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Astronomyé Astrophysics, Volume 567, A82 (2014)

Abstract

Depolarization of diuse radio synchrotron emission is classified in terms
of wavelength-independent and wavelength-dependentiaégadion in the
context of regular magnetic fields and of both isotropic amida@ropic tur-
bulent magnetic fields. Previous analytical formulas fgpalarization due
to differential Faraday rotation are extended to include intéfaedday dis-
persion concomitantly, for a multilayer synchrotron eingtand Faraday
rotating magneto-ionic medium. In particular, depolaita equations for
a two- and three-layer system (disk-halo, halo-disk-hale) explicitly de-
rived. To both serve as a ‘user’s guide’ to the theoreticailmreery and as an
approach for disentangling line-of-sight depolarizatomtributions in face-
on galaxies, the analytical framework is applied to datanfeosmall region
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Chapter 3. Depolarization of synchrotron radiation in a multilayer magiogiio-medium

in the face-on grand-design spiral galaxy M51. THediveness of the mul-
tiwavelength observations in constraining the pool of jpdaislepolarization
scenarios is illustrated for a two- and three-layer modwh@hwith a Faraday
screen system for an observationally motivated magnetitdnfiguration.

3.1 Introduction

Depolarization of linearly polarized synchrotron radiaticombined with multiwave-
length observations is a powerful diagnostic for probingdbnstituents of the fiuse in-
terstellar medium (ISM) in galaxies. The medium may be eislyachrotron-emitting and
Faraday-rotating or only Faraday-rotating (a Faradayesgrdepending on whether cos-
mic ray electrons occur conjointly with thermal electronsl anagnetic fields. Magnetic
fields encompass regular (mean) fields, which are ordered@merent on large scales
and turbulent fields on small scales. Turbulent fields arthéurclassified as isotropic
or anisotropic. An alternative definition of anisotropy @rrhs of field striation may be
found in Jansson & Farrar (2012). The three distinct comptinef the magnetic field -
regular, turbulent isotropic, and turbulent anisotropéontribute diferently to the three
observables of total synchrotron intensity, (polarized synchrotron intensity), and
the Faraday rotation measuiRNl) as discussed in ffe et al. (2010); Jansson & Farrar
(2012) (see Fig.1 of ¥ et al. (2010) for an illustration).

The study of depolarization signatures in synchrotronatiat has its origins in the
suggestion by Alfén & Herlofson (1950) that cosmic radio waves result froratreistic
electrons spiralling in magnetic fields. For an overviewlod@rvational tracers of galactic
magnetic fields, see Zweibel & Heiles (1997).

In the context of nearby spiral galaxies, the basic reswoiteerning polarization and
Faraday &ects stem from the seminal work of Burn (1966) who consideraeelength-
dependent depolarization contributions from regular @udropic turbulent magnetic
fields to describe the distribution of polarized radiatidong the line of sight. Depo-
larization of synchrotron radiation by anisotropic magméelds and the #ects of the
magneto-ionic medium on the propogation of radio waves hiaghdy been described
by Ginzburg & Syrovatskii (1965). In particular, Korchak&Syrovatskii (1962) had
arrived at wavelength-independent analytical formulameating the degree of polariza-
tion to the degree of regularity of the field for the presentarbanisotropicmagnetic
field superimposed on a regular magnetic field as in the spirak of the Galaxy. In
their introduction, Sokolfy et al. (1998, 1999) provide a concise summary of works on
applications of depolarization laws to characterize mégriields in radio galaxies, jets,
and other radio sources. Burn (1966) considered the casesyrhaetric, single-layer
uniform slab with constant emissivity and Faraday rotapen unit line of sight (for a
review of several other models see Gardner & Whiteoak (1966))

In the sole presence of regular magnetic fields permeatm@Bhrn) slab, the polar-
ization angle is a linear function of the square of the wawgtle, and the degree of po-
larization follows the (Burn) depolarization (sinc) fuimst. The Galactic foreground was
modeled as a Burn slab in the work of Brentjens & de Bruyn (2008hen an isotropic
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3.1. Introduction

Gaussian random magnetic field is also present the Burn alépation formula is modi-
fied to include internal Faraday dispersion (IFD), with @isgion scaling with the quartic
power of the wavelength. As noted by Sokidlet al. (1998), a factor of ‘2’ was missed
in the dispersion formula. Moreover, Faraday dispersioarirexternal screen was also
examined and received criticism from Tribble (1991) who ified this result to scale
with the quadratic power of the wavelength since the dispensould cause the spatial
correlation length of the polarized emission to decreask iwcreasing wavelength until
it would drop below the size of the turbulent cells (see alskdkff et al. (1998)). Burn
(1966) also considered wavelength-independent depat@izarising from variations in
polarization angle by the presence of isotropic random ratigfields. This led to the
expression for the degree of polarization in terms of thio raft energy densities of the
regular and random magnetic fields as

Pobs Bl_2]

Pmax Bf + B?

which was corrected by Heiles (1996) to

2
Pobs Bu
Pmax B2+ 2B2

for a face-on spiral galaxy. Herpgns and pmax are the observed and maximum degrees of
polarization, andB, andB; denote the uniform (regular) and random (isotropic turbt)le
magnetic fields, respectively.

The work of Sokold et al. (1998) generalizes the results of Burn (1966) to descr
more complex lines of sight in which magnetic field reversadsur and which pass
though a multilayer magneto-ionic medium as characternigtspiral galaxies. Emissivity
and Faraday rotation are no longer constant and may arisedosmic ray electrons and
thermal electrons with diering extents along the line of sight. These authors conside
the cases of a symmetric nonuniform slab, an asymmetri¢ ataba multilayer slab and
show that the polarization angle is no longer a linear fumctf the wavelength squared
in all of these contexts. Additionally, formulas for wavedgh-independent depolariza-
tion arising from isotropic turbulent and anisotropic tldnt magnetic fields are derived
using the rms value for the turbulent magnetic field strength

We base our method on the multilayer slab approach but nolwdacdhe simulta-
neous action of dierential Faraday rotation (DFR) and IFD in each layer of a-tamo
three-layer magneto-ionic medium. An explicit analytitmimula for polarization aris-
ing from a three-layer medium is provided. We also combinealength-dependent and
wavelength-independentfects in this framework and allow for regular, isotropic ran-
dom, and anisotropic random magnetic fields. To the authko@iviedge, this is also the
first specific application (in modeling) of the analyticalnkalone on anisotropic fields.

This multilayer approach is intended for modeling nearlgefan galaxies where it
is difficult to disentangle the signal from the disk and halo. We \afip¢ developed
theoretical machinery to the face-on, grand-design spakelxy M51, which lends itself
to a decomposition into a disk and a halo thanks to its smalieaof inclination.
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Chapter 3. Depolarization of synchrotron radiation in a multilayer magiogiio-medium

In this chapter, we lay the foundations for an improved ptsismodeling of the
galaxy, building on previous works (Berkhuijsen et al. 19Bletcher et al. 2011) by
taking depolarizing #ects into account directly, thus enabling a statistical jgarnson
with polarization maps at each observing wavelength. InpCHa we will apply the
method to constrain both regular and turbulent field sttemgt M51.

3.2 Method

3.2.1 Regular, isotropic turblent, and anisotropic turbulent

We model a nearly face-on spiral galaxy with a disk and a h@éle multilayer decom-
position along the line of sight is performed explicitly fartwo- (disk-halo) and three-
(halo-disk-halo, with the far and near sides of the halo @éitlentical) layer system, in
order to examine the depolarization contribution of thesifithe halo farthest from the
observer. Constant strength regular and turbulent magfielils along with a constant
cosmic ray densityy, as well as a constant thermal electron densitgerve as indepen-
dent input for the disk and halo. Théects of wavelength-independent and wavelength-
dependent depolarization are directly traced by the nazedbegree of polarization that
describes the degree to which the measured polarized gignates from its intrinsic
value. Several depolarization mechanisms are in play imtédium. We focus on the
main ones for our modeling and discuss these separately.

The total field is comprised of a regular and fluctuating (@leht) part and is given
by B = B + b, where the over-bar notation has been adopted to denoteehe field.
The fluctuating part is described by a three dimensionautartt vector fieldo which is a
random variable, with cylindrical componeris by, b, (in the galaxy plane) and whose
standard deviation is similarly,, o4, o>. A correlation between the transvetse and
longitudinalb, components of the turbulent magnetic fiéldrises from the solenoidality
or divergence free conditio%i- b = 0. It is assumed that thefect of such a correlation is
negligible, thereby allowing for these components to batée as uncorrelated (Sokélo
etal. 1998).

As soon as turbulent magnetic fields appear in the desanipdilb related quantities
have to be addressed through an expectation value given bjume average over the
random magnetic fluctuations in the source of synchrotrdration. Since volume av-
eraging will be equal to ensemble averaging in our treatpibatself consistency of the
above representation for the total magnetic field may beimdxebyensemblaveraging
both sides and noting thdt and its components are random variables with zero mean.
Hence,B is also an ensemble average of the total fgldUpon including the three di-
mensional turbulent magnetic fidhdand assuming the standard scaling of emissivity with
the square of the perpendicular component of the total nimgfield, £ « B2, it is the

expectation values ofBy) = By and<B§> = Ei + o-ﬁ whereo denotes the respective
standard deviation witk = {X,y,z} and({...) represent expectation values or ensemble
averages, which feature in equations describing depaliiz. Please consult Appx. 3.A
for a more detailed explanation and an alternative scalasgt on the equipartition as-
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3.2. Method

sumption.
For isotropyo; = o = 0, = 0. We include anisotropy caused by compression along
spiral arms and by shear fromfiirential rotation and assume it to have the form

a'é = aa,z, oy = 0, (3.1)

with @ > 1. Isotropy may be seen as the case whetrel. We emphasize that the above
relations for isotropy and anisotropy, characterizedpare relations between the square
of the standard deviation or variance of the componentsafdnot among components
of bitself.

3.2.2 Projection from galaxy-plane to sky-plane coordinags

The total magnetic field and the intrinsic polarization @l synchrotron radiation must
be projected from the galaxy-plane onto the sky-plane. Rerrégular disk and halo
fields, the transformation from galaxy-plane cylindricalgr coordinates to sky-plane
Cartesian coordinates proceeds with the introduction of @artesian reference frames,
one with its origin at M51’s center and the second in the sy, with thex-axis of both
frames pointing to the northern end of the major axis, andvisrgas (Berkhuijsen et al.
1997)

By = B cos@) — B, sin(@),
B, = [Br sin(g) + By cos@)] cos() + B,sin(),

B =- [B, sin() + By cos@)]sin(l) + B cos(),
wherel is the inclination angle anfldenotes a component of the field parallel to the line
of sight.

The random fields, represented by their standard deviatioassform to the sky-
plane as

br cOS() — by sin(¢)]2>

ff[? cog(g) + o Sint(¢),

= <{[br sin@) + b, cosg)| cos() + bzsin(l)}2>

= |02 sirP() + 0% cos(9) | co(l) + o2 sirf(l),

- <{- [ sin) + b, cose)| sin() + b, cos()}2>

= |02 sirP() + 0% cos(9) | sirP(l) + o2 cos (). (3.2)

2
0-)(
2
O-y
2
a9

It follows from Eqgs. (3.1) and (3.2) that anisotropy is giv@n
ol=0? [cosz(qb) + asin2(¢)] ,
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Chapter 3. Depolarization of synchrotron radiation in a multilayer magiogiio-medium

(o

2 = g2 {[sinf(¢) + @ cog(g)| cog(l) + sir(l)},
ot = o2 {[sirP(¢) + @ co(g)| sirf(l) + cog ()} (3.3)

The intrinsic polarization angle in the presence of regfileids only is given by
(Sokoldf et al. 1998)
Yo =im + arctar(Ey/Ex)

which acquires an additional term under projection to thekne to (Berkhuijsen et al.
1997)
Yo = 3n — arctanjcos() tan@)] + arctar(ﬁy/ﬁx). (3.4)

With the inclusion of turbulent magnetic fields, the lastrién the above equation is
modified and the intrinsic angle becomes (see Sdkeloal. (1998) and Appx. 3.A for a
derivation of this modification)

2BB,

(Yo) = in — arctanfcos() tan@)] + %arctar‘{_2 ] (3.5)

=2
2 _ o2
B,-B,+ox—0}

which reduces to Eq. (3.4) for the isotropic case. Hencebddn regular fields without
any turbulence and for purely isotropic turbulence the saaugation for the intrinsic
angle applies.

3.3 The complex polarization

As a result of the assumption that the transverse and latigg@lcomponents of the tur-
bulent magnetic field are uncorrelated, both the emissasity the intrinsic polarization
angle become independent of the total Faraday depth whiclseguently, leads to a de-
coupling of the wavelength-independent and wavelenggeddent &ects, and the com-
plex polarizatior for the total magnetic field may therefore be expressed, based on
Sokoldf et al. (1998), as

P=( [ avutn <s<r)>WXh)_l

Z
X f dVPo (e(r))wxn exp[Zi (0.81/12f ne§||dl’)]
\% z

X <exp[2i (0.81/12 f ’ neb”dl’)]> (3.6)
z Wxh

where the intrinsic, complex polarizati@® is

(&(r) exp[ 2iyo(r) Dwsn

Do 3.7)

Po = pow(r)
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3.3. The complex polarization

The intrinsic degree of linear polarization of synchrotradiation is taken agy =
0.70. w(r) is the beam profile function of coordinates in the sky-planés the syn-
chrotron emissivity, and the quantity inside the expegtatialue angular brackets in the
numerator of Eq. (3.7) is known as the complex emissivByandb, are the mean and
random magnetic field components along the line of sig)( ne is the volume den-
sity of thermal electrons (cm), vy is the intrinsic value of the local polarization angle
Y at positionr, and2 is the observing wavelength (m).. )y denotes volume averag-
ing in the synchrotron source, encompassed by the beandeylivhereW is the area
covered by the telescope beam dné the extent encompassed by a slice within the
beam cylinder which should be much smaller than the scatghhef the constituents of
the magneto-ionic medium. Coordindtés measured in pc along the line of sight with
positive direction pointing toward the observer withdenoting the boundary of either a
synchrotron emitting region or a Faraday screen closesetobserver.

The complex polarization is linked to tiedservableolarization quantities, the Stokes
parameters, Q,U, as

P = pexp(2iP)
where
L V)
N
and

v=1 arctar(%).

P is the polarized synchrotron intensity with= |#| the degree of polarization, ar@
andU may be seen to be the real and imaginary part8,afespectively, normalized by
the total synchrotron intensity= fv edV and¥ is theobservedolarization angle.

The following additional assumptions are used in the sutiogeanalysis of depolar-
ization:

1. The degree of polarizatiomand the polarization angle are dfected exclusively
by depolarization mechanisms arising from thédie ISMwithin the galaxy itself

2. A suficiently large number of turbulent correlation cells forbetxp(2iyo) and
g, denoted as\y, is encompassed by the telescope beam area in order to have
deterministicvalues for the complex polarization and, consequentlytferdegree
of polarization and polarization angle.

3. The beam profile function is for a flat telescope beam profitle w(r) = 1.

4. The variation of parameters perpendicular to the lineigtitss negligible within
the telescope beam.

5. The expectation value of the intrinsic complex polai@at®,) is not a function
of the line of sight coordinate, whef®, is defined in Eq. (3.7) above. In general,
this assumption no longer holds if the equipartition asdiongs invoked as the
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Chapter 3. Depolarization of synchrotron radiation in a multilayer magiogiio-medium

longitudinal component of the total fieB) enters the scene and it may be a function
of the line of sight coordinate (see Appx. 3.A).

For a multilayer system it may be shown by direct integratbiq. (3.6) along the
line of sightl, with appropriate boundary conditions, that

N -1 N L
“[Z (s Li] xZ<P0i><si>(fo exp
i=1 i=1

f ] |2i (08147 neiBy) — di *(0.81 (nei) by)?| dl'}dl) (3.8)

N I [1-exp(-203,,2* + 2iRA?)
=) Pa) T —
£ 202 A4 - 2iR A

2i [ZN: R 42]

where the per-layer total synchrotron emisslgnthe total Faraday deptiR;, and the
dispersion of the intrinsic rotation measuR\) within the volume of the telescope beam
oRrM are respectively given as

X exp , (3.9)

li =& L,
R =0.81ng By L, (3.10)
orm = 0.81 (ng) byi (L d)Y/2, (3.11)

and where
(i exp(2ivai))
(&)

is similarly given, as first introduced in Eq. (3.7), but nosvealayer-dependent, averaged
quantity. Theory of Eq. (3.11) will be used in our modeling of wavelength-degbent
depolarization due to isotropic and anisotropic turburaagnetic fields in Section 3.5.2.
In so doing, we make the implicit assumption tlaiy may be taken as independent
of observing angle as for a purely random magnetic field. FExmn(3.9) we observe
that wavelength-independent depolarization contrimgtimay be directly appended to
the terms expressing wavelength-dependent depolanizasid they were ectively con-
stants.

The sum in Egs. (3.8) and (3.9) is over independeniform layers indexed by and
N is the total number of layers in the medium with tNéh layer nearest the observer.

(Pai) = Po (3.12)

1Faraday depth and Faraday rotation measRid)(are equivalent when the observed polarization atigie
alinear function oft? such as in a medium where synchrotron emission and Faradipnase separated. They
differ only when this linearity no longer holds as for a medium withchrotron emission and Faraday rotation
mixed. A positive Faraday depth means that the magnetic fielttptoward the observer. See Brentjens &
de Bruyn (2005) for further discussion.
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3.4. Wavelength-independent depolarization

Yoi is the initial angle of polarization (rad), = }; L; is the total path length through
the medium (pc)] = ;| is the total synchrotron intensity from all layers, afyds
the diameter of a turbulent cell (pc) in a layer. A constwetieature of the complex
polarization® is that it is anadditivequantity; the total combined complex polarization
from all layers is the sum of the complex polarizations agsn each layer weighted by
the fractional synchrotron intensity/|.

3.4 Wavelength-independent depolarization

From Eq. (3.12) we observe that wavelength-independertldepation can only modify

the intrinsic degree of polarization in the presence ofulabt magnetic fields. It stems
from a tangling of magnetic field lines in the emission redioth along the line of sight
and across the beam on all scales. Denoting the isotropgntempic, and isotropic with

anisotropic instances df(®gi)l /Po)) by (W)i, (Wa)i, and Wa))i, as well as a generic
wavelength-independent depolarizing term\ldy we have (Sokolfb et al. 1998)

1/2

(Wa)i = - , (3.13)
BZ

L

o 2 o
[(Bi —Bl4o2- (72) ; 4B§Bj}

-2 =2 =2 - =2 S
whereB, = B, + B, andB? = B, + 0% + o7 (see Appx. 3.A for a derivation). The
subscripted appears on the braces to indicate that all magnetic fieldsroeg in the
equation are representative of a particular layer. Eqod8dlL3) reduces in the isotropic
case to

§2
(W) = (_2—l] . (3.14)
B, +202);
When both isotropic and anisotropic fields are present inerlden
2 2 2, o]M?

= [(BX -Bj+of-of) + 4BXBy}

(Wa)i = [_2 = J — (3.15)
B, +20?), B2
TxF 0y

With the occurrence of both isotropic and anisotropic tiebtimagnetic fields in the
same layer, there is consecutive depolarization by thelsks fs contained in Eq. (3.15).
The two turbulent fields are viewed as describing two sgwtsdparate, bulk regions in
the galaxy that do not interact.

In the context of a purely random fieB = b, from Eq. (3.13) it is observed that
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Chapter 3. Depolarization of synchrotron radiation in a multilayer magiogiio-medium

complete depolarization may be avoided only witheaisotropicrandom magnetic field

o3 - 2]
(Wa)i :( x Y ],o- % 0, (3.16)
' oi+og ) X Y

Equation (3.16) implies that the smaller théfeience betweem, ando,, the nearer the
turbulent field to being purely random, and the closer theaitp being completely depo-
larized. On the other hand, the greater théedénce between the standard deviations, the
weaker the contribution of wavelength-independent dejzaltion, and the closer the sig-
nal to its intrinsic degree of polarization. In the absenfcany random fieldsy = 0, and

it is readily observed that there is no wavelength-indepandepolarization contribution,
with [{Poi)| = po, in Egs. (3.13) - (3.15).

3.5 Wavelength-dependent depolarization

3.5.1 Dfferential Faraday rotation

Differential Faraday rotation occurs when emission froffecént depths in the emitting
layer, along thesameline of sight, experience fferent amounts of Faraday rotation due
to the presence akgular fields. For a regular field onlyB = B, Eq. (3.9) becomes
(Sokoldft et al. 1998)

N ||S R|/12 . s N
DOZT (R./12)>eXp 2i (Yo +%/12+Z Rj/lz .

i= j=i+1

(3.17)

Equation (3.17) shows that the polarized emission comimm f given layer has an initial
degree of polarization determined by the Faraday depthainlélyer and that the signal’s
intrinsic polarization angle undergoes Faraday rotatidgh ®M = R, /2 in the originating
layer andRM = R; in each successive layer, which function as Faraday scifeetise
emission from layers deeper than themselves.

For the goal of this chapter, the above equation is explieipanded to a two- and
three-layer medium. For a two-layer system, with a halo betwthe disk and observer,
this is given by

( P ) sm(Rd/lz)
Po 2Iayer

| (R41?)
I SIN(RA®) iy 3
S oA

= (A3 + A2 + 20 A cos|2aan + Ra+ R}, (3.18)

sin(R1%)

“(R®)

SIMRI) o+ (3 )]

where

= (/1) === = (/1) sinc(R 4?). (3.19)

58



3.5. Wavelength-dependent depolarization

The subscripts = d, h refer to the disk and halo, antyqn = (Yoq) — (Yon) is the diter-
ence in the intrinsic angle of polarization between the disé halo. Equation (3.18), in
particular, is a typo-corrected form of the equation as jtesps in Sokolfy et al. (1998),
and it was derived in the work of Chadderton (2011). The spoeading equation for a
three-layer (halo-disk-halo) system, where the far and sidas of the halos are identical,
is given by

Gy
3layer
A

= (ZAﬁ{l + cos[Z(Rd + Rh)/lz]}+A§
+ 2AdAh{Cos[—2Az//dh + Ry +Ro) 27|

1/2
+ cos[2Augn + (Ry + Ro) 7] }) . (3.20)

3.5.2 Internal Faraday dispersion

Internal Faraday dispersion results from polarized signdergoing dferent amounts of

Faraday rotation both along the line of sight and acrosstleetope beanvithin a region

of synchrotron emission when the telescope beam enconyoams®y turbulent cells.
For a purely random field = b, Eq. (3.9) becomes

|I Slnh(O'RM/l4)

W eXp(— O-I%Mi/l4)‘ (321)

PB=t) = Z (Pai)

In contrast to DFR, the intrinsic polarization angle rensaiompletely unfiected by any
contributions to the phase from Faraday dispersion becaugecontributions by random
fields are zero on average.

Upon comparing Egs. (3.17) and (3.21), it is apparent tha#fhin Eq. (3.19) has
been modified to (Burn 1966; Sokdlet al. 1998)

1-exp(-203, /14)}

20'§Mxl4

A= (h/')[
sinh(oZ,4%)

(rRm )

and that Egs. (3.18) and (3.20) are modified to

= (/1) exp(~ iy 1)

(B) = (WAq Ag + (WA Ay,
Po 2layer
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(B) = 2 (WA A + (WA Ag.
Po /3jayer

A fundamental physical change has bedieaed; the sinc function with its non-
monotonicr-periodic zero-crossings in Eq. (3.17) has now been reglhgea monoton-
ically decreasing function of Faraday depth in Eq. (3.21)hasproduct of ehyperbolic
sinc function with an exponential decay.

3.5.3 External Faraday dispersion

When polarized emission is modeled as arising exclusivelynfthe disk, by having the
halo devoid of any cosmic ray electrons, a two- and threerlayodel approach to depo-
larization becomes degenerate since there is no longer agendepolarization terms
but rather a single term that describes the Faraday depatimm contribution from the
disk, together with the influence of the near halo (nearetsta@bserver) on the polarized
signal. In particular, the far halo, coming from a threeelagnodel, would be completely
dormant in terms of polarized signal. With only regular feeforesent in the halo, the
halo contributes with just a Faraday rotating phase terindbes not fect the degree of
polarization.

With the inclusion of turbulent fields in the halo, the halmdtions as a Faraday
screen, contributing an external Faraday dispersion (EED). Externalrefers to the
turbulent fields between the observer and the source. Hadtigregular and turbulent
magnetic fields present in the disk and halo entails having® @BRd IFD in the disk,
together with EFD in the halo, and yields

(ﬂ) _ |Poa) 1—9Xp(—20§,\,h/l4+2iRd/12)
Po/eFp Po 20’%,\41/14—2iRd/12

X exp[2i (¢0d + Rh/lz) - ZJﬁMh/l“]

1- 2 2%m " cos(2 Rd/lz) + e R
(-202,,24)" + (2Ra?)”
x exp(—20Zy, *)- (3.22)

= Wd

A fractional synchrotron intensity terig/lI does not appear since all of the synchrotron
emission stems from the disk (i.¢g,= 1).

For regular magnetic fields in the disk alone, along with tilght magnetic fields in
the halo, the equation is the natural reduction of Eq. (3i22his limit and is given by
(Burn 1966; Sokolff et al. 1998)

( D ) sin(Rd/lz)
pO EFD B (Rd/lz)

R
S+ Rhﬂ) - zcrgwa“]

exp[Zi (lﬁoa +
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3.5. Wavelength-dependent depolarization

sin(Rd/lz)

=R exp(-20%y,1%). (3.23)

3.5.4 Depolarization from DFR with IFD

We derive equations for depolarization arising from IFD weimg concomitantly with
DFR from Eq. (3.9). For a two-layer system (with a halo betwte disk and observer
asin Eqg. (3.18)), this is given by

( p) _ |(Poa) 1 el 2Rt 2iRu0)
Po /21ayer Po |

i(vos +Red®)

203,44 — 2i Ry

(Pon) In|1- e(_z‘rg*"“ﬁﬂJrzi Re) Q2ion
Po 1 ZO'EQM A4 —2iRy2
{W2 ( ) [1 2e% cosCy + € md)
I Q3+ C3
w2 (Ih) (1 — 2 cosCh, + e‘mh)
| Q2+ C2
lalh 2
+ WgWh —- |2 =N G2|: {F,G} (ZAlﬁdh + Ch)

+ e‘(Qd +n) {F, G} (2Al//dh + Cd)
e % (F, G} (2A¢gn + Cq + Ch)

1/2
} : (3.24)

whereQq = ZO'ZRW/14, Qn = Z(TEQMh/ﬁ’ Cq = 2Rd/12, Ch = 2Rh/12, F = Q4Qn + Cy4Ch,
G = OnCqy — Q4Ch. The operatiofF, G} (a) is defined a$F, G} (a) = F cos(a) — G sin(a).

The corresponding equation for a three-layer system (withfd near halos identical
as in Eqg. (3.20)) is given by

- e {F,G} (2Ayqn)

202, 1*+2iRy1?
(E <5"0h> In ( T ) {ezi[w0h+(Rd+Rh)f]
Po 3Iayer I ZO—RNh/14 2|Rh/12
—202,, A*+2iRyA?
el T o 1IN
Po || 20344~ 2iRg2?

S (I (1 — 267 cosCh + e*mh) [1 + cos(Cq + Ch)]
2W2 ( )
( l Q2+C2
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+W2 (l_d)z(l - 2e% ;:ong + e—md)
I Qf + C3
cWewh a2 e Gy Congen + Co)
W7 Err ez (P Yah + Cq
+{F, G} (2Aygn + Cn)
+ e+ N[ (F, G} (2Aygn + Ca) + (F, ~G} (~2Aygn + Ci) |

— €[ {F, G} (2Agn + Cq + Cn) + {F. =G} (~2Ayqn) |
1/2
— e[ {F, -G} (~2Ayqn + Cq + Cr) + {F. G} (2Ayar) ]}) : (3.25)

The symmetry properties of these equations will be reseimediscussion in Appx. 3.B.
The above equations explicitly show the competition betwthe turbulent and regular
fields with theory andR strictly characterizing exponential decay and periogicit

Figure 3.1 contains the depolarization profiles, with ndizea degree of polariza-
tion plotted against wavelength, for a one-, two-, and thager magneto-ionic medium
with DFR, IFD, and DFR with IFD. The wavelength-independpalarization has been
assumed to be.D for illustration purposes. Its actual value should be fibbserva-
tions at a small enough wavelength to make wavelength-digeiepolarizationfeects
negligible. With an increasing number of magneto-ionielaymodeled, the DFR curve
has complete depolarization occurring at progressivelijegavavelengths. Comparing
the IFD curve for a single and multilayer medium reveals thatIFD curve persists at
longer wavelengths and thus is leskeetive as a depolarizing mechanism in a multilayer
medium. The ‘jagged’ profile of the DFR curve in (b) relatiegthie smooth profile of (a)
arises from there being two sinc functions witftefing Faraday depths. For a three-layer
system in (c), the halo sinc function alone determines thR Blirve thanks to the disk’s
small fractional synchrotron intensity, which accountstfe smoothness. Comparing the
Burn (1966) and Sokot® et al. (1998) result for DFR with IFD in a one-layer uniform
slab (a), represented by the sole presence of a disk, withrttzatwo-layer medium (b)
given by a disk plus a halo reveals that the presence of a li@loosts polarization at
longer wavelengths. Similarly, DFR with IFD in a three-layeedium (c) with identical
far and near sides of the halo undergoes a drastic changefitepwhich more closely
resembles a one-layer halo polarization profile.

3.6 Modeling example: application to M51

We illustrate our method for the case of the nearby graniydespiral galaxy M51, with
its high galactic latitude ob = + 68.6° and with an inclination anglé = -20°. Itis
assumed that the observed emission is exclusively from M&ause of the high galactic
latitude (Berkhuijsen et al. 1997). We use the Fletcher et2l11) model predictions
of a two-dimensional regular magnetic fielt},, Bm(r) cos(m¢ — ) for both the disk
and halo for a small region (a sector of radial siz2 Kpc and azimuthal extent 200f
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Figure 3.1: Normalized degree of polarization as a function of wavelength illustratea fo
one-layer (a), two-layer (b), three-layer (c) system with charatiepsofiles for DFR only (black
solid), IFD only (blue dashed), and DFR with IFD (red dotted). A total moitr turbulent
magnetic field strength of 8G together with a total regular magnetic field strength alsoud®5
has been used in the disk and in the halo. The parametegsmyf, L, d, « used in the construction
of these plots are the same as those for the example bin of Section 3.Gandthes are reported
in the bottom panel of Table 3.1.

63



Chapter 3. Depolarization of synchrotron radiation in a multilayer magiogiio-medium

the galaxy. The turbulent magnetic field in the disk and halthiee dimensional. We
compare the observed degrees of polarizatiomat.5, 6.2, 20.5 cm with those expected
from different models of the depolarization for this bin.

The regular disk and halo magnetic field configurations irndylcal polar coordi-
nates are

Br = Bosin(po) + B2 sin(pz) cos(2 — B2),
By = Bo COS(0) + B2 cOS(2) COS(2 — 32).
B, =0,
Bhr = BhnoSin(pno) + Bn1 Sin(pn1) COSE — Bna),
Bhs = BnoC0S(no) + Bn1COS(h1) COS® — Bh1),
Brz = O, (3.26)

wherepy, is the pitch angle of the total horizontal magnetic figg the azimuth at which
the corresponding nom = 0 mode is a maximum, arnddenotes the component of the
halo field. The parameter values are given in Table 3.1. Fso#aopic fields in the disk,
a has been measured to b&3 (Houde et al. 2013) while for the halo anisotropic fields
it is expected to be less than the disk value owing to weakiealsgensity waves and
differential rotation in the halo. In our model, the anisotrdpitors for the disk and halo
are 20 and 15, respectively.

Table 3.2 shows all the possible model constituents. Theshigdes are constructed
based on the following considerations:

1. The total synchrotron intensity (I) increases with theition of turbulent fields
since the ensemble average of the square of the transvebnséetut magnetic field
component is non-zer«bi # 0). This is also why the total intensity would be
non-zero in the absence of any regular fields.

2. Root mean square (rms) values are used for the field sh®mdtthe individual
components of the turbulent magnetic fields in the disk and. HEhe strength of
an individual square component of the fiehﬁ with k = {X,y, ||} is obtained by
substituting foro2 in Eq. (3.3) the normalized input isotropzijq2 or anisotropic
o= field strength ag? = ¢o?/3 for isotropy ¢ = 1) ando? = 03/(2 + «) for
anisotropy. For completenessg = ao?. The anisotropic normalization factor in
the galaxy plane is conserved upon projection to the skyeplan

3. The diameter of a turbulent cel] in the disk or halo is approximately given by
(Fletcher et al. 2011)

2/3
DO—RM,D /

~|os1 (ng) byi (L)Y2] ~

(3.27)

i
with ormp denoting theRM dispersion observed within a telescope beam of a
linear diameteD = 600 pc, andrrmp has been fixed to the observed value of
15rad m?.
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Table 3.1: Parameters used to model the synchrotron polarization data for arplkexaimin M51
located in the innermost radial ring.42- 3.6 kpc) at an azimuth centered on 100

Disk Halo

Mode ratios By/By = (—-33)/(~46) Bni/Bho = (76)/(23)

Pm [°] Po=—20,p2 =12 pno =43, pn1 = —45
Bml°] p2=-8 B =44

Ne [cm™3] 0.11 001

Ner [cm™3]* const. const.

L [pc] 800 5000
d[pc]™ 40 240

a 2.0 15

Notes: The fitted model parameters appearing in the upper pandtéareigular magnetic
field of Eq. (3.26) are adopted from Fletcher et al. (2011hwiéntral values reported
only. The thermal electron densitg.§ and path lengthl() for the disk and halo are gath-
ered from Fletcher et al. (2011); Berkhuijsen et al. (1997).

) The cosmic ray density is treated as a constant of propailitgrbetween the syn-
chrotron emissivity and the square of the total transveragnatic field (G) ass = cB?
with constant = 0.1.

) The turbulent cell sizd in the disk and halo is obtained from Eq. (3.27) withRK
dispersionorwp fixed to the observed value of 15 radfwithin a telescope beam of
linear diameteD = 600 pc. The rms value for the strength of the turbulent magfietd
along the line of sighb? = o has been assumed, where the valuerfpis obtained via

consideration (2) witlr? = o2 = 104G in the disk andr? = o5 = 3uG in the halo.

Figures 3.2 - 3.3 constitute a snapshot, at a physicallyredse set of magnetic field
values for the disk and halo, of all observationally motehtombinations that may be
used to constrain field values for our example bin. The paeiamagnetic fields under-
lying these figures involve a total regular disk and halo nedigrfield strength of G
each, an isotropic and anisotropic disk turbulent randoid t'n'ao-,2 = o-,ﬁ = 10uG for
a total disk random field of about 145, and an isotropic and anisotropic halo turbulent
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Table 3.2: Model settings for Figs. 3.2 - 3.4 based on regular and turbulent etiagield
configurations in the disk and halo.

Disk Halo

Iso.  Aniso. Iso.  Aniso.

Py
]
«
Py
@
«

SENENEN ENENEN
NENENENENEN

N N N N N N N NN NN NENENEN
NN N N NN NN
SENEENENE NN SNEN

DAIHAI

D

]|

DI %

Dl m %
DA

DA *
DAI

DAI %
Dhl

Dihl
Dihl m
Dihl %
DIlhl m %
DAhI
DAhI %
DAIhI
DAIhI %

SENEN
SENENEN

AN NN NN

v
v

AN N N N N N N N N N N N N N N N N N N N N N NN N NENENEN

NN NENENEN

SENENEN

Notes: The three column headings below the principle headingseof@isk’ and ‘Halo’
denote the regular, isotropic turbulent, and anisotropibulent magnetic fields. The
rows contain a listing of all model types simulated with tbédwing nomenclature: ‘D’
denotes disk magnetic fields, ‘H’ and ‘h’ both denote halo n#ig fields, ‘I’ and ‘A’ are
the isotropic and anisotropic turbulent magnetic fiellgepresents the use of thd.5 cm
observations to gauge the wavelength-independ@atte, antk denotes the use of the
generalized opaque-layer approximation to describe thé&ibation of internal Faraday
dispersion (IFD) (in the disk) to depolarization, as detaiin Section 3.6.1. Upper case
letters ‘D’ and ‘H’ and the lower case ‘h’ are used to distirgjubetween the presence
or absence of a regular magnetic field in a given layer, rdéisec The row ordering
follows the model type order as in the legend of Figs. 3.2 aBd@& the top panel and
that of Fig. 3.4 for the bottom panel.
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Two- layer system

1.0

— DH
— DIH
- - DAH
DAIH
—— DHI
- - DHA
DHAI
DIHI
DIHI 'H
DIHA
DAHI
DAHA
— DIHAI
----- DAHAI
- = DAIHI
DAIHA
— DAIHAI

p/ Do

Figure 3.2: Normalized degree of polarization as a function of wavelength for a tywerlsystem
description of M51. The measured polarization values for a sector widiziamuth centered at
100 in radial ring 1 (24 — 3.6 kpc) at the three observing wavelengis 3.5, 6.2, 20.5 cm are
displayed with error bars. All model profiles featured have beentnatsd from among the
following set of magnetic fields: a total regular field strength pf®bin the disk and in the halo, an
isotropic and anisotropic disk turbulent random field ofz@each, and an isotropic and
anisotropic halo turbulent random field ofi@ each. Please consult Table 3.2 for nomenclature
and description of the model types appearing in the legend.

random field ofe? = o3 = 3uG for a total halo random field of roughly,45. These
total turbulent disk and halo magnetic field strengths aegliue compute the disk and
halo turbulent cell sizes of 40 pc and 240 pc, respectively.

3.6.1 Generalized opaque-layer approximation

We applied a generalized version of an approach, which wed brg Berkhuijsen et al.
(1997) to provide an approximate description to IFD, in orepredict depolarization
values at the three observing wavelengths for M51 and testthad for parametrizing
the depolarization, which is most significant at th20.5 cm observing wavelength. The
opaque-layer approximation was defined by SoKatbal. (1998). It assumes a thermal
disk with uniform scale heighty,, a synchrotron disk with a wavelength-dependent, uni-
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Figure 3.3: Exactly the same model types and physical parameters as used in2Fadpd®e but
now for a three-layer system.

form scale heighhg,,, and a thermal halo. Sindg,, > hn, there is a narrow layer of
synchrotron emission extending into the thermal halo. Withassumption that only the
nearest part of the synchrotron emitting layer is visible ttudepolarization, Berkhuijsen
et al. (1997) estimate the contributions to the rotationsueafrom the disk and from the
halo as RM= &4 RMqy + &, RMy, where €4, &) parametrize the disk and halo fractional
RM contribution to the total observeRIM. The¢ parameters depend on the scale heights
of the synchrotron disk and of both the thermal disk and halb @n the relative depo-
larization between the fferent observing wavelengths. There may be a variation with
radius as well. In particular, the parameter values at 3.5,6.2 cm are close to unity,
which implies that there is hardly any change to the actushd&y depth at these two
lower wavelengths.

Fletcher et al. (2011) used the opaque-layer approximétisuppress Faraday rota-
tion by the disk at the longest observing wavelength, whilthtthe disk and halo Fara-
day rotate the emission at the shorter pair of observing leagéhs. As we are dealing
here with a Faraday screen system, we implement either of Bd&2) or (3.23) and
substitute the Faraday depgin Eq. (3.10) by theRM values from Berkhuijsen et al.
(1997). To determine the depolarization as predicted lsyaphproximation at the observ-
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Figure 3.4: Normalized degree of polarization as a function of wavelength with the paysical
parameters and nomenclature as in Figs. 3.2 and 3.3. (a) One-yayemswith a synchrotron
emitting and Faraday rotating disk only. (b) The disk as in (a) but now witl@that is only
Faraday rotating.

69



Chapter 3. Depolarization of synchrotron radiation in a multilayer magiogiio-medium

ing wavelengths, the scale heights of the synchrotron diskdd both the thermal disk
and halo are used from Berkhuijsen et al. (1997), but théiveldepolarization are deter-
mined from the Fletcher et al. (2011) data. The generalipeajoe-layer approximation
may be combined with the assumption that all wavelengtlepeddent depolarization ef-
fects are calibrated by observations of polarization atdhest observing wavelength of
13.5cm (Berkhuijsen et al. 1997). Comparing Fig. 3.4 (a) with.RB8.4 (b) indicates that
the presence of a turbulent magnetic field in the halo is reduiogether with both the
wavelength-independent gauge and opaque-layer apprtaima order to have the best
chance of fitting the data for the physically plausible regaind turbulent magnetic fields
examined for the disk and halo.

3.7 Discussion and conclusions

The dfectiveness of the method in generating a range of modelféodiffuse ISM in
M51, in terms of the number of magneto-ionic layers modelatitgpe of magnetic field
species occurring in the disk and halo, is illustrated insFig12 - 3.4 for our example
bin. With typical parameter values as in Table 3.1, one canédiately rule out models
with regular fields only in the disk or in the disk and halo, greement with ubiquitous
observations of turbulent magnetic fields in spiral galaxie

Even though the modeled magnetic field strengths can bedMariéndividual models
in order to match the data values, the variation in the degf@elarization predicted by
the range of models is much greater than the errors in theaasdegree of polarization.
This gives confidence that observations like these can éhbeaused to rule out at least
some of the depolarization models.

These models contain many potentially free parametersshwhill mean the opti-
mum solutions will be degenerate, however many of the paensiespecifically those in
Table 3.1, can be constrained using prior studies. The rentafree parameters are the
regular field strengths and isotropic and anisotropic tertufield strengths, both in the
disk and halo.

For these values to be well determined, &isient number of data points are needed.
For the data from Fletcher et al. (2011), containing onlgéwavelengths, data in one bin
only (as shown in Figs. 3.2 - 3.4) cannot constrain the méagfield strengths dfticiently.
However, some additional assumptions about these fieldgttre can break the degen-
eracy. For example, we show in Paper Il that the assumptiomaginetic field strengths
being independent of azimuth provides enough constraintietermine the regular and
turbulent magnetic field strengths. With the broadband loidipas of most current radio
interferometers, these depolarization curves can be sahegtremely well in wavelength
space, with higher sensitivity, thus allowing actual tngcof these depolarization curves.

Throughout the chapter, we have assumey af 70% corresponding to the theoret-
ical injection spectrum for electrons accelerated in supea remnantsa(g,n = —0.5), as
representative of the synchrotron spectral indgy in the spiral arms of M51 (Fletcher
et al. 2011). For realistic, optically thin astrophysicégmas, such as disks and halos
of galaxies,py ranges from 60% to 80% (Ginzburg & Syrovatskii 1965, Sec8ds).
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Fletcher et al. (2011) estimated a constpgidf 76% across M51dgn = —1.1) but ob-
served variations in this value. This would imply that ourreat reported values qf/ pg

at the three observing wavelengths are, on the whole, 8%ehthlan the expected polar-
ization value. However, this overestimate is small comgdoethe 20% to 50% margin
of error in the observations at each of the three observingl®agths. With better data
having errors of only a few percent, the spectral index mépsatcher et al. (2011, Fig.7)
would have to be binned in the same way as the polarizatiors pzag the resultingg
value per bin would have to be used.

In general, an anisotropic field has a higher degree of @altioin than an isotropic
field when comparing fields of equal total strength. The gretlie anisotropia term, the
higher the polarization. The anisotropic and isotropibtlent components are presently
modeled as yielding two independent depolarization coutions in separate parts of the
medium with the strength of IFD determined by the total tiehtfield. The next step in
modeling would be to include an anisotropic random compbimgine complete medium
and to modifyory to reflect an angular dependence in the presence of the oot
field. Moreover, if a non-constant spectral index were to deslered, then theffect
of (spatial) spectral variation on polarization would h&wée accounted for (Burn 1966;
Gardner & Whiteoak 1966). The purpose of this work is not tivarat exact equations
for depolarization that are able to incorporate tlfie@s of a greater number of depo-
larization mechanisms but rather tffer a useful approach to modeling and deducing
certain physical parameters of the magneto-ionic mediuimgbenalyzed from its polar-
ized emission.

We have shown that various models of depolarization in thle @ind halo give widely
differing predictions for depolarization at various wavel@ésgmaking them a useful tool
for estimating the disk’s and halo’s regular and turbuleaignetic fields. Our method
incorporates depolarizingtects in the disk and halo directly and allows for simultareeou
depolarization contributions from DFR and IFD. We also teedadepolarization due to
anisotropic turbulent fields, albeit with simplifying assptions described earlier. Mod-
eling the disk and halo as both a two- and three-layer symahw@mitting and Faraday
rotating system allows for the depolarization contribaotad the far side of the halo to be
examined. A model of the galaxy’s regular field is requireciasnput. The multilayer
modeling approach with the inclusion of anisotropic tudmtlmagnetic fields is found
to be a more suitable prescription for the data. For the tyeil system where the halo
functions as a Faraday screen, the opaque-layer appraaimragy work under certain
circumstances, but not always. This may be due to overdicgtion of the model andr
a lack of a synchrotron halo in the model.

Our method is more robust than the opaque-layer approamacause it is based
on more fundamental physical parameters of the galaxy rakiz on a wavelength-
dependent synchrotron scale height parametrization. Vehad the fects of wavelength-
independent and wavelength-dependent depolarizatiecttyir which allowed for a sta-
tistical comparison with the polarization maps at the olisgrwavelengths. The fier-
ent models provide ftierent enough results that existing multiwavelength olzt@ms of
nearly face-on galaxies can distinguish between them.
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3.A Derivation of wavelength-independent depolarization
equations for standard and equipartition scalings of
emissivity

We derive the results of Sokdtoet al. (1998) for wavelength-independent depolariza-
tion to explicitly show how the corresponding equationseufior two diferent scalings
of emissivity along with the independence of the intrinsitgpization angle from these
scalings. We also correct two slight errors in the formulagimissivity given in Sokolfy
et al. (1998) for the case of energy equipartition.

For a total magnetic field that is purely a regular (mean) fild= B, the complex
intrinsic (hence wavelength-independent) polarizatinper layeri is given by

Poi = Po €xp(2iyoi) , (3.28)

wherepy is the intrinsic degree of polarization, apg is the initial polarization angle per
layeri.

In the presence of a turbulent magnetic fieldthe total field becomeB = B + b
and, together with a shiciently large number of correlation cells encompassed by th
telescope beam cylinder, the volume average in the syromremitting source becomes
equal to the ensemble average via the ergodic hypothe&lsP@ris modified from the
above Eqg. (3.28) to what is given by Eq. (3.12)

(&1 expRiya)) (3.29)
(&)

whereg; is the synchrotron emissivity ard. .) denotes ensemble averaging. This expec-
tation value entails computing various moments of the to@dnetic field components.

To determine how the intrinsic polarization valpghas been modified, infiect, by
the presence of turbulence to a layer dependent vaju@y itself remains constant and
equal to 07), the quantity(Pq)| / po has to be evaluated.

Assuming that the total magnetic field is a random Gaussidabla, a Taylor expan-
sion of the moment-generating functidm for a normal or Gaussian distributed random
variableX defined as

(Paoi> = Po

Mx(s) = exp(su + 302 &%) (3.30)
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is performed abous = 0 to yield equations fom,, then™ moment ofMy, at eachn
derivative of the function. Thereforay, is to be identified with X").

The explicit computation of moments My in Eq. (3.30) may be explained as fol-
lows. For a given layer, whether disk or halo, substitu¥eby the successive components
of the total fieldB, which is a random variable because it is the sum of a reguldr a
random variable, and replacawith appropriate instances of the three spatial directions
in Cartesian coordinatesy, z. Then identifyu as an instance of the meﬁm,Z ando?
as an instance of the variar?aeﬁ,y,z of the corresponding componentstof

For completeness, the first through fourth moments are

my =,

mp =42 + a2,

mg = ,u3 + 3u o2,

my =,u4 +30% + 6/,120'2.
For the case of a purely random field= 0 leaving only the even (central) moments
andmy. For the case of a purely regular fietd = 0 and the four moments simply reduce

to the first through fourth powers of the mean field.
Assuming that the emissivity per layescales as

s =cB, (3.31)
the complex emissivity is, therefore, given by
& exp (2iya) = ¢ (B — Bf; + 2i By By), (3.32)

whereB,; = By +iB,i, B?, = |B,j|> = B + Bﬁi, andc is a constant depending on the
number density of relativistic cosmic ray electrans Taking the square of each of the
two equivalent representations of a complex nun#zes given byrRexp(id) = z= X + iy,
with R = |[x+iy| and tar® = Im (2) / Re(2) = y/x and identifying the coordinates y
with By;, B,i may serve as an aid in arriving at Eq. (3.32).

The absolute value of Eq. (3.29) with the emissivity scalofgeq. (3.31) there-
fore yields the following equation for the wavelength-ipdadent depolarization as in
Eq. (3.13) and as in Eqg. (19) of Sokdiet al. (1998).

=2 =2 5, N2 22 Y2
-~ [(BX —B+o2- ay) + 4BXBy]

Po Bi
i

=2 =2 =2 == =2
— 2 _ 2 2
whereB, =B, + B, B =B, + 0% + 0.

2The variance of a complex random variablés given by:
(rf( = (X = (X)) (X* = (X*))) = (XX — (X) (X*), where the asterisk denotes the complex conjugate.
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The intrinsic polarization angle is also modified and oldifrom the ratio of imag-
inary to real parts of the expectation value of the compleissivity via tan(2 (yqi)) =
Im ({(Eq. (3.32)) / Re({Eq. (3.32)) and is therefore given by

11 2B,B,
(Yoi) = 37 + 5 arctan — (3.33)

B, —E +og-o02)

as in Eq. (3.5) without the sky-plane coordinate transfdionaerm and as in Eq. (20) of
Sokoldt et al. (1998).

With the energy equipartition and pressure equilibriunuagstions the cosmic ray
number density scales as « B? if the energy densities of magnetic fields and cosmic
rays are completely correlated, and the scaling of synatmamissivity with magnetic
field becomes

& =CBB? (3.34)

with a certain constar@, therefore
& exp (2io) = C B (B — B + 2i B, By), (3.35)

whereB} = B+ B +BZ. The intrinsic polarization angles aneaffectedby the rescaling

of emissivity smce the constant teKﬁBl2 cancels out, exactly like theterm, in arriving
at Eqg. (3.33). In addition to the first two moments, the thind ourth moments of the
fields By with k = {X, y, Z} in Egs. (3.34) and (3.35) must be computed.

Consequently, the absolute value of Eq. (3.29) transfooms t

|<7;2.>| [B28% + 2(ct + ) + 4(BLo% + Ejoi)]fl
X {[Ej —E: + 3(0"; - 0';') + G(Eioﬁ —E}jaﬁ)

— — —\2 —22— 2\ 1/2
+ B (8, - B2)[ + 4BiB. [B2 + 3(02 + 02)] } , (3.36)

where the rlghthand side of the above equation is to be tageimgividual layeri, disk

or halo, BH = B + ot and B2=B + Bﬁ Isotropy is now given byry = o, = o = 0.
The form of Eq (3.36) would then imply the corresponding ifiodtion in Egs. (3.13)
- (3.15). The simple multiplicative relationship betweée wavelength-dependent and
wavelength-independent terms as represented in Eq. (8@pwontinue to hold only if

no dependence on the line-of-sight coordinate arose.
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3.B. Symmetries and equation properties

3.B Symmetries and equation properties

Symmetry considerations are appropriate for discussighdrcontext of depolarization.
Layerorderingand line-of-sight magnetic fieletversalare two distinct symmetries that
arise in our modeling. Layer ordering involves a reflectidrthee physical system or
the placement of the observer at the opposite end of thenatlgioriented system. For
a two-layer medium this simply involves an exchange of thgein that also causes
Aygh — —Aygn. For a three-layer system, with identical far and near sadébe halo,
reflection is automatically satisfied. For magnetic fieldersal along the line of sight,
only the direction of the line-of-sightegular field has to be reverse, — —B,, in all
layers at once, since a change of sign for turbulent fields\baffect on polarization.

With only DFR present, the equation for depolarization inva-tayer system, given
by Eq. (3.18), indicates that the presence ofAlieterm breaks each of the ordering and
reversal symmetries but that symmetry is preserved onlyptifi tayer ordering and field
reversal are appliedimultaneously A three-layer system remains invariant under field
reversal as apparent from Eg. (3.20).

IFD occurring with DFR changes the previously encounteyadrsetry properties for
DFR alone in terms of layer ordering and field reversal for e-tand three-layer system.
In particular, it is always the cross terms (which mix thedies) that determine these sym-
metries. A two-layer system given by Eq. (3.24) remainstiiava under the line-of-sight
regular magnetic field sign inversion only when the disk aalb lintrinsic polarization
angles are equal\{/q, = 0) just as for the two-layer system with DFR alone. However,
the IFD ‘carrier’ ory terms break the previously achieved layer ordering synymsair
that the two-layer system becomes sensitive to whetheratherfnear side of the halo is
switched on alongside the disk. For a three-layer systeendiy Eq. (3.25), the presence
of IFD now imposes the extra condition that the disk and hatidrisic polarization angles
must be equal in order to have the field reversal symmetry rathéotwo-layer system.
For a Faraday screen system, Eq. (3.22) remsynsmetricunder the reversal of the to-
tal magnetic field direction along the line of sight —» —B,. When the symmetries are
broken, the amplitude and period are only slightffeated for our example bin. Both of
the three-layer Egs. (3.25) and (3.20) contain a non-tr{dia cos(2 (Ry + Ro) /12)) term
that contains the combined actions of the disk and near bgldar fields and arises from
the near and far sides of the halo being set identically equal
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Chapter 3. Depolarization of synchrotron radiation in a multilayer magiogiio-medium

3.C General expression for wavelength-dependent
depolarization for a three-layer system

For completeness, we provide the general expression falaggation in threalistinct
layers with diterential Faraday rotation (DFR) and internal Faraday d&pe (IFD)
occurring concomitantly in each layer.

(ﬁ) _|Po 1
Po /31ayer Po |

~20%y, A*+21 R

1-el
208, A4~ 2iRy22

& [wor+ (Re + Re)2?]

[ ~202, 1*+2iReA?) |
L P I2]1- e( e _ ) 21 (o2 + Re )
Po | | 203),4% - 2iRea?
Pop 13| 1l PR
+ _— 03
Po | | 20F,4% - 2iRsa?
_ w2 (I_l)2 1-2e*cosD +e A
I OEAY A2 + D2
12\2(1-2eBcosE + e28
v ()
T2 ( B2 1 E2
W2 ('_3)2 1-2eCcosF +e%
s\ C2+F2
L, 2
+WiW, T2 V23 N2 {M, N} (2Ay12 + E)

+ e AB M, N} (2Ay12 + D)
—e{M,N} (2A¢12 + D + E)

- e B {M,N} (2Ay12)

151 2
+ WaWs %W[ (S, T} (2Ay23 + F)

+ e B0 (S T} (2AY3 + E)
-eB(S, T} (2Ay23 + E+ F)

- e C{S, T} (2Ay29)

I3 2
12 U2+ V2
+e®O (U V) (2AY13+ D + E)

+W1W3 [{U,V} (2A{ﬁ13+ E + F)
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3.C. General expression for wavelength-dependent depolarifatiarthree-layer system

-e™U,V}(2Ay13+ D+E+F)

1/2
- e {U,V}(2Ay13 + E) } , (3.37)

whereA = 203, %, B = 204, 4%, C = 203, 4%, D = 2R14% E = 2Rp1%, F = 2Rs?
with the index subscript = 1,2, 3 labeling the far halo, disk, and near halo, respec-
tively. FurthermoreM = AB + DE, N = BD - AE, S = BC + EF, T = CE - BF,
U = AC + DF,V = CD - AF, Ayij = Yo — Yo for layers {, j), and{X Y} (a) =
Xcos(a) — Ysin(a) for general variableX, Y and argumend. ory denotes the disper-
sion of the intrinsic rotation measuRM within the volume of the telescope beam and
is given by Eq. (3.11) an® is the total Faraday depth given by Eq. (3.10) with both
quantities taken per layér The(®Pq ) are defined in Eq. (3.12) and thié are the generic
wavelength-independent depolarizing terms discussegtiios 3.4. This expression nat-
urally reduces to Eq. (3.25) for identical far and near halosn setting = 1 = 3.

Finally, we remark that for an-layer system, with each layer distinct, the total number
of terms following the second equal sign of Eq. (3.37) wouddgiven byn + 8(2); the
sum of direct squared terms given by the number of layesnd all cross terms that mix
the layers, @) wheren choose 2 is the total number of unique pairs of layers and the 8
comes from the four new term types per layer appearing inbigléarge square brackets,
with each of these terms being multiplied by a sum of a sinecasthe term as contained
in the operation(X, Y}. The pattern of the terms after the second equality in theebo
expression, in the context of increasing layer numberradgitforward in the first three
direct terms and emerges in the three groupings of crosssterath of which consists
of four distinct terms inside the large square brackets.elia the cross terms by the
pairings of the emissivitiek j, it is readily observed that the arguments inside the square
brackets ofl;» andl,3 have the same characteristics and combine in the same manner
That this is also the underlying property fars, which is a ‘long-range’ grouping as it
spans the entire medium, may by seen upon setting the madgte dsE = 0. We identify
these characteristics to hold for all ‘nearest-neighbayels, ad, , andl, 3, with longer
distance neighboring layer pairingd @ndF are the endpoints) containing the additional
terms of the layers between them in place of Bheerm. Thus proceeding, the direct and
cross terms for an-layer system may be explicitly derived.
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