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Chapter 5

Height estimates in terms of

the discriminant

We are going to prove a generalization of Theorem 1 in the introduction.

Main Theorem. Let K = k(t) and S a finite set of valuations of K con-

taining ν∞. Let F ∈ OS[X, Y ] be a binary form of degree n > 4 with non-zero

discriminant. Then F is GL (2,OS)-equivalent to a binary form F ∗ such that

H∗(F ∗) 6 e(n−1)
(

#S(n+11)−5
)
|D(F )|20+ 1

n
S .

We mainly follow the arguments from [9].

5.1 Consequences of the Riemann-Hurwitz for-

mula

First we deduce some consequences of the Riemann-Hurwitz formula. In

this section, let K1 be a finite extension of k(t), unless otherwise stated.

Here k is an algebraically closed field of characteristic 0, this implies that

all residue degrees are 1. Let L be a finite extension of K1. Then by the
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70 Chapter 5. Height estimates in terms of the discriminant

Riemann-Hurwitz formula, we have

2gL − 2 = [L : K1](2gK1 − 2) +
∑

ν∈MK1

∑
V |ν

(e(V |ν)− 1).

We denote by S1 a finite set of valuations of K1, and by T the set of valuations

of L above S1. Clearly, we have #T 6 [L : K1]#S1. For ν ∈ MK1 , we put

RL/K1,ν =
∑
V |ν

(e(V |ν)− 1), where the sum is taken over all valuations V of L

lying above ν. Then 0 6 RL/K1,ν 6 [L : K1]− 1.

Lemma 5.1.1. 2gL − 2 + #T = [L : K1](2gK1 − 2 + #S1) +
∑
ν 6∈S1

RL/K1,ν.

Proof. By the Riemann-Hurwitz formula, we have

2gL − 2 + #T

= [L : K1](2gK1 − 2) + #T +
∑
ν∈S1

RL/K1,ν +
∑
ν 6∈S1

RL/K1,ν

= [L : K1](2gK1 − 2) + #T +
∑
ν∈S1

(∑
V |ν

e(V |ν)
)
−#T +

∑
ν 6∈S1

RL/K1,ν

= [L : K1](2gK1 − 2) +
∑
ν∈S1

[L : K1] +
∑
ν 6∈S1

RL/K1,ν

= [L : K1](2gK1 − 2 + #S1) +
∑
ν 6∈S1

RL/K1,ν ,

as claimed.

Consider the compositum L of finite extensions L1, . . . , Lr of K1.

Lemma 5.1.2. Let ν ∈MK1. Then
RL/K1,ν

[L:K1]
6

r∑
i=1

RLi/K1,ν

[Li:K1]
.

Proof. It suffices to prove this in the case r = 2. Then the general statement

follows easily by induction.

So assume r = 2. Let ω ∈ ML with ω|ν and let V1 ∈ ML1 , V2 ∈ ML2 be

such that ω|V1, ω|V2. We have the diagram

Lω

L1,V1

e(ω|V1)
yyyyyyyy

L2,V2

e(ω|V2)
EEEEEEEE

Kν

e(V1|ν)

EEEEEEEE e(V2|ν)

yyyyyyyy
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Since all residue degrees are equal to 1, every ramification index is equal

to the extension degree. By general theory of field extensions, we know that

e(ω|V2) 6 e(V1|ν), e(ω|V1) 6 e(V2|ν) and e(ω|ν) = e(ω|V1)e(V1|ν). On the

other hand, since every ramification index is a positive integer, we deduce

that

(e(ω|V2)− 1)(e(ω|V1)− 1) > 0,

hence

e(ω|V2)e(V2|ν)− e(ω|V1)− e(ω|V2) > −1,

and therefore

e(ω|V1)(e(V1|ν)− 1) + e(ω|V2)(e(V2|ν)− 1) > e(ω|ν)− 1.

By taking the sum we deduce that∑
ω ∈ ML

ω|ν

(
e(ω|ν)− 1

)
6

∑
V1 ∈ ML1

V1|ν

( ∑
ω ∈ ML

ω|V1

e(ω|V1)(e(V1|ν)− 1)
)

+
∑

V2 ∈ ML2

V2|ν

( ∑
ω ∈ ML

ω|V2

e(ω|V2)(e(V2|ν)− 1)
)
.

Noticing that
∑
ω|Vi

e(ω|Vi) = [L : Li] for i = 1, 2, this leads to

RL/K1,ν 6 [L : L1]RL1/K1,ν + [L : L2]RL2/K1,ν .

which implies the desired result.

We deduce some other genus estimates that will be needed later.

Recall K = k(t). Assume that F (1, 0) 6= 0. Then we may assume that

F = a
n∏
j=1

(X − αiY ), a ∈ K∗ and that for every σ ∈ Gal(K/K), there is a

permutation of (1, . . . , n), also denoted by σ, such that for j = 1, . . . , n we

have σ(αj) = ασ(j). Suppose we have a factorization F =
d∏
i=1

Fi where

Fi ∈ OS[X, Y ] is a primitive irreducible binary form of degree ni. Let

αi,j, j = 1, . . . , ni be the zeros of Fi(X, 1) among α1, . . . , αn. Then all terms
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RK(αi,j)/K,ν , 1 6 j 6 ni are equal. We put Lij = K(αi,j) for i = 1, . . . , d, j =

1, . . . , ni, and I = {1, . . . , n}. Then

d∑
i=1

ni∑
j=1

RLij/K,ν

[Lij : K]
=

d∑
i=1

RLi1/K,ν . (5.1.1)

For such a field Lij and a valuation ω of OLij , lying above the valuation ν of

k[t], we have by Lemma 1.2.3

ν(DOLij /k[t]) =
∑
ω|ν

(e(ω|ν)− 1).

Further, by Lemma 4.1.1, we have RLij/K,ν = ν(DOLij /k[t]) 6 ν(D(Fi)) for

ν 6∈ S, hence

∑
ν 6∈S

RLij/K,ν 6
∑
ν 6∈S

ν(D(Fi)) = −
∑
ν∈S

ν(D(Fi)). (5.1.2)

For any set of indices J = {i1, . . . , im} ⊂ {1, . . . , n} we put LJ = K(αi1 , . . . , αim),

and let TJ be the set of valuations of LJ above S. For each i ∈ {1, . . . , n} we

choose i ∈ {1, . . . , d} such that αi is a root of Fi. Recall that F = F1 · · · · ·Fd,
where Fi is an irreducible factor of F in OS[X, Y ] with Fi(αi, 1) = 0. Then

by Lemma 5.1.1 with gK = 0 and Lemma 5.1.2, we have

2gLJ − 2 + #TJ
[LJ : K]

= (−2 + #S) +
∑
ν 6∈S

RLJ/K,ν

[LJ : K]

6 −2 + #S +
∑
ν 6∈S

∑
i∈J

RK(αi)/K,ν

[K(αi) : K]

= −2 + #S +
∑
i∈J

1

[K(αi) : K]

∑
ν 6∈S

RK(αi)/K,ν

6 −2 + #S −
∑
i∈J

∑
ν∈S

ν(D(Fi))

degFi
. (5.1.3)

Applying this to J = I and combining this with (5.1.1) and (5.1.2), we
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obtain for the splitting field L of F over K,

2gL − 2 + #T

[L : K]
6 (−2 + #S)−

∑
ν∈S

n∑
i=1

ν(D(Fi))

degFi

= (−2 + #S)−
∑
ν∈S

ν(
d∏
i=1

D(Fi))

6 (−2 + #S)−
∑
ν∈S

ν(D(F )),

where the last step follows from (4.1.3).

On the other hand, by Lemma 5.1.2, we have

2gL − 2

[L : K]
= −2 +

∑
ν∈MK

RL/K,ν

[L : K]

6 −2 +
∑
ν∈MK

d∑
i=1

ni∑
j=1

RLij/K,ν

[Lij : K]

= −2 +
∑
ν∈MK

d∑
i=1

RLi1/K,ν .

Let gi be the genus of Li1, i = 1, . . . , d. Then

2gi − 2 = −2[Li1 : K] +
∑
ν∈MK

RLi1/K,ν , i = 1, . . . , d,

so
2gL − 2

[L : K]
6 −2 +

d∑
i=1

(2gi − 2 + 2ni), (5.1.4)

or,

2gL − 2

[L : K]
6 2 degF − 2 +

d∑
i=1

(2gi − 2). (5.1.5)

5.2 A few lemmas

In the proof of Theorem 5 we follow the idea of [9]. We are going to

construct a special admissible tuple A as in definition 4.3.1 with some good

properties.
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Let F ∈ OS[X, Y ] be a binary form of degree n > 4. Assume we have a

factorization into linear forms F = al1 . . . ln with li = X − αiY . Denote by

∆ij the determinant det(li, lj). Then

∆ij∆hl + ∆jh∆il + ∆hi∆jl = 0. (5.2.1)

We will use this identity and apply Lemma 2.1.1 (Mason’s Theorem) to it.

Let L′ be the splitting field L of F or the field Lijhl = K(αi, αj, αh, αl), and

T ′ the set of valuations of L′ lying above those in S. The case when L′ = Lijhl

is prepared for Theorem 1, whilst the case L′ = L is a variation on Theorem

1, which will be needed as well.

We introduce some auxiliary quantities that will be used in the proof of

Theorem 1. For i = 1, . . . , n, let

ξiω = max(|αi|ω, 1) for ω 6∈ T,

ξiω = (
∏
ω′ 6∈T

ξiω′)
−1/#T for ω ∈ T.

Then
∏

ω∈ML

ξiω = 1 for i = 1, . . . , n. We also have for ω 6∈ T ,

ξσ(i),ω = max(|ασ(i)|ω, 1)

= max(|αi|ωσ , 1)

= ξi,ωσ .

Hence ξσ(i)ω = ξiωσ for each ω ∈ T as well.

Next we put

θijω =
| det(li, lj)|ω

ξiωξjω
, i 6= j.

We have θijω 6 1 for ω 6∈ T , θσ(i),σ(j),ω = θijω◦σ for i, j ∈ {1, . . . , n} with

i 6= j and σ ∈ Gal(L/K), and ∏
ω∈ML

θijω = 1.

Further, let U ′ ⊂ ML′\T ′ be the set of valuations ω such that |∆ij∆hl|ω,

|∆jh∆il|ω, |∆hi∆jl|ω are not all equal. Then clearly #U ′ <∞.



5.2. A few lemmas 75

Note that for γ1, γ2 ∈ L∗, we have by the product formula

H∗(
γ1

γ2

) =
( ∏
ω∈ML

max(1, |γ1

γ2

|ω)
)1/[L:K]

=
( ∏
ω∈ML

max(|γ1|ω, |γ2|ω)
)1/[L:K]

= H(γ1, γ2).

Hence by (5.2.1) and Lemma 2.1.1, we have

H(∆ij∆hl,∆jh∆il,∆hi∆jl) = H(∆ij∆hl,∆jh∆il)

6 emax(2gL′−2+#T ′+#U ′,0)/[L′:K]

6 emax(2gL′−2+#T ′,0)/[L′:K]e#U ′/[L′:K]. (5.2.2)

Let U ⊂ ML be the set of valuations outside T such that |∆ij∆hl|ω,

|∆jh∆il|ω, |∆hi∆jl|ω are not all equal. Then #U 6 [L : L′]#U ′.

Put θ′ijω′ =
|∆ij |ω′
ξiω′ξjω′

with ξiω′ = max(|αi|ω′ , 1) for ω′ 6∈ T ′. Then θ′ijω′ 6 1

and

U ′ ⊂ {ω′ 6∈ T ′ : min(θ′ijω′θ
′
hlω′ , θ

′
jhω′θ

′
ilω′ , θ

′
hiω′θ

′
jlω′) < 1}.

For ω′ ∈ U ′, the minimum is in fact at most e−1, so we have

e#U ′ 6
∏
ω′∈U ′

1

min(θ′ijω′θ
′
hlω′ , θ

′
jhω′θ

′
ilω′ , θ

′
hiω′θ

′
jlω′)

6
∏
ω′ 6∈T ′

1

min(θ′ijω′θ
′
hlω′ , θ

′
jhω′θ

′
ilω′ , θ

′
hiω′θ

′
jlω′)

,

hence

e#U ′/[L′:K] 6
∏
ω′ 6∈T ′


∏

t∈{i,j,h,l}
max(|αt|ω′ , 1)

min(|∆ij∆hl|ω′ , |∆jh∆il|ω′ , |∆hi∆jl|ω′)


1/[L′:K]

=
∏
ω 6∈T


∏

t∈{i,j,h,l}
max(|αt|ω, 1)

min(|∆ij∆hl|ω, |∆jh∆il|ω, |∆hi∆jl|ω)


1/[L:K]

=
∏
ω 6∈T

(
1

min(θijωθhlω, θjhωθilω, θhiωθjlω)

)1/[L:K]

, (5.2.3)

where the first equality comes from the fact
∏
ω|ω′
|x|ω = |x|[L:L′]

ω′ , x ∈ L′.
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Lemma 5.2.1. We have

(i) θilωθjhω 6 max(θijωθhlω, θihωθjlω) for all ω ∈ T ;

(ii)
∏
ω∈T

max(θijωθhlω, θihωθjlω, θilωθjhω)

6 emax(2gL′−2+#T ′,0)[L:L′] ·
( ∏
ω∈T

θijωθhlωθihωθjlωθilωθjhω

)
;

(iii) (
∏
ω∈T

∏
16i<j6n

θijω)1/[L:K] = |D(F )|1/2S if F is primitive.

Proof. (i) It is easy to see that (i) is a direct consequence of (5.2.1).

(ii) We have(∏
ω∈T

max(θijωθhlω, θihωθjlω, θilωθjhω)

)1/[L:K]

=

 ∏
ω∈ML

max(θijωθhlω,θihωθjlω,θilωθjhω)∏
ω 6∈T

max(θijωθhlω,θihωθjlω,θilωθjhω)

1/[L:K]

= H(∆ij∆hl,∆jh∆il,∆hi∆jl)
(∏
ω 6∈T

1
max(θijωθhlω,θihωθjlω,θilωθjhω)

)1/[L:K]

(1)

6 emax(2gL′−2+#T ′,0)/[L′:K] ×

×
∏
ω 6∈T

(
1

min(θijωθhlω,θjhωθilω,θihωθjlω)
1

max(θijωθhlω,θihωθjlω,θilωθjhω)

)1/[L:K]

(2)

6 emax(2gL′−2+#T ′,0)/[L′:K]

(∏
ω∈T

θijωθhlωθihωθjlωθilωθjhω

)1/[L:K]

,

where (1) follows from (5.2.2) and (5.2.3), and (2) is deduced from the prod-

uct formula and the simple fact that if a, b, c 6 1, then

abc 6 max(a, b, c) min(a, b, c). This gives (ii).

(iii) If F is primitive, we have |a|ω
n∏
i=1

ξiω = 1 for ω 6∈ T . So

∏
ω 6∈T

(|a|ω
n∏
i=1

ξiω) = 1,
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which implies that ∏
ω∈T

(|a|ω
n∏
i=1

ξiω) = 1. (5.2.4)

Notice that

D(F ) = a2n−2
∏

16i<j6n

det(li, lj)
2,

|D(F )|T = |D(F )|[L:K]
S

and ∏
ω∈T

∏
16i<j6n

ξiωξjω =
∏
ω∈T

n∏
i=1

(ξiω)n−1.

Hence ∏
ω∈T

∏
16i<j6n

θijω =
∏
ω∈T

∏
16i<j6n

| det(li, lj)|ω
ξiωξjω

=

∏
ω∈T
|D(F )/a2n−2|

1
2
ω∏

ω∈T

n∏
i=1

ξn−1
iω

= |D(F )|
1
2
T .

This completes the proof.

Let

M =
∏
ω

n∏
i=1

Aiω,

R =
∏
ω∈T

max
16i<j6n

| det(li, lj)|ω
AiωAjω

,

A′iω =
Aiω
ξiω

,

M ′ =
∏
ω∈T

n∏
i=1

A′iω.

Let F = al1 · · · ln, n > 3, where li = X − αiY . By Theorem 4.3.3, F is

equivalent to a binary form F ∗ such that

H∗(F ∗) 6 (en(n+1)#S|a|2SRn/[L:K]M2/[L:K])(n−1)/(n−2). (5.2.5)



78 Chapter 5. Height estimates in terms of the discriminant

We now state our important proposition.

Proposition 5.2.2. Suppose F is primitive. Then there is an admissible

tuple A such that

(i)
∏
ω∈T

max
16i<j6n

|det(li,lj)|ω
AiωAjω

6 1;

(ii) (
n∏
i=1

∏
ω∈T

Aiω)
2(n−1)
n−2 6 |a|−

2(n−1)
n−2

T e[L:K](#S−1)5(n−1)|D(F )|20+ 1
n

T .

Before prove this proposition, we sketch the rough idea behind it.

Without loss of generality, let us assume for the moment that we have

to deal with only one absolute value, simply denoted by | · |. We are aiming

at minimizing M2Rn = (A1 · · ·An)2
(

max
16i<j6n

| det(li,lj)|
AiAj

)n
. By replacing Ai by

λAi for i = 1, . . . , n, we may assume max
16i<j6n

|det(li,lj)|
AiAj

= 1. So we aim at

minimizing A1 · · ·An subject to max
16i<j6n

| det(li,lj)|
AiAj

= 1.

By taking logarithms this translates into a linear programming problem.

Let xi = logAi, δij = log |∆ij|. We want to minimize x1 + · · · + xn subject

to max
16i<j6n

(δij − xi − xj) 6 0, which is to say, xi + xj > δij for all i, j with

1 6 i < j 6 n.

We also have some conditions

δpq + δij 6 max(δpi + δqj, δpj + δqi)

for all distinct i, j, p, q by (5.2.1), and by Mason’s result,

max(δij + δpq, δiq + δjp) 6 δij + δpq + δiq + δjp + δip + δjq + C

for all distinct i, j, p, q.

We want to estimate x1 + · · ·+xn in terms of
∑

16i<j6n
δij because D(F ) =∏

16i<j6n
|∆ij|2 = exp

(
2

∑
16i<j6n

δij
)
.

Our idea is as follows. Fix p, q and let x
(pq)
p = 1

2
δpq + z(pq), x

(pq)
q = 1

2
δpq −

z(pq), where z(pq) will be determined later. Then x
(pq)
p + x

(pq)
q = δpq.
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We need x
(pq)
i + x

(pq)
p > δip, x

(pq)
i + x

(pq)
q > δiq

So we take x
(pq)
i = max(δip−x(pq)

p , δiq−x(pq)
q ) = max(δip− 1

2
δpq−z(pq), δiq−

1
2
δpq + z(pq)) for i = 1, . . . , n, i 6= p, q.

Thus x
(pq)
i +x

(pq)
j > δip− 1

2
δpq−z(pq)+δjq− 1

2
δpq+z

(pq) = δip+δjq−δpq > δij.

Now appropriate choices of z(pq) (1 6 p < q 6 n) and xi = 2
n(n−1)

∑
16p<q6n

x
(pq)
i

(i = 1, . . . , n) will give a nearby solution.

Lemma 5.2.3. If F is primitive, then M ′1/[L:K] = |a|SM1/[L:K].

Proof. We deduce that(M ′

M

)1/[L:K]

=
( n∏
i=1

∏
ω

ξiω

)−1/[L:K]

=
( n∏
i=1

∏
ω 6∈T

ξiω

)1/[L:K]

.

By Gauss’ Lemma, we have

1 = |F |ω = |a|ω
n∏
i=1

max(|αi|ω, |β|ω) = |a|ω
n∏
i=1

ξiω

for ω 6∈ T, hence(M ′

M

)1/[L:K]

=
(∏
ω 6∈T

1

|a|ω

)1/[L:K]

=
(∏
ω∈T

|a|ω
)1/[L:K]

= |a|S.

Hence we have H∗(F ∗) 6 (en(n+1)#S(M ′2Rn)1/[L:K])(n−1)/(n−2).

We can rewrite R as R =
∏
ω∈T

max
16i<j6n

θijω
A′iωA

′
jω

. Now it is clear that Propo-

sition 5.2.2 is equivalent to the following:

Proposition 5.2.4. Suppose F is primitive. Then there is an admissible

tuple A′ = (A′iω : ω ∈ T, i = 1, . . . , n) such that

(i)
∏
ω∈T

max
16i<j6n

θijω
A′iωA

′
jω

6 1;

(ii)

(
n∏
i=1

∏
ω∈T

A′iω

) 2(n−1)
n−2

6 e[L:K](#S−1)5(n−1)|D(F )|20+ 1
n

T .



80 Chapter 5. Height estimates in terms of the discriminant

We prove (i) first. For the proof of (ii), we need some further preparations.

Proof of (i). Fix two distinct elements p, q ∈ {1, . . . , n} and ω ∈ T .

Define

Φpqω(x) =
∏
h6=p,q

max(θphωe
−x, θqhωe

x).

This function is continuous over the reals R and goes to infinity as x tends to

±∞. Hence, Φpqω assumes a minimum; let xpqω be the smallest real number

at which Φpqω(x) assumes this minimum.

Put

A
′(pq)
pω = θ

1
2
pqωe

xpqω ,

A
′(pq)
qω = θ

1
2
pqωe

−xpqω ,

A
′(pq)
hω = θ

− 1
2

pqω max(θphωe
−xpqω , θqhωe

xpqω) for h 6= p, q.

Next, put A′iω = {
∏
p 6=q

A
′(pq)
iω }

1
n(n−1) for i = 1, . . . , n, where the product is

taken over all distinct pairs (p, q) with 1 6 p, q 6 n and p 6= q. Finally, put

A′ = (A′iω : i = 1, . . . , n, ω ∈ T ).

We claim that this A′ is admissible.

For every σ ∈ Gal(L/K), ω ∈ T and p, q ∈ {1, . . . , n}, p 6= q, we have

0 < θσ(i),σ(j),ω =
|∆σ(i),σ(j)|ω
ξσ(i)ωξσ(j)ω

=
|σ(∆ij)|ω
ξσ(i)ωξσ(j)ω

=
∆ijωσ

ξiωσξjωσ
= θijωσ .

From this, we deduce that

Φσ(p),σ(q),ω(x) =
∏
h6=p,q

max(θσ(p),σ(h),ωe
−x, θσ(q),σ(h),ωe

x)

=
∏
h6=p,q

max(θphωσe
−x, θqhωσe

x)

= Φpqωσ(x).

Therefore, xσ(p),σ(q),ω = xpqωσ .

So we get A
′(σ(p)σ(q))
σ(h)ω = A

′(pq)
hωσ

for h = 1, . . . , n, p, q ∈ {1, . . . , n}, p 6= q and

hence A′σ(i)ω = A′iωσ . This shows that A′ is admissible. Notice that

θpqω = A
′(pq)
pω A

′(pq)
qω ,

θphω 6 A
′(pq)
pω A

′(pq)
hω , θqhω 6 A

′(pq)
qω A

′(pq)
hω for h 6= p, q.
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Further, by ∆pq∆ij = ∆pi∆qj −∆pj∆qi, we have

θpqωθijω 6 A
′(pq)
pω A

′(pq)
qω A

′(pq)
iω A

′(pq)
jω ,

hence

θijω 6 A
′(pq)
iω A

′(pq)
jω .

By taking the geometric means over all pairs p, q we get θijω 6 A′iωA
′
jω for

ω ∈ T . This proves (i).

We proceed to prove (ii). This will be much more involved, and requires

some extra results.

For p, q ∈ {1, . . . , n}, p 6= q, ω ∈ T , set

φpqω = Φpqω(xpqω), φpq =
∏
ω∈T

φpqω.

We have

n∏
h=1

A
′(pq)
hω = θpqω

∏
h6=p,q

θ
− 1

2
pqω max(θphωe

−xpqω , θqhωe
xpqω)

= θ
−n

2
+2

pqω φpqω

= θ
−n

2
+2

pqω φpqω,

and

∏
p6=q

∏
ω∈T

θpqω = |D(F )|T ,

since F is primitive by Lemma 5.2.1 (iii).
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Hence

M ′ =
n∏
i=1

∏
ω∈T

A′iω

=

(∏
p 6=q

∏
ω∈T

n∏
h=1

A
′(pq)
hω

) 1
n(n−1)

=

(∏
p 6=q

∏
ω∈T

θ
−n

2
+2

pqω φpqω

) 1
n(n−1)

=

(
|D(F )|−

n
2

+2

T

∏
p 6=q

φpq

) 1
n(n−1)

. (5.2.6)

We estimate
∏
p 6=q

φpq. To this end, we need the following notation and a

lemma.

For a fixed pair {p, q} with p, q ∈ {1, . . . , n}, p 6= q, put Wpq =

{1, . . . , n}\{p, q}. For J ⊂ Wpq, ω ∈ T , define the quantitiesMω(J) as follows.

If #J = 0, J = ∅, put Mω(J) = 1;

If #J = 1, J = {j}, put Mω(J) =
√
θpjωθqjω;

If #J > 2, put

Mω(J) = max
{∏
h∈I

θphω
∏
h∈J\I

θqhω : I ⊂ J,#I =
1

2
#J
}

if #J is even,

Mω(J) =
√
M1ω(J)M2ω(J) if #J is odd,

where

M1ω(J) = max
{∏
h∈I

θphω
∏
h∈J\I

θqhω : I ⊂ J,#I = 1
2
(#J + 1)

}
,

M2ω(J) = max
{∏
h∈I

θphω
∏
h∈J\I

θqhω : I ⊂ J,#I = 1
2
(#J − 1)

}
.

Finally, put M(J) =
∏
ω∈T

Mω(J).

Lemma 5.2.5. φpq = M(Wpq).
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Proof. This is taken from [9], which deals with number fields. But over

function fields, the argument is the same. We repeat it again here.

It suffices to prove φpqω = Mω(Wpq) for every ω ∈ T .

Take f(x) = log Φpqω(x) =
∑

h∈Wpq

max(fph − x, fqh + x) where fph =

log θphω, fqh = log θqhω.

We can express f(x) as

f(x) = max{C0−(n−2)x,C1−(n−2)x, · · · , Cn−3+(n−4)x,Cn−2+(n−2)x},

where

Cs = max
{∑

h∈I

fph +
∑

h∈Wpq\I

fqh : I ⊂ Wpq,#I = n− 2− s
}

= log max
{∏
h∈I

θphω
∏

h∈Wpq\I

θqhω : I ⊂ Wpq,#I = n− 2− s
}
,

for s = 0, . . . , n− 2.

Let

Is = {x ∈ R : f(x) = Cs − (n− 2− 2s)x} (s = 0, . . . , n− 2).

We first show that Is is nonempty.

Clearly, I0 = {x ∈ R : f(x) = C0− (n− 2)x} 6= ∅, and similarly In−2 6= ∅.
We show that Is 6= ∅ for s ∈ {1, . . . , n − 3}. Choose I ⊂ Wpq, with

#I = n− 2− s such that

Cs =
∑
h∈I

fph +
∑

h∈Wpq\I

fqh.

Take i ∈ I, j ∈ Wpq\I and consider the same sum but with I ′ = {j} ∪ I\{i}
instead of I. This sum is at most Cs, and so fpi + fqj > fpj + fqi and hence

fpi − fqi > fpj − fqj. So there exists x ∈ R such that

max
j∈Ic

1

2
(fpj − fqj) 6 x 6 min

i∈I

1

2
(fpi − fqi).

For this specific x, we have fpi − x > fqi + x and fpj − x 6 fqj + x for any

i ∈ I, j ∈ Ic, and hence

f(x) =
∑
i∈I

fpi +
∑
j∈Ic

fqj − (n− 2− 2s)x = Cs − (n− s− 2s)x.
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So indeed, Is 6= ∅.
Now we may use Lemma 12 of [9] to conclude that

log φpqω = min{f(x) : x ∈ R} = C 1
2

(n−2) = logMω(Wpq)

when n is even; and similarly

log φpqω =
1

2
(C 1

2
(n−1) + C 1

2
(n−3)) = logMω(Wpq)

when n is odd. This completes the proof.

Next, we estimate M(J) from above by induction on #J , and eventually

deduce an upper bound for M(Wpq) = φpq.

Put Θp(J) = Θq(J) = 1, D(J) = 1 if J = ∅; D(J) = 1 if #J = 1; and

Θp(J) =
∏
ω∈T

∏
h∈J

θphω,

Θq(J) =
∏
ω∈T

∏
h∈J

θqhω,

D(J) =
∏
ω∈T

∏
h6=l∈J

θhlω

(5.2.7)

if #J > 2.

For s > 2, let

d(s) =

{
1
s

s even
s

s2−1
s odd,

and

a(0) = 0, a(1) = 0, a(s) = a(s− 2) + 1 + 4(s− 2)d(s), s > 2;

b(0) = 0, b(1) =
1

2
, b(s) =

s− 2

s
b(s− 2) +

2

s
+

4(s− 2)

s
d(s);

c(0) = 0, c(1) = 0, c(s) =
(s− 2)(s− 3)

s(s− 1)
c(s− 2) +

1 + 4(s− 2)d(s)

s(s− 1)
.

It is not difficult to show, by a straightforward computation

a(s) 6 1 +
5

2
(s− 2), b(s) 6 3, c(s) <

5

2s− 2
.
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Take c(s) as an example. We have

s(s− 1)c(s) = (s− 2)(s− 3)c(s− 2) + 1 + 4d(s)(s− 2).

When s is even, we have

s(s− 1)c(s) =

s/2∑
h=1

1 + 4(2h− 2)d(2h)

=

s/2∑
h=1

(5− 4

h
)

=
5s

2
− 4

s/2∑
h=1

1

h

<
5s

2
,

hence c(s) < 5
2s−2

.

When s is odd, we derive c(s) < 5
2s−2

by a similar computation.

Lemma 5.2.6. Put Cpqij = emax(2gLpqij−2+#Tpqij ,0)[L:Lpqij ]. We have

M(J) 6 C(J)(
∏
ω∈T

θpqω)a(s)(Θp(J)Θq(J))b(s)D(J)c(s),

where J ⊂ Wpq, s = #J and

C(J) =


1 for s = 0, 1;( ∏
i 6=j∈J

Cpqij

)c(s)
for s > 2.

(5.2.8)

where the notation
∏

i 6=j∈J
means that the product is taken over all ordered pairs

(i, j) with i, j ∈ J and i 6= j.

Proof. If s = 0, then M(J) = 1, and if s = 1, J = {j}, then M(J) =∏
ω∈T

√
θpjωθqjω. So in these cases, Lemma 5.2.6 is trivial.

Let s > 2 and assume the assertion is true for sets J of cardinality

strictly smaller than s. Let J ⊂ Wpq,#J = s. Fix i, j ∈ J with i 6= j, let

Jij = J\{i, j} and fix any ω ∈ T .
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We distinguish the cases s even and s odd.

First suppose s is even.

Let I ⊂ J,#I = 1
2
s > 1, g(I) =

∏
h∈I

θphω ·
∏

h∈J\I
θqhω.

If i ∈ I, j ∈ J\I, then since

Mω(Jij) >
∏

h∈K\{i}

θphω
∏

h∈J\{I∪{j}}

θqhω,

we have

g(I) 6 θpiωθqjωMω(Jij).

Hence

g(I) 6 max(θpiωθqjω, θpjωθqiω)Mω(Jij). (5.2.9)

This is also true if j ∈ I, i ∈ J\I.

If i, j ∈ I, then pick l ∈ J\I such that
θpjωθqlω
θplωθqjω

is minimal for all l ∈ J\I.

Since J\I ⊂ Jij, we have

θpjωθqlω
θplωθqjω

6

 ∏
h∈J\I

max(1,
θpjωθqhω
θphωθqjω

)

2/s

6

∏
h∈Jij

max(1,
θpjωθqhω
θphωθqjω

)

2/s

.

Take I ′ = I ∪ {l}\{j}. Then #I ′ = s
2
, i ∈ I ′, j ∈ J\I ′. From (5.2.9), we

get

g(I) =
θpjωθqlω
θplωθqjω

g(I ′)

6 max(θpiωθqjω, θpjωθqiω)Mω(Jij)

∏
h∈Jij

max(1,
θpjωθqhω
θphωθqjω

)

2/s

.

Similarly, we have

g(I) 6 max(θpiωθqjω, θpjωθqiω)Mω(Jij)

∏
h∈Jij

max(1,
θpiωθqhω
θphωθqiω

)

2/s

.
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So we get

g(I) 6

∏
h∈Jij

max(1,
θpiωθqhω
θphωθqiω

) max(1,
θpjωθqhω
θphωθqjω

)

1/s

×

× max(θpiωθqjω, θpjωθqiω)Mω(Jij).

If i, j ∈ J\I, by interchanging I, J\I and also p, q, we have

g(I) 6

∏
h∈Jij

max(1,
θphωθqiω
θpiωθqhω

) max(1,
θphωθqjω
θpjωθqhω

)

1/s

×

× max(θpiωθqjω, θpjωθqiω)Mω(Jij).

This gives altogether

Mω(J) = max g(I) 6 H
1
s
ω max(θpiωθqjω, θpjωθqiω)Mω(Jij),

where

Hω =
∏
h∈Jij

max
(

1,
θpiωθqhω
θphωθqiω

)
max

(
1,
θpjωθqhω
θphωθqjω

)
×

× max
(

1,
θphωθqiω
θpiωθqhω

)
max

(
1,
θphωθqjω
θpjωθqhω

)
.

If s > 3 is odd, the argument is similar.

Finally, we have

Mω(J) 6 Hd(s)
ω max(θpiωθqjω, θpjωθqiω)Mω(Jij).

Let H =
∏
ω∈T

Hω. Note that this quantity depends on Jij. We have

M(J) 6 Hd(s)
∏
ω∈T

max(θpiωθqjω, θpjωθqiω, θpqωθijω)M(Jij). (5.2.10)

By Lemma 5.2.1, we have∏
ω∈T

max(θpqωθijω, θpiωθqjω, θpjωθqiω) 6 Cpqij
∏
ω∈T

θpqωθijωθpiωθqjωθpjωθqiω,
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where Lpqij = K(αi, αj, αp, αq) and Tpqij is the set of valuations in Lpqij

above those in T .

Using Lemma 5.2.1 again, we obtain

H =
∏
h∈Jij

∏
ω∈T

(
max(θpiωθqhω, θphωθqiω)2 max(θpjωθqhω, θphωθqjω)2

θ2
phωθ

2
qhωθqiωθpiωθqjωθpjω

)
6

∏
h∈Jij

C2
pqihC

2
pqjh ×

×
∏
h∈Jij

∏
ω∈T

(
(θpiωθqhωθphωθqiωθpqωθihω)2(θpjωθqhωθphωθqjωθpqωθjhω)2

θ2
phωθ

2
qhωθqiωθpiωθqjωθpjω

)

=
∏
h∈Jij

(
C2
pqihC

2
pqjh

)
·
∏
h∈Jij

∏
ω∈T

(
θ4
pqωθ

2
qhωθ

2
phωθ

2
ihωθ

2
jhωθpiωθqiωθpjωθqjω

)
.

By substituting these estimates into (5.2.10), we get

M(J) 6
( ∏
h∈Jij

C2
pqihC

2
pqjh

)d(s)

×

×

∏
h∈Jij

∏
ω∈T

θ4
pqωθ

2
qhωθ

2
phωθ

2
ihωθ

2
jhωθpiωθqiωθpjωθqjω

d(s)

×

× Cpqij ·

(∏
ω∈T

θpqωθijωθpiωθqjωθpjωθqiω

)
M(Jij).

This inequality is valid for each pair i, j ∈ J with i 6= j. By taking the

geometric means over these pairs we get

M(J) 6

 ∏
i 6=j∈J

∏
h∈Jij

C2
pqihC

2
pqjh


d(s)
s(s−1)

×

×

 ∏
i 6=j∈J

∏
h∈Jij

∏
ω∈T

θ4
pqωθ

2
qhωθ

2
phωθ

2
ihωθ

2
jhωθpiωθqiωθpjωθqjω


d(s)
s(s−1)

×

×

( ∏
i 6=j∈J

Cpqij

(∏
ω∈T

θpqωθijωθpiωθqjωθpjωθqiω

)
M(Jij)

) 1
s(s−1)

.
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By inserting the upper bound for M(Jij) following from the induction hy-

pothesis, we get

M(J) 6

 ∏
i 6=j∈J

∏
h∈Jij

C2
pqihC

2
pqjh


d(s)
s(s−1)

×

×

 ∏
i 6=j∈J

∏
h∈Jij

∏
ω∈T

θ4
pqωθ

2
qhωθ

2
phωθ

2
ihωθ

2
jhωθpiωθqiωθpjωθqjω


d(s)
s(s−1)

×

×

( ∏
i 6=j∈J

Cpqij ·
(∏
ω∈T

θpqωθijωθpiωθqjωθpjωθqiω

)) 1
s(s−1)

×

×

( ∏
i 6=j∈J

C(Jij)(
∏
ω∈T

θpqω)a(s−2)(Θp(Jij)Θq(Jij))
b(s−2)D(Jij)

c(s−2)

) 1
s(s−1)

,

where C(Jij) is defined by (5.2.8) with Jij replacing J .

Put

C ′(J) =
( ∏
i 6=j∈J

C(Jij)
) 1
s(s−1)

( ∏
i 6=j∈J

Cpqij

) 1+4d(s)(s−2)
s(s−1)

.

Then by the previous inequality, we get

M(J) 6 C ′(J)
(∏
ω∈T

θpqω

)a(s)(∏
i 6=j

∏
h∈Jij

∏
ω∈T

θqhωθphωθihωθjhω

) 2d(s)
s(s−1) ×

×
( ∏
i 6=j∈J

∏
ω∈T

∏
h∈Jij

θphωθqhω

) b(s−2)
s(s−1)

(∏
i 6=j

D(Jij)
) c(s−2)
s(s−1) ×

×
( ∏
i 6=j∈J

∏
ω∈T

θijω

) 1
s(s−1)

(∏
i 6=j

∏
ω∈T

θpiωθqiωθpjωθqjω

) (s−2)d(s)+1
s(s−1)

,
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hence

M(J) = C ′(J)
(∏
ω∈T

θpqω
)a(s)

(Θp(J)Θq(J))2d(s) ×

×
(∏
i 6=j

∏
h∈Jij

∏
ω∈T

θihωθjhω

) 2d(s)
s(s−1)

(∏
i 6=j

∏
ω∈T

∏
h∈Jij

θphωθqhω

) b(s−2)
s(s−1) ×

×
(∏
i 6=j

D(Jij)
) c(s−2)
s(s−1)

( ∏
i 6=j∈J

∏
ω∈T

θijω

) 1
s(s−1) ×

×
(∏
i 6=j

∏
ω∈T

θpiωθqiωθpjωθqjω

) (s−4)d(s)+1
s(s−1)

.

Now by (5.2.8) with Jij replacing J , we have

C ′(J) =
( ∏
i 6=j∈J

∏
h6=l∈Jij

Cpqhl

) c(s−2)
s(s−1)

( ∏
i 6=j∈J

Cpqij

) 1+4d(s)(s−2)
s(s−1)

,

hence

C ′(J) =
( ∏
i 6=j∈J

Cpqij

)((s−2)(s−3)c(s−2)+1+4(s−2)d(s))/(s(s−1))

=
( ∏
i 6=j∈J

Cpqij

)c(s)
= C(J). (5.2.11)

Now combining the just established upper bound for M(J) with (5.2.7)

and the obvious identities(∏
i 6=j

θpiωθqiωθpjωθqjω

) 1
s(s−1)

=
(∏
h∈J

∏
ω∈T

θphωθqhω

) 2
s
,

(∏
i 6=j

∏
ω∈T

∏
h∈Jij

θphωθqhω

) 1
s(s−1)

=
(∏
ω∈T

∏
h∈J

θphωθqhω

) s−2
s
,

(
∏
i 6=j

∏
h∈Jij

∏
ω∈T

θihωθjhω)
1

s(s−1) = (D(J))
2(s−2)
s(s−1) ,
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(
∏
i 6=j

∏
ω∈T

θijω)
1

s(s−1) = (D(J))
1

s(s−1) ,

(
∏
i 6=j

D(Jij))
1

s(s−1) = (D(J))
(s−2)(s−3)
s(s−1) .

we deduce that

M(J) 6 C(J)(
∏
ω∈T

θpqω)a(s)(Θp(J)Θq(J))b(s)D(J)c(s),

which completes the induction step and the proof of Lemma 5.2.6.

Proof of (ii) of Proposition 5.2.4. Now Lemma 5.2.6 with J = Wpq and Lemma

5.2.5 give that

φpq = M(Wpq) 6
( ∏
i 6=j∈Wpq

Cpqij

)c(n−2)

×
(∏
ω∈T

θpqω

)a(n−2)(
Θp(Wpq)Θq(Wpq)

)b(n−2)

D(Wpq)
c(n−2).

Notice that since F is primitive, it follows from (5.2.4) that |a|T =
n∏
i=1

∏
ω∈T

1
ξiω

, so by an easy computation, we have

∏
p 6=q

∏
ω∈T

θpqω = |D(F )|T ,

∏
p6=q

Θp(Wpq)Θq(Wpq) = |D(F )|2n−4
T ,

∏
p 6=q

D(Wpq) = |D(F )|(n−2)(n−3)
T .

Thus, we deduce that∏
p,q∈{1,...,n}

p 6=q

φpq 6 U ·
(∏
p 6=q

∏
i 6=j∈Wpq

Cpqij

)c(n−2)

, (5.2.12)
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where U = |D(F )|a(n−2)+(2n−4)b(n−2)+(n−2)(n−3)c(n−2)
T .

We need to estimate
∏
p 6=q

∏
i 6=j∈Wpq

Cpqij from above.

Denote the field K(αh) by Lh. By (5.1.3), we have

2gpqij − 1 + #Tpqij
[Lpqij : K]

6 −1 + #S −
∑

h∈{p,q,i,j}

∑
ν∈S

ν(D(Fh))

degFh
.

so we get

(2gpqij−1+#Tpqij)[L : Lpqij] 6 [L : K]
(
−1+#S−

∑
h∈{p,q,i,j}

∑
ν∈S

ν(D(Fh))

degFh

)
.

Hence ∑
p 6=q

∑
i 6=j∈Wpq

max(2gpqij − 2 + #Tpqij, 0)[L : Lpqij]

6
∑
p 6=q

∑
i 6=j∈Wpq

(2gpqij − 1 + #Tpqij)[L : Lpqij]

6 [L : K]
∑
p 6=q

∑
i,j 6=p,q
i 6=j

(
− 1 + #S −

∑
h∈{p,q,i,j}

∑
ν∈S

ν(D(Fh))

degFh

)

= [L : K]
(
n(n− 1)(n− 2)(n− 3)(#S − 1)

− 4(n− 1)(n− 2)(n− 3)
d∑
i=1

∑
ν∈S

ν(D(Fi))
)

6 [L : K]
(
n(n− 1)(n− 2)(n− 3)(#S − 1)

− 4(n− 1)(n− 2)(n− 3)
∑
ν∈S

ν(D(F ))
)
.

Therefore, we have

∏
p 6=q

φpq 6

(
e

[L:K](n−1)(n−2)(n−3)(n(#S−1)−4
∑
ν∈S

ν(D(F )))
)c(n−2)

×

× |D(F )|a(n−2)+(2n−4)b(n−2)+(n−2)(n−3)c(n−2)
T

= e[L:K]n(n−1)(n−2)(n−3)(#S−1)c(n−2) ×

× |D(F )|4(n−1)(n−2)(n−3)c(n−2)+a(n−2)+(2n−4)b(n−2)+(n−2)(n−3)c(n−2)
T .
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As a(n − 2) 6 5n
2
− 9, b(n − 2) 6 3, c(n − 2) < 5

2n−6
we conclude from

(5.2.6) that

M ′ 2(n−1)
n−2 6

(
|D(F )|−

n
2

+2

T

∏
p6=q

φpq

) 2
n(n−2)

6 e[L:K](#S−1)5(n−1)|D(F )|20+ 1
n

T .

This gives Proposition 5.2.4 (ii).

5.3 Completion of the Proof of the Main The-

orem

Main Theorem. Let F ∈ OS[X, Y ] be a binary form of degree n > 4 with

non-zero discriminant. Then F is GL (2,OS)-equivalent to a binary form F ∗

such that

H∗(F ∗) 6 e(n−1)
(

#S(n+11)−5
)
|D(F )|20+ 1

n
S .

Proof. When F is primitive, this follows directly from Proposition 5.2.4 and

Theorem 4.3.3.

In the general case, write F = aF̃ such that a ∈ OS and F̃ is primitive.

Then there exists F̃1 that is GLn(2,OS)-equivalent to F̃ such that

H∗(F̃1) 6 e(n−1)
(

#S(n+11)−5
)
|D(F̃ )|20+ 1

n
S .

Let F1 = aF̃1. Since F̃1 is a binary form over OS, HS(F̃1) 6 H∗(F̃1).

Noticing that D(F ) = a2n−2D(F̃ ), we deduce that

HS(F1) = |a|SHS(F̃1)

6 |a|Se(n−1)
(

#S(n+11)−5
)
|D(F̃ )|20+ 1

n
S

= e(n−1)
(

#S(n+11)−5
)
|D(F )|20+ 1

n
S |a|1−(2n−2)(20+1/n)

S

6 e(n−1)
(

#S(n+11)−5
)
|D(F )|20+ 1

n
S .
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By Lemma 4.2.1, there exists u ∈ O∗S such that H∗(uF1) = HS(F1). Put

F ∗ = uF1 = auF̃1. Then F ∗ is GLn(2,OS)-equivalent to F and

H∗(F ∗) 6 e(n−1)
(

#S(n+11)−5
)
|D(F )|20+ 1

n
S ,

as claimed.

We need a variation of the Main Theorem. To get this, in the proof of

Lemma 5.2.6 we repeat all computations but with all fields Lpqij replaced by

L. Then we get Lemma 5.2.6 with Cpqij replaced by emax(2gL−2+#T,0). This

gives, instead of (5.2.12),∏
p 6=q∈{1,...,n}

φpq < emax(2gL−2+#T,0)(n4)c(n−2) ×

× |D(F )|a(n−2)+(2n−4)b(n−2)+(n−2)(n−3)c(n−2)
T

6 emax(2gL−2+#T,0)(n4)c(n−2)|D(F )|11n−26
T . (5.3.1)

Similarly as before, this leads together with (5.2.6), to the following:

Proposition 5.3.1. Suppose F is primitive with splitting field L. Then there

is an admissible tuple A′ = (A′iω : ω ∈ T, i = 1, . . . , n) such that

(i)
∏
ω∈T

max
16i<j6n

θijω
A′iωA

′
jω

6 1;

(ii)

(
n∏
i=1

∏
ω∈T

A′iω

) 2(n−1)
n−2

6 e
5
24

(n−1) max(2gL−2+#T,0)|D(F )|
21
n
T .

Now with the same idea as in the proof of the Main Theorem, we have

Theorem 5.3.2. Let F ∈ OS[X, Y ] be a binary form of degree n > 4 with

non-zero discriminant. Then F is GL (2,OS)-equivalent to a binary form F ∗

such that

H∗(F ∗) 6 exp
(

(n2 + 6n− 7)#S +
(5n−5)(2gL−1)

24[L:K]

)
|D(F )|

21
n
S .
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Proof. First, if F is primitive, this follows from Proposition 5.3.1 and Theo-

rem 4.3.3 by a direct computation.

If F is not primitive, we assume that F = aF̃ with a ∈ OS and F̃

primitive. Then there exists F̃1 that is GLn(2,OS)-equivalent to F̃ such that

H∗(F̃1) 6 exp
(

(n2 + 6n− 7)#S +
(5n−5)(2gL−1)

24[L:K]

)
|D(F̃ )|

21
n
S .

Let F1 = aF̃1. Then

HS(F1) = |a|SHS(F̃1)

6 |a|S exp
(

(n2 + 6n− 7)#S +
(5n−5)(2gL−1)

24[L:K]

)
|D(F̃ )|

21
n
S

= exp
(

(n2 + 6n− 7)#S +
(5n−5)(2gL−1)

24[L:K]

)
|D(F )|

21
n
S |a|

1−42(n−1)/n
S

6 exp
(

(n2 + 6n− 7)#S +
(5n−5)(2gL−1)

24[L:K]

)
|D(F )|

21
n
S .

By Lemma 4.2.1, there is u ∈ O∗S such that H∗(uF1) = HS(F1). Take

F ∗ = uF1 = auF̃1, then it is GLn(2,OS)-equivalent to F = aF̃ and

H∗(F ∗) 6 exp
(

(n2 + 6n− 7)#S +
(5n−5)(2gL−1)

24[L:K]

)
|D(F )|

21
n
S .

Remark 5.3.3. This result is weaker than the Main Theorem in the sense

that the constant depends on the splitting field L of F as well; however, it

is apparently stronger because the exponent of |D(F )|S is much smaller and

tends to zero when n goes to infinity.




