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The insight that a beam of light can carry orbital angular momentum in its propagation direction
came up in 1992 as a surprise. Nevertheless, the existence of momentum and angular momentum of
an electromagnetic field has been well-known since the days of Maxwell. We compare the expressions
for densities of angular momentum in general three-dimensional modes and in paraxial modes.
Despite their classical nature, these expressions have a suggestive quantum-mechanical appearance,
in terms of linear operators acting on mode functions. In addition, paraxial wave optics has several
analogies with real quantum mechanics, both with the wave function of a free quantum particle,
and with a quantum harmonic oscillator. We discuss how these analogies can be applied.
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I. INTRODUCTION

The renewed interest in angular momentum (AM) of
radiation fields that started 25 years ago did not arise
from the discovery that optical AM exists. In fact, in
the very first sentences of Ref. [1] it is stated that this is
a well-known result of Maxwell’s theory, and explained
in textbooks on electrodynamics. The novelty of this
work consists in the explicit expressions for the density
of orbital AM of Laguerre-Gaussian light beams. It was
argued that these beams possess a well-defined compo-
nent of orbital AM along the beam axis. By using laser
beams, the effects of orbital AM transfer were expected
to be readily accessible to experimental realization, in
particular when cylindrical lenses are used to convert
Hermite-Gaussian beams into Laguerre-Gaussian ones.
It was commonly known that the circular polarization
of photons leads to a spin component in the propagation
direction. This may be viewed as an example of the con-
cept of helicity, well-known in particle physics. However
the picture of photons carrying orbital AM in their prop-
agation direction turned out to be intriguing, and a new
field of research came up. This also stimulated the study
of angular momentum in general Maxwell fields, outside
the restrictions of the paraxial approximation. In par-
ticular, the (im)possibility of a meaningful separation of
optical AM into an orbital and a spin part was widely
reconsidered [2–7].

In the present paper we compare the expressions for
the densities of conserved quantities like energy, momen-
tum, spin and orbital AM in paraxial modes with the case
of arbitrary modes in three dimensions. These quantities
are expressed in terms of operators acting on mode func-
tions. This gives the classical expressions for the densi-
ties a quantummechanical appearance. The expressions
simplify when the concept of the optical helicity is in-
cluded in the discussion [8–10]. We consider eigenmodes
of the various operators. In a classical description, the
density of these quantities as well as their integral values
are always well-determined, whether or not the mode is
an eigenfunction of the operators. In the case of paraxial

beams, we point out a general correspondence between
solutions of the paraxial wave equation and wave func-
tions of the quantum harmonic oscillator in two dimen-
sions. This analogy explains the structure of standard
basis sets of Hermite-Gaussian and Laguerre-Gaussian
modes, as well as the transformation between these sets.
Moreover, due to the simplicity of the dynamics of har-
monic oscillators, this correspondence allows simple ana-
lytical studies of light beams with special structures, such
as vortices.

II. MODES AND MODE OPERATORS

A mode of the radiation field is a monochromatic solu-
tion of Maxwell’s equation in the absence of charges and
currents. Because of the linearity of these equations, any
solution can be expanded in terms of modes. As usual
we represent a mode in complex notation, so that the
physical electric and magnetic fields fields are E(r, t) =
Re E(r) exp(−iωt) and B(r, t) = Re B(r) exp(−iωt),
with frequency ω = ck. The fields can be expressed in
terms of the transverse (divergence-free) complex vector
potential A, so that

B = ∇×A, E = iωA. (1)

Fields and potentials are transverse complex vector so-
lutions of Helmholtz’ equation ∇2A = −k2A = −∇ ×
(∇ × A). Alternatively, the fields can be expressed in
the electric vector potential C, so that [11]

E = −∇×C, c2B = iωC. (2)

Notice that the vector potentials are related as ∇×C =
−iωA or c2∇ ×A = iωC. The corresponding real po-
tentials are A and C.

A. Mode operators for angular momentum and
helicity

In this paper we shall make use of Hermitian linear op-
erators acting on mode space. These operators are analo-
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gous to quantum operators on wave functions or spinors,
although their significance is purely classical. Therefore
we avoid the use of ~, as the quantum of AM. We denote
mode operators by a caret. Vector operators analogous
to momentum and orbital AM are

P̂ = −i∇, L̂ = −ir×∇ = r× P̂. (3)

The operator P̂ generates translations of the vector field.
The separate operators L̂ and Ŝ generate rotations of
the r-dependence and the vector nature, which in gen-
eral does not preserve the transversality of a mode [2, 4].
Since a mode obeys Helmholtz’ equation, it is by defini-
tion an eigenfunction of P̂ 2, with eigenvalue k2. Since
modes are vector fields, mode operators can also have
a matrix character. An example is the vector operator
Ŝ for spin. Its three components Ŝi are 3 × 3 matrices
acting on the vector, with matrix elements

(Ŝi)jk = −iεijk, (4)

with εijk the fully antisymmetric tensor of rank 3. The

operator Ŝ obeys the compact identity

A∗ · Ŝ ·A = −iA∗ ×A. (5)

Maxwell’s equations in free space are symmetric for
interchanging electric and magnetic fields [4, 12]. This
duality symmetry can be expressed by the action of a
dimensionless mode operator defined by

ĤA =
1

k
∇×A. (6)

It has the significance of a helicity operator, that gener-
ates the corresponding symmetry transformation of the
electromagnetic field [10, 13–15]. This symmetry also
suggests that fundamental conserved quantities of the
electromagnetic field should be invariant under this sym-
metry transformation [16]. Since Ĥ2 = Î is the unit

operator, the eigenvalues of Ĥ are ±1. This implies that
the two operators

P̂± =
1

2
[Î ± Ĥ] (7)

obey the identity P̂ 2
± = P̂±. They are projection opera-

tors on the subspaces of eigenmodes of Ĥ with eigenval-
ues ±1. These two subspaces are spanned by the plane-
wave modes with right- or left-hand circular polarization.
Application of the helicity operator on the fields gives the
results

ĤE =
1

k
∇×E = icB, ĤB =

1

k
∇×B = − i

c
E. (8)

B. Density of energy, momentum and helicity

The expressions for the density of energy w = ε0(E2 +
c2B2)/2 and momentum p = ε0E × B of the electro-
magnetic field are well-known from Maxwell’s theory. A

useful definition of the helicity density is h = ε0(c2A ·
B − C · E)/(2c) [8, 9, 17, 18]. These quantities are con-
served, in the sense that the densities obey continuity
equations, even in the presence of sources [15, 19]. Here
we restrict ourselves to the case of a single mode, defined
by the complex transverse vector potential A. Moreover
we consider only the expressions averaged over time, so
that rapidly oscillating terms proportional to exp(±2iωt)
are omitted. In that case, the densities are conveniently
expressed in terms of the helicity operator, with the re-
sult

w =
ε0
4
ω2
[
A∗ ·A + (ĤA)∗ · (ĤA)

]
,

p =
ε0
2

Re [E∗ ×B] =
ε0
2
ωk Im

[
A∗ × (ĤA)

]
,

h =
ε0
2
ω Re A∗ · (ĤA) (9)

The density of AM is j = r×p. By using the commutator
between the operators r and ∇ this can be rewritten as

j =
1

2
ε0ωk Re

[
A∗ · (Ĵ)A + i(A∗ ·∇)(r×A)

]
. (10)

The vector operator Ĵ = L̂+ Ŝ generates rotations of the
full mode.

Expressions for the total energy, momentum, AM and
helicity of the mode are obtained by integrating these
densities over space, so that W =

∫
wd3r, etc. This

leads to the results

W =
1

2
ε0ω

2

∫
d3r A∗ ·A,

P =
1

2
ε0ω

∫
d3r A∗ · (P̂)A,

J =
1

2
ε0ω

∫
d3r A∗ · (Ĵ)A,

H =
1

2
ε0ω

2

∫
d3r A∗ · ĤA, (11)

in terms of the mode operators. In the case of P and J
partial integration has been applied. These expressions
have the flavor of quantum-mechanical expectation val-
ues. This suggests that the classical mode functions A,
or the electromagnetic field in general, may be viewed as
wave function of photons. In fact, this can be justified in
some sense [20, 21].

In a similar spirit, it is natural to distinguish eigen-
modes of the helicity operator Ĥ with opposite eigenval-
ues, which may be thought of as representing photons
with opposite spin in the propagation direction. For a
mode A± with eigenvalue ±1, we find for the densities
(9) and (10) the particularly simple form

w =
ε0
2
ω2A∗± ·A±,

p = ∓ iε0
2
ωkA∗± ×A±,

j = ∓ iε0
2
ωkr× (A∗± ×A±),

h = ±ε0
2
ωA∗± ·A± = ±w/ω. (12)
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Note that for helicity eigenmodes the densities of energy
and helicity are determined by the local strength of the
mode function. The densities of momentum and AM are
proportional to the cross product (5), which determines
the local polarization, and has the nature of the spin
density.

III. EXACT EIGENMODES OF ANGULAR
MOMENTUM

A. Spherical modes

Spherical modes arise in a natural way by consider-
ing the radiation fields emitted by oscillating multipoles
[22]. Here we restrict ourselves to spherical modes with-
out singularities. As our starting point we take the scalar
solutions of Helmholtz’ equation that arise when a plane
wave is expanded in spherical harmonics Ylm. So we in-
troduce the scalar functions

fklm(r) = Cjl(kr)Ylm(θφ), (13)

in terms of standard spherical coordinates r, θ and φ,
with C an arbitrary constant, and jl the spherical Bessel
functions, always with the argument kr. We denote the
unit vectors in the direction of varying spherical coordi-
nates as er = r/r, eφ = −ex sinφ+ey cosφ, eθ = er×eφ,
and the derivatives with respect to these coordinates as
∂r, ∂θ and ∂φ. These scalar functions can be transformed
into transverse vector fields that solve Helmholtz’ equa-
tion by applying the vector operator L̂. This produces
the set of modes

Aklm,TE ≡ L̂fklm = −iCjl(kr)
(
eφ∂θ −

im

sin θ
eθ

)
Ylm(θφ).

(14)
Here we used that ∂φYlm = imYlm. Since the oper-

ator L̂ commutes with the operator ∇2 = −P̂ 2, the
complex vector potential (14) solves Helmholtz’ equa-
tion. Moreover it is obviously transverse, so that it in-
deed defines a mode. The index TE is an abbreviation
for transverse electric, indicating that the electric field
Eklm,TE = iωAklm,TE of this mode is directed normal
to r. The corresponding magnetic field ∇ ×Aklm,TE is
given by the expression

Bklm,TE = iC

[(
1

r
+ ∂r

)
jl

](
eθ∂θ +

im

sin θ
eφ

)
Ylm

+ iCer
l(l + 1)

r
jlYlm. (15)

Another class of modes is generated by application of
the helicity operator Ĥ on the TE modes. If we define

Aklm,TM = ĤAklm,TE = ĤL̂fklm, (16)

it is obvious from Eq. (8) that the corresponding electric
and magnetic field are

Eklm,TM = icBklm,TE, cBklm,TM = −iEklm,TE. (17)

In these transverse magnetic modes it is the magnetic
field that is normal to r. It is easy to check that the TE
and the TM modes are normal to each other, in the sense
that ∫

d3rA
∗
klm,TE ·Ak′l′m′,TM = 0. (18)

The densities of energy, momentum, AM and helicity
in each TM mode are obviously the same as in the cor-
responding TE mode. These densities can be directly
evaluated from the general expressions (9). In the modes
Aklm,TE and Aklm,TM the densities of momentum and
AM are

p = plmeφ, j = −rplmeθ, (19)

in terms of the scalar function

plm =
1

2
C2ε0ωj

2
l

l(l + 1)

r sin θ
m|Ylm|2. (20)

So in geographical language, on each sphere around the
origin the momentum density is directed Eastwards, and
the density of AM is directed Southwards. The expres-
sion for the energy density w is directly found from the
fields, but it is not very illuminating. It is relevant to
note, however, that the densities of momentum and AM
are not simply proportional to the energy density. The
helicity density h is found to vanish in each of these
modes.

Any vector operator V̂ acting on scalar functions
of r obeys the standard commutation rules [L̂i, V̂j ] =∑
k εijkV̂k, with the orbital AM operator L̂. This is

equivalent to the identity ĴiV̂j = V̂jL̂i. This means that

the action of the components Ĵi of the AM operator on
the spherical modes is the same as the action of L̂i on
the spherical harmonics Ylm. With Ĵ± = Ĵx ± iĴy one
obtains

ĴzAklm,τ = mAklm,τ ,

Ĵ±Aklm,τ =
√

(l ∓m)(l ±m+ 1Aklm±1,τ , (21)

for τ = TE or TM. Therefore, the modes Aklm,τ are

eigenmodes of Ĵz with eigenvalue m, and of Ĵ2 with
eigenvalue l(l + 1).

The spherical modes are not eigenmodes of the helicity
operator Ĥ. A basis of eigenmodes of the helicity opera-
tor is obtained by application of the projection operators
P̂± on the TE modes. The resulting modes

Aklm,± =
1

2
(Aklm,TE ±Aklm,TM) (22)

are orthogonal eigenmodes of Ĥ with eigenvalues ±1.
The modes Aklm,± are fully specified by the requirement

that they are eigenmodes of the commuting operators P̂ 2,
Ĵ2, Ĵz and Ĥ, with eigenvalues k2, l(l + 1), m and ±1.
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B. Cylindrical modes

Cylindrical modes are obtained in an way analogous to
spherical modes, when one starts with scalar solutions of
Helmholtz’ equation in cylindrical coordinates R, φ and
z, with x = R cosφ, y = R sinφ. As scalar functions we
choose

gκKm(r) = Gκm(φ, z)Jm(KR) (23)

with Gκm = C exp(iκz + imφ). Jm is a Bessel func-
tion with integer m, always with the argument KR.
The functions (23) obey Helmholtz’ equation ∇2gκKm =
−k2gκKm, with k2 = κ2 +K2. Note that K is the wave
number in the xy-plane, and κ the component of the wave
vector in the z-direction. Then the vector functions

AκKm,TE ≡
1

K
ez × P̂gκKm (24)

have a vanishing divergence and obey Helmholtz’ equa-
tion, so that they define modes. These are generalizations
of the Bessel beams, which have the remarkable property
that they are free of diffraction [23, 24]. However, as
beams they might be called unphysical, since the total
power passing the xy-plane is infinite. Explicitly one
finds

AκKm,TE = −Gκm
(
eR

m

KR
Jm + ieφJ

′
m

)
, (25)

with J ′m the derivative of Jm. The electric field
EκKm,TE = iωAκKm,TE is then restricted to the xy-
plane, which is expressed by the index TE. The magnetic
field ∇×AκKm,TE in this mode is

BκKm,TE = Gκm

(
iKezJm − κeRJ ′m − iκeφ

m

KR
Jm

)
(26)

The corresponding TM mode with magnetic field in the
xy-plane is introduced by the definition AκKm,TM =

ĤAκKm,TE, so that

EκKm,TM = icBκKm,TE, cBκKm,TM = −iEκKm,TE.
(27)

Again, the TE modes and the TM modes are orthogonal
to each other.

When using the identities for Bessel functions

2J ′m(α) = 2∂αJm(α) = Jm−1(α)− Jm+1(α),

2mJm(α) = α[Jm−1(α) + Jm+1(α)] (28)

we find for the momentum density in both modes AκKm,τ

p =
ε0
4
C2ω

(
κ(J2

m−1 + J2
m+1)ez + 2

m

R
J2
meφ

)
. (29)

The AM density j = (ReR + zez)×p has a z-component

jz =
ε0
2
C2ωmJ2

m. (30)

The helicity density is found to be

h =
ε0
4
C2cκ

(
J2
m−1 − J2

m+1

)
. (31)

Application of the projection operators P̂± on the
modes AκKm,TE produces cylindrical modes AκKm,±,

which are eigenmodes of the operators P̂ 2, P̂z, Ĵz and
Ĥ, with eigenvalues k2 = κ2 +K2, κ, m and ±1 [2].

IV. PARAXIAL MODES

A. Paraxial approximation

The paraxial approximation for the description of a
radiation field applies when the wave vectors of the field
fall within a cone with a small opening angle. This is
commonly the case for laser beams. This small angle is
of the order of the ratio of the components of the wave
vector normal and parallel to the beam axis, which is used
as a smallness parameter. To zeroth order, the complex
vector potential A of a monochromatic light beam that
freely propagates in the positive z-direction can then be
written as the product of a plane wave and a slowly-
varying envelope a as

A(r) = a(R, z) exp(ikz), (32)

where the vector a is restricted to the transverse (xy)
plane. Here R = (x, y) is the 2D transverse component of
the position vector r. In this approximation, the complex
electric and magnetic fields can likewise be written as
E = f exp(ikz) and B = b exp(ikz). It follows from
Eq. (1) that in the paraxial approximation the fields are
related to a as

f = iωa, b = ikez × a. (33)

Just as the envelope potential a, the fields f and b lie in
the transverse plane. The vector potential is a quarter
phase ahead of the electric field, while at each point the
magnetic field cb is equal to the electric field f rotated
over an angle π/2.

Since A is divergence-free, to first order it must have
a small z-component so that ∂R · a + ikaz = 0, where
we introduced the symbol ∂R = (∂x, ∂y) for the two-
dimensional gradient operator in the transverse plane.
A similar argument holds for the fields E and B. So
the fields a, f and b in each xy-plane determine the z-
components

az =
i

k
∂R · a,

fz =
i

k
∂R · f = −c∂R · a,

bz =
i

k
∂R · b = −∂R · (ez × a). (34)
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B. Helicity, momentum and angular momentum of
paraxial beams

The helicity operator Ĥ for a paraxial mode (32) can

be expressed as Ĥa = iez × a. From the third equality
(9) one finds for the helicity density in this case

h =
ε0
2
ωRe ia∗ · (ez × a) =

ε0
2
ωσa∗ · a. (35)

We introduced the polarization parameter σ by the re-
lation −iez · (a∗ × a) = σa∗ · a, so that σ measures the
local polarization (or the spin per photon). At points of
circular polarization, σ = ±1, and σ vanishes for linear
polarization. Notice that the polarization may vary over
the transverse plane.

Expressions for the densities of energy and momen-
tum in a paraxial beam follow from the other equations
(9). The density of energy and the z-component of mo-
mentum have a leading zeroth-order term that obeys the
relation

w =
ε0
2
ω2a∗ · a = cpz. (36)

However, we are not interested in the AM arising from
this photon momentum along the axis, but in the compo-
nent jz of the AM density in the propagation direction.
This component arises from the transverse component
pt = (px, py) of the momentum density, since

jzez = R× pt. (37)

According to Eq. (9) pt originates from products of the

xy-component of A and the z-component of ĤA, and
vice versa. The transverse component of the momentum
density is

pt =
ε0
2

Re [f∗z (ez × b) + (f∗ × ez)bz] , (38)

which is of first order. This result can be expressed in
terms of the vector potential a and az by using Eqs. (33)
and (34). After some rewriting one finds a separation
in the form pt = pphase + ppol, in a term arising from
a phase gradient of the field, and a helicity-dependent
term. These contributions are

pphase = −i ε0
2
ωRe[a∗ · (∂R)a], ppol = −1

2
ez × ∂Rh.

(39)
Notice that the operator −i∂R is the transverse compo-
nent of the mode operator P̂.

The AM density jz = l+s of a paraxial beam is likewise
separated in an orbital and a spin part. In cylindrical
coordinates the density of angular momentum in the z-
direction takes the form jz = l + s, with

l =
ε0
2
ωRe[a∗ · ∂φa/i], s = −1

2
R∂Rh. (40)

Eqs. (39) and (40) show that both the density of trans-
verse momentum and of AM in the propagation direction

can be separated in an orbital part, that is determined
by the phase gradient of the mode, and a spin part,
that contains the gradient of the helicity density. The
spin contribution is significant where the helicity den-
sity varies appreciably. This can be roughly understood
when one imagines the helicity density as consisting of
local momentum circulations. As long as the density
of circulations is uniform, the circulation of neighboring
points compensate each other. A net momentum den-
sity remains only due to a gradient of the density of cir-
culation, in a direction normal to this gradient. This
picture is not unlike the net current arising from a non-
uniform magnetization density. It is easy to check that∫
sd2R =

∫
hd2R, so that the spin per unit length of the

beam is equal to the helicity per unit length.
Modes a± with a uniform circular polarization σ =

±1 are eigenmodes of Ĥ as well as of the operator Ŝz,
both with eigenvalue ±1. Then the helicity density is
equal to h = ±w/ω, whereas the spin density is s =
∓R∂Rw/(2ω).

In Ref. [1] expressions similar to Eqs. (39) and (58)
were derived for the special case of a Laguerre-Gaussian
beam with uniform polarization. Our results are valid for
an arbitrary paraxial beam, also for a position-dependent
polarization. They are derived from the general equa-
tions (9) in the special case of paraxial modes. The mo-
mentum and AM of paraxial beams that arise as superpo-
sitions of beams with different polarizations and different
phase distributions have also been discussed in Ref. [25].

C. Paraxial wave equation

The paraxial approximation can be viewed as a lowest-
order term of an expansion in the small paraxial param-
eter δ = 1/(kγ0), with γ0 the beam waist [26]. The ze-
roth order is given by Eq. (32) in terms of the envelope
a that is restricted to the transverse plane. The two-
dimensional vector a can be decomposed in two polar-
ization components, which propagate independently, as
described by a scalar wave equation. This equation fol-
lows from Helmholtz’ equation with the assumption that
the transverse variation of the envelope function is small
over a wavelength. In that case a varies slowly with z,
so that its second derivative with respect to z can be ig-
nored. For a freely propagating paraxial beam this leads
to the scalar paraxial wave equation for each polarization
component

∂zu =
i

2k
∂2Ru (41)

A paraxial beam with uniform polarization can be ex-
pressed by the two-dimensional vector a = eu, where u
is a solution of the paraxial wave equation, and e a com-
plex unit vector in the xy-plane. An arbitrary paraxial
beam can always be decomposed into a superposition of
two such beams with opposite uniform polarization.



6

It is easy to demonstrate that the energy, the orbital
and spin AM and the helicity, all calculated per unit
length of the beam, are invariant under free propaga-
tion [27]. The paraxial wave equation is exactly equiva-
lent to the Schrödinger equation for the wave function of
a freely moving quantum particle in a two-dimensional
space. The propagation of the mode in the z-direction is
equivalent to the time dependence of the wave function.

V. PARAXIAL BEAMS AND QUANTUM
HARMONIC OSCILLATORS

A. Hermite-Gaussian modes

An orthonormal basis of exact normalized solutions of
the scalar paraxial wave equation (41) is given by the
Hermite-Gaussian (HG) mode functions [28, 29]. They
are separable in the Cartesian coordinates. For our pur-
poses it is convenient to express them in the form [30]

unxny (R, z) =
1

γ
ψnx(

x

γ
)ψny (

y

γ
) exp

(
ikR2

2q

)
e−iχ(nx+ny+1).

(42)
The width γ, the Gouy phase χ and the radius of curva-
ture q of the wave fronts are functions of z, and their z
dependence is determined by the equalities

1

γ2
− ik

q
=

k

b+ iz
, tanχ =

z

b
. (43)

The length b is the diffraction length (or the Rayleigh
range, indicated as zR in [28, 29]). The Gouy phase
increases by an amount π from z = −∞ to ∞. At
the focal plane z = 0 the width γ takes the value
γ(0) = γ0 =

√
b/k. The functions ψn(ξ) for n = 0, 1,

. . . are the real normalized eigenfunctions with eigenvalue
n+ 1/2 of the dimensionless Hamiltonian

Ĥξ =
1

2

(
−∂2ξ + ξ2

)
, (44)

for the quantum harmonic oscillator (HO) in one dimen-
sion. As is well-known from basic quantum mechanics,
their explicit expressions are

ψn(ξ) =
1√

2nn!
√
π

exp(−ξ2/2)Hn(ξ), (45)

with Hn the Hermite polynomials.
For a single HG mode with uniform polarization e,

the transverse component of the momentum density can
be evaluated from Eq. (39), where we substitute a =
eunxny

. The only phase variation over the beam profile
arises from the curvature radius q in Eq. (42), and we
find for the momentum density arising from the phase
gradient

pphase = eR
w

ω

kzR

z2 + b2
. (46)

This is just the momentum density in the transverse
direction which results form the curvature of the wave
fronts. Before focus, for z < 0, the momentum density
points towards the axis, and after focus the momentum
points outwards. The total transverse momentum inte-
grated over the beam profile vanishes. Since this part of
the momentum density is directed in the radial direction,
the density of orbital AM vanishes in a HG mode.

B. Gaussian modes and ladder operators

The Gouy phase term in the HG modes (42) is pro-
portional to the energy eigenvalue nx + ny + 1 of the
two-dimensional quantum HO. This allows us to express
an arbitrary solution of the paraxial wave equation in
terms of an arbitrary time-dependent solution of the
Schrödinger equation

∂χΨ(ξ, η, χ) = −i
(
Ĥξ + Ĥη

)
Ψ(ξ, η, χ) (47)

of the two-dimensional HO, where we replace time
by the Gouy phase χ. The wave functions
ψnx

(ξ)ψny
(η) exp(−i(nx + ny + 1)χ) are stationary solu-

tions of this Schrödinger equation, and by taking linear
combination of these one obtains the most general solu-
tion Ψ(ξ, η, χ). We conclude that an arbitrary solution
Ψ(ξ, η, χ) of the Schrödinger equation for the HO gives
an arbitrary solution u(R, z) of (41), by the identification
[31]

u(R, z) =
1

γ
Ψ(ξ, η, χ) exp

(
ikR2

2q

)
, (48)

with ξ = x/γ, η = y/γ, and where the parameters γ, q
and χ are specified by Eq. (43) as functions of z.

The correspondence (48) is exact, and it works both
ways. For a given HO wave function we find a parax-
ial mode, after choosing a value for the Rayleigh range b,
which is a measure of the focal region. The overlap of two
modes is the same as the overlap of the two correspond-
ing wave functions. In particular, a normalized mode u
corresponds to a normalized wave function Ψ. Since the
Gouy phase increases by an amount π, any mode func-
tion u from z = −∞ to∞ can be mapped on half a cycle
of the oscillator. The HG-mode (42) corresponds to the
stationary state Ψnxny

exp (−i(N + 1)χ) of the HO, with
N = nx + ny.

It is well-known from elementary quantum mechanics
that the eigenfunctions ψn(ξ) of the HO are connected
by (lowering and raising) ladder operators âξ of the form

âξ =
1√
2

(ξ + ∂ξ) , â
†
ξ =

1√
2

(ξ − ∂ξ) . (49)

They obey the bosonic commutation rules [âξ, â
†
ξ] = 1,

and the Hamiltonian (44) is equal to â†ξâξ + 1/2. From
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these rules it can be shown that neighboring eigenstates
are connected by

âξψn =
√
nψn−1, â

†
ξψn =

√
n+ 1ψn+1. (50)

For the two-dimensional HO, expressions similar to (49)
define the ladder operators âη and â†η. The eigenstates
Ψnxny

of the HO can be reached from the ground state

by repeated application of the raising operators â†ξ and

â†η, so that

Ψnxny
=

1√
nx!ny!

(â†ξ)
nx(â†η)nyΨ00. (51)

The correspondence (48) between paraxial modes and
HO wave functions implies the existence of similar ladder

operators b̂x and b̂†x for the modes. As a function of z the
lowering operators take the form [30]

b̂x(z) =
1√
2bk

(kx+ (b+ iz)∂x) , (52)

and a similar expression holds for b̂y. For each value of
z, the HG modes (42) are eigenmodes of the operators

b̂†x(z)b̂x(z) and b̂†y(z)b̂y(z), with eigenvalues nx and ny.
It is important to notice that the ladder operator do not
describe the annihilation or creation of photons. They
just link classical modes of different order.

C. Laguerre-Gaussian modes

HO eigenstates with a circular nature can be obtained
from the ground state by application of the circular rais-
ing operators

â†± =
1√
2

(â†ξ ± iâ
†
η). (53)

Expressed in polar coordinates ρ and φ, these operators
have an azimuthal dependence exp(±iφ). The HO eigen-
state

Ψn+n− =
1√

n+!n−!
(â†+)n+(â†−)n−Ψ00 (54)

is a linear combination of the eigenstates (51) with
nx + ny = N = n+ + n−. It has an angular momentum
m = n+ − n−, expressed by the azimuthal dependence
exp(imφ). The operator identity

−i∂φ = â†+â+ − â
†
−â−, (55)

confirms this azimuthal dependence. The basis of sta-
tionary states (54) of the HO corresponds to the basis
of Laguerre-Gaussian (LG) paraxial modes. Commonly
these modes are labeled by the azimuthal mode index
m, and the index p = min(n+, n−) for the radial depen-
dence, so we indicate the LG modes as upm. When we

use the same labels for the circular HO states, Eq. (54)
leads to their explicit expression

Ψpm(ρ, φ) =

√
p!

π(p+m)!
ρ|m|eimφ−ρ

2/2L|m|p (ρ2), (56)

with L
|m|
p the generalized Laguerre polynomial of order

p and degree |m|. The energy eigenvalue of the state
(54) is n+ + n− + 1 = 2p+ |m|+ 1. When applying the
correspondence (48), this leads to the Gouy phase term
exp(−i(2p + |m| + 1)χ) for the LG modes upm. This is

an eigenmode of the operator L̂z, with eigenvalue m.
For a single LG mode with uniform polarization e, the

only phase variation over the beam profile arises both
from from the curvature radius q and the term exp(imφ)
in Eq. (56), and the momentum density arising from the
phase gradient is

pphase =
w

ω

(
eφ
m

R
+ eR

kzR

z2 + b2

)
. (57)

The orbital part l of the AM density is found from Eq.
(40), in the form

l =
ε0
2
ωma∗ · a = mw/ω. (58)

In this case the ratio of the density l of orbital AM and
the density w of energy has the uniform value m/ω. One
should notice that the density jz of AM as found in (30)
has no uniform ratio with the density of energy or energy
flux.

D. General basis sets of Gaussian modes

It is now rather obvious to find basis sets of generalized
Gaussian modes. Basis sets of stationary states of the HO
arise from the ground state by application of other pairs
of bosonic raising operators

â†(θ, φ) = â†+e
−iφ/2 cos

θ

2
+ â†−e

iφ/2 sin
θ

2
,

b̂†(θ, φ) = −â†+e−iφ/2 sin
θ

2
+ â†−e

iφ/2 cos
θ

2
. (59)

The basis consists of the states

Ψnanb
=

1√
na!nb!

(
â†
)na

(
b̂†
)nb

Ψ00, (60)

and the corresponding paraxial modes are shape-
invariant. The value of (θ, φ) determines a point on a
sphere, and each point defines a different basis. These
basis sets form a continuous transition between the HG
modes for θ = π/2 (on the Equator), and the LG modes
for θ = 0 or π (on the poles). The sphere is analogous to
the Bloch sphere for spins 1/2, and has been termed the
Hermite-Laguerre sphere [32].
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The notation in terms of the ladder operators demon-
strates the perfect analogy between the various sets of
the energy eigenfunctions of the two-dimensional HO,
and the various basis sets of Gaussian paraxial modes.
The Hermite-Gaussian modes are analogous to the Carte-
sian set of HO eigenfunctions, which are just products of
eigenfunctions of the one-dimensional HO in the x and
the y-direction. They have vanishing orbital AM. The
Laguerre-Gaussian modes are analogous to the HO eigen-
functions of energy and orbital AM. These functions fac-
torize in cylindrical coordinates, with azimuthal depen-
dence exp(imφ). The basis sets (60) of the HO provide a
continuous transition between the HG and the LG sets.
The transformation between these basis sets is identical
for paraxial modes and for HO eigenfunctions. It is based
on the relations (53) and (59) between the ladder oper-
ators. Substitution of these relations in the expressions
(54) and (60) for the basis sets leads to explicit expres-
sions for the transformations between basis sets. These
transformations are identical for the HO states and the
corresponding Gaussian modes. These transformations
only couple modes where the sums of the mode indices
are equal, so that nx+ny = n++n− = na+nb = N . For
a given value of N , the basis sets contain N + 1 states.
Any linear combination of these HO states is stationary.
For the corresponding paraxial mode this means that the
beam profile is invariant under propagation, apart from
a scaling factor that is equal to γ(z). This algebraic tech-
nique of mode transformation is much simpler and more
transparent than analytical methods [33, 34].

The use of ladder operators is also useful in the case
of astigmatic modes, as they arise in resonators with two
astigmatic mirrors [35]. In that case, the correspond-
ing HO states are no longer stationary, and the parax-
ial modes are not shape-invariant anymore. In the case
of general astigmatism, the ellipses of constant intensity
and of constant phase are not parallel [32, 36]. These
modes can carry orbital angular momentum even in the
fundamental mode, which contains no vortex.

The correspondence rule (48) combined with the alge-
bra of ladder operators is quite convenient in many cases.
As an example we mention the dynamics of vortices in
paraxial beams. For example, a vortex with charge 1 im-
printed on a Gaussian beam at the point R0 = (x0, y0) is
expressed by multiplying the mode function in a trans-
verse plane by x−x0+i(y−y0), or, in the HO-language by
ξ− ξ0 + i(η−η0). This factor is equivalent to application

of the operator â− + â†+ − ξ0 − iη0, which, when acting
on the ground state, gives a simple combination of circu-
lar states (54). The propagation of this imprinted vector
in the picture of the HO can be expressed in analytical
terms [31].

E. Gaussian modes with non-uniform polarization

When a beam with non-uniform polarization passes a
polarizer, the mode profile of the outgoing beam depends

m=1 m=2

m=-1 m=-2

FIG. 1: Sketch of the position-dependent linear polarization
for a mode as described by Eq. (61). The arrows indicate the
direction of the linear polarization.

on the setting of the polarizer. This means that the mode
function a does not factorize into the form eu(R, z), with
a fixed polarization vector e. On the quantum level, this
means that for each photon in the beam its polariza-
tion and its spatial degrees of freedom are entangled.
Light beams with a non-uniform linear polarization and
axial symmetry are widely studied. They can be gen-
erated by using liquid-crystal converters [37]. Another
technique is based on spatially varying dielectric grat-
ings [38, 39]. As an example, we consider the superposi-
tion of two paraxial Laguerre-Gaussian light beams with
the same radial mode number p and opposite azimuthal
mode numbers ±m, and with opposite circular polariza-
tions e± = (ex±iey)/

√
2. From the analogy (56) between

LG modes and the HO states it follows that such a mode
pattern can be expressed as

a(R,φ, z) = Fmp(R, z)
[
e+e

−imφ + e−e
imφ
]
, (61)

where the real function Fmp, which contains the Laguerre

polynomial L
|m|
p (R2/γ2), does not depend on φ. The

mode function (61) is the superposition of two compo-
nents with σ = ±1 and eigenvalue ∓m of the operator
L̂z. The local polarization of the mode (61) is linear,
in the direction e(φ) = ex cos(mφ) + ey sin(mφ). Since
the polarization is linear, the density h of helicity and
the density s of spin are zero. Along a circle around
the beam axis the polarization direction makes m full
rotations in the positive direction. The mode function
is real, apart from the phase variation due to the curva-
ture radius. The orbital part of the momentum density
is therefore the same as in Eq. (46), while the density of
orbital AM is zero. The directions of linear polarization
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as a function of φ are indicated by the black arrows in
Figure 1. For negative values of m, the polarization di-
rection rotates in the negative direction along the circle.
In the special case that m = 1, the number of rotations
is 1, and the pattern is invariant under rotation about
the axis. Then the polarization direction is always in the
radial direction.

An interesting generalization is the case of a similar
superposition of modes with opposite circular polariza-
tion, and φ-dependent phase terms with two arbitrary
m-values. This gives a transverse mode function

a(R,φ) = F (R)
[
e+e

im′φ + e−e
imφ
]
, (62)

prepared in a single transverse plane, where now the az-
imuthal mode numbers m and m′ are arbitrary integer
numbers. We omitted the z-dependence of the mode,
since in the general case, the two terms will undergo dif-
ferent diffraction, so that for different transverse planes
the radial mode functions will no longer be identical, and
the combined mode will not be shape-invariant. When we
extract a phase factor exp(i(m+m′)φ/2), the remaining
real polarization vector is e(φ) = ex cos((m−m′)φ/2) +
ey sin((m−m′)φ/2). The number of rotations of the po-
larization vector along a circle around the beam axis is
now (m−m′)/2. This is a half-integer value when m−m′
is odd. The polarization pattern is illustrated in Figure
2 for the cases that m − m′ = ±1. The overall phase
factor exp(i(m+m′)φ/2) indicates that the phase of the
polarized field varies along the circle. The energy density
for the beam profile (62) is found to be

w = ε0ω
2F 2. (63)

The densities of momentum and AM can be directly eval-
uated from Eqs. (39) and (40). Since the density of helic-
ity is zero for linear polarization, also ppol and s vanish.
The remaining densities of orbital momentum and AM
are

pphase =
w

ω

m′ +m

2R
eφ, l =

w

ω

m′ +m

2
. (64)

m - m’ = 1 m - m’ = -1

FIG. 2: Sketch of the position-dependent linear polarization
for a mode as described by Eq. (62). The arrows indicate the
direction of the linear polarization.

In these examples, the local polarization is linear ev-
erywhere, with a direction that varies with the angular
coordinate φ. There is also interest in beams where the
polarization varies with the angular as well as the radial
coordinate. When the full range of polarization states is
covered, as represented by points on the Poincaré sphere,
these beams have been termed Poincaré beams [40, 41].

VI. CONCLUSIONS

We have expressed the densities of momentum and an-
gular momentum of a mode of the electromagnetic field
in terms of operators acting on mode functions, in partic-
ular the operator of helicity. We consider spherical and
cylindrical modes, which are defined as eigenmodes of
a set of mode operators, and we analyze and discuss ex-
plicit expressions for these densities. In the special case of
paraxial modes, analogies with the quantum-mechanical
harmonic oscillator in two dimensions are helpful to iden-
tify various basis sets of Gaussian modes. Laguerre-
Gaussian modes are eigenmodes of the operator for the
z-component of orbital angular momentum. In this case,
the density of orbital angular momentum is proportional
to the energy density of the mode. This suggests the
picture of a local density of photons, each with a well-
defined value ~m of the z-component of orbital angular
momentum. In this sense, this quantity could be termed
well-defined [1]. However, this picture should be handled
with care. The cylindrical modes are also eigenmodes of
the z-component of the total angular momentum (orbital
plus spin), but the density of this angular-momentum
component is not proportional to the energy density or
to the energy flux density.

Finally, we recall that this paper is entirely based on
classical Maxwell theory, even though the description
uses mode operators that are reminiscent of quantum
mechanics. There is no quantum indeterminacy here,
and each physical quantity has a well-defined value for
any mode. This is also true for the densities of the three
components of spin and orbital AM and for their inte-
gral values, in spite of the fact that the corresponding
operators are non-commuting. The suggestive expres-
sions (11) for the integral values of conserved quantities
are not taken as a starting point, but they originate from
well-known expressions for the densities in terms of the
Maxwell fields. In contrast, a quantum-mechanical wave
function in general does not define a local density of phys-
ical quantities. The ladder operators introduced in Sec.
V do not refer to photons, but merely change the order
of classical modes.
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