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Abstract

We simulate a typical high Galactic latitude interstellar medium (ISM) envi-
ronment with characteristic regularB = 3µG and turbulentb = 6µG mag-
netic field strengths and both thermal and cosmic ray electron densities. The
solenoidal, random Gaussian magnetic field has a tunable spectral indexαb.
We observe this synchrotron emitting and Faraday rotating magneto-ionic
medium at a frequency of 350 MHz over a generic path length of 1kpc with
a realistic cone-like field of view which is integrated alongthe line of sight
to yield StokesI , Q, U, andP maps with power spectra over a multipole
range of 150≤ ℓ ≤ 1000. A power spectrum analysis PS(ℓ) is performed
on the resulting maps for physically motivated values ofαb. We find that
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Chapter 2. Power spectra of synchrotron radio observables with Faraday effects

total synchrotron intensity is a good tracer of the spectralindex of the turbu-
lent magnetic field whereas spectral indices of polarized intensity and of the
Stokes parameters cannot be used as these depend degenerately on many fac-
tors characterizing the medium. We find a frequency dependent break in the
polarized intensity and Stokes parameters which occurs at smaller angular
scales for lower frequencies.

2.1 Introduction

Efforts to characterize the turbulent magneto-ionic medium ofour Galaxy from syn-
chrotron radio emission and its linear polarization spanning centimeter to meter wave-
lengths, originate from the Wieringa et al. (1993) discovery of small scale structure in
this emission at 325 MHz using the Westerbork Synthesis Radio telescope (WRST). The
production of synchrotron radiation throughout the Galactic volume and its depolariza-
tion (Burn 1966; Sokoloff et al. 1998, 1999, and Chap. 3 of this thesis) by the intervening
plasma - the interstellar medium (ISM) - along essentially every line of sight through the
Galaxy, provides information on the spatial distribution of the thermal and cosmic ray
electron densities and strength of Galactic magnetic fields. This information is also im-
portant for cosmic microwave background (CMB) polarization B-mode detection (Car-
retti et al. 2010), for high-resolution extragalactic observations with the SKA (Sun &
Reich 2009), as well as epoch of reionization (EoR) studies (Jelíc et al. 2008).

At wavelengths of just a few centimeters, the measured (diffuse) polarization directly
traces the magnetic field in the emitting region because Faraday rotation is negligible
whereas at longer wavelengths additional information on magnetic field structure and
electron density along the entire line of sight is obtained.Faraday rotation refers to the
rotation of the intrinsic polarization vector from its angle, on emission, by an amount
proportional to the square of the observing wavelength. Theproportionality constant is
the rotation measure (RM)

RM = 0.81
∫ observer

source
ne

(

B‖ + b‖
)

dl,

which is comprised of the thermal electron densityne (cm−3), the regularB‖ and randomb‖
components of the magnetic field (µG) directed along the line of sight, and the path length
(pc) through the ionized ISM. Owing to the presence of both regular and random Galactic
magnetic field components in the disk and halo together with thermal and cosmic ray
electrons, Faraday rotation causes depolarization by differential Faraday rotation (DFR)
(also known as depth depolarization) and depolarization byFaraday dispersion (FD) (also
referred to as beam depolarization).

Consequently, a subset of existing radio polarization surveys, ranging from several
hundred MHz to a few GHz frequencies and covering many different parts of the sky at
various spatial and angular scales, have been analyzed using power spectra (PS), angular
power spectra (APS), and structure functions SFs in order toparametrize structure in ra-
dio maps of total synchrotron intensityI , Stokes parametersQ andU (or in CMB studies,
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2.1. Introduction

the E- and B- modes, respectively (Tucci et al. 2002)), and polarized intensityP. PS use
a (planar) fast Fourier transform (FFT) on a Cartesian grid,APS use a spherical harmonic
expansion on a spherical grid, and SFs are a measure of autocorrelation used to study ran-
dom processes whose power spectra are given by a power law (Simonetti et al. 1984) and
do not require a regular grid of data points as do both PS and APS (Haverkorn et al. 2003).
Haverkorn et al. (2003) also studied both power spectra and structure functions of diffuse
polarization in the Galaxy fromRM maps. Most of these surveys focus on low Galac-
tic latitudes although there is observational evidence forsignificantRM structure at high
Galactic latitudes (b ∼ 71◦) at low frequencies (315−388 MHz) (de Bruyn et al. 2006) and
possibly at high frequencies (1.4 GHz) from simulations of (Sun & Reich 2009). Signif-
icant magnetic field strengths are also present in the Galactic halo (Haverkorn & Heesen
2012). For a compilation and application of PS, APS, and SFs to these various surveys
see Stutz et al. (2014, and refs. therein) and Haverkorn et al. (2003). Present surveys
with the Low Frequency Array (LOFAR) such as the Multifrequency Snapshot Sky Sur-
vey (MSSS) (Heald & LOFAR Collaboration 2014), surveys by the Murchison Widefield
Array (MWA) (Bowman et al. 2013), and future surveys such as by the Square Kilometre
Array (SKA) will be able to reveal polarized structure at frequencies as low as several
tens of MHz making detailed study of the Galactic halo at low frequencies possible.

However, the interpretation of the values of the power spectra of I , Q, U, P andRM
is still uncertain. The difficulty comes from the dependence of these observables on mag-
netic field structure and direction, thermal electron density distribution and path length.
The magnetic field fluctuations are coupled to the thermal electron fluctuations which
follow a power law extending over ten orders of magnitude (Armstrong et al. 1995; Chep-
urnov & Lazarian 2010). From here on,αX represents the angular power spectral index
of a parameterX. A given angular scaleθ, measured in degrees, is related to the multi-
pole numberℓ that would be obtained by a spherical harmonic transform of spherically
gridded data, through the relationℓ ≈ 180◦/θ (Haverkorn et al. 2003; Stutz et al. 2014).
Spectral indices of polarized intensity vary widely (0.7 . αP . 3) for ℓ ≈ 10 toℓ ≈ 6000
among surveys at different frequencies and Galactic longitude and latitude (Haverkorn
et al. 2003). La Porta & Burigana (2006) find 1≤ αP ≤ 1.5 at 408 MHz to 2≤ αP ≤ 3
at 1.4 GHz for 10≤ ℓ ≤ 100. However, Stutz et al. (2014) showed that at the single
frequency of 1.4 GHz,αP also shows variations from about 0.7 to 4 along the Galactic
plane forℓ ≈ 60 toℓ ≈ 104. αP varies with Galactic latitude, tracing the disk, halo, and
disk-halo transition but no correlation with Galactic longitude is found (Stutz et al. 2014;
Haverkorn et al. 2003).αI is dominated by large scale structure and varies in roughly
the same range asαP with 0.4 . αI ∼ 2.2 or∼ 3.0 butαI ≃ 0 where extragalactic point
sources dominate (Baccigalupi et al. 2001; Bruscoli et al. 2002). La Porta et al. (2008)
find 2.5 ≤ αI ≤ 3 for ℓ . 200. Observationally, there is no clear relationship between
αI andαP (Baccigalupi et al. 2001). Many interferometric surveys donot have reliable
αI due to missing large scale variation inI but do have reliableαP. Furthermore, power
spectral indices of Stokes parametersQ andU are found to strongly correlate withαP

(Stutz et al. 2014, see Fig. 8).
As a first-approach to the problem of interpreting the broad range of observed power

spectral indices, our aim is to discern trends between the power spectral index of the tur-
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Chapter 2. Power spectra of synchrotron radio observables with Faraday effects

bulent magnetic fieldαb and the power spectral indices of the parameters of synchrotron
radiationαI , αQ, αU, andαP in the context of a generalized high Galactic latitude envi-
ronment. In this chapter, polarized structure is produced in numerical models by having
an isotropic turbulent (random) magnetic field with a non-zero energy spectrum dominate
over the regular field throughout the entire synchrotron emitting and Faraday rotating vol-
ume. The regular field is separately oriented parallel and then perpendicular to the line of
sight. We also determine the effect on the power spectral indicesαI , αQ, αU, andαP caused
by incorporating assumptions of point-wise equipartition/pressure equilibrium between
cosmic ray electrons and local total magnetic field and likely level of anti-correlation
between cosmic ray electron density and magnetic energy density into our models.

In Sect. 2.2 we describe the physical model chosen for the Galactic ISM, the modeling
of magnetic field configurations, the correlation of cosmic ray electron density with the
magnetic energy density, and arrive at synthetic maps of theStokes parameters from in-
dependent realizations using diverging lines of sight withsubsequent angular power spec-
trum analysis performed on these maps. We present and discuss results in Sections 2.3
and 3.7 and finally present conclusions in Section 2.5.

2.2 Model description

We consider the Galactic ISM at typical high Galactic latitudes, with short 1 kpc and 2 kpc
sight lines, in order to avoid influence from discrete objects such as H II regions, which
are concentrated in the disk, and model a synchrotron emitting and Faraday rotating,
magneto-ionic medium. Since we are interested in small scale structure in polarization
caused by both depth depolarization and beam depolarization we choose a low ‘observing’
frequency of 350 MHz. This is a typical frequency where polarized has been observed as
in (Haverkorn et al. 2003). We further compare our results at350 MHz with frequencies
of 1 GHz, 700 MHz, 500 MHz, 200 MHz and 50 MHz and also consider the case where
no Faraday rotation occurs.

The standard input parameters in this model are: a regular magnetic field B (µG)
which is separately taken as being parallel and perpendicular to the line of sight (B‖, B⊥),
an isotropic turbulent magnetic fieldb (µG), a maximum turbulent cell sized (pc), and
both thermal and cosmic ray electron densities (cm−3).

We adopt a regular magnetic field strength of 3µG and add it to the turbulent mag-
netic field to have a regular field oriented parallel to the line of sight Btot = B‖ + b,
perpendicular to the line of sightBtot = B⊥ + b, or with Btot = b (regular field absent).
The isotropic turbulent magnetic field has a root mean square(rms) field strength (with
mean zero), given by its standard deviation, is fixed toσb = 6µG with each component
σbi = (6/

√
3)µG wherei = x, y, z. Moreover, the turbulent field has a power spectrum

given by a power law with an adjustable spectral indexαb. The regular magnetic field
strength and isotropic turbulent magnetic field strength that are used are comparable with
values obtained earlier in the literature: for the regular field B ∼ 2µG (Zweibel & Heiles
1997; Sun & Reich 2009) orB ∼ 4µG (Zweibel & Heiles 1997; Schnitzeler 2008) and
for the turbulent field in the haloσb ≤ 6µG (Jansson & Farrar 2012) or the slightly more
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conservative estimateσb ∼ 3µG assumed in (Sun & Reich 2009). A value of 100 pc
is used for the maximum turbulent cell size. We adoptne = 0.014 cm−3 from the value
found by Gaensler et al. (2008). Whereasne is a constant, the cosmic ray electron density
may fluctuate about its constant mean value withδncr = 0.2. Based on Haverkorn et al.
(2004, Appx. B) for our values of the the path length and observing frequency, we choose
c = 0.6 wherec is a constant proportional to the cosmic ray electron density ncr. The
square of the total magnetic field is also correlated withncr with the correlation parameter
C taking on values of (−1,−0.5,0,+0.5,+1).

We simulate a box of 128× 128× (640,1280) pixels, where the 640 and 1280 pixels
are along the line of sight and represent 1 kpc and 2 kpc, respectively. Then, the field of
view is 11◦.3 and 5◦.7, both corresponding to a distance of 200 pc at the far side ofthe
simulation volume (short edge of the box). This gives corresponding angular resolutions
of 0.18◦ and 0.09◦ per pixel, accounting for the Nyquist sampling frequency which re-
quires 2 pixels per wave. Thus, by construction, the available ℓ range is 31≤ ℓ ≤ 1005
and 63≤ ℓ ≤ 2011 in our simulations which allows for comparison with power spectra in
Haverkorn et al. (2003); Stutz et al. (2014).

2.2.1 Random magnetic field

We generate a divergence-free, random, isotropic Gaussianmagnetic field with a pre-
scribed energy power spectrum following a similar construction as used for chaotic or
turbulent flow modeling (Malik & Vassilicos 1999; Wilkin, S.L. 2006; Wilkin et al. 2007)
but with aperiodic boundary conditions. The random vector field b = (bx,by,bz) is posi-
tion dependent only and is given as the sum over theN modes of the simulation by

b (x) =
N∑

n=1

[

Fn × k̂n cos(kn · x) + Gn × k̂n sin(kn · x)
]

. (2.1)

Each unit vector

k̂n =





cosθ sinφ
sinθ sinφ

cosφ





and its corresponding wave vectorkn = kn k̂n is constructed by selecting at eachn a pair of
angles (θ, φ) randomly from the range 0≤ θ < 2π,0 ≤ φ ≤ π such that the pair describes
a random point that has equal probability of being chosen in any small area on the surface
of a unit sphere. This is achieved by setting

θ = 2πu,

φ = arccos(2v − 1),

with random variablesu, v picked from a uniform distribution on the open interval (0,1)
(Weisstein 2002). It is apparent from Eq. (2.1) that the vector field is solenoidal since
∇·b = 0 is satisfied by construction sincek·(X×k) = 0 for any vectorX. The wave number
kn is constrained by the resolution throughkn = 2π/ln, whereln is the wavelength of the
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sinusoidal moden. The smallest wave number (largest scale)k1 is given by the number of
turbulent cells selected for the box of 1283 pixels and the largest wave number (smallest
scale)kN is constrained by 2π/ (5/128) where 5 is the minimum number of pixels needed
to resolve a wave. The directions of the vectorsFn andGn are chosen randomly with the
constraint that they be normal tokn which ensures that the mean energy of each mode is
(

F2
n +G2

n

)

/2. The individual modes comprising the magnetic field thus have independent
random phases and directions and the amount of energy contained in each mode of the
magnetic field is controlled by the lengths of the vectorsFn andGn. The magnitudes of
Fn andGn are defined as

Fn = Gn =

[

2
3

E (kn)∆kn

]1/2

,

where

∆kn =






(kn+1 − kn) /2 if n = 1,

(kn+1 − kn−1) /2 if 2 ≤ n ≤ N − 1,

(kn − kn−1) /2 if n = N,

and E(kn) is the energy spectrum of the inertial range. For our purpose, we assume a
power law energy spectrum of the formE(kn) = A (kn/k1)−α with α = 3/2, 5/31, and 2
and mode independent constantA. These values for the slope are physically motivated by
predictions from incompressible and compressible magnetohydrodynamic (MHD) turbu-
lence (Cho & Lazarian 2003; Galtier et al. 2005; Beresnyak & Lazarian 2006; Beresnyak
2014) and are chosen to examine the imprint of both steeper and shallower magnetic field
spectra with respect to the expected spectrum ofαb = 5/3 onαI , αQ, αU, andαP. In par-
ticular, we setN = 256 to have a dense sampling of the energy associated with theinertial
turbulence range betweenk1 andkN and merge 20 such independent realizations to make
the final simulation cubesbx,by,bz isotropic. A total of 50 such independent simulation
cubes, each of which is 128× 128× 128 pixels, are generated for each magnetic field
component (bx,by,bz) for each spectral index examined. This, therefore, allowsfor the 1
kpc and 2 kpc path lengths to be modeled with 10 and 5 statistically independent line-of-
sight volumes, respectively. The standard deviation of theresulting spectral indices of the
synthetic maps ofI ,Q,U,P obtained for each of these independent lines of sight is then
taken as the error in the spectral index values.

2.2.2 Correlation method

We test whether the parametersI ,Q,U, andP can trace correlations or anti-correlations
between the magnetic energy density and cosmic ray electrondensity following Stepanov
et al. (2014). For this purpose, we consider a cosmic ray electron density distributionncr,

1In the literature, there appear references to a Kolmogorov spectrum for the magnetic field. We emphasize
here that a Kolmogorov spectrum strictly refers to the fluctuations of thermal electron density in the local ISM
for scales ranging from 10−3 AU to 30 pc (Armstrong et al. 1995). A reasonable but unproven assumption states
that because turbulent magnetic fields are frozen into the ionized interstellar medium they should follow the
Kolmogorov spectrum on these scales (Han 2009).
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which fluctuates around its mean valuencr,0, given by

ncr = ncr,0




1+ δncr




C

B2
tot − B2

tot

σB2
tot

+
√

1−C2 W−W
σW








, (2.2)

whereδncr ≡
(

σncr/ncr,0
)

= 0.2 is the relative magnitude of cosmic ray number density
fluctuations andσX denotes the standard deviation of a variableX, the over-bar denotes
ensemble averaging,Btot = B+b is the total magnetic field, andW is an auxiliary positive-
definite, scalar random field which is uncorrelated with the magnetic energy densityB2

tot.
The correlation parameterC is defined as

C =
ncrB2

tot − ncr,0B2
tot

σncr σB2
tot

.

Equipartition and pressure equilibrium are introduced viasettingC = 1 andC = −1
respectively. A shortcoming of applying this method is thatnegative values ofncr arise
whenC < 0 (in certain realizations at certain locations) becauseB2

tot can attain arbitrarily
large values (as a Gaussian random variable squared). The maximum percentage of all
such negative values attained from all trials is less than 0.03% forC = −1 and less than
0.01% forC = −0.5 of the total line-of-sight volume. These negative values of ncr are then
set to zero in the numerical calculation. This makes anexactanti-correlation betweenncr

andB2
tot impossible. However, the actual affect of this truncation of negative values on the

power spectrum is negligible.

2.2.3 Stokes parameters

Maps ofI ,Q,U, andP are obtained through numerical integration of the line-of-sight vol-
ume using the composite trapezoidal rule. These maps are notconvolved with any beam
profile at any stage. Sight lines originate in the center of a short edge of the simulation
box and diverge to simulate a cone-like field of view using a cubic spline interpolation
method. We have,

I (x⊥) =
∫ L

0
ε (x) dz,

Q (x⊥) =
∫ L

0
ε (x) cos

[

2

(

ψ0 + 0.81λ2
∫ L

z
ne

(

B‖ + b‖
)
(x) dz′

)]

dz,

U (x⊥) =
∫ L

0
ε (x) sin

[

2

(

ψ0 + 0.81λ2
∫ L

z
ne

(

B‖ + b‖
)
(x) dz′

)]

dz,

P (x⊥) =
√

Q2 (x⊥) + U2 (x⊥),

where the synchrotron emissivityε from each cell is given by

ε (x) =






c
(

B⊥ + b⊥
)2

(x) if C = 0 with δncr = 0,

c (x)
(

B⊥ + b⊥
)2

(x) if C , 0 with δncr = 0.2,
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with c a constant proportional to the cosmic ray electron densityncr defined in Eq. (2.2)
andB⊥ andb⊥ (⊥= {x, y}) the regular and turbulent transverse magnetic field components
in µG. Moreover,λ is the ‘observing’ wavelength (m),ψ0 is the intrinsic polarization
angle,dz′ anddz are increments along the line of sight with positive direction pointing
toward the observer,ne is the thermal electron density taken to be a constant,L is the total
path length (pc), andzdenotes the location of each emitting source along the line of sight
with z = 0 marking the location of the farthest source from the observer. The maximum
turbulent cell sized affectsQ, U, andP through the dispersion ofRMwithin the simulated
volume given byσRM = 0.81ne b‖ (L d)1/2. As a check, histograms of the maps reveal
Gaussian distributions forI , Q, andU while the map ofP has a Rician distribution, since
it is the sum of two Gaussian distributions, as expected. Figure 2.1 shows example maps
of the Stokes parameters. StokesI appears ‘patchy’ whileP evolves from ‘patchy’ to
having one pixel wide ‘canals’ of low intensity values arising from abrupt changes in the
polarization angle to ‘grainy’ (more power on small scales)with increasing wavelength.
The structure of both StokesQ andU are essentially the same.

2.2.4 Angular power spectrum

In order to quantify the structure in the total intensity andpolarization maps and compare
with observations, we calculate angular power spectra following Haverkorn et al. (2003)
but do not use the APS approach since our models maximally cover 0.3% of the∼ 41,000
square degrees on the sky. Instead, we use the PS approach with PS(ℓ) a function of
multipoleℓ where PSX(ℓ) is given by the square of the discrete Fourier transform (DFT)
F of a variableX as PSX(ℓ) = |F (X)|2 with the DFT computed via the FFT algorithm.
The power spectrum ofb is calculated in three dimensions while the power spectra ofI ,
Q, U, andP are computed in two dimensions and averaged over azimuth in radial bins.
The multipole spectral indexα, defined as PSX(ℓ) ∝ ℓ−αX , is calculated from a log-log fit
to the power spectrum as in Fig. 2.2.

2.3 Results

We first consider the model with standard parameters as defined in Section 2.2. PS of po-
larized intensity and StokesQ at a range of observing frequencies, viz. 1 GHz, 700 MHz,
500 MHz, 350 MHz, 200 MHz and 50 MHz are shown in Fig 2.2. Since the PS become
very noisy at large angular scales (small multipoles), due to our limited simulation box
size, we only consider multipolesℓ & 150. At high frequencies (1 GHz and 700 MHz),
the PS show an unbroken power law with a spectral indexαQ, αP ∼ 2.8 (αb = 5/3).
However, at lower frequencies (500 MHz and 350 MHz), the PS show a break, where
the spectral index is consistent with the high-frequency PSat small angular scales, but
flattens out at larger scales. At small angular scales, the PSamplitude increases while it
decreases at large scales due to the flattening of the PS. The location of the break is also
frequency dependent; the break occurs at smaller angular scales for lower frequencies.
The flattening of the large-scale spectrum increases towards lower frequencies. At the
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Figure 2.1: Sample simulated output map of StokesI (top) and sample output maps of StokesQ
(middle) andP (bottom) observed at frequencies of 1 GHz, 350 MHz, and 50 MHz, respectively.
All maps featured are for an input turbulent magnetic field power spectrum of 5/3 for the choice of
B = 3µG andσb = 6µG andC = 0, δncr = 0. A cone line of sight with 1 kpc distance has been
used. Outer scale of turbulence is 100 pc. The gray scale range is independent for each parameter
since this is more revealing of its structure with lighter shades corresponding to high values and
darker shades to low values.

lowest frequencies (200 MHz and 50 MHz), the PS no longer showa break, but rather
a flat to inverted PS. The flattening of the PS is more pronounced in the PS of StokesQ
than inP. Flattening of PS of polarized radio emission has been observed frequently (see
Section 3.7) and has been explained by increased Faraday rotation and depolarization at
low frequencies (Haverkorn et al. 2003). These simulation results show that there is a
typical angular scale associated with a break in the PS, which is frequency dependent. In
the following, we choose to work with the high spectral index, assuming that the steep
part of the spectrum is representative.

37



Chapter 2. Power spectra of synchrotron radio observables with Faraday effects

Table 2.1: Output power spectral index of total intensityI , StokesQ and polarized intensityP as a
function of input power spectral index of turbulent magnetic field,αb. The path length is 1 kpc and
the outer scale of turbulence is 100 pc. The error in the spectral indices isthe standard deviation of
10 independent realizations. The subscripts ‘st’ and ‘sh’ denote steepand shallow parts of the
broken power spectrum observed at 350 MHz. The error is the standard deviation of 10
independent realizations. These values are given for positive and negative correlation between
magnetic fields and cosmic rays represented by parameterC (see text) forB = 0.

αb αI αQ αP

C = 0
3/2st 2.4± .1 1.2± .2 2.2± .2
3/2sh .3± .2 1.2± .2
5/3st 2.5± .1 1.6± .2 2.5± .1
5/3sh .4± .2 1.4± .3
2st 2.6± .2 2.3± .2 3.2± .2
2sh .5± .2 1.8± .3

C = −0.5
3/2st 2.2± .1 1.2± .2 2.0± .2
3/2sh .3± .2 1.2± .2
5/3st 2.3± .1 1.6± .2 2.3± .1
5/3sh .4± .2 1.3± .2
2st 2.3± .1 2.3± .2 2.9± .2
2sh .5± .2 1.8± .3

C = +0.5
3/2st 2.3± .1 1.2± .2 2.1± .2
3/2sh .2± .2 1.2± .2
5/3st 2.4± .1 1.6± .2 2.5± .1
5/3sh .4± .2 1.4± .3
2st 2.5± .2 2.3± .2 3.1± .2
2sh .5± .2 1.9± .3

C = −1
3/2st 2.4± .1 1.2± .1 2.1± .2
3/2sh .3± .2 1.2± .2
5/3st 2.5± .1 1.6± .2 2.4± .1
5/3sh .4± .2 1.3± .2
2st 2.7± .1 2.3± .2 3.1± .2
2sh .5± .2 1.7± .2

C = +1
3/2st 2.4± .1 1.2± .2 2.2± .3
3/2sh .2± .2 1.2± .2
5/3st 2.5± .1 1.6± .2 2.5± .1
5/3sh .4± .2 1.5± .3
2st 2.6± .2 2.3± .2 3.2± .2
2sh .5± .2 1.9± .3
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Table 2.2: As in Table 2.1 but for an outer scale of 50 pc.

αb αI αQ αP

C = 0
3/2st 2.4± .1 .6± .1 1.6± .2
3/2sh −.3± .1 .3± .1
5/3st 2.6± .1 .7± .2 1.8± .1
5/3sh −.2± .2 .3± .1
2st 2.8± .1 1.1± .1 2.2± .2
2sh −.2± .2 .5± .1

Table 2.3: As in Table 2.1 but for an outer scale of 100 pc and path length of 2 kpc. The error is
the standard deviation of 5 independent realizations.

αb αI αQ αP

C = 0
3/2st 2.3± .2 .1± .1 1.2± .2
3/2sh −.6± .2 0. ± .2
5/3st 2.6± .1 .3± .1 1.4± .1
5/3sh −.6± .2 .3± .1
2st 2.6± .1 .6± .1 1.9± .1
2sh −.6± .2 .5± .1

Table 2.4: As in Table 2.3 but for an outer scale of 50 pc and path length of 2 kpc.

αb αI αQ αP

C = 0
3/2st 2.4± .1 −.4± .1 .6± .1
3/2sh −.5± .2 −.3± .2
5/3st 2.5± .1 −.1± .1 .9± .1
5/3sh −.5± .1 −.2± .2
2st 2.8± .1 −.1± .1 1.2± .1
2sh −.6± .2 0. ± .2
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Figure 2.2: Angular power spectra of StokesQ (right) and polarized intensityP (left) in
simulations withαb = 5/3 and standard parameters (see text), for a range of observing frequencies
for B = 0 andC = 0. In the presence of a break, the red and blue solid lines give the best-fit slope
for the shallow and steep parts, respectively.
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2.3. Results

Figure 2.3: Trends of angular power spectra ofI , Q, U, andP for input turbulent magnetic field
power spectrab at 350 MHz forB = 0 andC = 0. The solid green line corresponds toαI , the
dashed yellow line toαP, the red dash dotted line toαQ, and the blue dotted line toαU . The solid
black line indicates the locus of equality. The following trends are shown: (a) path length of 1 kpc
and an outer scale of turbulence of 100 pc, (b) path length of 1 kpc and an outer scale of turbulence
of 50 pc, (c) path length of 2 kpc and an outer scale of turbulence of 100pc, (d) path length of 2
kpc and an outer scale of turbulence of 50 pc. In all these plots, only the steep part of the spectrum
has been plotted.

2.3.1 Dependence on magnetic field spectral index

The spectral index of PS of polarized emission should dependon the spectral index of the
input turbulent magnetic field. Whether this dependence is unique and whether it can be
observed is a crucial question. If this is possible, then we can directly determine magnetic
field spectral indices from radiopolarimetric observations. The dependence of spectral
indices ofI , Q, U andP on the spectral index of the input random, isotropic Gaussian
magnetic fields are shown in Fig. 2.3 for our standard frequency of 350 MHz. The four
plots show the variation with path length through the medium(1 kpc and 2 kpc) and with
outer scale of turbulence (50 pc and 100 pc). All respective spectral index values for these
plots are provided in Tables 2.1 - 2.4.
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Table 2.5: As in Table 2.1 forB = 0 andC = 0 but for observing frequencies of 1 GHz and
50 MHz.

αb αI αQ αP

1 GHz
3/2 2.4± .1 2.6± .1 2.6± .1
5/3 2.5± .1 2.7± .1 2.7± .1
2 2.6± .2 2.8± .1 3. ± .1

∗ 2.4± .2

50 MHz

3/2 2.4± .1 −1. ± .1 −.9± .1
5/3 2.5± .1 −1. ± .1 −.9± .1
2 2.6± .2 −1. ± .1 −.8± .1

Notes: (∗) B⊥

Figure 2.4: Trends of angular power spectra ofI , Q, U, andP for B = 0 andC = 0 at a frequency
of 1 GHz (a) and 50 MHz (b). The path length is 1 kpc and the outer scale ofturbulence is 100 pc.
The legend is the same as in Fig. 2.3. SinceαI is not frequency dependent it is not reproduced in
(b).
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The spectral indices ofI , Q, U, andP increase with increasingαb as expected. In
order to explain our results for the spectral index ofI we argue along the following lines.
For αb = 5/3 in 1D, one would expect a 3D magnetic field PS ofαb = 11/3. Since
synchrotron intensity (StokesI ) is theaddition of emissivity due to these fields along a
line of sight, and not an integration over scalek, the spectral index of the 2D StokesI
map should also beα2D

I = 11/3. Integrating the StokesI map to a one-dimensional PS
will thus result inαI = 8/3. By analogy, we might expect thatαI = αb + 1 which is
supported by our simulations. The spectral index of StokesI does not depend on outer
scale of turbulence or path length, as expected.

Spectral indices of polarized radiation depend on path length and turbulent outer scale,
because these change the depolarization characteristics.As expected,αQ = αU . The
spectral indices ofQ, U andP increase with increasingαb, but there is no fixed relation
as forαI . In all situations presented in Fig. 2.3,αP > αQ, αU , which means that inQ and
U, turbulence creates more small-scale structure than inP.

Polarization spectral indices at 1 GHz and 50 MHz are given inTable 2.5 and Fig. 2.4.
At 1 GHz, αI ≈ αP ≈ αQ ≈ αU , indicating that Faraday rotation and depolarization
only play a minor role at this frequency. This was also noted observationally at 1.4 GHz
(Stutz et al. 2014). In fact, Fig. 2.2 indicates that complete depolarization already occurs
at 1 GHz sinceαI has the same spectral index as atλ = 0 (∞ frequency).

2.3.2 Dependence on other input parameters

Figure 2.3 shows the dependence of output spectral indices on path length. Doubling the
path length from 1 kpc to 2 kpc does not change the spectrum of StokesI . However, the
spectra of polarized emission (Q, U, andP) become considerably shallower. This result
is consistent with the additional depolarization resulting from a longer path length, which
converts large scale structure into small scales. Similarly, decreasing the maximum scale
of magnetic field fluctuations from 100 pc to 50 pc leads to a shallowing of the polariztion
spectra.

Introducing a correlation or anti-correlation between themagnetic field energy den-
sity and cosmic ray density by the factorC (see Section 2.2.2) does not alter polarization
spectral indices as seen from Table 2.1, but has an effect on the amplitude of the PS, as
shown in Fig. 2.5. However, the PS of I forC = −0.5 is flatter than for other values of
C which is due to an upturn at the smallest scales as seen in panel (a) of the same figure.
The largest amplitude inI andP (and similarly forQ andU) arises from equipartition
(C = 1) whereas the lowest comes from pressure equilibrium (C = −1). Since the (anti-)
correlation indicates a dependence ofncr on Btot as in Eq. 2.2, this is indeed as expected.
Therefore, spectral index studies cannot be used to determine the rate of correlation be-
tween magnetic field and cosmic rays in the interstellar medium. Additionally, spectral
indices are found to be insensitive to either the presence orthe orientation of the regular
field B for the regular and turbulent magnetic field strengths considered here.
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Figure 2.5: Amplitudes of the power spectra ofI (a) andP (b) at 350 MHz forC = 0,±0.5,±1
(see text),αb = 5/3, and standard parameters.

2.4 Discussion

The aim of this chapter is to establish the dependence of spectral indices of total and
polarized intensity and Stokes parametersQ andU on physical parameters in the ISM.
Our simulations suggest that total intensity StokesI is a good tracer of the underlying
magnetic field power spectrum as long as magnetic field fluctuations dominate over ther-
mal density fluctuations in the real ISM. However, it may not be possible to distinguish
between differentαb usingαI .

Regis (2011) computes StokesI power spectra for five radio surveys from the litera-
ture and findsαI = 2.9+0.3

−0.1 for high latitudes, in agreement with our findings ofαI for a
spectrum withαb = 2. However, as Regis expectsαI to reproduce the 3D Kolmogorov
spectrum of thermal density fluctuations (i.e.αI = 11/3), he concludes that his value of
αI is shallower.

Depolarization has been named as a cause of flattening of power spectra of polarized
emission in a number of observational papers (e.g. Baccigalupi et al. (2001); Haverkorn
et al. (2003)). We confirm numerically that depolarization flattens the power spectra of
the polarized emission. However, since depolarization depends degenerately on many
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factors such as path length, turbulent magnetic field, or outer scale of fluctuations, spectral
indices ofQ, U or P cannot be used to determine the spectral index of turbulent magnetic
field. In fact, a large variety of spectral indices of polarized emission is expected to
occur even for a single turbulent magnetic field spectrum. A wide range ofαP is indeed
observed in the Canadian Galactic Plane Survey and its vertical extensions by Stutz et al.
(2014). These authors find an average〈αP〉 = 2.3 with significant spatial variation. Their
conclusion thatαP increases with Galactic latitude may be a path length effect as shown
in our simulations.

Their study also finds thatαP = αQ = αU at 1.4 GHz, in agreement with our results.
Our simulations also confirm the observed flattening ofαP as a function of observing
wavelength (Haverkorn et al. 2003). The simulation result thatαP > αQ, αU is generally
not confirmed by observations. At low frequencies,αP < αQ, αU is observed (Haverkorn
et al. 2003). However, the steepening ofαQ, αU is attributed to the presence of nearby
Faraday screens: these screens will add large-scale structure toQ andU, but not toP.
Since our simulation does not contain Faraday screens, we cannot hope to reproduce
these observational results.

We show, to our knowledge for the first time, that the PS ofQ, U, andP may have a
frequency dependent break. The frequency dependence of theangular scale of the break
depends on parameters of the turbulence such as magnetic field strength, path length, and
thermal electron density. Therefore, measuring the angular scale of the break as a function
of frequency may help determine the turbulence parameters.This should be accompanied
by simulations testing the dependence of the angular scale of the break on turbulence
parameters, which is beyond the scope of this chapter.

An interesting prediction of our simulations is the flattening of the PS at very low
frequencies. This means that low-frequency polarimetric observations from e.g. LOFAR
or the MWA may seem pure noise, but may contain signal. Polarized intensity PS con-
structed at very low frequencies should in theory show an inverted power spectrum (to a
positive slope). However, in practice this may be difficult to observe due to the low PS
amplitude and finite observing beams.

2.5 Summary and conclusions

We constructed static simulations of the magneto-ionized ISM using a power spectrum of
random magnetic field with random phases and a predeterminedspectral index, constant
thermal electron density, and cosmic ray density that can beeither constant or (anti-) cor-
related with magnetic energy density. We simulate radiopolarimetric observations by cal-
culating the propagation of polarized synchrotron radiation through the medium and study
the resulting spectral indicesα of StokesI , Q, U and polarized intensityP as a function
of magnetic field power spectrum, path length, outer scale ofturbulence, correlation of
cosmic rays and magnetic field, and frequency.

Our models confirm that more depolarization leads to shallower spectra, where depo-
larization can be increased by increasing path length or decreasing frequency. We show
that smaller outer scales of turbulence lead to smallerαP, but that (anti-) correlation of
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magnetic field and cosmic rays does not have a discernible influence onαP. The depen-
dence of polarization spectral index on ISM parameters indicates that the variety inαP in
observations, even within the same survey, can originate ina single spectrum of magnetic
field. Polarization power spectra not only flatten with decreasing frequency, but show
a break at mutipoles that increase with decreasing frequency. At very low frequencies
(. 200 MHz), this can lead to flat or even inverted power spectra.This behavior may
become visible with the current low-frequency instrumentssuch as LOFAR or MWA.
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