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Introduction

Roth’s theorem gives an optimal solution to the problem how well a given al-
gebraic number can be approximated by other algebraic numbers. A natural
question is to ask how well two varying algebraic numbers can approximate
each other. There is only one non-trivial result, proved by Evertse, but this is
far from optimal. Its proof is based on a weak version of the abc-conjecture,
which is a consequence of a generalization of Roth’s Theorem, hence it is
non-effective.

Let k£ be an algebraically closed field of characteristic 0. Over algebraic
function fields of transcendence degree 1 over k there is a proved analogue
of the abc-conjecture, i.e., the Mason-Stothers Theorem. This suggests that
it should be possible to develop much stronger symmetric Diophantine ap-
proximation results over function fields. My research focuses mainly on this
interesting problem.

To tackle this problem, one considers two cases: either the two algebraic
functions that approximate each other are conjugate over the field of rational
functions k(t) or not.

The first case is strongly connected to the following problem: over the
integers, two binary forms (i.e., homogeneous polynomials) F,G € Z[X,Y]
are called equivalent if G(X,Y) = F(aX + bY,cX + dY) for some matrix
(¢b) € GL(2,Z). Two equivalent binary forms have the same discriminant.
A binary form F is called reduced if its height H (F') (maximum of the absolute
values of its coefficients) is minimal among the heights of the binary forms

in its equivalence class.



2 Introduction

Conjecture. The height H(F') of a reduced binary form F of degree n > 4
and non-zero discriminant D has an upper bound of the form ci(n)|D|=™,

where c1(n), ca(n) are numbers depending only on n.

An analogous estimate for n = 2 and n = 3 follows from work of Lagrange,
Gauss and Hermite. However, the general case is still open. There is only

the following much weaker effective result from [11]:

Theorem (Evertse, Gyory). Let F(X,Y) € Z[X,Y] be a reduced binary
form of degree n > 2 and discriminant D(F') # 0. Then

H(F) < exp((cin)*" [D"™),
where ¢y, co are effectively computable, absolute constants.

More generally, we may consider the ring of integers of an algebraic num-
ber field and even the ring of S-integers instead of Z. A weak version of

Evertse [9] implies the following:

Theorem (Evertse). Let F' € Z[X,Y] be a reduced binary form of degree

n > 1 with splitting field L over Q and non-zero discriminant. Then

H(F) < C"I(n, L)| D(F)| 7,

The constant here depends on n, L and is ineffective in the sense that it
is not effectively computable from the method of proof. We call this result
a ’semi-effective’ upper bound since it is effective in terms of D(F'), but
ineffective in terms of n and L.

We proved an analogue of the above conjecture over k[t]. Our main tools
are an analogue of the geometry of numbers over function fields (see Thunder
[24]) and Mason’s theorem which is an analogue of the abc-conjecture over
function fields.

We start with some notation.

Fix K = k(t) where k is an algebraically closed field of characteristic 0

and t is transcendental over k. For x € k[t], define |z|s = 8@, For f €



k[t]\{0}, define v,,(f)(p € k) by f = (t—p)»Vg where g € k[t] and g(p) # 0.
We extend this to k(t) by setting 1,(0) := oo and Vp(g) = v,(f) — v,(9)
for f,g € k[t],g # 0. Define |z|, = e™@ for x € K. For a polynomial F
with coefficients ay, ..., a, in k[t], define H(F') := max(|agp|oo, - - -, |an|oo)- If

m

a binary form F has a factorization F(X,Y) = [] (X +3;Y) over K, define
i=1
its discriminant by D(F) = [[(au8; — «;53:)*. For two binary forms
i<j
F(X,Y) =[J(a:X + 8Y), GX,Y) = [[(;X +6;Y),

i=1 j=1
we define their resultant by

m n

R(F,G) = [[[](ed; — 8.

i=1 j=1
Let L be a finite extension of K = k(). We say an absolute value on |- |,

K,

on L is an extension of | - |, on K if |z|, = |x|,[,L“’: for every x € K. Here

L, K, are the completions of L, K at w, v respectively. Define
1/[L:K]
H*(xq,...,2,) = < H max(1, |z1]w, .- -, |xn|w)) for (xzy,...,z,) € L,
weMTp,

and

H(F) = max(|ag|sc - - -, [am|o) for F =" a; X"7'Y" € k[t][X,Y].

=0
For a ring R, we say that two binary forms F, G € R[X,Y] are GL (2, R)-
equivalent if there exists u € R* and U = (2%) € GL(2,R) such that
G = uFy, where Fy(X,Y) = F(aX +bY,cX +dY). Later we will apply this
definition to a polynomial ring k[t] or a function field L.

We recall Mason’s ABC-theorem for function fields.

Theorem (Mason). Let L be a finite extension of K = k(t), gr, the genus
of L and T a finite set of valuations of L. Let v1,72,73 be non-zero el-
ements of L satisfying v1 + o + v3 = 0 and v(y) = v(v) = v(ys) for

every valuation v ¢ T. Then either % € k, which means H*(%) =1, or
H*(1) < e(#T+29r—2)/[L:K]
72
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As a consequence we derived a non-trivial result, Theorem 5, on how well
two algebraic functions that are conjugate over k(t) can approximate each
other. We will come back to this with more details in the next few pages.

To study how well two algebraic functions non-conjugate over k(t) can
approximate each other involves a study of two binary forms, and requires
one to find a non-trivial lower bound for the resultant of two binary forms in
terms of their heights. To obtain such a bound, we developed a generalization
of Mason’s theorem to more variables, based on work of Brownawell and
Masser [6], J.T.-Y. Wang [25] and Zannier [26].

This dissertation is organized as follows.

Chapter 1 introduces some very standard notation and collects some re-
sults related to discriminants, resultants, valuations, heights and twisted
heights.

In Chapter 2, we introduce Mason’s ABC-theorem for function fields and
give a generalization, which is a solid basis to build our effective results on.

In Chapter 3 we develop some geometry of numbers over the rational
function field k(t). The main result concerns the successive minima of a
so-called S-convex symmetric body.

With the help of the results in Chapter 3, we develop in Chapter 4 a
reduction theory for binary forms over the rational function field.

In Chapter 5, we first derive some consequences of the Riemann-Hurwitz
formula, and by combining these with the results from Chapter 1 to 4 we
prove the following effective result, which is analogous to the conjecture men-
tioned above. The only earlier work in this direction is due to Gaal [13].
His results are formulated differently, but they imply a similar result, with a

larger upper bound in terms of |D(F)| for binary forms F' with F'(1,0) = 1.

Theorem 1. Let F' € k[t][X,Y] be a binary form of degree n > 4 with non-
zero discriminant. Then F is GL (2, k[t])-equivalent to a binary form F* such
that

H(F*) < e(”2+5”_6)|D(F)|ig+;.



In Chapter 5, we in fact deduce a general version of Theorem 1, which
deals with binary forms over localizations of k[t] away from a finite set of
elements of k.

In Chapter 6, we focus on the finiteness of the number of equivalence

classes of binary forms of given discriminant and show the following

Theorem 2. Given n € Z,n > 4, non-zero § € k[t] and a finite extension
L of K, there are only finitely many GL (2, K)-equivalence classes of binary
forms satisfying

( F e k[1][X,Y], D(F) € 6k,

F' has splitting field L over K,

deg F' = n,

| [ is not GL (2, L)-equivalent to a binary form in k[X,Y].

Remark. Theorem 2 becomes false if the last condition is replaced by F' not
being GL (2, K)-equivalent to a binary form in k[X,Y]. A counterexample is
giwen in Chapter 6.

In Chapter 7, we effectively estimate the resultant of two binary forms
from below in terms of their discriminants and heights. This is based on

ideas of Evertse and Gydry for number fields. They deduced the following:

Theorem (Evertse, Gy6ry [12]). Let F' € Z[X, Y] be a binary form of degree
m > 3 and G € Z[X,Y] a binary form of degree n > 3 such that F'G has
splitting field L over Q and FG is square-free. Then

[R(E,G)| > C"(m,n, L)(|D(F) VDG 0) .
Theorem (Evertse [10]). Let m,n > 3 and let (F,G) be a pair of binary
forms with coefficients in 7 such that deg F' = m,deg G = n, FG is square-
free and FG has splitting field L over Q. Then there is an U € GL (2,7Z)
such that

1/718

[R(F,G)| = C"(m,n, L) (H(Fy)"H(Gu)"™)
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The ineffectivity mainly comes from Schmidt’s subspace theorem from
Diophantine approximation. We apply a generalization of Mason’s theorem

(see Chapter 2) to obtain effective results as follows.

Theorem 3. Assume F,G € k[t|[X,Y] are two binary forms such that
deg F=m > 3,deg G =n > 3, FG is square-free and splits in k(t). Then

[R(F,G)| > [D(F)JZ™ 7 [D(G)Z" 7.

As a consequence of Theorem 1 and Theorem 3, we also show that

Theorem 4. Let m,n > 2 and let F,G be binary forms in k[t][X,Y] such
that FG is square-free and splits in k(t). Then there exists U € GL (2, k[t])
such that

where
dm~+4n+11
c1(m,n) = exp ( _ mnl m717n )>

We actually prove a more general result where F'G splits over a given
arbitrary finite extension L of k(t).

As an application, in Chapter 8 we prove a root separation result and a
symmetric improvement of a Liouville-type inequality.

A result of Mahler states that for a polynomial f(X) = a(X—7)... (X —

7n) With complex coefficients we have

. 1 DU
A > n 1‘—'
JJnin yi = 5] = (n+ D)™ gt
In case that f has integer coefficients and non-zero discriminant this im-

plies that
min |y, — ;) = (n+ )T H(f) ()

1<i<j<n
This inequality is proved by an elementary argument, similar to Liou-
ville’s inequality from Diophantine approximation on the approximation of
algebraic numbers by rationals. Therefore, we call (%) a Liouville-type in-

equality.



The root separation problem is to prove a similar inequality with instead
of 1 —n a larger exponent on H(f). But this is still open. The only known
case is, rather surprisingly, that when n = 3 the exponent 1 — n is best

possible. The latest result [7] of Y. Bugeaud and A. Dujella shows that for

2n—1
e

We obtain an improvement of the exponent over the rational function

n > 4 the exponent cannot be bigger than —

field as follows.

Theorem 5. Let K = k(t) and f G K[X] be a polynomial of degree n > 4
with splitting field L. Write f = a H(X Vi) with a € K* and ~; € L. Fix

an extension of |+ |o to L and denote this also by | - |- Define

Ao = '
(f) 1<Iz‘n<1]n<n max(1, [7;]e0) max(1, |v;]oo)
Then

Aso(f) = es(n) T H(f) " aois,
where

(n—1)(n+6)
20+1/n

).

cs(n) = exp(

We return to number fields. If we consider two algebraic numbers «, 3
not conjugate to each other, the problem becomes more general. A typical
result is the following generalization of (x): for 7" a finite set of valuations of
K(a, B), we have

1/[L:K]
(H o - mw) > JH a) H(5)

weT

= |,[,L“’:Q”] if w lies above p € {oo} U {primes}. The exponents

where | - |,
of H*(a) and H*(f) can be improved. A generalization of Roth’s theorem
by S. Lang implies that there is a constant C' > 0 depending on o and K(3)
such that

1/[L:K]
(H o — mw) > CH*(8) /0,

weT



8 Introduction

where r = [K(«, 8) : K(B)] > 3.
On the other hand, if we allow both a and  to vary, the problem gets
more difficult. Evertse obtained the following improvement of Liouville-type

inequality.

Theorem (Evertse). Let K be an algebraic number field and o, B distinct
numbers algebraic over K. Let L = K(«, 8). Suppose that

[L: K] = [K(a): K][K(P) : K], [K(a) : K] >3, [K(8) : K] > 3.

Let T be a finite set of valuations of L above v € My such that

1 1
W= [Lw : KI/] < z.
L2 K] ;T 3
Then
‘Oé_5|w ; —146
2 Cmeﬁ L T)(H* H*
11 max(1, |a],) max(L, | Bl.) (L, T)(H () H*(8))
where § = %,

Following the same idea, we give an analogous improvement of Liouville-
type inequality over the rational function field, which is effective.
Let K = k(t) and £, n be distinct and algebraic over K. Let L = K(&,n)

and T a finite set of valuations on L. Define

. | 1/[L:K]
Pp— — 77 -
Ar(&,n) = (};If max(1, [£],) max(1, |77‘w)) ‘

Then we have the following Liouville-type inequality

Ar(&,m) = H (&) "H* ().

and the following effective improvement

Theorem 6. Suppose &,n are algebraic over K = k(t) with [K(§) : K] > 3
and [K(n) : K] > 3. Let L = K(&,n) and assume

[L: K] = [K(§) : K][K(n) : K].



Suppose that
1

w = T K Z[LW:K,,] <

w|oo
weT

Let g1, g2 be the genera of K(&) and K(n) respectively. Then

W =

AT(ga 7]) P C4<m7 n, g1, 92, w)il (H*(é-)H*(n))_l—HS?

where ¥ = % and
ca(m,n, g1, g2, @) = exp (426m+426n_1;317;+84491+84492+(m+n)(m+n—5)(1—z9)).

Last but not least, we remark that in this dissertation we prove more gen-
eral versions of Theorem 3, 4, 5, 6 with multiple valuations, whilst Theorem

3 holds in a general function field of transcendent degree 1.






Chapter 1

Preliminaries

In this chapter we collect some results related to discriminants, resultants,
valuations, heights and twisted heights.

Unless otherwise stated, throughout this dissertation, k& will be an alge-
braically closed field of characteristic 0 and K = k(t) the rational function
field in the variable t. By a function field, we always mean a finite extension
of K.

1.1 Discriminants and resultants

Let L be an arbitrary field. Let
F(X,Y)=a X" +a,; X" 'Y+ +a,Y" € L[X,Y]

be a binary form of degree n > 2.

n

We have a factorization F(X,Y) = [[(X + B;Y) over an algebraic
i=1
closure L of L. As usual, we define the discriminant of F to be

D(F) := [J(cuB; — a;8)*.
i<j
This is a homogeneous polynomial of degree 2n — 2 in Zlag,...,a,|. In

particular, for a linear form, we define its discriminant to be 1.

11
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It is easy to show that for U = (2%) € GL(2,L) and A € L", we have

D(AF) = X"2D(F),
D(Fy) = (detU)"""VD(F),

where Fi;(X,Y) = F(aX 4+ bY,cX +dY).

Let F(X,Y) = apX™ + e X™ 'Y + -+ + an Y™ and G(X,Y) = byX" +
bi X" 'Y +- - -+b,Y"™ be two binary forms with coefficients in L. The resultant
R(F, Q) of F,G is defined by the determinant

ao al IR LY am
ao al CEEEEY CEEEEY am
ap ai (0779
bo bl A bs
bo bl R bn

where the first n rows consist of coefficients of F' and the last m rows of
coefficients of G.

Over the algebraic closure L of L, suppose that we have factorizations

m n

F(XY) =[J(aX + 8Y),G(XY) = [[(X + ;Y.

=1 j=1
Then

=TT, -5 (112)

Hence R(F,G) = 0 holds exactly when F, G have a common factor.

The resultant has the following properties:
R(\F, uG) = N'u"R(F,G),

R(FlFQ, G) - R(Fl, G)R(FQ, G),
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R(G,F)=(—-1)""R(F,Q),
R(F,G+ HF) = R(F,G),
where \,u € L, F,G, Fy, F, are binary forms and H is a binary form of

degree n — m if n > m.

For an invertible matrix U = (%), define
Fu(X,Y) = F(aX +bY,cX +dY).

Then R(Fy, Gy) = (det U)™R(F, ).

1.2 Valuations on function fields

Recall K = k(t). Denote by Mg the collection of normalized discrete
valuations on K that are trivial on k. This set is described as follows. For
f € k[t]\{0}, define v,(f)(p € kU {o0}) by f = (t — p)»)g where g € k[t]
and g(p) # 0 if p € k; further, define v (f) = —deg f. We extend this to
k(t) by setting 1,(0) := oo and yp(g) = v,(f) — vp(g) for f,g € k[t],g # 0.
Then Mg = {v, : p € kU {oo}}. In this thesis we often work with absolute
values. We define the absolute value |-|, by e7*) for v € M. These absolute

values satisfy the product formula
II 2|, =1
Z/EMK

for every x € K*. All valuations of K are non-archimedean, so for a binary
form F € K[X,Y] we have

[D(F)], < max (|a;[;" ) (1.2.1)

0<jsn

for every v € Mg. Let S be a finite set of valuations of K, containing the

‘infinite valuation’ v,. Define the ring of S-integers and group of S-units by

Os = {reK:|z|,<1lforv¢gS},
O; = {zeK:|z|,=1forv &S}
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We define the S-norm of z € K by

It is clear that |z|s > 1 for x € Og\{0} and |z|s =1 for x € OF.

Remark 1.2.1. Let K be a purely transcendental extension of k of transcen-
dence degree 1. Choose t such that K = k(t). The ’infinite valuation’ Vs,
is the one with v (t) < 0. The choice of the infinite valuation depends on
the choice of a transcendental element t generating K. In what follows, we
make a distinction between the infinite valuation v, and the other valuations
on K. But we should mention that in our arguments we could as well have

chosen any other valuation to play the role of the infinite valuation.

Recall that k is an algebraically closed field of characteristic 0, and K =
k(t). Let L be a finite extension of K. We say a valuation w is normalized
if w(L*) = Z. Denote by M, the normalized valuations on L that are trivial
on k. For valuations v € Mg, w € M, we say that w lies above v, and
denote it by wl|v, if the restriction of w to K is a positive multiple of v. Then
for every v € My, we have finitely many valuations w € M above v. For
every w € My, we define the corresponding absolute value |z, := e “(®).
Then we have w(z) = e(w|v)v(z) for w|v,x € K, where e(w|v) is called the
ramification index. Let L, denote the completion of L at w. In our case, k
is algebraically closed with char k = 0 and the residue field of v is k, hence
the residue degree is 1, implying that e(w|v) = [L, : K,]. Thus our chosen

¥} rather than |-|,, to L, hence by

absolute value is a prolongation of |- |[VL“’:K
Proposition 1.2.7 of [4], we have the relation |z|, = |Np_/k, ()|, for every
x € L. By assumption, K has characteristic 0, so the extension L/K is

separable. Hence

Npjk(z) = HNLW/KV(l’) for z € L,

wlv
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so we have

H|‘T|w_|NL/K )ll/ for v € L,v € Mk

wlv
and
H |z|, =1 for x € L.

weMT,

Similarly, we define the T-norm of x € L by

|z|r = H |z

weL

We recall some facts about Dedekind domains. For a non-zero fractional
ideal a of a Dedekind domain A and a prime ideal p of A, we denote by v, (a)

the exponent of ¢ in the prime ideal factorization of a.

Lemma 1.2.2. There is a bijection between the non-zero prime ideals of A
and the discrete valuations of F' that are non-negative on A, given by p — v,
such that vy,(a) is the exponent of p in the unique prime ideal factorization

of the ideal generated by a.

Proof. See [1]. O

Lemma 1.2.3. Let A be a Dedekind domain with fraction field K,. Let L
be a finite separable extension of Ky, and B the integral closure of A in L.
Assume that L/ K is tamely ramified. Denote by Dp/a the discriminant ideal
and Dpa the different ideal of B over A. Let p be a prime ideal of A, let
©1, - - -, or be the prime ideals of B above p, and v the valuation corresponding

to p, and w; corresponding to @; fori=1,...,r. Then

Ni/k,(®B/a) = Dp/a.

Further

T

v(Dpja) = Z (e(wz-h/) - 1).

=1
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Proof. For the first part, see Proposition 6, §3, Chapter III of [22].
Since the extension L/ K is tamely ramified with residue degree f(w;|v) =
1, we get by Proposition 13, §6, Chapter III of [22],

wi(Dpa) =e(wilv) —1fori=1,...,r

hence
'

v(Dpa) = V<NL/K1 (QB/A)> = Z (e(w¢|V) - 1>,

which gives the claim. O]

Later we will apply this lemma frequently to the case K = k(t), A = klt]
and K; = K, the completion of K at v and A =R, :={zr € K, : v(x) > 0}
for v € M.

1.3 Polynomials and heights

Recall K = k(t). For v € M, denote by K, the completion of K at the

valuation v. Then v has a unique extension to K,. Define
R,={re K, :v(x) >0}

to be the local ring of K,. Then its group of units is
R; ={r e K, :v(z) =0}.

For x = (z1,x9,...,x,) € K7, define

v(x) = 1%131”(%)’
— e v(x) = A
Il = e = max |zi],,

and for x € K", define the homogeneous height and S-height

Hie(x) = [T Ixl.

veEMpg
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Hs(x) = ] ] Ixll..

ves
Clearly, the product is well-defined and Hy(x) > 1 for every x # 0 because
of the product formula. Also, Hx(Ax) = Hg(x).
For a polynomial P € K[Xy,...,X,] or P € K,[Xy,...,X,] we define

|P|, to be the maximum of the |- |,-values of its coefficients.

Lemma 1.3.1 (Gauss’ lemma). Let K be a field, | - |, a non-archimedean
t

absolute value on K, and P = [ P; with P, € K[Xy,...,X,] fori=1,... t.
i=1

Then

t
Pl =TT IBl-
i=1
Proof. See [14]. O
As a direct consequence, we have

Corollary 1.3.2. Let F' = [[(a,X + 3;Y) with o, 5; € K fori=1,...,n.

=1

Then |F|, = [] max(|cl,, |5i|,) for every v € M.
i=1

For L a finite extension of K and a polynomial P € L[Xy,...,X,,], we
define

L:K]

[
NuwP) = ] (P,

where 01, ..., 01k are the K-embeddings of L into K, and 0;(P) is obtained

by the action of o; on the coefficients of P.

1.4 Galois theory of valuations

In this section, we give a brief sketch of some aspects of Galois theory of

valuations that will be needed later.
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Lemma 1.4.1. Let K be a field with a non-trivial absolute value | - |,, and
L a finite Galois extension of K with Galois group G = Gal(L/K). Then
for every two absolute values |- |y, |+ | on L prolonging |- |,, there is o € G

such that |x|, = |o(2)|y forz € L.

Proof. See Corollary 1.3.5 of [4]. O

For v € Mk and L a Galois extension of K, denote by A(v) the set of
normalized valuations of L above v. Fix w; € A(v). The completion L,
of L at wy is a Galois extension of K,. We may view L as a subfield of
L,,. As mentioned before, the absolute values on L defined above satisfy the
relation |v|,, = Nz, /x,(z)|, for v € L,,. Without loss of generality, we
may assume K C K, C L,, C K, and K C L C L,, C K,. Let &(w;|v)
be the set {0 € G : wy 00 = w;} equipped with composition. This is by
definition the decomposition group of w; over v. By, for instance, §9, Chapter

IT of [18], we have an isomorphism

Gal(L,,/K,) — E(wi|v),

o +— oL
Thus we may view Gal(L,, /K,) as a subgroup of G. Further, let
Ewl)={c€G:w=w o0} for we A(v). (1.4.1)

Since G acts transitively on A(v) (see §9, Chapter II, [18]), the sets £(w|v)
form a partition of G, and in fact they are the right cosets of Gal(L,,/K,)

in GG, so have the same cardinality:
[L,: K,] =Ly : K,] for w,w" above v. (1.4.2)

It is now reasonable to put g, := #&(w|v) = [Ly, : K,]. If we still denote
by | - |, the prolongation of | - |, from K to K,, and hence on L, then
2], = |NL,, /k,(2) el for 2 e L,,. Tt follows that for z € L,w €

A(v),o € E(w|v), we have

|2l = lo(2)|wy = [o(2)[7 (1.4.3)
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Notice that ¢ € Gal(L/K), hence we may extend o € E(w|v) to a K,-

isomorphism from L, to L, , by sending a = lim «, to o(a) = lim o(ay,)
n—o0 n—oo

where o € L, and «a,, € L. Moreover, for every x € L,, we also have

2] = [0 (2)|wy = [o(2) ]2
1.5 Twisted heights

Let S be a finite set of valuations of K. We define the ring of S-adeles

Ag := HK” ={(x,)|z, € K, for every v € S}

ves

with componentwise addition and multiplication.

Further, let
GL.(As) = {(A))|A, € GL,(K,) for every v € S},

where GL, (R, ) is the subgroup of GL,,(K,) of n x n matrices whose entries

are in R, and whose determinant is in ;.

For A= (A,) € GL,(Ag), define

| det(A)|s == [ ] | det(A,)l..

ves

Also, we define the v-norm of A, as follows: if A, = (a;;)1<i j<n, then [|A, |, =
max |a;;|,. Given a ring R we denote by R" the module of n-dimensional
ij

column vectors with entries in R.

Lemma 1.5.1. Let v € Mg. For A, € GL,(R,) and x € K], we have
v(A,x) = v(x).

Proof. Let A, = (a;;),x = (x1,...,2,) € K™
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As minv(a;;) > 0, we have
l?]
v(A,x) m.in v(apxy + -+ appxy)
1<i<n

(0, V)

ARV,

WV

lr<nJl£1n v(z;) + m;n v(ai;)

V

v(x).

Since A;! € GL,(R,), we have similarly for A, € GL,(R,),x € K" that
v(x) =v(A;1A,x) > v(A,x). This completes the proof. O

For A € GL,(Ag),x € K™ define the divisor
diva(x) := Z v(Ax)v + Z v(x)v
vesS vegS
and its degree

deg(diva(x)) = Y v(Ax)+ ) v(x)

ves vgS
Also define the corresponding twisted additive height

ha(x) == —deg(diva(x)) = — Z v(A,x) — Z v(x).
ves vgS
The sum is well-defined by the fact that for every x € K*, we have v(x) =0
for almost all v € M. Define the twisted multiplicative height for x € K™
by:
Ha(x) = exp(ha(x)) = [T 1ol T Il

vesS vEgS
It is projective in the sense that, by the product formula, H4(Ax) = H4(x)

forx e K" A e K*.
Lastly, we define for A € GL,,(Ag)
div(A) == diva(K") := > v(det(A,))r,
vesS

and
ha(K™) = —deg(div(A)),
Ha(K") = exp(ha(K™) =[] | det A, ], = | det(A)].

ves
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Lemma 1.5.2. Let A € GL,(Ag). Then there exist positive constants cy, ¢z
depending on A such that coHg (Xx) < Ha(x) < e Hg(x) for allx € K. In
particular, for x # 0, we have H4(x) > cs.
Proof. Let ¢c; = [] ||A.]l, and c2 = [T ||A Y|,

€s

v veS
Clearly, we have ||A,x||, < ||A,||.]|x]|, because for all v € S, the valuation

is non-archimedean. Similarly we have ||x||, = || A Ax|, < 1A ]| Aux]],
hence [|AJY|[JHx], < |Ax]., < [JA|.]|x||, for v € S. By taking the
product over all v € Mg we get coHg(x) < Ha(x) < i Hg(%). O

Consider a finite extension L of K. Let S be a finite subset of Mg and
let T" C My, be the set of valuations of L lying above those of S. For x € L

put |z|r := [] |z|,. Define the ring of T-integers and T-units
weT

Op:={zel:|z|, <1forwgT},
OF ={xel:|z|],=1forw¢gT}.
Then Or is the integral closure of Og in L. We have

\z|r = |Npjk(x)|s for x € L, (1.5.1)

and in particular,

|z = |2|E for z € K. (1.5.2)

For w € Mp, denote by L, the completion of L at w. Then there is a

unique extension of w to Ly,. For x = (z1,...,2,)" € L, we define
HXHw = max |x2|w = max efw(zi).
I<isn 1<i<n

Similarly as before, we define div4(x),div(A) for x € L™, A € GL,,(Ar) by
replacing K|S with L, T respectively. That is,

diva(x) := Z w(Aux)w,

weMy,
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div(A) := ) w(det(A,))w.

Define o
ha(x) = —deg(diva(x))/[L : K],
ha(L") = —deg(div(A))/[L: K],
and

Ha(x) = exp(ha(x ( IT 14uxl )

HA(L) = exp(ba(™) = ([T 1det Aul,) ™™ = [de(A) 7.

weMy,
The height H4 on L™ is compatible with the one on K™: H4 (L") = Hs(K"™).
We recall Thunder’s analogue of Minkowski’s convex body theorem for

function fields.

Lemma 1.5.3. Let L be a finite extension of K of degree m, and H, be the
twisted height on L™ corresponding to A € GL,(Ag). Then there is a basis
ai,...,a, of L™ satisfying

HHA a;) < Ha(L")e" (gr+m—1)/m

where gy, is the genus of L.
Proof. See Theorem 1 of [24]. O

Lemma 1.5.4. For every basis {x1,...,x,} of L™, we have
Hm&/ A(L™).

In particular, there is a basis {ay,...,a,} of K™ such that
HHA (a;) = Ha(K™).

Proof. See Lemma 5 of [24] for the inequality. The equality is a combination
with Lemma 1.5.3. O



Chapter 2

Height estimates for solutions

of S-unit equations

Let |+ |o denote the ordinary absolute value on QQ and for a prime p, denote
by |-|, the p-adic absolute value, normalized such that |p|, = p~'. Let K be a
number field and My its collection of places (equivalence classes of absolute
values). For every v € Mk, choose | - |, from v such that if v lies above
p € {00} U {primes}. Then |z|, = |z|i""" % for z € Q.

We recall the Subspace Theorem, due to Schmidt and Schlickewei.

For X = [zg : -+ : x| € P*"(K), define |X|, := max(|zy|,,...,|z,],) for
veMgand He(X) = [ X[,
veEMg

Subspace Theorem. Letn > 1, and let S be a finite set of places of K. For
velS, let Ly, ...,Ly be linearly independent linear forms with coefficients

in K. Further, let C > 0,0 > 0. Then the set of solutions of the inequality

|L0V(:£) cee Lnu(x”u —n—1-¢
11 E < CHg(X)

ves

in X € P"(K) is contained in a finite union of proper linear subspaces of
P"(K).

This was proved by Schmidt in [20], [21] in the case that S contains only

archimedean places, and by Schlickewei [19] in full generality.

23
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As a consequence, in [9] Evertse derived the following result.
Let S be a finite set of places of K containing all archimedean places.
Define the ring of S-integers Og = {z € K : |z|, < 1 for v € S}. Define

|z|s == H |z|, for x € Og,

vesS
Hg(xy,...,x,) = H max(|z1|y, ..., |Tal,) for z1,..., 2, € Og.
ves
Theorem (Evertse). Let K be an algebraic number field and S a finite set of
valuations of K containing those archimedean ones. Assume x1,...,x, € Og
such that zn:xl = 0 but no non-empty proper subsum vanishes. Then for

i=1
every € > 0 we have

HS(xb s 7xn) < C(?’L,&“, S)’ H:UZ é’+5'

i=1
Here C(n,e,S) is an ineffective constant. In this chapter, we are going

to prove a much stronger analogue of this result over function fields.

2.1 Height estimates

Let K = k(t), L a finite extension of K. For xy,...,x, € L, define

Hy(z,.. . xn) = | max(lile, .. [2alw),

weMp,
Hi(xy,...,x,) = H max (1, |x1]w, - -, [Tnlw)-
UJEML
H(zy,...,x,) = H max(|zy|w, - - -, |Zn]w) Y/ EE
wEML
H*(xq,...,2,) = H max(1, |T1|w, - -, |2n]w) /EED
weMTp,

For a finite set T' C My, define

Hy(xy, ... an) = [ [ max(jz1lo, - . |2alo)-

w€eT
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Lemma 2.1.1 (Mason). Let L be a finite extension of K = k(t), and T a
finite set of valuations of L. Let vy, 2,73 be non-zero elements of L satisfying
Y1+ v2+73 =0 and v(y) = v(ye) = v(y3) for every valuation v & T'. Then

either 2 € k, which means H*(2) =1, or H*(2) < e#TH+290-2)/IL:K],
"2 2 Y2

Proof. See Chapter I, Lemma 2 of [17]. O

Corollary 2.1.2. With the above notation, we have in both the cases % €
k, % ¢ k that
H* (D) € e@#T+200-D/(LK],
Y2

Proof. This follows directly from the facts that g, > 0 and #T > 1. [

Recall
Op:={zel:|z|, <1forwgT},

OFf ={xel:|z|,=1forw¢gT}.

Note that by the product formula, we have

1/[L:K
w2y = (T max, |2 )
72 wEMy, 72l
1/[L:K]
= (II maximlobel) = Houme),
weM,

and if 1,7 € Or, then H (v, v2) 5 < Hyp(y1,72).

Brownawell and Masser obtained the following generalization:

Theorem 2.1.3. Let L be a finite extension of K = k(t), and T a finite set
of valuations of L. Put ¢ = max(0,2g — 2). Let uy,...,u, be T-units in L
satisfying uy + -+ - +u, = 0 but > u; # 0 for every non-empty proper subset
I of{1,...,n}. Then “

H(ui, ... u,) < ez~ DO-2#T+g)/[L:K]

Proof. See [6]. O
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We deduce the following result, which will be improved in the next section.

Corollary 2.1.4. Let L be a finite extension of K = k(t), and T a finite
set of valuations of L. Put ¢ = max(0,2g — 2). Let uy,...,u, be elements
of Or satisfying uy + -+ - + u, = 0 but Y u; # 0 for every non-empty proper
subset I of {1,...,n}. Then <

HT(U17~--, )< 62(" 1) (n—2)(#T+g") |Hu Tn 1)2(n 2)
i=1

Proof. Let U be the collection of w € M \T such that w(u;), i =1,...,n,
are not all equal. Then clearly #U < oo.

Now consider the complement of T"U U. For every w ¢ T'U U, we have
w(uy) = -+ = w(uy,). Since u; € O, there are two cases: either w(u;) = 0,
which is the case for almost all valuations, or w(u;) > 0. Let V = {w ¢

TUU :w(u) =---=w(u,) > 0}.

(n=1)(n=2) (#T+#U+g")
2[L:K]

If V' = (), then by Theorem 2.1.3, we have H (uy, ..., u,) < e
If V% 0, then i M + 1 = 0 and each nontrivial partial sum
is non-zero by assumption. As 2+, i =1,. — 1, and 1 are all elements of

O% .y, and the height function H is prOJectlve, we obtain by Theorem 2.1.3

— (n=1) (n=2)(#T+#U+g")
H(u,. . up) = HCE 57 1) e MR (2.1.1)
uTL uTL
On the other hand, since u; € Op fori =1,...,n, we have max [uil, < 1,
hence 1121111 |ui], < 7! for w € U, and therefore
eV < 2.1.2
H min |uz|w ( )
weT 1<i<n
Combining (2.1.1) with (2.1.2) we derive that
L(n-1)(n-2)(#T+g) Loy 1
Heluy. ... w,) < ern=Do- +g’< - -
() < e H min |w;l,, H max |u;l,,

we€T 1<i<n wgT 1<i<n

(n=1)(n=2)

eé(nan#TW)HH!Uzw 2

w¢T@ 1

N

(n— 1><n 2)
— esD)(n— 2><#T+g>|Hu s 7
=1
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as claimed. O]

2.2 S-unit equations and heights

Actually, from an effective version of the subspace theorem over function
fields, we can deduce better results.
The following theorem is originally stated in terms of additive heights
and over function fields K associated to arbitrary nonsingular varieties. We
restate it in our notation in the special case for curves, i.e., for function fields

of transcendence degree 1. For n € Z-4, put

C(n) _ 6( )(ZgKl—Q—l—#Sl C"(n) — 6(;) max(O,?gKl—Q-l—#Sl).

Theorem 2.2.1. Let Ky be a finite extension of K = k(t) and Ly, ..., L,
hyperplanes in PN (K,) defined by linear forms with coefficients in k. Let
S1 C Mg, be a finite set of valuations. If the coordinates of X = [xg : « - :
xy] € PV(K,) are linearly independent over k, then

H mlnH ’ J ’V (N+ 1)71H<%)7(N+1)[K1:k(t)}’

vEST JjeJ
where the minimum is taken over all subsets J of {1,...,q} such that the

linear forms L; (j € J) are linearly independent.
Proof. See Theorem 1 of [25]. O

Corollary 2.2.2. Assume zy,...,x, € Og, are k-linearly independent. Then

(H |ZE7;’51> |£171 ot $n|51 2 O(n)_lel ('Ila B axn)'
=1

Proof. We apply Theorem 2.2.1 with N =n —1,X = [z : -+ : x|, L; =
$i(i:1,...,n>,Ln+1:x1_|_..._|_xn.
For each v € Sy, choose t(v) € {1,...,n} such that |z,,|, = Pgix(’xi‘l’)’

and take J(v) ={1,....,n+ 1}\{t(y)} Then

11 11 'L Cn) ™ H ()10,

veSt jeJ(v)



28 Chapter 2. Height estimates for solutions of S-unit equations

hence as z; € Og,,

(T leds ) s+ + ks
i=1

H51 (%)n—‘rl
This completes the proof. n

> C(n)™ Hs, (X)™".

Actually, the condition that zi,...,z, be k-linearly independent can be

relaxed to the condition that z; 4 - -- + x,, have no vanishing subsum.

Corollary 2.2.3. Let xy,...,x, € Og, such that > x; # 0 for any non-
il
empty subset I C {1,...,n}. Let Sy be a finite subset of My,, T a subset of

Sy1. Then
H zils |21+ - 4 |7 = C'(n) " Hy (2, ..., 2).
i=1

Proof. We proceed by induction on n. For n = 1 the assertion is trivial since
1 € Og,. Let N > 2 and assume the assertion is true for n < N. We
now consider the case n = N. Since each v € 5] is non-archimedean, i.e.,
|2y + -+ 2]y < ggsgz |;],, it suffices to deal with the special case T' = S;.

First suppose that xi,...,xxy are k-linearly independent. Then the as-
sertion is true by Corollary 2.2.2. Next assume that rank;{xy,...,zny} < N.
Then, possibly after rearranging the indices, we may assume that x; +--- +
TNy = a1x1 + -+ + aur,, where 1 < u < N, aq,...,a, € k* and u is mini-
mal with this property. Then z4,...,x, are k-linearly independent and no

subsum of the right-hand side is 0. Partition .S; into two subsets

S = {y e S : max (|z;],) = max(|zi],)},

1<iKN 1<i<u

9@ — {v € S;: max (|z;],) > max(|x;],)}.

1<i<N 1<i<u

Then we have z,41 + -+ 2y = (a1 — 1)z3 + -+ + (a, — 1)z, and hence

|Ty1 + -+ an]y < 1rila<x(\x1],,) for v € S@. Now we have
KU

N u N
(T lwils: Jlwr - +anls, = ([Tlaswils e+ + aals,) TT leils.
=1 =1 i=u+1

Combining this with the induction hypothesis, we derive that
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N
(TTlils. )z +-+- + 2als,
=1

N
C(u) " Hg, (a1, ... auwa) ] lails,

>
i=u+1
N
= C(u)'Hgw (21, .., 2)Hse (w1, .. wa) ] lils,
i=u+1
N
> C(u) ' Hgoy (21, 2n)[Turs + - + 2n]se) H |zils,
i=u+1
> C(u) 'Hgw (21,...,28)C" (N —u) " Hge) (Tust, - - - UnN)
2 C/<N)_1H51(ZE1, e ,l’N),
which completes the induction step. O

With the help of two lemmas stated below and a similar idea as in the
proof of Theorem 1, [26], we obtain a generalization of Theorem 1 of [26].
The following two lemmas are from [25], which deals with a more general
case. We restate and prove the lemmas in our specific case.  Recall that
for every z € K;\k we have a derivation d/dz. For each valuation v € Mg,
we choose a local parameter ¢ = £, with v(§) = 1. Then we have another
corresponding derivation d/d§.

Let fi,...,f. € K; be k-linearly independent. Define the Wronskian
related to z as W = W, (f1,..., fn) := det ((d/dz)j_lfi)1<i7j<n. Then it is
well-known that W # 0.

Lemma 2.2.4. (i) For h € K, we have
W.(hfi,...,hfn) = K"W.(f1,..., fn)

(it) For any & € Ki\k we have

Wfiro ) = det (6 (@/agy 1)

1<i,j<n
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Proof. For (i), assume h # 0, otherwise it is trivial. By the Leibniz rule for

derivatives, we have for each 1 <7 < n that

m—1

@fasy gy - ntajazy s = 3 (') ) @sayn - afa)'s,
1=0

is a K;-linear combination of h(d/dz)'f;,0 <1 < m — 1. The determinant
remains unchanged if we recursively replace the j-th column by
(h(d/dz) = f1, ..., h(d/dz)~1f,)" for j = 2,...,n. Then the assertion fol-
lows immediately.

For (ii), we will prove by induction that (d/dz)™f; — (%)™ - (d/d&)™ f; is a
K-linear combination, independent of 4, of (d/d€)f;, ..., (d/d¢)™ ' f;. Then
the assertion is clear for the same reason as in (i). By the chain rule, we

know
(d)d=)f = 5 - (a/de) .

(@22, = (@)d2) () - (d/dE) i+ ()2 - (d/de )

Let m > 3 and assume our assertion is true for m — 1, i.e.,

dg

(d/d2)" " fi = ()" H(d/dg)" " f; = Zgj (d/dS)’ £

with each g; € K. Put go = 0. Then by the chain rule, we have

d m—
(@)=, — (o) (a/de) s, = Z (0/d2)g; + 6,12 ) @/ de)'
d. d
+ ((d/dz)(d—i)m_l + gm_gd—i)(d/dé)m_lfi.
This completes the induction and hence the proof. O

Lemma 2.2.5. For every v € Mg, , we have

n dz
)+ (5 o) > 0 i v(£,

where &, is a local parameter of v.
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Proof. Let v € My, and a local parameter &, of v. For k-linearly dependent

fi,--., fn we have W = 0 and the assertion is clear. Assume that fi,..., f,

are k-linearly independent. Let m = —1121<n v(fi),l = —V(%), and put
g; = [;&)'. By Lemma 2.2.4 we have
W = WZ(fh"'afTL)
gljnm ’ Wz(gl; S 7gn)
- dé, . . -
= & det ( (=) - (d/dE) g
dz 1<,5<n

dg,

gljnm . g;l(g) - det <€,l/(j1)(_>jl . (d/dgy)Jl.%)
dZ 1<,5

,J <

Since (&Y (%2)~1) = 0 and v(g;) = v(f))+m > 0, we have v((d/d&, ) " g;) >

0, hence v(W) > —nm — I(}), as claimed. O

Lemma 2.2.6. Let f1,..., f, be k-linearly independent elements of K. Then

for every v € My, , we have

n

(s o

Proof. See [26] or [6]. O

Lemma 2.2.7. Let fi,..., f, be k-linearly independent elements of Ky and
b=>fi. Then
i=1

|b|51 Hlle&( H maX |fz ) > HS1(f17- . -afn)-

veESt

Proof. Let v € Sy, choose j(v) € {1,...,n} such that v(f;u)) = min(v(f;)).
Then W.(fi,..., fn) does not change if we replace f;,y by b. Applying

Lemma 2.2.6, we get

o)+ () + () 2 (S wt) +00)— pmin w10
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Now let v ¢ S;. Then by Lemma 2.2.5, we get

n dz .
v(W) + <2)V(d§l,) > nlrglgnnu(fz)

Taking the sum over all v € Mk,, and noticing that > v(W) =

VGMKl

0, >, y(d%) = 29k, , we deduce that
UGMKI

(o (s

> Z Zu(fz) + Z v(b) — Z miinu(fi) +n Z miiny(fi).

vesSy =1 vEST VvEST vegS1

Hence

n -1 -n

cn) > (Jbls, [T 1fils.) T max(fi) ( TT max(1il)

=1 vesS, vEgSt

or equivalently,
Cobls, TT1ls, ( TT max(1£il) " > Hei(fis o fu):
=1 V¢St
0

Lemma 2.2.8. Let S1,T be as in Corollary 2.2.53. Let xq,...,x, € K; be

such that for each non-empty subset I C {1,...,n}, we have Y x; # 0. Then
i€l

[T1wilsiler+ -+ wale (T maxleid))” > C'n) Hala, .. ),
i=1 V€S,

This is a slight generalization of Corollary 2.2.3.

Proof. Observe that C'(h)C"(l) < C'(h +1) for h,1 > 0.
We proceed by induction on n. For n = 1, the assertion follows trivially

from the product formula. Let N > 2 and assume the assertion is true for
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n < N. We prove the assertion for n = N. We may again assume that
T = S without loss of generality since each v € S; is non-archimedean, i.e.,
|z + -+ 2, < max |z,

First suppose that :L’l, ..., Xy are k-linearly independent. Then the asser-
tion is true by Lemma 2.2.7.

Now, possibly after rearranging the indices, suppose that z; +---+ =z, =
ax1+ - +a,z, with 1 <u <n,ay,...,a, €k* where u with this property
has been chosen minimally and no proper subsum of the right-hand side
vanishes. Then x4, ..., x, are k-linearly independent. Partition S; into two
subsets

$U = {v € 81+ max(|aily) = max(|zil,)},

={ves: max(|xz\ ) > 1II<1&<X(|%| )}

Then we have x4 1 + -+ 2, = (a1 — D)zy + -+ + (ay — 1)z, and hence
|Tur1 + -+ zp|, < 112185((|ac,|y) for v € S, So

NIE

n u n
H |l sy |1 4 -+ @], = <H |aixils, [arr + -+ + au$u|51) H |zils,
=1

=1 i=u+1

Combining this with the induction hypothesis, we derive that

n
H\xi\slffﬂl + o sy

u n
(Hlaiwilsllalxl+---+auxulsl> IT lzils,

=1 i=u+1

n
—u
> C'(u)'Hg, (ayy, . .. ,aua:u)< 1r£1a<X(]alxl\,,)> H |z,
vgSt s i=u+1

From the partition of Sy, the last expression can be rewritten as
C'(u) ' Hg, (ayz1, . .. ,auacu)< max (|a;x;, ) H |z s,

1<i<u
VES1 i=u+1

= C'(uw) ' Hgo) (1, ..., 1) Hger (1, ..., H |IZ|51< max(|xz| )> :

1< <u
i=u+1
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Hence

n

H|xi\51’$1 + o sy

i=1
n
—u

> ) Hyo (o, sw) Haen (o) TT il (T] max(lail,))

i=u+1 llgsl

n
> C'(u)" Hgo (a1, . .. 7xn)<‘xu+1 + o Tlge H |$i|51> X
i=u+1
—U
><< max (|z;|, )
1<7,<u
l/

> C'(u)” Hsu (z1,.. ., 22)C" (0 — 1) " He) (Typr, . ., Up) X

u—mn —Uu
X ( max(|z;| l,)) ( max(]a;l\l,))
1>U 1< <
l/

-n
> C'(n)’ngl(xl,...,xn)< max |:1:1],,> :
1<i<n

vegSy

which completes the induction step. O

Theorem 2.2.9. Let Sq,T be as above. Let x1,...,x, € Ky be such that

Yo x; # 0 for any non-empty subset I C {1,...,n}. Then
i€l

n

[T zds, -l + -+ + 2l - ( I1 m?x<|xi’”)> > C'(u) " Hp(z, . .., x),

i=1 vESy

where u = rankg{x1, ..., x,}.

This result improves Lemma 2.2.8 and is inspired by an idea of Zannier
26].

s(s—1)

Proof. Recall that C'(s) = e~ 2~ max(29x, =24#510) for 5 € N. Then we have
C'(s)C'(t) < C'(s + ).

First notice that the special case u = n is just Lemma 2.2.7.

For the general case we proceed by induction on n, the case n = 1 being
trivial. Let N > 2 and assume the assertion is true for all n < N, now

consider the case n = N. Like in the proof of Lemma 2.2.8, we only have to
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consider the special case T" = S;. Let xq,...,x, be k-linearly independent
with © maximal and assume, renumbering indices if necessary, x1+---+xy =
v
> agx; with ay,...,a, € k* and 1 < v < u.
i=1

First assume v = u. Then each z; is a k-linear combination of x1,...,x,,
hence

max (Jily) = max (|zil,). (2.2.1)

Then by applying Lemma 2.2.8 to a1y, ..., a,Zy, | - |, and using that |- |, is

trivial on £* for v € Mk, , we get

[T el + -+ anls, ( [T max(ih) > e(w) ™ He, (@, ).
=1

1<i<u
vgSy

Clearly, 111152%(@1],,) > |z, for i > u,v € Sy, so

\l\
N—u
(TI masx (i) =TI il
1<i<N

V€S i>u vgS)

and hence by the product formula,

N—u
I1 \:vi!sl( ;g%(\xily)) > 1. (2.2.3)
i>u vegSy

Combining (2.2.2) with (2.2.3) we derive the assertion when v = w.
Sowe assume 1 < v < u < N. Applying again Lemma 2.2.8 to a1x1, . . ., a,x,
we get
[Tlwilsales+ -+ anls ( [T maxied)) > e() " Hs, (1, .. w0).
i=1 vgs
(2.2.4)

We claim that there exists h < N such that there are two finite sequences

{w}, {41} of integers of the same length h satisfying the following:
(i) ug = v,up = u,uy > uy—q for 1 <1< h,

(i) jo=0,u<yg < Nforl>1, js #j; for s #t,
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(iii) there is a renumbering of the indices v + 1,...,u such that for I > 0

xj, , and for all [ > 0

is a k-linear combination of z1,...,x,
uy uy+l1
s [T lelss by 4+ sy ( TT max(lail.))
i=1

l
Ii[lxji
1=0 V¢ S1

> c(u) " Hg, (21, .., Ty,), (2.2.5)

where we put |xgls, =1 and A, ={1,...,w}U{j,..., 5}

Then this construction will finish the proof in the end.

We prove this claim by induction on [. The first step when [ = 0 is
just (2.2.4). Let r > 0 and assume that ug, ..., %, Jo,- - -, j- have been con-
structed such that u, < u and (2.2.5) holds for [ = 0,...,r. We show the
existence of u,y1,j,4+1 such that (2.2.5) holds for [ = r 4+ 1. For any index
0 <7 < N we have

xy_i)‘i:jxl Z)‘wxl‘i_ Z Aij@i =T, + Ujy,
i=1

i=up+1
with \; ; € k uniquely determined.
We claim that there is j such that both 7;, and U;, are non-zero. Assume
the contrary, then for each j € {1,..., N}, either U;, = 0 i.e., x; = Tj, or
v

T;, = 0, that is, ; = U,,. Since 1 +--- + 2y = > a;x; and v < u, + 1,
=1

N
we derive that > U;, = 0, or equivalently, >  xz; =0. But u, < u, so we
Jj=1 ]T;éo
have U, , # 0, and hence {j : U;, # 0} # (). This gives a vanishing subsum,

which contradicts the assumption.
Let j be the smallest index with U;, # 0,7}, # 0 and put j,41 = j. Then

clearly j > u because x4, ..., x, are k-linearly independent with u maximal.
Renumbering the indices w, + 1,...,u, we can write
Uprt1
Uiirr = D Aigria® (22.6)
i=up+1
where \;j ., # 0 for u, +1 < 4 < 1. This defines u,; satisfying u, <

ur41 < u and gives x; ., a linear combination of xy,...,x,,,,. Since for
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I <r+1,u < u < uy and zj is a linear combination of x4, ..., z,,, we
infer that j,..1 # 7;.
Put B, = A \A = {Ji=1} U{w + 1,..., 441} The assumption in (iii)

for u,, j, gives

r
(H ’sz‘
=0

ur Up+T
SINEE o1+ + g, ([T max(leil,))

V€S,
> c(u,) 'Hg, (z; 11 € A,). (2.2.7)
Uy Ur41
Notice that T ., = > Nijin@i = Tj, — 2, Aija%i as a sum of
i=1 i=ur+1

xj, ., and —N;j . i ue + 1 <@ < upqq, the assumption of Lemma 2.2.8 is

satisfied and the components are indeed A-linearly independent, since Tj,,, #

0, x1,...,x, are k-linearly independent with u maximal and A # 0 for

ivj?"-‘rl

ur +1 <7 < upyp. By Lemma 2.2.8, we obtain

Up41—Ur+1 _1 .
[T lils. 1750 15, ( [T max(lail,)) > c(ups1—u,+1) 7 H, (311 € By).
i€Br vEgS1 "

(2.2.8)
Combining this with (2.2.7), we get
r+1 Ur41
H |x]'¢ S1 H ‘xi’51|Tjr+1 ‘51 ’$1 +oeee xN’51 X (2'2'9)
=0 =1

Upp1—Ur+1

<(TLmantied))™ " (T (o)

I/€Sl iEB,-
> O (uy) 'O (g —up + 1) T Hg (210 € A)Hg, (25 : 1 € B,).

Noticing that for any v € Mk, ,
T}, .1 |» < min(max(|x;], : i € Ay), max(|a;|, : i € B,)),

max(|z;|, i =1,...,u41) < max(max(|z;|, : i € A,), max(|z;], : i € B,)),

we deduce that for v € Mg,

T}, Jomax(|zg], i =1,. .. uppq) < max(|ag], 0@ € Ay) max(|zg), 1@ € By)).
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Taking the product over v € Sj, and inserting (2.2.9), we obtain

r+1 Upr41

H’xji 51 H ‘xi|51 ) |x1 +"'+xN‘51 X
=0 i

Up+T uT+1_u7‘+1
><< m%x]x“,) <Hmax\xw>

vESy

> C'(uy) O (g — up + 1) 1H51(x1, ey Ty )-

Observing that C'(x)C"(y+ 1) < C'(z +y) for x,y > 1 and A, U B, = A4,

we get

- Fr Upy1+7+1
[T lzils TT loilsilan + -+ awls, ( TT mex (il.)
. X ZEAT+1
=0 =1 veES1
> C/(ur-i-l)_lHSl (:Ela cee 7xur+1)-

This verifies (iii) for 7 + 1 in place of r (in case u, < u), and completes the
proof of the claim.
Now for wy, jp, since x1,...,x, are k-linearly independent with u maxi-

mal, we have

N
u+h
[ s JLlwidsider+-+anls (T max(lail,)
i=0 i=1 vg S1
C'(u) "' Hg, (x1,...,2N). (2.2.10)

Clearly we have

max |$Z H |$z|y for ¢ g C = {1 u7j17 cee 7jh}a

1<i<N

V€S1 vESh

SO
— =1
< 1212}](\[(@2 ) H H|$Z|” = H|‘TZ’S1' (2.2.11)
V¢S, vgSy ieC icC

Combining (2.2.10) and (2.2.11) completes the proof. O
Example 2.2.10. Let x1, xo, x3, x4, 5 be k-linearly independent, xg = —x4—

r5 + 2x3. Thenn =6,u=>5v=3,71 =6,u; = u.
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Let xq, x9, x3, x4 be k-linearly independent, xs = 2x3— x4, xg = —3x3+ To.
Thenn =6,u=4,v=271 =6,u; = 3,J2 = 5,us = u.

Letxy, ..., x5 be k-linearly independent, ¢ = —x3+r9—14, 7 = —X5+T71.
Thenn = T7,u = 5,v = 2, and we get j; = 6,u; = 4,70 = 7,us = u, or we
reorder xs, x4, x5 by x%, )y, x5, then we get j; = T,u; = 3,72 = 6,us = u.
Corollary 2.2.11. Let n > 3. Assume x1,...,x, € K; and zn:xl =0 but

=1
no non-empty proper subsum vanishes. Then

n n—1
HSl (xl, . ’xn) g €<n;1) maX(QQKl _2+#Sl,0) (H ’xl‘S1> <H max<|x2’1/)> .

i=1 V¢St

If xq,. .., 2, are k-linearly independent, then we can replace max(2gy, — 2+

#Sl, 0) by 29[{1 — 2 + #Sl
Proof. Simply apply Theorem 2.2.9 for xy,...,x,_;. [

Corollary 2.2.12. Let n > 3. Assume x1,...,x, € Og, and > x; = 0 but
i=1
no non-empty proper subsum vanishes. Then

n
Hsl ($1’ . 71:”) < e(n;1> max (29, —2+#51,0) H ’xi|5’1‘
i=1

Proof. This is a direct consequence since for x € Og,, |z|s, < 1. O

For n = 4, the constant ("71)2& is best possible, as is shown by the

following example from [5].

Example 2.2.13. Let K = k(t), and z1 = (t"+1)3, 29 = —t3", 23 = —=3t"(t"+
1), x4 = —1 where r is a positive integer. Take S to be the set of valuations
corresponding to oo and the prime factors of t(t" + 1). Then #S = r + 2,
z; (i = 1,2,3,4) are S-units, Hg(xy, 29,23, 14) = ¥ = 329x=24#5)  Thys

(n—1)(n—2

implies that for n = 4 the constant 5 ) s best possible.

Remark 2.2.14. Corollary 2.2.12 is much stronger than its analogue over

number fields, i.e., Lemma 2. Lemma 2 first involves an exponent 1 + & on
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n
I |xils, and second an ineffective constant C(n,Sy,€), which is caused by
i=1
the ineffectivity of the Subspace Theorem. We also notice the improvement in
comparison with the result of Corollary 2.1.4, with a much sharper exponent

1 instead of w

Theorem 2.2.9 and its Corollary 2.2.11 imply the following results:

Lemma 2.2.15 (Mason, Stothers). Let L be a finite extension of K = k(t),
and T a finite set of valuations of L. Let vy,72,7v3 be non-zero elements of
L satisfying v1 + 2 + v3 = 0 and v(y1) = v(va) = v(v3) for every valuation
v & T. Then either 2L € k, which means H*(2L) =1, or

H*(ﬂ) < e #TH+20.-2)/[L:K].

V2

In particular, let a(t),b(t), c(t) be coprime polynomials over k such that a(t)+
b(t) = c(t) and not all of them are constants. Then

max(dega(t), degb(t),degc(t)) < deg(rad(abc)) — 1,
where rad(f) denotes the product of the distinct prime factors of f.

Proof. Assume that v1, 7, are k-linearly independent. Apply Corollary 2.2.11
withn =3, K1 =L, S; =T and z; =; (i = 1,2,3) and apply the product
formula. For the particular case that a(t),b(t), c(t) are polynomials from k[t]
without a common factor, let S; be the set of valuations consisting of v, and
those corresponding to the zeros of abe. Then #S; = deg(rad(abc)) — 1 and

thus our assertion follows directly from Corollary 2.2.11. O]

Theorem 2.2.16 (Brownawell, Masser). Assume uy, ..., u, are Sy-units sat-

isfying uy + - - - + u, = 0 but no non-empty proper subsum vanishes. Then

-1
HKl(ulw"aun) <€Xp ((n2 ) maX(#S+2gK1 _270)) :
This is mentioned after Theorem B of [6].

Proof. Apply Corollary 2.2.11 by taking 7" = S; and noticing that for an

Si-unit z, we have |z|s, = 1 and |z|, = 1 for every v &€ 5. O
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Theorem 2.2.17 (Zannier). Let aq,. .., a, € Ky be Si-units such that > a; #
ier
0 for every nonempty I' C {1,...,n}. Putb=a;+---+a,. Then

Z(y(b) —minv(a;)) < (g) max(#S1 + 29k, — 2,0)

vEST

where p = rank{ay, ..., a,}.

This is Theorem 1 of [26], except that there the result was stated #S; +
29k, — 2 instead of max(#5S; + 29k, —2,0). However, the proof in [26] gives
only the inequality with the maximum with 0.

Proof. This follows directly by taking T = Sy,2; = a;(i = 1,...,n) in

Theorem 2.2.9 and using the fact that aq,...,a, are Sj-units. O

Theorem 2.2.18 (Davenport). If f(t),g(t) are nonzero polynomials over k
such that g(t)*> # f(t)3, then

deg(g(t)* — f(t)*) > 5 deg f(t) + 1.

Proof. This is an analogue of Hall’s conjecture over the function fields. It is
first proved by Davenport in [8].

In Corollary 2.2.11, let T" = S be the set S consisting of v, and the
valuations corresponding to the zeros of fg, and x1 = f(t)?, 20 = —g(t)*, 23 =
g(t)? — f(t)3. Then

Hs(f(t)*, g(t)*) < e 2|g(t)* — f(1)°]s-
In particular, when f(t), g(t) are coprime, we deduce that
(3deg f(t) +2degg(t)) < max(deg f(t)°,degg(t)?)
< deg(rad(fg)) — 1+ deg(g(t)* — f(t)°)
< deg f(t) + degg(t) + deg(g(t)* — f(1)*) — 1.

N —

Hence
1
1+ 5 deg f(t) < deg(g(t)” — £(1)®).
The case when f(t), g(t) are not coprime is a direct consequence of the above.
0]






Chapter 3

Geometry of numbers over

function fields

Minkowski’s results on successive minima of convex bodies have analogues
over function fields. These are discussed in this chapter. Our main reference

is Thunder [24].

3.1 Swuccessive minima

Recall K = k(t) is the rational function field over an algebraically closed
field k of characteristic 0 and for v € Mg, R, = {z € K, : |z|, < 1}.
A subset C, of K] is called a v-adic convex symmetric body if it has the

following properties:

e C, is closed and bounded in the topology of K" induced by |- |, and

has 0 as an interior point;
o for every x € C,,a € K, with |a|, < 1, we have ax € C,;
e for every x,y € C,, we have x +y € C,.

Remark 3.1.1. These properties imply that C, is an R,-module.

43
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Let S be a finite subset of My containing v, and Ag = [] K, the ring
vesS
of S-adeles. Consider K as a subring of Ag by identifying € K with the

adele (z,),es with z, = x for all v € S. A subset C of A% is called convex

symmetric if C = [[ C, with C, v-adic convex symmetric for v € S.  We
vesS
need two lemmas.

Lemma 3.1.2. Let v € Mg and C, C K,}. Then C, is a v-adic symmetric
convez body if and only if C, = {x € K : ||Ax|, < 1} for some A, €
GL,(K),).

Proof. First, notice that from the definition, C, is an R,-module. It is also
bounded, hence there is a constant C' > 0 such that ||x||, < C for every
xeC,.

It is easy to see that C, contains a basis of K, since 0 is an interior point.
Hence there exists a free R,-module M of rank n such that M; C C,. Take
a € K, with |a|, > C. Then C, C {x € K : ||x], < |a|,}. Hence C, is
contained in the free R,-module My = aR] of rank n.

As is well-known, R, is a principal ideal domain, hence by Chapter III,
Theorem 7.1 of [16], we know that C, is also a free R,-module of rank n.
Take an R, -basis of C,, let B, be the matrix whose columns consists of this
basis, and let A, = B;'. Then C, = {B,y:y € R'} ={x € K" : || A,x]|, <
1}. m

Remark 3.1.3. For C, = R, we will choose A, to be I,,, the n x n identity

matriz. This does not change C, .

Example 3.1.4. Take v be the valuation corresponding to 0. Then K, =
k((t),R, = C[[t]]. Let C, = {x € Ek((t))" : |x]l, < 1}. Then C, =
{(x1,...,2,) € C((t))" : m; € tk[[t]],i = 1,...,n}. We may take A, =
1
57

diag(%, ..., 1) and this gives C, = {x € k((¢))" : ||A,x][, < 1}.

Lemma 3.1.5. Forx € K"\{0} there exists f € K such that || Ao (fX)||oc =
Hy(x), |A,(fx)|l, =1 forv e S,v# vy and || fx]|, =1 forv & S.
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Proof. For consistency put A, = I, the n x n identity matrix for v &
S. Let {v1,...,um} C Mg\{Vs} be the finite set of valuations such that
|A,x||, # 1, with corresponding uniformizers ¢t — py,...,t — p,, € K. Let

m

n; = —v;(A,x) for 1 <i<mand f = [][(t—pi)™. Then ||As(fX)]|oc =

Hy(x), [|A,(fx)]],, = 1 for i = 1,...,?1 and ||A,,(fx)]],, = 1 for v &

{V1,. ., Vm,Vso }, @s claimed. ]

Z. By Lemma

Let C C A% be an S-convex symmetric body and A € e
3.1.2, there exists A € GL,(Ag), such that C, = {x € K] : ||A,x]|, < 1} for

each v € S. We view O% as a subset of [[ K via the diagonal embedding.

vesS
For \ € e”, define
Mo = {ax:x€Cux,a € Ky, |a|le <A}, (3.1.1)
o= (M) x ] € (3.1.2)
VES, V#Vso
Then
Mo = {x € KL 1 || AscX]loo < A},
and

ANOg:={xeOf: Ha(x) <A}

Remark that by Lemma 3.1.5, for every x € O% with Ha(x) < A, there
exists f € K such that || fx||, = 1 for v # vy and || A ([X)]|ec = Ha(x) < A
In particular, fx € k[t]".

Definition 3.1.6. The i-th successive minimum \; of C is the minimum of

all X € €% such that \CNO% contains at least i K -linearly independent points.
Clearly, given \ € eZ and x € AC, we have H4(x) < \.

Theorem 3.1.7. The successive minima exist and 0 < A\; < - < )\, < 0.
Moreover, there exists a basis X1, ...,%X, of K™ such that x; € \,C N OF, and

| Ao (Xi)||oo = Ha(x;) = N\; foralli=1,... n.
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Proof. For every x € K™\{0}, we have H4(x) € e and also Hx(x) = ¢, > 0
unless x = 0 by Lemma 1.5.2. Hence there is x; € K™\{0} such that
H 4(x1) is minimal. Further, by Lemma 3.1.5 we may choose x; such that
| Aoo (x1)]|c = Ha(x1). Then automatically, Ay = H4(x;) is the first succes-
sive minimum. Successively, for j =1,...,n — 1, we take x;1; to be a point
x € K™ such that x is K-linearly independent of x1,...,x; and H4(x;41) is
minimal with this property, and we may also assume that || A4, (x;11)], =1
for v # v, by Lemma 3.1.5. With this choice, Hs(x1) < -+ < Ha(x,)
and x; € Hu(x;)C for i = 1,...,n, hence \; exists and \; < Ha(x;) for
i=1,...,n. We claim that \; = Ha(x;) and X3, ...,X, are as required. As-
sume the contrary, let i be the smallest index such that H4(x;) > A;. There
are K-linearly independent points yi,...,y; in K™ N \;,C. Clearly, we have
Hy(x;) > N\i > Ha(y;) for j =1,...,4. So by our choice of x;, we know that
each y; is K-linearly dependent of x,...,x;_1, which contradicts the fact
that yq,...,y; are K-linearly independent. This completes the proof of the

claim. O

Theorem 3.1.8. Let C be an S-convex body. Then there is an Og-module
basis ai, ..., a, of O% such that ||Ax(a;)|lcc = Ha(a;) =\ fori=1,...,n.
Also, we have [] \; = | det A|.

i=1

Proof. By Lemma 1.5.4, we can choose a K-basis of column vectors ay, ..., a,
of K™ such that ﬁ Hy(a;) = Ha(K™).

Let u; = H A(Z;l), and assume that p; < -+ < p, without loss of gener-
ality. By Lemma 3.1.5 we may also assume that ||Aw(a;)||cc = Ha(a;) = p,
whence a; € O fori =1,...,n. Then Hy(K") = ﬁ wi and ay, ..., a; € uC.
By the definition of successive minima, we havei:){i < p; for all 7, hence
IT A < Ha(K").

- On the other hand, by Theorem 3.1.7, we may take a K-basis x; oo Xn

with x; € \C, Ha(x;) = A; for all i. By lemma 1.5.4, we have [[\; >
i=1

H4(K™). Therefore, we get p; = A; and [[ \; = Ha(K"™) = | det A.
i=1



3.2. A generalization 47

For v € S'let l;,(x) = Y a;jv; and let A, = (a;j,);; be the n x n matrix

J
with the coefficients of /;, on the i-th row. Let A, = det(l;,(a;)). Note

that |48, = max |lin(a;)],. By the rules of matrix multiplication, we
N

have A,(ay,...,a,) = (li,(a)));; = A,, where (ai, ..., a,) is the matrix with
columns ay,...,a,. Then by taking determinants, we get
[[ldet AL ] Idet(a,....a)), = []IA <]] leilzzx Il (a;)]
ves ves vesS veS j=1
= TIAT 1Al = T] Hate
j=1 ves j=1
= |det A|=]] | det A|,.
vesS

Thus we deduce that [] |det(ay,...,a,), < 1. Since a; € O%, we
ves
have |det(ay,...,a,)|, < 1lforv ¢ S. By the product formula we have

[1 |det(ay,...,a,)|, =1, hence |det(ay,...,a,), =1 for v ¢ S. This im-

vesS
plies that a;,...,a, is an Og-module basis of O%. O

3.2 A generalization

For an arbitrary field L, we denote by L[Xj, ..., X,,]'"" the L-vector space of
linear forms in n variables with coefficients in L. Recall that K = k(t) and S
a finite set of valuations of K containing v,,. Foreach v € S, let my,,...,m,,
be linearly independent linear forms from K,[Xi, ..., X,,]'" and define

C, = {x € K : max |m,;,(x)], < 1}.

1<isn

By Lemma 3.1.2; this is indeed a symmetric v-adic convex body. Then for

C = [] C,, Theorem 3.1.8 gives the equality
vesS

H/\ = H|det My, - M) o,

ves
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with \;;i = 1,...,n the successive minima of [] C,. We may generalize this
vesS
result as follows.

Let S be a finite set of valuations of K containing the infinite valuation
oo. For every v € S, |- |, has a unique extension to the algebraic closure
K,. Letly,, ..., la, m > nbe aset of linear forms in K,[X1,. .., X,]", with

rank n. Let C, = {x € K : |l;,(x)], <1(1<i<m)}and C = [] C,. Since
ves
rank(ly,,...,ln,) = n, C is indeed a convex symmetric body. We say that

{liy, .- b} is Gal(K,/K,)-symmetric, if for every o € Gal(K,/K,), the
linear forms o(ly,),...,0(l,,) are a permutation of ly,,. .., Ly, With this
setting, we have the following result, which is a function field analogue of a

result from the geometry of numbers over number fields by Evertse [9].

Theorem 3.2.1. Let £, = {l1,, ..., I} C K, [X1,...,X,] be a Gal(K, /K,)-
symmetric set of linear forms of rank n for each v € S. Let A\i,..., \, be the

successive minima of C. Then

n

A\ > H max det(l;,,.....1;
H 1 == 1<i1<-~-<in<m‘ (ZlV? ) an/)|V7
=1 vesS

n

H s < elm—1ns/2 Eq1<ilg-1--a<}§n<m [ det (L, -5 liu)|o-
Proof. Let v in S and define G, := Gal(K,/K,). Since £, = {l1,, ..., Ly}
is Gal(K,/K,)-symmetric, we have an action of G, on £,. Consider the
G,-orbits and without loss of generality, assume that [y,,...,1[,, are repre-
sentatives for the orbits. Let Kj;, be the field over K, generated by the
coefficients of [;,, and oW ™) the K, -isomorphic embeddings of K,

[ 2 A 1Y)

into K, where m;, = [Kj, : K,]. Then it is clear that

£, = JloD W), ... ol (1)} (3.2.1)
i=1

This implies
C,={xeK}: |l, x), <11<i<nr}.
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Let O;, be the integral closure of R, in K;,. Then it is a free R, module
of rank [K;, : K| (see [22], Chap. II, Prop. 3). Let ww), L w™) be an

w

R,-basis of O;,. Then it is also a K ,-basis of K;,. Hence we may write
Zw U, (3.2.2)

where M(j) € K,[Xy,...,X,]'m. By the choice of our R,-basis, it is easy to

see that for y = iw xj, with z; € K,,, we have |y|, < 1 if and only if
i=

|z, < 1forj=1,...,ms. Hence |l (x)], < 1if and only if [M(x), < 1

for j =1,...,m;, and therefore
C,={xe K" |IMPx), <1(1<i<r1<j<mu)}

By (3.2.1), we have > m;, = m. Let {M,, ..., M, } be the linear forms
i=1
M(J)(l <r,1<j<mg) in some order. Then

C,={xeK}:|M,x)|, <1(1<i<m)}.
Without loss of generality, we may assume that for each v € S,

| det(My,, ..., M), = max | det( My, M )|

1<i1 <-<in<m

By Lemma 3.1.2, we must have |det(My,, ..., M,,)|, > 0, so we may write

M;, = > &pMy,, with &, € K, for all j = 1,...,m. By Cramer’s rule,
h=1

det(Ml,,,...,Mjl,,...,Mnu)
det’(MlV:"'7MhV7"'7Mnl/)

inequality, we have |M;,(x)], < max | M, (x)|,, for every x € K. Therefore,
<i<n

we have §;;, = and hence ||, < 1. By the ultrametric
we have
C,={xeK}:|My,(x), <1(1<i<n)}

By Theorem 3.1.8, we have for the successive minima of C

1Y = []ldet(Mu,.... M)l

i=1 ves

— 1}91@1?%@ | det(M;,,, ..., M;, )|, (3.2.3)
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By applying ai(i), o ,ai(:””) : K, — K, to (3.2.2), we infer that

iz

afﬁ)(li,,) = Zagf)(wg))M(j) I1<h<m,1<i<r.
j=1

o

In view of (3.2.1) we may write this in a matrix form

l MY

: = QI/ )

L M)
or simply £, = 2, M,,, where €, = diag(B,, ..., B;,) is a block matrix with
B, = (ng) (wg)))h,j. Since wg), . ,wi(:””) is an R,-basis of O;,, and integral

(h)

w

()

over R,, we know that their conjugates o,,’(w;,’) are also integral over R,,

and moreover that every matrix By, is invertible. Further, every entry of {2

is of the form g fo- with [ul, < 1.
T

Now we have |det,|, = [] |det By,|, and as is well known, (det B;,)?
i=1
generates the ideal D, /i, , where Dy, sk, is the local discriminant of K, /K,.

Recall that K, is complete, hence there is exactly one valuation V;, on K,

above v, with ramification index e;, = m;,. By Lemma 1.2.3,
2- I/(det Bw) = €y — 1.

We deduce that

r
2(67;,,71)/2 —m-+r —m+1

T
H|detBi,,|l,:e i=1 =e 2z e 2
i=1

Hence ! = (wi);; with [w¥], < ™ . From M, = 'L, we know that

each M;, is a linear combination of the linear forms I;, with coefficients whose
| - |,~value is at most e™~1/2, Combining this with (3.2.3), and applying the
Cauchy-Binet formula from linear algebra which is valid over any field, we
conclude that

n

H \; < elm—bn#s/2 H max | det(liy, s linu)o-

. 1< << <m
i=1 ves
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On the other hand, each entry of M, has |- |,-value no more than 1,
hence similarly as above, we have

max | det(liyyy -y linw)]y < max |det(M;,p, ., M;0)lw,

. > v . n
1<i1 < <ip<m 1<t < <ip<m

which combined with (3.2.3) gives

n

H A = H lgilgi}gngm |det(liyn, -y lipw)]w-
=1 vesS
O

Remark 3.2.2. The proof of Theorem 3.2.1 remains valid if for v € S, we

take sets of linear forms {li,, ..., lmw) .} of different cardinalities m(v) > n,

and different numbers r(v) of G,-orbits. In that case, our estimate for [ A;
i=1
becomes

H)‘i < Hen(m@)ﬂ(u»/z max | det(li,y, ... L)

i1,
i=1 ves B

Now let L be a finite extension of K of degree m and of genus g;.

Lemma 3.2.3. Let ¢ = e*t. Then for every tuple (o, : w € M) such that

a, € e forw e My, o, =1 for almost all w, H Q. = ¢,
weMTp,

there is an x € L* such that |x|, < a, for allw € M.

Proof. Let o, = €™ for w € My with r, € Z and r, = 0 for almost

all w. Consider the divisor D = ) r,w. By the Riemann-Roch theo-
weMTp,
rem, if degD = > 1, > 2gr, then the dimension dimg{z € L : w(x) >
wEeMy,
—r, for w € My or x = 0} is positive, hence there exists = € L* such that

w(z) = —ry, ie., |z|, < a, for all w € M. O






Chapter 4

Reduction theory for binary

forms over k()

In this chapter we work out a reduction theory for binary forms over k(t).
This is a function field analogue of the reduction theory over number fields
developed in [9]. We follow the arguments from [9].

Recall that K = k(t) and S a finite set of valuations of K containing the
infinite valuation v,,. For a binary form F(X,Y) = o X"+ a; X" 'Y +.-- +
a,Y" € Og[X,Y], let

Hg(F) = [ [ max(|acly, .- -, |an|,)-

ves

We say that two binary forms F, G € Og[X, Y] are GL (2, Og)-equivalent if
for some u € OF and (25) € GLy(Og), we have

G(X,Y) =uF(aX 4+ bY,cX +dY).

This equivalence relation preserves the S-value of the discriminant: |D(F)|g =

[D(G)s-

Definition 4.0. A binary form F € Og|X,Y] is called S-reduced if Hs(F) <
Hs(G) for each binary form G that is GL (2, Og)-equivalent to F.

93
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This is well-defined since Hg(F) always lies in eZ and for F € Og[X,Y]
we have Hg(F) > 1.
Remark that by (1.2.1), we have |D(F)|s < Hgs(F)*" 2.

4.1 Discriminant and genus

Let F' € Og[X,Y] be a binary form with D(F) # 0 and deg F' = n. The
ring Og is a localization of k[t], hence it is a principal ideal domain. So we
may factor F' as F' = F} --- F; where F; € Og[X,Y] is an irreducible binary
form over K. If F;(1,0) # 0 we may assume that F; = F;(1,0)Ng, k(X —a;Y)
with K; = K(«;), where «; is a root of F;(X,1). Let O; be the integral
closure of Og in K;. Since Og is a principal ideal domain, O; is a free Og-
module of rank [K; : K|. Assume it has an Og-basis {w;,...,ws} where
d; = [K; : K] = deg F;. The relative discriminant D; = Dy, /x (w1, .. .,wq,) of
an Og-basis wy, ...,wy, is determined up to a multiplication by an element
of Og, hence the discriminant ideal Do, 0, of O; over Og generated by D;

is uniquely determined.

Lemma 4.1.1. With the notation as above, we have D;|D(F;) for i =
1,....d

Proof. The proof is similar to that of Lemma 3 of [2]. We have included it
for convenience of the reader.

We may assume without loss of generality that F'(1,0) # 0 for if not,
we may replace F' by F(X,mX +Y) for some integer m with F(1,m) # 0,
which does not affect F; and D(F;) fori=1,...,d. Fixi € {1,...,n}. If F;
has degree 1 then (D;) = (1), D(F;) = 1. Assume that F; has degree d; > 2.
By assumption F'(1,0) # 0, hence

Fi = boX % + 0 XY 4+ b0, Y = boNg (X — a;Y),

where b; € Og and by = F;(1,0) # 0.
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Let

01 = boa; + by,
0y = boa? + b + bo,

0g1 = boa® bt 4 by .

We claim that they are integral over Og. This is equivalent to the assertion

that 0, —b; is integral over Og for j = 1,...,d; —1; we prove this by induction

onj. For j = 1,since 3 ba%™" =0, we have 3 bpbl ™! (bye;)~" = 0, hence
h=0 h=0
01 — by is integral over Og. Now let j > 2 and suppose the claim is true for

j — 1. Then using 0; = ;0,1 + b; and 6;_,« d It = Z ba, _nal

v, we
h=d;—j+1

d;
deduce from 3 bya®~" = 0 that

h=0
(6; — b)) "J+1+Zbd _h07 (0 — b))

_ Hd ra d—y+1+ze “hy_pal

Z

d;
di—j+1 d;—j+1 di—j 2 :
— 9]'11]-’_ aiz J+ _jSlj bdi—ha?
h=d;—j+1
= 0.

Therefore 6; — b; is integral over Og[f;_4], and hence it is integral over Og

by the induction hypothesis. This completes the induction hypothesis.

Consider the relative discriminant of {1,6;,...,04_1}:
1 0 0\ 2
by by - O i
DKi/K<1,(91,...,9di,1) = det . N l)Ki/K(l,Oéi,...,OéiZ )
bdi;l b1 bo
— bgdi—Q H (a(h) N a(l))Q
3 K
1<h<I<d;

— D(F), (4.1.1)
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where agh) denotes the h-th conjugate of o; in K;, and the last equality comes
from the definition. Also, we have 6; = > ajpwy, with a;, € Og. Then we
h

have
DK,/K(ly 917 s 79di—1) = det(ajh)zDKi/K(wlv SR 7wdi>‘ (412>
Now (4.1.1) and (4.1.2) complete the proof. O

Because taking the discriminant commutes with localization (see [15]),
the ideal Do, 0, of Og is also generated by the relative discriminant ideal
Do, of the integral closure Ok, of k[t] in K;, so Do, j0s = Doy sk Os. See
also Chapter III, §2, [18].

Lemma 4.1.2. Let Ky,..., K, be as before. Fori=1,...,d, let gk, be the
genus of K;. If #S > 1, then

d
H e295; < 6(#5—2)(n—d)|D(F)|S_

i=1
Proof. By Lemma 1.2.3, we have an element p of k such that if v = v, is its

corresponding valuation,

v(Doy,) = Y _ V(Do ) = D _(e(wlv) = 1).

wlv wlv

Further, by the Riemann-Hurwitz formula,

2K, —2 = [Ki:K]Q2gx —2)+ ) > (e(w]y) —1)

voowly

= —2d;+ Y (e(wly) = 1)+ Y v(Do,,)
veS wly vgS

< =2+ )Y (e(wly) = 1)+ > w(D(F)),
veS wlv vgS

where the last inequality comes from Lemma 4.1.1.

Since f(w|v) =1 for each w|v, we have ) e(w|v) = d;. By the definition
wlv

of the resultant, we have

d

D(F)= [ RFE)?I]D(F), (4.1.3)

1<i<j<r i=1



4.2.  Preparations on polynomials o7

d
where R(F;, F;) € Og. Hence [[ D(F;)|D(F).

=1

d
Using > d; = n, we get
=1

)

d d
Y 20k —2) < Y (2t ) (di—1))+ Y v(D(F))
=1 i=1 ves vgS
= (n—d)#S—2n-Y v(D(F)).
vesS
d
Thus, we conclude that [] e?%: < e#S=20=d)| D(F)|s. O

=1

4.2 Preparations on polynomials

Let K = k(t). We still denote by |-|, the unique extension of |-|, to K. Re-
call that for P € K,[X1, ..., X,,] we have defined | P|, = max(|ai],, - - ., |an|s),
where aq, ..., a, are the non-zero coefficients of P. For a finite set S of val-
uations containing {v}, P € K[X1,...,Xy], define

Pls=C TT 1P for P £0,
veEMgK\S
and |0|s = 0 by convention. This is well-defined since |P|, = 1 for almost
all v € Mg. For P = a a constant, we have by the product formula |P|s =
IIlal,. If P e Og[Xy,...,Xn\{0}, then |P|s > 1. Clearly, |aP|s =

veS

la|s|P|s for a € K*, P € K[Xy,...,X,,]. Define the inhomogeneous height
of P e K[Xi,...,Xp] by
H*(P) =[] max(1,|P],).

veEMg
For P € Og[X},...,X,], we have |P|, < 1 for every v ¢ S, hence

H*(P) = | [ max(1,|P],).

veS
Similarly, for a finite extension L of K, and P € L[X;, ..., X,,]|, we define

1/[L:K]
H*(P) = ( 11 maxu,\P\w)) .

weMp,
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Lemma 4.2.1. Let P € Og[X,Y] be a binary form. Then there ezists u €
O% such that H*(uP) = [] |Pl,.

ves
Proof. We may write P = £ (bg X" +b; X" 'Y +---+b,Y") € Og[X, Y], where
a,b; € k[t](1 < i< n), ged(by,-..,bn,a) =1 and
Since ged(b, - - -, by, a) = 1 we have in fact |a|, =1 for v € S, i.e., a € OF.

b
a

v < 1 for every v & S.

l

Assume that ged(bg, ..., b,) = b ] (¢t — pi)™ with h; > 0,p; € 5,1 < i <1
i=1

and b € k[t] a polynomial with zeros outside S. Let

bi a

., u= )
(t = pi)hi (t — pi)h

, —_
b; = l l
i=1 i=1
Then

b, € OsNEk[t](0 < i< n), ue OF

and
1
P==(bX"+ b’lX”’lY + B Y™,
U

We deduce that

* o _ _ deg ]
H*(uP) = Hgmax(l, |uP|,) = max(1, |uP|s) = Orgﬁag;(e ).
ve

On the other hand, we have that ged(bj, ..., b)) = b is coprime with t —p
for each p € S with p # oo, hence 1H<1'82X(|b;|”) =1 for v € S\{oo}. Recalling
that u € OF, we see that o

y [T max([bjl,)
[11PL = ] max(™) ="

ves VGSogign u a H |u’1/

ves
_ / o *
= 11 max(|bily) = H" (uP).
vesS

O

Clearly, this result only depends on the coefficients and hence can be

extended for polynomials in more variables.
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For F(X,Y) = aoX" + a1 X" 'Y + -+ 4+ a,Y" € Og[X,Y], let L be its
splitting field over K, and G = Gal(L/K) the corresponding Galois group.
In this case, Np/k(P) = [] o(P).

oeG

Lemma 4.2.2. Let F' = aNp k(l). Then there are a’ € K* and X\ € L* such
that F = o' Nk (I') where I' = Xl € Op[X,Y], and

e I 1P <ldls< ] 1P

I/EMK\S VEMK\S

Proof. Notice that by section 1.4 the sets £(w|v) (w|v) are a partition of
G = Gal(L/K), so

Nyl =TT le@L =TT II le®l =TT ..

oeG wly oe€(wlv) wlv

Let wy € T. Then by Lemma 3.2.3, there exists A € L* such that

[Alwe < €9 [T [Npyx (D],
VES

<1 for w € T\{wo},
Ao < 151 for w € M \T.

For this A and ' = aNp/k(\)™', we see that F' = a'Np/k(Al) and the
coefficients of Al are in Op. Hence, we have Np,x(I') € Og[X,Y]. So we

have
|F], = |d[,|Npyx ()], < |d'|, for v & S.

From the product formula, we deduce that |a'|s < ( [[ [F],)"" and
VEMK\S

la'ls = lalsINLcV)s' =lals [T A"

weT
> e als [ 1INk
veMp\S
= e ] IFL"
vEMK\S
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Lemma 4.2.3. Let F(X,Y) = aoX" 4+ a; X" 'Y + -+ +a,Y" € Og[X, Y]

be a binary form with D(F) # 0. Then we have a factorization F = a [] 1;,
i=1

where a € K* and the l; are linear forms in Or[X,Y]| such that for every

oG, oly),...,o(l,) is a permutation of ly, ..., 1,.

Proof. Since K[X,Y] is a UFD, we may assume F = f;--- f, with f; irre-
ducible over K, 1 <1< g.

For a fixed i with 1 < < g, if f; # Y, we may write f; = ¢;Np,/k (I;), with
L; a subfield of L/K generated by a root of f;(X,1), ¢; € K,l; € L;[ X, Y]in.
By Lemma 4.2.2, we have f; = ¢,Ny,/k(l}) with ¢, € K,l € Op[X, Y],
So we have F' = alg[ Nik(l;) with a € K,l; € Op[X,Y]. This gives a
factorization into lir;g;r forms of Or[X, Y], up to a scalar in K.

For every o € Gal(L/K), the restriction 0|z, is a K-isomorphism of L;,

hence o acts as a permutation. This completes the proof. O]

Remark 4.2.4. In accordance with Lemma 4.2.3, later we will view o € G

as a permutation of (1,...,n) such that o(l;) = l,u) fori=1,... n.

4.3 Reduced binary forms and successive min-

ima

Let F(X,Y) € Og[X,Y] be a binary form of degree n > 1 with D(F') # 0,
and let L be the splitting field of F(X,Y) over K and G = Gal(L/K). By
Lemma 4.2.3 we have a factorization F' = a ﬁ l; with [; € L[X,Y]" and for
each 0 € G a permutation o(ly),...,0(ly) o%:li, .

For w € M}, and o € G, there is w o 0 € M|, such that |x|wee = |o(2)],
forx € L,andwoo €T if and only ifw € T.

Definition 4.3.1. We call A = (A, : w € T,i = 1,...,n) an admissible
tuple if Aiy >0 and As)w = Aijpos forw e T, o€ Gii=1,...,n.
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For v € S, denote by A(v) the set of valuations of L lying above v, and
put
C,={x€K2:|li(x)|, <Ay fori=1,....n, wv} (4.3.1)

It is easy to check that this is a v-adic symmetric convex body since D(F) #

0. Consider C = [] C, and let A\;, Ay be the successive minima of C. Here C,
ves
and C depend on A, but for convenience we omit the subscript A here. To

estimate A1 \g, we try to rewrite C, so that Theorem 3.2.1 can be applied to
it.

Lemma 4.3.2. Let A be an admissible tuple and let A1, Ay be the successive

minima of C. Assumen > 2. Then

dot (1.1 1/[L:K]
Mg = ( max M) , (4.3.2)

oT I<i<jsn AiwAjw

dot(l.1 1/[L:K]
My < e(MTD#S max I det(, 1)l ‘ (4.3.3)
oT 1<i<j<n AiwAjw

Proof. First, let s(w) = [L, : Kl if wjoo and s(w) = 0 otherwise. As
C,={xeK?:|l;(x)], < Ay, fori=1,...,n, w|v}, we have

AC, = {|Li(x)|w S XMW A, fori=1,...,n, wr}}

By Theorem 3.1.8, we can choose an Og-basis {y;,y2} of O% such that

y: € MiC,i = 1,2. Since det(l;, ;) det(y,y2) = det (ll;(gfl% Zgi%), we deduce

that
| det(l;, ;)] _ 1 det (li()’l) li()’2))’
AiwAjy, |det(}’1,y'2)|wz4mz4jw L) Li(y2) ) |,
()\1)\2)8(“)
|det(YI7YQ)|w'
Hence
det(l;. 1 )

i | det(ls, ;). <( 1\2) :<)\1)\2)[L:K].

1<i<j<n AiwAjw = | det(yl, yQ) |T

weT
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This gives (4.3.2).
For the second inequality, put B;, = A /_gl”(i)w with corresponding w €

1
A(v) and o € E(w|v). We show that this is independent of the choice of w, 0.
Let w’, 0’ be another pair with w’ € A(v) and ¢’ € £(w'|v). Then wo T =’

for 7 = 0710/, and by the admissibility of A,
Aa’*l(i),w’ = ATflafl(i),w’ = Aafl(i),w’OTfl = Aafl(i),wa

hence the B;, are well-defined. Moreover, since £(w|v) is a right-coset of
Gal(L.,/K,), if j = 7(i) for 7 € Gal(Ly, /K,), then B;, = Bj,,.
With this notation, by (1.4.3) we have that for x € K? the condition

11:(x)]w < A for 1 < i < n,w e A(v)
is equivalent to the condition
lo(l;)(x)], < Boy, for 1 <i<n,we A(v),o € E(w|v),

that is,
oty (X)]s < Bogiy for 1 <i < n,o € Gal(L/K),

which is equivalent to the condition
|l;(x)], < By, for 1 <i < n.
Altogether, we get
C,={x¢c K?:|l;(x)|, < By, for 1 <i < n}.

Since | - |, is normalized, the value set of K* is €%, hence for v € S, we

can choose a;, € K, 1 <1 < n satisfying

Bizl/e < |aiu‘1/ < Bz‘u (]- < i < n)
a;y, = aj, if i = 7(j) for 7 € Gal(L,, /K,).

Put m;, = a;lli for v € S;1 < ¢ < n. By the choice of [; and a;,, the
system {my,, ..., my,} is Gal(K,/K,)-symmetric. Further, let

C=1{x€ K?:|my(x)], <1for1<i<n}.
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Then C, C C,. Hence, the successive minima A}, X of [] C., satisfy \; <

vesS
for © = 1,2. By Theorem 3.2.1, we have

Mo < NN, < el 1#51_[ max | det(m;,,m;,)|,

1<z<]<n

_ e(n—l)#SH s | det(ls, ;)]
iy 1<i<j<n |aiyaij|u

‘ det(ll, lj)‘,/

PV

< e t#s max ————————, (4.3.4)
J‘e_“[s 1<i<j<n Bi,,le,

Finally, by (1.4.3) we have
| det(ls, )| = lo(det(ls, 1)) 7 = [detUoq), L) 2

for w|v and o € E(w|v), where g, = #&(w|v). This leads to

| det(l;, 1;)] | det(lo(i); loi)) |
15133'};11 AzwA]w H H 1<z<j<n :

wlv wly ce€(w|v) J(i)’VBU(])’V

1 | det(logiy, o)) |

max
1si<isn - B Bo(j),w

o€Gal(L/K)

7 [L:K]
_ (max |det(l,,l])|,,) |

1<i<jsn By, By,
hence we deduce that

/[L:K]
|det(li,l]')‘y . ’det(lz,ljﬂo.)
es T

we

Together with (4.3.4), this implies (4.3.3), and we complete the proof of our

lemma.

Using Lemma 4.3.2, we can prove the following

]

Theorem 4.3.3. Let F € Og[X,Y] be a binary form of degree n with non-

zero discriminant and with splitting field L over K, and choose a factoriza-

tion F = a ] l; with a € K*,l; € L[X,Y]" such that for every o € G,

=1
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(o(ly),...,0(l,)) is a permutation of (Iy,...,1,). Put
M = H HAiwa
weT i=1

R=TT max [t

oop Lsi<isn A Aju

(i) If n > 2 and F has no factor in K[X,Y]" then F is GL(2,0g)-

equivalent to a binary form F* such that
H* (F*) < e"("+1)#s|a\%R”/[L:K]M2/[L:K].

(ii) If n = 3 and F does have a factor in K[X,Y]%", then F is GL (2, Og)-

equivalent to a binary form F* such that

H*(F*) < (en(nﬂ)#s|a|§Rn/[L:K]M2/[L:K])(”*1)/("*2) .

Proof. By Theorem 3.1.8, we have a basis a; = (a11, as1),as = (a2, as) of

O% such that a; € \; [] C, for i = 1,2. Hence we have

vesS
Li(an)e < A% A,
li(as)] | (4.35)
@)l < A Aw,
for 1 <i < nwe T, with s(w) = [L, : K« if w|ve and zero otherwise.
Take U = (git as2). Then U € GL(2,0s), and Fy = a [[ m; with m; =

i=1

li(a;) X + l;(ag)Y for i = 1,...,n. We deduce that for w € T

[Folo < lal ] [max(li(an)le, [l(az)].)

=1

< aloXs™™ T A
Also, we have

[T laks = lal=9, T] 1Fvle = [Fo |

wlv wlv
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and

S s(w) = [L: K],

weT

therefore, we get

H \Ful, = (H |FU|w)1/[L:K] < Ials/\ZMl/[LZK]_

ves weT

By Lemma 4.2.1, there exists v € O% such that " = ufFy satisfies
H*(F*) =[] |Ful,, hence

ves

H*(F*) < |a|s 3 MYIEE] (4.3.6)

What remains is to estimate \y. First assume that F' has no linear factor
in K[X,Y], so F(a;) € Os\{0}. Now by (4.3.5) we have

1< H |F<al)|w = H |a‘w . H H |li(al)|w < ’a“gL:K])\?[L:K]M.

weT weT weT 1=1

Together with Lemma 4.3.2, we deduce that

A< en(n—l—l)#s|a|SRn/[L:K}M1/[L:K]7

and therefore by (4.3.6),
H*(F*) < en(n+1)#s|CL|§1RTL/[L:K]M2/[L:K].

Next assume that F' does have a linear factor in K[X,Y]. If F(a;) # 0,
we still have the above result. Assume F'(a;) = 0 and n > 3. Without loss

of generality, let l;(a;) = 0. Since D(F') # 0, we have

n

W o= aly(a) [ [ Li(an) # 0.

i=2
As aj,ay € Og, we have by Gauss’ Lemma

n

Wl < lalo [] il = [Flo < Lfor w ¢ T

=1
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Hence, using (4.3.5) we deduce that

1< J[Ivk

weT

< M) ] lalo

weT

= lals™ ()M,
Then together with Lemma 4.3.2, we obtain

n—2 n—2 n—1 -
A2 A2 (NN |a] g M TERT
< ‘ayse(nz,l)#sMu[L:K]R(nq)/[um’

and finally, by (4.3.6)

HY(F*) < (en(n+1)#s|a|§Rn/[L:K]M2/[L:K])(”*1)/("*2) .

O

Remark 4.3.4. The binary form F* depends on the admissible tuple A. We
say that F™* is associated with A. By taking the special case A;,, = 1 for

1<i<nweT, we obtain:

Corollary 4.3.5. Let F' € Og[X,Y] be a binary form of degree n with non-
zero discriminant. Then with the same factorization of F as in Theorem
4.5.8,

(i) if n = 2 and F has no factor in K[X,Y]"™ then F is GL(2,0g)-

equivalent to a binary form F* such that

H*(F*)<6n<n+l>#5|a|g( max | det(l;, 1;)].

1<i<g<sn
T

>n/[L:K]

we

(ii) if n >3 and F does have a factor in K[X,Y]"™ then F is GL(2,Og)-
equivalent to a binary form F* such that

)
H*(F*><<en<n+l>#5|a|%( e [deti )L ) )
\2<]\7’L
weT
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Corollary 4.3.6. Let F' € Og[X,Y] be a binary quadratic form of non-zero
discriminant D(F). Then F is GL (2, Og)-equivalent to a binary form F*
such that H*(F*) < 5| D(F)|s.

Proof. If F is irreducible over K, then we may factor as F' = al;ly with
a € K* ly,ly € L[X,Y]'™ conjugate over K and in this case, n = 2, [L : K| =
2 and D(F) = a®det(ly,l5)?. Take Ay, = Ay, = 1 for every w € T. By
Theorem 4.3.3, there exists a binary form F™* equivalent to F' such that

H*(F*) < 5| D(F)|s.

However, if F'is reducible over K, then L = K,T = S. We follow the
idea in the proof of Theorem 4.3.3. We may factor F' as F' = lil, with
li,lo € K[X, Y], Take Ao = |l1]s, Aze = |l2|s, A = 1 for v € S\oo,i =
1,2. Further, take a;,a; € O% as in proof of Theorem 4.3.3. Then one of

l1(a1),l2(a;) is non-zero, say, [1(a;) # 0, and we have

1= ][ @)l

veEMg

< H |l (an) |y H 1],

vesS vegS

< Mlhls H 1l
vES

- )\1.

Applying Lemma 4.3.2, we get
Ao < Mg < 5| det(ly, 1) |s/|llals-
Hence there exists F* equivalent to [’ such that
H*(F*) < e deg(ly, lo)|§ = €| D(F)]s.
]

Corollary 4.3.7. Let F € Og[X,Y] be a binary cubic form of non-zero
discriminant D(F'). Then F is GL (2, Og)-equivalent to a binary form F*
such that
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)

N~

(i) if F is irreducible over K, then H*(F*) < e'*#*5|D(F)|
(ii) if F is reducible over K, then H*(F*) < e'*#5|D(F)|s.

Proof. Factor as F' = aljlyls. Take Ay, = |det(ly, )], for i =1,2,3,w €T

with {i,7,h} = {1,2,3}. This gives an admissible tuple. Indeed, for o €
Gal(L/K),w € T and i = 1,2, 3, we have

Aoy = | det(ogy, logm)lo'
= Jo(det(l;, In))|,"

— [ det(l;, 1n)
Asors-

‘71
woo

By [] |al = |alt*™, we have
wlv

3
T I 4w = (] ] | det(ls, o) det(la, Is) det (ls, 1) [, 1)),

weT =1 vesS
and further,

max M = | det(ll, lg) det(l2, l3) det(lg, l1>|w7

1<i<y<3 AiwAjw
a4(det(l1, lg) det(lg, l3) det(lg, l1)>2 = D(F)

Now an application of Theorem 4.3.3 gives the desired result. ]



Chapter 5

Height estimates in terms of

the discriminant

We are going to prove a generalization of Theorem 1 in the introduction.

Main Theorem. Let K = k(t) and S a finite set of valuations of K con-
taining vs.. Let F € Og|X, Y] be a binary form of degree n > 4 with non-zero
discriminant. Then F is GL (2, Og)-equivalent to a binary form F* such that

H*(F*) < e(n—l) (#S(n+11)—5) ‘D(F) ‘zo_i_%.

We mainly follow the arguments from [9].

5.1 Consequences of the Riemann-Hurwitz for-

mula

First we deduce some consequences of the Riemann-Hurwitz formula. In
this section, let K; be a finite extension of k(t), unless otherwise stated.
Here k is an algebraically closed field of characteristic 0, this implies that

all residue degrees are 1. Let L be a finite extension of K;. Then by the

69



70 Chapter 5. Height estimates in terms of the discriminant

Riemann-Hurwitz formula, we have
29, —2=[L: Ki]29,, = 2)+ Y_ > (e(VIy)—1).
IJEMKI V|l/
We denote by 7 a finite set of valuations of K, and by T the set of valuations
of L above S;. Clearly, we have #7T < [L : K1]#S;. For v € My, , we put

Rk, v = > (e(V]r) — 1), where the sum is taken over all valuations V' of L
Vv
lying above v. Then 0 < Ry /k,, < [L: K] —

Lemma 5.1.1. 2g9;, — 2+ #T = [L : Ki](29x, =2+ #51) + >_ Ri/k, -

veS
Proof. By the Riemann-Hurwitz formula, we have
QQL -2+ #T
= [L: Ki](29K, —2) + #T + Z Rp/k, 0+ Z Rijr v
vesS) vEgS1
— [L: K@ =2+ #T+ D0 (Y eVIn)) = #T+ 3 Rujmcrs
veSt Vv vgSy
= [L : Kl](QQKl — 2) + Z[L : Kl] + Z RL/Kl,V
l/ESl I/€31
= [L: K20k, — 2+ #S) + Y Ri/kiw,
vES1
as claimed. N
Consider the compositum L of finite extensions L, ..., L, of K.

Lemma 5.1.2. Let v € Mg,. Then é/}f;lf Z R[z /z]u

Proof. 1t suffices to prove this in the case r = 2. Then the general statement
follows easily by induction.

So assume r = 2. Let w € My with w|v and let V; € My, Vo € My, be
such that w|Vj,w|Vs. We have the diagram

L,
e(wy W Va)

Liv, Loy,

e(vm %vzm
K,
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Since all residue degrees are equal to 1, every ramification index is equal
to the extension degree. By general theory of field extensions, we know that
e(w|Ve) < e(Vilv),e(w|Vh) < e(Va|v) and e(w|v) = e(w|Vh)e(Vi|v). On the
other hand, since every ramification index is a positive integer, we deduce
that

(e(w[Va) = 1)(e(w[1) = 1) = 0,

hence
(| Va)e(Valp) — (Vi) — e(w|V2) > —1,

and therefore
e(wVi)(e(Vilv) — 1) + e(w|V2)(e(Va|v) — 1) = e(w|v) — 1.

By taking the sum we deduce that

(e -1) < X (X ey - 1)

we Mg V1€ML1 w € My,

wlv Vilv w|Vi
Y (X @ -).

Va € Mg, w € My,

Valv w|Va

Noticing that > e(w|V;) = [L : L;] for i = 1,2, this leads to
w|V;

Rijiyw <L LyRp, ko + (L2 Lo Ry i, 0
which implies the desired result. [

We deduce some other genus estimates that will be needed later.
Recall K = k(t). Assume that F'(1,0) # 0. Then we may assume that
F=al][(X —aY),a € K* and that for every o € Gal(K/K), there is a
j=1

permutation of (1,...,n), also denoted by o, such that for j = 1,...,n we
d

have o(a;) = ag(j). Suppose we have a factorization F' = [] F; where
i=1

F;, € Og[X,Y] is a primitive irreducible binary form of degree n;. Let

a;j,7 =1,...,n; be the zeros of F;(X,1) among ay,...,a,. Then all terms
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Ri(a, )/ k0, 1 < j < ny are equal. We put Ly = K(ay;) fori=1,...,d,j =
1,...,n;,and I ={1,...,n}. Then

d n;
Z Z RL”/K” ZRLH/K,, (5.1.1)

For such a field L;; and a valuation w of O, lying above the valuation v of

k[t], we have by Lemma 1.2.3

v(Doy, w) = ) _(e(w|v) = 1).

wlv

Further, by Lemma 4.1.1, we have Ry, /k, = V(DOLij/k[t]) < v(D(F)) for
v ¢ S, hence

Y Ruyxe <Y v(D(F)) =~ v(D(F)). (5.1.2)

vgS vgS ves

For any set of indices J = {i1,...,im} C {1,...,n} weput L; = K(o,,...,,,),
and let T'; be the set of valuations of L; above S. For each i € {1,...,n} we
choose i € {1,...,d} such that «; is a root of F;. Recall that ' = Fy--- - Fy,
where F; is an irreducible factor of F' in Og[X,Y] with F;(a;,1) = 0. Then
by Lemma 5.1.1 with gx = 0 and Lemma 5.1.2, we have

2gLJ—2+#TJ RLJ/KU
= (24 #8) +
L, K] (=2+# Z K]
RKa /K,v
< —2+#S+ZZ—’
vgsS ieJ O‘Z 'K]
= —2+#S+Z ZRKO%/KV
VQS
< 2+ #S - ZZ : (5.1.3)
ieJ veSs egF

Applying this to J = I and combining this with (5.1.1) and (5.1.2), we
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obtain for the splitting field L of F' over K,

2 L —2 #T - v(D F{
% < (—2+#5)_V€S;%Fi>>
d
= (=24 #8) - > _v(][D(F))
vesS =1
< (=24 #S5) - ) _v(D(F)),
vesS

where the last step follows from (4.1.3).

On the other hand, by Lemma 5.1.2, we have
291, — 2 Rp/kw

- 9 ’
LK t 2w

veMg

oy 33 M

veMg i= 1] 1

= —2+ Z ZRLU/K’V'

vEME 1=1

N

Let g; be the genus of L;;,72=1,...,d. Then

2gi—2=—2[Ln: K|+ Y Rp,xui=1,...4d

veMg
SO
21 — 2 d
<—2+5 (2¢, — 2+ 2ny), (5.1.4)
[L: K] ;
or,
21 — 2 d
.
< 2deg F — 2 2g; — 2). 5.1.5
LK eg +) (20: - 2) (5.1.5)

i=1

5.2 A few lemmas

In the proof of Theorem 5 we follow the idea of [9]. We are going to
construct a special admissible tuple A as in definition 4.3.1 with some good

properties.
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Let F' € Og[X,Y] be a binary form of degree n > 4. Assume we have a
factorization into linear forms F' = aly ...[, with [; = X — ;Y. Denote by
A;; the determinant det(l;,l;). Then

AijAhl + AjhAil + A}”’Aﬂ - 0 (521)

We will use this identity and apply Lemma 2.1.1 (Mason’s Theorem) to it.
Let L’ be the splitting field L of F' or the field L;jn; = K(, a;, au, ), and
T" the set of valuations of L' lying above those in S. The case when L' = L,
is prepared for Theorem 1, whilst the case L' = L is a variation on Theorem
1, which will be needed as well.

We introduce some auxiliary quantities that will be used in the proof of

Theorem 1. For i =1,...,n, let
g’iw = max(|ai|wa ]-) for w g T:
Siw = (H @wf)’l/#T forw e T.

w'gT
Then [] & =1fori=1,...,n. We also have for w ¢ T,

weMj,

fa(i),w = maX(‘&U(i)’wal)

= max(|ailw,, 1)
gi,wg~

Hence & (i) = iw, for each w € T as well.
Next we put
|det(li, [)]w ., .
= il g,
! gingw
We have 05, < 1 for w € T, 05().0(j)w = Oijwos for 4,7 € {1,...,n} with
i # 7 and o € Gal(L/K), and

II 6. =1

wEM,

Further, let U’ C M, \T" be the set of valuations w such that [A;; Ay,
|AjnAit]w, [ARiAji|, are not all equal. Then clearly #U’ < oco.
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Note that for 1,7, € L*, we have by the product formula

H*(ﬂ) = < H max( ))mL:K]

2 weM7p,

1/[L:K]
(11 maxum,mu)) = H(n, ).

weM,

Hence by (5.2.1) and Lemma 2.1.1, we have

H(AGG AR DN jpDig, ApiAjy) = H(AijApy, AjnAy)

6max(2gL/ —24-#T'+#U’,0)/[L":K]

<
< emax(ZgL/—2+#T/,0)/[L/3K]e#U//[L/:K]. (522)

Let U C Mj, be the set of valuations outside 7" such that |A;;Apl,,
|2 Ai]ws [Aniljil, are not all equal. Then #U < [L : L'|#U".
Put 0, = % with & = max(|a;lw, 1) for " ¢ T'. Then 0;;,, <
and
U/ C {wl € T/ : min(e;]wxehlwl, ]hw/ezle hiw’eg'lw’> < 1}

For w’ € U’, the minimum is in fact at most e~!, so we have
1

U/
e <
L[[]/ min Q{ij thw” eghw eilc‘/7 e;nw eglw )
1
<
= / / / ’
w,l;!w/ m1n<9mw ehlw’7 Q;hw ezlw” ehzw Q;lw )
hence
1/[L:K
[T max(ja, 1) ]
!’ /. te '7 '7h7l
AN < T (g 11y

min (A Anilw |AaAt]wr s [Anildjilwr)

w/ng

[1 max(ad., 1) MK

. H te{lj h l}
o\ min((A5 Aulu, [Ajn Ak, [Andl.)

1 1/[L:K]
== .2'
};IT (min(@ijw%w, Oinwbite thwejlw)) 7 (52

where the first equality comes from the fact [] |z, = |z| LL,:LI}, rel.
wlw!



76 Chapter 5. Height estimates in terms of the discriminant

Lemma 5.2.1. We have
(i) Qz‘lw@jhw < maX(eijwehlwa eihwejlw) forallweT;

(ii) 11 max(0sjwbhiw, Oinwbji, itwbjne)

weT

< emaX(QgL,_Q—'—#T/’O)[L:L/} ' ( H eijwehlweihwejlweilwejhw)7'
weT

(i) (TT TI  6ue)/=K = |D(F)|Y? if F is primitive.
weT 1<i<j<n
Proof. (i) It is easy to see that (i) is a direct consequence of (5.2.1).
(ii) We have

1/[L:K]
(H maX(Qiijhzw eihw‘gjlwa Hilnghw)>

weT
H max(ginghlw79ihw6jlwa9ilw9jhw) 1/[L:K]

o WEML
o H max(eijwehlw79ihw0jlw79ilw0jhw)
w¢gT
1 1/[L:K]
- H(AijAhh AjhAil? Athﬂ) < H max(eijwahlw70ihu.19jlw70ilw0jhw))
wgT
1
(<\) emaX(QgL/—2+#T',0)/[L’:K] %
" H < 1 1 > 1/[L:K]
min(6; 0 0niw,0nwbitew dinwtjiw) max(0sjwbniw,0inwtiw Pitwbine)
w&T
@) 1/[L:K]
< omax(29, —2+#17,0)/[L':K] (H ginghlwgihnglwgilnghw) 7
weT

where (1) follows from (5.2.2) and (5.2.3), and (2) is deduced from the prod-
uct formula and the simple fact that if a,b,c < 1, then
abc < max(a, b, ¢) min(a, b, ¢). This gives (ii).

(iii) If F' is primitive, we have |a|, [[ &w =1 for w € T. So
i=1

IT (el T] &) = 1.

w&T i=1
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which implies that

11 el H&w) =1 (5.2.4)

weT

D(F)=a" [] det(l;1;)”

1<i<j<n

|D(F)|r = |D(F)|&")

Notice that

and .
H H gingw = H H(giw)nil
weT 1<i<y<n weT 1=1
Hence
|det Li, )]
H H Oijr = H H £
weT 1<i<j<n weT 1<i<j<n whjw
[T ID(F)/a?2|2
_ weT
[1 H£
wETz
— |D(F)|2.
This completes the proof. O
Let

M:HﬁAiw7

i=1
. \det(lz,l])\w
= 1_‘[ 1<I£l<afén AiwAjw ’
weT
o Azw
giw 7

S

weT =1
Let FF = aly---l,,n > 3, where [; = X — ;Y. By Theorem 4.3.3, F is

equivalent to a binary form F* such that

A/

H* (F*) < (en(nJrl)#S’a‘%Rn/[L:K]MQ/[L:K])(nfl)/(n72)' (525)
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We now state our important proposition.

Proposition 5.2.2. Suppose F' s primitive. Then there is an admissible
tuple A such that

| det(li,lj)

. |w < )
¥ (,UI;[T 1<I?<aj§n wijo 1
n n— _2(n=1)
(it) (IT I1 Az‘w)Z(”*;) < |a|TQn_21 el KI#S=1)5(n=1)| D(F) ;0‘*‘%'

i=1weT
Before prove this proposition, we sketch the rough idea behind it.

Without loss of generality, let us assume for the moment that we have

to deal with only one absolute value, simply denoted by | - |. We are aiming
at minimizing M2R" = (A; --- A,)?( max %?Al’)')n By replacing A; by
1<i<j<n  Aidi
AA; for i@ = 1,...,n, we may assume max % = 1. So we aim at
1<i<j<n  Aidi
minimizing A; - - - A,, subject to max Loty _ .

1<i<j<n  Aidy
By taking logarithms this translates into a linear programming problem.
Let z; = log A;, 0;; = log|A;;|. We want to minimize =1 + - - - + z,, subject
to max (6;; —z; — x;) < 0, which is to say, z; + x; > ¢;; for all 4, j with
1<i<j<n
1<i<j<n

We also have some conditions
Opg + 0i5 < max(0y; + g5, Opj + 0gi)
for all distinct 4, 7, p, ¢ by (5.2.1), and by Mason’s result,
max(d;; + Opq, Oig + 0jp) < Oij + Opg + 6ig + 0jp + 0ip + 054 + C

for all distinct ¢, 7, p, q.
We want to estimate z; + - - -+, in terms of Y.  d;; because D(F) =

1<i<j<n
[1 1Ay =exp(2 3 d)
1<i<g<n 1<i<g<n
Our idea is as follows. Fix p, ¢ and let 277 = L10pg + 2P0, o) = 1s

() where 2(P? will be determined later. Then zP? + 2% = 4,,.
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We need x(pq) + :L’,(;,pq) = Oip, :Ul(pq) —i— :U(pq) = 0iq

So we take 2" = max(6;, — 2%, 61y — 2P) = max(5;, — 10,0 — 20D 6, —

Lopg+2PD) fori=1,...,n,i+#p,q.

Thus xﬁ”q)m(“’q > 0ip— 20,0 — 2P0 +8;,— 16,0+ 2P0 = 6, 4+8;,— 6, > 65
Now appropriate choices of 2% (1 < p < ¢ < n)and z; = n(n2_1) xim)
1<p<gsn
(1 =1,...,n) will give a nearby solution.

Lemma 5.2.3. If F is primitive, then M"V/IFEl = |q| g M/ IEE],

Proof. We deduce that
M'~\1/[L:K] “ —1/[L:K] “ 1/LK]
()= () ™ - ()

By Gauss’ Lemma, we have
n n
1= |Fl, = [al, [ [ max(|eilw, [8lo) = lal ] ] o
i=1 i=1

for w € T, hence

M\ 1/IL:K] 1/[L:K] 1/[L:K]
Ge) = () = (TDe) ™ = s

weT

Hence we have H*(F*) < (en(TD#S(p2 Rr)V/IEK] (n=1)/(n=2)

. b;
We can rewrite R as R = [] max 5.
WET 1<i<j<n “iwtjw

sition 5.2.2 is equivalent to the following:

Now it is clear that Propo-

Proposition 5.2.4. Suppose F' is primitive. Then there is an admissible
tuple A" = (A, cweT,i=1,...,n) such that

. 0ijw <1
(Z) wl;[T lglgj)én W T jw = 1,

(T ;) [L:K)(#5-1)5(n—1) 20+
(ir) (11 I1 A <e |D(F)|p "

i=1weT
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We prove (i) first. For the proof of (ii), we need some further preparations.

Proof of (i). Fix two distinct elements p,q € {1,...,n} and w € T.
Define

D H max(Opnwe ", Ognue®).
h#p,q
This function is continuous over the reals R and goes to infinity as x tends to

+oo. Hence, ®,4, assumes a minimum; let z,q, be the smallest real number
at which ®,,,(z) assumes this minimum.

Put

A;z(gq) = Upqiv max(ephwe_quw, O4ne) for h # p, q.

Next, put Al = {]] A™ }n<"1*1> for i = 1,...,n, where the product is
p#q
taken over all distinct pairs (p,q) with 1 < p,q < n and p # ¢. Finally, put

A=A :i=1....nweTl).

We claim that this A’ is admissible.

For every o € Gal(L/K),w € T and p,q € {1,...,n},p # q, we have
o = _ Aol |0 (Aj) L _ Asjuo — 0.
7 50 (%) wga (J)w fa(i)wga(j)w giwagjwa b

From this, we deduce that

0<6’

o oiw®@) =[] max(Ooq)omwe™, bo@.omwe”)
h#p.q
= H max(Opnw, €, Oghw, €°)
h#p,q
= q)pqwa (x)

Therefore, x4, ) (q) w = Tpgu, -
So we get A U(q) —A;fﬁz) forh=1,...,n,p,q € {1,...,n},p# q and
hence A, = A;wd. This shows that A’ is admissible. Notice that
epqw = A;%Q)A;(fq)a
Oppes < APV APD g, < AGD APD for £ g.

pw
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Further, by ApAij = ApiAgj — ApjAgi, we have

Opgullij < AP A/BD 4 1P9) 4/ (P)

pw qw iw jw

hence

00 < A Pa) 4 (ra)

w jw

By taking the geometric means over all pairs p,q we get 0, < Aj, A%, for
w € T. This proves (i). O

We proceed to prove (ii). This will be much more involved, and requires

some extra results.

For p,g e {l,....,n},p# q,w €T, set

Ppaw = Ppgw quw Ppqg = H Ppau-

weT

We have
n
A/(PQ) — 9 @_% (9 ~ZTpaw () quw)
hw = Ypqw paw MaAX(Upp,€ , Ughwt
h=1 h#p,q
%49
— -2
ny9
— 2
- epqw ¢pqw>
and

[T 11 e = D),

pF#qweT

since F' is primitive by Lemma 5.2.1 (iii).
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Hence

wo— TITT A

i=1 weT

- (o)

p#qweT h=1

_1
n o n(n—1)
— 2
- | | | | epqw ¢pqw

p#qweT

) s
= |D<F>|;2“H¢pq> . (5.2.6)

PF#q

We estimate [] ¢,,. To this end, we need the following notation and a

p#q
lemma.

For a fixed pair {p,q} with p,q € {1,...,n},p # ¢, put Wy, =
{1,...,n}\{p,q}. For J C W,,,w € T, define the quantities M,,(J) as follows.

If 4.7 = 0, J = 0, put M, (J) = 1

If 47 = 1,J = {j}, put Mo(J) = /Bpiubyru:

It #J > 2, put

M,(J) = max{ [T0me T[] Oune:1C T #I= %#J} if 4.J is even,

hel heJ\I

—= /My, (J) Moy, (J) if #.J is odd,

where

le {Hephw H eqhw[C‘]a#I:%(#‘]—i_l)}a

hel heJ\I

M) = max{HQPhw IT Yo - ICJ#I—%(#J—l)}.

hel heJ\I

Finally, put M(J) = [[ M.(J).

weT

Lemma 5.2.5. ¢,, = M(W,,).
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Proof. This is taken from [9], which deals with number fields. But over
function fields, the argument is the same. We repeat it again here.
It suffices to prove ¢4, = M, (W,,) for every w € T'.

Take f(z) = log®pe(x) = > max(fp, — x, fon + x) where f,, =
heEW,pq

1Og Qphun fqh - log Qqhw-

We can express f(z) as

f(z) = max{Cy—(n—2)z,C1—(n—2)z, -+ ,Cp_3+(n—4)z,C,_o+(n—2)x},

where
Cy = maX{prh—i- Z fqh:ICqu,#Izn—2—s}
hel heWpg\I
= logmaX{Hephw H thw:ICqu,#I:n—Z—s},
hel hEWpo\I

fors=0,...,n—2.
Let

s={reR: fx)=Cs—(n—2-28)x}(s=0,...,n—2).

We first show that I, is nonempty.

Clearly, Iy = {z € R: f(z) = Cy— (n—2)z} # 0, and similarly I,,_» # 0.

We show that Iy # 0 for s € {1,...,n — 3}. Choose I C W,,, with
#1 =n — 2 — s such that

C, = prh—i- Z Jah-
hel heWpo\I
Take i € I,j € W,,,\I and consider the same sum but with I’ = {j} U I\{i}
instead of /. This sum is at most Cs, and so f,; + f4; = fp; + f4 and hence
fpi = foi = fpj — fqj- So there exists x € R such that
Ijrg}i(%(fpj — foj) ST < %IP%GM — Jfai)-

For this specific z, we have f,, —x > f; +2 and f,; — x < f,; + « for any
1€ 1,5 € I° and hence

f(a;):prz-—l—quj—(n—2—25)x:C’s—(n—s—2s)x.

iel jeIe
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So indeed, I, # 0.

Now we may use Lemma 12 of [9] to conclude that
log ¢pg = min{f(z) : z € R} = Ci(n_g) = log M,(Wyy)
when n is even; and similarly

Le

log Cbpqw = 9

(n—1) T C%(n—i’))) = log M, (W)

1
2

when n is odd. This completes the proof.
O

Next, we estimate M (J) from above by induction on #.J, and eventually
deduce an upper bound for M(W,,) = ¢pq.
Put ©,(J) =0,J)=1,D(J)=1if J=0; D(J) =1if #J = 1; and

( (")p(J) = H Hephwa
w€eT heJ
@q(J> = H Heqhwu (527)
weT hed
D(J) = H H Ohie
\ weT h#leJ

if #J > 2.
For s > 2, let

2 s odd,
and
a(0) = 0,a(1) = 0,a(s) = a(s — 2) + 1+ 4(s — 2)d(s), s > 2;
Mm:omuyzémgzS;QMK—m+§+4@;mw@;
(s —2)(s — 3) L 4(s = 2)d(s)

c(0) =0,¢(1) =0,c(s) = c(s —2)+

s(s—1) s(s—1)
It is not difficult to show, by a straightforward computation

5
25 —2°

a(s) <1+ g(s —2),b(s) < 3,¢(s) <
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Take ¢(s) as an example. We have
s(s —1De(s) = (s —2)(s —3)e(s —2) + 1 +4d(s)(s — 2).

When s is even, we have

s/2
s(s—1e(s) = Y 1+4(2h — 2)d(2h)
5;2 A
= ;(5 - E)
s/2

5s 1
— 2 _3 el
7 425
h=1
5s
27

5
25—2"

When s is odd, we derive ¢(s) <

hence ¢(s) <

5
25—2

by a similar computation.
Lemma 5.2.6. Put Cpy; = e™X(20L055 =24 #Tpai OL:Loais] - Y7o have

M () < CUYT b)) (©p()O (1)) D(1)™,

weT

where J C Wy, s = #J and

1 for s =0,1;
c(J) = e(s)
(J) ( II Cpqij> for s > 2.

i£jed

(5.2.8)

where the notation [[ means that the product is taken over all ordered pairs
i#jed

(1,7) with i,j € J and i # j.

Proof. If s = 0, then M(J) = 1, and if s = 1, J = {j}, then M(J) =

Opjwlyjw- S0 in these cases, Lemma 5.2.6 is trivial.
weT
Let s > 2 and assume the assertion is true for sets J of cardinality

strictly smaller than s. Let J C W, #J = s. Fix 4,5 € J with i # j, let
Jiy = J\{i,7} and fix any w € T'.
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We distinguish the cases s even and s odd.

First suppose s is even.

Let I C J#I=35>1,9(I)=T] O [ Ogpe-
hel heJ\I

Ifiel,je J\I, then since
H Ophe H Oghoss
heK\{i} heJ\N{I1U{j}}
we have
9(I) < Opielgjs Moo (Ji5).
Hence
9(I) < max(Opiwbyje, Opjebgis) Mo (Jij). (5.2.9)

This is also true if j € I,i € J\I.

If 7,5 € I, then pick [ € J\I such that ”j“eqlw is minimal for all [ € J\I.
Since J\I C J;;, we have

2/s
ijw quw < m Qp]w eqhw )
Ol ax(ly 0

plwYqjw heJ\I phwVqjw
2/s
h,
< H max( b =)
hedy; phweq]w

Take I' = T U {I{}\{j}. Then #I' = 5,i € I',j € J\I'. From (5.2.9), we
get

050

I _ pjwYqlw I/
g(I) Qplwquwg( )
2/s
9 we hw
< max(epiw%w,9pjw9qiw)Mw(Jij) H max epj eq )
heli; phitare
Similarly, we have
2/s

eiwe w
9(I) < max(Opiyjur, Opjibi) Ms(Ji) | ] max(1, 222
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So we get
1/s

g(I) < Hmaxu,w)maxu,w) x

ephw eqiw ephw equ

X HlaX(em'wequ, Gpjwﬁqiw)Mw (JU) .

If i, 7 € J\I, by interchanging I, J\I and also p, ¢, we have

1/s
0 hwe jw
=) max(1, 20
emwgqhw

g(I) < H max(

heJ;;
X max(epiwﬁqu, epjweqiuJ)Mw(‘]ij)'

gpzw Qqhw

This gives altogether
M, (J) = max g(1) < He max(Opiwqju, Opjebaics) Mo (i),

where

e, = [ mae (1, 2200 ) s (1, Sl

el ephweqiw ephwequ
0pheByics Oty
X max <1, Phe g )max <1,M).
epiw eqhw epj w 9‘1 hw

If s > 3 is odd, the argument is similar.

Finally, we have
M,y(J) < HZ® max(Opicbgj, Opjebgin) Mas (i)

Let H = [] H,. Note that this quantity depends on .J;;. We have
weT

M(J) < Hd(s) H max(Hpiwﬁqu, ijwgqiwa quweijw)M(Jij>. (5210)

weT

By Lemma 5.2.1, we have

H max(Opqubijer, OpiOgjurr Opjubaiv) < Cpgij H Opguotijesbpicsbajelpjsbaics,

weT weT
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where L,y = K(,aj, ap, o) and Ty is the set of valuations in L,g;
above those in T

Using Lemma 5.2.1 again, we obtain

max 9 w@ hw 9 hwg zw) max(@ wé’ hw 9 hw@ 'w)Q
H = 4 qhw)y ¥'p q pjwY qhw; Vp q]
11 H( 02, 02, OaisBpicljolpie

hedi; weT phw” ghw

2 2
S H Cpqithqjh X

heJ;;

62, 602 04iOpiclyinl

phw? ghwV qiwpiwV qjuVpjw

(Qpiw Qqhw Qphw quw epqw ezhw) (epjw gqhw thw Hq]w‘gpqw 9] hw)
il

hEJij weT

= H ( pqih pq]h) H H pqw qhw phwezhwGQ eplwgqlwepjweww) :

hGJZ'j hEJlj weT

By substituting these estimates into (5.2.10), we get

(s)

( H quh q]h> X

he s
d(s)
X H H eﬁqweqhw phw Zhwejhwepiweqiwepjwequ X
heJi; weT
X Cpqij . (H epqweijwepiwequepjweqiw) M(JZ_])
weT

This inequality is valid for each pair ¢,j € J with ¢ # j. By taking the

geometric means over these pairs we get

d(s)
s(s—1)
M(‘]) g H H qzh pqgh X
i#jeJ hed;;
d(s)
s(s—1)
4
X H H H epqweqhw phw Zhwejhwepiweqiwepjwequ X

i#jeJ heJ;; weT

( H Cpqij( H epqwewwgpzweqwemweqw> M(Jij)> .

i#je] weT
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By inserting the upper bound for A (J;;) following from the induction hy-

pothesis, we get

d(s)

s(s—1)
M(']) < qzhcgqjh X
z;éJEJ heJ”
d(s)
s(s—1)
X H H H eéqweghwQZhwgzhweihwemweqlwepjwQQJW X
i#jeJ hed;; weT
s(s—1)
X H Cp‘ﬂ] QPQ‘UQUWQPZWHQJWHPJWHWW> X
i#je] wGT
X (H C(Ji) (] Opgr) (Jij)Gq(Jij))b(SQ)D(Jij)c(52)>
i#jed weT
where C(J;;) is defined by (5.2.8) with J;; replacing J.
Put
= ( H C'(Jij)>5(r >< H Cpqij) o
i#jeS i#je]
Then by the previous inequality, we get
(Z(S 32(i(31))
M(J) < C/(J)( H pqw) <H H H eqhwephwezhwejhw)
weT i#j heJ;; weT
CE) EE)
< H H H ephweqhw> (HD i ) X
i#jeJ weT hed;; i#£j
(s—2)d(s)+1

X ( H H 0ijw> ﬁ (H H gp%weqwgpjweqyw> e )

i#jeJ weT i#j weT

1

s(s—1)
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hence

M(T) = CD(J] )™ (©4(1)0 (7)) %) x

weT
2(d s) b(s—2)
s(s—1) s(s—1)
X (H H Hezhwejhw> (H H H ephweqhw)
i#j hed;; weT i#j weT hed;;
§<s 1) s(s 1)
(o) (11 110
'L;éJEJwET
o
X (H H epzweqzwemwequ)
i1#£j weT
Now by (5.2.8) with .J;; replacing J, we have
c(s— 2 1+4d(s)(1572)
( H H thl>5(s >< H qu]) ey )
i#jeJ h#leT;; i#jeS
hence
((s—2)(s—3)c(s—2)+1+4(s—2)d(s))/(s(s—1))
Ol(*]) = ( H Cpqij)
1#jeJ
c(s)
= ( H Cpqij)
i#je]
= C(J). (5.2.11)

Now combining the just established upper bound for M (J) with (5.2.7)

and the obvious identities

(H Qmweqzw@pjwequ> o = <H H 0phw9qhw> %v

1#£j heJ weT

—2

<H H H gphweqhw> o <H Hephweqhw> ",

i#j weT hed;; w€eT heJ

(T T 1 ncbine) =0 = (D),

i#£j hEJi]' weT
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(T IT )75 = (D()=,

1#j weT
(T 2= = (D)
7]

we deduce that
M(J) < CUNT bpar) D (Op(1)04(1))" ) D(I)™,
weT
which completes the induction step and the proof of Lemma 5.2.6. O]

Proof of (i) of Proposition 5.2.4. Now Lemma 5.2.6 with J = W,,; and Lemma
5.2.5 give that

c¢(n—2)
Gpg = M(Wpy) < ( H Cpqij)
i£§EWpq

x ( H 0pqw>a(n2) <@p<qu)@q(qu)>

weT

Notice that since F' is primitive, it follows from (5.2.4) that |a|y =

n
H H &%, so by an easy computation, we have

i=1weT
H H Opqr = |D(F)|r,

pF#qweT
H @p(qu)Gq(qu) = |D(F) 2Tn_47
p#q
[T W) = (D)2
Pq T .
p#q

Thus, we deduce that

H Ppg < U(H H Cpqij>0(n2)7 (5.2.12)

p,q€{1,...,n} P#q i#jEWpq
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where U — ’D(F)’;ﬂ(nf2)+(2n74)b(n72)+(n72)(n73)c(n72).

We need to estimate [[ [ Cpgij from above.
PF#q i£FEWpq
Denote the field K(ay,) by Ly. By (5.1.3), we have

20pqij — 1+ #1pgij
< —14+#S -
[quij . K] Z Z egF

he{p,q,i,j} vES

so we get

(20pgis — 1+ # pqw)[L:quij]g[L:K]<_1+#S_ Z Z egF )

he{p,q,i,j} v€S

Hence

Z Z max(29pqi; — 2+ # X pgij> 0)[L : Lypgij]

P#q i#jEWpq

Z Z (2gpqij — 1+ #quij)[L : quij]

p#£q 1#jE€EWpq

LK. S (—1r#s- Y Z egF )

DPFq 1,J#DPq he{p,q,i,j} v€S
i#£j

= [L:K] <n(n —1)(n—2)(n—3)(#S — 1)

—d(n—1)(n-2)(n-3)> > D))

i=1 veS

/A

N

< L1 K (n(n = 1)(n = 2)(n = 3)(#S — 1)
—4(n —1)(n—2)(n —3) ZU(D(F))>.

veS

Therefore, we have

[L:K](n—1) (n—2) (n=3) (n(#5—-1)—4 X v(D(F)) “"~2)
H ¢pq < € ves %

p#q
a(n—2)+(2n—4)b(n—2)+(n—2)(n—3)c(n—2
« | D(F)[r= D+ En= b=+ (=D (n=3)c(n2)
e[L:K}n(n—1)(n—2)(n—3)(#5—1)c(n—2) %

% |D(F)|‘7{(”*1)(”*2)(”*3)0("*2)+a("*2)+(2"*4)b(”*2)+("*2)(nfS)c(an)'
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Asa(n —2) < % —9,b(n—2) < 3,¢(n —2) < 3> we conclude from
(5.2.6) that

2
n(n—2)
2(n 1) _%_;’_2
M= g <|D(F>|T H¢pq)

P#£q

< e[L:K](#S—1)5(n71)‘D< )20+—.

[

This gives Proposition 5.2.4 (ii). O

5.3 Completion of the Proof of the Main The-

orem

Main Theorem. Let F' € Og[X,Y]| be a binary form of degree n > 4 with
non-zero discriminant. Then F is GL (2, Og)-equivalent to a binary form F*

such that
20+1

H*<F*) < e(n—l) (#S(n+11)—5) ‘D( )‘S

Proof. When F is primitive, this follows directly from Proposition 5.2.4 and
Theorem 4.3.3.

In the general case, write F' = aF such that a € Og and F is primitive.
Then there exists F} that is GL,(2, Og)-equivalent to F such that

H* (F) <€(n 1)(#S(n+11) 5)|D( )|20+*'

Let F; = aFy. Since I is a binary form over Og, HS(FI) < HY(Fy).
Noticing that D(F) = a®>*2D(F), we deduce that

Hg(Fy) = \a!SHS(ﬁl)
< Jalse n—1) (#8(n+11) 5)|D( )lzo+
- 6( )(#S(n+11 )|D( )|250+n| |1 (2n—2)(20+1/n)

20+

e(n—l) (#S(n+11 ) ’D( )’S

N
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By Lemma 4.2.1, there exists u € Of such that H*(uFy) = Hg(Fy). Put
F* = uF, = quF,. Then F* is GL, (2, Og)-equivalent to F' and

* (F*) < e(n 1)(#S(n+11 )’D( )@(H‘*

Y

as claimed. N

We need a variation of the Main Theorem. To get this, in the proof of
Lemma 5.2.6 we repeat all computations but with all fields L,,; replaced by
L. Then we get Lemma 5.2.6 with C,;; replaced by emax(200=2+#T0) - Thjs
gives, instead of (5.2.12),

H ¢pq < emax(29L72+#T,o)(Z)C(n,Q) »

p;éqe{l ..... n}
a(n—2)+(2n—4)b(n—2)+(n—2)(n—3)c(n—2

< 6rnaLx(ZgL 2+#T0)( )C(” 2)|D( )lln 26, (531)

Similarly as before, this leads together with (5.2.6), to the following;:

Proposition 5.3.1. Suppose F' is primitive with splitting field L. Then there
is an admissible tuple A" = (A}, :w e T,i=1,...,n) such that

. 0,
(1) T max 5%~ <1
wET 1<i<j<n v Hjw

2(n—1)
2

i) (I AL) " < ehiovmtzimo ey .

1=1weT

—

Now with the same idea as in the proof of the Main Theorem, we have

Theorem 5.3.2. Let F' € Og[X,Y] be a binary form of degree n > 4 with
non-zero discriminant. Then F is GL (2, Og)-equivalent to a binary form F*

such that

HY(F*) < exp (02 + 60 — TS + D) | p(F Pz,
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Proof. First, if F' is primitive, this follows from Proposition 5.3.1 and Theo-
rem 4.3.3 by a direct computation.
If F is not primitive, we assume that F = aF with ¢ € Og and F
primitive. Then there exists F} that is GL,(2, Og)-equivalent to F such that
- (5n—5)(2 1) ~o 2
HY(F) < exp (02 + 60 — 7). + P2 | D(F) 5
Let Fy = aF}. Then

Hg(Fy) = |a|sHs(Fy)

< Ja|sexp ((n2—|—6n— )#54‘%” (~)|5
= exp ((n® + 6n = T)S + P2 | D(F) ¢l 200"
< exp ((n2—|—6n— )#S—F%) |D(F )|;Tl

By Lemma 4.2.1, there is u € OF such that H*(uF)) = Hg(F;). Take
F* = uF, = auFy, then it is GL, (2, Og)-equivalent to F = aF and

H(F) < exp (0 + 6n — 1) + P20 | D(r) 5
]

Remark 5.3.3. This result is weaker than the Main Theorem in the sense
that the constant depends on the splitting field L of F' as well; however, it
is apparently stronger because the exponent of |D(F)|s is much smaller and

tends to zero when n goes to infinity.






Chapter 6

Finiteness for the number of

equivalence classes

It is known that if Og is the ring of S-integers in an algebraic number field
K, then there are only finitely many GL (2, Og)-equivalence classes of binary
forms with coefficients in Og of given degree and given discriminant. As it
turns out, the analogous statement over function field is false. However we
shall show that if K = k() with k& an algebraically closed fields of character-
istic 0 and Oy is the ring of S-integers in K, then under certain conditions
the binary forms with coefficients in Og and of given degree and discriminant

lie in finitely many GL (2, K)-equivalence classes.
6.1 GL (2, K)-equivalence classes

Let as usual k be a field with k = k,chark = 0 and K = k(t), S a
finite set of valuations containing co. Let aq,...,as € k be distinct and
pi=t—oa;1=1,...,s. Let F € Og[X,Y] and § € Og\{0}. Let L be a
finite extension of K. For two binary forms Fy, Fy € Og[X, Y| we say they
are GL (2, K)-equivalent if there exists U € GL (2, K) and A € K* such that
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Fy = MNFy)y, and they are GL (2, L)-equivalent if the same holds when we
replace K by L.

Fix n > 4, and consider the following two conditions:

F € Os|X,Y],D(F) € 60,

F has splitting field L over K, (6.1.1)
deg F' = n,
F is not GL (2, L)-equivalent to a binary form in k[X,Y]. (6.1.2)

Theorem 6.1.1. There are only finitely many GL (2, K)-equivalence classes
of binary forms satisfying (6.1.1) and (6.1.2).

Proof. We reduce the GL (2, K)-equivalence classes to GL (2, L)-equivalence
classes. We prove first that every GL (2, L)-equivalence class of binary forms
F with (6.1.1) is a union of finitely many GL (2, K')-equivalence classes. Then
it suffices to prove that there are only finitely many GL (2, L)-equivalence
classes of binary forms F' with (6.1.1) and (6.1.2).

Fix a binary form F' satisfying (6.1.1). It has a factorization

F

X+ 6Y),ae K*
«[1te b (6.1.3)

i=1
(O’(Ozi>,0'(ﬁi)) = (aa(i)yﬁo(i)) for i = 1, ...,n,0 € Gal(L/K),

where (o(1),...,0(n)) is a permutation of (1,...,n) depending on F. For
each o € Gal(L/K), there are only finitely many possibilities for the permu-
tation of (1,...,n) associated with o. So we may subdivide those GL (2, L)-
equivalence classes into subclasses under consideration such that two binary
binary forms belong to the same subclass if and only if they satisfy (6.1.3)
with the same permutation (o(1),...,0(n)) for each o € Gal(L/K).

Now consider all binary forms in the same subclass. These are all GL (2, L)-
equivalent to one another and satisfy (6.1.3) with the same permutation

n

(0(1),...,0(n)). Fix one of such, Fy = ao [[(cp;X — Bp;Y). Let F =
i=1
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a[](e; X + 5;Y) be any other binary form in the same subclass. Then by
=1
definition there exists V' = (2 %) € PGL (2, L) such that

V[Oéo,' . 602] = [Oé.r(i) . 57(1’)] (Z = 1, c. ,n), (6.1.4)

with 7 a permutation of (1,...,n). We divide our subclass into finitely many
smaller subclasses, such that two binary forms in the same smaller subclass
satisfy (6.1.4) with the same permutation 7.

Let F, F5 be two binary forms in the same smaller subclass, i.e., they are
GL (2, L)-equivalent and satisfy (6.1.3) with the same permutations
(0(1),...,0(n)) (0 € Gal(L/K)) and (6.1.4) with the same 7. Assume

n

Fy=a H(Oéh‘X + £1Y),
i=1

F2 = Q9 H(CkgiX + 5223/)

i=1

Then there exists U € PGL (2, L) such that
U[Oéh' . ﬁlz] = [0621' . 521] (Z = 1, c. ,n), (615)

because (6.1.4) holds true for the same 7. Without loss of generality, we

assume that the U is represented by a matrix one of whose elements equals
1.
Applying each o € Gal(L/K) to (6.1.5), we obtain

o(U)[o(aw) : o(Bu)] = [o(an) - 0(Bai)] (i =1,...,n,0 € Gal(L/K)).
By (6.1.3) and our subdivision we derive that

o (U)[1ot) * Brot)] = [200) * Baote)] (0 € Gal(L/K),i=1,... n).
Hence

o(U)[a; = Pri] = [ai = Poi] (0 € Gal(L/K),i=1,...,n). (6.1.6)
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Now from (8.2.3) and (8.3.3) it follows that the images of [ay; : fu] (1 =
1,...,n) under the projective transformation U and o(U) are equal. Since
n > 3 and one of the entries of U is 1, this implies o(U) = U for any
o € Gal(L/K). Hence U € PGL (2, K'). This means that F, F, are actually
GL (2, K)-equivalent, which proves the claim.

What remains is to prove that the binary forms with (6.1.1), (6.1.2) and
(6.1.3) lie in only finitely many GL (2, L)-equivalence classes.

Write F' = a ﬁ(aiX + 3Y) with a € K*. Suppose D(F) € 005. Let
R = Og[671]. Tl:l;l D(F) € R”*. Let R} be the integral closure of R in L.
For 0y,...,0, € L we denote by (01, ...,0,) the fractional ideal with respect
to R} generated by 0y, ...,60,. Further, for a given polynomial P we denote
by (P) the ideal of R generated by the coefficients of P. Then by Gauss’

Lemma we have
n

(F) = (a) H(Oéi,ﬁz‘)- (6.1.7)

=1
Let Aij = Oéiﬁj — Oéjﬁi. Then
(Az]) - (ozi,ﬁi)(ozj,ﬁj) for Z,j = ]., ce ,n,i 7é ] (618)
Now we have
(Ayj) 2
(1) 2
H (@i 5)

(a2 D(F))
(a72n+2) (F)2n72
(D(F))

2 (1),

where the last equality is implied by the fact that D(F) € R and F €
R'[X,Y]. So we derive that (6.1.8) is actually an equality for every pair
(i, 7). Define the cross ratio
_ Ayl

Ainlji

Then p;;u(F) € R for all distinct 4, §,h,1 € {1,...,n}.

pijni(F) :
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Lemma 6.1.2. Let L be a finite extension of k(t) and Oy, the integral closure
of k[t] in L. The unit equation x+vy = 1 has only finitely many solutions x,y
with x,y € Op\k and all of them can be determined effectively in principle.

Proof. See Theorem 1 and Theorem 2 of [17]. O

Lemma 6.1.3. Suppose that A”A’” lies in k* for all tuples (i,j,h,l) in
{1,...,n} with i,j,h,l distinct. Then F is GL (2, L)-equivalent to a binary
form in k[X,Y].

Proof. Let F' = a [[(a;X + 5;Y). Then there exists U € PGL (2, L) such
i=1
that

1], (6.1.9)

So Fis GL (2, L)-equivalent to a binary form of the shape
Fr=dXY(X +Y)[J(a}X + BY),
=4

with o’ € L*. Since the cross ratios remain invariant under a projective

transformation, we have py93,(F’) =1 — =+ € k for i > 4. Hence '8— € k and

1

therefore F' = bP with b € L*, P € k[X, Y]. This proves the assertion. [

Now consider F' = aﬁ(aiX + 5Y),a € K*,n > 4 with D(F) € R'*.
By (6.1.2) and Lemma 6.le.13, we may assume without loss of generality that
p1234 & k. Since

ApAzy + A1gAoz = A3Ayy,

we have

pr23a(F) + pras2(F) = 1.

But pia34(F), prase(F) € R/LX, hence by Lemma 6.1.2, we know that there
are only finitely many possibilities for piass(F'). For each choice A € L\k
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of p1a3a(F), consider all binary forms F with pia34(F) = A. There exists
U € PGL(2,L) such that (6.1.9) holds. So F' is GL (2, L)-equivalent to
XY(X +Y)[[(X + BY) with o # 0 for i = 1,...,n. Since we have

i=4
prasa(F) = 1 — 5—‘:‘, we deduce that F' is GL (2, L)-equivalent to XY (X +
4

n

YIX+A+1D)Y)ifn=40or XY(X+Y) X+ AN+ 1Y) [[(X —~Y)if

=5

n > 5. When n > 4, observe that for i > 4 we have pj93;(F) = 1+ 7; and
p124i(F) = =1 — % These quantities cannot lie in k simultaneously since
A € k. Hence by applying Lemma 6.1.2 again, we infer that there are only
finitely possibilities for v;,7 > 4. It follows that there are only finitely many
GL (2, L)-equivalence classes of binary forms with (6.1.1), (6.1.2) and (6.1.3).
This completes the proof.

O

Remark 6.1.4. The condition (6.1.2) cannot be relaxed to the condition that
F not be GL (2, K)-equivalent to a binary form in k[X,Y]. Here is a counter-
example: fix b € K\K? consider all binary forms F = X* + abX?Y? +
b*Y* a € k,a® # 4. First, notice that the splitting field of such an F over K is
L = K(v/b), so F is GL (2, L)-equivalent to G = X*+aX?Y?+Y* € k[X,Y].
However, F' is not GL (2, K)-equivalent to a binary form in k[X,Y], since
otherwise F' would split into linear factors in K, contradicting the fact that
b ¢ K?. Clearly, F, = X*+abX?Y?+0*Y* and Fy = X* + d'bX?*Y? 4+ 0*Y*
satisfy (6.1.1). Suppose F, and F, are GL (2, K)-equivalent. Then G, =
X+ aX?Y? +Y? and Gy = X* + ¢/ X?Y? + Y* are GL (2, L)-equivalent,
hence being GL (2, k)-equivalent. Let ¢ = v/a2 — 4 € k. Then

Ga = (X = MY)(X = AY)(X = AY) (X — \Y),

where Ay = /=% Ay = — /=% Ay = /=45, Ny = —/=%=<. The cross-

ratio of A1, A\g, Az, A4 18

()\1 — )\2)(/\4 — /\3) o 4

A= = .
()\1 — )\3)(/\4 — /\2) a+2
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The cross ratios of the permutations of (A1, A2, A3, \y) are

4 I a+2

T a+20 N 4
1_/\:a—27 1 :a—i—Q’

a—+2 1—-X a-2
A4 A—-1 2-—a
A—1 2—a’ A4

These are all one-to-one functions of a. Therefore, if G, is GL (2, L)-equivalent
to G, for some a’ € k, the corresponding cross-ratios remain the same,
so there are at most six choices of ' such that G, and G, are GL(2,k)-
equivalent. This implies that when a runs through k, there are infinitely
many GL (2, K)-equivalence classes of binary forms of the form F = X* +
abX?Y? + by,

6.2 GL(2,0g)-equivalence classes

Let K = k(t) and S a finite set of valuations of K. We now show that
a GL (2, K)-equivalence class of binary forms with (6.1.1) is in general not a

union of finitely many GL (2, Og)-equivalence classes.

Lemma 6.2.1. Let F' € K[X,Y] with degree degF' > 3 and Aut(F) :=
{W e PGL(2,K) : there exists A € K* such that Fyy = AF'}. Then Aut(F)
s finite.

Proof. Let W = (2%) € PGL(2,K),\ € K* such that Fjy = AF and F =
ﬁ(aiX—l—ﬁi Y) with oy, 8; € K. Then Fyy = H ((aal—i—cﬁz)X%—(bal—l—dﬁl) )
ZS:o1 there is a permutation o of (1,...,n) such that lo(a) = 0(Bi)] = [a = Bi]W
for i =1,...,n. That is, W maps n > 3 distinct points in P!(K) to n other

distinct points. Hence W depends only on o. Therefore #Aut(F) < n!l. O

Let Uy, Uy € GL (2, K) with entries in Og. If Fy, and Fy, are GL (2, Og)-
equivalent, then by definition Fy, = eFp,y for some V € GL (2,0g),¢ € k*.
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Then Fy,yy-1p, = €F and so (UsV)7'U; € Aut(F), hence Uy = U,VW for
some W € Aut(F), in this case we say Uj is related to Uy associated to W
and write U; = Uy (W).

Lemma 6.2.2. Let F € K[X,Y] and U € GL(2,K) with entries in Og
and det U = 6. Assume Uy, Uy are related to U associated to the same W €
Aut(F) with det Uy, det Uy € §O%. Then we have U Uy € GL (2, Og).

Proof. By assumption we have
U7TU = Vi(uW), Uy U = Vo(AW),

for V1,Va € GL(2,05) and A, Ay € K*. Then U;'U; = ViV, ' But
gzz g; € OF, hence i—; € O%. Therefore U; 'U, € GL(2,0g). This completes
the proof. O

Theorem 6.2.3. Let F' € Og[X,Y] be a binary form of degree n > 3 and
non-zero discriminant. Then there exists D € Og\{0} with the following
property: the binary forms F' € Og|X, Y] with

(6.2.1)

D(F") € DOg,
F" is GL (2, K)-equivalence to F

lie in infinitely many GL (2, Og)-equivalence classes.

Proof. Suppose S = {oo,p1,...,pn} and take T' =t if S = {o0} or T' =
h
[1(t — pi) otherwise. Consider all binary forms Fy where U € GL (2, K) has

:e_nltries in Og and detU = T? — 1. Let D = (T? — 1)"»~YD(F). Suppose
there are only finitely many GL (2, Og)-equivalence classes of binary forms
in Og[X, Y] with the property (6.2.1). Then for every binary form Fy there
exists U and W € Aut(F) such that V = U (W).

Choose Uy = (' ), Uy = (T ,}) with a,b,d’,b € k satisfying ab =
a' = 1,a # . Then Uy, U, have entries in Og and Fy,, Fy, € Og[X,Y].

But we have

1 1 abT? -1 dT —aT
T2 =1\ T —bT abT?—1
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This is not in GL (2, Og) because for each i = 1,..., h, t — p; is coprime with
T2 1= (T —1)(T +1).

Since k is algebraically closed, k£ is an infinite field, hence there are
infinitely many matrices of the form U; and Us. So there must be two
matrices V, V' of form U;,U; and U € GL (2, K),W € Aut(F) such that
V=UW),V'=U(W). This is a contradiction of the above and Lemma
6.2.2. O]






Chapter 7

Lower bounds for resultants

Evertse and Gyéry deduced some semi-effective lower bounds of resultants
over number fields in [10], [12]. Apart from two theorems mentioned in the

introduction, they have also established the following:

Theorem (Evertse, Gyory). Let F,G € Z[X,Y] be two binary forms of
degree m > 1,n > 2 such that F'G has splitting field L over Q and is square-
free, and F(1,0) = G(1,0) = 1. Then

[R(F,G)| > C(m,n, Lymax(D(E) S, DG,
where C(m,n, L) depends on m,n and L.

The constant C'(m, n, L) cannot be effectively computed from their method
of proof. In this chapter, we deduce effective analogous results over function

fields, with the help of outcome derived before.

7.1 Monic binary forms

Recall that K = k(t) and S is a finite set of valuations of K containing v..
Let L be a finite extension of K = k(t) of genus gr. Let T be a finite set of
places of L above those in S. Denote by Or the integral closure of Og.
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A binary form of degree n is called X-monic if the leading coefficient of
X™is 1. We call two X-monic quadratic forms related if the coefficients of

the term XY are the same, and unrelated if otherwise.

Lemma 7.1.1. Let F,G be two binary quadratic forms over the ring Or
satisfying F(1,0) = G(1,0) = 1, and suppose that FG is square-free and

splits into linear forms over L. Then we have
(i) |D(F)|p < 2#THmax020.=2)| R(F, Q) |7|D(G)|r, if F,G are related;
(ii) |D(F)|p < S#T+max(029:=2)| R(F |2, if F, G are unrelated.
Proof. Put ¢" = max(0,2g;, — 2). Since F(1,0) = G(1,0) = 1 and FG splits
into linear factors over L, we may assume that
F(X,Y) = (X~ anY)(X — asY),
GX.Y) = (X = BY)(X — oY),

where a1, ao, 81, B2 are distinct elements of L.
We actually have oy, as, f1, 82 € Or, since Or is integrally closed.

Now, we have
D(F) = (Oq - a2)2>D(G) = (61 - 52)27

R(F,G) = (a1 — B1)(a1 — Ba) (a2 — B1) (g — Ba).
If F,G are related, i.e., oy + ag = B1 + Pa, then a1 — s = (1 — az2) +

(B2 — ap). Considering the identity (81 — ag) — (f2 — az) — (81 — B2) = 0,
and applying Corollary 2.2.11, we have

HT(BI — Qg, —(52 - 042), —(51 - ﬁ2)) < €#T+g,|(51 - 062)(52 - 062)(51 - 52))|T7

hence

lag — aslr

|61 — a2 + B2 — sy

HTH| (81 = a2)(B2 — 2) (B — )|
= e#TH/\(ﬂl —a2)(B2 — @2>’T‘D(G)‘%

Nl

|D(F)]

N
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Similarly, we have

-

ID(F)[3 < e*7+9| (B — an) (B2 — 1) 2| D(G)2.

Hence

[D(F)|z < e2# T R(F,G) | D(G)r-

If F, G are unrelated, i.e., ay +ag # B1+ P2, then we consider the identity
(a1 = 1) = (a1 = B2) — (a2 = 1) + (a2 — B2) = 0,
which satisfies the condition of Corollary 2.2.11. We derive that

HT(al — Bi,00 — B2, 00 — Br, 0 — 52) < 63(#T+g/)|R(F» G)|T-

Hence
|D(F)|:? = |041 —a2|T
|(041 — 31) - (042 - 51)‘T
< Hr(ag — Br,a1 — Po, 00 — Br, 00 — [52)
< 63(#T+g’)|R(F’ G)|T,
and

ID(F)|z < "#THO|R(F, G)f.
O

Theorem 7.1.2. Let K; be a finite extension of K = k(t), S1 a finite set
of valuations of Ky. Let F,G € Og,[X,Y] be binary forms satisfying the

following conditions:

deg F=m >2degG=n2>3,F(1,0)=G(1,0) =1,
F'G has splitting field L over Ky and FG is square-free.

Then we have

max(0,2g7 —2)

RF,G)ls, > ¢ ¥ # BRI wmax(ID(F)| T, ID(G)| ).
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Proof. Let T C M, be the set of valuations over those in S;. Over L, we

have
m

F(X,Y)=][(X -y H (X — B;Y)

i=1
Since F,G € Og,[X,Y], we have a;, 3; € Op, i =1,...,m,j=1,...,n.
Let
Fou(X,)Y)=(X —a,Y)(X — oY) (1 <p<qg<m),

Gi(X,Y) = (X —BY)(X - BY)(1<i<j<n).

Now fix a pair p < ¢. Let I, be the collection of pairs 7 < j such that G;;
is related to Fpq: o, + oy = B; + 5. Then each two pairs in I, are disjoint

since F'G is square-free, and hence #1,, < [5] < "("6 D}

Put ¢ = max(0,2¢g;, — 2). By Lemma 7.1.1 we get
|D<qu)|T < 66(#T+g/)|R(quv Gij)’%“ for (Z’]) Q Ipq'

Hence we have

| D(Fpg)lr < 66(#T+g/)( |R(quvGiJ)‘T> s (7.1.1)
(4,3)1pq
6
< e ( [R(Fyg, Gi)lr) (7.1.2)
(4.7)#1pq
6
< e ( [R(Fyg, Gi)lr) ™ (7.1.3)
1<i<j<n
’ 6
= SHEHDIR(E,, )7 (7.1.4)
So
DF)r = I 1PEl
1<p<g<m
6
< @ VDT R (F Olr)”
1<p<g<m
6(m—1)
< Smm=DEH) | R(F, >|T7

Similarly,
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6(n—1)

ID(G)|r < ¥ VETHD|R(F, G|
Then it follows from |z|r = |x|[gL1:K1],x € Ky and #T < [L: Kqi]#S,. O

Remark 7.1.3. If m = n = 2, the results above are not valid. Simply take
K =k(t),S = vs. Let u,v € k[t] be a solution of 2> — (t* — 1)y* = 1 and put
F(X)Y)=X?—u*Y? G(X,Y) = X?2—(t*—1)v*Y2. Then it is easy to check
that D(F) = 4u?, D(G) = 4*(t* = 1), R(F,G) = 1 and FG is square free
with splitting field K(\/tQTl) However, since u =t,v =1 is a solution of
22— (t* —1)y? = 1, we can find infinitely many solutions u,v € k|t] satisfying

u+ V2 —1v = (t+ V12 — 1) with |u|s goes to infinity.

7.2 Results for binary cubic forms

Recall that K is a finite extension of K = k(t) with genus gk, , S1 a finite
set of valuations on Kj. Consider two binary forms F,G € K;[X,Y] such

that
3

F(X,Y) = [J(iX = BiY),

G(X,Y) = f[(%-x —5Y),

i=1
where o, 8;,7;,0; € Ki,4,7 = 1,2,3, and FG is square-free. In this section

we prove
Proposition 7.2.1. With the same setting as above, we have
3 45
[R(F,G)ls, > e P04 D(F)D(G) |3 PG

Before proving this result we start with some preliminaries and a lemma.
Put Ay = aid; — Biyj, Fiy = By — a;fi, Gig = 705 —;0; for 4, j = 1,2, 3.

Then by direct calculation
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A Ap A
det | Ag; Agy Aoz | =0.
Azr Aszy Agy
Put

Uy = A11A22A33, Ug = —A11A23A327
Uz = A12A23A31, Uy = —A12A21A33,
us = A13091 Ao, ug = —A13020A3.

Then
U1+UQ+U3+U4+U5+U6:0, (721)

U1U3Us = —UU4UE = R(F, G) % 0. (722)

Hence u; # 0 for i =1,...,6. Also

R(F,G) = [[[] A D(F) = (FiaFasFi3)*, D(G) = (G12G3Gh3)*.

i=1j=1

Similarly as in [12], we have

(D(F)D(G))? = +R(F,G)™" T (up+uy). (7.2.3)
1<p<q<6
p#q(mod 2)
Hence
up +u, # 0 for 1 < p<q<6,p#qg(mod?2). (7.2.4)

Put ¢, = ¢ (3) (max(2gse, ~2+#51.0) Analogously to Lemma 5, [12], we have
Lemma 7.2.2. For (uy,...,ug) satisfying (7.2.1), (7.2.2), (7.2.4), we have

I Hsi(upug) < SIR(F,G)EIFCISP.
1<p<q<6
p#q(mod 2)

Proof. We adapt the idea in the proof of Lemma 5 of [12].

By symmetry, we have to consider only the following four cases:
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6
(i) > u; has no vanishing proper subsum;

i=1
(i) u + ug = 0,ug + uy + us + ug = 0 with no vanishing proper subsum;

(iil) uy + ug + uz = ug + us + ug = 0 with no vanishing proper subsum;

(iv) uy + uz + us = ug + ug + ug = 0 with no vanishing proper subsum.

First, since
1Al = ead;=Piv;ly < max(laily, [Bil) max(|y;ly, [05],) for v € My, 1,5 =1,2,3,

we have
3 3
ur|, < [ [max(esl, [Bil,) | [ max(1y;1, 1851,) = [F G,
i=1 j=1

and similarly fori=1,...,6
\ui|, < |FG, for v e Mg, . (7.2.5)

For case (i), by applying Corollary 2.2.11, we get for p < ¢ with p #
g(mod 2) that

Hg (up,uy) < Hg (ug,...,up)

6 5
< o5 [l A
s oll qulsl< lrgggg(luzlu))

v¢ESt
< o R(F.G)%,|FG|5°.

hence

H H51<up7u(I) < Cg|R(F7 G)‘}S'?’FG‘E;E’
1<p<g<6
pZgq(mod 2)

For case (ii), we apply Corollary 2.2.11 to ug +uy +us +ug = 0 and derive
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that for (p,q) = (2,5),(4,5),(5,6),

HS1 (up7 u(J) < H51 (u27 Uyg, Us, uﬁ)

3
< caluguqusugls, (H max (|usly, [ualy, [usy, Iu@-ly))

V€S,

6 5
< 6311|Uifsl < {g%ﬂuilu))
1=

veESy

< a|R(F, G4 |FGS,, (7.2.6)

where in the penultimate inequality we have used the consequence of the
| 1<i<6

product formula that |u;|s, | [] max(|uz~|,,)> > 1 for j = 1,3, while in the
VES

last inequality we used (7.2.2) and (7.2.5).
For (p,q) = (1,2),(1,4), (1,6),(2,3), (3,4), (3,6), we combine us +uz = 0
with (7.2.2) and get, for example in the case (p,q) = (1,2), using (u?, u3) =

2 (uaue, upus),

HSl(ulvUQ)Q = HSl(uiu%)
U
< | 2| Hs, (ug, up)Hs, (ug, us)
Us S
U
< 2| Hs, (ug, ua,us, ug).
Us S

By Corollary 2.2.11, this is at most

U2

519,

6
C§IU2U4U5U6\%1 (H max(|ualy, [ualy, [us|y, \W;h))

vegSt

6
= &|R(F.G)[5,Juzusls, <H max(|ug|y, ualv, |us|., |u6|u)>

V€S

1<i<6
I/QSl Xt

10
< c§|R(F7 G)|§1|u1u2u3u4u5u6|51< max(|uz~|l,))
< G|R(F,G)[s, |FGg)°,

where in the penultimate inequality we have used the inequality that
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lujls, 1;[9 max (|u;],) | = 1forj=1,3,4,6, and in the last inequality again

3 1<i<6
(7.2.2) and (7.2.5).

This also gives
Hs, (w1, u9) < c3|R(F, G|, |FG|3,.

In the same way, this inequality holds true for (p, q) = (1,4), (1,6), (2, 3), (3, 4),
(3,6), and therefore
[I  Hs(wu) <SIREGIEIFCIS.

1<p<q<6
pZgq(mod 2)

For case (iii), first we apply Corollary 2.2.11 to u; + uy + us = 0 and

Uy + us + ug = 0 and obtain

Hg, (u1,u2)Hg, (ug, us)Hg, (ug, us) Hg, (us, ug)
< H51<U1,U27U3)2H51<U4,U57U6)2

p 4 4
4 2
< 02H|ui’51< fgfggﬂuz’u)) ( igi’gﬂ“z’v))
i=1 veESy

veESh
< GIR(F, G5, |FG|s. (7.2.7)
We estimate Hg, (up,u,) for (p,q) = (1,4),(1,6),(3,4),(3,6). When
(p,q) = (1,4), we have by (7.2.2), for instance in the case (p,q) = (1,4),
UL U4

that (uq,uy4) = m(—UQUG,Ug'U/E)). Hence by corollary 2.2.11 we have

Hs, (ur,us) < |uguals, |R(F, G)|g,! Hs, (u2, us) Hs, (ug, us)

AN
< ’U1U4151\R(FaG)EllHSl(Ul,Uz,u3)Hsl(U4,U5,U6)

N

1<6i<3

2
luruals, |R(F, G) |5/ 3luiugus|s, ( maX(|Uz’|u))
veS

2
X|U4U5U6|Sl ( g%(|uzlu)>

veéS

4
< c%|u1u4|sl|R<F,G>|sl(¢S lrg%uuim) .
Vo1
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For (p,q) = (1,6),(3,4), (3,6) we obtain similar estimates. Therefore
Hg, (u1,us) Hs, (ur, ug) Hs, (us, ua) Hs, (us, ug)

16
< c§|u1u4u3u6\§l|R(F, G)Iiél ( L g&%ﬂuzh))
vgSy

6 20
< & (H |ui|§1> R(F,G)[}, ( ;g%uum)
i=1 =

V€S
= &|R(F, G5 |FGISY, (7.2.8)

where in the penultimate inequality we have used that

1<i<6

|ujls, ( max(lui|u)> > 1for j =2,5.
vegSy

We still have to estimate Hg, (us, us). Since
(uz,us) = R(F,G) ™ (—u3uque, uyusui),

we obtain in a similar way, using corollary 2.2.11, that

Hg, (us,us) < |R(F,G)|g! Hs, (uz, 1) Hsg, (uz, us) Hg, (usg, us) Hg, (us, us)
< ‘R<F’ G)|§11H51(U1,’LLQ,U3)2H51(U4,’LL5,U6)2
4
< c§|R(F,G)]511]u1u2u3]§1< 1H<1?<>§(\uz|u)) X
vegSy =
4
><!u4u5u6|§1< Z{g%(\um))
vgSy
< &|R(F,G)[§,|FGls. (7.2.9)

This leads to

IT  Hs (upug) < S°IR(F,G)$|FGIGY.
1<p<g<6
pZq(mod 2)

Finally, for case (iv), using the same idea we deduce that
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3 ,,3) — _uiu2 2 2
(uf,u3) = R(ch)(—u1u4u6,u2u3u5) and so

H51 (ub U2)3 = HSI (ui’a ug)

< |u1u2R(F7 G>71 |S1 H51 (uly u3)H51 (u17 u5)H51 (u47 u2)H51 (u67 u2>
< |U1U2R(F, G>_1|51H51 (ula us, U/5)2H51 (Ug, Uy, U6)2

4
< GIR(F, G5, [wius|s, urugus[, (H max (|, usly, ]u5],,)> X

V€S
4
X|UQ’U/47,L6|%1 (H maX<|u2‘lM ’u4|l/> |u6|u>>
veS

< GluueR(F,G)*|s | FG|g). (7.2.10)

Similar inequalities hold true for the other pairs (p, ¢) under consideration.

Combining with (7.2.2), we have

H Hsg, (upauq) < C%Q‘R(F, G>|L15'11’FG|§124
1<p<q<6
p#q(mod 2)

This finishes our proof. [

Proof of Proposition 7.2.1. This is a combination of (7.2.3) and Lemma 7.2.2,

applying the ultra-metric inequality for non-archimedean valuations. ]

Remark 7.2.3. In this section we assumed only F,G € Ki[X,Y]. If we
require F,G € Og,[X,Y], then |FG|s, = 1 and so Proposition 7.2.1 gives

3
IR(F,G)|s, > ¢ 129~ 14450 | D(F) D(G) |3

7.3 Binary forms of arbitrary degree

Again, recall that K is a finite extension of K = k(t) with genus gg,, and

S; a finite set of valuations on K.

Theorem 7.3.1. Assume F,G € K [X,Y] are two binary forms such that
degFF =m > 3,degG = n > 3, FG is square-free and has splitting field L
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over K. Then

10mn ( 2971,

R(F,G)ls, > ¢ G459 p(1) 5079 | D(@) |57 (1FIEF 161 )

In particular, if F,G are irreducible, let L' be the field generated by one root
of F(X,1) and G(Y,1), Then

10mn 6gL/ ~|»4'm,2n2

IR(F,G)|g, > e 17 wrmr T#5)y

<D D@1 (1R 161 )

Lemma 7.3.2 (Castelnuovo’s Inequality). Let I be a function field of tran-
scendence degree 1 over k. Let Fy, Fy be two finite extensions of k(t) and F

their compositum. Suppose that

(i) F = F1Fy is the compositum of Fy and Fy,

(ii) [F : F}] =n; and F; has genus g; (i=1,2).
Then the genus g of F' is bounded by

g < mgi+nage + (n1 — 1)(n2 — 1).

Proof. See Theorem 3.11.3 of [23]. O
Proof of Theorem 7.3.1. Let T be the set of valuations in L above those in
S, Assume F(X,Y) = [[(X — BY),G(X,Y) = [[(1,X — 6,Y). We

i=1 j=1
make a reduction to the case of cubic binary forms. Let

Fopr(X,Y) = (X — B,Y ) (X — B,Y ), X =B, Y) for I<p<g<r<m,
Gijn(X,Y) = (X =0, Y) (1, X — ;Y ) (X — 0, ) for 1 <i<j<h<
By Proposition 7.2.1, we have
3 45
‘R(qurv Gwh)’ e 17 (200 =14 T) ‘D( pqr)D<Gijh)‘%4 ‘qurGith?-

Observ that

[ Ee=r"),

1<p<g<r<m
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[I Gm=c),

1<i<j<h<n

(m—=1)(n—=1)(m—2)(n—2)
H H R(Fyyr, Gijn) = R(F,G) 1 :

1<p<g<r<m 1<i<j<h<n

II DE.)=DE"™,

1<p<g<r<m

[ DG = DG

I<i<j<hsn

Hence, by taking the products, we deduce that

10

IR(F, G)|r > e Cor= 14D D(F) 70 | D(G) 70 (|F1F |G )

As #T < [L: K1]#S; and |z|p = |x\[SL1:K1] for x € K, we conclude that

10mn 29[,

IR(F,G)ls, > ¢~ R4 p(R) 7970 p(6) 577 (1FI5F 16167 ).

If F,G are irreducible, write F' = a H(X 7Y),G = b H( —4;Y),

then all fields K (v;,0;) are isomorphic. Wlthout loss of generahty, assume
L/ = Kl(")/l,(sl).
Let

Fp(X,Y) = (X = 3Y)(X =2V )(X = 2Y) for 1 <p<q<r<m,
Gin(X,)Y)= (X -0Y)(X —Y)( X —=6Y)for 1<i<j<h<

Let M = Ki(Vp, Vg Vr» 0i5 04, 65) and T be the set of valuations of M above
those in S7. Here we omit the subscript because all such field are isomorphic

and all 7" have the same cardinality. By Proposition 7.2.1,
3 45
|R(qurvah)| e — 97 (290 - 1+#T)|D( pqr)D(Gijh)|%4|qurGijh|21F7'

Applying Lemma 7.3.2 to Ly = K1(7p, 0p, 7y, 04) and its subfields K (v, d,)
and K (7,,9,) we obtain

g1, < 2dgp + (d —1)?,
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where
d = [L1: Ki(7g,0q)]
= [L1: Ki(7p, 6p)]
< [La s K (s 0 Ya) [ (Vs 0y Yg) = K1 (95 0p)]
< [K1(0p, 0q) = Ki(0p)][K1 (ps 7q) = K1 ()]
< (m=1)(n-1)
< mn.

Observing that [M : L;] < d and [M : Ky(7,,6,)] < d?, and applying Lemma
7.3.2 to M and its subfields Ly, K;(v;, d,) we obtain

v < M Ki(9,,00)|gr + [M 2 Ly]gr, + (d —1)(d* — 1).

Hence
g < 3[M 2 Ky (p, 0p)lgrr + (2d +1)(d — 1)°
3[M : K, 5 oM : K
b et > SRS [ lalatet 7}
S R TR
and

\R(Fpgr, G| -1 LL{J% " #51) \D( )D(G; )|§*4‘F G ’%
pars Gign)|s, = € pqr ijh )1y 14 per Sijh| gy
By taking the products over all triple (p, q,r) and (i, 7, h) we deduce that

lomn(GgL/+4m n m

17L,7#Sl ml 17(n—1
R(F,G)|s, > e Clormr# p(p) 500 p(@) 500 (17147 161 )

This completes the proof. n

Corollary 7.3.3. Let F,G € Og,[X, Y] be two binary forms such that deg F' =
> 3,degG =n = 3, FG is square-free and has splitting field L over K;.
Then

__10mn (

[R(F,G)[s, Ze T

LK1]+#S1 ’D( ) 17(m i) ’D( )m

In particular, if F,G are irreducible, let L' be the field generated by one root
of F(X,1) and G(Y, 1) instead, then

10mn GgL/+4'm n

IR(F.G)ls, > ¢ Car 490 p(p) 7 | D(@) |57
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Proof. Since F,G € O, [X,Y], |F|s, = 1,|G|s, = 1. Then apply Theorem
7.3.1. In particular, if F, G are irreducible, then F(1,0),G(1,0) € Og, and

the rest is clear. O

Remark 7.3.4. Theorem 7.3.1 and Corollary 7.3.3 do not hold if m = 2
orn = 2. For instance, if m = 2,n > 2, take F = X? — ({* - 1)Y?, G =
[T(a;X — bY) where a;, b; (i = 1,...,n) satisfy a? — (t* — 1)b? = 1. Say,
i=1

u;,v; € k[t] are the unique solution of u;+vjvVt? —1 = (t++12 — 1) (j € N)
and a; = u;,b; = v, (i =1,...,n) with l; < --- < l,. Then R(F,G) =

1, D(F)=4(t> - 1) and

DG) = ] (aib;—abi)

1<i<j<n
1 2
= ——— ] <(t V2 D (VR — 1)”—%')
4 =1 1<i<j<n
1 2
= Ur. ..
o 1l i

It is easy to check deg(u;) = j, hence |D(G)|oo — 00 while max (I; — ;) —

1<i<j<n
o0o. This gives a counter-example.

7.4 A result on Thue-Mahler equations

The idea of the following sections comes from [10]. We work out an analogue
for function fields. Let L be a finite extension of K = k(t), and T" C M,
a finite set of valuations. As in K, for a binary form F' with coefficients
ag, - - ., an, put

Hy(F) = [ [ max(Jaols, - - -, [anl),
weT

Hy(F) = [ [ max(|aolu. - - - |an|.),
wel

H(F) = H(F)YILE]
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Lemma 7.4.1. Let F(X,Y) € L[X,Y] be a binary form of degree m > 3
with D(F) # 0. Let A > 1 and suppose F splits in L. Then every solution
(z,y) € L* of the Thue-Mahler equation

|F(z,y)|r = A (7.4.1)

satisfies

H2 (F) 3/m
291, —14+#T 2 L
Hy(z,y) < - ngllmax(!oclu, yl.) (AHT(F)> '

In particular, if F(X,Y) € Or[X,Y] and (z,y) € O, then

Hr(w,y) < 2= (A He(F))Y™.
Proof. Suppose we have a factorization F(X,Y) = [[(;X + 3;Y) in L.
i=1
Put Ajj = a;8; — o 3; for i, 5 = 1,...,m. Then

| Aijle < max(|ailw, |Bilw) max(|ajlw, [8;|.) for w € M.
Fix an arbitrary triple {r,s,t} C {1,...,m} and (z,y) € L?, and put
Ar = Ast<arX + Bry)a Qr = Ar($7y)

and similarly for Ay, Ay, as, a;. Then observe that

A +A,+ A =0,
(7.4.2)
ar +as+ a; = 0.

Applying Corollary 2.2.11 to (7.4.2) , we obtain

2
HT(aT’a Qg, at) < 6maX(2gL_2+#T7O)|arasat|T (H max(|ar|w7 |a8|w’ |at|w)> )
wgT
(7.4.3)

where

’arasat’T = ’ArsAstAtrlT H ’CYZ'.T + Biy’Ta

ie{r,s,t}
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H max(|a,|o, [aslw, latl) < H <maX(|$‘w’ Y]w) H max(|olo, ‘5z|w)>

wgT wgT ie{r,s,t}
Also,

ArsAstAtrX = A15’/‘65*’47’ - AStBTAS7
ArsAstAtrY = _AtrasAr + AstarAs-

(7.4.4)
Then for each solution (z,y) of (7.4.1) and each w € T,

‘ArsAstAtrLu max(\x|w, |y|w) < H maX(|ai|w7 ’61|w) maX(|ar|w7 |as|w>‘

i€{r,s,t}
Hence
Aol Hr(e,y) < (T] Hrlas8))Hr(aya).  (7.45)
i€{r,s,t}
Noticing that Hr(a,,as) = Hr(a,, as, a;), combining (7.4.5) with (7.4.3),

we deduce that

Hr(w,y) < 7 [T max(|al, [yl.)”
w€T

< IT (lasw+ Ble TT max(leils 18:1) TT max(lagl, 18:1)%)

i€{r,s,t} weT wgT

However, by Gauss’ lemma
Hmax(|ai|w> |Bilw) = |Flo-
i=1

Then by taking the products over all triples {r, s,t} C {1,...,m} and (7.4.1),

we deduce that

Hyp(x,y) < e2or—1H#T H max (|7, [y|.)? (AH%(F)>3/m (7.4.6)
I ng wH w HT(F) ’

if F(X,Y) € Or[X,Y] and (x,y) € O2, then we get Hr(F) > 1 and
max(|x|y, |y|,) < 1 for w € T, hence

Hp(z,y) < 20 4#T (A Hp(F))*/™ .
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7.5 Lower bounds for resultants in terms of

heights

In this section we estimate the resultants from below in terms of heights.
Again let K = k(t), and let S be a finite set of valuations of M. Further,
let F,G € K[X,Y] be two binary forms of degree m,n respectively. Recall
that for U = (¢ %) with det U # 0, define Fi;(X,Y) = F(aX 4+ bY,cX +dY)

and the same for Gyy. Then
R(Fy,Gy) = (detU)™R(F, Q).

By the definition of resultant (1.1.1) and the non-archimedean property

of the absolute values | - |, on K, we have
|R(F, G|, < [FIJIGL for v € M,

and hence
|R(F,G)|s < |F[3]GS.

Theorem 7.5.1. Let m,n > 2 and let F,G be binary forms in Og|X,Y]
such that F'G is square-free and with splitting field L over K. Then there
exists U € GLy(Og) such that

|R(F,G)|s > c¢(m,n, S, L) " Hg(Gy) 77 Hg(Fy)77,

where

422mn(2g;,—1) #S

c(m,n, S, L) = exp ( —_r

+ mn(4m + 4n + 433)-—

Lemma 7.5.2. Let F' € Og[X, Y] be a binary form of degree m with non-zero
discriminant. Then there ezists U € GLy(Og)such that

_m-1 <(m +Om—T)gs+ 2=l

|ID(F)|s = e >H5(FU) .
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Proof. This follows from Theorem 5.3.2, observing that Hg(F') < H*(F")
for any F' € Og[X,Y]. O
Proof of Theorem 7.5.1. Without loss of generality, assume that | D(F') gll <
ID(G)5"
By Lemma 7.5.2, there exists U € GLy(Og) such that
—mL (2 46m—T)#S 7(5m_5)(?%_1)> m—1
|D(F>|S 2 e 21 <( + )# + 24[L:K] HS(FU)T
Combining this with Corollary 7.3.3, we deduce that
’R(F’ G)‘S 2 e loﬁln(Q[g[,L:};]l+#S | (F)|17(m D‘D( ) 17(n 1)
> o B CHR )| p ) IO
> C(L,S)Hs(Fy)#, (7.5.1)
where C(L, S) = e — L0 (Gt +29)— 3 ((m?+6m—7) 5+ O )

On the other hand, let T C M}, be the set of valuations above those in

S. Assume Fy, Gy factor in L as

FU(X, Y)
Gu(X,Y) =
Then
IR(F, )5 = |R(Fy, G5

By Lemma 7.4.1, we obtain for j =1,...,

H (6, —) < 2T [T max((dslos 131 (1 Fo (65— )l

w&T

m

= H(OéiX + B;Y),

=1

n

[T(ux +6;v).

J=1

V= |R(Fy. Gu)lr =[] |1Fu (65, =)l

j=1
n that

L(Fy)\3/m
i)
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Combining this with Gauss’ lemma, we deduce that

n

Hr(Gu) = [ [ Hr(3;,6)

7=1
H F 2n 3/m
< 2o 1+#T)HHmaX 16505 1V5]w) (H|FU i)l L(( U>) )
w¢gT j=1
H (F )Qn 3/m
= Qa4 # D TGy 12 (|R(Fy, Gy)| i
6 U Uu,“Uu T
Therefore
n F, 2n 3/m
Hs(Gy) < ([LK] S H|G | <|R(F G>|S%> .

vgS
Noticing that F7, Gy € Og[X, Y], we obtain

Hg(Gy) < "CHRT +#9) (|R(F, G)|SHS(FU)”>3/ " (7.5.2)

Combining (7.5.1) with (7.5.2) we conclude that
He(Gu)"Hs(Fy)" < ™ 9| R(F, G)[2Hs(Fy )™
< |R(F, G,

where

¢ = exp ((421mn + 5”(”61‘1))2[%;{]1 + (421mn + 4n(m? + 6m — 7))#5)

< exp (% + mn(4dm + 4n + 433)#5).

Therefore,
Hs(Gy)™ Hs(Fy)"
< exp <% + mn(4m + 4n + 433)#5) |R(F,G)|E7.

]

Corollary 7.5.3. If F,G are irreducible over K, let Ly be an extension of
K generated by a root of F(X,1) and Ly an extension of K by a root of
G(X,1), and suppose that L; has genus g; for i =1,2. Then

|R(F,G)|s > c(m,n, S, Ly, Ly) " Hs(Gy) 77 Hg(Fy) 77,
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where

c(m,n, S, Ly, Ly) = exp (422m"(m+7;1_75+291+292> +mn(dm + 4n + 433)?%) .

Proof. When F,G are irreducible, the claim is a combination of Theorem

7.5.1 and (5.1.5). 0






Chapter 8

Distances between algebraic

functions

Let K = k(t). In section 8.1 we give a lower bound for the distance tetween
two roots of a polynomial f € k[t][X], and in section 8.3 we derive such a
lower bound between roots of different polynomials. We follow [9], [10] where

similar results have been derived over number fields.

8.1 Root separation of polynomials

Let K = k(t) and let f € K[X] be a polynomial of degree n > 4 with
splitting field L and non-zero discriminant. Assume that f = a H(X Vi)

with a € K* and 7; € L fori =1,...,n. Let S be a finite set of valuatlons
on K and let T be the set of valuations on L above those in S. For each

v € S fix a prolongation of |- |, to L, also denoted by | -|,. Define

v = Yilv
As(f) = ; ‘
s(f) s 1<rzn<l}l<n max(1, |7;],) max(1, |7j|u)

Since L/K is a Galois extension, this quantity Ag(f) is independent of
the choices of the extensions of | - |, to L. To be specific, by (1.4.3) we have

129
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for w € A(v) and o € E(w|v) that

. i — Vil
min
1<i<j<n max(1, |v;|.,) max(1, [v;l.)

_ , lo (i = 7)o o
= min
1<i<j<n max(1, [o(y;)],) max(1, |o(v;)],)
N . Jv
( min ’70(2) 70(])|V )
1<i<j<n max(1, [Vo( |v) max(1, [vo¢y|v)

B ) 1Y = Y5lw o
= min )
1<i<j<n max(1, |y;|,) max(1, |v;].)
since 0 € Gal(L/K) acts on 1,...,n as a permutation and g, = [L,, : K,] is

independent of w. Hence

As(f) =11 ( min i = 3 )mm‘ (8.1.1)

28 e el max(T, 551

Put H(f) = ][ |f|,- Then clearly H(f) > 1.

veMg

((nq) ((n+11)#5-5)

Theorem 8.1.1. Let c4(n) = exp 0TI

). We have
As(f) = ealn) T H(f) "o,
Proof. Homogenize f = agX™ + a; X" ' + -+ + a, and choose
F(X,Y)=blapX" +a; X" Y 4+ - +a,Y")
with b € K™ such that
bloo = [fI H(f), 1bl, = |f[5" for v # v

The existence of b is guaranteed because [] |f|,;*H(f) = 1. So we get
veEMg
F e Og[X,Y], |Floeo = H(f) and hence

H*(F) = max(L,|F|.) = H().

Factor F'in L as F = [[(a;X + 5;Y). Then v; = —g— Put

=1

|Oéiﬁj - Oéjﬁi|w

1<i<isn |ag, Bilwlayg, Bl

0y = (weT).
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Then
As(f) = T o

weT
Let F*(X,Y) = F(aX +bY,cX +dY) with (2%) € GL(2,Os) be such
that F* is reduced. Then F*(X,Y) = ﬁ(oz;‘X + B:Y) where (af, 3F) =
(0 B) (8)i=1,....n -
Now for w € T put fu, := |, Bilw, fio, == o], Bl and G = [eiff; —
03], Then f{l fiw = |F|w,£[1 fo=Floand ] G = D)2

- = 1<i<j<n
By the ultrametric inequality we have (;j, < fi fjw, and

Gijw = lad = be|*|ai B; — o 57| < lad — el [, £,
S0
Gijo < min( fio fo: lad —bel ) o, fr,) for 1<i<j<nweT. (81.2)

We are going to bound 4§, from below for each w € T. Let w € T, and

assume, without loss of generality, that d,, fclsz Then
55 G Gizo _ D)L
flwaw 1<i<j<n min(fiwfjwv |a’d - bc|;1fit;f]>'kw> AW 7
(1.5)#(1,2)
with Ay, = fiwfaw ]I min(fiwfjwv lad — bc|;1fz‘szw)‘
1<i<g<n
(6,3)#(1,2)

We claim that
< |F|o|F*|"2|ad — be|;" 272, (8.1.3)
Then

5 |D(F)|Y?|ad — be|"2/?
© | || F*|n=2

By the Main Theorem, we have

1/2 (lfn)((n+1l)#575)
|D(F)|J* > H*(F*)"/ o2 ™ somim (8.1.4)
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Using ad — be € O%, Hg(F) < H*(F), Hs(F*) = H*(F*) < H*(F) =
H(f), we deduce that

_ 1/[L:K]
|D(F)|Y?|ad — be|"~ 2/
sl = (H FLIFT:

weT
\D( IS
- HS' F* n—2
(n=1)((n+1)#S-5)\ 1 o
> H*(F*)on+z n+2
eXp( 20+ 1/n o e
n—l n+11)#5—5) B o
> H(f) " aome, (8.1
exp ( TEsYe (fy L (8.15)

Finally, to prove (8.1.3), we have to distinguish two cases. First let n > 4

(
be even. Take I = {(1,2),...,(n—1,n)}. Then

Aw < Hfzw H |ad_bc|;1fizf;w

1<i<g<n
(i,5)¢1

= TLe(T1 ) ad = beppr2rs
=1 i=1

_ ’F|w|F* n72|ad . bcl;n(an)/Z_

&

Next let n > 5 be odd. Take
I={1,2),....(n—2,n—1),(n—2,n),(n —1,n)}.

Then

n—3
Aw < H fiw H (fiwfjwf;;)f;w|ad - bC|;1)1/2 H |a’d - bc|u_;1fi*wf;w
=1

n—2<i<j<n 1<i<j<n

(i) 1

- ﬁ Jiw < ﬁ fi2>n2|ad — be| 2/
i=1

= |F|,|F* 2|ad—bc|_”” 272,

Iw
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As a direct consequence, we obtain the following result on simultaneous

root separation for various absolute values.

Corollary 8.1.2. We have

. —(n=1)((n+11)#S-5
min |y; — ], = exp( ( ))

1<i<j<n 20
ves

H(p) i,

Proof. Since the denominator of Ag(f) is at least 1, this is a direct conse-

quence of Theorem 8.1.1 and the fact ]x\gL:K] = |z|7. O

Corollary 8.1.3.

T ) H ()

As(f) > exp ( — an_Ol(&L(n + )#S +

Proof. 1t is similar with proof of Theorem 8.1.1, but replace (8.1.4) by using
Theorem 5.3.2. [

8.2 Two lemmas

We need some preparations for the next section where we consider distances
between algebraic function that are roots of different polynomials.

Let K = k(t). Let H*(y) = [] max(1,|y|.)YEE] for any v € L alge-
weMT,
braic over K. This is independent of the choice of L.

Let &, 1 be distinct and algebraic over K. Let L = K(&,n) and T a finite

set of valuations on L. Define

€l o
-— — 77 -
Ar(&,n) = (H max(1, [£[,) max(1, |7]|w)> .

weT

Then clearly

1/[L:K)
Arlen) = (H max“"iﬂff"“"”'“) H () H )
w€T w

> O H )
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This is a type of Liouville-type inequality. Recall that for a matrix A =

(a;;)i;, we have defined its v-value |A|, = max(|a;;|,) for v € M. In this
irj

way, we also define

Hg(A) =[] 14l

ves

Lemma 8.2.1. Let F(X,Y) € Os[X,Y] be a binary form of degree n > 3

with non-zero discriminant. Then for any U € GL (2, Os), we have

Hg(Fy) 3/n
]—ISS(F) < Hs(U) < (Hs(F)Hs(Fy))™™.

Proof. Let T be the set of valuations on the splitting field L lying above the

valuations in S, write F(X,Y) = ag [[ (e, X +5;Y) with ag € K*, o, 5; € Or
i=1

and Fy(X,Y) =ao [[(af X + 8FY) with

i=1

(7, 87) = (e, B))U, i =1,...,n.
Let U = (2%). Then

fori=1,...,n.

ac; + cf; = af

From the non-archimedean property, it easily follows that
max(|o;w, |5 |w) < |Ulwmax(|ailw, |Bil.) for w e T,
hence by Gauss’ lemma we have
Hr(Fy) < |U|pHp(F),

which gives
Hs(Fy) < |U|sHs(F).

Take any three indices ¢, 7, [ and consider the system of equations

Ax =0, (8.2.1)
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where x = (xy,...,27)T and
a B 0 0 o 0 0
0 0 w B B0 0
S| s0 00 ao
0 0 a; B; 0 B 0
o B0 0 0 0 af
0 0 o B 0 0 B

Put X = (21 23). Then

—xs(afaﬁf) = (az’,ﬁz‘)X7
—ze(aj, B;) = (g, B;) X,
—x7(ag, B) = (au, B) X.

However, D(F) # 0, so X maps three pairwise non-parallel vectors to three
other pairwise non-parallel vectors. Such a matrix X is unique up to a scalar
if it exists. But we already know that X = U with 25 = 24 = 27 = —1
is a solution, therefore the solution space of (8.2.1) is one-dimensional and
hence for any solution there exists A such that U = AX. Let Ay be the
determinant of the matrix obtained by removing the s-th column of A. We
claim that (Ay, —As, ..., A7) is a solution of the system of linear equations.
To see this, we make an extra seventh row by copying an row and thus
obtain a square matrix with determinant 0. By Laplace’s formula, expanding
this determinant along the seventh row, we immediately get the result. So
U=\ ( 7AA12 7AA34 ) By the ultrametric inequality and again Laplace’s formula,

it is easy to see that

A, < H max(|a|,, |55e) max(|as|w, |Bslw),w € My for r =1,2,3,4.
s=t,j,h
Hence

Ul < [Alw H max(|oglw, [ 55 |w) max(|as |, |Bslw) (w € My).

S:ivjvh
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Therefore, by taking the product over w € M,

1T Wl < [] Helos B)HL(e}, 7).

weMT, s=i,j,h

By taking the geometric means over all triples (i,7,h) and going back

from L to K, we obtain that

1/[L:K]
IT w1 = <W£IML|U|“>

< (HK(F)HK(FU)>(n21)/<§>

_ (HK(F)HK(FU)>3/".

Since U € GL (2,0g), we have |U|, = 1 for v ¢ S. Further, F, Fy; €
Os[X,Y]. Hence

Hg(U) < (HS(F)HS(FU)>3/n.

]

Lemma 8.2.2. Let L be a finite extension of K of degree n and T the set of
valuations on L above those in S. Forx € L, denote byo;,i =1,...,n the K-
embeddings of L into its algebraic closure, with oy the identity. Then for x €

K*, there exists o, B € Or such that § = and for F' = [ (0i(a) X +0;(B)Y)
i=1

we have

_29p

(& "AH%(Fv

3=
3=

< H*(z) < Hg(F)r.

Proof. First pick o/, 5" € L such that z = g—: By Lemma 3.2.3, there is
0 € L* such that

min(ﬁ, ﬁ) forw T

A, forweT,

where A, € €%, w € T satisfy [] A, = €2 [] max(|d/|,, |5]w)-
weT wgT
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Let a = 0o/, 8 =6f'. Then a, 8 € Or and so F € Og[X,Y] and x = 3.
Also, we have
1 > H max(|aly, [Bl.)

wgT

— [Tk T mesalon 191)
w€T wgT

_ max(|a],, [5|w)
11 16l | o H
wET

> H [ mex(jol., 18'].,)
weT Y el

_ 2 (8.2.2)

Let M be a normal extension of K containing L, and U the set of valua-

tions above those in S. By Lemma 1.4.1 we have

117, = ( 1 F )[MK
veS wgU
OTR]
( Hmax loi ()| |oi(8 )|u)> o
ngU i=1
orE
(Hmax |l Bl ))
wgU
n[M:L]
MK
= ([ max(lol. |51.))
wgT
[T max(lal. |6L.). (8.23)
w€T

Combining (8.2.2) with (8.2.3) we derive that

H(F)
Hg(F)

e~ 29L <

< L
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By the product formula we have

) = ([[# o)’

n R —

— (I T mextios(a)los () ™"

=1 OJEML

_ < I1 |F\W>"[L1“q

weMy,
1

= H(F)n.

This implies that

8.3 A symmetric improvement of the Liouville-

type inequality

Theorem 8.3.1. Suppose &,n are algebraic over K. Let L = K(&,n) and

[K(&) : K] >3, [K(n): K] 23, [L: K] = [K(S) : K][K(n) : K].

Let S be a finite set of valuations on K, Ty the set of valuations on L lying
above those in S and T C Ty such that

Wl =

1
w = max T K Z[Lw K <

wlv
weT

Let g1, g2 be the genera of K(&) and K(n) respectively. Then

Ar(€,n) = O H(HH () H (),



8.3. A symmetric improvement of the Liouville-type inequality 139

where ¥ = % and
Cs = exp (422(m+n;f7+291+292)+(4m+4n+433)#—l—(m—i—n)(m%—n—@(l—ﬁ)).

Proof. Assume [K(§) : K] = m, [K(n) : K] = n. Then [L : K| = mn.
Without loss of generality, suppose v, € S. For if v, € S, then adding v,
to S does not affect w. Let oy,...,0,, and 7,..., 7, be the K-isomorphic
embeddings of K(§) and K(n) respectively into M.

By Lemma 8.2.2 there are «, 5 € K(§) and 7,0 € K(n) that are inte-
gral over Qg such that £ = %,77 = %, and the corresponding binary forms
FX,Y) =TT (0:(a)X + 0()Y),G(X,Y) = ] (1) X +75(6)Y) satisfy

=1 j=1

(8.3.1)

Moreover, the assumption implies that &, 7 are not conjugate over K and
hence F, G are irreducible and F'G is square-free. By Theorem 7.5.1, there
exists U € GL (2, Og) such that

|R(F,G)|s > C"Hg(Gy)77 Hg(Fy) 77, (8.3.2)
where
422 +n—5+2g,+2 S
' =exp (- Mt S0 E292) i (4 + 4 + 133)43).

Notice that

where
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Let V' € GL (2, Og) be the inverse of U. Then

ad — By = (detV)(a'd = B'y),
max(|04|wa|ﬂ|uJ) < |V|wmax(|a,|wv|ﬁ,|w)7
<

max (|7, |0]) [V Lo max(|y'lu, |0°].0)-

For w € My, put

B 1€ — 1w
AlE )= L el max(LL o)
15— B /w
N o=

max(|a’le, [8']w) max(|y']w, 16'].)

Then A, (&, n) < 1,Al(¢,n) < 1. From what we mentioned above we have

|a5 - 67’4‘)
max(|aly, |Blw) max(|7y]w, [6].)
| det V|, |a/d" — B'Y|.,
V2 max(|o/|., |8']) max(|7']w, |6'].)
- [aauen)
| det V/|[F< ]

= |V|,2/[LWZKV] AL(S’U)

AW (57 77) =

Since | det V|, < |V|? for any v € Mg and V € GL (2, Og), we derive that

[[auEn = HH(’dﬁ;'”)”””ﬂa;(an)

weT veS weT weT
wlv

det V|, \ [L:K]w ,
> TL(Se) ™ T auen

ves weT

1 /
= (V)R H AL ).

weT

By Lemma 8.2.1 we have

Hs(V) < (Hs(Fu)Hs(Fuv))*™
— (Hs(F)Hs(Fy))*™,
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and

Hs(V) < (Hs(G)Hs(Gu))*'",

and from these inequalities we deduce that

| | A 5 1 3[L:K]w A/ 6
77 ( 1/m 1/n 1/m 1 n) 77

e Hs(F)YmHg(G)V"Hs(Fy)'/mHs(Gy)Y WIEIT

By taklng g = m <1 and

H = Hg(F)Y™Hg(G)'", H' = Hg(Fy)Y™Hs(Gy)'™,
we conclude that

[Tauen > @a) ™= [T (Auen)'ALEn)y)

weT weT

> () e T (Aulem) ™ ALED))  (8.33)

w€eTy

However, since [L : K] = [K(€) : K][K(n) : K] we have
- H H (0i()7i(8) — 05(B)7i(7)) = Nijx(ad — B).

i=1 j=1

This implies that

[R(F.G)|, =[] lad = B, for v € M.

wlv

n

Similarly to (8.2.3), we have Hg(F) = Hu,(av, 8) TR, Hg(G) = Hy, (v, §) =K
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Combining this with (8.3.2) we deduce that

|R(F,G)|
H Aw(fan) = HTO(Ot,ﬁ)HTOS('Yv(S)

w€eTp
|R(F\G)|s
o [LK]
(HS(F)l/mHS(G)l/n)
> exp ( B 422m71(m+7;1—75+291+292) —mn(4m + 4n + 433)#) X
Hs(Gy) ™7 Hg(Fy) 77
X [L:K]
(HS(F)l/mHS(G)l/n)
- o ( B 422m”(m+77l;75+291+292) — mn(4m + 4n + 433) 7#1§>
1 1 T mn
(Hs(Go)n Hs(Fy)m 4
Hs(F)YmHg(G)/n (8.3.4)
Similarly, we have
! — |R(Fu,Gu)ls
H AW(gan) - HTO(CY',B/)HTO(’Y/75/)
w€eTy
_ |[R(F\G)ls
o LK)
(Hs(FU)l/mHS(GU)l/n)
> exp ( h 422mn(m+77l;75+291+292) —mn(4m + 4n + 433) ?ﬁ)
1 1 ﬁ mn
(Hs(Go)n Hs(Fy)m )
Hg(Fy)V/mHg(Gy)t/r (8.3.5)
Substituting (8.3.4) and (8.3.5) into (8.3.3), we conclude that
mneco I_IIm
HA &n) = (HH)™ W%WX
weT
x exp (- LRI DR (4 + 4 + 433) 23 )
= exp ( - 422mn(m+zl—75+291+292) . (4777, +dn + 433) 7#1§>Hmn( 14+9)
> P ( B 422mn(m—|—?1—75+291+292) — mn(4m + 4n + 433) jﬁ)

1.1 mn(—1+19)
X(H*(f)H*O]) QQL(ern)) ]
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where the equality is because of the choice of €, which makes the exponent

of H' to be 0, and the last inequality is due to (8.3.1). This implies that

Ar(en) = D (HOH ()

where

D = exp (422(m+n;f;—291+292) + (47”"‘4”"‘433)?% + 2gL<% + %)(1 _ 19))

]

Notice that ¥ < 1 and by (5.1.4),

2gL -2
mn

<m+n—06,

we conclude that D < C5 where

422 —54+2 2
Cs = exp ( (min-S4+2g+ 92)+(4m+4n+433)#+(m+n)(m+n—5)(1—ﬂ)).
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Abstract

Let F € Z[X,Y] be a binary form, i.e., a homogeneous polynomial in two
variables. We denote the discriminant of F' by D(F) and its height, i.e., the
maximum of the absolute values of its coefficients, by H(F). Two binary
forms F,G € Z[X,Y] are called GL (2,Z)-equivalent if G = £Fy; for some
matrix U € GL (2,Z). Here Fy(X,Y) = F(aX 4bY,cX +dY) for U = (29).
Two GL (2, Z)-equivalent binary forms have the same discriminant. A binary
form F' € Z[X,Y] is called reduced if its height cannot be made smaller by re-
placing it by a GL (2, Z)-equivalent form. A conjecture formulated by Evertse
but probably much older asserts that if F' € Z[X, Y] is a reduced binary form
of degree n > 2 and non-zero discriminant, then H(F) < ¢;(n)|D(F)|™
where ¢1(n), ca(n) depend on n only. This conjecture follows from work of
Lagrange (1773) and Gauss (1801) for n = 2 and Hermite (1851) for n = 3,
but for n > 4 it is still open. The best known result towards this conjecture
is due to Evertse [9] who derived a similar inequality but with ¢; depending
on n and the splitting field of F'. This constant ¢; cannot be computed ef-
fectively from Evertse’s method of proof. Further, Evertse and Gyéry [11]
obtained an inequality H(F) < exp (c1(n)|D(F)|=™).

In this thesis, we consider binary forms with coefficients in the polyno-
mial ring k[t], where k is an algebraically closed field of characteristic 0. If
we define an absolute value | - | on k[t] by setting |f| := ed°¢/ for f € k[t],
we can formulate an analogue of Evertse’s conjecture for binary forms in
E[t][X,Y]. In this thesis, we give a proof of this analogue. To achieve

this, we first generalized Mason’s ABC-theorem using work of Brownawell
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and Masser [6], Zannier [26] and J.T.-Y. Wang [25], then we developed an
analogue over function fields of a theorem of Evertse from the geometry of
numbers and subsequently a reduction theory for binary forms over function
fields. As an application, we then derived results on the root separation
problem over function fields, which is another interesting problem from Dio-
phantine approximation. An elementary inequality of Mahler (1964) states
that if f € Z[X] is a polynomial of degree n > 2 of non-zero discriminant,
then for any two distinct roots a, 8 € C of f we have a — 8| > c¢(n)H(f)'™
where ¢(n) > 0 depends on n only. The root separation problem is to prove a
similar inequality with instead of 1 —n a larger exponent. This is still open.
In this thesis, we consider the analogous problem for polynomials in k[t][X],
and in this setting we managed to solve the root separation problem.

This thesis is organized as follows. In Chapter 1, we introduce standard
notation and collect some results needed later. In Chapter 2, we recall Ma-
son’s ABC-theorem and deduce a generalization. Then in Chapter 3, we
develop an analogue of the geometry of numbers over function fields. This
is applied in Chapter 4 to develop a reduction theory for binary forms over
function fields. Combining the results of Chapter 1—4, we prove in Chapter 5
a function field analogue, in fully effective form, of Evertse’s conjecture men-
tioned above. In Chapter 6, we consider the number of equivalence classes of
binary forms of given discriminant, under certain conditions. In the last two
chapters, we derive an effective inequality concerning the resultant of this
binary forms and derive an effective lower bound for the distance between
two algebraic functions, where we make a distinction between the cases that

they are conjugate over k(t) or not.



Samenvatting

Een binaire vorm van graad n is een homogeen polynoom in twee variabe-
len van graad n. We bekijken voorlopig binaire vormen van graad n met
geheeltallige coéfficiénten. Een belangrijke invariant van een binaire vorm is
zijn discriminant. Dit is een homogeen polynoom van graad 2n — 2 in de
coéfficiénten van F. We geven met D(F') de discriminant van zo'n binaire
vorm F' aan, en met H(F') de hoogte, dat wil zeggen het maximum van de
absolute waarden van de coéfficiénten van F. Dan is |D(F)| < ¢(n)H (F)**2
waarbij ¢(n) alleen van n afthangt. We zeggen dat twee binaire vormen F' en
G equivalent zijn, als G = +Fy voor zekere matrix U € GL (2,Z). Hier
is Fy(X,Y) = F(aX + bY,cX 4+ dY) voor U = (¢%). Twee equivalante
binaire vormen hebben dezelfde discriminant. We kunnen de hoogte van
een binaire vorm steeds kleiner proberen te maken door hem te vervangen
door een equivalente binaire vorm. Wanneer de hoogte van een binaire vorm
op die manier niet meer kleiner kan worden gemaakt noemen we hem gere-
duceerd. Een vermoeden geformuleerd door Evertse maar waarschijnlijk al
veel ouder, zegt dat van elke gereduceerde binaire vorm F' € Z[X,Y] van
graad n > 2 met discriminant # 0 de hoogte H(F') kan worden afgeschat
als H(F) < ¢1(n)|D(F)|™, waarbij c;(n) en cy(n) alleen van n afhangen.
Dit vermoeden is voor n = 2 en n = 3 bewezen. Voor n = 2 volgt het
uit werk van Lagrange (1773) en Gauss (1801) en voor n = 3 uit werk van
Hermite (1851) maar voor n > 4 is het nog open. Evertse bewees in 1993
een zwakkere verse van bovenstaand vermoeden met in plaats van c¢; een

constante die athangt van zowel n als het splitsingslichaam van F', en die
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niet effectief te berekenen is uit het gegeven bewijs. Verder bewezen Evertse
en Gyory in 1991 een andere zwakkere versie van bovenstaand vermoeden,
met een bovengrens voor H(F) van de vorm exp (c1(n)|D(F)|2™), waarbij

c1(n), ca(n) effectief uit het bewijs kunnen worden berekend.

In dit proefschrift bekijken we binaire vormen met coéfficiénten in de
ring C[t] van polynomen met complexe coéfficiénten (of meer algemeen met
coéfficiénten in een algebraisch afgesloten lichaam van karakteristiek 0). De
ring C[t] heeft veel eigenschappen gemeen met Z, bijvoorbeeld eenduidige
priemontbinding. Verder kunnen we op CJt| een absolute waarde definiéren,
namelijk |f| := e#%4S voor f € C[t]. We kunnen nu een analoge versie
van Evertse’s vermoeden formuleren voor binaire vormen in C[¢][X,Y]. In
dit proefschrift geven we een bewijs voor die analoge versie, met expliciete
waarden voor ¢1(n) en cz(n). Om een idee van het proefschrift te geven gaan

we dieper in op twee belangrijke aspecten vsn het bewijs.

Het eerste aspect betreft de meetkunde der getallen. We geven een
idee van die theorie aan de hand van twee voorbeelden. Bekijk een school-
bord met daarop twee coordinaatassen getekend, de z-as en de y-as. Teken
alle roosterpunten op dit bord, dat wil zeggen met x,y € Z, bijvoorbeeld
(0,1),(2,3),(—5,4), etc. Kunnen we vier roosterpunten bedekken met een
stuk papier in de vorm van een cirkel met straal 17 Het is niet moeilijk
te laten zien dat dit inderdaad kan. Kan dit met een driehoekig stuk pa-
pier met oppervlakte 77 Of met een stuk papier van oppervlakte 7 van een
willekeurige vorm? Blichfeldt [3] bewees in 1914 dat je met een stuk papier
van oppervlakte £k, na indien nodig een verschuiving, altijd k4 1 roosterpun-
ten kan bedekken. Bekijk nu een vierkant stuk papier met zijdelengte gelijk
aan 2, maar speld het middelpunt van de vierkant vast op de oorsprong (0, 0),
dat wil zeggen het snijpunt van de coordinaatassen. Dus we kunnen dit stuk
papier wel draaien maar niet verschuiven. Ligt er altijd een ander rooster-
punt dan (0,0) onder het stuk papier, ongeacht hoe we het draaien? Wat als
we in plaats van een vierkant stuk papier een rechthoekig stuk paper nemen

met het middelpunt vastgespeld op (0,0)? Of een ellipsvormig stuk papier



Samenvatting 153

van oppervlakte 4 met middelpunt, dat wil zeggen het snijpunt van de ko-
rte as en de lange as vastgespeld op (0,0)? Minkowski bewees in 1896 dat
een convexvormig stuk papier van oppervlakte minstens 4, dat spiegelsym-
metrisch is ten opzichte van zijn zwaartepunt en waarvan het zwaartepunt op
(0,0) is vastgespeld, afgezien van (0,0) altijd een ander roosterpunt bedekt.
Dit is de zogenaamde eerste stelling van Minkowski over convexe gebieden.
Deze stelling is in zekere zin kwalitatief. Later, in 1910, bewees Minkowski
zijn tweede stelling over convexe gebieden. In termen van het stuk papier,
kan deze als volgt worden geformuleerd. Neem weer een convexvormig stuk
papier waarvan het zwaartepunt is vastgespeld op (0,0) en dat spiegelsym-
metrisch is ten opzichte van zijn zwaartepunt. We kunnen dit stuk met een
factor A ”vermenigvuldigen” door het in alle richtingen ten opzichte van (0, 0)
met een factor A uit te rekken (waarbij een uitrekking met een factor 1/2 op
hetzelfde neerkomt als een inkrimping met een factor 2). Noem A; de klein-
ste factor waarmee we het stuk papier moeten vermenigvuldigen opdat het
naast (0,0) nog een ander roosterpunt bedekt. Noem Ay de kleinste factor
waarmee we het stuk papier moeten vermenigvuldigen opdat het naast (0, 0)
nog twee andere roosterpunten bedekt die niet samen met (0,0) op dezelfde
lijn liggen. Dan zegt de stelling van Minkowski voor convexe gebieden dat
%< A < % Minkowski bewees bovengenoemde stellingen niet alleen voor
het tweedimensionale geval dat we boven hebben beschreven, maar ook voor
dimensies 3,4, .... Deze resultaten blijken erg krachtig te zijn, zelfs in het
onderzoek van vandaag in de Diophantische meetkunde. In hoofdstukken 3
en 4 van dit proefschrift passen we een analoge theorie van de meetkunde
der getallen over C[t] toe en leiden daaruit een reductietheorie voor binaire

vormen over C[t] af.

Het tweede aspect van ons bewijs heeft betrekking op het ABC-vermoeden
voor algebraische getallen, en een analoge versie daarvan voor algebraische
functies, die wel bewezen is. Het ABC-vermoeden gaat over drie positieve
gehele getallen a,b,c met a + b = ¢ zodat a,b en ¢ geen factor gemeen-

schappelijk hebben. Noem d het product van de verschillende priemdelers
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van abc. Het ABC-vermoeden zegt ruwweg, dat ¢ niet te groot kan zijn
ten opzichte van d. Dus wanneer a,b deelbaar zijn door hoge machten van
priemgetallen, dan kan ¢ niet deelbaar zijn door hoge machten van priemge-
tallen. Het ABC-vermoeden, dat geformuleerd is door Oesterlé en later op

een preciezere manier door Masser in 1986, zegt het volgende:

ABC-Vermoeden. Voor elke ¢ > 0 zijn er maar eindig veel drietallen a,b, c
van positieve gehele getallen, zodat a, b, c geen factor gemeen hebben en zodat

c > d'¢, waarbij d het product is van de priemgetallen die abc delen.

Dit vermoeden ziet er eenvoudig uit, maar het bleek extreem moeilijk te
zijn. In 1996 beschreef de Amerikaanse wiskundige Goldfeld het als "het
belangrijkste onopgeloste probleem in de Diophantische analyse.” Het ver-
moeden is nog steeds open. De Japanse wiskundige Mochizuki beweerde in
2012 een bewijs voor het ABC-vermoeden gevonden te hebben, maar experts
hebben nog niet kunnen bevestigen of zijn bewijs correct is of niet. Wanneer
het ABC-vermoeden juist is, heeft dit erg veel gevolgen, bijvoorbeeld aller-
lei generalisaties van de laatste stelling van Fermat, verscherpingen van de
Stelling van Roth over hoe goed algebraische getallen door rationale getallen

kunnen worden benaderd, en nog veel meer.

Een analoge versie van het ABC-vermoeden voor polynomen en meer alge-
meen algebraische functies is onathankelijk van elkaar bewezen door Stothers
in 1981 en Mason in 1983. Het bewijs van deze ABC-stelling voor alge-
braische functies is niet zo moeilijk. Een eenvoudige versie van deze stelling
is als volgt. Zijn a(t),b(t), c(t) drie polynomen met complexe coéfficiénten zo-
dat a(t) +b(t) = ¢(t) en zodat a(t), b(t), c(t) geen gemeenschappelijk nulpunt
hebben. Zij S het aantal verschillende nulpunten van a(t)b(t)c(t). Dan
hebben a(t), b(t), c¢(t) allemaal graad hoogstens S—1, tenzij a(t), b(t), c(t) alle-
maal constant zijn. In hoofdstuk 2 van dit proefschift bewijzen we onder meer
een veralgemening van de ABC-stelling voor sommen a; (t)+- - -4a,(t) = ¢(t),
gebaseerd op werk van Brownawell and Masser [6], Zannier [26], en J. T-Y.

Wang [25], en passen dit resultaat toe in hoofdstuk 7.
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Een ander probleem dat in dit proefschrift wordt bekeken is hoever nulpun-
ten van een polynoom van elkaar af kunnen liggen. Een elementaire ongelijk-
heid van Mahler (1964) zegt het volgende: zij f € Z[X]; dan geldt voor alle
nulpunten «a, 3 van f dat |o — 3] = c(n)H(f)'™", waarbij ¢(n) een getal > 0
is dat alleen van n athangt. Hier is H(f) de hoogte van f, dat wil zeggen het
maximum van de absolute waarden van de coéfficiénten van f. Het probleem
is om een soortgelijke ongelijkheid te bewijzen met in plaats van 1 — n een
grotere exponent. En wat is de grootst mogelijke exponent? Hierbij spelen
de bovengenoemde afschattingen voor gereduceerde binaire vormen een be-
langrijke rol. Voor polynomen met coéfficiénten in Z is dit nog open. In dit
proefschrift hebben we het analoge probleem bekeken voor polynomen met
coéfficiénten in C[t], en bewezen dat voor polynomen f(X) € C[t][X] van

graad n > 4 in X de exponent 1 — n inderdaad kan worden verbeterd.

Het bovenstaande probleem ligt in het verlengde van de Stelling van Roth
uit 1955 die gaat over de benadering van een vast algebraisch getal v door
rationale getallen die we vrij laten variéren. De stelling zegt dat er voor elke

—2—¢

e > 0 een getal ¢(v,e) > 0 zodat |y — p/q| > c(v,¢)q voor alle gehele

getallen p en ¢ met ¢ > 0. Voor deze stelling kreeg Roth de Fieldsmedaille.

In het symmetrische approrimatieprobleem kijken we naar twee alge-
braische getallen o en g die we vrij laten variéren. Neem aan dat «, (3
nulpunten zijn van respectievelijk de polynomen f,¢g € Z[X]. We vragen
naar afschattingen |a— 3| > cH(f)°H(g)~" met zo klein mogelijke waarden
voor d en 7 in termen van de hoogtes van f en g, waarbij ¢ alleen athangt van
het getallenlichaam dat door a en 8 wordt voortgebracht. In dit proefschrift
bewijzen we een stelling over het analoge probleem voor algebraische functies

in plaats van algebraische getallen, met effectieve constanten ¢, § en 7.

De opzet van dit proefschrift is als volgt. In hoofdstuk 1 introduceren we
de benodigde notatie, en verzamelem we enkele hulpresultaten die later wor-
den gebruikt. In hoofdstuk 2 noemen we de ABC-stelling voor algebraische
functies van Mason en een generalisatie daarvan van Brownawell en Masser,

en leiden een verdere generalisatie af. Vervolgens leiden we in hoofdstuk 3
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een analogon voor algebraische functies af van een stelling van Evertse in
de meetkunde der getallen die een toepassing is van de tweede stelling van
Minkowski voor convexe gebieden. Dit gebruiken we in hoofdstuk 4 om een
reductietheorie voor binaire vormen over C[t] af te leiden. In hoofdstuk 5
bewijzen we het analogon van Evertse’s vermoeden voor gereduceerde bi-
naire vormen over C[t] door de resultaten uit de eerdere hoofdstukken te
combineren. in hoofdstuk 6 kijken we naar het aantal equivalentieklassen
van binair vormen over C[t] van gegeven discriminant. In de laatste twee
hoofdstukken bekijken we de (goed gedefinieerde) afstand tussen twee alge-
braische functies o en 3 en leiden hiervoor een effectieve ondergrens af, eerst
in het geval dat a en 3 geconjugeerd zijn over C(t), en daarna wanneer ze

niet geconjugeerd zijn over C(t).
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