2,3}, let ¢; be the inclusion map ker(p;) C T; and let 7;
be the quotient map P; — cok(p;).

We first define the map §. Let = € ker(ps). From the surjectivity of gr,
it follows that there is a y € T such that gr(y) = x. Note that

gp(p2(y)) = p3(gr(y)) = p3(x) = 0,

so pa(y) € ker(gp) = im(fp). As fp is injective, it follows that there is a
unique z € P; (depending on y) such that fp(z) = p2(y). We put

d(z) = mi(2).

To show that this is well-defined, we have to check that this value does
not depend on the choice of y we made along the way. For any other ¢/ € T)
with gr(y') = x, we have y — ¢/ € ker(gr) = im(fr), so there is a w € T}
such that ¥/ = y + fr(w). We then have

p2(y') = p2(y) + p2(fr(w)) = p2(y) + fr(pi(w)).

It follows that 2’ = 2 + pi(w) satisfies fp(2') = p2(y/). As fp is injective,
this is the unique 2’ corresponding to 3. It follows that

m(2") = m(2) + m(p1(w)) = mi(2),

so d(z) is indeed well-defined.

We first prove exactness at ker(ps). Suppose x is in the image of KER(g),
then per definition we have x = gr(y) for some y € ker(pz). It follows that
in the construction above pa(y) = 0, so z = 0 and d(z) = 0. Hence the image
of KER(g) is contained in the kernel of 4.

Suppose z satisfies §(x) = 0. Then 71(z) = 0, so there is a w € T} such
that z = py(w). Put ¥/ =y — fr(w). It satisfies gr(y') = = and

p2(y') = p2(y) — pa(fr(w)) = p2(y) — fr(pr(w)) = p2(y) — fr(2) =0,

so y' € ker(p2). Hence z is in the image of KER(g). Hence the sequence from
the lemma is exact at ker(ps).

We now prove exactness at cok(py). For every x € ker(ps), we see that

[cok(f)](6(x)) = [cok(f)](m1(2)) = m2(fp(2)) = ma(p2(y)) =0,
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so the image of ¢ is contained in the kernel of COK(f).
Now let a € cok(p;) and suppose that [COK(f)](a) = 0. Let b € P; be
such that 7 (b) = a. Then

m(fp(b)) = [COK([)](m1(b)) = [COK(f)](a) =0,

so there is a ¢ € Ty such that pa(c) = fp(b). Let x = gr(c). Then

p3(z) = p3(gr(c)) = gr(p2(c)) = gr(fr(b)) =0,

so x € ker(ps), moreover y = c satisfies gr(y) = = and z = b satisfies
fr(z) = p2(y), so 6(x) = m1(z) = a. We conclude that the sequence from the
lemma is exact at cok(py). O

Example 2.4.11. Continuing with an example we have seen many times
now, let A and B be as in examples (1.4.1) and (1.4.2). As we remarked
in example (2.4.6), there is a short exact sequence of reconstruction systems
over Z

0 —pB —>pa—pap — 0.

We computed in that example that ker(pa) and ker(p,,p) are both isomor-
phic to Z and that the map between them is the multiplication by —2.
We follow now the construction from lemma (2.4.10) of the map

d : ker(pa,p) — cok(pp).

It is enough to check what happens to the element 1 € Z = ker(py,p). Its
lift to Z[A] is the function f : A — Z that sends (3,3) to 1 and all other
points to 0. Its vector of line sums p4(f) is

vEZ[A] G- @ LA

assigning 1 to the four lines going through (3,3) and zero to all other lines.
As we have B; = A; for all i, the lift of v to @?:1 Z|B;] is again just v. We
saw already in example (1.4.2) that this vector of line sums represents a non-
trivial element of the cokernel: there is no integral valued function g : B — Z
that has pp(g) = v.

On the other hand, when we compute §(2), we find 2v and as remarked
in example (1.4.2), this for these line sums we can find a function B — Z,



— 76 —

and so 6(2) = 0 in cok(pp). This is in accordance with the exactness of the
sequence
Z = Z - cok(pp) — cok(pa)

from lemma (2.4.10).

Corollary 2.4.12. Let
0—=pr —p2—+p3—0

be an exact sequence of reconstruction systems over k. Then there is a long
ezxact sequence

0 — ker(p1) — ker(pa) — ker(ps)
— cok(p1) — cok(p2) — cok(ps) — 0.

The preceding corollary is known as the snake lemma. The motivation for
this is that if we capture it in a large diagram, the map J ‘snakes’ through
the diagram from the top right to the bottom left. We conclude the section
with some consequences of this lemma.

Corollary 2.4.13. Let
0—=p1 = p2—>p3—0
be an exact sequence of reconstruction systems over k. Then
ker(pa) — ker(ps) is surjective
if and only if

cok(p1) — cok(pz) is injective.

Lemma 2.4.14. Letp: T — P, and p : T — Py be reconstruction systems
over k. Letp: T — P @ P» be the reconstruction system sending t € T to
(p1(t),p2(t)). Then

ker(p) = ker(p1) Nker(pz)

and there is a short exact sequence of k-modules

0 — T/(ker(p1) + ker(p2)) — cok(p) — cok(p1) @ cok(pz) — 0.
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Proof. It is clear that (p1(t), p2(t)) = (0,0) if and only if ¢ € ker(p;)Nker(p2).
Consider the diagram

0 T TeT T 0
D p1 @ p2
0 — PP PP, —P PP ——0——0

where the maps on the top row are t — (t,t) and (s,t) — s —t. It is
commutative and has exact rows. This means we can also see it as a short
exact sequence of reconstruction systems. Applying the snake lemma (2.4.12)
we obtain an exact sequence

0 — ker(p) — ker(p1) @ ker(p2) — T — cok(p) — cok(p1) & cok(p2) — 0

and the result follows. O

2.5 Change of rings

Sometimes it is useful to consider (grid) reconstruction systems that are
‘the same’ except the coeflicients come from different rings k. We saw this,
for example, in the proof Hajdu and Tijdeman’s reconstruction theorem for
rectangular domains (1.3.3). Base change is the mathematical concept that
formalises these ideas.

The construction that lies at the heart of base change is the tensor product
of modules. It is debatable whether or not knowledge of tensor products falls
within the ‘basic understanding of modern algebra’ that was claimed to be
the prerequisite for this chapter. Nevertheless, we will not explain the tensor
product here, but refer the reader to any good textbook on rings and modules,
for example [17, Ch. 16]. We will also refer to this text whenever we need
some elementary result on tensor products.

We begin by defining base change for reconstruction systems and explain
how it can be used to detect torsion in the cokernel of reconstruction systems
over Z. This torsion is of interest as it captures an obstruction to consistency
that is not seen by the dependencies of the reconstruction system.

The later part of the section is devoted to Galois descent. When we
use base change to ‘change coefficients’ in a reconstruction system, it is also
convenient to have a way to go back. When the two rings involved form a
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Galois extension of fields, this can be done with the descent technique we
will describe.

Definition 2.5.1. Let k and K be commutative rings and let f : &k = K
be a ring homomorphism. Then there is a covariant functor BC K/k from
reconstruction systems over k to reconstruction systems over K sending a
reconstruction system p : T' — P to the system BCK/k(p) t K®pT — KR P.
We call this functor the base change functor from k to K.

Example 2.5.2. Let k£ and K be commutative rings and let f : k — K be
a ring homomorphism. Tensor products of free modules are again free (see
e.g. [17, Ch. 16, Prop. 4.1]), i.e. for any set X one has K ®j, k[X] = K[X].
The upshot of this is that the base change of a grid reconstruction system is
again a grid reconstruction system. More explicitly, we have the following.

Let A C Z" and D a sequence of directions in Z". Let p; be the grid
reconstruction system over k associated to (A4, D) and let px the one over K
associated to (A, D). Then the isomorphisms

K ®y k[A] — K[A]

and
K ® k[Az] — K[AZ}

give rise to an isomorphism of reconstruction systems over K
BCk/k(Pk) — PK-

In other words, for grid reconstruction systems, base change really comes
down to changing the base ring over which we define the reconstruction sys-
tem.

Lemma 2.5.3. Let k and K be commutative rings and let f : k — K be a
ring homomorphism. Let p be a reconstruction system over k. Then there is
a natural isomorphism

K @4 cok(p) = cok(BCg/k(p))-
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Proof. The function K ®j — is a right-exact functor from k-modules to K-
modules, see for example [17, Ch. 16, prop. 2.6]. Hence the exact sequence
of k-modules

T — P — cok(p) — 0
p

gives rise to an exact sequence

KT —» K@kP—>K®kCOk(p) — 0.
BCk/k(p)

We conclude that K ®j cok(p) is naturally isomorphic to the cokernel of
BCk/k(P)- [

When we go from cokernels to dependencies, the relation between Dep(p)
and Dep(BCk/;(p)) is not so straightforward. However in the cases where
cok(p) is a free k-module of finite rank, the situation is nicer. This is also
when we are most interested in dependencies, as they solve the consistency
problem in these cases, cf. corollary (2.1.19).

Lemma 2.5.4. Let k and K be commutative rings and let f : k — K be a
ring homomorphism. Let p be a reconstruction system over k. Then there is
a well-defined K -linear map

K @ Dep(p) —>  Dep(BCg/r(p))
A®d — [ ®x = Aud(z)].

If cok(p) is a free k-module of finite rank, this map is an isomorphism.

Proof. Let d € Dep(p) and A € K. The map

K x cok(p) — K
() — Aud(z)

is well-defined and k-bilinear and therefore gives rise to a map
Prd : K @ cok(p) — K.
One checks that this map is K-linear. Moreover, we have
K @}, cok(p) = cok(BCk /1 (p))
by lemma (2.5.3). It follows that there is a well-defined map

K x Dep(p) — Dep(BCk/i(p))
(A, d) — Pxrd-
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One checks easily that this map is k-bilinear and therefore induces a map
K ® Dep(p) — Dep(BCg i (p)) satisfying the formula claimed in the lemma.
It is easily seen to be K-linear.

Suppose now that ¢y, ..., ¢, is a k-basis of cok(p). Then 1®cy, ..., 1®c, is
a K-basis of cok(BCk ,(p)). Let d; € Dep(p) be the k-linear map cok(p) — k
that sends ¢; to 1 if ¢« = j and to 0 otherwise. The d; form a k-basis of
Dep(p). Let e; be the K-linear map cok(BCg/,(p)) — K that sends 1 ® ¢;
to 1if 7 = j and to 0 otherwise. The e; form a K-basis of Dep(BCg /i (p))-
It is clear that the map from the lemma sends 1 ® d; to e; for all 7, hence
it sends a K-basis of the domain to a K-basis of the codomain, so it is an
isomorphism. O

The functor K ®; — from k-modules to K-modules is right-exact but not in
general left-exact, so the natural map

K @y, ker(p) — ker(BCx/x(p))

is not in general an isomorphism. For grid reconstruction systems, we can
relate the cases where it is an isomorphism to the cases where the cokernel
is free. These are of interest because of corollary (2.1.19), which says that if
the cokernel is free, the dependencies are the only obstruction to consistency.

Theorem 2.5.5. Let A be a finite subset of Z" and let D be a sequence of
directions in Z". For a commutative ring k, denote by p, the grid recon-
struction system over k associated to (A, D). Suppose that cok(p,) is finitely
generated. Then the following are equivalent

1. cok(py) is a free Z-module;

2. cok(py,) is a free k-module for all k;

3. ker(p,) = k ® ker(p,) for all k;
(Pr)

4. ker(p,) = k ® ker(py) for all k =T, with p is a prime number.
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Proof. We prove that each point implies the next and that the last implies
the first.

1=2

2=3

3=>4

4=1

This follows immediately from lemma (2.5.3).

We derive this from the following observation. Let A and B be free
Z-modules and f : A — B be a surjective homomorphism. Then there
is a homomorphism s : B — A such that f os =idg. Such an s can
be found by taking basis for B and for each basis element, picking an
element of A that maps to it. Note that there is a well-defined map

A — ker(f) x> x—s(f(x))

as f(x —s(f(x))) = f(z) = [fos|(f(x)) =0 for all z € A. This map
is onto, as it restricts to the identity on ker(f). Its kernel is the image
of s. Hence ker(f) = cok(s). For any commutative ring k, let fi and
s be the base-changes of f and s to k. Then fj o s = idpg,r and so
ker(fy) = cok(sg). Hence ker(fy) = ker(f) ®z k.

Apply this observation to the quotient map 7, : P, — cok(p,). We
conclude that ker(m, ) = ker(m,) ®z k. Note that ker(m, ) is the image
of p,. It follows that the surjective map p, : T, — im(p,) is the base
change to k of the surjective map p, : T, — im(p,). Since im(p,) is
a submodule of the free Z-module P, , it is free. Hence we can apply
the observation again to this map and obtain ker(p,) = ker(p,) @z k as
required.

Trivial.

Since cok(pz) is finitely generated, it suffices to show that it is torsion-
free (see e.g. [17, Ch. 1, Thm. 8.4]). Let p be a prime number. We will
show that cok(p,) has no p-torsion. Note that there is a short exact
sequence of reconstruction systems

0= pz = pz = pp, =0,

given by the multiplication-by-p maps 17 — 17 and Pz — Pz and the
natural quotient maps 77 — Ty, and Pz — Pp,. The given equality
ker(pr) = F, ® ker(p,) is equivalent to saying that the sequence of
kernels

0 — ker(py) — ker(pz) — ker(pg,) — 0

is exact. By corollary (2.4.13) this is in turn equivalent to the map
cok(p,) — cok(p,) being injective. Since this map is the multiplication
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by p on cok(p,), it follows that cok(p,) has no p-torsion. Since p was
arbitrary, we conclude that cok(p,) is torsion-free. O

Example 2.5.6. Consider again the configuration of points and lines from
example (1.4.2). Let p, be the associated grid reconstruction system over Z
and py, the associated grid reconstruction system over Fs.

We have seen before that cok(p,) has an element of order 2, so we ex-
pect the other criteria from the theorem above to fail as well. It was also
established in (1.4.2) that ker(p,) is trivial. However, the following table in
Fo[B]

0 0011
01111
01 1 0
11110
110 00

has all line sums 0, so ker(pFQ) is a non-trivial Fo vector space. Looking at
the generator of the kernel over Z when we do not exclude the center point,
as in example (1.4.1), we see that it contains a value —2 at the central point.
When we exclude this central point, the kernel over Z collapses, but over o,
the point is not in the support of the kernel generator, so it survives as the
table mentioned above.

Galois actions

A morphism of rings f : k — K also gives us a way to view any reconstruction
system over K as one over k. Any K-module M can be viewed as a k-module
by putting

axm = f(x)m forallx € k and m € M.

The obvious functoriality of this construction implies it also gives rise to a
functor from reconstruction systems over K to those over k. We call this
functor, like its counterpart for modules, the restriction of scalars from K to
k. We write RESf;, for it.

Note that when the ring homomorphism f : k — K is injective, the
functor RESk/;, expresses something very simple: whenever we have a K-
module M, we can ‘forget’ that we can multiply elements of M with elements
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of K \ k and be left with a k-module. Very often in the literature such
forgetting is done silently and one simply speaks of the k-module M. While
this is often convenient, we find the precision that comes with the explicit
notation more important than convenience in this case.

We begin this section with a short description of the relation between base
change and restriction of scalars, first for modules, then for reconstruction
systems. A more precise version of these statements would be that the two
functors are adjoint to each other. See e.g. [8, App. A5] for more details.
Example [A5.2.2 e] in that book treats the case of modules, for which the
case of reconstruction systems is derived easily.

Lemma 2.5.7. Let f : k — K be a ring homomorphism between commutative
rings. Let M be a k-module and N a K-module. Then the map

Homk(M,RESK/k(N)) — HOH’IK(BCK/k,(M),N)
¢ — [A@m = Ad(m)]

is an isomorphism of abelian groups.

Proof. The map
KxM — N
(Am)  — Af(m)

is clearly k-bilinear, hence it indeed induces a map BCg /(M) — N. It is
clear that this map is K-linear. This shows the map from the lemma is
well-defined. One checks easily it is a group homomorphism. To show it is
bijective, one verifies directly that

Hompg (BCk (M), N) — Homy (M, RESk/,(NV))
W — [me=g(lem)

is a two-sided inverse. O

Remark 2.5.8. Let f : K — K be a ring homomorphism between commuta-
tive rings. Let p : T'— P be a reconstruction system over k and q : 7" — P’
a reconstruction system over K. Let ¢ : p — RESg/,(q) be a morphism of
reconstruction systems over k. Then the K-linear maps

1/}T: K®kT — T
ARt — )\QZ)T(t)

and
’(ZJPZ K@kp — P’

A@z  — App(x)
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give rise to a morphism ¢ : BC K/k(p) — g of reconstructions systems over K.

Corollary 2.5.9. Let f : k — K be a ring homomorphism between commau-
tative Tings. Let p be a reconstruction system over k and q a reconstruction
system over K. The the map

Homyg(p, RES /1 (q)) — Homp (BCk(p), 9)

defined in remark (2.5.8) is an isomorphism of abelian groups.

For a general ring homomorphism k — K, these results are the extent of
what we can say about the relation between a reconstruction system and its
base change. However, when &k — K is a finite Galois extension of fields, the
restriction of scalars of a base change comes with a rich additional structure,
which allows us to give something close to an inverse of the base change
construction.

Remark 2.5.10. In any category, the isomorphisms from an object X to
itself are called the automorphisms of X. They form a group under com-
position. We write Aut(X) for this group. An action of a group G on the
object X is a group homomorphism p : G — Aut(X). We usually suppress p
in the notation and write g for the morphism p(g). A morphism f: X — Y
between objects with G-action is called G-equivariant or compatible with the
G-actions, if py(g) o f = fo px(g) holds for all g € G.

When M is a k-module with an action of the group G, we write M for the
set of invariant elements, i.e. elements m € M so that [p(g)](m) = m for all
g €G.

When k£ — K is a Galois extension of fields, the k-module RESf/;,(K) comes
with a natural action of Gal(K/k): any element of the Galois group is a
ring homomorphism K — K which fixes k, so it is a k-linear map K — K.
Moreover, Galois theory tells us that KG2(5/k) = k. This can be generalised
to the following result on modules (i.e. vector spaces).

Lemma 2.5.11. Let k — K be a Galois extension of fields and let M be
a k-module. Let N be the k-module RESk /(K @y M). Then N comes with
a natural action of the Galois group G = Gal(K/k). The set of invariants
satisfies

NY={1@m|me M}.
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Proof. For any o € GG, the map

KxM — KM
(A,m) +— o(A)®@m

is well-defined and k-bilinear and thus induces a map p(o) from K ®i M to
itself. One checks easily that p(o) is k-linear and that p(o7) = p(co) o p(7) for
all o and 7 in G. It follows that p(o) is an automorphism of RES g/, (K ®y M)
and that p gives an action of G on this k-module.

Let (m;)ier be a k-basis of M (recall that every k-module, i.e., every k
vector space, has a basis). The sequence (1 ® m;);cs is a K-basis of K ®j M
(see e.g. [17, Ch. 16, Prop. 4.1]), so every element x of the set K ®; M can
be represented in a unique way as a sum

el
with the \; € K almost all 0. For ¢ € GG, we compute
[p(o)](2) = o(\)mi.
el

It follows that p(o(x)) = z for all ¢ € G if and only if o();) = A; for all
o0 € Gand i€ 1,ie. if and only if \; € k for all ¢ € I. The required result
follows. O

For a reconstruction system, one cannot really speak of elements that are
fixed by an automorphism. Nevertheless, we can make sense of the recon-
struction system fixed by the group action.

Lemma 2.5.12. Let p : T — P be a reconstruction system over k and
suppose it has an action of a group G. Then G acts on T and P, and one
has p(TY) C PS. Thus there is a reconstruction system

p¢ . 17¢ — PC
that comes with a natural injective morphism v : p& — p.

Proof. Let o € GG and let f, be the corresponding automorphism of p. Then
fo,r is an automorphism of 7" and we have f,r7 = fs1 © fr 7, so there is a
well-defined action of G on T" by sending o to f, 7. In the same way o — f, p
defines the action of G on P. Let t € T and ¢ € G, then we have

p(o(t)) = p(for(t)) = for(p(t)) = o(p(t)),
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so p is compatible with the G-actions on T" and P. In particular, if ¢t € T is
fixed by every o € G, then so is p(t).

It follows that the restriction of p to T¢ lands inside P¢. We write p&
for this reconstruction system. The inclusion maps T7¢ C T and PY c G
give rise to an injective morphism ¢ : p& — p. U

We now come to our central theorem, which tells us how we can recover a
reconstruction system over k from its base change to K by using the Galois
action. Much stronger versions of this statement are possible, but these
require significantly more work and the current statement is sufficient for our
needs in chapter 4.

Theorem 2.5.13. Let k — K be a Galois extension of fields and let p be
a reconstruction system over k. Let ¢ = RESk/,(BCk/k(p)), then q has a

natural action of Gal(K/k) and G E/k) = p.

Proof. Let G = Gal(K/k) and write p : T — P. By lemma (2.5.11) there
are actions of G on 7" = RES /(K @ T) and P’ = RESk /(K ®j P). One
checks easily that ¢ : 7" — P’ is compatible with these actions. Hence there
is an action of G on gq.

Moreover, by lemma (2.5.11), there are bijections

T — (T¢ and P — (P"“.

From the definition of ¢ it is clear that ¢© acts the same way on T as p. [

Example 2.5.14. Let A C Z" be finite and dy, ..., d, a sequence of direc-
tions in Z". Let k — K be a Galois extension of fields. Let p; and pg be the
grid reconstruction systems associated to (A, D) over k and K respectively.
It was already observed in example (2.5.2) that px = BCg i (pr). The
space of functions K[A] comes with a very obvious action of Gal(K/k), given
f:A—kand o € Gal(K/k), we obtain a function o(f) by putting

[o(/))(a) = o(f(a))

for all @ € A. This action coincides with the action obtained from the iso-
morphism

K[A] = K ® k[A].

Similarly, the action on K[A1]®---@® K[A,] is also given by simply applying
o € Gal(K/k) to the function values. It is clear that taking line sums is indeed
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compatible with these actions, as elements of Gal(K/k) are in particular k-
linear.

Finally, we look at what the Galois action does on the dependencies. We
already saw in lemma (2.5.4) that we can expect some additional complica-
tions with the dependencies, but these do not appear if the cokernel has finite
dimension.

Lemma 2.5.15. Let k — K be a Galois extension of fields and let p be a
reconstruction system over k. Suppose that cok(p) is finite dimensional. Let
M be the k-module

M = RES [/, (Dep(BCk /1 (p)))-

There is a natural inclusion Dep(p) — M and a natural action of Gal(K/k)
on M such that Dep(p) = MC.

Proof. From lemma (2.5.4) we know that there is a natural isomorphism

¢ : K @k Dep(p) — Dep(BCg/k(p))-

This gives a natural inclusion Dep(p) — M sending d to ¢(1 ® d). We can
apply lemma (2.5.11) to K ®;Dep(p) and use the isomorphism ¢ to transport
the resulting action of Gal(K/k) to M. From lemma (2.5.11) it is then clear
that MY is Dep(p). O

Remark 2.5.16. We continue with the notation from the previous lemma,
and add that p is a k-linear map p : T — P. The action of G = Gal(K/k)
on M can be defined even when cok(p) is not finite dimensional. Lemma
(2.1.16) identifies Dep(BCg /1 (p)) with

{f: K@, P — K| foBCg(p) =0}

By lemma (2.5.11), there are G-actions on the sets K ®; P and K. Using
these we can define a G-action on the set above as follows. Let o € G and
f: K ®; P— K. Then the map

o(f)=00foo

is again K-linear. Moreover, from the compatibility of the G-action on
K ®, T and K ®; P with the map BCg/(p) it follows that o(f) is again
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in Dep(BCk/(p)). One verifies easily that f + o(f) is k-linear and gives rise
to a G-action on M. We leave it to the reader to verify that this definition of
the action coincides with the one in lemma (2.5.15) in the case that cok(p)
is finite dimensional.

Example 2.5.17. Let A C Z" and dy,...,d, a sequence of directions in
7". Let k — K be a Galois extension of fields. Let p, and px be the grid
reconstruction systems associated to (A, D) over k and K respectively.

We saw in lemma (2.1.17) that a dependency d of pg, corresponds to
giving for every line £ in

L=AU---UA,

a coefficient ¢y in K, such that for every ¢t € K[A], one has

> pe(t)ee = 0.

el

Following remark (2.5.16) above, we consider d as K-linear map
P =K[A]®- - & K[A,)] — K.

The coefficient ¢, corresponds to d(¢) where we view the elements of A; as
generators of K[A;]. In that remark, we saw that o € Gal(K/k) acts on
d by sending it to o o d o 0~ where the outer ¢’s act on K and Py as in
example (2.5.14). For £ € L, it is clear that o=1(¢) = ¢, so the coefficients
corresponding to o(d) are o(cy) for £ € L.

In other words, the Galois group acts on the coefficients of a dependency
as one would expect it acts on elements of K. From this it is clear that
the Galois invariant elements are precisely those for which all the coefficients
come from k and that these are precisely the coefficients of dependencies in

Dep(py)-




3 — Finite convex grids

In this chapter, we consider grid reconstruction systems where the grid is
either all of Z" for some r > 1 or a finite convex subset. Any grid reconstruc-
tion system can be related to a system where the grid A is ‘full’ (i.e. all of
Z") using lemma (2.4.4).

The first section of this chapter deals with computing the kernel and
cokernel of the full grid reconstruction systems. Section 3.2 then states the
results for finite convex grids. In section 3.3 we have collected some basic
results about convex sets for the convenience of the reader. The proofs of the
results announced in section 3.2 are in section 3.4. The last section focuses
on the planar case, i.e. subsets of Z2.

The material in this chapter is an extension of the paper [2] by the author
and Joost Batenburg. In that paper, only the planar case was treated. It
also covered some special cases of the general results and machinery set up
in the previous chapter.

3.1 Full grid

Throughout this section, let r be a positive integer and A = Z". Let d be a
lattice direction in Z". The set of all lines in direction d is parametrised by
Z"/d, as was remarked before in (2.1.2). Hence both the set of points and
the sets of lines we consider have the structure of abelian groups. Moreover,
the map that identifies a point with the line passing through it, the natural
projection map Z" — Z"/d, is a group homomorphism.

The upshot of this is that for any ring k the free k-modules k[Z"] and
k[Z" /d] have the additional structure of being group rings and that the pro-
jection map

pa : k[Z"] — K[Z"/d]
is a ring homomorphism, even a k-algebra homomorphism. By extension,
if D is an n-tuple of directions in Z", then the grid reconstruction system
associated to (Z", D) is the ring homomorphism
n
pp < K[Z7) — [ ] k[Z"/di).
i=1

Briefly: what is a group ring in this context and how do we represent
elements thereof? Let GG be an additively written abelian group and let k be
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any commutative ring. Let g € G and define u9 in
E[Gl={f:G — k| f(z) =0 for almost all x € G}

as the map

0 ifh#g
g.
u.hr—>{1 ith=g

These u9 form a basis for the k-module k[G]. We define a k-algebra structure
on k[G] by specifying what the product of two of these basis elements is. For
g,h in G, we put

ud - ul = uIth,
One checks that «? is the unit element of this ring. We will usually just write
1 for it.

Example 3.1.1. From the examples in section 1.4, example (1.4.3) has the
full grid Z? as its domain. The group ring k[Z?] is fairly easy to understand.
There is a ring isomorphism

k[Z%] — E[u,u=t, v, v
f — Z(i,j)EZQf(ivj)ulvja

which identifies k[Z?] with a Laurent polynomial ring.

For each of the directions dj,...,ds from example (1.4.3) the quotient
72 /d; is isomorphic to Z and so the group rings k[Z?/d;] are all isomorphic
to a univariate Laurent polynomial ring k[w,w™!]. The table below gives for
each direction an explicit isomorphism Z?/d; = Z and the resulting descrip-
tion of the i-th component of the projection map as a ring homomorphism

E[u,u=t, v, 071 — klw,w™].
i| di |7%)di = Z | klu,u™ 0,071 = kfw, w]
1](0,1) | (z,y) — —x urw o1
21 (1,2) | (z,y)—y—2z|usw2v—w
31(2,1) | (v,y) =2y —2 | u—w v w?
41(1,0) | (z,y) =y ur— 10— w

For rectangular domains A = {0,...,n} x {0,...m} C Z?, Hajdu and Tijde-
man in [12] associate to a function f : A — k what they call its generating
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function, the bivariate polynomial

S D2y ikl yl.
(i,5)€eA
This is certainly very similar to the approach we use here. However, they
never study the projection map on the full ring as an object in itself. The
restriction to non-negative exponents also complicates matters as there is this
artificial ‘bottom left corner’ to deal with.

Using the algebraic structure on these full grid reconstruction systems allows
us to describe their kernel and cokernel in a reasonably explicit manner. We
state the results first, the final part of the section is devoted to proving them.

Theorem 3.1.2. Let D = (dy,...,dy,) be a 2-reqular sequence of directions
in Z". Let pp be the grid reconstruction system associated to (Z", D). Then
ker(pp) is the k[Z"] ideal generated by

Fp=(u® —1)--- (ud —1).

This result can also be phrased in a way that is very close to theorem (1.3.2).
We include it here as a corollary. Note that multiplying an element f € k[Z"]
with u” for some x € Z" has the effect of translating the corresponding
function f : Z" — k by x. We sometimes refer to functions of the form u” f
as translates of f.

Corollary 3.1.3. Let D = (dy,...,d,) be a 2-reqular sequence of directions
in Z". Let pp be the grid reconstruction system associated to (Z", D). Then
a table f € k[Z"] satisfies pp(f) = 0 if and only if it can be written as a
k-linear combination of translates of Fp.

Example 3.1.4. Consider the full grid reconstruction system as described in
example (1.4.3) and identify k[Z?] with k[u,u~!,v,v71] as in example (3.1.1).
We can now compute Fp as a Laurent polynomial in u and v:

Fp = (v—1)(uw?—-1)(u?v—1)(u—1)
= uto? —utd — udt + wdvd — udv? + wv — u?vd
+2u?v? — o+ uvd —uv? +uv —u—v+ 1.
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Considering this polynomial as a function Z? — k we obtain, up to transla-
tion, the following table, which shows only the non-zero coefficients.

-1 1
1 -1 1 -1
-1 2 -1
-1 1 -1 1

1 -1

Thus corollary (3.1.3) gives a description of the kernel of this reconstruction
system as was announced in example (1.4.3).

We give two general results about the image of these reconstruction systems.
The first one describes a large subspace of the image that plays an important
role in the planar case. The second is a general structure result about the
cokernel.

Theorem 3.1.5. Let D = (dy,...,dy) be a 2-reqular sequence of directions
in Z". Let pp be the grid reconstruction system associated to (Z",D). For
i=1,...,n, let F; = Hj#(udj —1) € k[Z"]. Then the largest [[;—, k[Z" /d;]-
ideal contained in im(pp) is

@pd k[Z"/di].

Theorem 3.1.6. Let D = (dy,...,dy) be a 2-reqular sequence of directions
in Z". Let pp be the grid reconstruction system corresponding to (Z", D).
Then there is an isomorphism of k-modules

cok(pp) = @ k[Z7) ) (u —1,u% —1).
1<i<j<n

Corollary 3.1.7. An element
x €KL )| ® - ®E[Z"/d,)]

is in the image of pp if and only if d(x) =0 for all d € Dep(pp).
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Remark 3.1.8. A word of warning about the isomorphism from theorem
(3.1.6). There is a natural k-linear map

Gige M 1)@ Mt — 1) — M)/ — 1 u — 1)

This map extends to a k-homomorphism
Gij k[Z)dy) @ - D K[Z)dy) — K[Z7]/(ud — 1,u% — 1)

by taking the zero map on all the extra components, and one easily verifies
that it satisfies ¢; j o pp = 0 for all 4 and j. Thus it descends to a k-linear
map

cok(pp) — K[Z")/(u¥ —1,u% —1).

However, the isomorphism from theorem (3.1.6) is not the map sending an
x in cok(pp) to (¢i;(x))s ;-

We now turn our attention to proving the theorems stated above. For this,
we first recall a general result about group rings. Our standard reference
for algebraic results [17] does not say much about group rings beyond their
definition, so we refer the reader to [20] for more information. The following
lemma is well-known.

Lemma 3.1.9. Let G be an abelian group and H C G a subgroup. Let k

be a commutative ring. Then the kernel of the natural ring homomorphism
k[G] — k[G/H] is the k[G]-ideal

Iy = (u"—1|heH).
Moreover, if hy, ..., h, generate H, then
Ip =@M —1,...  u—1).
Proof. Write ¢ for the ring homomorphism k[G] — k[G/H|. For h € H
one clearly has ¢(u® — 1) = 0, so Iy C ker(¢). It remains to show the other
inclusion. Fix a system of representatives X C G for the quotient G/H. The
quotient map G — G/ H gives rise to a bijection X — G/H and thus ¢ sends

k[X] C k[G] bijectively to k[G/H]. In particular we have ker(¢)Nk[X] = {0}.
Let f € ker(¢) and write

f = f: )\iugi .
i=1
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Each g; € G can be written as g; = h; + x; with h; € H and x; € X. Put

m
f/ = E )\iuxia
=1

then we have
m

f=f =) Nud —u™)
i=1
and w9 — u® = u% (uM — 1) is in Iy. Thus ¢(f') = #(f) = 0. Moreover, f
is in k[X], so in fact we must have f’ = 0 and thus f € Iy. This proves the
other inclusion.
Finally, note that for any g € G, we have u™9 — 1 = —u"9(u9 — 1) and
for any g,¢’ € G we have

w9 —1=wI(ud —1)+ (ud —1).

It follows that if k is in the subgroup generated by hi, ..., hy, then u” — 1 is
in the ideal (u —1,... ,u —1). O

Corollary 3.1.10. Let d be a direction in Z" and let py be the projection
map

pa: K[ZT) — K[Z"/d].

Then pq is onto and its kernel is the ideal (u® — 1).

Example 3.1.11. Continuing example (3.1.1) above, we obtain from the

corollary generators for the ring homomorphisms
klu,u™ v, 07 — k[w,w™]

as in the table below. These can easily be verified by elementary means.

i| di | ku,utv,07"] = klw,w™'] | kernel
10,1 [u—w o1 (v—1)
2| (1,2) |u— w2 v w (uv? — 1)
31(2,1) |ur—w v w? (u?v — 1)
41(L0)|u—Lv—w (u—1)
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Lemma 3.1.12. Let d, e be directions in 7" that are independent. Then
1. the quotient k[Z"]/(u® — 1,u® — 1) is a free k-module;

2. multiplication by u® — 1 is an injective map on k[Z"]/(u® — 1).

Proof. For the first part, note that we have
RIZT)(u? = 1,0 = 1) = k[Z7/(d, )]

by lemma (3.1.9) and the latter is a free k-module.

For the second part we use the isomorphism k[Z"](u®—1) = k[Z" /e]. Note
that d has infinite order in Z" /e, as d and e are independent. Thus we are
done if we prove the following. Let G be an abelian group and g € G of
infinite order, then multiplication by w9 — 1 is injective on k[G].

Suppose we have

(w9 —1) Z Azu’ =0,
zeG
for certain A\, € k of which only finitely many are non-zero. Expanding
the product above, we conclude that A\, = A;44 for all z € G. If follows
that if \; # 0 for some z € G, then A\y4py # 0 for all n € Z. All the
elements x + ng are distinct, so we would have infinitely many non-zero \’s,
which is impossible. Hence A, = 0 for all x € G and we conclude that the
multplication by u9 — 1 is injective as required. U

Using these lemmas, we can now prove the first of the theorems from the
start of the section, about the kernel of the full grid reconstruction systems.
The second theorem, which describes a large part of the image, follows easily
from the first.

Proof of (3.1.2). We proceed by induction on n, the number of directions
in D. For n = 1, corollary (3.1.10) is the required statement. Suppose now
the statement holds for any 2-regular sequence of n — 1 directions and we are
given a 2-regular sequence D = (dy,...,d,). Let D' = (do,...,d,).
Following lemma (2.4.14) we have pp(t) = (pg, (t),pp(t)) for all t € k[Z"]
and so
ker(pp) = ker(pg,) Nker(ppr) = (u — 1) N (Fp)

by corollary (3.1.10) and the induction hypothesis. For i = 2,...,n, the
directions d; and d; are independent, so the multiplication by u% — 1 on
K[Z")/(u®™ — 1) is injective by lemma (3.1.12). Hence the multiplication by



- 96 —

Fp is injective on k[Z"]/(u® —1). So for any x € (u¥t — 1) N (Fpr) we have
x =yFp and

yFpr=x=0 ink[Z]/(u® —1)
so y is a multiple of u% — 1. Hence

(uh = 1) N (Fpr) = ((u™ = 1)Fp/) = (Fp)

as required. By induction, this completes the proof. [l

Proof of (3.1.5). Note that pg;(F;) is 0 whenever j # 4. So the image of
the ideal (F1,..., F,) of k[Z"] under pp is the ideal

n
[ [ pa.(F)k[Z" /dj].
i=1

Hence this ideal is certainly contained in im(pp).

Suppose that I is any [[;"; k[Z"/d;]-ideal contained in im(pp) and let =
be any element of it. Let e; € [ kK[Z"/d;] be 1 on the j-th coordinate and
0 everywhere else. Put z; = xze;. Note that z; € I and I C im(pp), so there
is a y; € k[Z"] such that pp(y;) = x;.

Note that if we omit the j-th direction, y; goes to 0, so by theorem (3.1.2),
it is a multiple of F};. Hence the ideal

n
[ pa (k2" /di)
i=1
contains all the x;, and therefore it also contains x = x1 + -+ + xy,. ([l

For the proof of theorem (3.1.6) about the cokernel of full grid reconstruction
systems, we require some more general ring-theoretic results. There is a
certain similarity to the situation we have here and the formalism of regular
sequences and Koszul complexes. For more information on these we refer
the reader to [8, Ch. 17]. However, it seems difficult to actually relate the
map we want to study to the Koszul complex. This may be related to the
observation in remark (3.1.8) that the cokernel cannot described naively as
a sum of difference maps.

Lemma 3.1.13. Let R be a commutative ring and x,y € R such that multi-
plication by x is injective on R/y. Then the sequence

0— R/zy — R/z®R/y — R/(z,y) —0
r — (r,r)
(r,s) = r—3s
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15 exact.

Proof. Let r € R. If xr is in (y) then r is in (y) as multiplication by z is
injective on R/y. Hence (x) N (y) = (xy), which shows exactness on the left.
If for some r,s € R we have r — s € (z,y) then there are a,b € R such that
r —s = ax + by. This means that r — ax is congruent to r modulo x and
to s modulo y, which shows exactness in the middle. The surjectivity of the
rightmost arrow is obvious. O

Lemma 3.1.14. Let R be a commutative ring and let x,y, z € R be such that
the multiplications by x and by y are injective on R/z. Then the sequence

0— R/(z,2) % R/(zy,2) = R/(y,z) — 0

1s exact.

Proof. The diagram

0 R/z —~— R/z R/(x,z) —— 0
Pk
0 R/z p” R/z R/(zy,z) —— 0

is commutative and has exact rows. Hence we can apply the snake lemma to
show that the kernel of the rightmost vertical map is 0 and the cokernel is
isomorphic to R/(y, z). O

Using these lemmas we will now prove theorem (3.1.6) and the subsequent
corollary. We do not give an explicit description of the isomorphism from the
theorem in the proof. In theory, such a description could be derived from it.
In the planar case, we will derive an explicit description of the dependencies
(and through them, the cokernel) in chapter 4.

Proof of (3.1.6).  As in the proof of theorem (3.1.2), we proceed by
induction on n, the number of directions in D. For n = 1, corollary (3.1.10)
is the required statement: the map is onto, so the cokernel is trivial, as is the
empty direct sum from the statement.

Suppose now the statement holds for any 2-regular sequence of n — 1
directions and we are given a 2-regular sequence D = (dy,...,d,).
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Let D' = (dg, . ..,dy). Following lemma (2.4.14) we have

pp(t) = (pa,(t),ppr(t))  forall t € k[Z"]
and so there is a short exact sequence
0 — K[Z"]/(ker(pa,) + ker(ppr)) — cok(pp) — cok(pa,) ® cok(ppr) — 0.
By theorem (3.1.2) we have
K[Z")/ (ker(pa,) + ker(ppr)) = K[Z']/(u™ — 1, Fp)

Note that for ¢ = 2,...,n, the directions d; and d; are independent and so
multiplication by u% —1 is injective on k[Z"]/(u™ —1). Hence multiplication
by

Di = (ud — 1) (u¥ —1)

is injective on k[Z"]/(u® — 1). Applying lemma (3.1.14) with 2 = D;,,

y=u%—1and z = u® — 1 we see that for i = 2,...,n — 1 there is a short

exact sequence
0 — k[Z7])/(u® =1, Diy1) — K[Z7]/(u® =1, D) — k[Z7])(u™ —1,u —1) = 0

The space on the right is a free k-module by lemma (3.1.12) and so the short
exact sequence is split and we have

K2/ (u® = 1,D3) 2 K2}/ (u® — 1, i) @ KIZ)/(u® — 1,u — 1),
It follows that there is an isomorphism of k-modules

KZ')/(uh =1, Fp) = @ kZ7)/(uh —1,u% - 1).
j=2

For the cokernels, we observe that by the induction hypothesis and corol-
lary (3.1.10) we have

cok(pa, ) ® cok(ppr) =0 < @ k[Z")/ b — 1))
2<i<j<n

All the summands are free k-modules by lemma (3.1.12), so the sum is a free
k-module and the exact sequence

0 — k[Z"]/(ker(pg, ) + ker(ppr)) — cok(pp) — cok(pg,) ® cok(ppr) — 0
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splits, yielding isomorphisms

cok(pp) = kZT]/(ker ) + ker(pp)) & cok(pa, ) @ cok(pp)
/(b —1,u% — 1))

@( "/ (u di—l,udj—1)>

ub —1,u% —1)

12
/\
?r

12
§
0
: 69
IN
3

as required. O

Proof of (3.1.7). By theorem (3.1.6), the cokernel is isomorphic to a direct
sum of k-modules that are themselves free by lemma (3.1.12). Hence it is
free and we can apply corollary (2.1.19) to obtain the required result. (|

3.2 Structure results

The primary way we will study grid reconstruction systems for grids that are
not Z" is by comparing them to those full grids. The connection between the
‘algebraic’ description of the kernel of full grids (as in theorem (3.1.2)) and
the more combinatorial or geometric nature of other grids is via the support
of kernel elements.

Definition 3.2.1. Let f € k[Z"] and write f = > ;. c;u®. Then the
support of f is

supp(f) ={z € Z" | ¢z # 0}

Lemma 3.2.2. Let D be a sequence of directions in Z". Let B C A be
subsets of Z". Let k be a commutative ring and let p4 and pp be the grid re-

construction systems over k corresponding to (A, D) and (B, D) respectively.
Then

ker(pp) = {f € ker(pa) | supp(f) C B}.

Proof. By lemma (2.4.4) the natural morphism of reconstruction systems
pB — pa is injective. Hence

ker(pg) = ker(pa) N k[B]
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as a subset of k[Z"]. And k[B] is precisely the subset of f € k[Z"] such that
supp(f) C B. O

Example 3.2.3. If we look at examples (1.4.1) and (1.4.2) we find subsets A
and B of Z? with B C A as in the lemma. It was remarked in example (1.4.1)
that the kernel of the reconstruction system p, is the free abelian group on
one generator, which was given in that example. One sees immediately that
the support of this generator (and hence any multiple of it) is not contained
in B, so the kernel of pg is trivial.

Comparing examples (1.4.1) and (1.4.3) also yields interesting informa-
tion. We computed in example (3.1.4) what the kernel of the global map
pzr is and we have now proved this result in theorem (3.1.2). By the lemma
above ker(pa) consists now of those elements in ker(pz2) whose support is
contained in A. One would hope that it suffices to look at which translates
of the generator of ker(pz2) have support contained in A (of which there is
clearly just the one). Theorem (3.2.8) below asserts that this is indeed the
case as the rectangle A is a finite, non-empty convex grid set.

There is a problem with just considering the support. As the previous lemma
shows, this notion works very well in the combinatorial setting. However, on
the algebraic side, the support is a very elusive thing to reason with. For
example, the support may depend on the specific ring k£ used and it is difficult
to compute the support of a product of elements of k[Z"] given the supports
of these elements.

Things on the whole become much nicer if we focus on the convex hull of
the support, rather than the support itself. The problems mentioned above
do not appear for these convex hulls, under some mild conditions that are
satisfied by the elements of interest to us.

The price paid for looking at these convex hulls is that we cannot use
them to describe kernels and cokernels for arbitrary grid sets A, but only for
convex grid sets. For the sake of completeness, we first recall the definitions.
For more information, including references, about convex sets we refer the
reader to the next section.
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Definition 3.2.4. A subset X of R" is convex if the segment between any
two points of X is contained in X, i.e. if for all p,qg € X and all A € [0,1] we
have A\p 4+ (1 — \)qg € X.

Definition 3.2.5. The convez hull, H(X), of X C R" is the smallest convex
set that contains X.

Definition 3.2.6. A subset A of Z" is called a convex grid set if it satisfies
H(A)NZ" = A.

Example 3.2.7. The set A from example (1.4.1) is a convex grid set in Z2,
as can be seen in the picture below.

It is clear that if we remove (3, 3) the resulting set B from example (1.4.2) is
no longer a convex grid set.

The first result is about kernels of grid reconstruction systems for convex
grid sets. It is a generalisation of theorem (1.3.2) from chapter 1. Note
that the set S does not depend on k. From this fact one easily derives the
corollary about the cokernel and dependencies. Proofs of these results are in
section 3.4.

Theorem 3.2.8. Let A C 7" be a finite convex grid set an let D be a 2-
reqular sequence of directions in Z". Then there is a set S C A such that the
following holds. Let k be a commutative ring that is not the zero ring, let p

be the grid reconstruction system corresponding to (A, D) over k and let Fp
be as in theorem (3.1.2). Then

S={seZ" | supp(u’Fp) C A},

and the u’Fp with s € S form a k-basis of ker(p).
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Example 3.2.9. Using this theorem we can prove that the description of
the kernel of the reconstruction system from example (1.4.1) is correct. We
computed Fp for these directions in example (3.1.4). It is clear that the set
S has only one element, as there is only one translate of Fp that fits inside
A. This confirms the description of the kernel given in the original example.

Corollary 3.2.10. Let A C Z" be a finite convex grid set, let D be a 2-reqular
sequence of directions in Z", let k be a commutative ring and let p : T — P
be the grid reconstruction system over k associated to (A, D). Then cok(p)
and Dep(p) are free k-modules of finite rank. For x € P we have x € im(p)
if and only if d(x) = 0 for all d € Dep(p).

We can use theorem (3.2.8) to make an efficient reconstruction algorithm for
Z-valued functions in the same way as theorem (1.3.3) in chapter 1. This is
made explicit in the corollary below.

Corollary 3.2.11. There is a polynomial time algorithm that on input a
finite convex grid set A C Z", a 2-regqular sequence D of directions in 7" and
x € P, where p: T — P is the grid reconstruction system over Z associated
to (A, D), outputs y € T such that p(y) = x or an error if no such y exists.

The following theorem is a bit imprecise, as some additional theory from the
next section is required to formulate it exactly. In section 3.4 we will see the
precise version of this in corollary (3.4.14). Intuitively, this theorem splits
the consistency problem in two parts: a ‘global’ part that is related to the
full grid and a ‘local’ part that only involves certain ‘corners’ of the space.
One might hope a similar result holds for the dependencies, but the fact that
the space of dependencies for the full grid reconstruction system is in general
not of finite rank makes this more complicated.

Theorem 3.2.12. Let D be a 2-reqular sequence of directions in Z" and let
A be a finite convex grid set which is sufficiently large. Then there is an non-
empty R C A such that the following holds. Let k be a commutative ring and
let pa, pr and pp be the grid reconstruction systems over k corresponding
respectively to (A, D), (R, D) and (Z",D). Let py/r be the reconstruction
system defined in lemma (2.4.4) for the inclusion R C A. Then the natural
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map cok(pr) — cok(pp) is injective and there is a k-isomorphism

cok(pa) = cok(pr) @ cok(pa/r)-

3.3 Convex sets and polytopes

In this section, once again let r be a positive integer. We will cover a number
of basic results on convex sets, which will be useful in the next section.
Convex sets have been studied extensively in the literature, for example in
connection to (linear) optimisation problems. For more on this, see e.g. [21,
Ch. 2] or [3, Ch. 2]. None of the results in this section are new, though it
is often difficult to find the precise statements we need in the literature. We
include them here, with proofs, for the convenience of the reader. The last
part of this section, starting with definition (3.3.18), describes the polytopes
associated to elements of k[Z"] and some of the nice properties they have.

Lemma 3.3.1. Let X C R", then the convex hull of X is given by

n>1, )\1;~--7)\n€R207

Tl Ty € X, }
Mt + =1

H(X) = {Alxl—i----—i-/\na:n

Proof. Let X C R” be nonempty and put

n>1, Al,...,)\nERzo,

Tl,..., Ty € X, }
Mt + A =1

H:{)\lxl‘f'""i‘)\nxn

It is clear that H contains X. Let h,h’ € H and p € [0,1]. Then we can
write
h=Mz1+ ...+ Ay

and
=Nz + . 4+ N o,

by definition of H. Therefore we have

ph+ (1 —ph' = pzr+...+ X \xn) + (1= )Nz + ...+ N zm)
= (pA)z1+ ...+ (pAn)zp
F(L = N+ - (L= )X )

All these coefficients are non-negative, and they sum up to

pA A+ N) Q=) AN A =+ (1= p) =1,
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so ph + (1 — p)h' is in H. Hence H is convex.
Let Y C R" be convex and contains X. We want to show that H is
contained in Y. We do this by showing any

AMT1+ ...+ Ay,
with the A’s non-negative and summing to 1 is in Y, by induction on n. For

n = 1, this is simply saying that X C Y, which is true by assumption. For
n > 1, we may assume that 0 < A\; < 1. Note that

A9 An ) '

Alxl_{__i_)\nxn:A1$1+(1—)\1)(17)\1x2++17>\1l‘n

Note that —i— is non-negative for every i and that

-1
A2 + ... An :)\2+"'+)\”:1.
1-— )\1 1-— >\1 1- >\1
Hence by the induction hypothesis,
>\2 )\n
1_)\1$2+...—|— 1_)\11'”
is in Y, and hence by convexity, so is
D ST T P . VY O

Definition 3.3.2. Let X C R” be a convex. A point x € X is called a vertex
of X if whenever we write = Ap+ (1 — \)g with p,q € X and X € [0, 1], we
have x =por x =q.

Definition 3.3.3. A subset X of R" is a polytope if it is the convex hull of
a finite set.
Lemma 3.3.4. Let X C R” be a polytope. Then X is closed and bounded.

Proof. Note that a subset of R” is closed and bounded if and only if it is
compact. If X = H(S) with S = {s1,..., s} finite, then X is the image of
the continuous map

()i €0, [ M +...+ =1} —R"
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sending (A\;)i_; to A1s1 + ...+ A\st € X. The domain of this map is clearly
compact (being closed and bounded in R?) and therefore its image, X, is
compact too. O

Theorem 3.3.5. Let X be a polytope. Let V' be the set of all vertices of X.
Then V is the smallest set such that H(V) = X.

Proof. Let Y C X with H(Y) = X. We want to show that V' C Y. So let
v € V. As v is a point of X, we can write

U:)\ly1+"'+)\nyn

with the y; € Y and the A; in R>o with sum 1. We choose such a represen-
tation with n minimal.

If n =1, then v =y is in Y as required.

If n > 1, we rewrite

A An
U:)\lyl+(1_)\1)<172)\1y2+"'+177)\1yn>-

Note that A\;/(1 — A1) is in R>g for all 4, as we have A\; > 0 and A\ < 1.
Furthermore
- BTSSP, S b Skt " S
1—X 1—X 1—X)

* A A

STonmt o

isin H(Y) = X. Now we have v = A\jy1 + (1 — A1)z and as v is a vertex, this
means either v = y; or v = x, both contradicting the minimality of n.

This shows that any Y with H(Y) = X contains V. It remains now to
show that H(V) = X. What we will show is the following: if X = H(Y') and
y € Y is not a vertex of X, then X = H(Y \ {y}). Using this, we can remove
all y € Y\ V one by one, starting from some finite ¥ with H(Y) = X to
arrive at H(V) = X.

So suppose H(Y) = X with YV finite and y € Y is not a vertex. Then
y=cp+ (1 —c)q for some c € [0,1] and p,q € X with p,q # y. Write

p:Z)\xa:

zeY
with the A\, € R>o with sum 1. Write

q=_ o

zeY

X




- 106 —

similarly. As neither p nor ¢ is equal to y, we have A\, < 1 and p, < 1. Hence
v =cAy + (1 — ¢)py satisfies v < 1 and we can write

IT=yy= D, (At 1=z,

zeY'\{y}

Rewriting this, we obtain

B g+ (1 — o)y
Yy = Z 1—~ xT.
€Y'\ {y}

Note that the coefficients are non-negative and satisfy

5 Az + (1 — )y :1;(0 oot l-0 > Mx)

1—x
zeY\{y} zeY'\{y} zeY'\{y}
_ c(I=Ay) + (1 —c)(1 —py) _ -y -1
1—x 11— ’
Hence y € H(Y \ {y}) and so X = H(Y) = H(Y \ {y}). O

Lemma 3.3.6. Let X C R" be convex, closed and bounded. Let v € R" be a
non-zero vector. Put

m = ggdx,v%

where (,) denotes the standard inner product on R". Put
F={xeX | (z,v) =m}.

We call F' the face of X in the direction v and denote it F\,(X). It has the
following properties

1. F is convez, closed and bounded;
2. any vertex of F' is a vertex of X;
3. if X =H(Y), then F=H(YNF).
Proof. As X is bounded, any subset of X is also bounded. Let V be the

hyperplane
V={zeR"| (z,v) =m}.
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Note that V is closed and convex. Hence F' = X NV is closed as the intersec-
tion of two closed sets, and is convex as the intersection of two convex sets.
This proves (1).

Let z be a vertex of F' and suppose we can write £ = Ap + (1 — A)q with
p,q € X and A € [0,1]. If Ais 0 or 1, we have x = p or x = ¢q. Otherwise,

(z,0) = Mp,v) + (1 = A) (g, v)

can only be equal to m if both (p,v) = m and (g,v) = m. But then p and ¢
are in F' and we must have x = p or x = ¢ as x is a vertex of F'. Hence x is
a vertex of X. This proves (2).

Suppose that X = H(Y) and let z € X. Then we can write

T=My1+ -+ Anln
with the y; in Y and the \; € Ry summing to 1. It follows that

(x,v) <max{(y1,v),...,(Yn,v)}.

Hence m = maxycy (y,v) and we have (x,v) = m if and only if (y;,v) = m
for all 4. This proves (3). O

Corollary 3.3.7. Let X C R" be a polytope and v € R" a non-zero vector.
Then F,(X) is a polytope.

Example 3.3.8. In the picture below is a polytope in R? that has some of
its faces highlighted.

We see that the face in direction (—1,1) is a line segment and the face in
direction (2,—1) is a point.

Recall that a (closed) halfspace in R" is a set of the form

{xr eR" | (z,v) > c}
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for some non-zero v € R” and ¢ € R.

Lemma 3.3.9. Let X C R" be closed, bounded and convex. Then X is equal
to the intersection of all halfspaces containing X .

Proof. It is clear that X is contained in the intersection of all halfspaces
containing X. Suppose that z € R" \ X. We will show that there is a
halfspace H containing X such that = ¢ H.

As X is a compact subset of R” and = ¢ X there is a y € X such that

d(z,y) = inf {d(z,y') | y' € Y}

and this distance is non-zero. Let H be the halfspace not containing x whose
boundary hyperplane is the hyperplane through y perpendicular to y — x.

If there is some z € R" \ H such that z € X, then the line segment between
y and z contains points in X that are closer to x than y is. This contradicts
the minimality of d(x,y), hence X is contained in H. ]

Theorem 3.3.10. Let X C R" be closed, bounded and convex and let 0X be
the topological boundary of X. Then 0X is the union of all faces of X.

Proof. Let x € X. Denote by S"~! the unit sphere around the origin inside
R". Let 6 be the function

[ — RZO
d — max{(v—u=x,d)|veX}

From the definition of the face of X in direction d, we have x € Fy(X) if and
only if 6(d) = 0. On the other hand, if there is an € > 0 such that §(d) > e for
all d € S" !, then B.(z), the open ball of radius € around z, is contained in
all halfspaces containing X, and hence, by the previous lemma, is contained
in X, so x is in the interior of X.

To prove the theorem, we therefore have to show that if (d) > 0 for all
d € S"71, then there is an € > 0 such that J(d) > € for all d € S"71. Let

Us={dec S| 5d)>e}
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and suppose that d € U.. As X is closed and bounded, there is a v € X such
that 6(d) = (v — x,d). Put
o(d) —e

n=y9_1
[lo — ]

and note that for any d’ € S"~! with ||d — d'|| < 1, we have
(v —2,d=d)| <|lv—a|l-|ld=d <|lv—a|ln=0dd) —e,

so (v —z,d") > e. Hence 6(d') > e. We conclude that the ball with radius n
around d is contained in U,. Since d € U, was arbitrary, we conclude U, is
an open subset of "L

If §(d) > 0 for all d € S"71, the U, with ¢ > 0 then form an open cover
of 5771, As S"7! is compact, this means there must be a finite subcover.
Moreover, since U, C U. whenever € > €, there must in fact be some € > 0

such that U, = S"~ !, i.e. §(d) > e for all d € S"L. O

Corollary 3.3.11. Let X C R" be a polytope. Let 0X be the topological
boundary of X. Then there is a finite set of directions {v1,...,v,} such that

X = LnJ F, (X).
=1

Proof. After the previous theorem, what remains to be shown is that a
polytope has only finitely many distinct faces. Note that by lemma (3.3.6), a
face of X is uniquely identified by the set of vertices of X that lie in the face.
Since a polytope only has finitely many vertices, it can only have finitely
many distinct faces. O

Lemma 3.3.12. Let X C R" be a polytope and let x € X. Then x is a
vertex of X if and only if there is a non-zero v € R" such that F,(X) = {z}.

Proof. The ‘if’ part is straightforward. Suppose we have v € R" such that
F,(X) = {z} and suppose that we also have p,q € X and A € [0,1] such
that x = Ap+ (1 — A)g. If p # = and ¢ # z, we have (p,v) < (x,v) and
(q,v) < (x,v), and so

<.TC,U> = )‘<p7 U) + (1 - )\)<q,'U> < )\(IE,U) + (1 - A)<1’,’U> < <l’,1)>,
which is clearly a contradiction.

For the ‘only if’ part, we proceed by induction on r.
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If r =1, X is a closed and bounded interval in R. The vertices of such
an interval are the points max X and min X, so either (z,1) or (x,—1) is
maximal.

For r > 1, note that any interior point of X is not a vertex, hence the
vertex x is in 0X. By theorem (3.3.10) there is a direction vy such that z is in
F,,(X). Let H the hyperplane perpendicular to vy that contains F,,,(X). By
lemma (3.3.6) z is a vertex of F,,(X) C H too. By the induction hypothesis
there is a direction v; parallel to H such that x is the unique maximal point
in direction v; of F,,(X).

Let Y be the set of vertices of X that do not lie in H. Let m = (z,vp).
For all y € Y, we have (y,v9) < m. Since there are only finitely many of
these y, there is a § > 0 such that (y,vg) < m —0 for ally € Y. Let € > 0 be
such that €|(p,v1)| < %5 holds for every vertex p of X. Again this is possible
since X has only finitely many vertices.

Now put v =vg + evy. Let y € Y, then we have

1 1

<'y,’U> - <y77)0> + €<y,’01> < (m - 5) + 55 =m — 5(5

Similarly, if p is a vertex of F,(X), we have

1
(p,v) = (p,vo) + €(p,v1) > m — 56.

It follows that F,(X) is a subset of F,, (X). Moreover, if p € F,,(X) is not
x, then
<p,U> =m+ €<p7 Ul) <m+ 6<$7’U1> = <:U,’U>,

so Fy(X) = {z} as required. O
Lemma 3.3.13. Let X, Y C R" be conver sets. Then
X+Y={z+ylozeXyecY}

is also convex. Any vertexr of X +Y is can be written in a unique way as
x+y withx € X andy € Y. Moreover, these x and y are vertices of X and
Y respectively.

Proof. Let p be in H(X +Y). Then we can write
p=A(@1+y1)+ -+ A(Tn + yn)
with the z; in X, the y; in Y and the )\; in R>o with sum 1. Note that

r=Mx1+ -+ A\zn
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is in H(X) = X, and likewise
y=My1+- -+ Al

isin Y. It follows that p = x + y isin X + Y. Hence X + Y is convex.

Let v € X +Y be a vertex. Suppose we can write v = z1 + y; and
v==a2+y2 with z12 € X and y10 € Y. Put p =21 + 32 and ¢ = x2 + 1.
Then we have

oyl —1( +y1+x2+y2) =
219 2(1*2961 Y1 TT2TY2) =0,

so we must have v = p or v = ¢, as v is a vertex of X +Y . Either one implies
r1 = a9 and y; = yo. Hence v can be represented as x + ¢ in a unique way.
Suppose z is not a vertex of X. Then x can be written as

r=Ar1+ (1 =N
with X € [0,1] and x; 2 not equal to x. But then
v =Nz +y)+ (1= N)(z2 +y)

and neither x1 + y nor x2 + ¥y is equal to x + y = v. This contradicts the fact
that v is a vertex. So x is a vertex of X and by a similar argument, y is a
vertex of Y. N

Corollary 3.3.14. Let X,Y C R" be polytopes. Then X +Y is a polytope.

Example 3.3.15. Below are pictures of two polytopes in R? and their sum.

Note that every vertex of the sum is indeed the sum of a vertex from each
summand.
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Definition 3.3.16. Let X and Y be convex, closed and bounded subsets of
R". Then X is Y-rounded if there is a convex, closed and bounded Z C R"
such that X =Y + Z.

Lemma 3.3.17. Let X, Y C R" be convez, closed and bounded. Then X +Y
1s closed and bounded and for v € R" non-zero we have

Fo(X +Y)=F,(X)+ F,(Y).

Proof. Note that there is a surjective continuous map X xY — X +Y
sending (z,y) to z+y. Since X and Y are compact (i.e. closed and bounded),
so is X x Y and therefore, so is its image, X + Y.

Let mx = maxzex(x,v) and my = maxyey (y,v). Then for p € X +Y
we can write p = x 4+ y with x € X and y € Y and so we have

<p,U> = <1"’U> + <y,v) <mx +my
with equality if and only if x € F,(X) and y € F,(Y). Hence we have
F, (X +Y)=F,(X)+ F,(Y) as required. O

Definition 3.3.18. Let k be a commutative ring that is not the zero ring
and let f € k[Z"]. We call

P(f) := H(supp(f))
the polytope of f.

Remark 3.3.19. As the support of f € k[Z"] is always finite, P(f) is indeed
a polytope. Moreover, all vertices of this polytope are points in Z". Thus it
makes sense to talk about the coefficient of f at a vertex v of P(f): it is the
coefficient f, when we write f =", fou®.

Definition 3.3.20. We say f € k[Z"] has strong vertices if for every vertex
v of P(f), the coefficient f, is not a zero divisor in k.

Example 3.3.21. In example (3.1.4) we considered the Laurent polynomial
Fp in k[u,ut, v, v~ = k[Z?] given by
Fp = (v—1)(uww?—-1)(u?v—1)(u—1)
= utv? —utd — udvt + udvd — udo? + wdv — w3
+2u?0? — u?v + uwvd —uv? +uww —u — v+ 1.
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Suppose that k is not the zero ring. Then we see in the picture below, the
polytope P(Fp). Each vertex is labeled with the coefficient of the corre-
sponding monomial.

We see that Fp has strong vertices, as 1 and —1 are not zero divisors in any
non-zero commutative ring k.

Lemma 3.3.22. Let f,g € k[Z"] and suppose f has strong vertices. Then
P(fg) = P(f)+ P(g). Moreover, if g also has strong vertices, fg has strong
vertices.

Proof. Note that for every d € Z" the coefficient of fg at u? is

Z Jega—e

ecZ"

which can only be non-zero if there are e, e’ € Z" with e + ¢/ = d such that
fe #0 and go # 0. Hence supp(fg) C supp(f) + supp(g), and therefore

P(fg) C P(f) + P(9).

For the other inclusion, let d be a vertex of P(f) + P(g). Then, by lemma
(3.3.13), there is only one way to write d = e+¢’ with e € P(f) and €’ € P(g).
Moreover e and e’ are vertices of these respective sets. Hence the coefficient
of fg at u® is fege. As f. is not a zero-divisor, this coefficient is nonzero,
hence d € P(fg). Thus all vertices of P(f) + P(g) are contained in P(fg)
and hence, by theorem (3.3.5), P(f) + P(g) C P(fg). If in addition to fe,
ge’ 18 also not a zero-divisor, then f.g.s is not a zero-divisor. Hence if f and
g both have strong vertices, then fg also has strong vertices. O
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3.4 Proving the structure results

In this section we prove the structure results from section 3.2. The basic
results on the kernel and cokernel follow easily by looking at the polytopes of
kernel elements. The decomposition of the module of dependencies is much
more involved and requires more results on convex sets that we discussed in
the previous section.

Lemma 3.4.1. Let D be a 2-reqular sequence of directions in Z", let k be a
commutative ring that is not the zero ring and let pp be the grid reconstruc-
tion system corresponding to (Z", D). Let Fp be the generator of ker(pp) as
in (3.1.2). Then Fp has strong vertices and Ap = P(Fp) is independent
of k.

Proof. Note that Fp is the image of
F=@®—1)--(ul - 1) € Z]Z"]

under the natural map Z[Z"] — k[Z"]. This implies P(Fp) is a subset of
P(F). To show the reverse inclusion, we will prove that for every vertex v
of P(F'), the coefficients F, is +1. Note that this property holds for each
u® — 1 and that a product of two polynomials with this property again
has this property, as a the coefficient at each vertex is the product of the
coefficients of a vertex from each of the factors by lemma (3.3.13). Hence for
every vertex v of P(F), the coefficient F), is £1 and so the coefficient (Fp),
is the image of +1 in k, which means this coefficients of Fp is non-zero, so
P(F) C P(Fp). Hence P(F) = P(Fp) and the coefficients at every vertex
of Fp is not a zero divisor, i.e. Fp has strong vertices. O

Proof of (3.2.8). As A is a convex grid set, the support of an element
f € k[Z"] is contained in A if and only if P(f) is a subset of H(A). Let Fp
be as in the theorem. Applying lemma (3.2.2) to the inclusion A C Z", we
conclude that ker(p) consists of those f € k[Z"] satisfying f = Fpg for some
g € k[Z"] and supp(f) C A. As we have just observed, this will happen if
and only if P(f) C H(A).

By lemma (3.4.1), Fp has strong vertices and so, by lemma (3.3.22) we
have P(f) = P(Fp) + P(g). Lemma (3.4.1) also showed that Ap = P(Fp)
does not depend on the choice of k. It follows that P(f) C H(A) if and only
if supp(g) C S, where S is the set

S={seZ" | s+Ap C HA)}.
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The monomials u® with s € S form a basis for the k-module of polynomials
g with supp(g) C S and thus the functions u*Fp with s € S form a basis of
ker(p). O

Proof of (3.2.10). From the description of the kernel in theorem (3.2.8) it
follows that these kernels satisfy point 3 of theorem (2.5.5). Hence cok(p) is
a free k-module of finite rank and we can apply corollary (2.1.19) to obtain
the rest of the result. O

Proof of (3.2.11). We assume that A is given by enumerating its points.
Since we give the output as a function A — Z, it is unreasonable to expect a
runtime that does not involve #A.

The algorithm works analogously to that from theorem (1.3.3). First,
compute a solution to the reconstruction problem over QQ using linear algebra.
Since all the spaces involved have size polynomial in #A - #D, this can be
done in the stated runtime. If no solution over Q is found, output an error
(any solution over Z would also be a solution over Q).

Let pp be the grid reconstruction system over Q associated to (Z", D).
Let fp be the generator of ker(pp) described in theorem (3.1.2). We have
to be a little careful here, as it may not be possible to write down pp in
acceptable time, unless A is large enough.

Let f; = u® — 1 in Q[Z"] determine A; C A such that supp(u®f;) C A
if and only if x € A;. Note that 0 € P(f;) and f; divides Fp, so any = € A
such that supp(u*Fp) C A, is in A;.

Fori € {2,...,n}, let f; = fi_1 - (u% — 1) and determine A; C A;,1 such
that supp(u®f;) C A if and only if x € A;. As with f;, we have 0 € P(f;)
and f;|Fp so that every x € A such that supp(u” fp) C A is in A4;.

Suppose the computation got interrupted as A; is empty. Then there is
no z € Z" such that x + P(f;) C H(A). Since fp is a multiple of f;, it follows
that there is no x € Z" such that x + P(fp) C H(A), and so, by theorem
(3.2.8) we have ker(p) = 0. It follows that a solution to the reconstruction
problem over Q, and over Z, is unique. Moreover, since cok(p) is a free Z-
module, there is a solution over Z if and only if there is a solution over Q.
Hence the unique solution over Y, which we have already determined, is also
the unique solution over Z. Output it and stop the algorithm.

Suppose the computation did not get interrupted. Since all the A; are
non-empty subsets of A, all the f; have a support of which at least one
translate is contained in A, hence they have no more than #A non-zero
coefficients. It follows that we can compute the f; and A; in polynomial time
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in the length of the original input. Note that f, = fp and A, is the set S
from theorem (3.2.8).

The rest of the algorithm is identical to that in the proof of theorem
(1.3.3) and we do not reproduce it here. O

We now turn our attention to the decomposition result for the cokernel as
described in theorem (3.2.12). We derive a precise version of this result in
corollary (3.4.14). But first, we state the technical result that this corollary
will follow from, and spend some time proving it.

Definition 3.4.2. Let D be a 2-regular sequence of directions in Z". Let Ap
be as in (3.4.1). Then a finite convex grid set A C Z" is called D-rounded if
H(A) is Ap-rounded in the sense of definition (3.3.16). The D-rounded part
of a convex grid set B is the largest D-rounded subset of B.

Theorem 3.4.3. Let D be a 2-reqular sequence of directions in Z". Let A
be a finite convex grid set in Z" that is D-rounded and suppose that H(A)
has non-empty interior. Let k be a commutative ring and let pa and pp be
the grid reconstruction systems over k corresponding to (A, D) and (Z", D)
respectively. Then the natural map cok(pa) — cok(pp) is injective.

The idea of the proof is as follows. We construct finite convex subsets A; of
7" such that

A=Ay CA L CAyC...

and
Jai=z".
i=0

We then show that cok(pa, ,) — cok(pa,) is injective for all ¢ and conclude
from this that cok(pa) — cok(pp) is injective.

Definition 3.4.4. Let € R" be a point and A € R a non-zero scalar. Then
the point scaling map with center x and scaling factor A is the map

sen:RT — R
v — x+ ANv—uz).

Lemma 3.4.5. Let X C R" be convexr and have a non-empty interior. Let x
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be in X°, the interior of X. For A € Rs1, put Xy = s, 2(X). Then one has

UXA:RT’

A>1

and for every A > 1 the interior of X is given by

xX5=J Xu

1<pu<

Proof. As z is in the interior of X, there is some positive € such that B.(z),
the open ball of radius € around z, is contained in X. It follows that B)(z)
is contained in X, for all A € R-1. We conclude that

U x =R

A>1

as any point y € R" is in B).(z) for some sufficiently large \.

Suppose that y € XY. Then for some § > 0, Bs(y) is contained in X,. Let
y1 € X be the point such that y = s, x(y1). Pick p > 1 such that x4 < A and

w> )\HJB'f;ﬁ’L. This is always possible as A > 1 and the fraction involving
||z — y|| is always between 0 and 1. We will show that y € X,,.
Let 3 = sz ,(y1) and 0" = §6. Note that By (y') is contained in X, as

Bs(y) is contained in X. Now we compute

W
ly =o'l = llz =yl = lle = y/ll = (1 = D)llz = y]l.

llz—yl|

Rewriting p > A= one obtains (A —w)||z — y|| < nod and so

0 7
(1= Blle—yll < L5 =7

It follows that |ly — ¢/|| < &', i.e. y € By (y'). Hence y is in X, as required.

Conversely, suppose that y € X, for some u < A. We want to show that y
is in the interior of X. Let y; € X be the point such that y = s, ,(y1) and
let ' = sz A(y1). Let 6 = A™1(\ — ). Note that 0 < § < 1. It follows that
5,5 moves a point z € Be(x) to a point on the line segment between 2 and
y'. As X, is convex, this point is in X,. Note that

sy 6(Be(z)) = Bse(sy 5(z)) = Bse(y)
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and there is an open ball around y contained in X, i.e, y is in the interior
of X - O

Lemma 3.4.6. Let X C R" be convez, closed and bounded and suppose it
has a non-empty interior. Let x € X° and for A € Rsy let Xy = s, 2(X) as
in lemma (3.4.5). Then the set

A={AeRyy |[Vu<A: X, NZ" # X\NZ"}
can be enumerated in order, i.e.
A={A, 0, As,...}
with A\; < \;j whenever i < j.

Proof. It follows from lemma (3.4.5) that the boundaries 90X with A > 1
are all disjoint. The set A from the theorem can also be described as

A={NeRy; | Z"N0OX), is non-empty}.

It follows that this set is countable. Moreover, for every m > 1, the sets X
with 1 < A < m are all contained in some big closed box B around the origin,
as X is bounded. Hence, for 1 < A < m we have

7" N 0X, = (BNZ") N X,

and (BNZ") is finite, so there are only finitely many A € A such that A < m.
It follows that A can be enumerated in order. O

The idea is now to take X = H(A), fix some z € X° and put 4; = X, NZ".
But first we will show how to use the freedom we have in choosing x € X°
to have a lot of control over A; \ A4;_;.

Lemma 3.4.7. Let V and V' be parallel but distinct hyperplanes in R" and
let W, W' be another pair of parallel, distinct hyperplanes in R, such that
(V, V') £ (W, W'). Then the set

{PeR" | INER: s, \ V=V and s, \W = W'}
1s contained in a hyperplane in R”.
Proof. There are non-zero vectors v, w € R" and scalars o, o/, 8 and 3’ such
that
V= {z](z,v)=a},
V' = {z| (z,v) =d},

(

(
W= {z|(z,w) = 5}
W= Az | (z,w) = §'}.

Ny
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Hence s,V = V' if and only if
(p+ Az —p)),v)=d
whenever (z,v) = a. This is equivalent to
o =Xa+ (1= N){(p,v)
and to
(O/ - <p,’U>) = A(O[ - <pvv>)
Similarly, s, \W = W’ if and only if

Note that o — (p,v) = 0 if and only if p € V. Since V and V' are distinct, for
such p there never is a A such that s, \V = V’. Likewise, if one of the other
factors above is 0, p is contained in one of the other hyperplanes V', W or
W', and for such p there never is a A\. From now on we restrict to p outside
these hyperplanes and so all these factors are non-zero. In that case, there is
a A satisfying these equations if and only if

(@ = (p,v)(B = (p,w)) = (a = (p,v))(B" = (p,w)).

After expanding and simplifying this equation is equivalent to

O/B - ﬁ<p,’u> - O/<p7w> = aﬁl - ,8/<p,’l)> - a(p,w>.

This is a linear equation in the coordinates of p. The solutions to such
an equation are contained in a hyperplane as required, unless all the terms
in the equation cancel. We will show that this cannot happen under the
conditions from the lemma. Let ¢ = 1,...,r, then the coefficient of p;, the
i-th coordinate of p in the equation above is zero if and only if

—Bv; — d'w; = —f'v; — aw;,

which can be rewritten as (8’ — f)v; = (&/ — @)w;. It follows that p vanishes
from the equation altogether if and only if

(8" = B)v = (o’ — a)w.

If this is the case, we will either have no solutions, when o/ # af’, or every
p is a solution, when o/3 = «f’. However, in the latter case we have for
x € R" that

_ -8

(,0) = 22 (@, 0)
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and as
B'=B_aff—aB _do'B-aB
[0 == = = 5
o —a o —a o —a
we have V = W and by a similar argument, V' = W’. Since, by assumption
vV, V/ W, W'), this cannot happen. O
v, W), pp

Lemma 3.4.8. Let B be a non-empty open ball in R". Then B s not
contained in a countable union of hyperplanes in R”.

Proof. We prove this by induction on r. For r = 1, B is an open interval in
R and a hyperplane is a single point in R. Hence the claim is that an interval
is not countable, which is indeed true.

Let r > 1. For any point in B, uncountably many hyperplanes in R" pass
though that point. Hence there is a hyperplane V' that passes through a point
in B and that is distinct from the countably many given hyperplanes. If we
intersect B and the given hyperplanes with V', we obtain a similar situation
in R"~!, so by the induction hypothesis, there is a point in V that lies inside
BNV but doesn’t lie in the intersection of any of the given hyperplanes with
V. Hence this point is in B and not in any of the given hyperplanes. U

Theorem 3.4.9. Let X C Z" be a polytope and suppose that X has a non-
empty interior. Then there is an x € X° so that if one defines X\ = 55 x(X)
as in lemma (3.4.5) and let A1, A2, ... be as in lemma (3.4.6), there is for
every i > 1 a v; € R"\ {0} such that (0Xy,) NZ" is F,,,(Xy,) NZ".

Proof. By corollary (3.3.11) we can write
0X = Fy, (X)U---UF,, (X).

Without loss of generality, the w; can be chosen such that the faces Fy,, (X)
are all distinct. Let H; be the hyperplane perpendicular to w; so that H; N
X = F,,(X). It follows that these hyperplanes are all distinct. For every
x € X° and every A > 1 we have

0(sz A (X)) = 530(0X) = 55 \(Fipy((X)U--- U Fy, (X))
= le(saﬁ,)\(X))U"'UFwn(sx,)\(X))
= (SgA(X)Nsga(H1)) U U (sz0(X) N sz (Hy)).

Fori=1,...,n, the set

HNZ" is non-empty

H hyperplane parallel to H;
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is countable, so we can label the elements as H; ; with j € Z>o. Hence the
set of pairs (H,H'’) where H = H; j and H' = Hy j for some 14,5, and j’
satisfying (i,7) # (¢,7’) is also countable. For each such a pair, we have
H # H; and H' # Hy and (H;, H) # (Hy, H') as (i,7) # (¢, j'). By lemma
(3.4.7) it follows there is a hyperplane By g containing the set

{z | IN: sy \(H;) = H and s, \(Hy) = H'}.

As X° is non-empty, it contains some open ball. By lemma (3.4.8) there
is a point z in this ball such that z lies outside all the hyperplanes By g
defined above. We will show this point = satisfies the requirements from the
theorem.

For A > 1, let X = s, (X) as in lemma (3.4.5). Let Ai, A2, ... be as
in lemma (3.4.6). For every i > 0 the set Z" N 0X), is non-empty and so at
least one of the sets Z" N (X, N sz, (H;)) with j = 1,...,n is non-empty.
If more than one of them is non-empty, we have hyperplanes H = s, 5, (H;)
and H' = s, »,(Hj/), which are perpendicular to H; and H;s respectively and
both of which contain points in Z". But we chose = outside the hyperplane
By pv, so this cannot happen. It follows that there is a j such that

Z" N (‘9X,\2. =7Z"N (X)\i N Sm,)\i(Hj)) = ij(X)\i).

We put v; = wj. By lemma (3.4.5), the interior of X, is the union of the X,
with 1 < p < \;, so A; \ A;—1 consists precisely of the integral points on the
boundary of X,. Hence we have A; \ A;_1 = F,,(X),) as required. O

Let A and D be as in theorem (3.4.3) and put X = H(A). Fix z € X° as
in theorem (3.4.9) above and let Ag = A and A; = X, NZ" for i > 1. Let
v; € Z" be as in the theorem the direction such that A;\ A,—; = F,,(Xy,)NZ".
Let pa, be the grid reconstruction system corresponding to (A;, D) and let
Da,/A,_, be the reconstruction system defined in lemma (2.4.4) for A; 1 C 4;.

Lemma 3.4.10. Leti > 1. Thenpy, a,_, is equal to the grid reconstruction
system corresponding to (A; \ Ai—1,D’), where D' is the sub-sequence of D
consisting of those d; perpendicular to v;.

Proof. What we need to show is that the lines in directions from D that
go through a point in 4; \ A;_; and don’t go through any point in A;_; are
precisely those lines in directions from D’ that go through a point in A;\ A;_1.

We know that A; \ A;—1 is the set of integral points in F,(X),). Let
H be the hyperplane perpendicular to v; containing this face. By definition
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F,,(X),) is the intersection of X, with H. Note that
A 1NHCANHC X\, NH= Fvi(in) = A, \ A

so it must be empty. Any line in a direction from D’ going through a point in
A;\ A;—1 is contained in H and therefore by the above it does not go through
any point in A;_1. This proves one inclusion.

Conversely, suppose we have a point p in 4;\ A;_; and a line ¢ in direction
d; that is not perpendicular to v;. What we will show is that ¢ contains
another point of A;. This point cannot be in H N A; = A; \ A;—1, so it must
be in A;_1, proving the other inclusion.

Let L = P(u% —1). Note L is a line segment parallel to £ with endpoints a
and b satisfying {a} = F,,, (L) and {b} = F_,,(L). Note that Ap is L-rounded
and X, is Ap-rounded, so X, is L-rounded and we can write X), = L+Y
for some convex set Y. Hence, by lemma (3.3.17) we have

Fo (X)) = B (Y) + By (L) = Fy, (Y) + a.

In particular, p can be written as g+a for some ¢ € Y. Note that L+q C X,
so the point ¢ + b is in X,,. Moreover, it is integral, so ¢ + b is in A; and
it also lies on 4, i.e. it is a second point in A; N £. As noted before, this
completes the proof. O

Lemma 3.4.11. Let D be a 2-reqular sequence of directions in Z" and let
v € R" be a non-zero direction. Let D' be the sub-sequence of D consisting
of those dj perpendicular to v. Let Ap and Ap: be as in lemma (3.4.1). Let
B = F,(Ap)NZ" and let G be the restriction of Fp to B. Then there is a
t € Z" such that G = +u'Fpr. In particular, F,(Ap) =t + Apr.

Proof. Let D” be the complement of D" in D. Let Fp, Fp/ and Fpr be as
in theorem (3.1.2). Let Ap, Apr and Apr be their polytopes as in lemma
(3.4.1). Note that Fp = FpFpr and these elements have strong corners, so

Ap =Ap + Apn.

We will prove below that F,(Ap/) = Aps and that F,(Apr) is a single
point, but we first show how to complete the proof from this observation.
By lemma (3.3.17) this implies that F,(Ap) =t + Aps, where t € Z" is the
unique point in F,(Ap~). In lemma (3.4.1) we showed that the coefficient
of Fpr at t is 1. Every contribution to coefficients of Fp in F,(Ap) is a
product of this coefficient of Fip» at t times a coefficient from Fpr. It follows
that G = +u'Fp/ as required.
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Let
H,={z eR" | (z,v) =0}

be the hyperspace orthogonal to v.

Let d € D. If (d,v) = 0, then H(u? — 1) is contained in H,. It follows
that Aps is contained in this hyperspace, and so F,(Ap/) = Aps as all points
in it have the same inner product with v.

On the other hand if d € D has (d,v) # 0, then H(u%—1) has a unique ver-
tex with maximal inner product with v. Any sum of such polytopes will again
have a unique vertex with maximal inner product with v. Thus F,(Ap~) con-
sists of a single point. O

Theorem 3.4.12. The natural map ker(pa,) — ker(pa, /4, ,) is surjective.

Proof. By definition of py, 4, , there is a short exact sequence
0—pa, , = pa, = Pa,ja,_, — 0.

By lemma (3.4.10) the py, /4, , is equal to the grid reconstruction system
associated to (A;\ A;—1, D’), where D’ is the sub-sequence of D consisting of
those d; perpendicular to v;. Hence, by theorem (3.2.8) there is a finite set
S such that ker(py, 4, ,) is generated by elements of the form u’Fp/ with
seSs.

To prove the theorem it therefore suffices to show that each of these u®Fp/
arise as the restriction of an element of ker(pa,) to A; \ A;—1. By lemma
(3.4.11) there is a t € Z" such that u'Fp, = G, where G is the restriction of
Fp to F,,(Ap) NZ". It follows that uFp = u*~'G. In particular, we have

(S — t) + Fvi(AD) = P(USAD/) C I{(AZ \ Aifl) - Fvi(XA,-)~

Recall that A is D-rounded and so there is some convex set Y such that
X), =Y + Ap. By lemma (3.3.17) we then have

F'Ui(X)\i) - sz(y) + F'Ui(AD)'

It follows that (s—t) € F,,(Y') and in particular (s—t) € Y. Hence (s—t)+Ap
is contained in X,. It follows that the support of u*~'Fp is contained in
A;, hence u*"'Fp is in ker(pa,) by theorem (3.2.8). By construction, the
restriction of u*~'Fp to A; \ A;_1 is equal to u®Fpr. O

Corollary 3.4.13. The natural map cok(pa, ,) — cok(pa,) is injective.
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Proof. Apply corollary (2.4.13) to the short exact sequence
0—=pa,_, = pa, — DA JA; 0
to derive this from the theorem above. O

Proof of (3.4.3). Fixing notation, write pa, : T4, — P4,. Similarly, write
pa : Ta — Py and pp : Tp — Pp. We view all the T4, as subspaces of
Tp = k[Z"] and all the P4, as subspaces of Pp = k[Z"/d1]| & - -- & k[Z" /d,].

Let € P4. We want to prove that if x € im(pp) (i.e. = maps to 0 in
cok(pp)), then = € im(Py) (i.e. = represents the 0 element in cok(p4)). Note
that x is in pg4, for all 7, so it gives rise to an element of each cok(pya,). By
corollary (3.4.13), if x maps to 0 in some cok(pa,), it must map to 0 also in
all cok(pa,) with j <4, in particular it must map to 0 in cok(pa,) = cok(pa).

Now suppose there is a y € Tp such that pp(y) = x. Then supp(y) is
contained in A; for some sufficiently large 7. Hence x € im(py,), that is,
maps to 0 in cok(pa,). As we just observed, this completes the proof. O

Corollary 3.4.14. Let D be a 2-reqular sequence of directions in Z" and
let A be a convex grid set in Z" and R its D-rounded part. Suppose R has
non-empty interior. Let k be a commutative ring. Let pa, pr and pp be
the grid reconstruction systems over k corresponding respectively to (A, D),
(R,D) and (Z", D). Let pa/g be the reconstruction system defined in (2.4.4)
for the extension R C A. Then cok(pr) — cok(pp) is injective, cok(pa,r) is
a free k-module and there is an isomorphism cok(pa) = cok(pr) ©cok(pa,/r)-

Proof. By assumption, we can apply theorem (3.4.3) to the set R and obtain
that the map cok(pr) — cok(pp) is injective. We can write this map as a
composition

cok(pr) — cok(pa) — cok(pp)

and so the map cok(pr) — cok(pa) must be injective. The short exact
sequence of reconstruction systems

0—pr—pa—+par—0
gives rise to an exact sequence of cokernels
cok(pr) — cok(pa) — cok(pa/r) = 0

by lemma (2.4.7). By the observation above, the first map is injective and
so this sequence is again short exact.
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It now suffices to show that cok(py / r) is a free k-module, for a short
exact sequence that ends in a free module is split and hence we obtain

cok(pa) = cok(pr) © cok(pa/r)-

By lemma (2.5.3) it suffices to show this in the case that k& = Z. As
cok(pa/p,z) is a finitely generated Z-module, it suffices to show it is torsion-
free (see e.g. [17, Ch. 1, Thm. 8.4]). Let k be Z or F,, for some prime p.
Then the rank of cok(pa/gr) as a k-module is equal to

rk(cok(pax)) — rk(cok(pr.))

by the short exact sequence we derived before. From corollary (3.2.10) we
know that the ranks of cok(pa ) and cok(pr) do not depend on k. Hence
the rank of cok(p4/g ;) does not depend on k. This implies that cok(pa/r,z)
cannot have p-torsion for any prime p and hence it is torsion-free as required.

O

3.5 The planar case

In this section, we focus on the case r = 2. Many of the important results from
earlier in the chapter are somewhat nicer in this case. The key observation
is the following.

Theorem 3.5.1. Let D = ((a1,b1),...,(an,by)) be a 2-reqular sequence of
directions in Z2. Let k be a commutative ring and let p : T — P be the grid
reconstruction system associated to (Z2, D). Then cok(p) is a free k-module

of rank
Z |6Libj — ajbi|.
1<i<j<n

Hence Dep(p) is free of the same rank and for x € P we have x € im(p) if
and only if d(x) =0 for all d in a basis of Dep(p).

Proof. In theorem (3.1.6) we saw that

cok(p) = P KZ)/(u — 1,ub — 1),

1<i<j<n
where d; = (a;,b;) for alli =1,...,n.
Let 1 <i < j <n. By lemma (3.1.9) there is an isomorphism

KIZT)/(u® = 1u® — 1) 2 K[Z" /(di, dj)].
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The quotient group Z"/(d;, d;) is finite and consists of |a;b; — a;b;| elements.
The result follows. ([l

Example 3.5.2. Consider the full grid reconstruction system defined in
example (1.4.3). Recall that the projection directions in this example are
(1,0), (2,1), (1,2) and (0,1). The table below collects the quotient groups
Z2){d;,d;) for all pairs of directions d;, d;.

ndy | 22 /(diydj) =
) {0}
V| z/2z
) {0}
)

)

)

7./3Z
7.)27.
{o}

Adding the orders of these groups together we conclude that the cokernel
(and hence the space of dependencies) has rank 10.

Theorem (3.5.1) shows that the module of dependencies for the full Z? grid is
always of finite rank. Using this, one would expect there is an efficient algo-
rithm to decide the consistency problem. But there is a small complication
that still needs to be overcome, namely, it is not at all clear how to make an
algorithm to compute the value of a dependency on a vector of line sums,
as there are infinitely many lines and they can each have a different non-
zero weight. Fortunately, we can use theorem (3.1.5) to show these weights
have additional structure, which allows us to compute those weights we need
efficiently.

Remark 3.5.3. A primitive direction d = (a, b) € Z" gives rise to a surjective
group homomorphism

bq:722 — 7 (x,y) — ay — bx

whose kernel is precisely the subgroup generated by d. Hence ¢, induces an
isomorphism Z?2/d = 7. This gives an identification of the set of lines in the
direction d with Z.
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Let D be a 2-regular sequence of primitive directions in Z2?, k a com-
mutative ring and p the grid reconstruction system over k corresponding to
(Z?, D). We saw in lemma (2.1.17) that we can associate to any dependency
d € Dep(p) a sequence of coefficients ¢y € k for £ € L, where L is the set
of all lines in the directions from D. As we have just seen, £ is the disjoint
union of n copies of Z. Hence this sequence (¢)ger can be represented as n
two-sided infinite sequences ci,...,c, : Z — k.

Example 3.5.4. Consider the directions (0,—1), (1,0) and (1,—1) in Z2.
The maps ¢4, are given in the following table.

i| di | ¢

1](0,-1)| (z,y) = x

2| (L,0) | (z,y)—y
31(L,-1) | (z,y)—z+y

This corresponds to a numbering of the lines as in the following picture

01 2

S =N
N W

Let k£ be a commutative ring and let p be the grid reconstruction system
corresponding to (Z2, (dy,ds,d3)) over k.
Consider the following sequences:

c1:7—k n— n;
co: 7 — k n+— n;
c3:24 —k n— —n.

They are the coefficient sequences corresponding to the k-linear map
d: k[Z2)d\) ® k[Z?/do) @ k[Z?/d3] — k

that counts the j-th line in direction d; with weight ¢;(j).



- 128 —

One sees easily that d satisfies d o p = 0. Suppose we have a function
f :Z? — k that is 0 almost everywhere. Let (z,y) € Z?. The coefficient of f
at (x,y) contributes to the z-th line in direction dy, the y-th line in direction
dy and the (x + y)-th line in direction d3. Hence the total contribution of

f(z,y) to d(p(f)) is
(c1(x) +e2(y) +es(x +y) f(zy) = (z+y— (x+y))f(z,y) =0.

As f and (x,y) were arbitrary, we conclude that dop = 0. Hence d descends
to a dependency cok(p) — k.

Theorem 3.5.5. Let D be a 2-reqular sequence of primitive directions in Z>.
Let n = #D and assume n > 1. Then there are positive integers ri,...,Tn
and

al,ly L 7(11,7’17&2,17 e 7a7l77’n € Z

with a;1 = *£1 and a;,, = £1 for i =1,...,n such that the following holds.
Let k be a commutative ring and let p be the grid reconstruction system over
k corresponding to (A, D). Let d € Dep(p) and let c1,...,c, be the corre-
sponding coefficient sequences as in remark (3.5.3). Then we have

ri
Ym e Z: Zai,jci(m—l-j) =0
j=1

fori=1,...n.

Proof. If k is the zero ring, any linear combination of ring elements is 0 and
so any linear recurrence relation will hold over this ring. From now on we
restrict ourselves to the case that k is not the zero ring.

Let Fi,...,F, be as in theorem (3.1.5). Note that the image of F; in
k[Z?/d;) is 0 whenever j # i. The map ¢4, from remark (3.5.3) gives rise to
an isomorphism of rings k[Z?/d;] = k[Z] = k[w,w™!]. The image of py, (F;)
under this isomorphism is a Laurent polynomial

ai71ws+1 4t ai,rinJrri

where r; and s are such that a;; and a;,, are non-zero.
Leti € {1,...,n} and let m € Z. As ¢q, : Z*> — Zis onto, thereisat € Z>
such that ¢g,(t) = m — s. Now consider the image of u'F; € k[Z?] under the
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line sum map p. In k[Z?/d;] with j # 0 it maps 0 and in k[Z?/d;] = k[w, w™!]
it maps to

75 L
w™? E a; jw 7 = E ai jwm .
J=1 Jj=1

The dependency d must send p(u'F;) to 0. The line corresponding to the
monomial w’ above has weight ¢;(j) by definition of the coefficient sequences.
Hence for all i € {1,...,n} and all m € Z we have

ri
Zai,jci(m + ]) =0.

j=1

It remains to be shown that the coefficients a; ; are all integers and that
the leading and trailing coefficient of each pg, (F;) are 1. Note that F;
is a product of factors u% — 1. One computes that such a factor maps
to w™ — 1 where m = det(d;, d;) is non-zero. So each of these factors has
integer coefficients and the leading and trailing coefficients are +1. Moreover,
one easily sees that when two polynomials have this property, so does their
product. O

Example 3.5.6. We continue with the setup from example (3.5.4) above.
Using the isomorphism k[Z?] = k[u,u !, v,v~!] the F; are given as Laurent
polynomials in the following table.

s>

u—1)(uwv=t 1)
1o D(wwt —1)
vl —1)(u—1)

W DN | =,
—~
<

Using the isomorphisms k[Z?/d;] = k[w,w™] the line sum maps p,, are given
by the following ring homomorphisms.

i ‘ k[u,u=t, v, 071 — klw,w™Y
llu—w,v—1
2|lu—l,v—w
3|l u— w,v—w
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It follows that the elements pq, (F;) are as in the table below.

g |8
|
—_

( Yw—1)=w? —2w+1
(wl-Dw't-1)=1-2w't+w?
(wl-Dw-1)=w+2+w?

Hence, according to theorem (3.5.5), the sequences ¢, ¢a and ¢3 correspond-
ing to a dependency, such as for example those given in example (3.5.4)
should each satisfy the linear recurrence

ci(m) —2¢i(m —1)+¢;(m—2)=0
for all m € Z. Rewriting this equation as
ci(m) —ci(m—1) =ci(m—1) —ci(m —2)

we conclude that each ¢; must be given by a linear function ¢;(n) = an + b
for some a,b € k.

Corollary 3.5.7. Let D be a 2-reqular sequence of primitive directions in
Z2. Letp: T — P be the grid reconstruction system over Z associated to
(Z2, D). Then, for every fized D, there is an algorithm that given an element
x € P decides if x € im(p) whose runtime is polynomial in the length of the
mput.

Proof. We assume the element x € P is given to us as a finite set of lines £
and a coefficient z, for every line ¢ € L and that for all £ ¢ £ we have xy = 0.
Since our algorithm may depend on D, we assume we know the following;:

e the numbers ry,...,7, and a; ; associated to D in theorem (3.5.5);
e a basis for Dep(p) (we will compute such bases in chapter 4);

e for every d in this basis, the coefficients ¢;(j) for ¢ = 1,...,n and
j=1,...,r— 1L

What we need to show is, given the data we’ve just described, we can compute
d(x) for every d in the basis in time polynomial in the input length.

Using the linear recurrence relation for each ¢;, we can compute ¢;(n) for
every n € 7 in time polynomial in log(n). This can for example be done
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using a closed formula for the solution, or using a matrix representation of
the recurrence. In general, one expects the size of these numbers to grow as
A" where ) is the largest absolute value of a complex root of the character-
istic polynomial of the recurrence, and so the size of the output would grow
exponentially in log(n).

However, we computed in the proof of theorem (3.5.5) that these polyno-
mials are products of polynomials of the form w™ — 1, hence all their roots
have absolute value 1 and so the size of the n-th coefficient is at most a
polynomial in log(n).

Hence we can find for each line the weight of that line in time polynomial
in the input length. What remains is to multiply these weights by the line
sums and add them all together, which can also clearly be done in polynomial
time. 0

In order to make this result computationally useful, we need a way to compute
a basis (or generating set) for the dependencies. This is what we will do in
chapter 4. In fact, we will describe the dependencies there in such a way we
won’t even need the linear recurrences to compute coefficients.

The finiteness of the dependencies also makes it plausible that for a ‘suffi-
ciently large’ A C Z? we should be able to distinguish between all the ‘global’
dependencies by only their restriction to A. The following theorem makes
this exact.

Theorem 3.5.8. Let D be a 2-reqular sequence of directions in Z° and
suppose A C 72 is such that H(A) contains t + Ap for some t € Z2. Let pp
and pa be the grid reconstruction systems associated to (Z2, D) and (A, D)
respectively. Then the natural map cok(pa) — cok(pp) is surjective and so
the map Dep(pp) — Dep(pa) is injective.

Proof. Fixing notation, write pp : Tp — Pp and pa : T4 — Pa. We want
to show that for every x € Pp there is a y € Tp such that 4+ pp(y) is in Py
(viewed as a subset of Pp). So, let x € Pp and write z = (z1,...,x,) with
v; € k[Z?/d;]. Let F,...,F, be as in theorem (3.1.5). Then F; maps to 0
in k[Z?/d;] whenever j # i, so it suffices to show that for every i, there is a
yi € k[Z?] such that z; + pg, (y; F;) is contained in k[A;] C k[Z?/d;].

As in theorem (3.5.5), there is an isomorphism ¢, : k[Z?/d;] — k[w,w™1].
Following the proof of theorem (3.5.5), the image of py. (F;) in k[w,w™1] is
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the polynomial
ri
fi=>aiuwt
j=1

and moreover, a;1 and a;,, are both £1. It is clear that if we have any r;
consecutive powers of w, we can add to x; suitable multiples of translates of
fi to obtain a polynomial whose support is contained in these consecutive
powers of w. So what we need to show is that the image of k[A;] in k[w,w™!]
contains such a set of r; consecutive powers of w.

Our assumption on A is that ¢t + P(Fp) is contained in H(A). Note that
P(F;) C P(Fp), so u'F; has support in A and py, (u'F;) is w'f;, which hits
lines s+t+1 and s+t+r;. What remains to be shown is that all the (lattice)
lines between these two are also in A;.

Let £ = {p+ Ad; | A € Z} be such a line. By the convexity of P(Fp), the
geometric line £ = {p + \d; | A € R} intersects P(Fp).

Moreover, since Fp is a multiple of u% —1, P(Fp) is L-rounded, where L
is the segment P(u% — 1). It follows that the intersection of £ and P(Fp) is
at least as wide as the line segment L. Hence at least one integral point lies
in this segment, that is, the intersection of ¢ and P(Fp) is non-empty. As A
is a convex grid set, this point must also be in A, hence /¢ is in A;. ([

Corollary 3.5.9. Let D be a 2-regular sequence of at least 2 directions in
72 and let A be a non-empty D-rounded convex grid set in Z>. Let k be a
commutative ring and let pa and pp be the grid reconstruction systems over
k corresponding to (A, D) and (Z", D) respectively. Then the natural map
cok(pa) — cok(pp) is an isomorphism.

Proof. By theorem (3.5.8) the map is surjective, and by theorem (3.4.3) it
is injective. O
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Corollary 3.5.10. Let D be a 2-regular sequence of at least 2 directions in
Z? and let A be a convex grid set in Z? such that the D-rounded part R of
A is non-empty. Denote by pa and pp respectively the grid reconstruction
systems corresponding to (A, D) and (Z", D). Let py g be the reconstruction
system defined in (2.4.4) for the extension R C A. Then Dep(pa) decomposes
as a direct sum

Dep(pa) = Dep(pp) © Dep(pa/r)-

Proof. As D contains at least 2 independent directions, Ap has non-empty
interior, and so R has as well. Hence corollary (3.4.14) applies and there is
a direct sum decomposition

cok(pa) = cok(pr) ® cok(pa/r),

From the previous corollary we know that cok(pr) = cok(pp). Taking ho-
momorphisms to £ we obtain the required decomposition of the dependen-
cies. 0
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4 — Computing dependencies

4.1 Introduction

The aim of this chapter is to give an explicit way to calculate the dependencies
for the grid reconstrution system associated to (Z2, D), where D is a 2-regular
sequence of primitive directions in Z?. We know from theorem (3.5.1) that
the cokernel and the space of dependencies are free of finite rank over k in
this case, for every commutative ring k. Hence, by lemma (2.5.4), the space
of dependencies over k is just the base change of the space of dependencies
over Z, so it suffices to give a basis over Z.

As it turns out, the best way to do this is to first consider the recon-
struction system over Q, where techniques from commutative algebra and
algebraic geometry can be used to give an explicit description of the depen-
dencies. This will be done in section 4.2. Using Galois theory we can then
find the dependencies over Q and within this space we can recognise the
dependencies over Z in a straightforward way. This will be the subject of
section 4.3.

Remark 4.1.1. Let k be a commutative ring and D = (dy,...,d,) a 2-
regular sequence of primitive directions in Z2. Let p : T — P be the grid
reconstruction system over k associated to (Z2, D). Following example (3.1.1)
we can identify k[Z?] with the Laurent polynomial ring k[u,u~!,v,v~1]. Sim-
ilarly, for each d; = (a;, b;) in D there is a group isomorphism

Zg/di —Z (x,y) — a;y — bix.

This gives rise to an identification of k[Z?/d;] with k[w,w™!]. Under these
identifications, the projection map pg, becomes the ring homomorphism

1

B 7”7”71] - k[wvwil]
—> w b

v — w,

The entire reconstruction system p can in this way be viewed as a map

—1 n

klu,u™, v, 07 — kfw,w "™

In remark (3.5.3) we described dependencies d € Dep(p) via sequences
¢ 7 — k fori=1,...,n. Note that if we consider the dependency d as a
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k-linear map k[w,w~!]* — k following the identifications above, then c¢;(j)
is the image under d of w’/ from the i-th copy of k[w,w™1].

It is convenient to give names to some (Laurent) polynomials that come
up frequently in the study of these reconstruction systems. For i =1,...,n,
let f; be u%wvb — 1. Note that this is the element corresponding to u® — 1
under the identifications above. Write

F=fi-fu

and fori=1,...,n,
Fy = H Ji-
el
Note that F' corresponds to the generator of ker(p) described in theorem
(3.1.2) and the F; correspond to their namesakes from theorem (3.1.5).

Before we begin our study of the dependencies of these reconstruction sys-
tems, we consider the situation briefly from the point of view of algebraic
geometry. The reader who is not familiar with this subject should skip ahead
to the start of section 4.2. No details or rigorous statements are provided for
this discussion of the geometric situation; it serves as a ‘big picture’ look on
the technical material in section 4.2.

A geometric perspective

Let k be an algebraically closed field of characteristic 0 and let
D = (di,...,dy)

be a 2-regular sequence of primitive directions in Z2. Let pp be the grid
reconstruction system over k associated to (Z2, D). Following remark (4.1.1),
we can view it as a map between Laurent polynomial rings. Its kernel is the
principal ideal generated by F' as in the remark. Dividing out this kernel we
obtain a ring homomorphism

p:klu,u v, 0 /F— Hk[w,wil]
i=1

which is injective and whose cokernel is the same as that of pp.

Let T = Spec(k[u,u"!,v,v7!]). This is the torus G2, over Spec(k). Let
X; = Spec(k[u,ut,v,v71]/fi). Then X; C T is a closed subscheme. As
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d; is primitive, f; is an irreducible element of k[u,u~1,v,v7!] and so X;

is reduced. The map induced by pg4, is an isomorphism between X; and
G = Spec(k[w,w™1]). Let

X = U X; = Spec(k[u,u™', v, 071/ F)
i=1

and note that

Spec(] [ klw, w™]) = [ [ Gm.

i=1 i=1

The map p corresponds to the projection map

In a picture, we have

X

From this it is clear that outside the intersection points of the X; the map
p is an isomorphism. Hence the cokernel as a sheaf is supported only above
these intersection points and can be understood by computing the stalk over
each of them.

Computing these stalks is a local affair. As the directions d; are pairwise
independent, the intersections of the X; are transversal. It is therefore not
surprising that we can study the local behaviour at the intersection point by
just looking at the tangent lines of the X; at this point. Formally, this can be
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achieved by going to the complete local ring at the intersection point, where
there is a natural logarithm map that identifies a formal neighbourhood of
the point in T with a formal neighbourhood of the affine plane. We lose no
information by going to the completion as the stalks we are trying to compute
have finite dimension over k.

Lines in the plane have the nice property that they intersect in no more
that one point. Hence looking locally at an intersection of lines is the same
as looking globally at the same intersection. At this point, the module we
are trying to compute has such an easy explicit description that one can just
write down a basis for it. Tracing back through all the isomorphisms this
allows us to give explicit dependencies for p.

4.2 Dependencies over

In this section we make a detailed study of grid reconstruction systems over
Q associated to the full grid Z2. While the central result, theorem (4.2.2)
is perfectly elementary, the proof is firmly rooted in commutative algebra.
Effort has been taken to keep all the steps as simple as possible and references
will be given for general results that are needed.

Remark 4.2.1. Roots of unity come up naturally in the computations that
we are going to do. It is important that we fix a ‘compatible choice’ of all
roots of unity, which we do in the following way. Fix an embedding Q ¢ C
and let ¢ be the group homomorphism

¢:Q/z — Q°

T e2mz .

The aim of this section is to prove the following theorem.

Theorem 4.2.2. Let D = (di,...,d,) be a 2-reqular sequence of primitive
directions in 72 and pp the grid reconstruction system associated to (72, D)
over k = Q. Write d; = (a;,b;) for alli € {1,...,n}. Let (mz,my) € (Q/Z)?
and s,t € Z>o. Put

S ={i| aimy+bymy € Z},

put d = #S — 2 — s — t and suppose that d > 0. As in remark (4.1.1), view

pPp as a map
—1 n

Elu,u™ v, 07 — kw, w1
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Let
6 kw,w™ )" — k

be the k-linear map given by the following formulas. On the i-th component,
put
w"— 0 ifig S
i(=b;)*al
— T(d‘)“z . ifies,
where
Gi = C(agmy + bymy)

with a},b; € Z such that a;b; — b, a; =1 and

2?71
N
Ty = (_1)#{J6 | i<} H (ajlij - anbjd)a
Ji,J2
with the product running over ji,jo € S\ {i} such that ji < ja. Then
d0opp =0, so it corresponds to an element of Dep(pp). Moreover, running
over all (my,my), s and t satisfying d > 0 produces a basis of Dep(pp).

We will see what this theorem says about example (1.4.3) later in this section.
This example will be built up along with the various intermediate steps of
the proof.

The theorem gives a very explicit description of a basis for the space of
dependencies. It is not surprising that this explicit nature translates into an
algorithmic statement. One has to be a little careful with this, as the output
a priori is infinite. The following corollary gives an algorithmic result that
is useful for a consistency algorithm similar to the one discussed in corollary
(3.5.7).

Corollary 4.2.3. There is an algorithm that given a 2-reqular sequence
of primitive directions in D produces for the grid reconstruction system pp
over Q associated to (Z?, D) in time polynomial in dim Dep(pp) an explicit
description of a basis for Dep(pp) such that for every dependency in the
basis and every line £ in a direction d; € D the weight of that line in that
dependency can be computed in polynomial time in log(|m|) where m is the
image of £ in 7.2 /d; = 7.

The rest of this section is devoted to proving theorem (4.2.2). We use methods
from commutative algebra to do this. We refer the reader to [8] and [1] for
more background on commutative algebra. The strategy of the proof is as
outlined in the geometric discussion from the previous section.
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Local decomposition of the cokernel

Lemma 4.2.4. Let k be a commutative ring, let D = (di,...,d,) be a
2-reqular sequence of primitive directions in Z* and let pp be the grid recon-
struction system over k corresponding to (Z?,D). Let Fy,...,Fy, be as in
remark (4.1.1) and put

A=Eku,u ™t v, 0/ (Fy, ... Fp)

and .
B = @ k[wv w_l]/pdi(Fi)'
i=1
Then pp induces a ring homomorphism p on the quotients
p:A— B.

The reconstruction system p is injective and has cokernel cok(p) = cok(pp).

Proof. Note that as in theorem (3.1.5) the image of the ideal (F1,...,Fy)
under pp is the ideal

I =P pa,(F)klw,w™].
=1

It follows that there is indeed a well-defined map p induced by pp between
the quotients A and B.

Let z € A and suppose that p(z) = 0. Let & be any lift of x to
k[u,u™t,v,v71]. From the definition of p, we know that pp(2) is in I,
hence there is some y € (Fi,...,F,) such that pp(Z) = pp(y). Hence
& — y is in ker(pp), which is generated by F' by theorem (3.1.2). Note that
F e (Fy,...,F,),soin fact £ —y is in (F1,...,F,) and therefore & is. This
means that x = 0 in A. It follows that the map p is injective.

For the equality of the cokernels, note that dividing out the entire image
of pp at once or first dividing out the image of the ideal (Fi,...,F,) and
then the rest of the image doesn’t make any difference. O

Example 4.2.5. As was mentioned at the start of the section, we consider
the situation from example (1.4.3) as a running example in this section. The
description of the reconstruction system pp as a map

klu,u™t v, 07 — kfw,w™*
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was given in example (3.1.1).
The generators for the ideal defining A are

Fi= v — w30 —udv — w0 + v+ w? +u—1,
Fy = u3212—u3v—u202+u2v—uv+u+v—1,
F3= u?0® —u?0?® —uvd +w? —wv +u+v—1,
Fy = wv* — w0’ — u?0? + v?o — wod + wv? + v — 1.

Another basis for this ideal (a Grébner basis, in fact) is given by

ut — 2u® 4 2u — vt + 20° — 20,

u?v — u? — 2uv + 2u + v° — 201 4+ 202 — 1,
w? — 2uv +u+v° — 20t + 02+ v —1,
8 — v — vt 0?2 v —1.

From this basis one easily sees that A is of dimension 10 as a vector space
over k and the following monomials form a basis of A:

{1,v,0%, 03, 0%, 0% u, uv, u?, u}.

The images of the py, (F}) inside k[w,w™!] are given by

pay(F1) = wt =207 £ 207 — 1,
par(F2) = —w P +wt w? —w T = 14w,
pas (F3) = —wd +w+w? —w—1+w™,

pa, (F1) = w* — 2w + 2w — 1.

It follows that the vector spaces k[w,w™!]/pg4, (F;) have dimensions 4, 6, 6
and 4 respectively for ¢ = 1,2,3,4. Hence B has dimension 20. It follows
that cok(p) has dimension 20 — 10 = 10, which is consistent with what we
showed in example (3.5.2).

For the rest of this section, fix a 2-regular sequence D = (di,...,d,) of
primitive directions in Z2. Let pp be the grid reconstruction system over
k = Q associated to (Z2,D). Let p: A — B be the reconstruction system
between quotient rings as described in lemma (4.2.4) above.

Theorem 4.2.6. Write d; = (a;,b;) for i = 1,...,n. Then there is a
bijection between

di,j: ajz+bjy €’

a;x+ by €7 }
i F ]

M= {(%y) € (Q/z)?
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and
{m C A | m mazimal ideal}

sending (x,y) to the ideal (u — ((x),v — ((y)).

Proof. The Nullstellensatz (see, e.g. [8, Sect. 1.6, Cor. 1.9]) implies that
there is a bijective map

Fi(a75) =

for all ¢

{(a,ﬂ) € k?

0} — {m C A| m maximal ideal }

(a,B) — (u—a,v—p).
What remains to be shown is that the pairs («, §) that come up are precisely

((x),C(y)) for (x,y) € M.
Let (a, B) € k?. Note that F;(a, 3) = 0 if and only if there is a j # i such

that fj(a,8) = 0. It follows that (c,3) is a common zero of (F1,...,Fy) if
and only if

Ji,j:i# jand fi(a, 8) = fj(a, 8) = 0.
Suppose that (a, ) is common zero of f; and f;. Then we have
%% =1 and a%p% =1
SO
aaibj—ajbi — O[aibj (a—aj)bi — Oéaibj (Bbg)bz — (Oéabﬁbz)bJ — 1
and similarly 3%%~%% = 1. It follows that o and § are roots of unity. Hence

there are z and y in Q/Z such that a = {(z) and 8 = ((y). Moreover, these
satisfy

1= ¢(2)"¢(y)" = C(aiw + biy)
and

1= ¢(2)%¢(y)" = ((ajz + bjy),
that is, a;x + bjy € Z and a;x + bjy € Z. So (z,y) is in M.

Conversely, if we have any (x,y) € M with a;x+b;y € Z and ajz+bjy € Z

then it is clear that ({(z),{(y)) is a common zero of f; and f;. This completes
the proof. O

Example 4.2.7. In this example we will compute the set M for the sequence
D from our running example, (1.4.3). A fundamental domain for the action
of Z? on Q? is given by

{(z,y) €Q?|0<z<land 0<y<1}.
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In the picture below are the images of the solution sets
{(z,y) | iz + biy € Z}
inside this fundamental domain.

1

0 1
We see that the set M is given by

= {00, (02). (0 (2. G2}

One verifies easily that the polynomials F1, ..., Fy as given in example (4.2.5)
indeed all have roots in the corresponding points in k2.

One of the consequences of the previous theorem is that the ring A has only
finitely many maximal ideals. The idea is now to study p : A — B ‘one
maximal ideal at a time’. This is formalised by the concept of localisation.
For general results on localisations, we refer the reader to [8, Ch. 2]. A brief
introduction is also given in [17, Sect. 2.4]. We follow the standard notation
in the literature and write Ry, for the localisation of a commutative ring R
at the maximal ideal m.

Lemma 4.2.8. For (v,y) € M, let my, ) be the corresponding mazimal
ideal of A, let A(, ) = Am(zﬁy) be the localisation of A at m, )y, let B, ) be
Am@’y) ®a B and let p(,,) be the reconstruction system

Pay) Ay — By
a — a®l.

Then the maps

A — @(gg,y)eMA(l‘,y)
a — (a,...,a)
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and
B ®(m,y)€M B(IJJ)
b — (1®b,...,120)

are isomorphisms. Together they form an isomorphism

= @ Pz,y)-

(z,y)eEM

Proof. Note that for each i, k[w,w™!]/pg, (F;) is a finite dimensional k-vector
space. It follows that B, and hence by the injectivity of p also A, is a finite
dimensional k-vector space. Hence A is an Artinian ring. So the natural map

A—>@Am
m

where the sum runs over the maximal ideals m of A, is an isomorphism (see
g. [8, Sect. 2.4, Cor. 2.16]). Recall from theorem (4.2.6) that the maximal
ideals of A are in bijection with the elements of M.
As p is a ring homomorphism, the tensor product A ® 4 B via p is well-
defined and isomorphic to B. As A = ®(x,y)eM A(z,) and tensor products
commute with direct sums (see e.g. [17, Ch. 16, Prop. 2.1]), this is in turn

isomorphic to
@ Alay) © B = @ Bay)-
(zy)eM (zy)eM
Moreover, p : A — B is isomorphic as a reconstruction system to

A — A®AB
a — a®l,

and this is in turn isomorphic to

@ A(zy - @ (z,y) ®AB)

(z,y)eM (z,y)eM
@@y — (A @ Dey),

yielding the isomorphism of reconstruction systems as claimed. O
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Example 4.2.9. We computed in example (4.2.7) that the maximal ideals
of A in our running example are

m; = (u—1,0—1) corresponding to the point (0,0),

me = (u—1l,0+41) corresponding to the point (0,1/2),
mg= (u+1,v—-1) corresponding to the point (1/2,0),
my = (u— ,u, v — ) corresponding to the point (1/3,1/3),
ms = (u—pv—p?) corresponding to the point (2/3,2/3),

where p = ((1/3).

Since all four f; have a root in (1, 1), every Fj is in the ideal (u—1,v—1)3,
and so the ideal (Fy, ..., F}) is contained in (u—1,v—1)3 and there is a natural
map

A— klu,uh v, 07/ (uw— 1,0 —1)3

The other elements of M correspond to points in k? that are a root of precisely
two of the f;. Therefore each F; is contained in the corresponding maximal

ideal. Altogether this means there are natural maps A — A; fori=1,...,5,
with the A; given by

A= ku,u v, v/ (u—1,0—1)3,

Ay = klu,u=t v, o7/ (u— 1,0+ 1),

Az = k[u,u v, v/ (u+1,0—1),

Ay = ku,u v, v/ (u— pv — p),

As = klu,u v, v/ (u— p?0 — p?)

Using some additional theory (the fact that the f; intersect transversally)
one can show that for every i, A; is the localisation of A at m,.

Note that the dimension of Ay as a k-vector space is 6: a basis is given
by the monomials 1, u,v,u?, uv,v?. The other A; each have dimension 1 as

k-vector spaces. Put together, these give a map
A— A1 ®--- A5

between two vector spaces of dimension 10. A computation shows that his
map is indeed an isomorphism.

The following two lemmas will show that if we have a way to compute the
localisation at (u — 1,v — 1), we can use that to compute the localisations at
other maximal ideals of A as well.
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Lemma 4.2.10. Let (x,y) € M and Let D’ be the sub-sequence of D con-
sisting of those d; such that a;x + bjy € Z. Let p'y, be the grid reconstruction
system over k corresponding to (Z?,D') and p' : A’ — B’ the corresponding
map on the quotients as defined in lemma (4.2.4). Then there is a natu-

ral map p — p' and it induces an isomorphism of reconstruction systems
/

D(z,y) = p(:ﬂ,y)'

Proof. The set I = {i | a;z + by € Z} is the natural index set for elements
of D'. Using this numbering, for i € I let F] and B, be the analogues of F;

and B;, i.e.
Fi, = H i
Jen{i}
and
B; = k[w7 w_l]/pdi(Fi/)'
We extend these definitions for 7 ¢ I by putting F; = [[,¢; f; and B; = 0.
Using these notations, we have

A = kfu,u o0 /(Y. FL)

and
n
B =]]B;
=1

Moreover, as F] is a divisor of F; for all ¢, there are natural surjective maps
A — A’ and B; — Bj for all i. It is clear that the diagram

A-2.B

I

A — B
p/

commutes, i.e., there is a map of reconstructions systems p — p’. We now
need to show that after localisation, the maps become isomorphisms.

Let m be the maximal ideal of k[u,u™!, v, v~!] generated by u — ((x) and
v — ((y). Let R be the localisation of k[u,u~!,v,07!] at m. For i ¢ I, the
polynomial f; doesn’t have a root at (¢(x),((y)), so f; is not in m. Hence f;
is a unit in R for all ¢ ¢ I.

It follows that for all i = 1,...,n, the quotient F;/F] is a unit in R.
Therefore,

(Fy,....,F,) = (F,...,F)
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holds in R. Hence
Ay = R/(F1,... ) = R/(F|,....F) = A/(x,y)'
Fori=1,...,n, put
Si = R @pfu,u-1,0,0-1] klw, w1,
where the tensor product is taken relative to pg,. Then
(Bi) (z,y) = A(z,y) @4 B

can be seen as the quotient of S; first by (F; ® 1,...,F, ® 1) and then by
(1 ® pg,(F;)). But in S; we have (1 ® pg,(F;)) = F; ® 1, so in fact

(Bz)(ar,y) = Sz/(Fl ®1,....Fp® 1)
For ¢ € I, we have by a similar argument

As remarked before Fj/F] is a unit in R for all j. It follows at once that for
1 € I, we have

(Bi)(ay) =Si/(F1®1,...,F,®1)=8;/(F{®1,...,F, ®1) = (B})(z4)-
If i ¢ I, then f; is a unit in R, so f; ® 1 is a unit in S;. But
fiol=1®pq,(fi) =1®0=0,
so S; is the zero ring. In particular (B;)(y,) = 0 = (B})(z,) in this case. O

Lemma 4.2.11. Let (z,y) € M and suppose that a;x + by € Z for all i.
Let m be the mazximal ideal of A corresponding to (x,y) Then there is an
isomorphism s : p — p such that sa(m) = (u — 1,v — 1).

Proof. Let S be the ring automorphism

Eu,u=tv,07 —  klu,u™t v, 07l
u — ((2)u
v o— ((y)v.

Note that S(f;) = fi foralli=1,...,n, as

(C(z)u)® (C(y)v)h — 1 (z)%((y )W“ivb' 1
(aiz + biy)u¥vb — 1 =yt — 1.

¢
=¢
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It follows that there is a well-defined ring automorphism s4 : A — A induced
by S. Moreover, it is clear that sq(m) = (v — 1,v — 1). It remains to be
shown that there is a ring automorphism sp : B — B such that the diagram

A— B

SAl lSB

A— B
P

commutes.
As a; and b; are coprime, there are a) and b} such that a;b; — ba), = 1.
Let T; be the ring automorphism

k
C(alx + Dy)w.
Then we have T;(pqg, (u)) = pqg, (S(u)) as

C(alz + b;y)_bi = ((=biajx — bby) = C((1 — a;b})z — bbly)
= ((z = bi(aiz + by)) = ((x),

for b(a;x + biy) is in Z. Likewise, we have T;(pg, (v)) = pg,(S(v)). It follows
that

T;(pa;(F3)) = pa;(S(Fi)) = pa, (F3)-
Hence T; induces a ring automorphism sp ; : B; — B;. Putting these together

yields a ring automorphism sp : B — B. The required relations with s 4 come
from the computation we did for 7; and S. ([

The upshot of these two lemmas is that to think about all p(, ., it is enough to
just think about p(g,0). Hence the logical next step is to determine Dep(p(op)).
The strategy for this is to ‘take logarithms’, which turns the problem into a
linear one, and solve this linear problem explicitly.

Linearising the problem

Consider the following ‘linear analogue’ of the reconstruction system p. Let

A=Kz, yl/(z, )" and B= (k[z]/znfl)".



- 149 -

Let p be the reconstruction system given by the ring homomorphism

D — B
— (—biz)i
— (aiz)i

< 8

We will now construct a morphism of reconstruction systems

log:p—p

~ A

and show it induces an isomorphism p(g o) = p.

Lemma 4.2.12. Let R be a commutative Q-algebra. For x € R nilpotent,

define
1
X __ n
e’ = g el
n>0

If x,y € R are nilpotent, then x + vy s nilpotent and

Proof. First note that €* is indeed well-defined as the sum is always finite.
Now suppose z,y € R are nilpotent, and that 2™ = y™ = 0. Then

e (M)

i+j=n+m

is 0 as in each term either ¢ > n or 5 > m. Hence x + y is nilpotent. We
prove e%e¥ = €Y by expanding both sides as polynomials in z and y and

comparing coefficients. On the lefthand side the coefficient of z%y® is %é
On the righthand side, it is (a;rb) (a—il-b)!' These are equal by the well-known
formula for binomial coefficients. O

Lemma 4.2.13. There are ring homomorphisms given by

U+ e’

A— A
v eY

and
B— B ww e* on every component.

These give rise to a morphism of reconstruction systems

log: p — p.
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Proof. These formulas clearly define ring homomorphisms
La:klu,utv,07 ] — A

and

Lp : kw,w " — B.
Note that for i = 1,...,n, we have
La(fi) = (en)oi(ev)Pi — 1 = cose+br 1
= Y1 @iz + biy)",

which is in the ideal (z,y). Hence L4 (F;) is in (z,y)" "1, that is, L4(F;) = 0.
It follows that L4 induces a ring homomorphism log, : A — A.
In the same way,

LB,i(pdi(fj)) = e(“ibj*ajbi)z ~1

is in the ideal (2), hence Lg;(pg,(F;)) is in (2)"71, so it is 0. It follows that
Lp induces a ring homomorphism logp : B — B.

It remains to be shown that logg op = pology. As all the maps involved
are ring homomorphisms, it suffices to check this for v and v. We compute

logp(p(u)) = (e7%%); = p(e”)

and
logp(p(v)) = (*%)i = p(e”).

This completes the proof. O

Example 4.2.14. Continuing our running example, we follow some of the
computations surrounding the reconstruction system p : A — B for the
directions from example (1.4.3).

The space A = k[z,y]/(x,y)? is a 6-dimensional k-vector space. A basis
for this space is given by the monomials 1, z,v, 22, zy,y%. The map L4 from
the proof of lemma (4.2.13) is given by

17/077)71] — k[x7y]/(x7y)3
= l4a+ 122

7

v — 1+y+§y2.

Elu,u



- 151 —

Applying this to F; = (uv? — 1)(u?v — 1)(u — 1) from example (4.2.5) we
obtain
La(Fy) = La(uww? —1)La(u?v—1)La(u—1)
=(z+2y+ %x2 + 2y + 21?)
(22 +y + 227 + 22y + 1y?) (z + $2?)

=0,
and similarly for the other F;. Hence L4 indeed induces a ring homomor-
phism log4 : A — A.

The space B = (k[2]/2°)* is a 12-dimensional k-vector space. Focusing on
the fourth coordinate, corresponding to the direction (1,0), we see that the
map Lp is given by

klw,w™'] — k[z]/2>
w — 1+z+%22.

The image of pg, (Fi — 2w + 2w — 1 under this map is

) =

Lpa(pa,(Fa)) =1 +z+i294 —2(1+ 24+ 3222 +2(1 4+ 2+ 522) -1
(1+42+822) —2(1+32+ 322) +2(1+ 2+ 122) — 1
(1—2+2—1) +(4-6+2)z+(8—9+1)z2

7

so it induces a homomorphism

logp 4 klw,w™ '] /pa,(Fs) — k[z]/2°

A verification of the compatibility of log with p and p in this case is left
to the reader. Note that it suffices to verify that v and v in A map to the
same element of B under loggop and pology.

Theorem 4.2.15. The morphism log induces an isomorphism p o) = p.

Proof. Note that the natural maps A — Ao ) and B — Bg o) are surjective,
so what we have to show is that log, induces an isomorphism A g — A
and that logp induces an isomorphism B(g o) — B. Compatibility with P(0,0)
and p then follows from the fact that the original maps are compatible with
p and p.

First note that log 4 (u—1) is a multiple of x and log 4 (v—1) is a multiple of
y, so the ideal (u—1,v—1) of A is mapped into the ideal (x,y) of A. Moreover,
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any f € A can be written as f = f(1,1)+g with g € (u—1,v—1). It follows
that log4(f) = f(1,1)+1og4(g). Hence any f € A that is not in (u—1,v—1)
has log,(f) ¢ (x,y). As A is a local ring, this implies log 4(f) is a unit. The
universal property of localisations implies that log, factors uniquely as the
natural map A — A g ) followed by a map 108440 A0 — A

The map logy is clearly surjective, as log, is. To show that it is

(0,0)

also injective, we examine A ) a more closely. Let R be the localisation of
k[u,u=t,v,v71] at (u— 1,0 — 1). Recall that Ao = R/(F1,..., Fp). We
will now show that

(F17"'aFTL> = (u717v71)n_1
as ideals of R. Note that
ot — 1 = b (u* — 1)+ (vbi -1)

is in (u —1,v — 1), so F; is in (u — 1,0 — 1)"~! for all 4. This proves one
inclusion. By Nakayama’s lemma (see e.g. [8, Cor. 4.8]) it now suffices to
show that the images of F1, ..., F, generate (u — 1,0 —1)""1/(u—1,v — 1)"
as an R/(u— 1,v — 1)-module. Note that

(1= 1)+ (0 — 1)+ 1P 1
aij(u—1) +b;j(v—1) mod (u — 1,v — 1)2.

u®bi — 1

As the (a;,b;) are pairwise independent, it follows that f; and fo generate
(u—1,0—1)/(u—1,v—1)2

Now we proceed by induction on n. The remark we just made shows that
for n = 2, F} and F; indeed generate (u—1,v—1)/(u—1,v—1)2. For n > 2,
put F1; = F;/f1 for i # 1 and Fy; = F;/fs for i # 2. By the induction
hypothesis the F ; generate (u —1,v — 1)"~2, and so do the F5 ;. Note that

(Fi,....Fn) = (hFi2,.... iFin) 4+ (2Fon, ..., foFon)
= (f1)(u—1,0— 1" 2+ (fo)(u— 1,0 — 1)—2
= (f1, fo)(u — 1,0 — 1)"2

and hence (Fy,...,F,)/(u—1L,v—1)"= (u— 1,0 —1)""1/(u—1,0—1)"
It follows that

A(O,O) = k[uv u_la v, U_l]/(u - 17 v = 1)TL—1
as this ring is already local. Moreover, we have

. 1 n—2 -
u = m = Z(l—u)

=0
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and similarly for v™!, so actually Ay = klu,v]/(u— 1,0 —1)"",
Note that for any 7,5 > 0,

loga, ((u— 1) (v — 1))

is of the form
x'y? + lexicographically higher terms.
Now let f € A non-zero. Write f as a polynomial in v — 1 and v — 1.
Suppose ¢; j(u — 1)*(v — 1)7 is the lexicographically smallest non-vanishing
term of f. Then logy  (f) has a term cija'y’ and is therefore non-zero.
Hence log 4 0.0 is injective.
We have now shown that log 4 induces an isomorphism

logA(O,O) : A(()’[)) — A

What remains is to show the analogous statement for logg. Specifically, we
want to show that for ¢ =1,...,n,

IOgBi : BZ — Bz
induces an isomorphism
108(8,) 0,0, * (Bi)(0.0) — Bi-

By definition (B;)(,0) = Bi ®4 A(,0) where the tensor product is taken
relative to the map p;. Let

A Bz X A(070) — Bz
(b,a) +— logg, (D) -ﬁi(logA(O’O)(a)).

One checks that A is bilinear, in fact A-bilinear, as log, and logg are com-
patible with p and p. It follows that A induces a map on the tensor products

10g (5,00, * Bi ®4 A0) — Bi.

It is clear that the composition of the natural map B; — B; ®4 A(070) with
this map is indeed equal to logp. .

Note that IOg(Bi)m,o) is surjective, as logp, is, so everything in B is the
image of an element of the form b® 1. As A — B; is onto, any tensor, and
hence any element of B; ®4 A(g,g) can be written in the form 1® a. To show
that log(Bl_)(O’o) is injective, we must show that for every a € Ag ) such that
ﬁ(logAm’O) (a)) =0, we have 1 ® a = 0 in B; ®4 A )-
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To this end, we compute the kernel of p;. Clearly
ﬁi(aix + bzy) = ai(—bl-z) + bl(azz) =0,

so (a;x + byy) C ker(p;). Suppose that a; is non-zero (the case b; # 0 is
analogous) and let V' be the subspace of A generated by the powers of y. It
is clear that p; is injective on V. Note that for every positive integer m,

(a;)""(asx + biy)™ = =™ + terms of lower degree in z,

so any f € A can be written as f = fo+ fy, where fo is in (a;x + b;y) and f,
is a polynomial in y, i.e., fy € V. As

ﬁz(f) = ﬁz(f()) +ﬁ2(fy) =0 +ﬁi(fy)a

we see that f € ker(p) if and only if f, = 0, i.e., if and only if f € (a;x + b;y).
Let g be the unique inverse image of a;x + b;y under log 4 00 Then an
a € A satisfies ﬁ(logA(O 0 (a)) =0 if and only if a € (g). Note that

. . b 1 .
log g, (fi) = ()%) () — 1= =00 1= 3" = (a4 biy)’.
j>17

This is a multiple of a;z + b;y and the quotient is 1 modulo (z,y), so is a
unit in A. Hence log 4 0.0 (fi) and log 4 0.0 (g) differ by a unit, and therefore

(fi) = (9) in A ,0)-
Now it is clear that if a € A ) is such that ﬁ(logA(O 0 (a)) = 0, then

a € (g) = (fi) hence
1®a=1® fid =pq,(fi)@d =0®d =0

in B; ®4 Ag,0)- Therefore log(Bi)(O 0 is injective, hence bijective, which com-
pletes the proof. O

Example 4.2.16. We continue our running example by verifying that log 4
indeed induces an isomorphism between the local ring A; from example
(4.2.9) and the ring A from example (4.2.14).

Consider the ring homomorphism

17/077)71] — k[x7y]/(x7y)3
= l4a+ 122

7

v — 1+y+§y2.

Elu,u
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It is clear that (u — 1,v — 1)? is in the kernel of this map, and so it induces
a ring homomorphism ¢ : Ay — A. Moreover log 4 is the composition of the
natural map A — A; and ¢, hence ¢ is the localisation of the map log, at
(u—1,v—1). We want to show that ¢ is an isomorphism. The table below
represents ¢ as a matrix relative to the obvious monomial bases of A and A.

1 =z y 22 zy v?
1100 0 0 O
ull 10 & 0 0
v|1 01 0 0 3
w?|1 2 0 2 0 0
wil 11 4+ 1 3
v’ |1 0 2 0 0 2

The determinant of this matrix is 1, thus it is invertible and ¢ is an isomor-
phism.

Computing dependencies for the linear problem

Having established the relation between p(q o) and p, we now turn our atten-
tion to computing the dependencies of p. The explicit, linear nature of this
map makes them relatively easy to compute. The approach we take is via a
pairing in B, which identifies it with its dual Homy, (B, k).

Lemma 4.2.17. The k-linear map
(,: BxB — k
((fi)is (9)i) > 323y coefn-2(figi)
is a perfect pairing.
Proof. It suffices to show that
(Vi Kk[2]/2"" Y x k[2]/2" — Kk
f.9 — coef n-2(fg)

is a perfect pairing for all . Note that the maps
coef ; : k[2]/2"t — k
for j =0,...,n — 2 form a basis of Hom(k[z]/2"~!, k). Furthermore,

coef i (f) = coef n2(2"772f) = (2" 72 f),,
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so {,); identifies that basis 2°,...,2"72 of k[z]/2"~! with a basis of its dual.
Hence the pairing is perfect. ([l

Lemma 4.2.18. Let A+ be given by
At = {be B ‘ Vae A: (p(a),b) :o}.
Then the pairing gives rise to a bijection
At — Dep(p)
b — (—,b).
Proof. The pairing gives rise to a bijection

B — Hom(B,k)
b — (—,b).

The dependencies are precisely those ¢ : B — k such that im(p) C ker(¢),
i.e. such that ¢(p(a)) =0 for all a € A. O

Example 4.2.19. We continue our running example by computing im(p)
and A+ inside B for the directions from example (1.4.3). We begin by giving
the image under p of the monomials that form a basis of A.

~ A~ A~ ~

A By By B By

1 2 22 1 2 22 1 2z 22 1 z 22
1 1 0 o[l 1 o o] 1 0o o] 1 0 O
x 0o -1 0/, 0 =2 0| 0 -1 0| 0 0 O
y o o0 0/, 0 1 0/, 0 2 0/ 0 1 0
x2 O o0 1, 0 0 4/ 0 0 1| 0 0 O
zyl 0 0 Ol O O -2 0 0 —2| 0 0 O
y? o 0 o0/, 0 O 1| 0 O 4/ 0 0 1

The pairing on each B; is given by
<a0 + a1z + CL222, bo + b1z + b222> = agba + a1b1 + asby.

The space AL as defined in lemma (4.2.18) above has dimension 12 — 6 = 6.
One checks easily that the following 6 elements of B are in A+ and are
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independent, thus they must form a basis for this space.

B B, Bs By
1 z 22 1 z 22 1 z 22 1 z 22
3 0 0]-1 0 0 1 0 0]—-3 0 0
0 -3 0 0 2 0 0 —1 0 0 0 0
0 0 O 0 —1 0 0 2 0 0 -3 0
0 0 3 0 0 —4 0 0 1 0 0 0
0 0 O 0 0 2 0 0 -2 0 0 0
0 0 O 0 0 —1 0 0 4 0 0 -3

The astute reader may notice a strong similarity between this table and the
previous one. This similarity is confirmed in theorem (4.2.21) below.

The following lemma is a technical result that is needed in the proof of
the subsequent theorem. It is a homogeneous analogue of Vandermonde
determinants.

Lemma 4.2.20. Let d be a positive integer. Then, over the commutative

ring R = Zla, ..., aq,B1, ..., Bq) we have
d—1 d—1
Lo, Gt
0‘17 Bl O‘di 6d
det . . = H (aiﬁj — Oéj,Bi).

: : 1<i<j<d

d—1 d—1

1 d

Proof. The righthand side of the equation is a homogeneous polynomial of
degree d(d —1). Note that each of the factors «;3; — a;3; is irreducible in R
and that no two of them differ by +1.

Suppose z = (a1,...,aq4,b1,...,bq) € C*@is a zero of the righthand side,
then there are 4, j such that a;b; = a;b;. If a; = b; = 0, then the matrix on
the lefthand side has a row of zeroes when evaluated at x, so clearly z is a
zero of the determinant. If a; # 0, put A = a;/a;, otherwise, if b; # 0, put
A = b;/b;. Since a;b; = a;b;, it follows we have a; = Aa; and b; = \b;. Hence,
for every e = 0,...,d — 1 we have

erd—1—e _ \d—1 epd—1—e
ajb; = A""agb; ,
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so the j-th column of the matrix on the lefthand side is A®~! times the i-th
column, and therefore = is again a zero of the determinant.

Hence every zero over C of the righthand side is also a zero of the lefthand
side, and so, by the Nullstellensatz (see e.g. [8, Thm. 1.6]), some power of the
lefthand side is a multiple of the righthand side. But the righthand side is a
product of distinct irreducible elements of the unique factorisation domain R,
so if it divides some power of the lefthand side, it in fact divides the lefthand
side itself. Moreover, the lefthand side is also homogeneous of degree d(d—1),
so the quotient is a constant in Z. Considering one monomial or evaluating
at one non-zero point shows that they are in fact equal. ([l

Theorem 4.2.21. There is an r € B such that there is a well-defined
isomorphism

— Dep(p)
— (= rp(a)).

SR
> 3>

Proof. By lemma (4.2.18), what we need to show is the existence of an r
such that AL = r - im(p).
Consider the matrix

O R A e
—by)"3a —b,)" 3a,
M- ( 1)‘ 1 ( )'
a?iQ GZ_Q

and let M; be the square matrix obtained from M by removing the i-th
column. Put 7; = (—1)"*!det M; and let r = (r1,...,7r,) € B.
For i,7 > 0 with i + 7 <n — 2 we have

(r,p(z'y’)) =0

as all of the polynomials that appear have degree less than n — 2. For the
other cases, we have

(rpla" > 7ty) = 3 (17 (b))} ) det M

J=0

where i € {0,...,n —2}. This is the first row expansion of the determinant
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of the square matrix

_bl anfiai L. _bn n72fiai
( ) 1 n
(—bl)"_Q . (*bn)n_Q
(_bl)n73a1 (_bn)nﬁ‘}an
a"ll_z e az_z

obtained from M by repeating the i-th row at the top of the matrix. This
determinant is 0, as the matrix has two identical rows.

It follows that (r,p(a)) = 0 for all a € A, i.e. that r € AL, For a,d’ € A
we have

(rp(a), p(a’)) = ) coefn-z(ripi(a)pi(a’)) = (r,p(aa’)) = 0,
i=0

so r-im(p) C AL
Note that by lemma (4.2.20),

ry = (=1)"*det M; = (1) [ [ (asbe — abs)

where the product runs over all 1 < s < t < n such that s,t # i¢. Hence
r; is non-zero, as the directions are pairwise independent. It follows that
multiplication by r is a bijection B — B. Finally, we compare dimensions

dim At = dim B — dim (im(p))
=n(n—1)—in(n—1)=in(n-1)

= dim (7 - im(p))

and conclude that 7 - im(p) = A+, O

Example 4.2.22. Continuing our running example, we’ll compute the vector
r for the four directions from example (1.4.3). Recall that these directions
are d; = (0,1), do = (1,2), d3 = (2,1) and d4 = (1,0). Hence the coefficients



- 160 —

r; are given by

r =(-1)2%1-1-2-2)(1-0-2-1)(2-0—1-1)
=1-—-3.—-2.-1
= —6,

rg =(-1)3(0-1-1-2)(0-0—-1-1)(2-0—1-1)
=—-1--2.-1.--1

r3 =(=1D)%0-2—1-1)(0-0—1-1)(1-0-2-1)

=1-—-1.-—-1--2
=2,

rg =(-1)5%0-2—-1-1)(0-1—-1-2)(1-1-2-2)
=—-1.--1--2.-3
= 6.

Hence we have r = (—6,2,—2,6). Looking back at the tables in example
(4.2.19), one sees that the rows of the second table (for A1) are those of the
first table (for im(p)) multiplied by —3r.

Putting it all together

We now have all the results at our disposal to prove the theorem that was
announced at the start of the section.

Proof of (4.2.2). Let (my,my), s, t and S as in the statement of the
theorem. Let Dg = (d;|i € S) and let ps be the reconstruction system
corresponding to Dg defined in lemma (4.2.4). Then we have

P(my,my) = Ps,(my,my)

by lemma (4.2.10) and
PS,(mz,my) = PS,(0,0)
by lemma (4.2.11) and
Ps,(0,0) = Ps

by theorem (4.2.15).
Let 0g : Bs — k be the dependency given by

[ (b, rp(z®y")),
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with 7 as in theorem (4.2.21). From the proof of that theorem we know
that r = (7;)ies with the 7; as in the statement of this theorem. Via the
isomorphisms mentioned above, dg induces a dependency 4 : Bnym,) = k.

If i ¢ S, then w™ in the i-th component of B(m,.m,) maps to 0 in
Bs (my,m,), 50 the i-th component of ¢ is 0. If ¢« € S, then w™ in the -
th component of By, ,,,) maps to w™ in Bg (;,, m,). This maps to (Gw)™
in Bg 0,0), With ¢; as in the theorem. Applying log, this maps to (/"e™*.
Finally, applying dg, we get

< memz
(2

3 r’iﬁi (xsyt)>z
as the righthand side is a monomial of degree s + t, this evaluates to

¢rm
d!

ri(—bi)saﬁ.

Running over all s and ¢, z%' runs over a basis for Ag and therefore
the dg’s run over a basis of Dep(ps). Hence the d’s run over a basis of
Dep(P(m,m,))- Running over all (m, my) runs over all the local factors and
so produces a basis for Dep(pp) = Dep(p) as claimed. O

Example 4.2.23. To conclude this section, we give the basis for the depen-
dencies over Q of our running example, the full grid reconstruction system
from example (1.4.3), viewed as a map

pp : ku, ™t v, 07 — kfw,w1)?

as described in remark (4.1.1). We have computed M in example (4.2.7).
The points (x,y) that are admissible in theorem (4.2.2) are all from M, as
we must have #5 > 2 for these points. The table below shows for every
point in M the corresponding set S and the corresponding (r;) and ({;). For
convenience of notation, let p = ((1/3).

M S (ri) (G)
(0,0) [{1,2,3,4} (=6, 2,—2, 6) ( 1, 1, 1, 1)
(07 1/2) {274} ( 1’ _1) ( _17 _1)
(/2,00 | {13 (1L -1 ) (-, -1 )
(1/37 1/3) {273} ( 1’*1 ) ( ) :U'Q )
(2/372/3) {273} ( 17_1 ) ( M27 2 )
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The table below lists the admissible (z,y), s and ¢ from theorem (4.2.2) and
the coefficient vectors of the corresponding dependency. What is shown in
the table is the weight of the line corresponding to w™ in each of the four
directions.

M s t|(0,1) (1,2)  (2,1) (1,0)
(0,00 0 0| —-3m?> m? —m? 3m?
1 0 6m —4m 2m 0
0 1 0 2m —4m 6m
2 0| —6 8 -2 0
1 1] 0 —4 4 0
02| 0 2 -8 6
(0,1/2) 0 0| 0 (=)™ 0 (—1)m+l
(1/2,0) 0 0| (=)™ 0 (—1)m+t 0
(1/3,1/3) 0 0| 0 um —pm 0
(2/3,2/3) 0 0| 0 m —pm 0

We can verify that these are indeed dependencies by computing for each
one the image under the dependency of

pD(Ua’Ub) — (w—a’ wb—2a’ w2b—a’ wb)
for all (a,b) € Z2. For example, the value for the first dependency will be
—3(—a)? + (b—2a)* — (2b — a)* + 3(b)?,

which expands to 0, and similarly for the other dependencies.

4.3 Rational and integral dependencies

We continue our study of the dependencies for grid reconstruction systems
associated to (Z2, D), where D is a 2-regular sequence of primitive directions
in Z2. In this section we use our understanding of these dependencies over
Q to give a description of the dependencies over Q and Z.

For the rational dependencies, we will prove a result similar to theorem
(4.2.2). We do not state it here, as some extra terminology is needed for
the statement. It is theorem (4.3.8) below. To go from rational to integral
dependencies we will use the following result. An algorithmic version of this
result is given as a corollary.
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Theorem 4.3.1. Let D be a 2-regular sequence of primitive dependencies in
7Z2. Let pq be the grid reconstruction system over Q associated to (Z2,D) and
pz the corresponding system over Z. Let ri,...,r, be as in theorem (3.5.5).
Let ¢ be the linear map

Dep(pg) — Q" '@ @ Q™!

sending a dependency d to

((e1(1),...ye1(rr = 1)), ..y (en(1), ..., cn(ry — 1)),

where c1,...,c, are the coefficient sequences associated to d as in remark
(3.5.3). Then Dep(pz) as a subspace of Dep(pg) is given by

Dep(pz) = ¢~ (Z’"H D Z’"n*l).

Corollary 4.3.2. There is an algorithm that on input a 2-regular sequence
of primitive directions D in Z? gives a basis for Dep(pz), where pz is the
grid reconstruction system over 7 associated to (Z*, D). The runtime of this
algorithm is polynomial in the rank of Dep(pz) and the length of the input.
The output is given as a sequence of vectors in

Zrl—l DB Zrn—l’

each vector representing the coefficients c1(1),. .., cn(rn, —1) associated to the
corresponding dependency.

Note that this is precisely the information we need in the consistency algo-
rithm from corollary (3.5.7). The runtime of the algorithm depends on the
rank of Dep(pz) and this rank can grow exponentially in the length of the
input D. Already when we have the two directions (1,0) and (1, a) the length
of the input is of size log(]a|), but the rank is [1-a —0- 1] = |al.

Before we can state our analogue of theorem (4.2.2), we have to look a bit
closer at the set of intersection points M associated to D in theorem (4.2.6).

Lemma 4.3.3. Let D = (dy,...,d,) be a 2-reqular sequence of primitive
directions in Z? and write d; = (a;,b;) fori=1,...,n. Let S be a subset of
{1,...,n} that has at least 2 elements. Put

Mg = {(z,y) € (Q/Z)* | Vi€ S : ax + by € Z}.
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Then Ms is a finite cyclic subgroup of (Q/Z)2.

Proof. It is clear that Mg is a subgroup of (Q/Z)2. Hence it suffices to show
that if #5 = 2 it is finite cyclic, as any subgroup of a finite cyclic subgroup
is again finite cyclic. So let S = {i,j} with i # j.

Next, observe that (z,y) € (Q/Z)? satisfies a;z + bjy € Z if and only if
(x,y) = (=bi\,a;\) for some A € Q. The ‘if’ part is clear. For the ‘only
if’, assume a;x + b;y = Z. Choose lifts £ and § of z,y to Q. Then we have
a;T + by =n € Z. Let ¢;,d; € Z be such that a;d; — bjc; = 1.

Then (z,y) = (¥ — nd;, § + ne;) holds in (Q/Z)? and in Q we have

a; (T — nd;) + bi(y + nc;) = aix + byy — n(a;d; — bic;) =n —n=0.

It follows that (& — nd;, § + nc;) = A(—b;, a;) holds in Q? for some A € Q.
From the above it follows that (z,y) € Mg if and only if

(z,y) = (=Abi; Aaq)

for some A € Q which also satisfies a;x — bjy € Z, i.e. A(=bja; + a;b;) € Z.
It is clear that the A’s which satisfy this form a finite cyclic group. O

Lemma 4.3.4. Let D = (dy,...,d,) be a 2-regular sequence of primitive
directions in Z? and write d; = (a;,b;) fori=1,...,n. Let S C {1,...,n}
have #S > 2. Then there is an (v,y) € Mg such that S = {i|a;z + bjy € Z}
if and only if for every T that strictly contains S, My is a proper subset of S.

Proof. If such an (z,y) exists, then it clearly is not in My for every T that
strictly contains S, so all these Mr are proper subsets of Mg. Conversely,
suppose that Mrp is a proper subset for all T that strictly contain S. Then it
is a proper subgroup, so it doesn’t contain any generator of Mg. Hence for
any generator (z,y) € Mg, there is no T that strictly contains S such that
(z,y) € Mp. Therefore {ila;xz + bjy € Z} = Msg. O

Definition 4.3.5. Let D = (dy,...,d,) be a 2-regular sequence of primitive
directions in Z? and write d; = (a;,b;) for i = 1,...,n. If S satisfies the
equivalent conditions of the previous lemma, we call S an intersection type
for D.

Example 4.3.6. We consider once again the directions from example (1.4.3):

di = (0,1), dy=(1,2), ds=(2,1), ds=(1,0).
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In example (4.2.7) we computed

= {00 (02).(50). ()G9}

In example (4.2.23) we computed for each element (x,y) of M the set
S={i|azx+byecZ}.

By definition, these sets correspond to the intersection types. There are four
and they are listed in the table below.

S | Mg
{1,2,3,4} {(0,0)}
{1,3} {(0,0),(1/2,0)}
{2,3}  1{(0,0),(1/3,1/3),(2/3,2/3)}
{2,4} {(0,0),(0,1/2)}

Example 4.3.7. We will show that like the number of dependencies, the
number of intersection types can grow exponentially in the size of D.

Let n > 1. We will produce a 2-regular sequence D of primitive directions
di,...,dp4+1 whose length is bounded by a polynomial in n, but such that
there are at least 2" intersection types.

Let p1,...,py be the first n prime numbers. It is a well-known fact from
elementary number theory that p, is bounded above by by anlog(n) for
some positive constant a independent of n (see. e.g. [16, Thm. 113]). For
i=1,...,n,let b = [[;,;p; and let d; = (1,b;). Finally, let dy,1 = (1,0).
Note that log(b;) is bounded by some constant times nlog(n), so that the
length of D is bounded by some constant times n? log(n).

Let S C {1,...n} and put y = Higspgl' Then the point (0,y) lies on
the line corresponding to d,,+1 and on the line corresponding to d; for all
i € S. But it does not lie on the line corresponding to d; for any ¢ ¢ S. Thus
SU{n+ 1} is an intersection type, for every subset S of {1,...,n}. Hence
there are at least 2" intersection types.

We can now state the theorem analogous to theorem (4.2.2) for dependencies
over Q. Note that it doesn’t produce a basis for the space of dependencies,
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but a generating set. We will see in the proof of corollary (4.3.2) how much
larger this generating set can be compared to a basis for the space.

Theorem 4.3.8. Let D = (dy,...,d,) be a 2-reqular sequence of primitive
directions in Z? and let pp be the grid reconstruction system over Q associated
to (Z?,D). Let S be an intersection type and (mz,my) € (Q/Z)? a generator
of Ms. Let s,t € Z>q, put d = #S5 —2 — s —t and suppose that d > 0. Let
g € (Q/Z)% be given by g; = aimy +bim,, fori € S, where al,b, € Z are such

K3 1771

that a;b, — bia, = 1. Let h € %Z/Z. Let the Q-linear map
§: Quw,w™']" — Q

be given on the i-th component by

(—b)Satmd
w™ — W ifieS and h—mg; € Z
— 0 ' otherwise,

where
ri = (=1)#UES LIS T (aj,bj, — ajnbyy),
J1.d2
with the product running over ji,jo € S\ {i} such that j1 < jo. Then
dopp =0, sod corresponds to a dependency in Dep(p). Moreover, running
over all S, s,t and h produces a generating set for this space.

For the rest of this section, fix a 2-regular sequence of primitive directions
D = (dy,...,d,) in Z% and write d; = (a;, b;) for i = 1,...,n. Let

p:A— B

be as in the previous section, the reconstruction system associated to D
defined in lemma (4.2.4) for k = Q. Let M be as in theorem (4.2.6).

Remark 4.3.9. Let pg : Ag — Bg be the reconstruction system associated
to D defined in lemma (4.2.4) for k = Q. Note that p can be seen as the base
change BCg,q(po). Recall from lemma (4.2.4) that cok(pg) is the same as
the cokernel of the grid reconstruction system over Q associated to (Z2, D).
Hence, by theorem (3.5.1) it is free of finite rank. The upshot of this is
we can apply lemma (2.5.15) to conclude that there is a natural inclusion
Dep(pg) — Dep(p) and a natural action of Gal(Q/Q) on Dep(p) such that
Dep(pg) is the space of fixed points of that action.
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The strategy to compute the dependencies for pg is to study the Galois
action on the dependencies for p. In the previous section, we decomposed
p as a sum of local factors. One might hope that the Galois group acts
on each factor individually, but in general, it doesn’t. This is where the
intersection types come in. We will show that an element of the Galois group
permutes the local factors corresponding to each intersection type. So instead
of looking at the local factors individually, we have to look at all the local
factors corresponding to an intersection type. We can then use the explicit
basis for the dependencies over Q for these local factors to see how the Galois
group acts and what the invariant elements are.

Example 4.3.10. Consider the reconstruction system over Q from example
(1.4.3). We computed in example (4.2.23) a basis for the dependencies of
this system. Let p = ((1/3) and consider the dependency § corresponding
to the point (2/3,2/3) € M as described in that example. The weight this
dependency assigns to the m-th line in each direction is given in the following
table.

direction | (0,1) (1,2) (2,1) (1,0)

Weight‘ 0 urm —pym 0

Recall that we have fixed an inclusion Q C C in order to define ¢. Let
o € Gal(Q/Q) be the automorphism induced by complex conjugation. Note
that o(u) = p?. Tt follows as in example (2.5.17) that ¢d is the dependency
that assigns the following weights to the m-th line in each direction.

direction | (0,1) (1,2) (2,1) (1,0)
weight‘ 0 um —ptm 0

Note that this is precisely the dependency we computed in example (4.2.23)
corresponding to the point (1/3,1/3) € M.

Lemma 4.3.11. Identify A with @, ,yerr Ay s in lemma (4.2.8). Then

Gal(Q/Q) acts on M and for every o € Gal(Q/Q) and every (x,y) € M we

have 0(A(y)) = Ag(ay) as subspaces of A. Moreover, we can extend o to an

x7y) x?y)
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isomorphism of reconstruction systems p(y ) — Do(z,y) Such that

p P(z,y)

UJ l

P = Po(zy)

s a commutative diagram of reconstruction systems.

Proof. By definition M is a subset of (Q/Z)?. This space is identified with

the torsion subgroup of (@X)2 through ¢. The Galois group Gal(Q/Q) acts
on this torsion subgroup and hence acts on M. Furthermore, the bijection
from theorem (4.2.6) identifies M with the set of maximal ideals of A. This
set also has an action of Gal(Q/Q) and the bijection is compatible with the
Galois actions.

Write ¢ for the isomorphism

¢ A — @(Q:,y)EM A(may)
a +— (a,...,a).

For (x,y) € M, we want to identify the a € A such that all coordinates of
¢(a) are zero except for the coordinate in A
Consider the set

B = {(¢(z) = {(a),¢(y) = <)) | (z,9), (&",5) € M, (w,y) # (2", 9}

z,y)"

Note that B is a finite subset of @2 that does not contain (0, 0). Hence there
are a,b € Q such that

V(e,, B) € B :aa+ b8 # 0.
For (z,y) € M, let
Y(wy) = a(u—((x)) +bv—((y) € A

and let

Gop= 11 9w
(=" ,y")#(z,y)

Note that g, is in the maximal ideal corresponding to (z,y) and not in
any other maximal ideal, by construction of a and b.
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Hence, for every (x,y) € M, G(,,4) is in the maximal ideal corresponding
o («',y') for every (z',y') # (z,y), but not in the maximal ideal correspond-
ing to (x,y). Note that for every maximal ideal m of A, some power of m
is zero in Ay, as Ay is a finite-dimensional QQ-vector space. Hence any suf-
ficiently large power of G, ) maps under ¢ to a unit in A,y and to 0 in
Ay for all (2/,y') # (x,y). Moreover, since M is finite, we can choose a
positive integer e such that this is true for Gfx v) for every (z,y).

Let (z,y) € M, 0 € Gal(Q/Q) and a € A, ,). Then there is a a € A such
that the image of dG’f ) in A,y is a, as the map A — A, is surjective
and G(;,) maps to a unit under this map. Then <Z>(aGe y)) maps to the
element in @(x V)M A(pr ) that is a in A, ) and zero everywhere else,
i.e., when we view A, as a subset of this sum, gb(aGe )) corresponds to
the element a. Tt follows that

o(a) = o(¢(aG(, ) = ¢(0(a)o (G ay)°)-

Note that for all (2/,y") € M, 0(g@ ) = Jo(a'y)s 50 0(Gay)) = Go(ay)-
We conclude that o(a) is in Ay, ) and that we have a commutative diagram

A—— Ay

UJ Ja

A — As(ay)

Themap o : A, — A
by o1 is its inverse.

Recall that B, ) is defined as A, ,) ®4 B. Note that o also induces an
isomorphism

o(z,y) is bijective as the map Ao(a:,y) — A(%y) induced

Ay ®aB — Aguy) ®a B
a®b —  o(a)®@o(b).
A straightforward verification shows that the diagram

P(z,y)

Azy) — A(ay) ®a B

al la
Ao(z,y) Po(z.y) As(z)@4B
is commutative, i.e., o induces an isomorphism of reconstruction systems

P(ay) — Po(y)- Another straightforward verification shows that it fits in a
commutative diagram with p as claimed in the lemma. O
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For an intersection type S, let Dg be the sub-sequence (d;|i € S) of D and
let ps : Ag — Bg be the reconstruction system over Q associated to Dg in
lemma (4.2.4). Note that there is a natural surjective morphism Pg — Ps for
every S that is given by forgetting the coordinates that are not in S. Hence
there is a natural inclusion Dep(ps) C Dep(pg). Let

VS = @ Dep(pS,(x,y)) C Dep(pg)
(:B>y)€MS

Lemma 4.3.12. Let S be an intersection type. Then Dep(ps) and Vs, viewed
as subspaces of Dep(pg) are stable under the action of Gal(Q/Q), that is, for

every o € Gal(Q/Q) one has o(Dep(ps)) C Dep(ps) and o(Vs) C V.

Proof. Let pgg be the reconstruction system over Q associated to Dg in
lemma (4.2.4). Then pg is the base change BCg,q(ps,g). It is clear that the
natural map p — pg is the base change of the equivalent map pg — ps.o
and that the Galois actions on pg and p are compatible. It follows that
Dep(ps) C Dep(p) is stable under the Galois action.

Let M’ be the set of intersection points corresponding to Dg. Note that
it is a subset of M that contains Mg, but is in general not equal to Mg. As
mentioned in the proof of lemma (4.3.11), the Galois action on Ag induces
an action on M’. We will now look at this action in a bit more detail. Let
o € Gal(Q/Q).

As M’ is a finite set of pairs (z,y) € (Q/Z)?, there is an element d € Q/Z
such that for every (z,y) € M’', z and y are both multiples of d. Such a d can
be obtained for example by multiplying together the denominators of all z’s
and y’s. Note that ((d) is a root of the polynomial X% — 1, and therefore, so
is 0(¢(d)). Hence, o(¢(d)) = ((td) for some positive integer . Moreover, it
follows that for all (x,y) € M’ we have o({(z)) = ((tz) and o({(y)) = {(ty).
We conclude that o acts on M’ by sending (z,y) to (tz,ty).

In particular, the cyclic subgroup Mg C M’ is mapped to itself by every
o in Gal(Q/Q). It follows then from lemma (4.3.11) that

q= @ Ps,(z,y)
(:va)eMS

has a Galois action and that the natural morphism pg — ¢ is compatible with
the Galois actions. It follows that Vs = Dep(q) is stable under the Galois
action on Dep(pg). O
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Example 4.3.13. We consider once again the reconstruction system over Q
associated to the directions from example (1.4.3). We computed the intersec-
tion types for these directions in example (4.3.6). Consider the intersection
type S = {2,3}. Note that

Mg = {(070)7 (1/3’ 1/3)’ (2/3a 2/3)}

is in fact the full set of intersection points corresponding to the full grid
reconstruction system pg. It follows that Vg = Dep(pg) in this case.

Let = ¢(1/3) be a primitive third root of unity. Using the computations
from example (4.2.23), we see that Vg has dimension 3 and a basis is given
in the following table.

1(0,1) (1,2) (2,1) (1,0)
V1 0 1 -1 0
V9 0 Mm _Iu2m 0
U3 0 Iu2m _Mm 0

Note that any o € Gal(Q/Q) will send u to another primitive third root
of unity, so o(u) = p or o(p) = p?. In the former case o acts trivially on
vy, v and vs. In the latter case, as we saw in example (4.3.10), o maps v3 to
v9. One computes easily that it in fact interchanges v and vz and maps vy
to itself. It follows that Vg is indeed invariant under the action of the Galois

group.

The strategy for the proof of theorem (4.3.8) is to show that the basis for
Dep(p) we produced in theorem (4.2.2) is completely contained in the union
Ug Vs for all intersection types S. Within each Vg we then still have to find
the elements that are fixed by the Galois group. To that end, we have the
following lemma.

Lemma 4.3.14. Letx = (11,...,24) € (Q/Z)? and let V' be the sub-Q-vector
space of (Map(Z,Q))¢ generated by

Vg = (j > C(js:cﬂ)d ) for s € Z/#(x)Z.

1=
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Then V' is also generated by

d
. 1 ift—ju €Z
we= (J ~ { 0 otherwise ) -
fort e %Z/Z. It follows that V is stable under the action of Gal(Q/Q)
and VEAQ/Q) s the Q-vector space generated by the w; with t € %Z/Z.

Proof. We have to show that each w; can be written as a Q-linear combi-
nation of the v, and conversely, that each v, can be written as a Q-linear
combination of the wy. It follows that the vy and the w; span the same
Q-vector space V. Each of the w; is fixed by the action of Gal(Q/Q) on
(Map(Z,Q))%, so V is stable under the Galois action.

Note that given i and j, the i-th coefficient of w;(j) is non-zero for at
most one t. Hence a Q-linear combination of the w;’s is fixed by the action
of the Galois group if and only if it is actually a Q-linear combination. In
other words, VE(Q/Q) i the Q-span of the wy.

Put e = #(z). We will now verify that the following relations hold
between the w; and vs. For all s € Z/eZ we have

Z C(st)wy

telz/z

and for all t € 1Z/Z we have

For the first equation, consider the value of the i-th component of the
right-hand side at j € Z. Note that ex = 0 in (Q/Z)¢, so the denominator
of z; is a divisor of e. It follows that there is precisely one t € 1Z/Z such
that ¢ — jx; is an integer. Hence the sum on the right-hand side of the first
equation collapses to the single value ((st). Moreover, since t — jz; is an
integer, ((st) = ((jsz;), which is precisely the value of the i-th component
of vs at j. Hence the first equation holds.

For the second equation, we also consider the value of the i¢-th component
of the right-hand side at j € Z. It is given by

ZC —st)C(jszi) =~ Zét—m)

sEZ/eZ seZ/eZ
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There are now two possibilities.

If ¢t — jx; is an integer, each of the summands is 1 and so the value of the
right-hand side is é -e = 1, which is also the value of the ¢-th component of
wy at j.

If t — jx; is not an integer, let f be its denominator. Note that f is a divisor
of e, so every f-th root of unity comes up ? times in the sum. But

1 2 f—1

so the value of the right-hand side is 0, which is the value of the i-th compo-
nent of wy at j.

We conclude that the second equation holds as well. O

1+¢(2) +<(

Proof of (4.3.8). Let D and pp be as in the theorem. Let p, pg, etc. be
as in the rest of the section. From lemma (4.2.4) we know that cok(pp) and
cok(pg) are equal. So to compute the dependencies for pp, we can also look
at po.

Let S be an intersection type. We will show below that running over all
admissible s, and h as in the theorem produces a Q-basis of Vg consisting of
elements that are fixed under the Galois action. We first show why running
over all intersection types S, this will produce a generating set for the rational
dependencies. It is clear that it produces a set of rational dependencies, so
it suffices to show that this set contains a basis over Q of the space.

Note that for every (my, my) in M, (m,, m,) is a generator of Mg, where
S is the intersection type S = {i | a;jm, + bym, € Z}. So we have

P(my,my) = PS,(my,my)

by lemma (4.2.10). Hence Dep(p(m,,m,)) is contained in Vs. In particular,
if we run over all intersection types, the union (Jgq Vs will contain all the
dependencies from theorem (4.2.2), which form a basis for Dep(p).

Hence we need to show that for an intersection type .S, running over all
admissible s, t and h as in the theorem produces a Q-basis of Vg consisting of
elements that are fixed under the Galois action. Let (mg, my) be a generator
of Mg and for i € S let a}, b, and g; be as in the statement of the theorem.

First we show that #(g) is equal to #Mg. We can write (m,,m,) as
(X/Z,Y/Z) where X, Y and Z are integers and the greatest common divisor
of {X,Y,Z} is 1. Note that we then have #Mg = Z. Moreover, for every i
in S we have
alX +0Y

gi = ajx + by = 7
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Suppose that pla;X + bY and p|Z. As ajx + by € Z, Z is a divisor of
a; X + b;Y. It follows that p is a divisor of

b;(aZX + bZY) — bz(a;X + b;Y) = (a,b; — bza;)X =X
and also of
—ai(a; X +b;Y) + a;j(a;X +0)Y) = (a;b; — bial)Y =Y,

but that means that p divides the ged of {X,Y, Z}, so p = 1. Hence the

fraction

alX +bY

A

is reduced to its lowest terms, so the order of g in (Q/Z)#° is Z = #Mg.
Let s and t such that d = #S — 2 — s — t is non-negative. For every

e € 7/#(g)Z let 6. be the dependency for pg from theorem (4.2.2) applied to

Dg corresponding to the point (em,,em,) and the given s and ¢. For i € S

the weight functions of this dependency is given by

ri(—b;)%al
Co = (m G LY S} d'l ’Cglimd )
: i€S

9i =

where . ; = ((a}(ex;)+b}(eyi)) = ((eg;). Running over all s, ¢ and e produces
a basis for pg () for all (2/,y") € Mg, i.e., a basis for Vs.
Note that ¢, can be written as the product of the functions

o= ()

i€S
with the functions

(—b. St
A:<m4%<b:>azmd> ,
d! €S

Note that A does not depend on e and takes rational values everywhere. Thus
the linear combinations of the ¢, that are fixed under the Galois action are
precisely the linear combinations of the v, that are fixed under the Galois
action. Note that we can apply lemma (4.3.14) to the v.. We conclude that
the span of the ¢, is the same as the span of the functions A - wj, where for
h e %Z/Z, wy, is given by

1 ifh—mg;, €Z
wp = | mr— . .
0 otherwise ics
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Note that A-wy, is precisely the dependency associated to S, s,t and h in the
theorem. We conclude that running over all s,t and h produces a Q-basis
of Vg consisting of elements fixed by the Galois action. Running over all
S produces a set of dependencies that are fixed by the Galois action such
that their Q-span contains a basis for Dep(p), hence is all of Dep(p). Hence

this is a generating set for Dep(p)Gal(@/@) = Dep(pg). By lemma (4.2.4),
Dep(pg) = Dep(pp). O

Proof of (4.3.1). Let d € Dep(pg) and let cy,...,c, be the associated
coefficient functions from (2.1.17). It is clear from this lemma that d is in
Dep(pz) if and only if the ¢; only take integer values. From this it follows at
once that ¢(Dep(pz)) is contained in

Zrl—l DB ZT”_I.

Conversely, suppose we have a dependency d such that ¢(d) has all integer
coefficients. By theorem (3.5.5), the coefficient functions ¢; each satisfy a
recurrence of the form

Vm e Z:ajici(m—+1)+-+apci(m+r) =0

with all the a; ; € Z, a;1 = +1 and a;,, = +1. By assumption ¢;(m) € Z for
m € {1,...,7, —1}. Applying the recurrence for m = 0, we conclude that
+¢;(r;) is equal to a Z-linear combination of integers, hence it is an integer.
We can proceed in this way by induction and show that ¢;(m) € Z for all
m € Z. Hence d is in Dep(pz), proving the other inclusion. O

Proof of (4.3.2). We assume the input D is given as a sequence of n pairs
d; = (aj, b;). It is easy to check in polynomial time in the input length that
these indeed form a 2-regular sequence of primitive directions.

Let pg be the grid reconstruction system over QQ associated to (Z2, D).
As in theorem (4.3.1), let ¢ be the linear map

Dep(pg) — Q' '@ @ Q!
sending a dependency to

((c1(1),...yc1(ri = 1)), .., (en(1), ..., cn(ry — 1)),

where the ¢; are its coefficient functions as defined in lemma (2.1.17). The
algorithm to compute the integral dependencies now has the following steps:
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1. determine all intersection types for D;

2. for each intersection type S and every admissible s, ¢t and h as in theo-
rem (4.3.8), let d be the associated dependency and compute the vector

o(d);

3. determine a Z-basis for the intersection of the span of these vectors
with the integer lattice.

By theorem (4.3.1), this Z-basis is the required output. It remains to be
shown that each of these steps can be executed in time polynomial in the
input length and the rank of Dep(pz).

For the first step, note that we can enumerate M by computing for each
1 <i < j < nthe set My; ;1. Note that My; jy has [a;b; — a;b;| elements,
so the number of points we generate in this way is precisely the rank of
Dep(pz). In general there will be duplicate points, so M has at most this
many elements. For each element (x,y) € M we can then compute the set
S ={i| ajx + by € Z}. From lemma (4.3.4) we know that S is an intersec-
tion type and that we obtain every intersection type in this manner. Thus
the number of intersection types is at most the number of elements of M
and we can enumerate them in time polynomial in the input and the rank of

Dep(pz)-

For the second step, the number of admissible s and ¢ is bounded by n and
the number of admissible h’s is bounded by # M, which, as we have seen, is
bounded by the rank of Dep(pz). From the construction of the r; in theorem
(3.5.5) it follows that (4 —1)+-- -4 (ry, —1) is precisely two times the rank of
Dep(pz) as computed in theorem (3.5.1). This is the number of coefficients
we have to compute for each dependency. Computing each coefficient is easy,
so it follows that this step can also be done in time polynomial in the input
length and the rank of Dep(pz).

The last step is a linear algebraic step. It can be done in the required amount
of time using well-known methods from linear algebra over the integers (see
e.g. [6, Ch. 2]). O



5 — Periodic grids

5.1 Introduction

As the title suggests, in this chapter we will explore grid reconstruction sys-
tems whose grid is ‘periodic’, which we will define in a moment. We will
derive some important characteristics of their kernels and cokernels, and give
algorithms to compute them over the rationals and the integers. Some of the
finer points concerning their structure remain open and we conclude with a
few avenues for possible future research.

Definition 5.1.1. Let A C Z" be a subset and let A C Z" be a finite index
subgroup. Then A is A-periodic if it satisfies

Vaec A:VAeA:a+ )€ A

Example 5.1.2. The grid from example (1.4.4), given by
A=77 \ 377 = {(x,y) € Z? ’ (xay) e (070) mod 3}7

is periodic for A = 3Z2. Note that any element of A can be written in a
unique way as A + x with A € A and x from the set

X =1{0,1,2} x {0,1,2} \ {(0,0)}.

This means we can view the set A as a union of copies of X translated by
elements of A, or conversely as a union of 8 translated copies of A, indexed
by the elements of X.

In section 3.1 and chapter 4 we looked at grid reconstruction systems where
the grid is Z". The key ingredient in a lot of this work is that the reconstruc-
tion system is a map between rings and that it respects the ring structures.
For periodic grids this is not always the case, but we do have a similar struc-
ture that we can employ to our advantage, as is explained in the following
lemma.



- 178 -

Lemma 5.1.3. Let A C Z" be A-periodic and let D be a sequence of di-
rections in Z". Let k be a commutative Ting and let p : T — P be the grid
reconstruction system over k associated to (A, D). Then there are natural
k[A]-module structures on T and P, and p is a k[A]-linear map.

Proof. The inclusion A C Z" gives rise to an inclusion k[A] C k[Z"], which
is a ring homomorphism, so we can view k[Z"] as a k[A]-module. We claim
k[A] viewed as a subset of k[Z"] is a sub-k[A]-module. It is clearly a sub-k-
module, so it suffices to show it is closed under multiplication by elements
of k[A]. By linearity, we only have to check this for k-bases of k[A] and k[A]
Let A € A and a € A. Let v* and u® be the corresponding elements of k[Z"].
Then we have v - u® = v and since A is A-periodic, A + a is in A. Hence
the multiplication by elements of k[A] maps k[A] into itself, i.e. k[4] is a
sub-k[A]-module of k[Z"] and in particular a k[A]-module.
Let D = (dy,...,d,) and let i € {1,...,n}. The quotient map

pd; : K[Z"] — k[Z"]d;]

is a ring homomorphism. Its restriction to k[A] therefore is one as well, giving
a k[A]-module structure on k[Z"/d;], defined by

k[A] x k[Z"/d;] — K[Z"/d;]
(z,y) = pa,(z)y.
We show that k[A;] viewed as a subset of k[Z" /d;] is in fact a sub-k[A]-module.

Recall that A; is the image of A in the quotient Z"/d;, so any element x of
k[A;] can be written as pg,(y) with y € k[A]. For z € k[A] we then have

zx = pa, (2)pa,(y) = pa,(2y)

and since k[A] is a sub-k[A]-module of k[Z"], the element zy is in k[A] and so
pa; (zy) is in k[A;]. Hence k[A;], viewed as a subset of k[Z" /d;] is closed under
multiplication by elements of k[A]. So it is a submodule, and in particular a
k[A]-module.

Moreover, the projection map pg, that maps k[A] into k[A;] is k[A]-linear
more or less by construction. It follows that the reconstruction system

b= (pd1>"'7pdn)

is a k[A]-linear map k[A] — @, k[A;]. O

We conclude this section with some results on the kernels and cokernels of
grid reconstruction systems with periodic grids. These will be proved in the
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next two sections. The first result is analogous to theorem (3.1.2) for full
grids.

Theorem 5.1.4. Let A C Z" be A-periodic and D a 2-reqular sequence of
directions in Z". Let k be a field. Let p be the grid reconstruction system over
k associated to (A, D). Then there are fi,..., fm € k[A] such that ker(p) is
generated by the f; as a k[A]-module.

To give an algorithm for computing these kernels, we need to make some
additional assumption on the field k, for example that it is a prime field, i.e.
k = Q or k =TI, for some prime p.

Theorem 5.1.5. There exists an algorithm that given a A-periodic grid
A C 7", a 2-regular sequence D of directions in 7" and a prime field k,
computes m and fi, ..., fm from theorem (5.1.4).

For the cokernel, the results are not nearly as nice as theorem (3.1.6) for full
grids. In the two-dimensional case we do still get a finitely generated module,
but it will not always be free.

Theorem 5.1.6. Let A C Z? be A-periodic and D a 2-reqular sequence of
directions in Z2. Let k be a commutative ring. Let p be the grid reconstruction
system over k associated to (A, D). Then cok(p) is a finitely generated k-
module.

When £ is a field, k-modules are always free, so we can apply corollary (2.1.19)
and conclude the dependencies give a full answer to the consistency problem.
However, for k = Z this does not work. Giving generators for the cokernel
as elements in the codomain is possible, but not very useful. The following
theorem shows that we can compute an explicit realisation of the cokernel as
a quotient of some finitely generated free abelian group.

Theorem 5.1.7. There exists an algorithm that given a A-periodic grid
A C 72 and a 2-regular sequence D of primitive directions in Z? produces an
integer N, a linear map

n

¢: Pz[A) — zV

i=1
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and generators of a subgroup M C ZN such that

b éZ[Ai] — ZN /M
=1

is onto and ker(¢) = im(p), where p is the grid reconstruction system over Z
associated to (A, D).

Having a presentation of a finitely generated abelian group as a quotient
ZN /M as in the theorem above makes it possible to compute things like the
torsion group and the rank of the free part using standard algorithms for
linear algebra over Z.

It is a priori not at all clear how the map ¢ from the theorem can be rep-
resented in a finite way. This is a similar problem to the representation of
dependencies for full grid reconstruction systems that was discussed in re-
mark (3.5.3). The solution is similar too and will be discussed in detail in
the proof of theorem (5.1.7). One thing that seems reasonable and turns
out to be true is that we can evaluate ¢ on any given element of @;._; Z[A;]
efficiently. The upshot of this is that there is a consistency algorithm as
described in the following corollary.

Corollary 5.1.8. Let A C Z? be A-periodic and D a 2-reqular sequence of
primitive directions in Z2. Let p : T — P be the grid reconstruction system
over Z associated to (A, D). Then there is an algorithm that given x € P
decides if x € im(p) in time polynomial in the length of the input.

5.2 Computing the kernel

The aim of this section is to prove theorems (5.1.4) and (5.1.5). We derive
the first of these as consequence of a ring-theoretic generality.

Proof of (5.1.4). When k is a field, it is in particular a Noetherian ring
(see e.g. chapters 6 and 7 of [1]) and so k[A] is Noetherian as it is a finitely
generated k-algebra [1, Cor. 7.7]. Note that k[A] is a finitely generated k[A]-
module as A has finite index in Z" and so any sub-k[A]-module of k[A] is
finitely generated [1, Prop. 6.5] as a k[A]-module. Hence there are elements
fi,..., fm that generate ker(p) as a sub-k[A]-module of k[A]. O
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Sadly, this proof is entirely non-constructive, so it is of no help when trying
to compute m and fi,..., f;n. To find these, we use the same technique as
for reconstruction systems with finite convex grids, we compare with the full
grid system using lemma (3.2.2).

Lemma 5.2.1. Let A C Z" be A-periodic, let D be a 2-reqular sequence of
directions in Z" and let k be a commutative ring. Let p and py be the grid
reconstruction systems over k associated to (A, D) and (Z", D) respectively.
Then ker(ps) and k[Z" \ A] are free sub-k[A]-modules of k[Z"] of finite rank,
the natural map

6 : ker(ps) — K[Z'\ 4]

is k[A]-linear and ker(p) = ker(¢).

Proof. The action of A on Z" is free and as A is of finite index, a system
of representatives for Z" /A is finite, so k[Z"] is a free k[A]-module of finite
rank. By theorem (3.1.2), the image of the map

k(Z"| — k[Z"] x— xFp

is ker(ps). This map is k[Z"]-linear, so it certainly is k[A]-linear and thus
gives an isomorphism of k[A]-modules k[Z"] = ker(ps). Hence ker(pys) is a
free k[A]-module of finite rank.

Note that Z"\ A is also A-periodic, and so A acts freely on this set. Hence
E[Z" \ A] is also a free k[A]-module of finite rank. The map ¢ is induced by
the natural map k[Z"] — k[Z" \ A] that restricts a function f : Z" — k to
Z" \ A. As A acts by translation on both sets, it is clear that this map, and
therefore ¢, is k[A]-linear.

Applying lemma (3.2.2) to A C Z" we see that ker(p) is given by

ker(p) = {f € ker(py) | supp(f) C A}.

For f € ker(py), we have supp(f) C A if and only if f maps every point in
Z" \ A to zero, i.e., if and only if ¢(f) = 0. Hence ker(p) = ker(¢) holds as
claimed. n

Example 5.2.2. Let A be given by A = Z? \ 3Z? as in example (1.4.4) and
let D be the sequence of four directions from that example. As we saw in
example (5.1.2), A is A-periodic with A = 3Z2.
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Identify k[Z?] with the Laurent polynomial ring k[u,u™!,v,v7!] as usual.
Then k[A] is identified with the subring generated by U = 3 and V = v3.
A basis for k[u,u"!,v,071] as a k[U,U~!,V,V~!-module is given by the
monomials

2,2 2,2

2 2
1, 0,0 u, uv, uv®, u”, uv, u V.

The generator of the kernel of the full grid reconstruction system asso-
ciated with these directions was given as a polynomial in k[u,u™1,v,v71] in
example (3.1.4). We write Fp for this polynomial. To give a matrix for ¢, we
give for each element in the k[U, U, V, V1] basis of k[u,u™!,v,v™!] above
the product of that element with Fpp and restrict it to k[Z?\ A] = k[A]. The
results are in the table below.

x | restriction of xFp to k[A]
1 [1+U0V
v A%
v | -V 4+ UV -UV?
u | =UV
w | 20UV
w? | =UV
u? | -U+UV -U?*V
o | UV
u?v? | UV +U?V?

Various elements of ker(¢) can be derived easily from this table, such as
u —v. The element (u — v)Fp of ker(py) is pictured below. Its support is
indeed contained in A, thus it belongs to ker(p).

| L 1-1
L1 1-1 1
S l1-1 1-1
—1-1 1 1-1
1 -1 1

The upshot of lemma (5.2.1) is that computing the kernel of a periodic grid
reconstruction system is reduced to a computation of syzygies in a free k[A]-
module of finite rank. Fix a basis g1,...,gs of ker(ps). What we want to
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know is the k[A]-linear relations (i.e. the syzygies) that hold between the
elements ¢(g1),...,¢(gs) in k[Z" \ A].

The computation of syzygies is a fundamental problem in computational
commutative algebra. For modules over a polynomial ring S = k[z1,. .., 2]
over a field k the theory of Grobner bases deals with this and related prob-
lems. An introduction to this topic can be found in [8, Ch. 15]. The basic
algorithm for computing Grébner bases, Buchberger’s algorithm [8, Alg. 15.9]
also produces generators for the syzygies (cf. [8, Thm. 15.10]) for an S-linear
map S¢ — S°.

Of course, the ring k[A] we are dealing with is not a (multivariate) poly-
nomial ring, but it’s ‘almost’ one. The reduction to the polynomial case is
carried out in the proof below.

Proof of (5.1.5). We suppose that a basis Aq, ..., A, of A is given. Identify
S = k[z1,...,x,] with a subring of k[A] by mapping z; to A;.

Compute a system of representatives for Z"/A and divide it into sets X
and Y consisting of the classes in A and Z" \ A respectively.

Let p¢ be the grid reconstruction system over k corresponding to (Z", D)
and compute Fp, a generator of ker(ps) as a k[Z"]-module as in theorem
(3.1.2).

For a,b € XUY compute the elements f,; € k[A] defined by the following
equations. For every a € X UY we have

w'Fp= Y ufuy

in k[Z"]. (We only need the f,; for a € X UY and b € Y, but it is more
convenient to define them for b € X as well.)

For every a € X UY pick a A, € A such that s, = u* is in S and
Jap = Safap if in S for all b € Y. Note that the g, represent a matrix for
the map ¢ : ker(py) — k[Z"\ A] from lemma (5.2.1) relative to the k[A]-basis
(u¥™a Fp)aexuy of ker(py) and (u®)pey for k[Z" \ AJ.

Moreover, since all the g, are in S, the same matrix gives rise to a map

b SIX UY] — S[Y].

This is an S-linear map between finitely generated free modules over the
multivariate polynomial ring S, and so we can use Grobner basis methods to
compute a generating set for its kernel. As mentioned before, one way to do
this would be to apply Buchberger’s algorithm, see [8, Thm. 15.10].
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Note that any element in (k[A])[X U Y] can be multiplied by a unit in
k[A] so that it is in S[X UY]. Hence the elements that generate ker(¢g) as
an S-module, will generate ker(¢) as a k[A]-module.

Computing the images of these generators in ker(ps) we obtain generators
for ker(p) as a sub-k[A]-module of ker(py). O

The computation of Grobner bases, syzygies and related algorithms are im-
plemented natively in many computer algebra systems, such as Magma (see
http://magma.maths.usyd.edu.au/magma/ or [4]) and the open-source sys-
tem Sage (see http://sagemath.org/). They often use algorithms that per-
form better than Buchberger’s cited above. If we want to compute examples,
we can simply ask the system to produce the required syzygies and not worry
about the implementation.

Example 5.2.3. We will now give generators for the kernel of the grid
reconstruction system described in example (1.4.4) as a k[A]-module, where
A = 372. In example (5.2.2) we computed the map

¢:KUU L V,VP — kU ULV, VT

from lemma (5.2.1). A generating set for the kernel of this map can be
computed using the algorithm from the proof of theorem (5.1.5). One such
set is given by

WUV +1) + u?o?,

U +u? +v?v,

Uv? + Un?v 4 u?0?,

V 4+ 02 4+ u?v,

Vu? + Vuto + v,

v — u?v,

u — uv,

w — 2u?v,

uv2 — U2U.

It was computed using Magma. Multiplying these with Fp from example
(5.2.2) and recalling that U = u® and V = v one obtains generators for
ker(p) as a subspace of ker(py).
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5.3 Computing the cokernel

We now turn our attention to the cokernels of grid reconstruction systems
with periodic grid. Continuing with the approach to these systems we used
in the previous section, we have the following sufficient condition for when
the cokernel of the periodic grid system is the same as that of the full grid
system.

Lemma 5.3.1. Let A C Z" be A-periodic and let D be a sequence of di-
rections in Z". Let k be a commutative ring and let p and py be the grid
reconstruction systems over k associated to (A, D) and (Z", D) respectively.
Let fp be the generator of ker(pys) from theorem (3.1.2). Suppose that

1. all lines in directions from D intersect A;
2. for every x € 2" \ A there is a y € Z" such that
supp(u’ fp) N (Z"\ A) = {z}
and the coefficient of u* in u¥ fp is £1;

then the natural map cok(p) — cok(py) is an isomorphism.

Proof. Let pzr 4 be the reconstruction system defined in lemma (2.4.4)
for the inclusion A C Z". From that lemma, there is an exact sequence of
reconstruction systems

0—p—pr—pzr/a—0.
Note that by point 1 from the lemma, pz-/4 is the map
k[Z"\ A] — 0,

so we have cok(pzr/4) = 0 and ker(pzr/4) = k[Z"\ A]. Hence by lemma
(2.4.7), the map cok(p) — cok(py) is surjective.
Note that by point 2 from the lemma, the natural map

ker(ps) — k[Z" \ A]

is onto: this point states that for every x € Z" \ A, the element uYfp in
ker(ps) maps to =u”. Hence, by corollary (2.4.13), the map cok(p) — cok(py)
is injective. 0
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The conditions from the lemma may appear rather specific, but they are
often both satisfied when Z" \ A is a relatively sparse set. Moreover, they
are relatively easy to check, both by hand and by computer. In the following
example, we see that they apply to the running example from the previous
section.

Example 5.3.2. Let A be given by A = Z? \ 3Z? as in example (1.4.4) and
let D be the sequence of four directions from that example. As we saw in
example (5.1.2), A is A-periodic with A = 3Z2.

Let k be a commutative ring and let p and py be the grid reconstruction
systems over k associated to (A, D) and (Z2, D) respectively. Let Fp be
the generator of ker(ps) as a k[Z?] module, as in example (3.1.4). Identify
k[Z?] with the Laurent polynomial ring k[u,u™!,v,v~1] as usual. Then k[A]
is identified with the subring generated by U = u? and V = v3.

Note that any line in a direction from D goes through a point in A, hence
the first condition of lemma (5.3.1) is satisfied.

We computed in example (5.2.2) that the restriction of uFp to k[A] is
—UV. It follows that

supp(uFp) N (Z" \ A)
consists of a single point and the coefficient at that point is —1. As A acts

transitively on Z" \ A, it follows that the second condition of lemma (5.3.1)
is also satisfied. Hence we conclude that cok(p) = cok(ps) by the lemma.

Lemma (5.3.1) does not apply to all grid reconstruction systems for periodic
grids. In the rest of this section, we give a different approach to understanding
these systems, which lends itself better to computations for the cokernel.
Rather than look at the inclusion A C Z", we consider a modification of the
set of lines that makes the problem easier.

Throughout the section, fix a finite index subgroup A C Z", a A-periodic
grid A C Z" and a 2-regular sequence D = (dy,...,d,) of directions in Z".
Fix a commutative ring k and let p be the grid reconstruction system over k
associated to (A, D).

Fori=1,...,nlet d, be a generator of (d;) N A and let A, be the image
of Ain Z"/d}. Let A; be the quotient A/(d}), and note that this is also the
image of A in Z"/d,.
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Let D' = (d},...,d,,) and let ps be the grid reconstruction system
n
e bA] — EDRIAL]
i=1
associated to (A, D').

Lemma 5.3.3. Fori=1,...,n there is a natural surjective k-linear map
St k[AS’Z'] — k[AZ]

Let s = (s1,...,5,), then the pair (idya),s) is a surjective morphism of

reconstruction systems ps — p.

Proof. As d} is a multiple of d;, the quotient map Z" — Z"/d; factors
naturally as

78 — 77 d, — 7" /d;.
Note that A, is the image of A under the first map, and A; is the image
of A under the composition. It follows that the second map is a surjection
Ag, — A;. This map extends linearly to a surjective k-linear map

S; - k?[As’l] — ]C[Al]
that fits into the commutative diagram below.

pd;

E[A] — k[As ]

)

Hence we have p = s o ps and so (idk[ A s) is a morphism of reconstruction
systems, which is surjective since both component maps are. O

Example 5.3.4. Let A = Z?\ 2Z? and A = 2Z?. Note that A is A-periodic.
Let D = (di,da,ds) with d; = (0,1), d2 = (1,0) and d3 = (1,1). The
following picture shows part of the set A together with the lines in direction

d3 going through it.
7
o
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The direction dj is a generator (ds) N 2Z?%, so we can take dj = 2d3 = (2,2).
The lines in direction dfj through the same subset of A are shown in the
following picture.

In this second picture, some of the lines from the first picture have been
split in two. The result is that while some of the lines in the first picture
go through several equivalence classes in A/272, each line in the second
picture goes through points from exactly one such class. As a result, we can
‘pull apart’ ps into three copies of a full grid reconstruction system. This is
explained in the next lemma.

Lemma 5.3.5. Let ¢ be an isomorphism A — Z". Fori = 1,...,n, let
ei = ¢(d)). Let E = (e1,...,e,). Let q be the grid reconstruction system
over k associated to (Z",E). Then ps is isomorphic to the direct sum of

#(A/A) copies of q.

Proof. As d),...,d), are in A we can apply lemma (2.3.10) and conclude
that ps can be written as a direct sum of ¢, for x € Z" /A, where ¢, is the
grid reconstruction system associated to (A, F) for some A, C Z" and FE as
in the lemma.

As Ais A-periodic, for every x € Z" /A, the set AN (xz+A) is either empty
(if z ¢ A/A) or equal to = + A (if z € A/A). From the proof of (2.3.10), we
therefore conclude that if z ¢ A/A we have ¢, = 0; and if z € A/A we have
A; =7" and so ¢ = q. The result follows. O

Specialising to the case where r = 2 and D is primitive, we can now prove
the structure result for the cokernel announced in section 5.1.

Proof of (5.1.6). Suppose r =2 and D = (dy,...,dy) is primitive. Fix
some isomorphism ¢ : A — Z? and let E = (eq,...,e,) and ¢ be as in lemma
(5.3.5). We want to show that E is again primitive. Suppose it is not, then
for some i € {1,...,n} we have e; = mv for some integer m > 1 and some
v € Z? Let w= ¢ 1(v). Then mw = ¢~!(e;) = d; is a multiple of d;, so w
is a multiple of d;. Hence w € (d;) N A and mw = d}, contradicting the fact
that d; is a generator of (d;) N A.
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Hence we can apply theorem (3.5.1) to ¢, as F is a 2-regular sequence
of primitive directions in Z2. We conclude that cok(q) is a free k-module of
finite rank. By lemma (5.3.5), ps is a direct sum of finitely many copies of ¢,
hence cok(ps) is also a free k-module of finite rank.

By lemma (5.3.3) there is a surjective map ps — p and so cok(ps) maps
onto cok(p). Hence cok(p) is finitely generated. O

To get to the algorithmic result for the cokernel announced in section 5.1, we
have to describe the kernel of the map cok(ps) — cok(p). Fortunately, the
kernel of each s; : k[A;] — k[A] can be described easily, as is shown in the
following lemmas. Note that these lemmas hold for all r and k.

Lemma 5.3.6. Leti € {1,...,n}. Let X be a system of representatives for
A/A. Then the image of X in As; is a system of representatives for the A;
action on Ag;.

Proof. Write 7; for the quotient map A — A,,. For a € A,;, there is some
a € A such that 7w(a) = a. As X is a system of representatives for the A
action on A, @ can be written as z 4+ A for some x € X and A € A. It follows
that a = 7(x) + A\, where X is the image of A in A;.

Suppose x and 2’ are in X and that m(x) = m(2’) + X\ for some \ € A;.
Let A be any lift of A to A. Then 2’ = &/ + X differs from z by a multiple of
d;, as they have the same image under 7. By construction, d; € A, so that
z” and z differ by an element of A. As z” and z’ also differ by an element of
A, ' and x must be in the same class in A/A. Since they are both in X, it
follows that ' = .

We conclude that 7(X) is a system of representatives for the A; action
on Asﬂ‘. O

Lemma 5.3.7. Let i € {1,...,n}. Let X be a system of representatives for
A/A and let Y be a system of representatives for the A; action on A;. For
r € X, lety, €Y and \; € A; be such that the image of x in A; is y + Az.
Let 7 be the quotient map A — Ag;. Then the kernel of s; : k[As ;] — k[A]
is generated as a k[A;] module by

u)\z/uﬂ'(x) _ u)\zuﬂ'(xl)
for all z,2' € X such that vy, = y,.
Proof. Note that every f € k[As,] can be written as

[= Z fxuﬂ(x)

zeX
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with f, € A; for all x € X. Similarly, every g € k[A;] can be written as

g=>_ gy’

yey

with g, € A; for all y € Y. As the actions of A; on Z"/d; and Z"/d] are
free, these representations are unique and the modules can be viewed as free
k[A;]-modules with bases X and Y respectively.

Moreover, the quotient map A,; — A; is compatible with the A;-actions,
so s; @ k[Asi| — k[A;] is k[A;]-linear. Hence for f € k[As,] as before, we have

si(f) = 5i(Xpex fou"(2))
= erX fesi(u™(x))
= Z:BGX fxuyx—i_)\w

= Syer (5 ot )ur.
zeX
Y=Y
As the y € Y are a system of representatives for that A;-action on A;, this
last sum will be 0 if and only if each summand is 0. In other words, we have

f € ker(s;) if and only if for all y € Y we have

Z f:):u)\w =

reX
Y=Y
The generators of ker(s;) given in the lemma are deduced easily from
these conditions. First of all, note that for xz,2’ € X with y, = y,s the
element
Zpw = u U (x) — urru™ ()

)

is indeed in ker(s;). Now pick for each element y € Y an element z, € X
such that z, maps to y under the quotient map A — A; and let A\, = A, for
allyeY.

Let V' be the submodule of k[A; ;] of elements of the form

v= Z Uy ().

yey

For v € V we have

si(v) = Z(vyu’\y)uy

yeyY

and so s;(v) = 0 if and only if v, = 0 for all y € Y, i.e., if and only if v = 0.



- 191 -

Let f=) .cx fzu™®) be in ker(s;). Let * € X and let y = y,. If 2 = x,,
then v, = f,u™® isin V. If x # x, put vy = (frute™2)u™@). Then v, is
in V and we have

fmuﬂ—(x) = (fwuf)‘y)(u)‘yuﬂ—(z) — u)\ZyW(JEy)) _|_ (fmu)‘lf)‘y)uﬂ'(xy)
= (fxu_/\y)zx,xy + vg.

Let v = Y x vz, then we see that f —wv is in the sub-k[A;]-module of k[A, ;]
generated by the z’s, so in particular, we have s;(f —v) = 0, and so v is in
ker(s;). But then v = 0, so f is in the submodule generated by the z’s. Since
f € ker(s;) was arbitrary, we conclude that the z’s are indeed generators of
ker(s;). O

Example 5.3.8. We continue with the setup from example (5.3.4) and
consider s3. A system of representatives for the A-action on A is given by
X ={(0,1),(1,0),(1,1)}. Looking at the picture with the split lines we see
a 1 — 1 correspondence between the point of X and the lines in direction dg
up to A-translation.

The straight lines correspond to (1,1), the lines that bend upward correspond
to (0,1) and the lines that bend downward to (1,0). This is in keeping with
the result from lemma (5.3.6).

When we go back to the original reconstruction system, the upward and
downward bending lines are added together to create straight lines that go
through points from both classes (0,1) and (1,0). It is important to note
that what we should add together is the upward bending line through (0, 1)
and the downward bending line through (1,2), not the one through (1,0).
This shift by (2,0) is kept track of by the u*+ and w** in lemma (5.3.7).
Applied to this example, the result of that lemma is that ker(ss) is generated
by the vector in k[A; 3] that assigns 1 to the line through (0, 1) and —1 to the
line through (1,2) (i.e. the translate of the line (1,0) by (2,0) € A), together
with all its translates by A (or A/dj as translation by d4 maps all lines to
themselves).
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The description of ps from lemma (5.3.5) and the description of ker(s) from
lemma (5.3.7) are the ingredients we need to prove the algorithmic result for
the cokernel. This theorem holds for £ = Z and D primitive.

Proof of (5.1.7). Consider the commutative diagram

ker(s)

N

D, Z[As,i] — cok(ps)

| |

@i Z [Az] — cok(p)

From it, we see that cok(p) is the quotient of cok(ps) by the image of ker(s)
in that space. We know from lemma (5.3.5) that cok(ps) is a free Z-module
of finite rank, as it is a direct sum of copies of cok(q), which is free of finite
rank by theorem (3.5.1). This will be the module ZV from the theorem.

Our algorithm has three steps. We state them first, then describe each
in detail below.

1. Describe an explicit map

v PzlA,) — zZV

that factors via cok(ps) and gives an isomorphism cok(ps) = ZV.

2. Give an explicit section
t: PzA] — Pz(A.
i i

of s and use it to describe ¢ = ot.

3. Give generators for M = 1 (ker(s)) as a subgroup of Z".

For the first step, note that the proof of lemma (2.3.10) gives an explicit iso-
morphism of ps with @, 4 /A Uz and each g, is the grid reconstruction system
over Z corresponding to (Z2, E). On the space €D, Z[As,;] the isomorphism
comes down to deciding for each line in which orbit in A, ;/A; it falls. Thus
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there is an algorithm that takes as its input an f € @, Z[A,,] and outputs
the corresponding f, € @, Z[Z?/e;] for x € A/A.

It follows from corollary (4.3.2) and the discussion on evaluating de-
pendencies in the proof of corollary (3.5.7) that we can write down in an
explicit, finite way a map @, Z[Z?/e;] — Z(°k(9) that yields an isomor-
phism cok(q) = Z%(¢°k(9)) and that this map can be evaluated algorithmically.
Combined with the decomposition of ps as a direct sum of copies of ¢ we see
that there is an explicit map

v P zA) — 2V

where N = #(A/A)rk(cok(q)) that induces an isomorphism cok(ps) = ZV.
Moreover, there is an algorithm to evaluate this map on any element of

D Z[As. -

For the second step, we construct the section on each component. Let i be
in {1,...,n} and pick a system of representatives Y for the A; action on A;.
For each y € Y pick an z, € A,; that maps to y. Every a € A; can be
written in a unique way as y + A with y € Y and X € A;. A lift of a to Ay,
is then given by z, + A. In this way we obtain a section 7 : A; — Ag; of the
quotient map and there is an algorithm that on input a computes 7(a). Let
t; be the extension of 7 to Z[A;] — Z[As ;] and let t = (t1,...,ty). Then ¢ is
a section of s and there is an algorithm that evaluates this map.

It is easily verified that for fixed A and D, after computing the explicit
presentation of the generators of Dep(q), the algorithms to evaluate ¢ = 1ot
run in polynomial time in the length of the input.

For the final step, we need an algorithm that gives generators for
M = t(ker(s))

as a subgroup of Z". Lemma (5.3.7) gives a set of generators of ker(s;) as
a Z[A;]-module for every i. Therefore, translating these generators by all
elements of A;, we obtain an infinite set of generators for ker(s;) C Z[A;].
For each of these we can compute its image under 1 as noted before, so we
can produce an infinite set of generators for M. What remains to be shown
is that there is an explicit finite number of elements of A; such that they
already generate the image of ker(s;) under .



- 194 -

For this we consider the image of ker(s;) in

P ziz*/el

z€A/A

using the decomposition p; = @, 4 IR before. The generators of ker(s;)
as a k[A;]-module map to generators of the image as a Z[Z?/e;]-module. Note
that Z2/e; is isomorphic to Z as each e; is primitive, and so Z[Z?/e;] can be
seen as a Laurent polynomial ring in one variable, Z[w,w™!].

By theorem (3.1.5) we know that im(q) contains the Z[Z?/e;]-ideal gen-
erated by ¢; = pe,(F;) from that theorem. This polynomial g; is perfectly
explicit and can be computed easily. Moreover, it was shown in the proof
of theorem (3.5.5) that g; has leading and trailing coefficients equal to +1.
Hence every element of Z[w,w™!] can be written as a multiple of g; plus
an element whose support is contained in {0,...,r; — 1}, where r; is as in
theorem (3.5.5).

The upshot of this is that when we compute the image of ker(s;) inside
each copy of cok(q), we only have to multiply the generators as a k[w,w -
module with powers of w from 0 up to r; — 1. Any other element will differ
by a multiple of g; from a linear combination of these and therefore will have
the same image in cok(q).

This completes our proof for the final step: for every i € {1,...,n},
there is an algorithm to compute finitely many generators of ker(s;) as a
Z[A;]-module. Moreover, there exists an explicit finite subset of A; such that
the translates of the generators by elements of this subset will generate the
image of ker(s;) in cok(ps) as an abelian group. For each of these finitely
many elements of ker(s;) we can compute their image under ¢ as described
before, yielding a finite set of generators for M. O

Example 5.3.9. Continue with A = 72 \ 2Z2, A = 27Z? and directions
diy =(0,1), d2 = (1,0) and d3 = (1,1) as in example (5.3.4). An isomorphism
A — 72 is given by sending (x,y) to (z/2,7/2). Conveniently, using this
isomorphism we have e; = d; for all i € {1,2,3}.

Let g be the grid reconstruction system over Z associated to (Z2, D).
From theorem (3.5.1) we conclude that Dep(q) is a free Z-module of rank 3.
Using the methods from chapter 4, we can compute a basis for this space.
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One such basis, for example is given by the following 3 dependencies.

Q

ZiEZ h; — ZiEZ Ui
B ZieZ hi — ZieZ ti
Vi Dienthi = D ien Vit D e it

In these formulas the v; represent the vertical line sums (corresponding to
dy), the h; the horizontal line sums, and the t; the anti-diagonal ones. The
numbering is such that the point (z,y) € Z? lies on the z-th vertical line, the
y-th horizontal line and the (y — x)-th anti-diagonal line.

For i € Z, let V;, H; and T; be the elements of @?21 Z[Z?/d;] that
respectively send the i-th line in directions dy, ds and d3 to 1 and all others
to 0. Together these form a Z-basis for @;’:1 Z[Z72]d;).

The grid reconstruction system pg over Z associated to (A, D) is the sum of
three copies of q. We label these copies by the elements of

X = {(03 1)7 (17 O)v (L 1)}>

which is a system of representatives for the A-action on A. For z € X, let
q: be the copy of ¢ where the grid consists of the points z + A, which we
identify with Z? by putting the origin at x.

The space of dependencies Dep(ps) is free of rank 3-3 = 9, a basis for this
space is given by «g, 8, and v, for x € X. Together, these give an explicit
map

3

¢: Pz[A] — Z°.

i=1

The next step is to compute the module M = ¢(ker(s)). Using lemma
(5.3.7) we conclude that ker(s) is generated as a Z module by

‘/'(1,0),1 - ‘/(1,1),@
Hony,i — Ha
T0,1),i — T1,0),i+1
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for ¢ € Z. Their images under ¢ are given in the following table.

Vo, — Ve | Hovs — Hava | Do), — T0)i41

a(0,1) 0 1 0

Bo,1) 8 1 —'1

Y(0,1 (2 1

oo -1 0 0

B(1,0) 0 0 -1

Y(1,0) —1 0 —(i +1)
a(Ll) 1 -1 0

B, 0 -1 0

’y(l’l) 1 —1 0

Using this, one easily sees that M is a free submodule of rank 5 of Z° and
that the quotient Z9/M is free of rank 4. The following linear combinations
of our basis of Dep(ps) represent a basis for Dep(p).

a1,0) T 1) — B Y0,1) — B0y + Y10 711
Bio,1) — Bao) + B, @0,1) T B

One verifies easily that these indeed map all the generators of ker(s) to 0 and
therefore assign well-defined weights to the lines in A;, Ay and As.

Proof of (5.1.8). Suppose we are given input f € @, Z[A;]. As mentioned
in the proof of theorem (5.1.7), the map

¢: Pz[A) — zV

from that theorem can be evaluated in polynomial time in the input length,
once the pre-computation of a basis for Dep(g) has been done. This can be
done beforehand, since A and D are not part of the input of the algorithm
we are currently describing. Hence we can compute v = ¢(f) € Z" in poly-
nomial time in the input length. In particular the length of v is polynomial
in the input length. This is the first step of our algorithm.

Like the pre-computations for ¢, the computation of a basis for M can
be done beforehand and is not part of the current algorithm. What we have
left to do is decide if v € M. Given v and a basis for M this can be done
in polynomial time in the input length using standard algorithms for linear
algebra over Z. ([l
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5.4 Some open questions

The theory presented in this chapter is far from complete. In this section,
we briefly consider some questions that are unanswered and some strategies
to possibly tackle them.

For the purpose of the discussion we carry over the notation from the rest
of the chapter. Let A be a A-periodic subset of Z" and let D be a 2-regular
sequence of directions in Z". Let k be a commutative ring and let p be the
grid reconstruction system over k associated to (A4, D).

The method for computing ker(p) is strongly tied to Grobner basis algorithms
to compute syzygies. For simplicity, a result over fields was presented. How-
ever, Grobner bases and syzygy algorithms for polynomial rings over more
general rings k have been studied extensively. See, e.g. [18] for an overview
of some of the early work on this subject and an algorithm for computing
syzygies for more general k. It would therefore seem that the algorithm from
theorem (5.1.5) can easily be extended to more general rings.

Within this context of computing syzygies, the requirement that k be a
Noetherian ring seems to come up naturally. It is the theoretical condition
that guarantees the modules we consider will be finitely generated. Yet,
we have not seen such a requirement when looking at other kinds of grid
reconstruction systems. Is it possible that also in in this case, the kernels
are finitely generated over all k7 Or is this not true, and can one show an
example of A, D and k for which ker(p) is not finitely generated?

For the grid reconstruction systems considered in chapter 3, the ker(p)
over k was shown to be the base change of the kernel over Z for all k. For
finite grids, this was related to the freeness of the cokernel by theorem (2.5.5).
However, we cannot prove that cok(p) is always free for these periodic maps,
and it may well not be. So one might expect the kernel to be different over
certain rings k. Restricting ourselves to fields F, for ¢ prime, can we say
something about when ker(p) for £ = F, is not the reduction mod ¢ of the
kernel over Z? It is possible that these ¢’s can be related to certain invariants
of the k[A]-linear map ¢ from lemma (5.2.1). As these ¢’s are related to the
torsion in cok(p), it is interesting to bound them, or be able to compute
them, or show that they do not exist in certain cases.

We saw in lemma (5.3.1) that the technique we used to compute the kernel
can sometimes be used to show that the cokernel for a periodic grid set is
the same as that for the full grid. It may well be possible to give more
general criteria for when this is the case. Perhaps an algorithm can be found
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that on input A, A and D decides if the morphism cok(p) — cok(py) is an
isomorphism.

The description of cok(p) from theorem (5.1.7) is not very precise. For
example, the bound on the rank of cok(p) is very large if Z2\ A is very sparse,
while we expect from lemma (5.3.1) that it is often simply the rank of the
cokernel of the corresponding full grid system.

Using the output of theorem (5.1.7) we can compute the torsion sub-
group of cok(p). Here too, it would be nice to have some theoretical results
constraining the outcome. For example, it would be nice to have conditions
under which there is no torsion. One might also look for bounds on the
primes at which torsion can occur and the exponent of the torsion subgroup.

Since p;s is a direct sum of copies of the full grid reconstruction system g,
it might be worthwhile to look at the reconstruction system corresponding to
q as defined in lemma (4.2.4). A certain direct sum of copies of this system
will have the same cokernel as ps, but is of finite dimension over k. This
system will split up into local components as described in chapter 4. Is the
image of ker(s) inside this system compatible with this decomposition? And
if so, can the linearisation technique used in chapter 4 shed some light on the
structure of ker(s)?
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Samenvatting

De figuur hieronder is een logische puzzel. Elk vakje in het rooster moet
wit of zwart gemaakt worden. De getallen langs de rand geven aan hoeveel
zwarte vakjes in de betreffende rij of kolom moeten staan. Wie bekend is
met Japanse puzzels (ook wel beeldzoekers genoemd) ziet waarschijnlijk enige
gelijkenis, hoewel men bij zulke puzzels meer informatie krijgt dan alleen het
aantal zwarte vakjes in elke rij en kolom.

08846 6 4022838220

Het is moeilijk om de bovenstaande puzzel aan te pakken met de oplos-
technieken die meestal worden gebruikt voor beeldzoekers of andere logische
puzzels. Deze methodes zijn typisch bedoeld voor puzzels met precies één
oplossing. Men vult vakjes in waarvan zeker is welke kleur ze moeten krijgen
en probeert op deze manier de hele puzzel in te vullen. Puzzels zoals die
hierboven hebben vaak meerdere oplossingen, en dan werken deze methodes
dus niet. Er zijn immers vakjes die niet in elke oplossing zwart of in elke
oplossing wit zijn.

Hoe zien verschillende oplossingen van dezelfde puzzel eruit? Een eenvoudig
voorbeeld is te zien in de figuur op de volgende pagina. We zien een rechthoek
waarbij twee diagonaal tegenoverliggende hoekpunten zwart zijn en de twee
andere wit. In zo’n rechthoek kunnen we de twee diagonalen omwisselen,
zonder het aantal zwarte vakjes in de betrokken rijen en kolommen te veran-
deren.



- 202 —

Verrassend genoeg is dit eigenlijk alles wat er kan gebeuren. Een stelling
van H. J. Ryser uit 1957 zegt dat elk tweetal oplossingen van dezelfde puzzel
door een aantal van dit soort verwisselingen in elkaar overgevoerd kan worden.
Voor wiskundige details en bibliografische verwijzingen, zie sectie 1.1 van dit
proefschrift.

Doordat deze puzzels meerdere oplossingen kunnen hebben, moet het
oplossen ervan anders worden aangepakt dan men gewoonlijk doet met logis-
che puzzels. Hoe moet het dan wel? Hiervoor gaan we iets doen wat menig
puzzelaar verafschuwt: zomaar iets proberen en kijken hoe ver we komen.
We gebruiken onderstaande puzzel, die iets handzamer is dan de grote puzzel
waarmee we begonnen zijn.

21331

— R e =

We gaan deze puzzel kolom voor kolom proberen op te lossen.

213 31

In de eerste kolom moeten twee zwarte vakjes.
Laten we deze in de bovenste twee vakjes zetten.

[

In de tweede kolom moet één zwart vakje. Dit
mag niet in de bovenste rij, want het enige
zwarte vakje daarin hebben we reeds in de eerste
kolom geplaatst. Laten we het dus in de tweede
rij plaatsen.

[
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213 31

Voor de derde kolom is nu geen keus: er moeten
drie zwarte vakjes in, en er zijn nog drie rijen
over waar ze in kunnen.

e

Nu hebben we een probleem. In de vierde kolom moeten drie zwarte vakjes,
echter, er mag geen zwart vakje meer in de eerste of laatste rij, dus er is
nog plaats voor maximaal twee zwarte vakjes. Wie nog iets beter naar de
bovenstaande stappen kijkt, ziet dat er bij de tweede stap al een probleem
ontstaat. In de derde rij moeten vier zwarte vakjes komen te staan, maar de
eerste twee zijn wit, zodat er maximaal drie in passen.

Voor beide problemen helpt het om iets slimmer te kiezen welke vakjes
we zwart maken in een kolom. Kiezen we hiervoor namelijk de vakjes in
de rijen waarin nog zoveel mogelijk zwarte vakjes moeten komen, dan slaan
we twee vliegen in één klap. Er worden vaak zwarte vakjes geplaatst in die
rijen waarin nog veel van zulke vakjes moeten, en het laatste zwarte vakje in
een rij wordt alleen opgebruikt wanneer het echt niet anders kan. Verder is
er ook nog iets te winnen in de volgorde waarin we de kolommen invullen.
Kolommen waarin veel zwarte vakjes moeten, worden steeds lastiger om in te
vullen. We beginnen dus met de kolommen waarin de meeste zwarte vakjes
moeten en werken zo op volgorde naar de kolommen met de minste zwarte
vakjes toe.

Met deze aangepaste methode lukt het wel om de puzzel op te lossen.

2 13 3 1 Ditmaal beginnen we met de derde kolom, want
daarin moeten de meeste zwarte vakjes. We
vullen in elk geval het vakje in de tweede en
derde rij, want in deze rijen moeten vier zwarte
vakjes worden geplaatst. Het laatste zwarte
vakje plaatsen we in de eerste rij.

—oR e =

In de vierde kolom moeten drie vakjes worden
gekleurd en er zijn nog drie rijen waarin dat kan,
dus de keuze van de vakjes ligt vast.

— R e =
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213 31
1
4 Ook in de eerste kolom is er geen keus voor welke
4 twee vakjes moeten worden gekleurd.
1

213 31
1
4 Er zijn nog twee manieren om de laatste twee
4 kolommen op te vullen. Hier staat er één afge-
1 beeld.

Dat het oplossen met de aangepaste methode wel lukt, is geen toeval. In
1957 hebben de eerder genoemde H. J. Ryser en onafhankelijk van hem ook
D. Gale laten zien dat deze methode altijd een oplossing vindt, als er een
oplossing bestaat. Wiskundige en bibliografische details zijn wederom te
vinden in sectie 1.1.

In feite bewijzen zowel Ryser als Gale nog iets sterkers dan dit. Ze geven
elk een aantal numerieke voorwaarden op de getallen langs de rand zodat

e getallen die horen bij een oplosbare puzzel voldoen aan deze voorwaar-
den; en

e de omschreven oplosmethode werkt als de getallen voldoen aan de voor-
waarden.

Deze voorwaarden kunnen worden gecontroleerd zonder de oplosmethode
helemaal uit te voeren. Zodoende kunnen we dus controleren of er een oploss-
ing bestaat, zonder zo'n oplossing uit te rekenen.

Een deel van de voorwaarden is eenvoudig zelf te verzinnen. Zo zal elk
getal minstens 0 zijn en hoogstens het aantal vakjes in de bijbehorende rij of
kolom. Anders is er natuurlijk geen oplossing. Iets subtieler is de volgende
observatie. Wanneer we alle getallen die bij de kolommen horen bij elkaar
optellen, is de uitkomst het aantal zwarte vakjes in de figuur. Hetzelfde
geldt voor de getallen die horen bij de rijen. Deze twee sommen moeten dus
hetzelfde zijn, anders kan er geen oplossing bestaan. Er zijn nog meer voor-
waarden, maar die zijn te ingewikkeld om hier te bespreken. We verwijzen
de geinteresseerde lezer naar stelling (1.1.13).

Puzzels van het soort waar we nu naar gekeken hebben, zijn fundamentele
objecten die worden bestudeerd in de discrete tomografie. Dit is het vakgebied
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waarbinnen dit proefschrift ook valt. Drie centrale vragen bij het bestuderen
van dit soort problemen, zijn hierboven ook al aan bod gekomen:

e Welke figuren geven dezelfde getallen langs de rand? Anders
gezegd, is de oplossing uniek bepaald, of zijn er meerdere oplossingen?
We noemen dit ook wel het probleem van wuniciteit.

e Voor welke getallen langs de rand bestaat er een oplossing? We
vermeldden eerder al dat er een aantal numerieke voorwaarden op de
getallen langs de rand zijn, die garanderen dat er een oplossing bestaat.
Dit vraagstuk noemen we ook wel het probleem van consistentie.

e Hoe vinden we een oplossing van een puzzel? We hebben hier-
voor een oplosmethode (ook wel algoritme genoemd) beschreven. Dit
vraagstuk noemen we ook wel het probleem van reconstructie.

In de literatuur worden deze vragen en variaties daarop bestudeerd voor de
puzzels zoals hierboven beschreven en vergelijkbare puzzels. Twee variaties
die het meest relevant zijn voor het werk in dit proefschrift zijn het aanpassen
van de basisvorm en het tellen van zwarte vakjes in meer of andere richtingen.

Met de basisvorm bedoelen we de rechthoek van vakjes die ingevuld
moeten worden. Men kan deze bijvoorbeeld vervangen door een drie- of
zeshoek, of een benadering van een ronde vorm. Ook kan worden gedacht aan
een vorm in drie of meer dimensies opgebouwd uit eenheids(hyper)kubusjes
in plaats van vierkante vakjes.

Het idee van tellen in meer of andere richtingen spreekt redelijk voor zich.
In plaats van het aantal zwarte vakjes in een rij of kolom te tellen, kan men
bijvoorbeeld ook kijken naar diagonale lijnen, of lijnen die de richting van
een paardensprong (bijvoorbeeld 1 naar rechts, 2 omhoog) volgen. Hierbij is
het handiger om aan de puzzel te denken als een verzameling roosterpunten
die zwart of wit gekleurd zijn.

Een meer fundamentele aanpassing van het probleem wordt beschreven door
L. Hajdu en R. Tijdeman in het artikel [12] uit 2001. In plaats van de vakjes
wit of zwart te kleuren, moet er in deze variant van de puzzel in elk vakje een
(geheel) getal worden geplaatst. De getallen langs de rand stellen nu de som
van de getallen in de betreffende rij of kolom voor. Je kan dit zien als een
uitbreiding van het originele probleem door de witte vakjes te interpreteren
als een 0 en de zwarte als een 1. Het aantal zwarte vakjes in een rij of kolom
is dan inderdaad gelijk aan de som van de getallen in die rij.
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Dezelfde vragen waarmee we bij het orginele probleem bezig waren, kun-
nen we ook in deze situatie stellen. Als eenvoudig voorbeeld kijken we hieron-
der naar een rechthoekige basisvorm waarbij de rij- en kolomsommen gegeven
worden. Deze situatie lijkt het meest op de puzzels waarmee we begonnen
zijn. In de onderstaande puzzel is ook te zien dat negatieve getallen ook zijn

toegestaan, ze zijn zelfs nodig om de derde rij op te kunnen lossen.

251 2 4

Het oplossen van deze puzzel gebeurt in een aantal stappen.

Vullen we het laatste getal in, dan krijgen we de oplossing van de puzzel die
hieronder staat. Deze oplossing is duidelijk niet uniek: er was in de eerste

251 2 4
2512 4
-5/ 4 |-2| 1
1|-2/7]|3
20|42
2512 4
504 |-21]|2
1[(=2[7]3]0
2(0|-4|2|-1
4|3 |0 |4

In de vakjes die hiernaast zijn aangegeven kun-
nen we alles invullen wat we willen.

Voor de vakjes die hiernaast zijn aangegeven is
er precies één manier om ze in te vullen, de som
van de getallen in elke rij en kolom ligt immers
al vast.

Nu is er nog één vakje over om in te vullen.
Dit vakje is lastiger dan de anderen: er zijn
twee voorwaarden waaraan voldaan moet wor-
den: zowel de laatste rijsom als de laatste kolom-
som moeten kloppen. Het blijkt in dit geval dat
we door 3 in te vullen aan beide voorwaarden
voldoen.

stap van de oplosmethode hierboven een heleboel vrijheid.



- 207 -

Wanneer lukt het om met deze stappen een puzzel op te lossen? Alleen
in de laatste stap was er mogelijk een probleem, waardoor er misschien geen
oplossing zou bestaan. Verrassend genoeg hangt het bestaan van de oplossing
niet af van de getallen die we bij de eerste stap hebben gekozen. Het gaat of
voor alle keuzes goed, of voor alle keuzes fout.

Een berekening laat zien dat de bovenstaande methode tot een oplossing
leidt mits de som van de getallen die bij de rijen staan, gelijk is aan de som
van de getallen die bij de kolommen staan. Het is gemakkelijk in te zien dat
dit ook een moodzakelijke voorwaarde is, dat wil zeggen, dat elke puzzel met
een oplossing aan deze voorwaarde moet voldoen. Wanneer we namelijk de
som van de getallen bij de rijen nemen, is dit de som van de sommen van de
rijen van een oplossing, en dus is het precies de som van alle getallen in zo’n
oplossing. Hetzelfde is waar voor de som van de getallen bij de kolommen.
Deze sommen zijn dus inderdaad aan elkaar gelijk.

Hiermee hebben we het antwoord gegeven op één van de drie centrale vragen
die eerder werden genoemd. Een puzzel is consistent (dat wil zeggen, heeft
een oplossing) precies wanneer voldaan is aan de gelijkheid uit de vorige
alinea: de som van de getallen bij de rijen is gelijk aan de som van de getallen
bij de kolommen.

De methode die we hebben beschreven voor het oplossen van de puzzels
is een antwoord op de reconstructie-vraag. Deze methode geeft immers voor
elke oplosbare puzzel een oplossing.

Ook de vraag over uniciteit is eenvoudig te beantwoorden. In de eerste
stap van de oplosmethode kon een gedeelte van de tabel vrij gekozen worden.
Daarna lagen de waardes van de andere getallen uniek vast. Zoals reeds
opgemerkt hangt het bestaan van de oplossing niet af van de gemaakte keuzes,
dus voor elke keuze is er precies één oplossing.

In dit proefschrift worden varianten bestudeerd van het type puzzel dat we
zojuist hebben besproken. Net als bij de puzzels die we eerder zagen kan
worden afgeweken van de basisvorm (de rechthoekige tabel) en kunnen we
sommen nemen langs lijnen die niet horizontaal of verticaal lopen.
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