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Chapter 5

Height estimates in terms of

the discriminant

We are going to prove a generalization of Theorem 1 in the introduction.

Main Theorem. Let K = k(t) and S a finite set of valuations of K con-
taining vs.. Let F € Og|X, Y] be a binary form of degree n > 4 with non-zero
discriminant. Then F is GL (2, Og)-equivalent to a binary form F* such that

H*(F*) < e(n—l) (#S(n+11)—5) ‘D(F) ‘zo_i_%.

We mainly follow the arguments from [9].

5.1 Consequences of the Riemann-Hurwitz for-

mula

First we deduce some consequences of the Riemann-Hurwitz formula. In
this section, let K; be a finite extension of k(t), unless otherwise stated.
Here k is an algebraically closed field of characteristic 0, this implies that

all residue degrees are 1. Let L be a finite extension of K;. Then by the
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70 Chapter 5. Height estimates in terms of the discriminant

Riemann-Hurwitz formula, we have
29, —2=[L: Ki]29,, = 2)+ Y_ > (e(VIy)—1).
IJEMKI V|l/
We denote by 7 a finite set of valuations of K, and by T the set of valuations
of L above S;. Clearly, we have #7T < [L : K1]#S;. For v € My, , we put

Rk, v = > (e(V]r) — 1), where the sum is taken over all valuations V' of L
Vv
lying above v. Then 0 < Ry /k,, < [L: K] —

Lemma 5.1.1. 2g9;, — 2+ #T = [L : Ki](29x, =2+ #51) + >_ Ri/k, -

veS
Proof. By the Riemann-Hurwitz formula, we have
QQL -2+ #T
= [L: Ki](29K, —2) + #T + Z Rp/k, 0+ Z Rijr v
vesS) vEgS1
— [L: K@ =2+ #T+ D0 (Y eVIn)) = #T+ 3 Rujmcrs
veSt Vv vgSy
= [L : Kl](QQKl — 2) + Z[L : Kl] + Z RL/Kl,V
l/ESl I/€31
= [L: K20k, — 2+ #S) + Y Ri/kiw,
vES1
as claimed. N
Consider the compositum L of finite extensions L, ..., L, of K.

Lemma 5.1.2. Let v € Mg,. Then é/}f;lf Z R[z /z]u

Proof. 1t suffices to prove this in the case r = 2. Then the general statement
follows easily by induction.

So assume r = 2. Let w € My with w|v and let V; € My, Vo € My, be
such that w|Vj,w|Vs. We have the diagram

L,
e(wy W Va)

Liv, Loy,

e(vm %vzm
K,
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Since all residue degrees are equal to 1, every ramification index is equal
to the extension degree. By general theory of field extensions, we know that
e(w|Ve) < e(Vilv),e(w|Vh) < e(Va|v) and e(w|v) = e(w|Vh)e(Vi|v). On the
other hand, since every ramification index is a positive integer, we deduce
that

(e(w[Va) = 1)(e(w[1) = 1) = 0,

hence
(| Va)e(Valp) — (Vi) — e(w|V2) > —1,

and therefore
e(wVi)(e(Vilv) — 1) + e(w|V2)(e(Va|v) — 1) = e(w|v) — 1.

By taking the sum we deduce that

(e -1) < X (X ey - 1)

we Mg V1€ML1 w € My,

wlv Vilv w|Vi
Y (X @ -).

Va € Mg, w € My,

Valv w|Va

Noticing that > e(w|V;) = [L : L;] for i = 1,2, this leads to
w|V;

Rijiyw <L LyRp, ko + (L2 Lo Ry i, 0
which implies the desired result. [

We deduce some other genus estimates that will be needed later.
Recall K = k(t). Assume that F'(1,0) # 0. Then we may assume that
F=al][(X —aY),a € K* and that for every o € Gal(K/K), there is a
j=1

permutation of (1,...,n), also denoted by o, such that for j = 1,...,n we
d

have o(a;) = ag(j). Suppose we have a factorization F' = [] F; where
i=1

F;, € Og[X,Y] is a primitive irreducible binary form of degree n;. Let

a;j,7 =1,...,n; be the zeros of F;(X,1) among ay,...,a,. Then all terms
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Ri(a, )/ k0, 1 < j < ny are equal. We put Ly = K(ay;) fori=1,...,d,j =
1,...,n;,and I ={1,...,n}. Then

d n;
Z Z RL”/K” ZRLH/K,, (5.1.1)

For such a field L;; and a valuation w of O, lying above the valuation v of

k[t], we have by Lemma 1.2.3

v(Doy, w) = ) _(e(w|v) = 1).

wlv

Further, by Lemma 4.1.1, we have Ry, /k, = V(DOLij/k[t]) < v(D(F)) for
v ¢ S, hence

Y Ruyxe <Y v(D(F)) =~ v(D(F)). (5.1.2)

vgS vgS ves

For any set of indices J = {i1,...,im} C {1,...,n} weput L; = K(o,,...,,,),
and let T'; be the set of valuations of L; above S. For each i € {1,...,n} we
choose i € {1,...,d} such that «; is a root of F;. Recall that ' = Fy--- - Fy,
where F; is an irreducible factor of F' in Og[X,Y] with F;(a;,1) = 0. Then
by Lemma 5.1.1 with gx = 0 and Lemma 5.1.2, we have

2gLJ—2+#TJ RLJ/KU
= (24 #8) +
L, K] (=2+# Z K]
RKa /K,v
< —2+#S+ZZ—’
vgsS ieJ O‘Z 'K]
= —2+#S+Z ZRKO%/KV
VQS
< 2+ #S - ZZ : (5.1.3)
ieJ veSs egF

Applying this to J = I and combining this with (5.1.1) and (5.1.2), we
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obtain for the splitting field L of F' over K,

2 L —2 #T - v(D F{
% < (—2+#5)_V€S;%Fi>>
d
= (=24 #8) - > _v(][D(F))
vesS =1
< (=24 #S5) - ) _v(D(F)),
vesS

where the last step follows from (4.1.3).

On the other hand, by Lemma 5.1.2, we have
291, — 2 Rp/kw

- 9 ’
LK t 2w

veMg

oy 33 M

veMg i= 1] 1

= —2+ Z ZRLU/K’V'

vEME 1=1

N

Let g; be the genus of L;;,72=1,...,d. Then

2gi—2=—2[Ln: K|+ Y Rp,xui=1,...4d

veMg
SO
21 — 2 d
<—2+5 (2¢, — 2+ 2ny), (5.1.4)
[L: K] ;
or,
21 — 2 d
.
< 2deg F — 2 2g; — 2). 5.1.5
LK eg +) (20: - 2) (5.1.5)

i=1

5.2 A few lemmas

In the proof of Theorem 5 we follow the idea of [9]. We are going to
construct a special admissible tuple A as in definition 4.3.1 with some good

properties.



74 Chapter 5. Height estimates in terms of the discriminant

Let F' € Og[X,Y] be a binary form of degree n > 4. Assume we have a
factorization into linear forms F' = aly ...[, with [; = X — ;Y. Denote by
A;; the determinant det(l;,l;). Then

AijAhl + AjhAil + A}”’Aﬂ - 0 (521)

We will use this identity and apply Lemma 2.1.1 (Mason’s Theorem) to it.
Let L’ be the splitting field L of F' or the field L;jn; = K(, a;, au, ), and
T" the set of valuations of L' lying above those in S. The case when L' = L,
is prepared for Theorem 1, whilst the case L' = L is a variation on Theorem
1, which will be needed as well.

We introduce some auxiliary quantities that will be used in the proof of

Theorem 1. For i =1,...,n, let
g’iw = max(|ai|wa ]-) for w g T:
Siw = (H @wf)’l/#T forw e T.

w'gT
Then [] & =1fori=1,...,n. We also have for w ¢ T,

weMj,

fa(i),w = maX(‘&U(i)’wal)

= max(|ailw,, 1)
gi,wg~

Hence & (i) = iw, for each w € T as well.
Next we put
|det(li, [)]w ., .
= il g,
! gingw
We have 05, < 1 for w € T, 05().0(j)w = Oijwos for 4,7 € {1,...,n} with
i # 7 and o € Gal(L/K), and

II 6. =1

wEM,

Further, let U’ C M, \T" be the set of valuations w such that [A;; Ay,
|AjnAit]w, [ARiAji|, are not all equal. Then clearly #U’ < oco.
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Note that for 1,7, € L*, we have by the product formula

H*(ﬂ) = < H max( ))mL:K]

2 weM7p,

1/[L:K]
(11 maxum,mu)) = H(n, ).

weM,

Hence by (5.2.1) and Lemma 2.1.1, we have

H(AGG AR DN jpDig, ApiAjy) = H(AijApy, AjnAy)

6max(2gL/ —24-#T'+#U’,0)/[L":K]

<
< emax(ZgL/—2+#T/,0)/[L/3K]e#U//[L/:K]. (522)

Let U C Mj, be the set of valuations outside 7" such that |A;;Apl,,
|2 Ai]ws [Aniljil, are not all equal. Then #U < [L : L'|#U".
Put 0, = % with & = max(|a;lw, 1) for " ¢ T'. Then 0;;,, <
and
U/ C {wl € T/ : min(e;]wxehlwl, ]hw/ezle hiw’eg'lw’> < 1}

For w’ € U’, the minimum is in fact at most e~!, so we have
1

U/
e <
L[[]/ min Q{ij thw” eghw eilc‘/7 e;nw eglw )
1
<
= / / / ’
w,l;!w/ m1n<9mw ehlw’7 Q;hw ezlw” ehzw Q;lw )
hence
1/[L:K
[T max(ja, 1) ]
!’ /. te '7 '7h7l
AN < T (g 11y

min (A Anilw |AaAt]wr s [Anildjilwr)

w/ng

[1 max(ad., 1) MK

. H te{lj h l}
o\ min((A5 Aulu, [Ajn Ak, [Andl.)

1 1/[L:K]
== .2'
};IT (min(@ijw%w, Oinwbite thwejlw)) 7 (52

where the first equality comes from the fact [] |z, = |z| LL,:LI}, rel.
wlw!
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Lemma 5.2.1. We have
(i) Qz‘lw@jhw < maX(eijwehlwa eihwejlw) forallweT;

(ii) 11 max(0sjwbhiw, Oinwbji, itwbjne)

weT

< emaX(QgL,_Q—'—#T/’O)[L:L/} ' ( H eijwehlweihwejlweilwejhw)7'
weT

(i) (TT TI  6ue)/=K = |D(F)|Y? if F is primitive.
weT 1<i<j<n
Proof. (i) It is easy to see that (i) is a direct consequence of (5.2.1).
(ii) We have

1/[L:K]
(H maX(Qiijhzw eihw‘gjlwa Hilnghw)>

weT
H max(ginghlw79ihw6jlwa9ilw9jhw) 1/[L:K]

o WEML
o H max(eijwehlw79ihw0jlw79ilw0jhw)
w¢gT
1 1/[L:K]
- H(AijAhh AjhAil? Athﬂ) < H max(eijwahlw70ihu.19jlw70ilw0jhw))
wgT
1
(<\) emaX(QgL/—2+#T',0)/[L’:K] %
" H < 1 1 > 1/[L:K]
min(6; 0 0niw,0nwbitew dinwtjiw) max(0sjwbniw,0inwtiw Pitwbine)
w&T
@) 1/[L:K]
< omax(29, —2+#17,0)/[L':K] (H ginghlwgihnglwgilnghw) 7
weT

where (1) follows from (5.2.2) and (5.2.3), and (2) is deduced from the prod-
uct formula and the simple fact that if a,b,c < 1, then
abc < max(a, b, ¢) min(a, b, ¢). This gives (ii).

(iii) If F' is primitive, we have |a|, [[ &w =1 for w € T. So
i=1

IT (el T] &) = 1.

w&T i=1
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which implies that

11 el H&w) =1 (5.2.4)

weT

D(F)=a" [] det(l;1;)”

1<i<j<n

|D(F)|r = |D(F)|&")

Notice that

and .
H H gingw = H H(giw)nil
weT 1<i<y<n weT 1=1
Hence
|det Li, )]
H H Oijr = H H £
weT 1<i<j<n weT 1<i<j<n whjw
[T ID(F)/a?2|2
_ weT
[1 H£
wETz
— |D(F)|2.
This completes the proof. O
Let

M:HﬁAiw7

i=1
. \det(lz,l])\w
= 1_‘[ 1<I£l<afén AiwAjw ’
weT
o Azw
giw 7

S

weT =1
Let FF = aly---l,,n > 3, where [; = X — ;Y. By Theorem 4.3.3, F is

equivalent to a binary form F* such that

A/

H* (F*) < (en(nJrl)#S’a‘%Rn/[L:K]MQ/[L:K])(nfl)/(n72)' (525)
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We now state our important proposition.

Proposition 5.2.2. Suppose F' s primitive. Then there is an admissible
tuple A such that

| det(li,lj)

. |w < )
¥ (,UI;[T 1<I?<aj§n wijo 1
n n— _2(n=1)
(it) (IT I1 Az‘w)Z(”*;) < |a|TQn_21 el KI#S=1)5(n=1)| D(F) ;0‘*‘%'

i=1weT
Before prove this proposition, we sketch the rough idea behind it.

Without loss of generality, let us assume for the moment that we have

to deal with only one absolute value, simply denoted by | - |. We are aiming
at minimizing M2R" = (A; --- A,)?( max %?Al’)')n By replacing A; by
1<i<j<n  Aidi
AA; for i@ = 1,...,n, we may assume max % = 1. So we aim at
1<i<j<n  Aidi
minimizing A; - - - A,, subject to max Loty _ .

1<i<j<n  Aidy
By taking logarithms this translates into a linear programming problem.
Let z; = log A;, 0;; = log|A;;|. We want to minimize =1 + - - - + z,, subject
to max (6;; —z; — x;) < 0, which is to say, z; + x; > ¢;; for all 4, j with
1<i<j<n
1<i<j<n

We also have some conditions
Opg + 0i5 < max(0y; + g5, Opj + 0gi)
for all distinct 4, 7, p, ¢ by (5.2.1), and by Mason’s result,
max(d;; + Opq, Oig + 0jp) < Oij + Opg + 6ig + 0jp + 0ip + 054 + C

for all distinct ¢, 7, p, q.
We want to estimate z; + - - -+, in terms of Y.  d;; because D(F) =

1<i<j<n
[1 1Ay =exp(2 3 d)
1<i<g<n 1<i<g<n
Our idea is as follows. Fix p, ¢ and let 277 = L10pg + 2P0, o) = 1s

() where 2(P? will be determined later. Then zP? + 2% = 4,,.
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We need x(pq) + :L’,(;,pq) = Oip, :Ul(pq) —i— :U(pq) = 0iq

So we take 2" = max(6;, — 2%, 61y — 2P) = max(5;, — 10,0 — 20D 6, —

Lopg+2PD) fori=1,...,n,i+#p,q.

Thus xﬁ”q)m(“’q > 0ip— 20,0 — 2P0 +8;,— 16,0+ 2P0 = 6, 4+8;,— 6, > 65
Now appropriate choices of 2% (1 < p < ¢ < n)and z; = n(n2_1) xim)
1<p<gsn
(1 =1,...,n) will give a nearby solution.

Lemma 5.2.3. If F is primitive, then M"V/IFEl = |q| g M/ IEE],

Proof. We deduce that
M'~\1/[L:K] “ —1/[L:K] “ 1/LK]
()= () ™ - ()

By Gauss’ Lemma, we have
n n
1= |Fl, = [al, [ [ max(|eilw, [8lo) = lal ] ] o
i=1 i=1

for w € T, hence

M\ 1/IL:K] 1/[L:K] 1/[L:K]
Ge) = () = (TDe) ™ = s

weT

Hence we have H*(F*) < (en(TD#S(p2 Rr)V/IEK] (n=1)/(n=2)

. b;
We can rewrite R as R = [] max 5.
WET 1<i<j<n “iwtjw

sition 5.2.2 is equivalent to the following:

Now it is clear that Propo-

Proposition 5.2.4. Suppose F' is primitive. Then there is an admissible
tuple A" = (A, cweT,i=1,...,n) such that

. 0ijw <1
(Z) wl;[T lglgj)én W T jw = 1,

(T ;) [L:K)(#5-1)5(n—1) 20+
(ir) (11 I1 A <e |D(F)|p "

i=1weT
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We prove (i) first. For the proof of (ii), we need some further preparations.

Proof of (i). Fix two distinct elements p,q € {1,...,n} and w € T.
Define

D H max(Opnwe ", Ognue®).
h#p,q
This function is continuous over the reals R and goes to infinity as x tends to

+oo. Hence, ®,4, assumes a minimum; let z,q, be the smallest real number
at which ®,,,(z) assumes this minimum.

Put

A;z(gq) = Upqiv max(ephwe_quw, O4ne) for h # p, q.

Next, put Al = {]] A™ }n<"1*1> for i = 1,...,n, where the product is
p#q
taken over all distinct pairs (p,q) with 1 < p,q < n and p # ¢. Finally, put

A=A :i=1....nweTl).

We claim that this A’ is admissible.

For every o € Gal(L/K),w € T and p,q € {1,...,n},p # q, we have
o = _ Aol |0 (Aj) L _ Asjuo — 0.
7 50 (%) wga (J)w fa(i)wga(j)w giwagjwa b

From this, we deduce that

0<6’

o oiw®@) =[] max(Ooq)omwe™, bo@.omwe”)
h#p.q
= H max(Opnw, €, Oghw, €°)
h#p,q
= q)pqwa (x)

Therefore, x4, ) (q) w = Tpgu, -
So we get A U(q) —A;fﬁz) forh=1,...,n,p,q € {1,...,n},p# q and
hence A, = A;wd. This shows that A’ is admissible. Notice that
epqw = A;%Q)A;(fq)a
Oppes < APV APD g, < AGD APD for £ g.

pw
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Further, by ApAij = ApiAgj — ApjAgi, we have

Opgullij < AP A/BD 4 1P9) 4/ (P)

pw qw iw jw

hence

00 < A Pa) 4 (ra)

w jw

By taking the geometric means over all pairs p,q we get 0, < Aj, A%, for
w € T. This proves (i). O

We proceed to prove (ii). This will be much more involved, and requires

some extra results.

For p,g e {l,....,n},p# q,w €T, set

Ppaw = Ppgw quw Ppqg = H Ppau-

weT

We have
n
A/(PQ) — 9 @_% (9 ~ZTpaw () quw)
hw = Ypqw paw MaAX(Upp,€ , Ughwt
h=1 h#p,q
%49
— -2
ny9
— 2
- epqw ¢pqw>
and

[T 11 e = D),

pF#qweT

since F' is primitive by Lemma 5.2.1 (iii).
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Hence

wo— TITT A

i=1 weT

- (o)

p#qweT h=1

_1
n o n(n—1)
— 2
- | | | | epqw ¢pqw

p#qweT

) s
= |D<F>|;2“H¢pq> . (5.2.6)

PF#q

We estimate [] ¢,,. To this end, we need the following notation and a

p#q
lemma.

For a fixed pair {p,q} with p,q € {1,...,n},p # ¢, put Wy, =
{1,...,n}\{p,q}. For J C W,,,w € T, define the quantities M,,(J) as follows.

If 4.7 = 0, J = 0, put M, (J) = 1

If 47 = 1,J = {j}, put Mo(J) = /Bpiubyru:

It #J > 2, put

M,(J) = max{ [T0me T[] Oune:1C T #I= %#J} if 4.J is even,

hel heJ\I

—= /My, (J) Moy, (J) if #.J is odd,

where

le {Hephw H eqhw[C‘]a#I:%(#‘]—i_l)}a

hel heJ\I

M) = max{HQPhw IT Yo - ICJ#I—%(#J—l)}.

hel heJ\I

Finally, put M(J) = [[ M.(J).

weT

Lemma 5.2.5. ¢,, = M(W,,).
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Proof. This is taken from [9], which deals with number fields. But over
function fields, the argument is the same. We repeat it again here.
It suffices to prove ¢4, = M, (W,,) for every w € T'.

Take f(z) = log®pe(x) = > max(fp, — x, fon + x) where f,, =
heEW,pq

1Og Qphun fqh - log Qqhw-

We can express f(z) as

f(z) = max{Cy—(n—2)z,C1—(n—2)z, -+ ,Cp_3+(n—4)z,C,_o+(n—2)x},

where
Cy = maX{prh—i- Z fqh:ICqu,#Izn—2—s}
hel heWpg\I
= logmaX{Hephw H thw:ICqu,#I:n—Z—s},
hel hEWpo\I

fors=0,...,n—2.
Let

s={reR: fx)=Cs—(n—2-28)x}(s=0,...,n—2).

We first show that I, is nonempty.

Clearly, Iy = {z € R: f(z) = Cy— (n—2)z} # 0, and similarly I,,_» # 0.

We show that Iy # 0 for s € {1,...,n — 3}. Choose I C W,,, with
#1 =n — 2 — s such that

C, = prh—i- Z Jah-
hel heWpo\I
Take i € I,j € W,,,\I and consider the same sum but with I’ = {j} U I\{i}
instead of /. This sum is at most Cs, and so f,; + f4; = fp; + f4 and hence
fpi = foi = fpj — fqj- So there exists x € R such that
Ijrg}i(%(fpj — foj) ST < %IP%GM — Jfai)-

For this specific z, we have f,, —x > f; +2 and f,; — x < f,; + « for any
1€ 1,5 € I° and hence

f(a;):prz-—l—quj—(n—2—25)x:C’s—(n—s—2s)x.

iel jeIe
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So indeed, I, # 0.

Now we may use Lemma 12 of [9] to conclude that
log ¢pg = min{f(z) : z € R} = Ci(n_g) = log M,(Wyy)
when n is even; and similarly

Le

log Cbpqw = 9

(n—1) T C%(n—i’))) = log M, (W)

1
2

when n is odd. This completes the proof.
O

Next, we estimate M (J) from above by induction on #.J, and eventually
deduce an upper bound for M(W,,) = ¢pq.
Put ©,(J) =0,J)=1,D(J)=1if J=0; D(J) =1if #J = 1; and

( (")p(J) = H Hephwa
w€eT heJ
@q(J> = H Heqhwu (527)
weT hed
D(J) = H H Ohie
\ weT h#leJ

if #J > 2.
For s > 2, let

2 s odd,
and
a(0) = 0,a(1) = 0,a(s) = a(s — 2) + 1+ 4(s — 2)d(s), s > 2;
Mm:omuyzémgzS;QMK—m+§+4@;mw@;
(s —2)(s — 3) L 4(s = 2)d(s)

c(0) =0,¢(1) =0,c(s) = c(s —2)+

s(s—1) s(s—1)
It is not difficult to show, by a straightforward computation

5
25 —2°

a(s) <1+ g(s —2),b(s) < 3,¢(s) <
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Take ¢(s) as an example. We have
s(s —1De(s) = (s —2)(s —3)e(s —2) + 1 +4d(s)(s — 2).

When s is even, we have

s/2
s(s—1e(s) = Y 1+4(2h — 2)d(2h)
5;2 A
= ;(5 - E)
s/2

5s 1
— 2 _3 el
7 425
h=1
5s
27

5
25—2"

When s is odd, we derive ¢(s) <

hence ¢(s) <

5
25—2

by a similar computation.
Lemma 5.2.6. Put Cpy; = e™X(20L055 =24 #Tpai OL:Loais] - Y7o have

M () < CUYT b)) (©p()O (1)) D(1)™,

weT

where J C Wy, s = #J and

1 for s =0,1;
c(J) = e(s)
(J) ( II Cpqij> for s > 2.

i£jed

(5.2.8)

where the notation [[ means that the product is taken over all ordered pairs
i#jed

(1,7) with i,j € J and i # j.

Proof. If s = 0, then M(J) = 1, and if s = 1, J = {j}, then M(J) =

Opjwlyjw- S0 in these cases, Lemma 5.2.6 is trivial.
weT
Let s > 2 and assume the assertion is true for sets J of cardinality

strictly smaller than s. Let J C W, #J = s. Fix 4,5 € J with i # j, let
Jiy = J\{i,7} and fix any w € T'.
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We distinguish the cases s even and s odd.

First suppose s is even.

Let I C J#I=35>1,9(I)=T] O [ Ogpe-
hel heJ\I

Ifiel,je J\I, then since
H Ophe H Oghoss
heK\{i} heJ\N{I1U{j}}
we have
9(I) < Opielgjs Moo (Ji5).
Hence
9(I) < max(Opiwbyje, Opjebgis) Mo (Jij). (5.2.9)

This is also true if j € I,i € J\I.

If 7,5 € I, then pick [ € J\I such that ”j“eqlw is minimal for all [ € J\I.
Since J\I C J;;, we have

2/s
ijw quw < m Qp]w eqhw )
Ol ax(ly 0

plwYqjw heJ\I phwVqjw
2/s
h,
< H max( b =)
hedy; phweq]w

Take I' = T U {I{}\{j}. Then #I' = 5,i € I',j € J\I'. From (5.2.9), we
get

050

I _ pjwYqlw I/
g(I) Qplwquwg( )
2/s
9 we hw
< max(epiw%w,9pjw9qiw)Mw(Jij) H max epj eq )
heli; phitare
Similarly, we have
2/s

eiwe w
9(I) < max(Opiyjur, Opjibi) Ms(Ji) | ] max(1, 222
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So we get
1/s

g(I) < Hmaxu,w)maxu,w) x

ephw eqiw ephw equ

X HlaX(em'wequ, Gpjwﬁqiw)Mw (JU) .

If i, 7 € J\I, by interchanging I, J\I and also p, ¢, we have

1/s
0 hwe jw
=) max(1, 20
emwgqhw

g(I) < H max(

heJ;;
X max(epiwﬁqu, epjweqiuJ)Mw(‘]ij)'

gpzw Qqhw

This gives altogether
M, (J) = max g(1) < He max(Opiwqju, Opjebaics) Mo (i),

where

e, = [ mae (1, 2200 ) s (1, Sl

el ephweqiw ephwequ
0pheByics Oty
X max <1, Phe g )max <1,M).
epiw eqhw epj w 9‘1 hw

If s > 3 is odd, the argument is similar.

Finally, we have
M,y(J) < HZ® max(Opicbgj, Opjebgin) Mas (i)

Let H = [] H,. Note that this quantity depends on .J;;. We have
weT

M(J) < Hd(s) H max(Hpiwﬁqu, ijwgqiwa quweijw)M(Jij>. (5210)

weT

By Lemma 5.2.1, we have

H max(Opqubijer, OpiOgjurr Opjubaiv) < Cpgij H Opguotijesbpicsbajelpjsbaics,

weT weT
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where L,y = K(,aj, ap, o) and Ty is the set of valuations in L,g;
above those in T

Using Lemma 5.2.1 again, we obtain

max 9 w@ hw 9 hwg zw) max(@ wé’ hw 9 hw@ 'w)Q
H = 4 qhw)y ¥'p q pjwY qhw; Vp q]
11 H( 02, 02, OaisBpicljolpie

hedi; weT phw” ghw

2 2
S H Cpqithqjh X

heJ;;

62, 602 04iOpiclyinl

phw? ghwV qiwpiwV qjuVpjw

(Qpiw Qqhw Qphw quw epqw ezhw) (epjw gqhw thw Hq]w‘gpqw 9] hw)
il

hEJij weT

= H ( pqih pq]h) H H pqw qhw phwezhwGQ eplwgqlwepjweww) :

hGJZ'j hEJlj weT

By substituting these estimates into (5.2.10), we get

(s)

( H quh q]h> X

he s
d(s)
X H H eﬁqweqhw phw Zhwejhwepiweqiwepjwequ X
heJi; weT
X Cpqij . (H epqweijwepiwequepjweqiw) M(JZ_])
weT

This inequality is valid for each pair ¢,j € J with ¢ # j. By taking the

geometric means over these pairs we get

d(s)
s(s—1)
M(‘]) g H H qzh pqgh X
i#jeJ hed;;
d(s)
s(s—1)
4
X H H H epqweqhw phw Zhwejhwepiweqiwepjwequ X

i#jeJ heJ;; weT

( H Cpqij( H epqwewwgpzweqwemweqw> M(Jij)> .

i#je] weT
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By inserting the upper bound for A (J;;) following from the induction hy-

pothesis, we get

d(s)

s(s—1)
M(']) < qzhcgqjh X
z;éJEJ heJ”
d(s)
s(s—1)
X H H H eéqweghwQZhwgzhweihwemweqlwepjwQQJW X
i#jeJ hed;; weT
s(s—1)
X H Cp‘ﬂ] QPQ‘UQUWQPZWHQJWHPJWHWW> X
i#je] wGT
X (H C(Ji) (] Opgr) (Jij)Gq(Jij))b(SQ)D(Jij)c(52)>
i#jed weT
where C(J;;) is defined by (5.2.8) with J;; replacing J.
Put
= ( H C'(Jij)>5(r >< H Cpqij) o
i#jeS i#je]
Then by the previous inequality, we get
(Z(S 32(i(31))
M(J) < C/(J)( H pqw) <H H H eqhwephwezhwejhw)
weT i#j heJ;; weT
CE) EE)
< H H H ephweqhw> (HD i ) X
i#jeJ weT hed;; i#£j
(s—2)d(s)+1

X ( H H 0ijw> ﬁ (H H gp%weqwgpjweqyw> e )

i#jeJ weT i#j weT

1

s(s—1)
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hence

M(T) = CD(J] )™ (©4(1)0 (7)) %) x

weT
2(d s) b(s—2)
s(s—1) s(s—1)
X (H H Hezhwejhw> (H H H ephweqhw)
i#j hed;; weT i#j weT hed;;
§<s 1) s(s 1)
(o) (11 110
'L;éJEJwET
o
X (H H epzweqzwemwequ)
i1#£j weT
Now by (5.2.8) with .J;; replacing J, we have
c(s— 2 1+4d(s)(1572)
( H H thl>5(s >< H qu]) ey )
i#jeJ h#leT;; i#jeS
hence
((s—2)(s—3)c(s—2)+1+4(s—2)d(s))/(s(s—1))
Ol(*]) = ( H Cpqij)
1#jeJ
c(s)
= ( H Cpqij)
i#je]
= C(J). (5.2.11)

Now combining the just established upper bound for M (J) with (5.2.7)

and the obvious identities

(H Qmweqzw@pjwequ> o = <H H 0phw9qhw> %v

1#£j heJ weT

—2

<H H H gphweqhw> o <H Hephweqhw> ",

i#j weT hed;; w€eT heJ

(T T 1 ncbine) =0 = (D),

i#£j hEJi]' weT
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(T IT )75 = (D()=,

1#j weT
(T 2= = (D)
7]

we deduce that
M(J) < CUNT bpar) D (Op(1)04(1))" ) D(I)™,
weT
which completes the induction step and the proof of Lemma 5.2.6. O]

Proof of (i) of Proposition 5.2.4. Now Lemma 5.2.6 with J = W,,; and Lemma
5.2.5 give that

c¢(n—2)
Gpg = M(Wpy) < ( H Cpqij)
i£§EWpq

x ( H 0pqw>a(n2) <@p<qu)@q(qu)>

weT

Notice that since F' is primitive, it follows from (5.2.4) that |a|y =

n
H H &%, so by an easy computation, we have

i=1weT
H H Opqr = |D(F)|r,

pF#qweT
H @p(qu)Gq(qu) = |D(F) 2Tn_47
p#q
[T W) = (D)2
Pq T .
p#q

Thus, we deduce that

H Ppg < U(H H Cpqij>0(n2)7 (5.2.12)

p,q€{1,...,n} P#q i#jEWpq
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where U — ’D(F)’;ﬂ(nf2)+(2n74)b(n72)+(n72)(n73)c(n72).

We need to estimate [[ [ Cpgij from above.
PF#q i£FEWpq
Denote the field K(ay,) by Ly. By (5.1.3), we have

20pqij — 1+ #1pgij
< —14+#S -
[quij . K] Z Z egF

he{p,q,i,j} vES

so we get

(20pgis — 1+ # pqw)[L:quij]g[L:K]<_1+#S_ Z Z egF )

he{p,q,i,j} v€S

Hence

Z Z max(29pqi; — 2+ # X pgij> 0)[L : Lypgij]

P#q i#jEWpq

Z Z (2gpqij — 1+ #quij)[L : quij]

p#£q 1#jE€EWpq

LK. S (—1r#s- Y Z egF )

DPFq 1,J#DPq he{p,q,i,j} v€S
i#£j

= [L:K] <n(n —1)(n—2)(n—3)(#S — 1)

—d(n—1)(n-2)(n-3)> > D))

i=1 veS

/A

N

< L1 K (n(n = 1)(n = 2)(n = 3)(#S — 1)
—4(n —1)(n—2)(n —3) ZU(D(F))>.

veS

Therefore, we have

[L:K](n—1) (n—2) (n=3) (n(#5—-1)—4 X v(D(F)) “"~2)
H ¢pq < € ves %

p#q
a(n—2)+(2n—4)b(n—2)+(n—2)(n—3)c(n—2
« | D(F)[r= D+ En= b=+ (=D (n=3)c(n2)
e[L:K}n(n—1)(n—2)(n—3)(#5—1)c(n—2) %

% |D(F)|‘7{(”*1)(”*2)(”*3)0("*2)+a("*2)+(2"*4)b(”*2)+("*2)(nfS)c(an)'
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Asa(n —2) < % —9,b(n—2) < 3,¢(n —2) < 3> we conclude from
(5.2.6) that

2
n(n—2)
2(n 1) _%_;’_2
M= g <|D(F>|T H¢pq)

P#£q

< e[L:K](#S—1)5(n71)‘D< )20+—.

[

This gives Proposition 5.2.4 (ii). O

5.3 Completion of the Proof of the Main The-

orem

Main Theorem. Let F' € Og[X,Y]| be a binary form of degree n > 4 with
non-zero discriminant. Then F is GL (2, Og)-equivalent to a binary form F*

such that
20+1

H*<F*) < e(n—l) (#S(n+11)—5) ‘D( )‘S

Proof. When F is primitive, this follows directly from Proposition 5.2.4 and
Theorem 4.3.3.

In the general case, write F' = aF such that a € Og and F is primitive.
Then there exists F} that is GL,(2, Og)-equivalent to F such that

H* (F) <€(n 1)(#S(n+11) 5)|D( )|20+*'

Let F; = aFy. Since I is a binary form over Og, HS(FI) < HY(Fy).
Noticing that D(F) = a®>*2D(F), we deduce that

Hg(Fy) = \a!SHS(ﬁl)
< Jalse n—1) (#8(n+11) 5)|D( )lzo+
- 6( )(#S(n+11 )|D( )|250+n| |1 (2n—2)(20+1/n)

20+

e(n—l) (#S(n+11 ) ’D( )’S

N
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By Lemma 4.2.1, there exists u € Of such that H*(uFy) = Hg(Fy). Put
F* = uF, = quF,. Then F* is GL, (2, Og)-equivalent to F' and

* (F*) < e(n 1)(#S(n+11 )’D( )@(H‘*

Y

as claimed. N

We need a variation of the Main Theorem. To get this, in the proof of
Lemma 5.2.6 we repeat all computations but with all fields L,,; replaced by
L. Then we get Lemma 5.2.6 with C,;; replaced by emax(200=2+#T0) - Thjs
gives, instead of (5.2.12),

H ¢pq < emax(29L72+#T,o)(Z)C(n,Q) »

p;éqe{l ..... n}
a(n—2)+(2n—4)b(n—2)+(n—2)(n—3)c(n—2

< 6rnaLx(ZgL 2+#T0)( )C(” 2)|D( )lln 26, (531)

Similarly as before, this leads together with (5.2.6), to the following;:

Proposition 5.3.1. Suppose F' is primitive with splitting field L. Then there
is an admissible tuple A" = (A}, :w e T,i=1,...,n) such that

. 0,
(1) T max 5%~ <1
wET 1<i<j<n v Hjw

2(n—1)
2

i) (I AL) " < ehiovmtzimo ey .

1=1weT

—

Now with the same idea as in the proof of the Main Theorem, we have

Theorem 5.3.2. Let F' € Og[X,Y] be a binary form of degree n > 4 with
non-zero discriminant. Then F is GL (2, Og)-equivalent to a binary form F*

such that

HY(F*) < exp (02 + 60 — TS + D) | p(F Pz,
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Proof. First, if F' is primitive, this follows from Proposition 5.3.1 and Theo-
rem 4.3.3 by a direct computation.
If F is not primitive, we assume that F = aF with ¢ € Og and F
primitive. Then there exists F} that is GL,(2, Og)-equivalent to F such that
- (5n—5)(2 1) ~o 2
HY(F) < exp (02 + 60 — 7). + P2 | D(F) 5
Let Fy = aF}. Then

Hg(Fy) = |a|sHs(Fy)

< Ja|sexp ((n2—|—6n— )#54‘%” (~)|5
= exp ((n® + 6n = T)S + P2 | D(F) ¢l 200"
< exp ((n2—|—6n— )#S—F%) |D(F )|;Tl

By Lemma 4.2.1, there is u € OF such that H*(uF)) = Hg(F;). Take
F* = uF, = auFy, then it is GL, (2, Og)-equivalent to F = aF and

H(F) < exp (0 + 6n — 1) + P20 | D(r) 5
]

Remark 5.3.3. This result is weaker than the Main Theorem in the sense
that the constant depends on the splitting field L of F' as well; however, it
is apparently stronger because the exponent of |D(F)|s is much smaller and

tends to zero when n goes to infinity.






