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Abstract

We simulate a typical high Galactic latitude interstellagdium (ISM) envi-
ronment with characteristic requl® = 3uG and turbulenb = 6 G mag-
netic field strengths and both thermal and cosmic ray elecensities. The
solenoidal, random Gaussian magnetic field has a tunabitrapmdexay,.
We observe this synchrotron emitting and Faraday rotatiagmato-ionic
medium at a frequency of 350 MHz over a generic path lengthkgfclwith

a realistic cone-like field of view which is integrated alathg line of sight
to yield Stokesl, Q, U, andP maps with power spectra over a multipole
range of 150< ¢ < 1000. A power spectrum analysis PBis performed
on the resulting maps for physically motivated valuesypf We find that
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Chapter 2. Power spectra of synchrotron radio observables withd5aedects

total synchrotron intensity is a good tracer of the spedahdéx of the turbu-
lent magnetic field whereas spectral indices of polarizéghisity and of the
Stokes parameters cannot be used as these depend dedgoeratany fac-
tors characterizing the medium. We find a frequency depédriateak in the
polarized intensity and Stokes parameters which occuraatler angular
scales for lower frequencies.

2.1 Introduction

Efforts to characterize the turbulent magneto-ionic mediunowf Galaxy from syn-
chrotron radio emission and its linear polarization spagréentimeter to meter wave-
lengths, originate from the Wieringa et al. (1993) discgvef small scale structure in
this emission at 325 MHz using the Westerbork Synthesisdiatiéscope (WRST). The
production of synchrotron radiation throughout the Gatagblume and its depolariza-
tion (Burn 1966; Sokolft et al. 1998, 1999, and Chap. 3 of this thesis) by the intengeni
plasma - the interstellar medium (ISM) - along essentialisre line of sight through the
Galaxy, provides information on the spatial distributidnttee thermal and cosmic ray
electron densities and strength of Galactic magnetic fieldgs information is also im-
portant for cosmic microwave background (CMB) polarizat®-mode detection (Car-
retti et al. 2010), for high-resolution extragalactic atva¢ions with the SKA (Sun &
Reich 2009), as well as epoch of reionization (EoR) studieht(et al. 2008).

At wavelengths of just a few centimeters, the measuretugl) polarization directly
traces the magnetic field in the emitting region becausedaaraotation is negligible
whereas at longer wavelengths additional information omgmeéic field structure and
electron density along the entire line of sight is obtainEdraday rotation refers to the
rotation of the intrinsic polarization vector from its aaglon emission, by an amount
proportional to the square of the observing wavelength. grioportionality constant is
the rotation measuréx(V)

observer
RM= 081[ Ne (B” + bH) C“,
s

ource

which is comprised of the thermal electron densitycm3), the regulaB; and randonty,
components of the magnetic fiel@®) directed along the line of sight, and the path length
(pc) through the ionized ISM. Owing to the presence of bogula and random Galactic
magnetic field components in the disk and halo together viignmhal and cosmic ray
electrons, Faraday rotation causes depolarization figrdntial Faraday rotation (DFR)
(also known as depth depolarization) and depolarizatioRdraday dispersion (FD) (also
referred to as beam depolarization).

Consequently, a subset of existing radio polarization eygyranging from several
hundred MHz to a few GHz frequencies and covering maffigint parts of the sky at
various spatial and angular scales, have been analyzegl piver spectra (PS), angular
power spectra (APS), and structure functions SFs in ordpatametrize structure in ra-
dio maps of total synchrotron intensityStokes parametef@andU (or in CMB studies,
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2.1. Introduction

the E- and B- modes, respectively (Tucci et al. 2002)), andrized intensityP. PS use
a (planar) fast Fourier transform (FFT) on a Cartesian gfRfS use a spherical harmonic
expansion on a spherical grid, and SFs are a measure of agtiation used to study ran-
dom processes whose power spectra are given by a power laar8iti et al. 1984) and
do not require a regular grid of data points as do both PS ar®I(ARverkorn et al. 2003).
Haverkorn et al. (2003) also studied both power spectra tadtare functions of diuse
polarization in the Galaxy frolRM maps. Most of these surveys focus on low Galac-
tic latitudes although there is observational evidencesigmificantRM structure at high
Galactic latitudest{ ~ 71°) at low frequencies (315388 MHz) (de Bruyn et al. 2006) and
possibly at high frequencies.@lGHz) from simulations of (Sun & Reich 2009). Signif-
icant magnetic field strengths are also present in the Galaalo (Haverkorn & Heesen
2012). For a compilation and application of PS, APS, and 8Rkdse various surveys
see Stutz et al. (2014, and refs. therein) and Haverkorn. ¢2@03). Present surveys
with the Low Frequency Array (LOFAR) such as the Multifrequg Snapshot Sky Sur-
vey (MSSS) (Heald & LOFAR Collaboration 2014), surveys by Murchison Widefield
Array (MWA) (Bowman et al. 2013), and future surveys suchythle Square Kilometre
Array (SKA) will be able to reveal polarized structure atdfuencies as low as several
tens of MHz making detailed study of the Galactic halo at leegtiencies possible.

However, the interpretation of the values of the power spezt!, Q, U, P andRM
is still uncertain. The diiculty comes from the dependence of these observables on mag-
netic field structure and direction, thermal electron dgndiistribution and path length.
The magnetic field fluctuations are coupled to the thermaltede fluctuations which
follow a power law extending over ten orders of magnitudengétrong et al. 1995; Chep-
urnov & Lazarian 2010). From here omy represents the angular power spectral index
of a parameteK. A given angular scalé, measured in degrees, is related to the multi-
pole number that would be obtained by a spherical harmonic transfornpbgscally
gridded data, through the relatiédn~ 180° /6 (Haverkorn et al. 2003; Stutz et al. 2014).
Spectral indices of polarized intensity vary widelyA®& ap < 3) for £ ~ 10 to¢ ~ 6000
among surveys at fierent frequencies and Galactic longitude and latitude €Harn
et al. 2003). La Porta & Burigana (2006) find<lap < 1.5 at 408 MHz to 2< ap < 3
at 14 GHz for 10< ¢ < 100. However, Stutz et al. (2014) showed that at the single
frequency of 14 GHz, ap also shows variations from abouf/to 4 along the Galactic
plane for¢ ~ 60 to¢f ~ 10*. ap varies with Galactic latitude, tracing the disk, halo, and
disk-halo transition but no correlation with Galactic |dngle is found (Stutz et al. 2014;
Haverkorn et al. 2003)«, is dominated by large scale structure and varies in roughly
the same range as with 0.4 5 @ ~ 2.2 or~ 3.0 bute; = 0 where extragalactic point
sources dominate (Baccigalupi et al. 2001; Bruscoli et @022. La Porta et al. (2008)
find 25 < o < 3 for ¢ < 200. Observationally, there is no clear relationship betwe
a; andap (Baccigalupi et al. 2001). Many interferometric surveysnib have reliable
a; due to missing large scale variationlibut do have reliabler. Furthermore, power
spectral indices of Stokes paramet&sandU are found to strongly correlate withs
(Stutz et al. 2014, see Fig. 8).

As a first-approach to the problem of interpreting the br@atdje of observed power
spectral indices, our aim is to discern trends between thepspectral index of the tur-
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Chapter 2. Power spectra of synchrotron radio observables withd5aedects

bulent magnetic field, and the power spectral indices of the parameters of syrramrot
radiationa,, ag, ay, andap in the context of a generalized high Galactic latitude envi-
ronment. In this chapter, polarized structure is producetuimerical models by having
an isotropic turbulent (random) magnetic field with a nomeznergy spectrum dominate
over the regular field throughout the entire synchrotrortimgiand Faraday rotating vol-
ume. The regular field is separately oriented parallel aad trerpendicular to the line of
sight. We also determine théect on the power spectral indices aq, au, andep caused

by incorporating assumptions of point-wise equipartijiwassure equilibrium between
cosmic ray electrons and local total magnetic field and yikeVel of anti-correlation
between cosmic ray electron density and magnetic energgitgeénto our models.

In Sect. 2.2 we describe the physical model chosen for thedBalSM, the modeling
of magnetic field configurations, the correlation of cosnaig electron density with the
magnetic energy density, and arrive at synthetic maps obtbkes parameters from in-
dependent realizations using diverging lines of sight withsequent angular power spec-
trum analysis performed on these maps. We present and digesisits in Sections 2.3
and 3.7 and finally present conclusions in Section 2.5.

2.2 Model description

We consider the Galactic ISM at typical high Galactic latiés, with short 1 kpc and 2 kpc
sight lines, in order to avoid influence from discrete olkgestich as H Il regions, which
are concentrated in the disk, and model a synchrotron eqitihd Faraday rotating,
magneto-ionic medium. Since we are interested in smalesstalicture in polarization
caused by both depth depolarization and beam depolatizatachoose a low ‘observing’
frequency of 350 MHz. This is a typical frequency where piakat has been observed as
in (Haverkorn et al. 2003). We further compare our resul@s5& MHz with frequencies
of 1 GHz, 700 MHz, 500 MHz, 200 MHz and 50 MHz and also consitlerdase where
no Faraday rotation occurs.

The standard input parameters in this model are: a regulgnet@ fieldB (uG)
which is separately taken as being parallel and perperatituithe line of sight®, B, ),
an isotropic turbulent magnetic field(uG), a maximum turbulent cell siz# (pc), and
both thermal and cosmic ray electron densities ®m

We adopt a regular magnetic field strength giGBand add it to the turbulent mag-
netic field to have a regular field oriented parallel to the lof sightB: = By + b,
perpendicular to the line of sigBy,: = B, + b, or with By, = b (regular field absent).
The isotropic turbulent magnetic field has a root mean sqfrars) field strength (with
mean zero), given by its standard deviation, is fixed-to= 6 uG with each component
op, = (6/ V3)uG wherei = x,y,z Moreover, the turbulent field has a power spectrum
given by a power law with an adjustable spectral indgx The regular magnetic field
strength and isotropic turbulent magnetic field streng#h éne used are comparable with
values obtained earlier in the literature: for the reguleldfB ~ 2 uG (Zweibel & Heiles
1997; Sun & Reich 2009) oB ~ 4uG (Zweibel & Heiles 1997; Schnitzeler 2008) and
for the turbulent field in the halo, < 6uG (Jansson & Farrar 2012) or the slightly more
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2.2. Model description

conservative estimate, ~ 3uG assumed in (Sun & Reich 2009). A value of 100 pc
is used for the maximum turbulent cell size. We adapt 0.014 cnt? from the value
found by Gaensler et al. (2008). Whererss a constant, the cosmic ray electron density
may fluctuate about its constant mean value With = 0.2. Based on Haverkorn et al.
(2004, Appx. B) for our values of the the path length and oliegrfrequency, we choose
¢ = 0.6 wherec is a constant proportional to the cosmic ray electron dgmgjt The
square of the total magnetic field is also correlated withwith the correlation parameter
C taking on values of<1,-0.5,0, +0.5, +1).

We simulate a box of 128 128x (640 1280 pixels, where the 640 and 1280 pixels
are along the line of sight and represent 1 kpc and 2 kpc, cdgply. Then, the field of
view is 1.3 and 5.7, both corresponding to a distance of 200 pc at the far sidieeof
simulation volume (short edge of the box). This gives cqroesling angular resolutions
of 0.18 and Q09 per pixel, accounting for the Nyquist sampling frequencyichhre-
quires 2 pixels per wave. Thus, by construction, the aviléabange is 31< ¢ < 1005
and 63< ¢ < 2011 in our simulations which allows for comparison with gowpectra in
Haverkorn et al. (2003); Stutz et al. (2014).

2.2.1 Random magnetic field

We generate a divergence-free, random, isotropic Gausségnetic field with a pre-
scribed energy power spectrum following a similar constamcas used for chaotic or
turbulent flow modeling (Malik & Vassilicos 1999; Wilkin, &. 2006; Wilkin et al. 2007)
but with aperiodic boundary conditions. The random vectdfo = (by, by, b,) is posi-
tion dependent only and is given as the sum oveiNhmodes of the simulation by

N
b(x) = Z [Fnx kncos(kn - X) + Gq x kqsin(ky - x)]. (2.1)

n=1

Each unit vector )
cosdsing
kn =[ sin@sing ]
cos¢
and its corresponding wave vectqy = k,kn is constructed by selecting at eath pair of
angles ¢, ¢) randomly from the range 8 6 < 27,0 < ¢ < 7 such that the pair describes

a random point that has equal probability of being chosenyrsanall area on the surface
of a unit sphere. This is achieved by setting

6 = 2nu,

¢ = arccos(2 - 1),
with random variables, v picked from a uniform distribution on the open interva) 1D
(Weisstein 2002). It is apparent from Eq. (2.1) that the mefield is solenoidal since

V-b = Ois satisfied by construction sinkg Xx k) = 0 for any vectoiX. The wave number
kn is constrained by the resolution throukth= 27/l,,, wherel, is the wavelength of the

33



Chapter 2. Power spectra of synchrotron radio observables withd5aedects

sinusoidal mod@. The smallest wave number (largest scélg¥ given by the number of
turbulent cells selected for the box of £28ixels and the largest wave number (smallest
scale)ky is constrained by2/ (5/128 where 5 is the minimum number of pixels needed
to resolve a wave. The directions of the vectBrsandG, are chosen randomly with the
constraint that they be normal tg which ensures that the mean energy of each mode is
(F2 + G2) /2. The individual modes comprising the magnetic field thueliadependent
random phases and directions and the amount of energy cedtai each mode of the
magnetic field is controlled by the lengths of the vectefsandG,,. The magnitudes of

F, andG, are defined as

2 1/2
Fn:Gn: [éE(kn)Akn] s

where
(Kns1 = kn) /2 ifn=1,
Aky = {(kns1 —Kn-1) /2 if2<n<N-1,
(kn — kn-1) /2 if n=N,

and E(k,) is the energy spectrum of the inertial range. For our puepese assume a
power law energy spectrum of the for(k,) = A(K./ki)™® with o = 3/2, 5/3, and 2

and mode independent consténiThese values for the slope are physically motivated by
predictions from incompressible and compressible madyyeltmdynamic (MHD) turbu-
lence (Cho & Lazarian 2003; Galtier et al. 2005; Beresnyaka&drian 2006; Beresnyak
2014) and are chosen to examine the imprint of both steepkstzadlower magnetic field
spectra with respect to the expected spectrum,of 5/3 onay, ag, ay, andep. In par-
ticular, we setN = 256 to have a dense sampling of the energy associated withetiil
turbulence range betwedn andky and merge 20 such independent realizations to make
the final simulation cubels,, b,, b, isotropic. A total of 50 such independent simulation
cubes, each of which is 128128 x 128 pixels, are generated for each magnetic field
componently, b, b,) for each spectral index examined. This, therefore, allimwshe 1

kpc and 2 kpc path lengths to be modeled with 10 and 5 statilstindependent line-of-
sight volumes, respectively. The standard deviation oféisalting spectral indices of the
synthetic maps of, Q, U, P obtained for each of these independent lines of sight is then
taken as the error in the spectral index values.

2.2.2 Correlation method

We test whether the parameté(®,U, andP can trace correlations or anti-correlations
between the magnetic energy density and cosmic ray eledéwosity following Stepanov
et al. (2014). For this purpose, we consider a cosmic rayreledensity distributiom,,

1in the literature, there appear references to a Kolmogoreutspm for the magnetic field. We emphasize
here that a Kolmogorov spectrum strictly refers to the flubtues of thermal electron density in the local ISM
for scales ranging from 16 AU to 30 pc (Armstrong et al. 1995). A reasonable but unprossumption states
that because turbulent magnetic fields are frozen into thieedninterstellar medium they should follow the
Kolmogorov spectrum on these scales (Han 2009).
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2.2. Model description

which fluctuates around its mean valugo, given by

B2 - B2, -W
Ner = ncr,O{l"'(Sncr [C B~ B, o2 W WH 2.2)

T8, ow

whereén, = (o, /Nero) = 0.2 is the relative magnitude of cosmic ray number density
fluctuations andry denotes the standard deviation of a varia¥)ehe over-bar denotes
ensemble averagin®;.: = B+ b is the total magnetic field, and is an auxiliary positive-
definite, scalar random field which is uncorrelated with tregnetic energy densitgz,.
The correlation paramet€ris defined as

> >
NerBior — Ner,0Biot

One O-Btzot

C=

Equipartition and pressure equilibrium are introduced sgttingC = 1 andC = -1
respectively. A shortcoming of applying this method is thagative values ofi,; arise
whenC < 0 (in certain realizations at certain locations) becaBecan attain arbitrarily
large values (as a Gaussian random variable squared). Txienara percentage of all
such negative values attained from all trials is less th88% forC = —1 and less than
0.01% forC = —-0.5 of the total line-of-sight volume. These negative valuagcare then
set to zero in the numerical calculation. This makesxactanti-correlation betweeny,
andB2, impossible. However, the actudfect of this truncation of negative values on the
power spectrum is negligible.

2.2.3 Stokes parameters

Maps ofl,Q,U, andP are obtained through numerical integration of the linesight vol-
ume using the composite trapezoidal rule. These maps anebdlved with any beam
profile at any stage. Sight lines originate in the center diatsedge of the simulation
box and diverge to simulate a cone-like field of view using hicspline interpolation
method. We have,

L
)= [ et dz
Q(x) = ng(x) cos[Z(wo +0.8122 fL ne (B + by) (x)dz’)} dz
0 z

U(x,) = f Le(x) sin[z(z//0+0.81/12 f ) Ne (By +b”)(x)dz)]dz,
0 z
P(x.) = ‘/QZ (xo) + U2 (x.),

where the synchrotron emissivigyfrom each cell is given by

o ¢(B.+b.) (%) if C = 0 with 6, = O,
& =
c() (B.+b.) (0 if C#0withoy, =02,
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Chapter 2. Power spectra of synchrotron radio observables withd5aedects

with ¢ a constant proportional to the cosmic ray electron demgjtgefined in Eq. (2.2)
andB, andb, (L= {x,y}) the regular and turbulent transverse magnetic field compisn
in uG. Moreover,A is the ‘observing’ wavelength (m)y is the intrinsic polarization
angle,dZ anddz are increments along the line of sight with positive directpointing
toward the observen is the thermal electron density taken to be a constaisthe total
path length (pc), anddenotes the location of each emitting source along the fisegbt
with z = 0 marking the location of the farthest source from the oleervhe maximum
turbulent cell sizel affectsQ, U, andP through the dispersion &M within the simulated
volume given byory = 0.81neby (Ld)Y/2. As a check, histograms of the maps reveal
Gaussian distributions fdr, Q, andU while the map of has a Rician distribution, since
it is the sum of two Gaussian distributions, as expectedurgig@.1 shows example maps
of the Stokes parameters. StoKeappears ‘patchy’ whild® evolves from ‘patchy’ to
having one pixel wide ‘canals’ of low intensity values amigifrom abrupt changes in the
polarization angle to ‘grainy’ (more power on small scalegh increasing wavelength.
The structure of both Stok&3 andU are essentially the same.

2.2.4 Angular power spectrum

In order to quantify the structure in the total intensity quodarization maps and compare
with observations, we calculate angular power spectravatig Haverkorn et al. (2003)
but do not use the APS approach since our models maximallr @82 of the~ 41, 000
square degrees on the sky. Instead, we use the PS appro&cRS$¢} a function of
multipole £ where P{(¢) is given by the square of the discrete Fourier transformT(DF
¥ of a variableX as PS(¢) = |7 (X)|* with the DFT computed via the FFT algorithm.
The power spectrum df is calculated in three dimensions while the power spectia of
Q, U, andP are computed in two dimensions and averaged over azimutdialrbins.
The multipole spectral index, defined as PJ¢) « ¢~%x, is calculated from a log-log fit
to the power spectrum as in Fig. 2.2.

2.3 Results

We first consider the model with standard parameters as défirgection 2.2. PS of po-
larized intensity and Stoke3 at a range of observing frequencies, viz. 1 GHz, 700 MHz,
500 MHz, 350 MHz, 200 MHz and 50 MHz are shown in Fig 2.2. SifeeRS become
very noisy at large angular scales (small multipoles), dueur limited simulation box
size, we only consider multipoles> 150. At high frequencies (1 GHz and 700 MHz),
the PS show an unbroken power law with a spectral inggxxp ~ 2.8 (ap = 5/3).
However, at lower frequencies (500 MHz and 350 MHz), the P&vsh break, where
the spectral index is consistent with the high-frequencyaPSmall angular scales, but
flattens out at larger scales. At small angular scales, theni8itude increases while it
decreases at large scales due to the flattening of the PSod#isoh of the break is also
frequency dependent; the break occurs at smaller anguddesstor lower frequencies.
The flattening of the large-scale spectrum increases t@navder frequencies. At the
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Stokes 7

Stokes O

1 GHz 350 MHz 50 MHz

Figure 2.1: Sample simulated output map of Stokgop) and sample output maps of Stokgs
(middle) andP (bottom) observed at frequencies of 1 GHz, 350 MHz, and 50 MHpeetively.
All maps featured are for an input turbulent magnetic field power spectf 5/3 for the choice of
B = 3uG ando, = 6uG andC = 0, 6y, = 0. A cone line of sight with 1 kpc distance has been
used. Outer scale of turbulence is 100 pc. The gray scale range i®irdkg for each parameter
since this is more revealing of its structure with lighter shades correspptalirigh values and
darker shades to low values.

lowest frequencies (200 MHz and 50 MHz), the PS no longer shdseak, but rather
a flat to inverted PS. The flattening of the PS is more pronalint¢he PS of Stoke®
than inP. Flattening of PS of polarized radio emission has been ebddrequently (see
Section 3.7) and has been explained by increased Faraddiproand depolarization at
low frequencies (Haverkorn et al. 2003). These simulatesuits show that there is a
typical angular scale associated with a break in the PS,hwhifrequency dependent. In
the following, we choose to work with the high spectral indagsuming that the steep
part of the spectrum is representative.
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Chapter 2. Power spectra of synchrotron radio observables withd5aedects

Table 2.1: Output power spectral index of total intensityStokesQ and polarized intensit? as a
function of input power spectral index of turbulent magnetic field, The path length is 1 kpc and
the outer scale of turbulence is 100 pc. The error in the spectral indities $séandard deviation of
10 independent realizations. The subscripts ‘st’ and ‘sh’ denote atephallow parts of the
broken power spectrum observed at 350 MHz. The error is the sthddsiation of 10
independent realizations. These values are given for positive ajadiveecorrelation between
magnetic fields and cosmic rays represented by parafidte text) foB = 0.

Qp ) aQ ap
C=0
3/ 2t 24+.1 12+.2 22+ .2
3/2¢n 3+.2 12+.2
5/34t 25+.1 16+.2 25+.1
5/3sh 4+2 14+ .3
2st 26+.2 23+.2 32+.2
2sh 5+.2 18+.3
=-05
3/24t 22+.1 12+.2 20+.2
3/2sh 3+.2 12+.2
5/3st 23+.1 16+.2 23+.1
5/3sh A4+2 13+.2
2st 23+.1 23+.2 29+ .2
2sh 5+.2 18+.3
C=+05
3/2s; 23+.1 12+.2 21+.2
3/2sn 2+.2 12+2
5/3st 24+.1 16+.2 25+.1
5/3sh A4+2 14+ 3
2st 25+.2 23+.2 31+.2
2sh 5+.2 19+.3
=-1
3/ 2t 24+.1 12+.1 21+.2
3/2¢n 3+2 12+ 2
5/34t 25+.1 16+.2 24+.1
5/3sh A4+2 13+.2
2t 27+.1 23+.2 31+.2
2sh 5+2 17+.2
C=+1
3/24t 24+.1 12+.2 22+ .3
3/2sn 2+.2 12+ 2
5/3st 25+.1 16+.2 25+.1
5/3sh 4+2 15+.3
2st 26+.2 23+.2 32+.2
2sh 5+.2 19+.3
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2.3. Results

Table 2.2: As in Table 2.1 but for an outer scale of 50 pc.

ap a) aqQ ap
CcC=0

3/2¢ 24+.1 6+.1 16+.2
3/24n -3+.1 3+.1
5/3¢ 26+.1 7+.2 18+.1
5/3sh -2+.2 3x.1
25t 28+.1 11+.1 22+.2
2sh -2+.2 5=+.1

Table 2.3: As in Table 2.1 but for an outer scale of 100 pc and path length of 2 Kpe efror is
the standard deviation of 5 independent realizations.

p [0]] aqQ ap
C=0

3/2¢ 23+.2 1+.1 12+.2
3/24n -6+.2 0=x.2
5/3¢ 26+x.1 3+.1 14+.1
5/3sh -6+.2 3x.1
24t 26+.1 6+.1 19+.1
2sh -6+.2 5+.1

Table 2.4: As in Table 2.3 but for an outer scale of 50 pc and path length of 2 kpc.

ap a) aqQ ap
C=0

3/2¢ 24+.1 -4+1 6=x.1
3/24n -5+2 -3+.2
5/3¢ 25+.1 -1+.1 9=+.1
5/3sh -5+1 -2+.2
2t 28+.1 -1+.1 12+.1
2sh -6+2 0zx.2
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1014 :
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9p)
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1014
a a oo GHz
= » 1 GHz
o o 700 MHz
~ 500 MHz
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1013 [ |
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1011

Figure 2.2: Angular power spectra of Stok€x(right) and polarized intensit (left) in
simulations withay, = 5/3 and standard parameters (see text), for a range of observingfreigs
for B = 0 andC = 0. In the presence of a break, the red and blue solid lines give the telsipi
for the shallow and steep parts, respectively.
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2.3. Results

. . . RS ‘
1.50 1.67 2.00 1.50 1.67 2.00
ay Qy

Figure 2.3: Trends of angular power spectralofQ, U, andP for input turbulent magnetic field
power spectrd at 350 MHz forB = 0 andC = 0. The solid green line correspondsatg the
dashed yellow line tap, the red dash dotted line ta,, and the blue dotted line t@,. The solid
black line indicates the locus of equality. The following trends are showma(h length of 1 kpc
and an outer scale of turbulence of 100 pc, (b) path length of 1 kpcrandtar scale of turbulence
of 50 pc, (c) path length of 2 kpc and an outer scale of turbulence opt0@) path length of 2
kpc and an outer scale of turbulence of 50 pc. In all these plots, onlyabp part of the spectrum
has been plotted.

2.3.1 Dependence on magnetic field spectral index

The spectral index of PS of polarized emission should departte spectral index of the
input turbulent magnetic field. Whether this dependence igugnand whether it can be
observed is a crucial question. If this is possible, then aredirectly determine magnetic
field spectral indices from radiopolarimetric observagiorThe dependence of spectral
indices ofl, Q, U andP on the spectral index of the input random, isotropic Gaussia
magnetic fields are shown in Fig. 2.3 for our standard frequeri 350 MHz. The four
plots show the variation with path length through the med{lirkpc and 2 kpc) and with
outer scale of turbulence (50 pc and 100 pc). All respectreesal index values for these
plots are provided in Tables 2.1 - 2.4,
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Table 2.5: As in Table 2.1 foB = 0 andC = 0 but for observing frequencies of 1 GHz and
50 MHz.

ap Q) aqQ ap

1GHz

3/2 24+.1 26+.1 26=+.1

5/3 25+.1 27+.1 27+.1

2 26+.2 28+.1 3.1
24+ 2

50 MHz

3/2 24+.1 -1.+.1 -9x.1

5/3 25+.1 -1.+.1 -9=x.1

2 26+.2 -1.+.1 -8=x.1

Notes: ®) B,

2.2

i i
1.50 1.67 2.00

Figure 2.4: Trends of angular power spectraloiQ, U, andP for B = 0 andC = 0 at a frequency
of 1 GHz (a) and 50 MHz (b). The path length is 1 kpc and the outer scaletmflence is 100 pc.
The legend is the same as in Fig. 2.3. Siacés not frequency dependent it is not reproduced in

(b).
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2.3. Results

The spectral indices df, Q, U, andP increase with increasing, as expected. In
order to explain our results for the spectral index afe argue along the following lines.
For a, = 5/3 in 1D, one would expect a 3D magnetic field PSagf = 11/3. Since
synchrotron intensity (Stokd$ is theaddition of emissivity due to these fields along a
line of sight, and not an integration over scélehe spectral index of the 2D Stokés
map should also be?® = 11/3. Integrating the Stokelsmap to a one-dimensional PS
will thus result ina; = 8/3. By analogy, we might expect that = ap + 1 which is
supported by our simulations. The spectral index of Stdkdses not depend on outer
scale of turbulence or path length, as expected.

Spectral indices of polarized radiation depend on pathtleagd turbulent outer scale,
because these change the depolarization characterigtc®xpectedpg = ay. The
spectral indices of), U andP increase with increasingy, but there is no fixed relation
as fore,. In all situations presented in Fig. 2@ > aq, @y, which means that i and
U, turbulence creates more small-scale structure th&h in

Polarization spectral indices at 1 GHz and 50 MHz are givérabie 2.5 and Fig. 2.4.
At 1 GHz, a1 ~ ap = ag ~ ay, indicating that Faraday rotation and depolarization
only play a minor role at this frequency. This was also noteskeovationally at 4 GHz
(Stutz et al. 2014). In fact, Fig. 2.2 indicates that congbigpolarization already occurs
at 1 GHz sincey, has the same spectral index ag at 0 (c frequency).

2.3.2 Dependence on other input parameters

Figure 2.3 shows the dependence of output spectral inditcesit length. Doubling the
path length from 1 kpc to 2 kpc does not change the spectruno&eSl. However, the
spectra of polarized emissio®(U, andP) become considerably shallower. This result
is consistent with the additional depolarization resglfirom a longer path length, which
converts large scale structure into small scales. Simjlddcreasing the maximum scale
of magnetic field fluctuations from 100 pc to 50 pc leads to #i@iang of the polariztion
spectra.

Introducing a correlation or anti-correlation between tin@gnetic field energy den-
sity and cosmic ray density by the factor(see Section 2.2.2) does not alter polarization
spectral indices as seen from Table 2.1, but hasfi@tteon the amplitude of the PS, as
shown in Fig. 2.5. However, the PS of | f&r = —-0.5 is flatter than for other values of
C which is due to an upturn at the smallest scales as seen ih (@& the same figure.
The largest amplitude ih and P (and similarly forQ and U) arises from equipartition
(C = 1) whereas the lowest comes from pressure equilibridra -1). Since the (anti-)
correlation indicates a dependencengfon Byy; as in Eq. 2.2, this is indeed as expected.
Therefore, spectral index studies cannot be used to deterthé rate of correlation be-
tween magnetic field and cosmic rays in the interstellar mmadiAdditionally, spectral
indices are found to be insensitive to either the presentieeoorientation of the regular
field B for the regular and turbulent magnetic field strengths amrsid here.
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(a) (b)
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Figure 2.5: Amplitudes of the power spectra bfa) andP (b) at 350 MHz forC = 0, +0.5, +1
(see text)ay, = 5/3, and standard parameters.

2.4 Discussion

The aim of this chapter is to establish the dependence otrgpdéadices of total and
polarized intensity and Stokes paramet@sandU on physical parameters in the ISM.
Our simulations suggest that total intensity Stokés a good tracer of the underlying
magnetic field power spectrum as long as magnetic field fltionmdominate over ther-
mal density fluctuations in the real ISM. However, it may netpgmssible to distinguish
between dferentay, usinge; .

Regis (2011) computes Stokepower spectra for five radio surveys from the litera-
ture and findsy, = 2.9j8€ for high latitudes, in agreement with our findingsaffor a
spectrum withey, = 2. However, as Regis expects to reproduce the 3D Kolmogorov
spectrum of thermal density fluctuations (i®. = 11/3), he concludes that his value of
a) is shallower.

Depolarization has been named as a cause of flattening ofrsp&etra of polarized
emission in a number of observational papers (e.g. Baaggat al. (2001); Haverkorn
et al. (2003)). We confirm numerically that depolarizatiatténs the power spectra of
the polarized emission. However, since depolarizatioreddp degenerately on many
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2.5. Summary and conclusions

factors such as path length, turbulent magnetic field, aradale of fluctuations, spectral
indices ofQ, U or P cannot be used to determine the spectral index of turbulagnetic
field. In fact, a large variety of spectral indices of poladzemission is expected to
occur even for a single turbulent magnetic field spectrum. idewange ofxp is indeed
observed in the Canadian Galactic Plane Survey and itcakextensions by Stutz et al.
(2014). These authors find an averdgge) = 2.3 with significant spatial variation. Their
conclusion thatrp increases with Galactic latitude may be a path lendfiace as shown
in our simulations.

Their study also finds thatp = ag = @y at 14 GHz, in agreement with our results.
Our simulations also confirm the observed flatteningrpfas a function of observing
wavelength (Haverkorn et al. 2003). The simulation reddtép > aq, ay is generally
not confirmed by observations. At low frequencies,< aq, ay is observed (Haverkorn
et al. 2003). However, the steepeningaegf, ay is attributed to the presence of nearby
Faraday screens: these screens will add large-scalewstuctQ andU, but not toP.
Since our simulation does not contain Faraday screens, waotdope to reproduce
these observational results.

We show, to our knowledge for the first time, that the PR, andP may have a
frequency dependent break. The frequency dependence ahthdar scale of the break
depends on parameters of the turbulence such as magnatistfishgth, path length, and
thermal electron density. Therefore, measuring the anguakde of the break as a function
of frequency may help determine the turbulence parametéis.should be accompanied
by simulations testing the dependence of the angular sdéaleedoreak on turbulence
parameters, which is beyond the scope of this chapter.

An interesting prediction of our simulations is the flattemiof the PS at very low
frequencies. This means that low-frequency polarimetogeovations from e.g. LOFAR
or the MWA may seem pure noise, but may contain signal. Padrintensity PS con-
structed at very low frequencies should in theory show aaried power spectrum (to a
positive slope). However, in practice this may béidult to observe due to the low PS
amplitude and finite observing beams.

2.5 Summary and conclusions

We constructed static simulations of the magneto-ioni&dd using a power spectrum of
random magnetic field with random phases and a predeterrapeiral index, constant
thermal electron density, and cosmic ray density that cagither constant or (anti-) cor-
related with magnetic energy density. We simulate radiapoletric observations by cal-
culating the propagation of polarized synchrotron radiathrough the medium and study
the resulting spectral indicesof Stokesl, Q, U and polarized intensitf? as a function
of magnetic field power spectrum, path length, outer scakeriulence, correlation of
cosmic rays and magnetic field, and frequency.

Our models confirm that more depolarization leads to shall®pectra, where depo-
larization can be increased by increasing path length aredsing frequency. We show
that smaller outer scales of turbulence lead to smalierbut that (anti-) correlation of
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magnetic field and cosmic rays does not have a discernibleeimfe onvp. The depen-
dence of polarization spectral index on ISM parametergsatds that the variety iap in
observations, even within the same survey, can originadesingle spectrum of magnetic
field. Polarization power spectra not only flatten with desieg frequency, but show
a break at mutipoles that increase with decreasing frequefditvery low frequencies
(s 200 MHz), this can lead to flat or even inverted power spectii@is behavior may
become visible with the current low-frequency instrumesitsh as LOFAR or MWA.
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