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Abstract

Patterns arise frequently in reaction-diffusion systems with a strong spatial scale separation,
which naturally leads to the question of their dynamic stability. The scale separation induces a
slow-fast decomposition in both the existence and stability analyses, which reduces complexity.
In the existence analysis, patterns can be obtained by concatenating orbit segments of slow and
fast reduced systems. These patterns exhibit spatially localized fronts and pulses, while they
vary slowly in between those localized interfaces — see also Figure 1. In the stability analysis,
the slow-fast decomposition manifests itself through a complex-analytic determinant-type
function: the Evans function, which vanishes on the spectrum of the linearization about the
pattern. In many specific models it has been shown using geometric methods that the Evans
function factorizes in accordance with the scale separation. This factorization corresponds to a
decomposition of the spectrum into slow and fast components, which are explicitly determined
by slow and fast reduced eigenvalue problems arising in an appropriate singular limit. Thus,
the factorization method leads to asymptotic control over the spectrum.

Figure 1: A periodic pulse solution in a reaction-diffusion system with two components. The
v-component exhibits localized pulses and the u-component varies slowly.
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The geometric factorization method has been developed in the context of slowly linear proto-
type models, in the sense that the associated slow reduced problems are linear. In the context
of the periodic pulse solution shown in Figure 1, slow linearity entails that the dynamics of the
slow u-component in between localized pulses is driven by linear equations. Recently, the geo-
metric factorization procedure has been generalized to homoclinic pulse solutions in a general
class of slowly nonlinear reaction-diffusion systems with two components. It has been shown
that the dynamics in such systems differs fundamentally from their slowly linear counterparts.
In this thesis we study periodic pulse solutions to a general class of multi-component, slowly
nonlinear reaction-diffusion systems. At first sight this seems a straightforward extension
of the homoclinic case. However, the geometric factorization method of the Evans function
fails for periodic structures in slowly nonlinear systems. In addition, due to translational
invariance of the pulse profile in space there is an entire curve of spectrum attached to the
origin that shrinks to the origin in the singular limit, whereas for homoclinic pulse solutions
there is only a simple eigenvalue residing at the origin. Therefore, in contrast to the homoclinic
case, asymptotic control over the spectrum is insufficient to decide upon stability and a local
higher-order analysis is required to determine the fine structure of the spectrum about the origin.

In this thesis we develop an alternative, analytic factorization method that does work for
periodic structures in the slowly nonlinear regime, but applies more generally beyond this
setting, i.e. it formalizes and generalizes the existing (geometric) factorization methods. We
derive explicit formulas for the factors of the Evans function, which yield asymptotic control
over the spectrum. Moreover, we obtain a leading-order expression for the critical spectral
curve attached to origin. Together these spectral approximation results lead to explicit stability
and instability criteria in terms of lower-dimensional reduced eigenvalue problems. Further-
more, the analytical grip on the spectrum provides insights into destabilization mechanisms
of periodic pulse solutions, especially in the long-wavelength limit. Finally, we mention that,
as a prerequisite for the stability analysis, we develop an existence theory for periodic pulse
solutions with fine error estimates.



Chapter 1

Introduction

Pattern formation is observed in dynamical processes within various scientific disciplines,
including chemistry, biology, neurophysiology, optics and ecology. Reaction-diffusion systems
exhibit a large variety of patterns and have attracted much interest as a (simplified) model
describing these dynamical processes. For instance, reaction-diffusion systems have been
employed to model the propagation of nerve impulses through axons [45], the formation of
spots and stripes on animal skin [78], the development of vegetation patterns [63] and the
dynamics of flame fronts arising in combustion theory [127].

Turing laid the foundation for reaction-diffusion systems as a prototype model for pattern
formation. In [112] he showed that in linear reaction-diffusion systems patterns emerge from
a uniform initial condition if two components diffuse at (very) different rates. Later Gierer and
Meinhardt extended this to the semi-linear regime [40] — see also [61]. Nowadays, singularly
perturbed, semi-linear reaction-diffusion systems on the line of the form,

u; = Diuyy — H(u, v, g),
5 (%, 1) € R™, v(% 1) € R”, (1.1)
Vi = & Dovyz — G(u, v, €),

where 0 < & < 1 is asymptotically small and D, ; are non-negative diagonal matrices, serve
as a paradigmatic class for the study of patterns. Complex patterns often consist of simpler
building blocks such as pulses, fronts, periodic wave trains and wave packets that are stationary
or propagate with a constant speed — see Figure 1.1. Mathematical understanding of these
elementary patterns is essential to gain fundamental insights into the more complex patterns.

Many analytical methods have been developed to construct (elementary) pattern solutions
to (1.1) and to study the naturally associated issue of their dynamic stability. All of these meth-
ods exploit the presence of the small parameter &, which induces a reduction of complexity in
both the existence and stability analyses.

11
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S AN e

(a) Front (b) Pulse (c) Wave train (d) Wave packet

Figure 1.1: Elementary patterns

1.1 Existence of patterns

Solutions to (1.1) that are stationary or travel with a constant speed, can be written as ¢(X, 1) =
Q(e7'% + ct), where Q: R — R™*" is the wave profile and ¢ € R is the wave speed (which is
possibly 0). Finding such traveling-wave solutions is equivalent to finding bounded solutions
to the ordinary differential equation,

Ug = &p,
D =&(cep + Hu,v,¢)),
1pg = &lcep + Hiw,v, ) (u, p,v,q) € R*™™, (1.2)
V§ =4q,

DZLZE =cq + G(Ma v, 8)7

where & = £ + ct. Clearly, a heteroclinic or homoclinic connection in (1.2) gives rise to a
(traveling) front or pulse solution to (1.1). Similarly, a periodic orbit in (1.2) yields a periodic
wave train solution to (1.1).

There are various approaches to construct solutions to singularly perturbed problems of
the form (1.2). We mention the classical technique of rigorous matched asymptotic expan-
sions [31, 68, 71] and the method via nonstandard analysis [20]. In this thesis we adopt a
geometric point of view, which originates in the work of Fenichel [34]. Using geometric
singular perturbation theory [34, 54, 57], solutions to (1.2) can be constructed in the following
way. First, slow and fast reduced systems are established by taking the limit € — 0 in properly
scaled versions of (1.2). Then, one obtains a so-called singular orbit, by piecing together orbit
segments of these reduced systems — see Figure 1.2. Finally, one proves that an actual solution
to (1.2) lies in the vicinity of the singular one, provided € > 0 is sufficiently small. In this last
step exchange lemmas [55, 57, 59, 102] or blow-up techniques [66, 67] can be employed to
control the dynamics in a neighborhood of the singular orbit.

Paradigmatic examples for the construction of traveling-wave solutions are the FitzHugh-
Nagumo equations [35, 79] for nerve propagation, the Gierer-Meinhardt system [40, 80] in
morphogenesis and the Gray-Scott model [43] for autocatalytic reactions. Using geometric
singular perturbation theory, traveling pulses [11, 52] and periodic wave trains [110] have
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been constructed in the FitzHugh-Nagumo equations. Similarly, stationary (multi-)pulse
patterns [21, 25, 26, 76] have been obtained in the Gray-Scott and Gierer-Meinhardt models.
Yet, the geometric construction of solutions to (1.2) can be performed in a general setting
without restricting to one of the aforementioned prototype models. For instance, in [110] one
proves the existence of a periodic orbit in (1.2) under the assumption that a singular periodic
orbit exists and the slow and fast reduced systems satisfy certain transversality conditions.

<
\\ —

Figure 1.2: A singular periodic orbit consisting of slow orbit segments on two invariant
manifolds (blue) and fast heteroclinic transitions (red).

1.2 Stability of patterns

The stability of solutions to (1.1) is in many cases determined by the spectral properties of
the linearization of (1.1) about the solution. Yet, it is often difficult — especially in multi-
component systems — to obtain the required spectral information to decide upon stability.
As in the existence problem (1.2), the presence of the small parameter € yields a reduction
of complexity. Various methods have been developed to capture the underlying structure
that facilitates this reduction — see Remark 1.1. The majority of these methods are built on
the complex-analytic Evans function [1, 5, 33, 38], which vanishes precisely on the critical
spectrum. Thus, to decide upon stability, it is sufficient to locate the roots of the Evans function.
It was first observed by Alexander, Gardner and Jones [1] in the context of traveling pulses in
the FitzHugh-Nagumo equations that the Evans function &, factorizes into a slow and a fast
component,

88 = 83,8 . 8f,8? (1 3)

in accordance with the scale separation in (1.1). The factors &, and &, correspond to
lower-dimensional, slow and fast eigenvalue problems associated with the linearization. Al-
though the geometric arguments behind the decomposition in [1] are very general, they need
to be based on an analytical result that indeed controls the relevant slow and fast eigenvalue
problems in projective space. In subsequent work, Gardner and Jones [37] validated the
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geometric argument of [1], and thus the factorization (1.3), in the context of traveling fronts in
a predator-prey model. They tracked the slow and fast eigenvalue problems analytically via
the so-called elephant trunk lemma. Further technical adaptations of the elephant trunk lemma
to stability problems associated with localized structures in the Gray-Scott and Fabry-Pérot
model have been carried out in [22] and [95], respectively, whereas its extension to periodic
wave trains in the FitzZHugh-Nagumo equations can be found in [32]. Nowadays, it is widely
accepted that the elephant trunk procedure can be mimicked — or better: adapted — for a large
class of systems of the form (1.1). However, for every application one should in principle go
through one of the extensive proofs developed in the setting of the aforementioned specific
systems to check whether technicalities still hold true.

By tracking the fast eigenvalue problem through the elephant trunk procedure, it is pos-
sible to derive an explicit analytic fast Evans function &9 whose zeros approximate those
of &Ef,.. Moreover, an explicit, but meromorphic, slow Evans function &, can be obtained
via the so-called NonLocal Eigenvalue Problem (NLEP) approach, which was established by
Doelman, Gardner and Kaper in [22] in the context of stationary pulse solutions in the Gray-
Scott model. Thus, a combination of the elephant trunk procedure and the NLEP approach
yields an analytic reduced Evans function,

&Eo = Esp - Erp, (1.4)

whose factors E;o and &y can be derived explicitly through slow and fast reduced eigen-
value problems. These reduced eigenvalue problems are lower-dimensional and arise by
taking the limit € — O in properly scaled versions of the full eigenvalue problem. Winding
number arguments imply that the roots of the Evans function &, are approximated by the
ones of the reduced Evans function &) — see Figure 1.3. The NLEP approach and thus the
validation of the decomposition (1.3) and its explicit reduction (1.4), was further developed
in the context of localized pulses, fronts or periodic solutions in certain classes of 2- or
3-component reaction-diffusion systems in [21, 23, 30, 114, 116, 120]. It should be remarked
that in neither of these papers the elephant trunk procedure is carried out in full analytical detail.

Hence, using the elephant trunk and NLEP procedures, the spectrum of the linearization
is approximated by the zeros of the reduced Evans function &g, which is defined in terms

C ¢ C

& 1 (0) £-1(0)

S

Figure 1.3: Spectral approximation using winding number arguments: the roots of & approxi-
mate those of &,.
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of lower-dimensional, reduced eigenvalue problems. Thus, locating the roots of &y yields
asymptotic control over the spectrum. In some cases asymptotic spectral control is sufficient
to decide upon stability, however the situation is often delicate about the origin — note that the
origin must be part of the spectrum due to translational invariance (obtained by shifting the
profile in space) — and a local higher-order analysis is required to prove stability. We elaborate
on the latter.

The spectrum of the linearization is made up of point spectrum, consisting of isolated eigen-
values of finite multiplicity, and its complement, the essential spectrum — see [98]. Suppose
the essential spectrum is confined to the open left half-plane and & has no zeros in the closed
right half-plane except a simple root at 0. Then, the aforementioned spectral approximation
result implies that O is an isolated, simple eigenvalue and that the rest of the spectrum lies in
the open left half-plane, which yields nonlinear stability of the underlying pattern [44]. This
situation occurs for instance in [3, 37, 47].

However, one is often less fortunate. For example, in the stability analyses [10, 53, 126]
of traveling pulses in the FitzHugh-Nagumo equations, 0 is a double root of the reduced Evans
function &y, while the essential spectrum is confined to the open left half-plane. Consequently,
there are two eigenvalues close to the origin. One of these eigenvalues resides at the origin
due to translational invariance, while the position of the other eigenvalue with respect to

C C C
x — o @ oo
or
£, (0) £21(0) £21(0)
(a) Point spectrum associated with fast pulses in the FitzHugh-Nagumo equations
C C C
. o
or
£, (0) £21(0) £1(0)

(b) Essential spectrum attached to the origin associated with periodic structures

Figure 1.4: Asymptotic spectral control is insufficient to determine the spectral configuration
about the origin.
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the imaginary axis is decisive for stability. Yet, asymptotic spectral control is insufficient to
determine its location — see Figure 1.4a. The situation becomes even more problematic in the
case of periodic patterns [32, 114]. Then, the spectrum is composed of curves parameterized
over the unit circle S' due to Floquet theory [38]. Consequently, all spectrum is essential
and one needs to characterize an entire curve of eigenvalues — the so-called linear dispersion
relation — which is attached to the origin and shrinks to the origin in the limit £ — 0. Again,
asymptotic spectral control is insufficient to ascertain the location of the curve with respect
to the imaginary axis — see Figure 1.4b. We elaborate on the various ways that have been
developed to overcome these difficulties.

For traveling pulses in the FitzZHugh-Nagumo equations, we discuss two approaches to obtain
leading-order control over the location of the critical eigenvalue. In [53, 126] one proves
that the derivative of the Evans function &, at O is positive, which follows from geometric
properties of the pulse profile in the limit & — 0. Then, a parity argument implies that
the critical eigenvalue is real and negative, which yields nonlinear stability. In [10] one
constructs using Lin’s method [70, 97, 118] a piecewise continuous eigenfunction of the
linearization for each prospective eigenvalue A near the origin. The eigenfunction admits
exactly two jumps that occur in the middle of the front and the back of the pulse profile —
see Figure 1.5. Finding eigenvalues reduces to identifying values of A for which these jumps
vanish. Melnikov theory provides leading-order expressions for these jumps that can be solved
for A, which yields that the critical eigenvalue lies in the open left half-plane. An advantage
of this method over the one in [53, 126] is that one obtains leading-order expressions for
the eigenvalues near the origin rather than only their signs. Therefore, it applies more gen-
erally to situations where there are more than two eigenvalues near the origin — see Remark 1.3.

In the stability analyses [32, 114] of periodic structures in the FitzHugh-Nagumo and Gierer-

Meinhardt models, an entire curve of eigenvalues is attached to the origin, which shrinks to the
origin in the limit & — 0. As in [10] — but with slightly different methods — one proceeds by

Iz Al

Figure 1.5: A piecewise continuous eigenfunction ¢, 4 with jumps occurring in the middle of
the front and the back of the fast pulse to the FitzHugh-Nagumo equations.

—
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constructing eigenfunctions corresponding to potential eigenvalues near the origin. A careful
matching procedure then gives solvability conditions in terms of the eigenvalue A, the Floquet
multiplier y and the corresponding eigenfunction. By expanding the eigenfunction in terms
of g, a leading-order expression for the critical spectral curve A.(y) is derived from these
solvability conditions. Finally, by complementing the local spectral analysis about the origin
with the Evans-function analysis, stability or instability of the periodic pattern is established
depending on the system parameters.

Remark 1.1. The concept of the Evans function as a method to determine the spectrum
associated with a solution to a system of singularly perturbed reaction-diffusion equations
on the line was introduced in [33] and was established as a general and powerful approach
in [1, 37, 38, 53]. Core aspects of the NLEP approach have been developed independently
in [50, 123]. The SLEP (= Singular Limit Eigenvalue Problem) method [81, 82] is an
alternative method that has been linked to the Evans function approach in [49]. In [21], the
relation between the Evans function, the NLEP method and the SLEP method is discussed. m

Remark 1.2. It is a general phenomenon that the presence of essential spectrum about the
origin is an issue in the stability analysis of periodic structures. Besides the above-mentioned
methods for singularly perturbed reaction-diffusion systems of the form (1.1), let us mention
that for periodic waves of conservation laws, Whitham’s modulation equations [51, 107]
provide an accurate description of the spectral configuration about the origin. Moreover, for
periodic wave trains to general reaction-diffusion systems one can compute [28] the derivative
A/ (0) of the critical curve A.(y) attached to the origin in terms of derivatives of the wave train
and the corresponding solution to the adjoint eigenvalue problem. Yet, knowing (the sign of)
A”(0) is insufficient to control the entire spectral curve A,: S' — C. [ |

Remark 1.3. In [50, 64, 122] the stability of multi-pulse solutions to the Gierer-Meinhardt,
Gray-Scott and Schnakenberg models is investigated using formal asymptotic expansions. The
formal analysis yields the existence of multiple eigenvalues close to the origin and provides
leading-order expressions for these eigenvalues. We expect that the above-mentioned approach
in [10] using Lin’s method could be employed to establish the existence and position of these
eigenvalues rigorously. Let us emphasize that, for general semilinear parabolic equations, the
stability of multi-pulse solutions bifurcating from a stable primary pulse has already been
determined successfully in [97] using Lin’s method. |

1.3 Extension beyond prototype models: slow nonlinearity

The aforementioned spectral methods, including the elephant trunk and NLEP procedures,
have been developed in the context of specific (prototype) models, such as the Gray-Scott,
Gierer-Meinhardt and FitzHugh-Nagumo equations. These models are of slowly linear nature,
in the sense that the dynamics of the slow u-components in between localized fast pulses or
fronts are driven by linear equations. Thus, the slow reduced system arising in the existence
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analysis is linear and the slow eigenvalue problem in the stability analysis is autonomous. In
the context of the periodic pulse solution shown in Figure 1, slow linearity entails that the
dynamics of (1.1) in the rest state v = 0 is linear, i.e. the coupling term H(u, 0, ) in (1.1)
is linear. In recent work [30, 120] an NLEP approach has been carried out for homoclinic
pulse solutions to a general class of slowly nonlinear, 2-component systems of the form (1.1).
Earlier, the stability of fronts was studied in a specific slowly nonlinear model in [23].

The introduction of a slow nonlinearity in (1.1) yields more than just additional technicalities.
For instance, it is shown in [119] that, unlike known classical slowly linear examples such as
the Gray-Scott and Gierer-Meinhardt models, Hopf bifurcations for homoclinic pulses can be
supercritical. Such a bifurcation could even be the first step in a sequence of further bifurca-
tions leading to complex (amplitude) dynamics of a standing solitary pulse — as observed in
the simulations in [120].

The slow linearity plays a crucial role in the analysis of the Evans function and its decomposi-
tion and reduction. In fact, it is essential for an application of the elephant trunk procedure that
the eigenvalue problem is to leading order linear near the boundaries of the spatial domain — as
is the case for homoclinic and periodic pulse solutions to the slowly linear Gierer-Meinhardt
model in [21, 114]. Although the models in [23, 30, 120] are slowly nonlinear, the elephant
trunk procedure is still applicable, because eventually the dynamics becomes linear due to the
homoclinic or heteroclinic nature of the patterns. However, the eigenvalue problem associated
with periodic solutions to slowly nonlinear models is non-autonomous over the entire domain,
thus obstructing an application of the elephant trunk lemma. This brings us to the main goal of
this thesis: extending the spectral analysis of periodic structures in reaction-diffusion systems
of the form (1.1) beyond the slowly linear regime.

1.4 Contents of this thesis

In this thesis we study stationary, spatially periodic pulse solutions to singularly perturbed
reaction-diffusion systems of the form (1.1), allowing for general dimensions n,m > 1 and a
large class of nonlinearities H and G — see §1.4.1 for the precise details. The solutions under
consideration are spatially symmetric and exhibit exponentially localized pulses in the fast
v-components, but admit non-localized behavior in the slow u-components — see Figure 1.
In other words, they are in semi-strong interaction [24] (of second order [92]). Our class
of equations includes the Gierer-Meinhardt system. Thus, on the one hand, we extend the
existence and stability analyses [25, 114] for periodic pulse solutions in the Gierer-Meinhardt
equations to the slowly nonlinear and multi-dimensional regime. On the other hand, our work
can be considered as the extension from homoclinic to periodic structures within the general,
slowly nonlinear class of systems in [30].

However, this thesis is not a straightforward extension of [30, 114], since there is — as outlined
in §1.3 — no obvious adaptation of the elephant trunk lemma for spatially periodic patterns in
slowly nonlinear systems. Therefore, we present a generalized analytic alternative to both the
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elephant trunk and NLEP procedures to establish the validity of both the decomposition (1.3)
of the Evans function and its singular limit structure (1.4). This analytic method is based
on the Riccati transformation [12, 13]. This transformation, which satisfies a matrix Riccati
equation, diagonalizes the associated eigenvalue problem and thus explicitly separates fast
from slow dynamics. The separation yields the factorization of the Evans function (1.3) and
provides a framework for the passage to the singular limit (1.4). We emphasize that our
factorization procedure applies beyond the current setting of periodic pulse solutions and is
therefore interesting in its own right — see Remark 1.4.

Thus, using the analytic factorization method, we obtain a reduced Evans function &y, whose
roots approximate the spectrum and whose factors &y and & are defined in terms of explicit,
lower-dimensional reduced eigenvalue problems. Thus, we obtain asymptotic control over the
spectrum. However, as mentioned in §1.2, there is a second challenge: asymptotic spectral
control is insufficient to decide upon stability, since there is a curve of essential spectrum which
shrinks to the origin in the limit £ — 0. Therefore, we need to complement our Evans-function
analysis with a local analysis about the origin in order to obtain leading-order control over this
critical spectral curve.

Our analysis of the critical spectral curve is based on [10, 100]. Recall from §1.2 that
the stability of (fast) traveling pulses in the FitzHugh-Nagumo equations is decided by the
location of a nontrivial eigenvalue near the origin. The method adopted in [10] yields a leading-
order expression of this critical eigenvalue in terms of the small parameter . Furthermore,
in [100] the spectral configuration about the origin is determined for periodic wave trains that
accompany homoclinic pulse solutions to general reaction-diffusion systems. An expansion of
the critical spectral curve is provided in terms of the period. The situations in [10] and [100]
do not directly translate to our situation, since we consider periodics that do not lie in the
vicinity of a homoclinic.

Nevertheless, we adopt a similar approach: using Lin’s method we obtain a piecewise continu-
ous eigenfunction of the linearization for any potential eigenvalue A near the origin. In contrast
to [100], we do not use the homoclinic limit structure as a framework for the construction of
the eigenfunction; instead the singular limit structure serves as a backbone like in [10]. On the
other hand, as in [100], Floquet theory yields boundary conditions for the eigenfunction on a
single periodicity interval, whereas one requires in [10] that the eigenfunction is exponentially
localized on the real line. The construction of the piecewise continuous eigenfunction yields a
Lyapunov-Schmidt type reduction procedure: finding the critical spectral curve attached to
the origin reduces to equating the jumps to zero. The Fredholm alternative allows us to find
expressions for these jumps that can then be solved. Eventually, we obtain a leading-order
expression for the critical spectral curve in terms of lower-dimensional, variational equations
about the orbit segments that constitute the pulse profile in the limit & — 0.

Thus, we gain both asymptotic control over the spectrum through the reduced Evans function
and leading-order control over the critical spectral curve. This leads to explicit criteria yielding
stability and instability of the periodic pulse solution in terms of simpler, lower-dimensional
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problems. These conditions can be interpreted in more simple cases in which either n = 1,
m = 1, or both n = m = 1. In the latter case, we directly recover the expressions obtained in the
stability analysis [114] of spatially periodic pulse patterns in the Gierer-Meinhardt equation.
The outcome of our spectral analysis shows that the Gierer-Meinhardt setting represents a
very special case. The restriction to this specific system obscures the underlying general
structure of the reduced Evans function and the critical spectral curve in terms of simpler,
lower-dimensional problems. On the other hand, the restriction of (1.1) to a more general,
slowly nonlinear, 2-component model as in [30] yields a (relatively) simple instability criterion
in terms of the signs of a number of explicit expressions that can be computed with only an
asymptotic approximation of the underlying pattern as input. Thereby, we extend a similar
result of [30] on homoclinic pulses to periodic structures.

The analytical grip on the spectrum provides insights into destabilization mechanisms of
periodic pulse solutions to (1.1). Depending on which one of the aforementioned stability
criteria fails, we can identify the type of instability occurring. We establish that generic
(primary) instabilities must be of sideband, Hopf or period doubling type, whereas in general
reaction-diffusion systems also Turing and fold instabilities are robust for symmetric, spatially
periodic patterns [93].

Destabilization mechanisms become rather complex when periodic patterns approach a ho-
moclinic limit. While increasing the wavelength, the character of destabilization alternates
between two kinds of Hopf instabilities. This phenomenon is called the Hopf dance [27, 115].
It has been analytically established in (slowly linear) Gierer-Meinhardt models in [27] and
recovered by numerical methods in the generalized Klausmeier-Gray-Scott model [27, 115].
Both the Hopf dance as well as the belly dance [27] — an associated higher order phenomenon
— can be analyzed in the general, slowly nonlinear setting of (1.1) by the methods developed
here. In addition, we establish an explicit sign criterion to determine whether the homoclinic
pulse solution is the last or the first ‘periodic’ solution to destabilize.

Finally, we comment on the existence of stationary, periodic pulse patterns to (1.1). Our
construction of these solutions relies on geometric singular perturbation theory — see §1.1.
First, we establish a singular periodic orbit by piecing together orbit segments of slow and
fast reduced systems in such a way that they form a closed loop. Then, we prove that an
actual periodic orbit lies in the vicinity of the singular one, provided € > 0 is sufficiently small.
The construction respects the symmetry ¥ — —X of system (1.1). Consequently, the periodic
pulse solution is spatially symmetric. The existence result is a significant extension of simi-
lar results in the literature that only consider 2-component, Gierer-Meinhardt type models [25].

As a final remark, let us mention that we illustrate our existence and stability results by

explicit calculations in a slowly nonlinear toy model.

Remark 1.4. The analytic factorization procedure of the Evans function can be outlined in a
way that neither depends on the specific structure of the system nor on the specific patterns
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under consideration. We require that the eigenvalue problem associated with the linearization
of (1.1) about the pattern can be written in block-matrix form,

( ‘px ):( \/EAILE(X,/I.) \/EAIZ,E(-xs/l) )( 90 ) (1 5)
U Aze(x, 1) Aps(x, 1) g ) '

in the rescaled spatial variable x = &~ ¥. Consider the reduced eigenvalue problem,

e =Ano(x, Dy, (1.6)

in which Ay, o(x, A) represents the singular limit of Ay .(x,1). Equation (1.6) admits an
exponential dichotomy [14, 96] on R as long as the associated differential operator,

Loy = — Ao, DY,

is invertible — see also [98]. Since exponential dichotomies are robust against small perturba-
tions, the exponential dichotomy of (1.6) on R carries over to the perturbed problem,

Uy = Ane(x, DY, (1.7)

for 0 < € < 1. This exponential dichotomy on R of (1.7) allows us to successfully diagonalize
the eigenvalue problem (1.5) with the Riccati transformation yielding the factorization (1.3) of
the Evans function. In the last step, we approximate the two blocks, in which (1.5) diagonal-
izes, by their singular limits yielding (1.4). As a consequence, the roots of the Evans function
can be approximated by the roots of the reduced Evans function &y.

We stress that our factorization method applies in particular to the context [30] of homo-
clinic pulse solutions in a large class of 2-component, slowly nonlinear systems. We expect
that our method could extend the results in [30] to a multi-component setting. In addition,
let us mention that a uv-term in the v-component of (1.1) is not allowed in [30], whereas our
method can handle such terms. [ |

1.4.1 Setting

In this section we introduce the class of systems under consideration in this thesis. Take
m,n € Z.o and consider a general reaction-diffusion system in one space dimension with a
scale separation in the diffusion lengths (1.1). We assume that the diagonal matrices D
in (1.1) are positive. Following [30], we write

H(u,v,e) = Hu,0,&) + I:Iz(u, Vv, ),

where Hy(u,v, &) := Hu,v,e) — Hu,0, &), so that H, vanishes at v = 0. To sustain stable
localized patterns in semi-strong interaction (of second order [92]) in system (1.1), we allow
Hy(u, v, &) to scale with e and define

Hy(u,v) := lll}(l) eH>(u,v, €).
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Finally, we write
H@u,v,&) = Hi(u,v,&) + £ ' Ha(u, v), (1.8)

with H,(u,v,€) := H(u, 0, &) + [Ha(u, v, €) — € ' Hy(u, v)]. By construction H,(u, v) vanishes
at v = 0. We assume that H,(u, v, €) and G(u, v, €) are smooth functions of £ at € = 0. Note
that we allow for the possibility that H,(u, v) = 0 in the upcoming analysis. We emphasize
that, if we have in addition n = 1 or m = 1, then all patterns are unstable — see Remark 3.22.
This confirms the scalings used for classical systems as the Gray-Scott and Gierer-Meinhardt
models [21, 22, 50, 123] — see also [30]. For the benefit of our spectral analysis, we need one
extra condition on G. That is, G vanishes at v = 0. We postpone the discussion of this extra
condition to Remark 2.6. In summary, the model class we consider is of the form

u, = Dyugy — Hy(u, v, &) — &' Ha(u, v),

5 ueR"veR" XeR, (1.9)
Vi =€ DZV)VC)? - G(us v, 8),
or, in the ‘small’ spatial scale x = e 1%,
2 2
eu; = Dy, — e Hi(u,v,e) — eHr(u,v),
rT 10.v.8) = eHhu V). pm R xR, (1.10)

Vi = Davyy — G(u, v, ),
in which we will usually work. The aforementioned conditions read:

(S1) Conditions on the interaction and diffusion terms
There exists open, connected sets U C R™,V c R"and /I c RwithO € Vand 0 € [
such that H,,G and H, are C> on their domains U X V x [ and U X V, respectively.
Moreover, we have H,(#,0) = 0 and G(«,0,&) = 0 for all u € U and € € . Finally, D; »
are positive diagonal matrices.

Remark 1.5. If we have n = 1, we can without loss of generality assume D, = 1 in (1.9) by
rescaling the spatial variable X. Similarly, in the case m = 1, we can without loss of generality
assume D; = 1 by rescaling the parameter &. ]

1.4.2 Outline

This thesis is structured as follows. In Chapter 2 we elaborate on the existence of periodic
pulse solutions to (1.9) and we obtain fine estimates on the error between the periodic pulse
solutions and the associated singular periodic orbit. We apply the existence result to construct
periodic pulse solutions in an explicit slowly nonlinear toy model. In Chapter 3 we present
the main results of our spectral analysis: the approximation of the spectrum by the roots of
the reduced Evans function (1.4) and the expansion of the critical spectral curve. We obtain
explicit conditions in terms of simpler, lower-dimensional systems yielding stability. Moreover,
we test for instability by calculating the signs of a number of explicit expressions. Finally, we
interpret these results in the lower-dimensional regime and apply them to the slowly nonlinear
toy model. Chapter 4 contains prerequisites for our spectral analysis. In particular, we provide
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extensive background on exponential dichotomies and establish the Riccati transform, which
provides a natural framework for the factorization of the Evans function — see Remark 1.4.
In Chapter 5 we perform the actual spectral analysis and prove our main results. Chapter 6
focusses on destabilization mechanisms of periodic pulse solutions. Finally, in Chapter 7 we
elaborate on future research possibilities.

The results presented in Chapter 2 and Sections 3.5, 3.8.1 and 3.8.4 appeared earlier in
Spectra and stability of spatially periodic pulse patterns: Evans function factorization via
Riccati transformation in the SIAM Journal on Mathematical Analysis in 2016 — see [17].






Chapter 2

Existence analysis

2.1 Introduction

In this thesis we are interested in of stationary, spatially periodic pulse solutions to the class
of reaction-diffusion systems (1.10), where we assume that the interaction terms satisfy (S1).
Such solutions are constant in time and they are periodic and symmetric in space. In ad-
dition, the v-components exhibit spatially localized pulses, whereas the u-components are
non-localized. We refer to Figure 1 for a plot of the pulse profile in the case m = n = 1.

In this chapter we focus on the construction of such solutions. Finding stationary solutions
to (1.10) is equivalent to solving the singularly perturbed ordinary differential equation,

Dl”x = sp’
=eH|(u,v,e) + Hy(u,v),
Px l( ) 2( ) (I/t, DoV, q) c Rz(m+n)’ (21)
DZVX = 47
qx = G(us V, 8)7

which is R-reversible, where R: R2"*" — R20") ig the reflection in the space p = ¢ = 0.
Taking the limit & — 0 in properly scaled versions of (2.1) yields slow and fast reduced
systems. By piecing together orbit segments of these reduced systems in such a way that they
form a closed loop, one obtains a so-called singular periodic orbit. Although this singular
periodic orbit is not an actual solution to (2.1), one can prove that (under certain conditions)
an actual periodic solution to (2.1) arises from the singular one, provided & > 0 is sufficiently
small.

In this chapter we perform a slow-fast decomposition of (2.1) and construct a singular periodic
orbit from the slow and fast reduced systems. Next, we use geometric singular perturbation
theory [34, 54, 57] to study the dynamics of system (2.1) in the neighborhood of the singular
orbit. Then, we have the ingredients to prove the existence of an actual periodic pulse solution
to (2.1) in the vicinity of the singular one. The R-reversibility of system (2.1) plays an essential

25
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role in the proof. Therefore, both the periodic pulse solution and its singular limit naturally
respect the R-reversibility of system (2.1). Since the stability analysis in Chapter 5 relies
crucially on how the periodic pulse solutions are approximated by the singular limit structure,
we provide detailed (pointwise) estimates along with the existence result. Finally, we apply
the existence result to an explicit slowly nonlinear toy model.

2.2 The singular limit

2.2.1 Slow-fast decomposition

We perform a slow-fast decomposition of the singularly perturbed equation (2.1). Fast and
slow reduced systems arise by taking the limit & — 0 in properly scaled versions of (2.1).
First, if set € = 0 in (2.1), then the dynamics is given by the fast reduced system,

ux = 09
= Hy(u,v),
DI; =q e (u, p,v,q) € RZ™™, (22)
2Vx = ]
QX = G(us V, 0)3

System (2.2) is governed by the family of 2n-dimensional systems,

Dyv, =g,
e (v,q) € R, 2.3)
Qx = G(H, va 0)7
parameterised over u € U. Note that (2.3) is Ry-reversible, where R;: R — R is the
reflection in the space g = 0. Moreover, we observe that the slow manifold,

M:={(u,p,0,0):uecUpeR"},

consists entirely of equilibria of (2.2) by assumption (S1). When & > 0, the manifold M
consists no longer of equilibria, but remains invariant for the dynamics of (2.1). The flow
restricted to M is of order O(e). In the spatial scale X = &x, the dynamics of (2.1) on M s to
leading order governed by the slow reduced system,

Diuy = p,
te=p (u, p) € R>", 2.4)
px = Hi1(1,0,0),
Note that system (2.4) is R,-reversible, where R, : R?" — R?" is the reflection in the space
p=0.

Although the fast and slow reduced systems (2.2) and (2.4) are simpler, lower-dimensional sys-
tems, enough information can be obtained from them to determine the leading-order dynamics
of the full system (2.1) close to the slow manifold M for 0 < ¢ < 1 —see §2.3.
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2.2.2 Construction of the singular periodic pulse

In this section we construct a singular periodic orbit by concatenating solutions of the fast and
slow reduced systems (2.2) and (2.4) in such a way that they form a closed loop. The singular
orbit consist of a pulse satisfying the fast reduced system (2.2) and a segment on the invariant
slow manifold M, satisfying the slow reduced system (2.4). We emphasize that such a singular
orbit is not a solution to (2.1). However, when the singular orbit satisfies certain conditions,
we will prove that an actual periodic pulse solution lies in the vicinity of the singular one,
provided € > 0 is sufficiently small — see §2.4.

The first ingredient for constructing the singular periodic orbit is the existence of a pulse
solution in the fast reduced system (2.2). This is ensured by the following assumption.

(E1) Existence of a pulse solution to the fast reduced system
There exists u, € U such that system (2.3) has for u = u, a solution ¢y, (x,u,) =
(Vn(x, uo), gn(x, us)) homoclinic to the hyperbolic saddle 0. The stable manifold W;; (0)
intersects the space ker(/ — Ry) transversely in the point yy,(0, u,).

Remark 2.1. In the terminology of [118] homoclinics that lies in the transverse intersection
of W;; (0) and ker(/ — Ry) are called elementary. In particular, any non-degenerate homoclinic
solution is elementary by [118, Lemma 4]. We emphasize that in the case n = 1 any homoclinic
solution to (2.3) is elementary. [ |

Since transverse intersections are robust under perturbations, assumption (E1) implies the
existence of an open neighborhood Uy, C U of u, such that for every u € U, there exists a
solution ¢y (x, u) to (2.3), which is homoclinic to the hyperbolic saddle 0, such that W;(0) th
ker(I — Ry) = {yn(0, u)}. The homoclinics i, (x, u) yield solutions,

dn(x,u) == (u f Hy(u, vy (2, u))dz, va(x, u), gn(x,u) |, u € Uy,
0

to the fast reduced system (2.2), which are homoclinic to M. The homoclinics ¢y (x, u) take off
and touch down on the points lim,_. ¢n(x, u) € M. We define the mapping J : U, — R” by

T ) = fo Hy(u, vi(z, w))dz. 2.5

The m-dimensional graphs 7 := {(u, £9 (u)) : u € Uy} on M are the so-called take-off and
touch-down manifolds. Since 0 is a hyperbolic saddle in (2.3), there exists constants C, u, > 0
such that

llgn(xx, ) = (u, £ (), 0,0)]| < Ce™*, x> 0,u € Uy. (2.6)

The manifolds 7. allow us to piece the pulse solutions ¢y to solutions that lie in M in order
to obtain a singular periodic orbit — see Figure 2.1. Therefore, we shift our attention to
the slow reduced system (2.4). Recall that (2.4) is Ry-reversible. In addition, since (2.3) is
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Ry-reversible, it holds Ry[77,] = 7_. Therefore, to establish a connection between the take-off
and touch-down manifolds 7, it is sufficient to find a solution to (2.4) that starts on the
touch-down manifold 77, and crosses ker(/ — Ry) at some point. This is the content of our next
assumption.

(E2) Existence of connecting orbit in slow reduced system
There exists a solution (X) = (us(X), ps(X)) to system (2.4) with initial condition
¥s(0) € T4 and y5(€y) € ker(I — Ry) for some £y > 0. Moreover, let @4 (X,y) be the
evolution operator of the associated variational equation,

¢r = ADp, @R, 2.7)
with
o 0 D}
A "( OuHy (9, 0,0) 0 )
Denote uy := us(0), Hi(u9,0,0) = (hy,...,h,) and for i, j € {1,...,m} by A;; the
(m x m)-submatrix of
d)s(fo,o)( ! )

0, (up)

containing rows {i,m + 1,...,2m} \ {m + j}. There exists i, € {1,...,m} such that
Z(—l)jh det(A; ) # 0. 2.8)
=1

By concatenating the orbits of ¢ and ¢y, we obtain the singular periodic pulse,
$po = {Ws(9),0) : ¥ € (0,200)} U {hn(x, uo) : x € R} € R, 2.9

consisting of a pulse satisfying the fast reduced system (2.2) and an orbit segment on the
slow manifold. We emphasize that ¢, ¢ is C I, except at the two corners (ug, 5 (o), 0, 0) =
(u5(0), £ps(0),0,0). Eventually, our goal is to construct a periodic pulse solution to (2.1)
in the vicinity of the singular orbit (2.9), provided 0 < & <« 1. Therefore, we need some
robustness of the structure (2.9) under perturbations. Robustness of the pulse ¢y is ensured
by the transversality condition in (E1). The orbit i in the slow system (2.4) persists by
regular perturbation arguments on the finite interval [0, 2{,]. Lastly, to ensure persistence of
the connections between (5(X), 0) and Y, (x, up) at the two corners, we impose the technical
condition (2.8) in assumption (E2). For m = 1 the condition (2.8) is equivalent to the
transversality condition,

0uT (o)D" T (o) = Hi(uo,0,0) # 0, (2.10)

of the touch-down curve 7 and the solution 5 at ¥(0) = (ug, J (4p)) (and of 7_ and i
at ys(26y) = Rs(0)) — see Figure 2.1. In the case m > 1, the technical condition (2.8)
is employed to generate a ‘good’ set of initial conditions in ker(/ — R;). This set becomes
under the forward flow of the slow reduced system (2.4) an m-dimensional manifold, which
contains the solution i and intersect 7_ transversally. We emphasize that (2.10) is a necessary
condition for (2.8) to hold true for any m > 1 — see identity (2.19) in the proof of Theorem 2.3.
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Figure 2.1: Orthogonal projection of three singular periodic orbits on the slow manifold M in
the casem =n = 1.

2.3 Dynamics in the vicinity of the slow manifold

Eventually, our goal is prove that close to the singular concatenation (2.9) there exists an
actual periodic pulse solution to (2.1), provided & > O is sufficiently small. The singular
orbit (2.9) consists of a pulse and an orbit segment on the slow manifold M. Using Gronwall-
type arguments it is not difficult to track solutions to (2.1) close to the pulse ¢y (x, up) on an
interval [—X, X], where X is e-independent. However, on the slow manifold M the dynamics
of system (2.1) is of order O(¢g). Thus, to track solutions to (2.1) close to the orbit segment
{(Ws(¥),0) : X € [0,260]} on M, we need approximations on an interval of length 2£,e~" and
Gronwall type estimates fail. Thus, to capture the dynamics in the vicinity of M, we need
additional arguments. First, we require M to be normally hyperbolic.

(S2) Normal hyperbolicity
For each u € U the symmetric part Re(G(«)) = % (Q(u) + Q(u)T) of G(u) := 0,G(u,0,0)
is positive definite.

The behavior of singularly perturbed equations of the form (2.1) close to an invariant, normally
hyperbolic manifold is described by Fenichel geometric singular perturbation theory [34, 54].
Fenichel theory states that the dynamics close to M is to leading order governed by the fast
and slow reduced systems (2.2) and (2.4), respectively. In this section we collect the facts
from Fenichel theory needed to prove our existence result.
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2.3.1 Fenichel fibering

Let M, be a compact 2m-dimensional submanifold of the slow manifold M. Fenichel the-
ory [34, Theorem 9.1] states that, the manifold M perturbs, for € > 0 sufficiently small, to a
manifold M., which is diffeomorphic to My and locally invariant for the dynamics of (2.1).
Since M, is itself locally invariant for the dynamics of (2.1), there exists an e-independent
constant C > 0 such that M, has Hausdorff distance O(e~¢/¢) from M, — see also [19, Theo-
rem 2.1] and [121, Theorem 1].

By assumption (S2) any ¥y € M, is a saddle-centre equilibrium for system (2.2) having
n-dimensional stable and unstable fibers Wg’s(l//()). Fenichel theory [34, Theorem 9.1] states
that, for € > 0 sufficiently small, there exists ¢, € M, such that these fibers persist as
n-dimensional manifolds W,”’(¢;) that have O(e)-Hausdorff distance to W™ (o) within
an g-independent neighborhood D ¢ R of My, i.e. the Hausdorff distance between
W (Ye) N D and Wi (o) N D is O(s). Moreover, we have the following invariance principle
called Fenichel fibering: if y.(x) is a solution to (2.1) lying in M, for ex € [0, X], where
X > 0 is e-independent, then the manifolds,

pr= ) W),

ex€[0,X]

are locally invariant for the dynamics of (2.1). Moreover, solutions in ; or £% converge to
M, exponentially as x — oo or x — —oo, respectively. Finally, P¢* have O(g)-Hausdorff
distance (within D) to the manifolds,

Pet = W @o@,0),

%€[0,X]

where i/ is the solution to the slow reduced system (2.4) governing the leading-order dynamics
of .. In particular, the stable and unstable manifolds W (Mp) and Wi (Mo) defined as the
union of the stable and unstable fibers of My in (2.2) persist as locally invariant, stable and
unstable manifolds WJ(M,) and W%(M;) of M, in (2.1).

Fenichel fibering gives a detailed description of the behavior of solutions to (2.1) converging
to M.. In essence the dynamics is an interplay of the attracting or repelling behavior induced
by the fast reduced system (2.2) and the dynamics on M, described by the slow reduced
system (2.4).

2.3.2 Fenichel normal form

Fenichel fibering describes the dynamics of those solutions to (2.1) that converge to M, as
x — +o00. However, to understand the behavior of any solution close to M, it is convenient
to put system (2.1) into a canonical form in the neighborhood D ¢ R2"* of M, the so-
called Fenichel normal form [57, Proposition 1]. For 0 < ¢ < 1, there exists a C '-change
of coordinates ¥, : D — R depending C'-smoothly on &, in which the flow of (2.1) is
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given by,

a, =A(a,b,c,e)a,
by = B(a, b, c, )b, a,b eR", c e R*™, (2.11)
c, =eK(c,e)+ H(a,b,c,e)(a®b),

where the A, B, K and H are C! in their arguments, K maps to R¥" A and B map to the square
matrices of order n and H maps to tensors of appropriate rank. Moreover, there exists A > 0
and an open and bounded set Uy C R?" such that the image ¥ (D) contains the compact box,

B = {(a, b,c) :Nlall, lIbll < A, c € U_F} (2.12)
In addition, there exists C, u > 0, independent of &, such that
Re(o(A(a, b, c,€))) < —u, Re(o(B(a,b,c,¢))) = u, (2.13)
and
iH(a, b, c,&)(a® bl < Clialllibll, (2.14)
for all (a,b,c) e Band 0 < e <« 1.

In the local Fenichel coordinates M, correspond to the space a = b = 0 and the local
stable and unstable manifolds W5 *(M,) N D of M. correspond to the spaces b = 0 and a = 0,
respectively. Since system (2.1) is R-reversible, R maps W%(M,) onto Wi(M,) and vice versa.
Hence, ker(/ — R) N D corresponds to the space a = b. Finally, system

cy = K(c,0), c¢eR™, (2.15)
is equivalent to the slow reduced system (2.4).

In the canonical form (2.11) the dynamics of (2.1) is decomposed in an attracting a-direction,
a repelling b-direction and a slowly evolving c-direction.

2.3.3 The Exchange lemma

Through the Fenichel normal form (2.11) one observes that (2.1) exhibits attracting, repelling
and slow dynamics. Exchange lemmas [55, 57, 59, 102] provide a way to capture this combi-
nation of dynamics.

As mentioned before, we need to track solutions close to the orbit segment on the slow
manifold of the singular concatenation (2.9) in order to prove our main existence result. For
this reason we need the following exchange lemma, which is (naturally) stated in Fenichel
coordinates.
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Lemma 2.2. [102, Theorem 2.3] Let a, € R" with ||a.|| < A and let co(X) be a solution
to (2.15) such that co(X) € Up for X € [0,X] with X > 0. Let Z. for 0 < € < 1 be a
submanifold of R?"™™ of dimension n + I, where 0 < | < 2m — 1, satisfying the assertions:

i. Z={(@a,b,c,e):(a,b,c) € Z,} is itself a manifold;
ii. Zo meets the space b = 0 transversally at the point (a., 0, co(0)).

Denote by P.,0 < & < 1 the orthogonal projection of the I-dimensional manifold Z, N
{(a,0,¢) : a € R",c € Ur} on the space a = b = 0. We require in addition:

iti. Py is an [-dimensional manifold and the flow of (2.15) is not tangent to Py at cy(0).

Denote by Z; and Py the (n + L + 1)- and (I + 1)-dimensional manifolds obtained by flowing
initial conditions on Z. and P, forward in (2.11). Then, there exists a (n + [ + 1)-dimensional
submanifold Z, ; of Z} and an e-independent neighborhood U, C Ur of co(X) such that the
Hausdorff distance between Z, ; and the (n + [ + 1)-dimensional manifold,

{(0,b,¢) : b e R, c € PN U} C WiM,),

is O(e~¢/#), where C > 0 is independent of . Moreover, trajectories crossing Z1 . remain in
the box B — see (2.12) — during their excursion from Z to Z| .

2.4 Main existence result

In this section, we prove that close to the singular concatenation (2.9) there exists an actual
periodic pulse solution to (2.1), provided & > 0 is sufficiently small.

It is a well-known principle that close to a singular periodic orbit, constructed by piecing
together orbit segments of the fast and slow reduced systems in such a way that they form a
closed loop, one can find an actual periodic orbit, provided € > 0 is sufficiently small. In [110]
this is proved for a large class of slow-fast systems. However, an essential condition for the
result in [110] is that the slow components are constant in the fast reduced system. In our case
the slow p-components are non-constant along orbits in (2.2). Therefore, the result in [110] is
not applicable.

To our knowledge there is no existence result in the literature focusing on periodic solu-
tions in the large class of singularly perturbed systems (2.1) beyond the type of slow-fast
systems considered in [110]. However, for the Gierer-Meinhardt equations — see Remark 2.7 —
the existence of stationary, spatially periodic pulse solutions is proved in [25]. We emphasize
that the framework in [25] differs fundamentally from ours due to a difference in scaling in the
p-components and the fact that the u, p, v- and g-components are scalar. In Remark 2.5 we
elaborate in more detail on the scaling in the p-components.
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We prove the existence of periodic pulse solutions close to (2.9) in the class of systems (2.1) by
adapting and extending the techniques in [25, 110] — see Remark 2.4. The proof of our result
exploits the fact that every orbit that crosses the space ker(/ — R) twice, must be a closed loop.
Therefore, our approach is to start with a ‘good’ set of initial conditions in Z C ker(/ — R) and
track these conditions under the forward flow of (2.1) with the aid of the Exchange Lemma 2.2.
We show that the tracked trajectories remain close to the singular orbit (2.9). In particular, we
establish that the union of trajectories starting in Z intersects ker(/ — R) transversally in some
point P, which lies close to ¢y,(0, ug). The desired periodic solution is the one that crosses P..

Theorem 2.3. Assume (S1), (S2), (EI) and (E2) hold true. Then, there exists constants
C, uo, g0 > 0 such that for each € € (0, &o) there exists a solution ¢, ¢(x) to (2.1) satisfying the
following assertions:

1. Periodicity
Op e Is 2Lg-periodic, where |eL, — {o| < Ce.

2. Reversibility
We have ¢, o(x) = Rppo(—x) for x € R.

3. Singular limit
Define for 6 = ! the quantity Zy(g) := —0log(e). The solution ¢p.c approximates the
pulse as,
[[6p.:(0) = dn(x, uo)|| < CeZo(e),  x € [-Eole), Bale)], (2.16)
and it approximates the orbit segment on the slow manifold as,

[[#p.e () = (Urs(£2), 0)|| < Ce.,  x € [Eg(e), 2L — Egl(e)]. (2.17)

4. Exponential convergence to slow manifold
We have the estimate,

d(@p.(x), M) < Cetomintx2Le=x), (2.18)
Proof. In the following, we denote by C > 0 a constant, which is independent of €.

We start with constructing a good manifold of initial conditions in ker(/ — R). Denote

by e;,i € 1,...,m the unit basis of R". Let U be the (m X (m — 1))-matrix with column
VeCtors €1, ...,€; —1,€; +1,---,€n, Where i* is as in (E2). Consider the (m + n — 1)-dimensional
manifold,

Z = {(us(Lo) + u,0,v,0) : u € U[R™'],v € R"} C ker(I — R).
The intersection of Z and M equals,

Po = {(us(Lo) + u,0) : u € UR™ '} € ker(I — Ry).
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By assumption (E2) $y becomes under the forward flow of the slow reduced system (2.4)
an m-dimensional manifold ¥, which intersects 7_ = R [7] transversely at y(2£y) =
R5(0) = (o, —J (up)). Indeed, we have by condition (2.8)

1 0 u
0+ det( (Ds(f()y O)|: auj(u()) :| Hl (Ms(fo), 0, 0) 0 )
_ I DY) u
) det( 0.T (o) Hiluo,0,0) | PO 50)[ 0 ] ) (2.19)

- det( Hi(10,0,0) = 8, T uo)D}' T (o) | | ~0uT (o) 1 | 0,(0, fo>[ u ] )

where we use that ®(0, £o) induces an isomorphism between the tangent spaces of #;; at y5(£o)
and at y(0) and that the determinant of ®4(0, {y) equals 1.

Eventually, our goal is to show that the (m + n)-dimensional manifold Z obtained by flowing
initial conditions on Z forward in (2.1) intersects the (m + n)-dimensional manifold ker( — R)
transversally within R2"*" close to the point ¢;,(0, ug). The unique intersection point then
yields a periodic solution.

To describe the dynamics on Z; close to M, we apply Fenichel theory — see §2.3. We
choose a compact submanifold M, of M that contains the projection of the singular or-
bit (2.9) on M, i.e. let M be a compact 2m-dimensional submanifold of M such that M,
serves as a neighborhood of the orbit segment {¥(X) : X € [0,2£y]} and of the projection
{(uo, fox Hj(ug, va(z, up))dz) : x € R} of the pulse ¢y (x, up) on M.

By assumption (S2) My is normally hyperbolic. So, according to Fenichel theory, My
perturbs, for € > 0 sufficiently small, to a manifold M., which is diffeomorphic to M, and
locally invariant for the dynamics of (2.1). In addition, M, has Hausdorff distance O(e~¢/%) to
M.

To track solutions on Z; we apply the Exchange Lemma 2.2. By switching to Fenichel
coordinates in the neighborhood D of M, — see §2.3.2 — it is readily seen that Z c ker({ — R)
intersects the local stable manifold Wj(Moy) N D of M in the fast reduced system (2.2)
transversally at (¥({y), 0). Moreover, the slow reduced flow (2.4) on M, is not tangent to P
at Y5(€o) by (2.19). We conclude that the conditions for the Exchange Lemma 2.2 are satisfied.

Denote by £, ¢ M, the (m — 1)-dimensional manifold, where Z and the local stable manifold
Wi(Ms) N D meet transversally. Moreover, let P; c M, be the m-dimensional manifold
obtained by flowing initial conditions on . forward in (2.1). Finally, we denote by

Y. = ) Whip) c wim),
peP;

the union of unstable fibers in (2.1) with base points in £; € M,.. Note that Y, is locally
invariant in (2.1) by Fenichel fibering — see §2.3.1. By the Exchange Lemma, there exists an
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(m + n)-dimensional submanifold Z; . of Z; and an e-independent neighborhood D; ¢ D of
(¥5(2€p), 0) such that the Hausdorff distance between Dy N Y, and Z, . is O(e~¢/¥). Moreover,
trajectories crossing Z; . remain in D during the excursion from Z to Z; ..

We aim to show that the (m + n)-dimensional manifold Y, intersects ker(I — R) transver-
sally. Then, by the above closeness estimate the same holds for the (m + n)-dimensional
manifold Z7, c Z; obtained by flowing Z; . forward in (2.1). Therefore, we determine
the singular limit Y, of Y. First, recall that P, intersects 7 transversely at ¢/5(26p). Sec-
ond, the unstable manifold W(Mo) of Mo in (2.2) intersects ker(/ — R) transversely in an
m-dimensional manifold Sy := {¢4(0, u) : u € Uy} by assumption (E1). The a-limit set of Sy
equals the touch-down manifold 7_ in M. We now put these two items together and conclude
that the (m + n)-dimensional union,

Yo = ) Wite) € WiMo),

$EP;

of unstable fibers in (2.2) with base points in ¥ intersects the (m + n)-dimensional manifold
ker(I — R) transversally in the point ¢(0, ug).

By Fenichel fibering — see §2.3.1 — the manifolds Y, and Y, have Hausdorff distance O(g) in
a neighborhood of the intersection point ¢y,(0, up). Therefore, provided & > 0 is sufficiently
small, Y, intersects ker(/ — R) transversally in some point Py ., which lies O(g)-close to
én(0, up). Denote by ¢ -(x) the solution to (2.1) with initial condition ¢y (0) = Pp.

Since ¢y (x, ug) converges to (¥(2£y),0) € M as x — —oo, there exists xy > 0 such that
¢n(—xo, up) is contained in the neighborhood D; C D of (¥(2¢y), 0). Hence, since ¢y, (0) is
O(e)-close to ¢p(0, up) and x is independent of &, one derives via Gronwall type estimates
that ¢ -(—xp) is contained in D; N Y. Recall that the outcome of the Exchange Lemma is
that Y, has HausdorfF distance O(e~¢/?) from Z . in the neighborhood D of ¢y, -(—xo). Thus,
using x is e-independent, we infer, again via Gronwall type estimates, that the Hausdorff
distance between Y, and ZT,g is O(e™¢/?) in a neighborhood of ¢y, -(0). Therefore, Z‘;,S
intersects ker(/ — R) transversally in some point P, ., which is O(g)-close to ¢,(0, up). The so-
lution ¢, -(x) to (2.1) with initial condition ¢, .(0) = P, is the desired periodic orbit. Indeed,
¢p.s(x) crosses ker(/ —R) at x = 0 and at some point x = —L, < 0, since ¢, . is contained in ;.

All that remains to show is the four assertions in the theorem statement. The second as-
sertion is immediate, since ¢, .(0) € ker(/ — R). The other assertions require more work.

We start by estimating ¢,, . with the pulse solution ¢y, to the fast reduced system (2.2). Since
#p.6(0) is O(e)-close to ¢, (0, up), we approximate

(| bp.e(x) — dn(x,up)|| < Ce,  x € [~x0,0]. (2.20)

Next, we obtain decay estimates of ¢, .(x) to the slow manifold. Without loss of generality
we may assume ¢, .(x) is in D for x € [~L,, —xo]. Thus, we may express ¢, -(x) in Fenichel
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coordinates as (}p,g(x) = (ap (%), bp £(X), Cpe(X)) = Pelpe(x)) for x € [-Lg, xp] — see §2.3.2.
By [57, Corollary 1] the estimates (2.13) yield a uy > 0, independent of &, such that

llapc(0)ll < Ce e, b ()l < Ce™* ), x € [~Le, =xo]. 221

We prove the fourth assertion. First, M, corresponds to the space a = b = 0in (2.11). Second,
M, has HausdorfF distance O(e~/¢) to M, c M. Third, the coordinate transform ¥, is C'.
Combining these items with estimate (2.21) yields the fourth assertion.

We prove the third assertion. We express the pulse solution ¢, to the fast reduced sys-
tem (2.2) in Fenichel coordinates as ¢n(x) = Wo(dn(x, up)) for x < —xo. Observe that ¢, (x)
satisfies (2.11) for ¢ = 0 and lies in the unstable space a = 0. Consequently, we can
write @n(x) = (0, by(x), cp), where ¢ is a constant in Ur and by(x) satisfies the equation
b, = B(0,b, co,0)b, where B is as in (2.11). Clearly, b,(x) converges exponentially to O as
x — —oo. By estimate (2.20) and C'-smoothness of ¥, in &, it holds

[[@p.s(=x0) = dn(—x0)|| < Ce. 2.22)

Using estimates (2.14), (2.21) and (2.22) we obtain,

llep.e(x) = coll < f h (K (cp. e, ) + [[H(@p.e(r), £)(ap.c(v) ® b)) dy

+ ”Cp,s(_x()) = <ol (2.23)
< CSEQ(&‘),

for x € [-Eg(g), —xo]. The difference g.(x) = b, .(x) — bp(x) satisfies an inhomogeneous
equation of the form,

8x = Ag(x)g + hs(x)’
where A.(x)gs(x) = B(¢n(x), 0)g:(x) + (B(0, by o(x), co, 0) = B(@n(x),0))bpo(x) and hy(x) =
(B((Zp,g(x), &)= B(0, by ¢(x), cg, 0))by, o(x). Taking x larger if necessary, estimates (2.13), (2.21)

and (2.23) yield Re(A.(x)) < —po and ||h.(x)|| < CeEy(e) for x € [-Ey(e), —x0]. Therefore,
we conclude using (2.22) that,

1Dp.e(x) = br(x)l| < CeBy(e),  x € [-Eg(8), —X0]. (2.24)

Estimate (2.16) now follows from C'-smoothness of P! in & together with estimates (2.20),
(2.21), (2.23) and (2.24).

We prove (2.17). By (2.14) and (2.21) we have,
([H(Bp.0(x))(@p.o(x) ® by o(x))]| < Ce™ b, x € [~Ly, —xo].

Therefore, using Gronwall type estimates, there exists a solution (0, 0, ¢ -(x)) on the invariant
manifold M, C {a = b = 0} satisfying d,c = €K(c, &), which is O(e#°%)-close to Cp,s(X)
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for x € [-Lg, —x0]. The solution ¢, .(x) is to leading order described by a solution c;(X) to
0¢c = K(c,0). This results in the estimate,

licp.e(x) = cso(ex)ll < Ce,  x € [=Lg, —x0]. (2.25)

Estimates (2.23) and (2.25) imply ¢,0(0) = co. On the other hand, we have Wo((¥5(2¢y), 0)) =
lim,_,_e dn(x) = (0,0,cq). Since system dyc = K(c,0) corresponds to the slow reduced
system (2.4), we have ¥ 1,0, ¢50(X))) = (WYs(X + 24p), 0) for &% € [-L,,0]. Hence, by
C'-smoothness of ‘I’;l in g, R-reversibility of ¢, .(x), estimates (2.21) and (2.25) and the
inequality 6 > ug !, we conclude estimate (2.17) holds true.

Finally, we prove the first assertion. On the one hand, we have p,({y) = 0 and p({y) =
H(us(£y),0,0) # 0 by (2.19). On the other hand, it holds ||ps(eLy)l| < Ce by (2.17).
Thus, an application of the inverse function theorem and the mean value theorem yields
leLs — €p| < Ce. a

Remark 2.4. Although the framework in [25, 110] is different, the idea to track solutions close
to the slow manifold with the aid of an appropriate exchange lemma is the same. However, in
contrast to [25, 110], we need an exchange lemma that works for systems having non-constant
slow components in the fast reduced system — see [102, Section 2.5]. Moreover, as in [25], we
exploit that system (2.1) is R-reversible. Yet, transversality arguments differ from [25], since
our class of systems admits multidimensional components. ]

Remark 2.5. In principle, the existence problem could also be put in slow-fast form by
introducing p = & '?Dyu, instead of p = & 'Dju,. Then the p-equation reads p, =
&2H\(u,v,€) + £'/2H,(u,v). This is done in existence analysis of periodic pulse solutions
in the Gierer-Meinhardt equations in [25]. The equation for the p-components in the slow
reduced system (2.4) would be py = 0 in that case. This makes the construction of the desired
singular periodic orbit, performed in §2.2.2, impossible. Therefore, the scaling regime in (2.1)
is the most natural for our set-up. In [25] one avoids setting € = 0 in the existence analysis
and makes a distinction between slow and ‘super-slow’ behavior. We emphasize that in the
spectral stability analysis in Chapter 5 we adopt a similar scaling regime to put the eigenvalue
problem in slow-fast form, which is required for an application of the Riccati transform — see
also Remark 1.4. [ ]

Remark 2.6. As mentioned in §1.4.1, our model (1.9) is a reaction-diffusion system (1.1) that
allows for semi-strong interaction (1.8), with the extra condition that G vanishes at v = 0. For
general G, consider a 2n-dimensional compact submanifold My of {(«, p,v,0): G(u,v,0) =
0} c U xR™ x V x R". By Fenichel theory [34] M perturbs, for &£ > 0 sufficiently small, to a
locally invariant manifold M, in (2.1). This manifold M, is diffeomorphic to M, and lies at
Hausdorff distance O(¢) from My. When M, can be given as a graph over (u, p) € U X R™,
the same holds for M. Thus, in that case one can change coordinates in (2.1) relative to M,
and we obtain M, = My C {(u, p,0,0) : u € U, p € R™}. Therefore, in the existence analysis,
the condition that G vanishes at v = 0, corresponds to an a priori coordinate change in (2.1).
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However, one introduces more than additional technical difficulties in the spectral stability
analysis when G does not vanish at v = 0. Indeed, without relative coordinates, we do
not achieve estimate (2.18), which is essential in our stability analysis. However, applying
the coordinate change to equation (1.9) changes its structure fundamentally. In the new
coordinates (1.9) is not even of reaction-diffusion type. Hence, we expect that the spectral
analysis differs essentially, when G does not vanish at v = 0. This is an interesting subject of
future research, especially since it includes the possibility of localized patterns with oscillatory
tails [11, 30], but is outside the scope of this thesis. [ ]

Remark 2.7. As mentioned in the introduction in Chapter 1 the class of equations (1.10)
includes the generalized Gierer-Meinhardt equations,

2. _ 2 fllvﬂl
E U = Uyy —E UU + &u N
* (u,v) e R%, x € R, (2.26)
Ve = Vep — V + U2,

with parameters @; € R, @z < 0,812 € Z.; and p > 0 satisfying,

(@1 = D(B2—1)—ap > 0.

Indeed, it is not difficult to verify that assumptions (S1), (S2), (E1) and (E2) hold true
for (2.26). Thus, Theorem 2.3 reconfirms the existence result of periodic pulse solutions
to (2.26) proved in [25]. [ |

2.5 Existence in the slowly nonlinear toy problem

In this section, we explicitly construct a singular periodic orbit in the slowly nonlinear toy
problem

&y =y — az,u sin(u) — 8(1/21/2 + V3V3),
2 (u,v) eR*, xeR, (2.27)

Vi =V —V+ ——

fw’

with u > 0,v,,v3 e Rand f: R — R, at least C3. We then evoke Theorem 2.3 to prove the
existence of an actual periodic solution close to the singular one.

For the toy problem (2.27) the fast reduced system reads,

u, =0,

Px = 1/21/2 + V3v3,

— (u, p,v,q) € R%. (2.28)
v2

qx =



39 CHAPTER 2. EXISTENCE ANALYSIS

For any u > 0, the governing subsystem,

Vx =4,

V2 (v,q) € R2. (2.29)
- m
of (2.28) is Hamiltonian and has a hyperbolic saddle in (0, 0). By a phase-portrait analysis
one observes that (2.29) admits for any # € R a homoclinic solution to (0, 0). By integrating

equation (2.29) an explicit expression for this homoclinic can be found. This results in the
pulse solution to (2.28) given by,

4x =V

$n(x, 3 v2,v3) = (u f (v ) + V3O 10))) e vz ), vz )|
0

with vy (x, u) = % f (u)sechz(%x). Consequently, the take-off and touch-down curves on the
slow manifold M are given by,

T =, T v2,v3) s u € 0,m), T va,v3) = 2(fw)’ (5va + 6v3f(w)).
The slow reduced system,

Uz = p,

. (u, p) € R?,
px = psin(u),

is also Hamiltonian and can be integrated. This leads to the family of bounded solutions given
by the (4K (k)u~'/?)-periodic Jacobi-amplitude functions,

Yok, o) = (ug(0), (), ug(Xk, ¢, p) = 2Am (—k Via(x — o), k) + 7, (2.30)

parameterized over k € (0, 1), where K(k) is the Jacobi complete integral of the first kind. The
constant ¢ € R with || < K(k)u~'/? corresponds to the initial translation on the orbit of . In
addition, we take

21+ DK®)

lo = to(k,L,c,p) = c+
Vi

0, 2.31)

where [ € Z( such that it holds u/(€y; k, c, ) = 0.

Constructing a singular periodic orbit now reduced to connecting the solution ¥, with the
take-off and touch-down curves 7, i.e. finding values for y, k, ¢, v», v3 such that,

T ws(0; k, ¢, 1), v2, v3) = uz(0s k, ¢, ),

Such values can be easily found with a computer software programm like Mathematica. If we
have found such values, the singular periodic orbit is given by,

$po = {Ws(X &k, c, 1), 0) = X € (0,260)} U {pn(x, us(0; k, ¢, 1); v2,v3) : x € R},
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One readily observes that (S1), (S2) and (E1) are satisfied. For (E2) to hold true, we require
that the transversality condition

j’(uS(O; k’ C7 #)’ V2’ V3)M;(0, k’ C7 /l) - /-l Sin(us(o; k7 C’ /’l)) ¢ 07

is satisfied. Now, it follows from Theorem 2.3 that an actual periodic solution to (2.27) lies in
the vicinity of the singular orbit ¢, .



Chapter 3

Stability results

3.1 Introduction

In this chapter we present the outcomes of our spectral stability analysis performed in Chap-
ter 5. We assume that conditions (S1), (S2), (E1) and (E2) hold true. Then, Theorem 2.3
provides a reversibly symmetric, 2L,-periodic pulse solution ¢, .(x) to (2.1). This yields a
stationary, periodic pulse solution zfﬁp,g(x) = (up (%), vpe(x)) to system (1.10). We denote by
qvﬁp,g()vc) the corresponding solution to the rescaled system (1.9). The stability of qvbp,g is deter-
mined by the spectrum of the linearization £, of (1.9) about J)p,g. The (critical) spectrum of
the periodic differential operator £ is a union of curves parameterized over the unit circle S
by Floquet theory. Due to translational invariance one of these curves is attached to the origin.
The spectral curves can be located by tracing the zeros of the analytic Evans function [38].

When the spectrum of L, is confined to the left half-plane and bounded away from the
imaginary axis, except for a quadratic tangency at the origin, it is known [58, 101, 104] that the
periodic pulse Jap,g is nonlinear diffusively stable as solution to (1.9). Verifying such spectral
conditions is in general very hard, especially for multi-component systems. However, as men-
tioned in the introduction in Chapter 1, the presence of the small parameter £ in (1.9) provides
a mechanism to reduce complexity. In the singular limit the Evans function corresponding to
the full problem decomposes as a product of a slow and a fast Evans function. The analytic
fast and meromorphic slow Evans function are defined in terms of simpler, lower-dimensional
eigenvalue problems. The spectrum of £, can be approximated by the roots of the fast and
slow Evans functions. This approximation mechanism provides asymptotic control over the
spectrum. However, the critical spectral curve attached to origin shrinks to the origin in the
singular limit. Thus, our approximation result is unable to determine the spectral geometry
about the origin and asymptotic spectral control is insufficient to establish nonlinear stability.
Therefore, we complement our analysis with an expansion of this critical spectral curve.

41
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We start this chapter by linearizing (1.9) about ¢, . and characterizing the spectrum of the
linearization £, via Floquet-Bloch decomposition. Then, we provide conditions on the
spectrum of £, yielding nonlinear stability. Subsequently, we introduce the analytic Evans
function and reformulate the spectral stability conditions in terms of this function. Next, we
state our two main spectral approximation results: the slow-fast decomposition of the Evans
function in the singular limit and the expansion of the critical spectral curve. These two results
then lead to explicit criteria yielding stability and instability of the periodic pulse solution (Zﬁp,g
in terms of simpler, lower-dimensional eigenvalue problems. Finally, we further simplify these
criteria in the case n = 1 or m = 1 and we illustrate our results by explicit calculations in the
slowly nonlinear toy problem (2.27).

3.2 Linearizing about the periodic pulse solution

We linearize system (1.9) about ép,g and obtain the periodic differential operator £, on
Cuwp(R, R™") with domain Cﬁb(R, R™*" given by

Loy = Dopzz — By,

with
(D 0
b= 2, )
and
vy . auI_Il (‘Z’p,s’ 8) + g_lauHZ(ép,s) ale (‘zp,a‘» 8) + 8_1817H2((;Sp,6)
o0 "( 0,G(Bpe ) 3,G(per©) - G

where we suppress the X¥-dependence of Jﬁp,g. Here, Cﬁb(R, R™*) denotes the Banach space
of k times continuously differentiable functions, with derivatives up to order k bounded and
uniformly continuous. It is endowed with the supremum norm,

k
=" Jl@o's]., -
i=0

Note that £, is closed, densely defined and sectorial by [72, Corollary 3.1.9.ii] and [44,
Theorem 1.3.2].

3.2.1 Floquet-Bloch decomposition

By Theorem 2.3, L, is a 2{.-periodic differential operator, where £, := €L, — {yase — 0
with €y > 0 defined in (E2). Therefore, Floquet-Bloch decomposition [38] of L, yields
a family of closed and densely defined operators £, . on le)er([O, 2£,],C"™*") with domain
H2..([0,2¢.],C"™*™") given by

v

2
255) V=8B, vel-mmn],

Lv,slr// =D, (a} -
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where Lger([O, 2¢.],C™") is the space of Lz-integrable functions that are 2¢,-periodic and
ngr([O, 2¢.], C™*) is the subspace of le)er([O, 2¢.], C"*™) of functions that have weak deriva-
tives up to order 2. By the Rellich compactness theorem the space ngr([O, 2¢,],C"™MY is
compactly embedded in Lger([O, 2¢,], C"*™). Therefore, L, . has compact resolvent. Conse-
quently, its spectrum is discrete and consists entirely of eigenvalues. The spectrum of £, is

given by the union,

(L= ) oL (3.2)

ve[—n,n]

Indeed, if A € (L, ) is an eigenvalue and ¢ € ngr([O, 2¢.], C™*") denotes the corresponding
eigenfunction, then the natural extension of ¢(¥)e™"¥%) to R yields an eigenfunction of
L. Conversely, given 1 € o(L,), there exists by Floquet theory a y € S' and a corre-
sponding eigenfunction i € Cib(R, C™*) satisfying y(X) = yy(x + 2¢,) for all X € R. The
restriction of y(¥)e™¥/?%) to [0,2¢,] is the eigenfunction of £, ., where ¢” = y. The spectral
decomposition (3.2) gives rise to the following definition.

Definition 3.1. Letv € [-m,n]andy = ¢ € S!. A point A € 07(L,,) is called a y-eigenvalue
of L. The algebraic multiplicity of A as an eigenvalue of L, . is the algebraic y-multiplicity
of A.

3.3 Nonlinear stability by linear approximation

In this section we collect nonlinear (in)stability results from the literature. More precisely, we
present conditions on the spectrum of the linearization £, of (1.9) about (}p,b\ yielding some
form of nonlinear stability or instability.

3.3.1 Spectral conditions yielding nonlinear stability

By translational invariance, 0 is always a 1-eigenvalue of £,. Indeed, the restriction of
the derivative é;yg(fc) to [0, 2£,] is contained in the kernel of Ly.. If we assume that 0 has
algebraic 1-multiplicity 1, then there exists by the implicit function theorem a spectral curve
Ag: Uy, — C, where U, C [—r,n] is a neighborhood of 0, such that 4.(0) = 0 and 4.(v) is a
e -eigenvalue for v € U,. By assuming that this critical spectral curve touches the origin in
a quadratic tangency and the rest of the spectrum is confined to the left half-plane, bounded
away from the imaginary axis, we establish some form of nonlinear stability. This leads to the
following definition.

Definition 3.2. The periodic pulse solution ép,g to (1.9) is spectrally stable if O is a simple
eigenvalue of L. and there exists ¢ > 0, possibly dependent on &, such that

Re(1:(v)) < —¢V?, veU,,
o(L)\ 4[U] c{1eC:Re() < —¢}.
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Spectral stability of qvbp,g implies nonlinear diffusive stability of ¢, . with respect to localized
perturbations. In addition, an initial displacement of the periodic pulse can be tracked for large
times.

Theorem 3.3. [101, Theorem 1] Suppose (Ep,g is spectrally stable. Take b € (0, v%). There are
0,C > 0, possibly dependent on &, such that the following holds. The solution ¢(x,t) to (1.9)
with initial condition,

G(X, 0) = Gp (X + 6p(X) + vo (),

with vo € H*@R,R™") and 6y € H>(R,R) satisfying ||00pllz, vopllgz < 8 with p(¥) = (1 +
¥2)312, exists for all times t > 0 and can be written as

X, 1) = p (X + O(X, 1) + (X, 1), >0,

where 8: R X (0,0) = Rand v: R X (0,00) — R™". There exists a constant Oy, € R such
that

sup [10(%, 1) = GimG(E, D] + (X Dl < C(L+ 077, 1> 0,

XeR

where G is the Gaussian,

1 @
G )\(/,', t) — e—x /(4(1/(l+t)),
( dan(l +1)
with a := =A7(0). In particular, we have

sup [|¢(X, 1) — dp.e (X + BimG(X,1)|| < C(L+ 7P, 1> 0.
XeR

The above result is to be compared with [104, Theorem 1.1]. Here, the class of allowed pertur-
bations is larger, i.e. one requires vop € H'/>*?(R, R"*") with p(¥) = 1 + ¥>. However, in [104]
one obtains a weaker decay bound of the form sup, g, [[V(¥, 1)l < C(1+£)~/2. Moreover, in [58]
pointwise nonlinear estimates are obtained with respect to perturbations vy € H*(R, R"™")
satisfying ||[vo(%)|| < Eoe‘iz/M or [|[vo(X)|| £ Eo(1 + |X])™" for some M > 1,r > 2 and E; > 0.
The decay rates obtained in [58] are comparable to those in Theorem 3.3, yet they are more
specific, since they depend pointwise on X. Finally, we emphasize that both in [58] and [104]
one does not consider an initial displacement in time in contrast to Theorem 3.3.

As mentioned in the introduction of this chapter, verifying spectral stability is in general
very hard. The main outcome of our spectral analysis is explicit conditions in terms of simpler,
lower-dimensional eigenvalue problems that yield spectral stability of qv)p,g —see §3.7. This
reduction of complexity is achieved by a slow-fast decomposition of the Evans function in
the singular limit and an expansion of the critical spectral curve A.(v) — see §3.5 and §3.6,
respectively.
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3.3.2 Spectral conditions yielding nonlinear instability

Spectrum of £, in the right half-plane yields nonlinear instability of the periodic pulse (Zp,g
against localized and non-localized perturbations.

Definition 3.4. The periodic pulse solution qvbp,g to (1.9) is spectrally unstable if there exists
A € o(L,) with Re(2) > 0.

Theorem 3.5. [75, Section 4] Let X = H*(R,R"™™") or X = Cib(R, R™™M), Suppose the
periodic pulse solution (;)p,g to (1.9) is spectrally unstable. Then, there exists 6 > 0 and a
sequence of solutions ¢,(%,1),n € Zq to (1.9) satisfying ¢,(-,0) — ép,g € X such that

(|81, 0) = dpel |y, = O asn — oo,
but for all n € Z there exists t, > 0 such that

”(ZS,,(-, ty) — (Zp,s”X > 6, in the case X = H*(R,R™™),
éfel]lg ||¢v5n(', 1) = Gp.e(- + 9)||X > 6, in the case X = C%,(R,R™™).

Uu

We emphasize that in the case of non-localized perturbations, it is important to measure the
distance from the perturbation to the family of all translates of the solution rather than to the
solution itself. Indeed, any translate (ip,g(- + 6) corresponds to a non-localized perturbation.
Yet, such a translate is a solution to (1.9) itself. Thus, (}p,g is never stable against translation of
the profile. We stress that the #-terms in Theorem 3.3 account for translation of the profile.

Using the outcomes of our spectral analysis, we obtain explicit conditions in terms of simpler,
lower-dimensional systems yielding spectral instability — see §3.7. In particular, in the case
n =1orm = 1, we can test for instability by calculating the signs of a number of explicit
integral expressions — see §3.8.

3.4 The Evans function

In this section we introduce the Evans function as a tool to locate the spectrum of the lineariza-
tion L. Recall from §3.2.1 that a point A € C is in the spectrum of £, if and only if there
exists ¥ € Cih(R, C™*y such that L, = Ay. The latter equation can be rewritten as an ODE
in the ‘small’ spatial scale x = ™' ¥ as follows

Ox = ﬂa(xs /1)90’ Y= (u’ p,v, Q) € C2(1n+n)’ (33)
with coefficient matrix,

Ane(x, ) Apex)

A= Rpled )
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where the blocks are given by

b 0 le‘]
A e(x, ) = ( & (0uH 1 (Bpo(x).8) + A) + O, Hy(Gpe(x)) O )
0 0
Alz,e(x) := ( gale((;}p’g(x), s);r 3VH2($p,s(x)) 0 )’ (3.4)
A e(x) = ( HMG(lip,g(x)’ g 0 )’
0 Dy!
Ape(x, A) = ( 0,G(Bp(x),8) + A 5 ),

and (ip,g(x) = (Up,e(x), vp £(x)) is the 2L-periodic pulse solution to (1.10). We will refer to (3.3)
as the full eigenvalue problem. By Floquet Theory bounded solutions to (3.3) must satisfy
o(=L,) = yo(L,) for some y € S'. This fact leads to the definition of the Evans function.

Definition 3.6. Denote by 7.(x,z, 1) the evolution operator of system (3.3). The Evans
function E;: C x C — Cis given by

E(A,y) :=det(T:(0,—Lg, 1) — yT (0, L, 2)).

Proposition 3.7. The Evans function has the following properties:
1. The Evans function is analytic in both A and y;

2. We have A € (L) if and only if there exists y € S such that E,(A,y) = 0. In that case,
Ais ay-eigenvalue and its algebraic y-multiplicity is equal to the multiplicity of A as a
root of Eg(:,y);

3. It holds E.(A,y) = 88(1 y) for A,y € C. Thus, the spectrum o(L,) is invariant under
complex conjugation;

4. We have E4(1,y) = EA, 7)™ for L € Candy € S'. Thus, Ais a y-eigenvalue if
and only if it is a y-eigenvalue.

Proof. The first two properties are established in [38]. Since (3.3) is a real-valued problem
for A € R, the third property follows by the reflection principle. Finally, since ¢, . is reversibly
symmetric by Theorem 2.3, the eigenvalue problem (3.3) is R-reversible at x = 0, i.e. it holds
RT :(x,y, VR = T(—x, -y, ) for x,y € R. This yields the fourth property. O

Proposition 3.7 shows that the spectrum o(£,) is an at most countable union of curves, each of
which is covered twice by the unit circle S'. The endpoints of the curves are +1-eigenvalues.
Proposition 3.7 and the implicit function theorem yield the following reformulation of the
concept ‘spectral stability” introduced in §3.3.
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Corollary 3.8. The periodic pulse solution qvbp,g to (1.9) is spectrally stable if and only if
i. E(A,y)# 0forallye St and A € C\ {0} with Re(d) > 0;
ii. £:0,v)#0forallye S\ {1};

iii. 0,84(0,1),,E4(0,1) < 0.

3.5 The Evans function in the singular limit

In this section we present one of the main outcomes of our spectral stability analysis. We
obtain an explicit reduced Evans function Ey(4,y), whose zeros, for y restricted to S L ap-
proximate the zeros of the Evans function E,(4, y), provided that £ > 0 is sufficiently small,
yielding asymptotic control over the spectrum. The reduced Evans function is defined in
terms of three simpler, lower-dimensional eigenvalue problems. Therefore, the verification
of the first spectral stability condition in Corollary 3.8 simplifies to a calculation of the roots
of the reduced Evans function, which does not require understanding of the full eigenvalue
problem (3.3), but rather of three simpler, lower-dimensional eigenvalue problems. Thus,
when proving spectral stability, understanding of the full eigenvalue problem (3.3) is only
necessary for A close to the origin. The results of this local analysis are presented in §3.6.

This section is structured as follows. First, we define the reduced Evans function in terms
of three eigenvalue problems, which are obtained by a slow-fast decomposition of the full
eigenvalue problem (3.3). Then, we state our main result concerning the approximation of
the zeros of &, by the ones of &y. Finally, using this approximation result, we simplify the
verification of the first spectral stability condition in Corollary 3.8.

3.5.1 The reduced Evans function
The reduced Evans function & is only defined on half-planes C, of the following form.
Notation 3.9. For every A < 0 we denote by C, the open half-plane,
Ca :={1€C:Re(1) > A}.
The reduced Evans function &y: Cp X C — C is defined as the product,

Eo(4,y) = (=9)"Epo(DEs (A, ). (3.5)

Here, the analytic map Ey: Cp — C s called the fast Evans function. It is associated with
the homogeneous fast eigenvalue problem,

@ = Ano(x, up, D, ¢ € C™, (3.6)
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with

0 D;!
0,G(u, vo(x,u),0)+1 0 J°

Recall that Uy, v (x, u), 4y = us(0) and uy(X) are defined in (E1) and (E2). System (3.6) arises
as an eigenvalue problem, when linearizing v, = D,v,, — G(up, v, 0) about the standing pulse
solution vy (x, up). Indeed, equation (3.6) is equivalent to Lyp = Ay, where Ly: L*(R,R") —
L*(R,R") is the closed, densely defined and sectorial operator — see [72, Theorem 3.1.3]
and [44, Theorem 1.3.2] — with domain H%(R, R") given by

A o(x,u, ) := ( u € Uy.

Ly = Dyvy — 8,G(ug, vu(+, tg), O)v. 3.7

We establish the existence of the fast Evans function.

Proposition 3.10. There exists A < 0 and an analytic map Ero: Cp — C, which has a zero
if and only if (3.6) admits a non-trivial, exponentially localized solution. In particular, the
multiplicity of a root 1 € Cx of Ero coincides with the algebraic multiplicity of A as an
eigenvalue of the sectorial operator Ly, defined in (3.7).

The slow Evans function E;p: [Ca \ 8}})(0)] X C — C is determined by two eigenvalue
problems. The first is the inhomogeneous fast eigenvalue problem,

0 X = A o(x, u, VX + Az o(x, 1), X € Matyuy,(C), (3.8)
with

0 0

HAay,0(x, u) 5=( 0,6 wm(e..0) 0 ] H € Up.

The matrix system (3.8) describes the dynamics in the limit & — 0 of the full eigenvalue
problem (3.3). The second is the slow eigenvalue problem,

Dyuy = p,

2m
pi = OuHr(s(9,0,0) + pu, P EET (3.9)

which arises as an eigenvalue problem when linearizing system u, = Dyuzz — H;(u, 0, 0) about
the stationary solution u(¥) in L2 ([0,2£,]). Let A < 0 be as in Proposition 3.10. The slow

per

Evans function Eg: [Ca \ 8}})(0)] X C — C is defined by
Eso(d,y) = det (T(ug, VT (260, 0, ) — yI), (3.10)

where £y > 0 is as in (E2), 74(X,¥, 1) is the evolution operator of the slow eigenvalue
problem (3.9) and T'(u, A) is given by

1 0
‘Y’(u,/l)z( G ) I ),

G, ) = f ) [0 Ho(ut, vi(x, 1) + Oy Ho(ut, vi(x, 1)) Vin(x, 1, )] dx,

00

u € Uy, 3.11)
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where V;,(x, u, ) denotes the upper-left (nxm)-block of the unique matrix solution X;,(x, u, 1)
to the inhomogeneous fast eigenvalue problem (3.8). We collect some properties of the slow
Evans functions &; .

Proposition 3.11. The slow Evans function Es: [Ca \ 8}})(0)] X C — C is well-defined and
enjoys the following properties:

1. &, is analytic on its domain;

2. Es0(,y) is meromorphic on Cy for eachy € C in such a way that the reduced Evans
function &y is analytic on its domain;

3. E50(4, ) is a polynomial of degree 2m and it holds Ey(A,y) = 72’"85,0(/1, y) for each
A€ Cp \8;})(0) andyeS';

4. The set of roots,

| Jtaecn: &y =0),
yes!

is bounded.

The analytic reduced Evans function is defined as the product (3.5) of the meromorphic slow
Evans function and the analytic fast Evans function. Thus, when determining the zeros of
&Eo(+,y) one should be aware of the possibility of zero-pole cancelation at all points in 8}’})(0).
The next proposition focuses on this issue.

Proposition 3.12. Let A, be a simple zero of &o. Then, A, is also a zero of Ey(-,y) for any
v e Stifit holds

f 8 H(1to, (s 10)p1 ()2 = O, (3.12)

where @, (x) = (@a,.1(X), A, 2(X)) is a non-trivial, exponentially localized solution to (3.6) at
A=A, or

f ¥2,2(2)"0,G(up, v(z, up), 0)dz = 0, (3.13)

where Y, (x) = (Y,.1(x), ¥4, 2(x)) denotes a non-trivial, exponentially localized solution to
the adjoint equation,

@r = —FAno(x, up, ), @ € C™, (3.14)

of (3.6)at A = A..
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The orthogonality relations (3.12) and (3.13) imply that there is no zero-pole cancelation.
However, the converse is not true as pointed out in §3.8.4. One can show that the integrals in
the right hand sides of (3.12) and (3.13) appear as one of multiple factors in the principal part
of the Laurent expansion of &;(,y). Although it is possible to write down the singular part
of the Laurent series of &, (-, y) explicitly at a zero A € 8;’})(0), we decide to postpone this
to §5.1.2 for the benefit of exposition, since the involved expressions are rather complex (except
in the case m = 1 — see Proposition 3.28). Eventually, these principal parts provide a tool to
determine precisely whether zero-pole cancelation occurs or not. Therefore, Proposition 3.12
is weaker — but better digestible — than the statements in §5.1.2.

Remark 3.13. Note that the fast eigenvalue problem (3.6) at 1 = 0 equals the variational
equation,

@ = Ar(X)p, @eC™, (3.15)
about the homoclinic solution ¥, (x, up) to (2.3) at u = uy with

0 D!

Ar(x) :z(avG(uo,vh(x,uo),O) 0 ) u € Up.

Therefore, the derivative of the homoclinic solution 9,y (x, up) is a non-trivial, exponentially
localized solution to (3.6) at 2 = 0. Thus, it holds &0(0) = 0 by Proposition 3.10. Now
assume 0 is a simple root of Er. Since, we have

f 0, H> (ug, vi(x, u9))0vh(x, up)dx = 0,

there occurs no zero-pole cancelation at 4 = 0 by Proposition 3.12. We infer &y(0,y) = 0 for
each y € S'. The latter corresponds to the existence of the critical spectral curve attached to
the origin — see §3.5.3. [

The proof of Propositions 3.10, 3.11 and 3.12 are provided in §5.1.

3.5.2 The spectral approximation result
We state our main result concerning the approximation of the zeros of &, by the ones of &y.

Theorem 3.14. Let A < 0 be as in Proposition 3.10. Take a simple closed curve I in Cp \ Ny,
where

No:= | Jt1ecn: &y =0).

yes!

Then, for € > 0 sufficiently small, the number of roots (counting multiplicity) of Eo(:,y) and
E4(-,y) interior to T coincides for anyy € S'.
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C e C
- &)
[ J
- PQ . - F2
o(L:)
Ty Ty
U,es1 Es(-7)71(0) o(Le)
(a) Spectrum in the limit € — 0 with disjoint (b) The true spectrum remains in the interior of
contours I'; and I's. I'y and I'; for € > O sufficiently small.

Figure 3.1: Approximation of the spectrum o(L,).

Combining Proposition 3.7 with Theorem 3.14 yields that the number of y-eigenvalues
(counting algebraic y-multiplicity) of £, interior to I" equals the number of roots (counting
multiplicity) of Ey(:,y) for any y € S'. In particular, Theorem 3.14 shows that the spectrum
o (L) N Cx converges to a subset of N in the limit € — 0. Indeed, choose contours close
enough to and disjoint from the connected components of Ny, with, say, Hausdorff distance
0. This results in an &5 > 0 such that, if ¢ € (0, &), then 0(L,;) N Cx is contained in a
o-neighborhood of Ny.

To see that the singular limit of 0"(L) in fact equals Ny, we need the following general-
ization of Theorem 3.14.

Theorem 3.15. Let A < 0 be as in Proposition 3.10. Let S ¢ S be a closed subset. Take a
simple closed curve I in Cp \ Ns, where

N = Uu €Ch : E(A,y) = 0}. (3.16)

yeS

Then, for € > 0 sufficiently small, the number of roots (including multiplicity) of Eo(:, y) and
&:(,y) interior to T coincides for any y € S,

Theorem 3.15 allows us, by taking S = {y} for some y € S !, to follow individual y-eigenvalues
as they converge to the roots of Ey(:,y) as € — 0 or, equivalently, to establish the convergence
of the spectrum o(L, ) to the discrete set {4 € C : Ey(4, ev) = 0).

The proof of Theorem 3.15 is provided in §5.2.
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3.5.3 Consequences of the spectral approximation result

The results in §3.5.2 imply that we can approximate the roots of the Evans function, which
is defined in terms of the 2(m + n)-dimensional full eigenvalue problem (3.3), by the roots
of the reduced Evans function, which is defined in terms of the 2n- and 2m-dimensional,
e-independent, eigenvalue problems (3.6), (3.8) and (3.9). Therefore, this approximation
result leads to a reduction in complexity, when verifying the first spectral stability condition in
Corollary 3.8.

However, asymptotic spectral control through the reduced Evans function is insufficient
to establish spectral stability, since the critical spectral curve attached to the origin shrinks
to the origin as & — 0. Hence, we cannot determine whether the critical curve lies in the left
half-plane and touches the origin in a quadratic tangency — see the second and third condition
in Corollary 3.8. Yet, using the approximation results from §3.5.2, we can isolate the critical
spectral curve from the rest of the spectrum. All in all, we obtain the following result.

Corollary 3.16. Suppose the following conditions are met:
i. 0isasimple zero of &y,
ii. &0(0,y)# 0foreachyeS L,
iii. Ey(A,y) # 0 foreachy € S' and A € C\ {0} with Re(1) > 0.

Then, there exists o, &y > 0 such that for each € € (0, &) there exists a 2n-periodic, analytic
map A.: R — R with the following properties:

1. o(L)N{AeC:Re(d) > —0p} = A[R];

2. 2,(v) = A,(=v) is a simple zero of E4(-, e*") for each v € [0, n];
3. 25(0), 25(0), A (m) = 0;

4. A:(v) converges to 0 as € — 0 for each v € R.

In particular, the periodic pulse solution (Zp,s to (1.9) is spectrally stable if there exists ¢ > 0,
possibly dependent on &, such that A,(v) < —¢v* holds for all v € [0, r].

Proof. Since &;(-,y) has no pole at A = 0 by Remark 3.13, we deduce that 0 is a simple root
of Ey(-,y) foreachy € § I Tn addition, the set Ny, defined in Theorem 3.14, is bounded by
Propositions 3.10 and 3.11. So, there exists oy > 0 such that, if Ey(4,y) = 0 is satisfied for
somey € §' and A € C,\{0}, then we have Re(1) < —07. Let § € (0, o). Theorem 3.14 yields
&5 > 0 such that for each € € (0, &5) and v € R there exists precisely one (simple) root A.(v) of
&.(-,e") in B(0, 5). Thus, A, defines a 27-periodic function from R to C satisfying 1,(v) — 0
as € — 0 for each v € R. Since &, is analytic in both of its arguments by Proposition 3.7 and
the root 4.(v) is simple, it follows by the implicit function theorem that A.: R — C is analytic.
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By Proposition 3.7 it holds
0 = Ee(As(v), €)Y = E (A1), € ™) = Es(A:(v), €”), v ER.

Thus, by uniqueness of the root of &(+, ) in B(0, §), we conclude that A,(—v) = 1,(v) = ().
Hence, A, must be real-valued and A,(0), A.(r) = 0. Recall from §3.3 that O is always a
1-eigenvalue of L, due to translational invariance, i.e. it holds £,(0,1) = 0. We derive
A:(0) = 0. The fact that &Ey(:,y) has no roots in {4 € C : Re(d) > —o} except O yields by
Theorem 3.14 that &,(-,y) has no roots in {1 € C : Re(1) > —oq} \ B(0,6) for eachy € S'.
This proves 0(L;) N {2 € C: Re(d) > —0} = 4.[R]. O

3.6 Expansion of the critical spectral curve

We present the second main outcome of our spectral stability analysis; that is, we provide an
expansion of the critical spectral curve A.: R — R established in Corollary 3.16.

Theorem 3.17. Suppose the conditions in Corollary 3.16 are met. Then, provided € > 0 is
sufficiently small, the critical spectral curve A.: R — R, established in Corollary 3.16, is
approximated as

|1.(») — E22(v)| < C&|log(e))’, (3.17)

where C > 0 is a constant independent of € and v and the analytic function 1o: R — R is
defined by
748G (uo, v(x, up), 0)Wrag 2 (x)x, B(v)) dx

Ao(v) = —
’ f_m (Waa2(x), Dxvn(x, ug)) dx

(3.18)

With Y,a(X) = Wag,1(X), Yaa2(x)) a non-trivial, exponentially localized solution to the adjoint,
@ = —Ap(X)g, @R (3.19)
of the fast variational equation (3.15) and
Bw):=Di' (0 1)BWw),

—1 _ 1
B) = ‘Y’El( }?1 1(14{ (0"‘00)) )—(I—e‘iVTocI)s(Zfo,O)To) '( 2Dy 67 (v0) )

. I 0
Yo:= ( 0. T(w) 1 )

where J: Uy, — R™ is defined in (2.5) and ®y(X,7) is the evolution operator of the slow
variational equation (2.7).

(3.20)
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Remark 3.18. The integral f_ D:O (Waa2(x), dvi(x, up)) dx in the denominator of Ay(v) in The-
orem 3.17 arises as a solvability condition for the generalized eigenvalue problem at 2 = 0
associated with the linearization of v, = D,v,, — G(ug, v, 0) about the standing pulse solution
vh(x, up). Since 0 is a simple zero of the fast Evans function &y, this integral is non-zero —
see also Proposition 5.21. |

The critical spectral curve A,(v) arises as the solution curve to the equation &,4(1, ™) = 0 about
(1,v) = (0,0). The equation &,4(1, ™) = 0 is defined in terms of the 2(m + n)-dimensional
full eigenvalue problem (3.3). The leading-order approximation Ay(v) of the solution curve
A:(v), established in Theorem 3.17, is defined in terms of the e-independent, 2m-dimensional
slow variational equation (2.7) and 2n-dimensional fast variational equation (3.15). Therefore,
Theorem 3.17 yields a reduction of complexity in the local analysis of the full eigenvalue
problem (3.3) about A = 0 simplifying the verification of the spectral stability conditions in
Corollary 3.8. Combining this with Corollary 3.16 leads to a set of spectral stability conditions
in terms of simpler, lower-dimensional systems, which we will present in §3.7.

When we have & (0, ¢”) = 0 for some v, € R, the approximation of A,(v.) in Theorem 3.17
fails. Since it holds det (I — e Yo®y(26, 0)Yo) = E,0(0,e™) = *™E((0,e™) = 0 by
Proposition 3.11, we observe that Ay has a pole at v,. Yet, for v away from v.,, the approxima-
tion (3.18) is still valid. This leads to the following generalization of Theorem 3.17.

Theorem 3.19. Suppose 0 is a simple zero of Efp. Let 6 > 0 and denote

No={veR:E(0.e") =0}, S;:=R\ U (v=6,v+0). (3.21)
veN,

Then, for & > 0 sufficiently small, there exists for any v € Ss a unique root A,(v) of E(-, e’)
converging to 0 as € — 0. The root A.(v) is real-valued and satisfies (3.17), where 1p: R\
N, — Ris given by (3.18) and C > 0 is independent of € and v. In addition, the functions
Ae: Ss = R and Ay are analytic, even and 2n-periodic. Finally, we have 1,(0) = 0 if 0 € S;.

The proof of Theorem 3.19 is provided in §5.3. The proof of Theorem 3.17 follows by
combining Corollary 3.16 with Theorem 3.19.

3.7 Explicit criteria for spectral stability and instability

Using the spectral approximation results in §3.5 and §3.6, we obtain explicit conditions in
terms of simpler, lower-dimensional problems yielding spectral stability of the periodic pulse
solution <Z5p,a to (1.9). Indeed, using Theorem 3.14 we can approximate the roots of the Evans
function by the zeros of the reduced Evans function, which is defined in terms of the 2n-
and 2m-dimensional eigenvalue problems (3.6), (3.8) and (3.9). This simplifies verifying the
first spectral stability condition in Corollary 3.8. Then, using Corollary 3.16, we can isolate
the most critical part of the spectrum: the curve A.(v) attached to the origin. Theorem 3.17
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provides a leading-order approximation of 1,(v) in terms of the 2m- and 2n-dimensional varia-
tional equations (2.7) and (3.15). This simplifies verifying the spectral stability conditions in
Corollary 3.8 for A close to the origin.

Thus, we readily obtain the following result by combining Theorems 3.14 and 3.17 and
Corollary 3.16.

Corollary 3.20. Suppose the following conditions are met:
i. 0isasimple zero of &rp;
ii. &50(0,y)#0foreachyeS L,
iii. &(A,y) #0foreachy € S' and A € C\ {0} with Re(1) > 0;

iv. A5(0) < 0, Ap(m) < 0 and A[(v) # 0 for each v € (0,7), where Ay: R — R is defined
by (3.17).

Then, provided € > 0 is sufficiently small, the periodic pulse solution Jﬁp,g to (1.9) is spectrally
stable.

Observe that, if the conditions in Corollary 3.20 are satisfied, then we obtain by Theorem 3.3
nonlinear diffusive stability of ¢, as a solution to (1.9) with @ = =247/ (0) + O(&*| log(e)[*).

Regarding instability, Theorems 3.15 and 3.19 yield the following result.

Corollary 3.21. If one of the following is true:
i. There existsy, € S'and A, € C with Re(1,) > 0 satisfying Ey(ds,v,) = 0;

ii. It holds Ao(v) > O for some v € R\ N, where 1o: R\ N, — R is given by (3.17) and
N, is defined in (3.21).

Then, provided € > 0 is sufficiently small, the periodic pulse solution qvﬁp,g to (1.9) is spectrally
unstable.

Thus, if one of the conditions in Corollary 3.21 is satisfied, then the periodic pulse solution
g?ﬁp,g is nonlinearly unstable against localized and non-localized perturbations by Theorem 3.5.

We emphasize that the conditions in Corollaries 3.20 and 3.21 can be computed with only the
singular limit (2.9) of the periodic pulse solution pr,g as input. More specifically, one needs
understanding of the (adjoint) variational equations about the solutions ¥y (x, 19) and 5(X) to
systems (2.3) at u = ug and (2.4), respectively, and of the eigenvalue problems arising when
linearizing equations v; = Dpvy, — G(ug, v,0) and u, = Dyuz; — H(u, 0, 0) about the stationary
solutions vy (x, up) and uy(X), respectively.
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In the case n = 1 or m = 1, the conditions for spectral stability and instability in Corol-
laries 3.20 and 3.21 can be further simplified — see §3.8. In the case n = 1, the first condition
in Corollary 3.20 is always satisfied and the third condition only has to be checked for the
slow Evans function. In the case m = 1, the second and fourth condition in Corollary 3.20 are
satisfied precisely if the signs of three explicit (integral) expressions are equal.

Remark 3.22. As mentioned in §1.4.1, weak coupling H,(u, v) = 0 is allowed in our spectral
analysis. In that case, the integral terms 9 (#) and G(u, ) in (2.5) and (3.11) are identically O,
which implies that & is only determined by the slow eigenvalue problem (3.9). Therefore,
&0 18 analytic on Cy and zeros of &y cannot be canceled by poles of E;. We conclude that
the spectral stability problem fully splits into slow and fast subproblems with no interaction
between them. As a consequence, zeros of &g of positive real part yield spectral (and nonlin-
ear) instability by Proposition 3.21. In particular, in the case n = 1, the fast Evans function
& always has a zero in the right half-plane, as we will show in Proposition 3.24.

In addition, &0(-, 1) has a root if and only if the slow eigenvalue problem (3.9) admits
a 2{y-periodic solution. Since we have J (ug) = 0, it holds ¥(0) = (ug, 0) = ¥(2£p) by (E2).
Thus, the derivative {(X) is a 2{y-periodic solution to (3.9) at 4 = 0. Hence, the reduced
Evans function &y(:, 1) has a double root at 0. In particular, in the case m = 1, Sturm-Liouville
theory [7, Theorems 2.4.2 and 2.5.1] implies that there exists a 4. > 0 such that (3.9) has a
2{y-periodic solution at A = A, because u;(X) vanishes at X = £y. Consequently, E; (-, 1) has
a zero in the right half-plane.

Consequently, if we have H,(u,v) = 0, then all periodic pulse solutions qup!s to (1.9) are
spectrally unstable in the case n = 1 or m = 1. This motivates the scaling in (1.8). ]

Remark 3.23. Suppose the conditions in Theorem 3.17 are met. Observe that the deriva-
tive Y of the solution ¥ to (2.4) is a solution to the slow variational equation (2.7). By
assumption (E2) s(X) intersects the touch-down manifold 7 at X = 0 in the point (g, J (up))-
Therefore, we have ¢(0) = (Dl‘lj (uo), H1(uo,0,0)) and by reversible symmetry it holds
Vi (26) = Ryi(0) = (—Dl‘lj(uo), Hi(up,0,0)). Thus, we deduce

-1 _p-1
TOCDS(MO,O)TO( b, *g(“‘)) ) = ( b, 67(“0) ) + (ToDs(240, 0) — 1)( 2 )

where a := 9,9 (uo)Dl‘lj (uo) — Hi(uo,0,0) € R™. Rewriting the latter equation gives
. . -1

(1+e™) (1= e™Yo@s(260, 0)Y0) (

D' T (up)
0

s

_ -1
= (1= Lo Dy(260, 0)Y) I(Tod)s(Zfo,O)—I)( 0 )+( PrJm) )
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for v € [0, 7]. Hence, we obtain the following expression for the quantity B(v) in Theorem 3.17

(0 1)

B = Dy’ 1+e

(1 - e™o@,(2L0, O)TO)_I (I = Yo®y(26o, 0))( 201 ) - 1] q,

for v € [0, 7). So, a = 0 implies 4p(v) = O for any v € [0, ) by Theorem 3.17. Therefore, a
passing through zero, suggests a transition of the critical spectral curve through the imaginary
axis. This coincides with a loss of transversality: condition (2.8) in assumption (E2) fails if
a =0-see §2.2.2. For the case m = n = 1, we show in §6.3 that the periodic pulse solution
<Z>p,6 destabilizes through a spatial period doubling bifurcation or sideband instability as a
passes through zero. [ |

3.8 Stability results in lower dimensions

In §3.7 we established explicit conditions yielding spectral stability and instability in terms of
the eigenvalue problems (3.6), (3.8) and (3.9) and the variational equations (2.7) and (3.15).
In this section we interpret these results in the case n = 1 or m = 1. Then, the aforementioned
systems become 2-dimensional and we can employ techniques tailored for 2-dimensional
linear systems to further simplify the spectral (in)stability conditions in Corollaries 3.20
and 3.21.

We proceed as follows. First, we study the slow and fast Evans function and the (leading-order)
critical spectral curve Ap(v) in the lower-dimensional setting. Subsequently, we interpret the
spectral stability conditions in Corollary 3.20 in the case n = 1 or m = 1. Finally, we present
an instability test using parity-type arguments in the regime n = m = 1.

Throughout this section we assume without loss of generality D; = 1 in the case m = 1
and D, = 1 in the case n = 1 — see Remark 1.5.

3.8.1 The reduced Evans function

In the case n = 1, the homogeneous fast eigenvalue problem (3.6) becomes 2-dimensional.
The ordering of the eigenvalues of (3.6), i.e. the roots of the fast Evans function, can be
understood with Sturm-Liouville theory. Thus, we obtain the following result.

Proposition 3.24. Suppose n = 1. All zeros of the fast Evans function E5o: Cn — C are real
and simple. Moreover, there is precisely one positive zero A, of Ego. Finally, 0 is a root of Ep.

Proof. By [60, Theorem 2.3.3] all eigenvalues of the operator L, defined in (3.7), are real
and simple. In addition, the eigenvalues can be enumerated in strictly decreasing order as
Ay < ... < Ag. The eigenfunction corresponding to A;,i = 0,..., N has precisely i zeros.
Hence, all zeros of &y, are real and simple by Proposition 3.10. Furthermore, the derivative
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0xvn(x, up) lies in the kernel of L. The function d,v(x, up) has precisely one zero by (E1).
So, we derive 4; = 0 and A9 > 0. O

In the case m = 1, the slow eigenvalue problem (3.9) becomes 2-dimensional. Since the
solution 5(X) to (2.4) crosses the reversible symmetry line ker(/ — Ry) at X = £, by assump-
tion (E2), it holds s(X) = (2{y — %) for each X € [0, 2{y]. Thus, system (3.9) is Ry-reversible
at X = £, i.e. if (X, ) is a solution to (3.9), then so is X — R,p(2{y — X, 1). Hence, there
exists non-trivial solutions u, (X, 1) and u_(X, 1) to

H
Uy = (%(us()?), 0,0) + /1) u, ueRr, (3.22)
u

which are symmetric and antisymmetric about £y, respectively. In particular, at 4 = O the
derivative u}(X) is an antisymmetric solution about £ to (3.22). A symmetric solution to (3.22)
at 4 = 0 can now be found using Rofe-Beketov’s formula [7, Chapter 1.9]. This leads to the
following result.

Proposition 3.25. Suppose m = 1. Let u, (X, 1) and u_(x, 1) be solutions to (3.22), which are
symmetric and antisymmetric about €y, respectively, and have Wronskian 1. The slow Evans
Sfunction Egp: [Cp \ 8}’{)(0)] x C — Cis given by

Es0(.7) =7~y + 1,
where t: Cp \ 8}})(0) — C is the analytic function given by

t(A) := Tr(C(ug, )T (240, 0, )

d (3.23)
=2 E[m(fc, Du_ (%, D]0) = Gug, Vi, (0, Du_(0, )|,
with T5(X, 9, ), T(u, 1) and G(u, A) defined in §3.5.1. In particular, we find
t(0) = =2 (1 + 2ab),
where
a:= 9" (u0)J (uo) — Hi(uo, 0,0),
b= T(uo) f"o (O (13, 0,0) + DI = (H1 (4D, 0,01 o
IR [(u(3)? + (H1(us(X), 0,0))%1? (3.24)

H1 (uo, 0, 0)
+ .
(T (uo))* + (Hi(uo, 0, 0))>

Finally, 1 € Cp \ 8}})(0) is a y-eigenvalue for some y € S if and only if it holds t(1) € [-2,2].
In that case, we have 2Re(y) = t(A).
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Proof. The formula (3.23) follows readily by expanding &, (4, y) as a quadratic polynomial
in y and expressing 75(2£y, 0, 1) in terms of symmetric and antisymmetric solutions.

Calculating t(0) is more elaborate. First, note that the derivative u;(x) is a solution to (3.22)
at A = 0, which is antisymmetric about £,. By Rofe-Beketov’s formula [7, Chapter 1.9] a
symmetric solution about £, to (3.22) at A = 0 is given by

NN f[(‘ (0uH, (us(9), 0,0) + D[u,())* — (H (us(),0,00)*]
2(X) = ug (%) )

d
()P + (H (), 0,0))2 g (3.25)
Hy(uy(3), 0,0) '

(W(X))? + (Hi(us(3),0,0))

Note that the Wronskian of z and u{ has value 1. Second, the matrix function (9,yn(x, uo) | 0)
is a solution to the fast inhomogeneous problem (3.8) at A = 0 and u = uy. This implies
29" (uo) = G(ugp, 0). Putting these two items into (3.23), yields t(0) = =2 (1 + 2ab). |

In §3.8.3 we present an instability test using parity-type arguments. Therefore, we are
interested in the asymptotic behavior of the trace map t(4).

Lemma 3.26. Let m = 1. Consider the map t: Cp \8}})(0) — C, defined in (3.23). We have
lim e t(A) = oo.

Proof. In the following, we denote by C > 0 a constant, which is independent of A. Consider

system,
Uy = \//_lp,
(u, p) € C?, (3.26)
pe = % 0 1(.0,0) + x/Z) u 0P

with evolution 77, (X, §, 1). Denote by 7 (¥, y, 1) the evolution operator of the autonomous
system,

uz = Vap,
) P (u, p) € C2. (3.27)
pr = Vau,
Proposition 4.1 yields
c 2V
17751260, 0, 1) = T52(2£p, 0, DI < ﬁe % aA>0. (3.28)

On the other hand, the slow eigenvalue problem (3.9) is equivalent to system (3.26) upon
performing a coordinate change. Indeed, it holds

. 1 0
CaT+1(260,0,)CY" = T,(260,0,2), Cy:= ( 0 Vi ), A>0. (3.29)
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We refer to Proposition 5.5 for the fact that, for A > 0 sufficiently large, the solution X, (-, ug, 4)
to the inhomogeneous fast eigenvalue problem (3.8) at u = u is exponentially localized with
A-independent decay rates. Hence, G(ug, 1) remains bounded as 4 — oo. Thus, t(2) is for
A > 0 sufficiently large approximated as

1 0 C
Htw —r (( G )Tﬂ(zfo, 0, a)] < — Vi,
Va
by (3.28) and (3.29). The latter yields
_ 2V £ 2Vt
v — Vi < 7o
for A > 0 sufficiently large, where we use explicit expressions for the evolution 7 (¥, y, 4) of
system (3.27). We conclude t(1) — oo as 4 — oo. |

Example 3.27. In [114] the spectral stability of spatially periodic pulse patterns is studied,
where (1.10) is the generalized Gierer-Meinhardt equation (2.26). Thus, the slow eigenvalue
problem (3.9) corresponds to the autonomous system uzz = (u + A)u. The condition t(1) €
[-2,2] in Proposition 3.25 simplifies in that case to

2 cosh(2ly 7 ) + U SIICONKE D ) o)

Vu+ 4
where G(u, A) is defined in (3.11) and +/- denotes the principal square root. Although derived
with a different method, this result agrees with [114, Theorem 1.1.1]. [ |

As mentioned in §3.5.1, it is possible to obtain explicit expressions of the principal part of the
Laurent series of E; (-, y) atazero A € 8;})(0). Because of their complexity the expansions are
treated separately in §5.1.2. However, in the case m = 1, the expressions simplify significantly.
Therefore, it is worthwhile to devote a separate proposition to this case.

Proposition 3.28. Suppose m = 1. Let A, be a simple zero of Ero. The singular part of the
Laurent expansion at A = A, of the map t: Cp \ 8}})(0) — C, defined in Proposition 3.25, is
given by

% f 0y Hy (uo, vu(x, uo))va, (x)dx f

where u(X, A,) is the solution to (3.22) at 1 = A, having initial values u(0) = 0,u’(0) = 1.
Moreover, v, is an exponentially localized solution to

00

- L 0G
2, (%) g(uo, vh(x, up), 0)dx,

DZVXX = (aVG(MO’ Vh(xa uo)s 0) + /10) V, v € Cn’ (3'30)
and v,,(x) is an exponentially localized solution to the adjoint problem,

Dyvyy = (8,Glutg, vu(x, 19), 0)" + L) v, veC,



61 CHAPTER 3. STABILITY RESULTS

such that

f Pa0(X) Va0 (x)dx = 1.

00

Proof. The statement is proven in a more general setting in Proposition 5.9. O

3.8.2 The critical spectral curve

In the case m = 1, the leading-order approximation (3.18) of the critical spectral curve
simplifies. Indeed, the slow variational equation (2.7) becomes 2-dimensional. So, besides
the derivative y¢(X), a second, linearly independent solution to (2.7) can be found using
Rofe-Beketov’s formula. This leads to the following result.

Proposition 3.29. Let m = 1. Suppose that 0 is a simple zero of Eyo. Then, the analytic map
Ado: R\ N, = R, defined in Theorem 3.19, is given by

cos(v) — 1

A = a—— 3.31
0(v) = aw 1 + cos(v) + 2ab ( )
where a,b are defined in (3.24) and w is given by
4G *
_(M ,V ()C,u )9 0) ad, (-x)Xd-x
o _f_oo o (o, va(x, ug Yad2 (3.32)

[ 0:0 Wad 2(X)*Oxvn(x, up)dx

With Y,4(X) = (Wad.1(X), Yaa2(X)) a non-trivial, exponentially localized solution to (3.19). In
the case n = 1, the expression for w simplifies to

17295 (g, vi(x, o), 0)dxvn (i, o) xdx
w = — i _ . (3.33)
[o, @avn(x,u))” dx

Proof. As in the proof of Proposition 3.25 we observe that, at A = 0, the derivative u/ (%) is
a solution to (3.22), which is antisymmetric about ¢, and z(X), given by (3.25), is a solution
to (3.22), which is symmetric about £y. In addition, the Wronskian of z(¥) and u{(X) equals 1.
Expressing the evolution ®4(2¢y, 0) of (2.7) in terms of ¥(0) and (z(0), z'(0)), simplifies the
expression for B(v) in (3.20) to

B() = ‘[a‘( 0 1)(1 _e_iVTo(Ds(Zfo,O)To)l( 2575“0) )}

| 4e+ ab)e™
- 85,0(0> e—iv)

where we use b = 2(0), det (I — e To®i(2lo,0)To) = e2*Ep(0,¢”) # 0 and Y(0) =
(uo, J (o)) by (E2). By Proposition 3.25 it holds ”E;(0,e™) = 2(cos(v) + 1 + 2ab).
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Substituting this into the above expression for B(v) leads to the desired formula (3.31) for
Ao(v) = —wB(v). Finally, in the case n = 1, we observe that (—0.qn(x, up), 0xvh(x, 1p)) is a
solution to equation (3.19) yielding (3.33). This concludes the proof. |

Remark 3.30. Let m = 1. Proposition 3.29 indicates that the geometry of the critical spectral
curve attached to the origin is to leading order determined by the expressions a,b and w. In
addition, the value of the slow Evans function E;y(4,y) at 4 = 0 is fixed by a and b using
Proposition 3.25. Thus, a,b and w determine the spectral configuration about the origin and
play an important role in destabilization processes — see §6.3. We elaborate on the geometric
interpretation of these quantities.

As mentioned in §2.2.2, the quantity a measures the transversality between the touch-down
curve 7 and the solution ¢ to (2.4) at 5(0) = (up, J (1)) and, by symmetry, between the
take-off curve 7_ and ¥ at ¥(2€y) = R5(0) — see Figure 3.2. If a = 0, then (%) is tangent
to the touch-down curve at X = 0.

The quantity b depends on the dynamics in the slow reduced system (2.4) only. Since r(£p) is
contained in ker(/ — R,) by assumption (E2), the vector y, = (H,(u(£p), 0,0)",0) is a normal
to the tangent space of the curve y(X) at X = £y such that det(y, | ¥({p)) = 1. Tracking the
tangent space along the flow of (2.4) to X = Xy, the vector i, becomes Oy (Xy, £o),. Since
system (2.7) is R-reversible at X = £y, the first component z(X) of the solution ®4(X, £,
to (2.7) is symmetric at X = {y. Hence, z(0) equals the quantity b.

Observe that z(X) has precisely one root between two consecutive zeros of u; (%), since the
derivative of u((X)/z(¥) never vanishes between these two zeros of u;. Therefore, given that
the orbit of ¢ in the slow reduced system (2.4) crosses the line p = O at u = u, with u_ < u,,
there is precisely one initial value uy = us(0) € (u_, u,) for which b = 0 — see Figure 3.2.

The quantity w occurs in [92], where one derives asymptotic interaction laws for quasi-
stationary pulse solutions to models of the form (1.9). More precisely, one establishes in [92]
an ODE, which describes the (leading-order) evolution of the pulse locations over time, as-
suming existence and smoothness of the quasi-stationary pulse pattern. The pulse locations of
our stationary, periodic pulse (ZSP,S()VC) to (1.9) correspond naturally to an equilibrium of this
ODE. The quantity w occurs as a factor in the linearization of the ODE about this equilibrium
—see [92, Section 6.2.1]. Thus, the sign of w corresponds to the character of the equilibrium.
Loosely speaking, w measures the stability of Jﬁp,g()vc) against perturbations of the pulse loca-
tions. This relates to the fact that vanishing of w corresponds to a transition of the critical
spectral curve through the imaginary axis — see §6.3. |

3.8.3 Ciriteria for spectral stability and instability

The results in §3.8.1 and §3.8.2 lead to the following simplification of the spectral stability
conditions in Corollary 3.20 in the lower-dimensional setting.
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Corollary 3.31. Suppose m = 1 and the following conditions are met:
i. 0isasimple zero of Eyp;
ii. Ey(A,y) #0forally € S' and A € C\ {0} with Re(2) > 0;
iii. The quantities a,b and w, defined in (3.24) and (3.32), have the same (non-zero) sign.

Then, provided € > 0 is sufficiently small, the periodic pulse solution (ﬁp,g to (1.9) is spectrally
stable.

Moreover, in the case n = 1, conditions i. and ii. above are satisfied if and only ¢, = 0,
with
27

¢y ;= lim
R— 0

o X , v
L Sg 9850 e™) 0 ilay
E;0(4, ev)

2t Jr (3.34)
/() '

b Y il

27i SQE ) + 2cosn) Y

where Ty, is the (counter-clockwise) contour in the complex plane consisting of the circle
segment {z € C : |z + R™'| = R,Re(z) > FR™'} and the line joining the points iR ¥ R™' and
—iRFR..

I
21

= lim
R—o0 0

Proof. Since we have ab > 0, it holds &;0(0,y) # 0 foreachy € S 1 by Proposition 3.25.
Thus, the first three conditions in Corollary 3.20 are satisfied. Moreover, by Proposition 3.29
we have

aw , 2a(1 + ab)w sin(v)
- ) = - ,
2+ 2ab (1 + 2ab + cos(v))?

m "
Ao(m) = 5 A5(0) = (3.35)
with v € R. Since a,b and w are non-zero and have the same sign, the fourth condition in
Corollary 3.20 is also satisfied. We conclude that pr,g is spectrally stable.

In the case n = 1, 0 is a simple zero of &y and & has only one (simple) zero A, of
positive real part by Proposition 3.24. Thus, by Proposition 3.11 the conditions i. and ii. are
satisfied if and only if &; (A1, y) has precisely one pole of order 1 at A = A, and no zeros in the
closed right half-plane for each y € §'. Using the argument principle and Proposition 3.25 the
latter is the case if and only if ¢, = 0. m]

Thus, in the case m = n = 1, we can establish spectral stability by evaluating four expressions
a,b, w and c,. Even if these four expressions cannot be determined exactly, one can prove
spectral stability using rigorously verified computing. To estimate the errors one needs explicit
bounds on the solutions ¥y, (x, u) and (%) to (2.3) at u = ug and (2.4) that constitute the
singular limit (2.9) and on the functions H;, H,, G.

On the other hand, the lower-dimensional setting allows us to test for instability using parity-
type arguments.
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Corollary 3.32. Let m = n = 1. If one of the following is true:
i. We have c_ # 0, where c_ is defined in (3.34);

ii. The quantities a,b and w, defined in (3.24) and (3.32), are non-zero and have different
signs;

iti. We have J (up) = 0;

iv. It holds i < 0 with

00

. ° OH
= w260, 1) f L (o, e o), () f

—00

a—(uo, vh(x, o), 0)va, (x)dx,
u

(3.36)

where A, > 0 is as in Proposition 3.24, u(X, A) is the solution to (3.22) with initial values
u(0) = 0,u’(0) = 1 and v,, is a normalized, exponentially localized solution (having
L*-norm 1) to (3.30) at A, = A,.

Then, provided € > 0 is sufficiently small, the periodic pulse solution Jﬁpﬁ to (1.9) is spectrally
unstable.

Proof. First, 0 is a simple zero of &y and Eyp has only one (simple) zero A. of positive real
part by Proposition 3.24. Thus, if c_ # 0, then there exists by the argument principleay € S,
such that either E;(:,y) has no pole at A, or it has a zero 4y € C with Re(dy) > 0. Thus,
it holds either Ey(A.,y) = 0 or Ey(Ay,y) = 0, which implies by Corollary 3.21 that qvﬁp,g is
spectrally unstable.

Next, suppose the non-zero quantities a, b and w have different signs and 1 + ab > 0. Then,
the calculations (3.35) show that there exists v € R such that 4o(v) > 0. By Corollary 3.21 ¢V5p,€
is spectrally unstable.

Now suppose 1 + ab < 0 and i > 0. Then, we have t(0) = =2 (1 + 2ab) > 2 by Proposi-
tion 3.25. On the other hand, the quantity i corresponds to the singular part of the Laurent
expansion of t(1) at A = A, by Proposition 3.28. Thus, if we have i > 0, there exists by the
intermediate value theorem a Ay € (0, A,) such that t(1y) = 2. Hence, Proposition 3.25 yields
&o(do, 1) = 0. Therefore, ¢, . is spectrally unstable by Corollary 3.21.

Suppose i < 0. In the case i = 0 we have Ey(A.,y) = 0 for any y € S! by Proposition 3.28.
On the other hand, it is shown in Lemma 3.26 that t(1) tends to infinity as 4 — oco. Therefore,
the intermediate value theorem implies that, if i < 0, then there exists 4y € (4., ) such that
t(dp) = 2. Hence, by Propositions 3.25 and Corollary 3.21 qvﬁp,g is spectrally unstable if i < 0.

Finally, in the case J(up) = 0, it follows ab = —1 by a direct calculation. Hence, ép,g
is spectrally unstable by the analysis in the previous three paragraphs. O
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Figure 3.2: Depicted are five orbits of the slow reduced system (2.4) (in purple). The touch-
down curve 77 intersects these orbits transversally at y;, i = 1, ..., 6. The green dashed line
corresponds to the initial values such that b = 0. We have b > 0 at ¢, {7, ¥3 and ¢s and
b < 0 at ¥4 and Y. The red line corresponds to initial values with w = 0. We have w > 0
at Y, Yo, Y3 and ¥4 and w < 0 at Y5 and Y. Finally, we have a < 0 at 1, ¥3 and ¢ and
a > 0 at Y, ¥4 and ¥s. The periodic pulse solutions touching-down at ¥, 3, ¥4 and s
are spectrally unstable by Corollary 3.32. The solutions touching down at ¥, and Y, are
potentially spectrally stable.

We stress that the value of a, b, J (1) and w depends only on the initial value uy = us(0) of
the solution ¥ to the slow reduced system (2.4) and can directly be read off from the phase
plane of (2.4) — see Figure 3.2.

Remark 3.33. If the periodic pulse ép,g approaches a homoclinic limit, then the verification of
the conditions in Corollaries 3.31 and 3.32 simplifies significantly — see §6.4.6. In particular,
we can test for spectral (in)stability by approximating the quantities a, b, ¢c_, 1 and w in the
long-wavelength limit. ]

Example 3.34. In [114] the spectral stability of stationary, spatially periodic pulse solutions
is studied in the generalized Gierer-Meinhardt equation (2.26). The slow variational equa-
tion (2.7) corresponds in this setting to the autonomous equation uzy = pu. The v-component
of the homoclinic solution ¥, (x, up) to system (2.3) at u = u is given by

Vh(x, ug) = u;ﬁggl wp(x),  wh(x) = (’82; 1sech2 ((ﬁ2 _2 l)x))ﬁz_] .

Thus, using integration by parts, we calculate the quantities a, b and w in Proposition 3.29,

cosh? (¢ VH a T w (x)ﬁz”dx
a=9Jwo)J (o) — pug, b= #’ w=— 2f—oo }; _—
Hito wo B+ 1) [ (wl’](x)) dx
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where J: (0, 00) — R is given by

Fwy =2 f T () d, (3.37)

It holds bw > 0, since we have 8, > 1, < 0 and ¢ > 0. In addition, the signs of aw and ab
are equal to the sign of

2
a a1 -2 .
g ot

Uo

Thus, the sign of uio determines whether condition iii. in Corollary 3.31 is satisfied. The

quantity u‘—o measures the transversality between the touch-down curve 77, and the solution ¢ —
see Remark 3.30.
One can verify that the leading-order expression (3.31) of the critical spectral curve coincides

with the one in [114] derived with a different method — see §1.2. [ ]

3.8.4 A closer look at zero-pole cancelation

Proposition 3.28 shows that for m = 1 the slow Evans function & (-, y) has a removable singu-
larity at a simple zero A, of &y if and only if one of the identities (3.12), (3.13) holds true or
there exists a non-trivial solution to (3.22) at A = A, with boundary values u(0) = 0 = u(2{y).
The set of A, € C for which (3.12) or (3.13) holds true will in general be discrete, since
the involved expressions are analytic in A,. Moreover, [128, Theorem 4.3.1-6] shows that
this is also the case for the set of A, € C, for which the boundary value problem (3.22),
u(0) = 0 = u(2{p) admits a non-trivial solution. Hence, zero-pole cancelation is a robust
phenomenon in the absence of additional structure (such as the translational invariance at
A = 0 mentioned in Remark 3.13).

Being robust, zero-pole cancelation can still fail in one-parameter families. Suppose equa-
tion (1.9) depends on a real parameter u and &y has a simple zero A, with Re(4,) > 0,
independent of . Denote by i(u) the singular part of the Laurent expansion at A = A, of t,(1)
— see Propositions 3.25 and 3.28. Assume there is a value u, € R such that i(u,) = 0 and
8,i(u.) # 0. Then, for any y € S', &y, (e, ¥) = 0 and Ey (s, y) # 0 for any p # p, close to
M-

The transition of u through a point u. may seem like a blue sky catastrophe, which makes the
pulse solution pr,g ‘suddenly’ spectrally unstable. However, such a transition from cancelation
to non-cancelation is caused by unstable spectrum moving through the point A,,. This can be
seen by noting that the there exists a neighborhood N C R of A, such that t,(N) covers the
whole real line as y approaches . — see Figure 3.3. In particular, t,(N) covers the interval
[-2,2] as 4 — .. Thus, by Proposition 3.25 there is a branch of unstable spectrum moving
through the point 4,. We remark that the orientation of the spectral curve changes in this
proces — see Figure 3.3.
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Ao Ao

(@) < s (®) p = pu

Ao

(©) u > p.

Figure 3.3: The trace function t,,(1) about 4.

Example 3.35. We provide an example where zero-pole cancelation fails. Consider the Gierer-
Meinhardt equation (2.26), where a; # 0 and u < 0. We emphasize that in this case the slow
reduced system (2.4) is linear of center type. This differs from the ‘standard’ Gierer-Meinhardt
setting considered in [21, 25, 50, 114, 123], where ¢ > 0 and the slow reduced system is linear
of saddle type.

Let uy > 0. Note that (2.26) satisfies (S1), (S2) and (E1) with vu(x,ug) > O for all x € R.
Take u; < O such that uu? = J(up)* + pud, where J: (0,00) — R is as in (3.37). Then,
assumption (E2) is satisfied with (X) the solution to the Hamiltonian system (2.4) with
initial condition ¢(0) = (ug, I (19)). Hence, Theorem 2.3 implies that, for € > O sufficiently
small, there exists a 2¢.-periodic pulse solution ép,g(x) to (2.26). Moreover, it holds by the
Hamiltonian nature of system (2.4)

Uo

[Tw? 2
u 0

In [114, Lemma 3.3] it is shown that A, = 1/4(8, + 1)2 -1 >0is the positive zero of the fast
Evans function &. Note that both 8, H;(ug, va(x, o)) and 8,G(ug, va(x, uo), 0) are strictly
negative for all x € R. Moreover, the v-component of any non-trivial solution to (3.6) at
A = A, has no zeros by the proof of Proposition 3.24. Therefore, identities (3.12) and (3.13)

e — Ly = o) := 7_2r +sin”! ase — 0.
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are not satisfied. Now assume p > A,. The solution to (3.22) at 4 = A, with initial values
u(0) = 0,4'(0) = 1 is given by,

y sin(yu — 4.X)
u(x, o) = ———,
Vi — A,
where +/- denotes the principal square root. Clearly, it holds u(2£y, A,) = 0 if and only if
kn \
= +|——|, (3.38)
g (%(y))

for some k € Z;. Since {y(u) € (r/2, m) for every u > 0, equation (3.38) will have a solution
U= i > A, for every k € Z5;. We conclude with the aid of Proposition 3.28 that, if u = p for
some k € Z5, then E; (4, y) has a removable singularity at 1 = A, and it holds Ey(4,,y) = 0
forany y € S, [

3.9 Stability in the slowly nonlinear toy problem

In this section, we derive explicit expressions for the reduced Evans function &y(4, y) and the
quantities a, b and w, defined in (3.24) and (3.32), in the toy problem (2.27). Then, Corollar-
ies 3.31 and 3.32 can be employed to prove spectral stability or instability of the periodic pulse
solution qvﬁp,g()vc) constructed in §2.5.

For the toy problem (2.27), the homogeneous fast eigenvalue problem reads,

Vx =4,
v,q) € R?, 3.39
gy = (1 — 3sech? (%x) + /l) v, (g ( )
where we used the expressions for vy (x, u) derived in §2.5. Let A = —1. The solutions to (3.39)

can be found using Legendre functions — see [120, Section 3.3]. Thus, we establish two
non-trivial solutions ¢.(x, 2) to (3.39), whose v-components are given by

(\//l+1+3)eix+ Vi+1-3

etr + 1

(VIFT+1)e = VIFT+1

(ex* + 1)}

va(x,A) = e V¥4
A€ Cp,

+15(e = 1)

)

where +/- denotes the principal square root. One readily observes lim,_,.c ¢.(x, 1) = 0.
Hence, the fast Evans function E79: Cyx — C is given by the Wronskian of ¢,(x, 1) and

90_()6', /1)

Ero() 1= 2AVA+1(162 -84 - 15),
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and we find & has simple roots —%, 0 and %. The inhomogeneous fast eigenvalue problem

reads
=4 (v.q) € R2
gy = (1 — 3sech? (%x) + /l)v + 2sech* (%x) f(w, " ’

where u > 0 and A € Cp. Forany 1 € Cy \ 8}’})(0) its unique solution X, (x, u, 4) can be found
using variation of constants. So, the v-component V;,(x, u, A) of X;,(x, u, 1) reads,
vi(x, DI(x, ) + v_(x, D)I(—x, 1)

Ero(D) ’

I(x, ) := —% f v_(y,/l)sech“(%y)dy-

We emphasize that the integral /(x, 1) can be evaluated using hypergeometric functions. Yet,
the resulting expressions are quite lengthy, so we decide not to provide these. Using the
formula for ¢ in §2.5, we state the slow eigenvalue problem,

Vin(x,u, 1) = f' ()

uz = p,
ps = (1+pcos|2Am (~k Vi — O.k?) +7|)u  (u,p) e RL ¥ €[0,260],  (3.40)
= (/l + 2uk’sn® [\/,L_t()vc - ), kz]) u,

where 1 € Ca, k € (0,1), c € R with || < K(k)u~/? and €y = £o(k, 1, c, i) is defined in (2.31).
Here, K(k) is the Jacobi complete integral of the first kind, Am(%, k) denotes the Jacobi
amplitude function and sn(X, k) is one of the Jacobi elliptic functions. Equation (3.40) is
known as Lamé’s equation and can be solved explicitly. For A € C \ {0}, this is done by first
substituting z = sn(4/u(X - ¢), k?) and then applying differential Galois theory [65]. This yields
two solutions . (X, 4; k, ¢, 1) to (3.40), which have u-components,

5 ﬁ + cn? <\//7()Vc -0), kz)
ut(xs /l; ks C&/l) = s

exp [i N %H(%, —am (\/ﬁ()vc — c),k2) , kz)]

where [1(X, ¢, k) denotes Legendre’s incomplete elliptic integral of the third kind and cn(X, k)
is one of the Jacobi elliptic functions. Thus, we have obtained all ingredients to explicitly
calculate the slow Evans function &, : [C \ 8;’{)(0)] X C — C. Indeed, we obtain

Es0(A.y) = det (Yo, DX (260, HXO, 1) = ¥1),
with uy = ug(k, c, i) := us(0; k, ¢, ;1) — see equation (2.30) — and
X(X, ) = X(%, 4 k, ¢, 1) :=( Ve (X, Ak e, ) | o (X, Ak, e, p) )

1 0
T, A) =T, 4;v2,v3) ::( Gu, ;va,v3) 1 )

Gu, A;v2,v3) := f(u) foo (3vzsech2 (%x) + %wf(u)sech“(%x)) Vin(x, u, dx.
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So, by multiplying the expressions for the fast and slow Evans functions above, one obtains an
explicit reduced Evans function Ey(4, y) = —yEs0(A, ¥)Ef0(A).

Our next step is to calculate the quantities a,b and w in the toy problem (2.27). The slow
variational equation about (X; k, c, i) — see equation (2.30) — equals the slow eigenvalue
problem (3.40) at 4 = 0. Naturally, one of the solutions to (3.40) at = 0 is given by the
derivative | (X; k, ¢, ) = yo(X; k, ¢, u), whose u-component reads

(¥ k, e, p1) = =2k yJdn (k Va(E - ), k72),

where dn(X, k) is one of the Jacobi elliptic functions. Note that u;(X) is antisymmetric about €.
A second solution ¥ (X; k, 1, ¢, ), having a symmetric u-component about £y = €y(k, [, c, ), is
established via Rofe-Beketov’s formula [7, Chapter 1.9]. We gauge ¢, such that the Wronskian
of Y, and ¢ equals 1. The u-component of ¢, is given by

(5 ko, ¢, 1) = [en (VA =€), ) [ = 1) V(G = 0) + E (am (V& - ), ), )|
— dn (VE(x = 0), ) sn (Y - ), %) = a(k, L mui (% k, ¢, )] !

2h(k2 — Dy’
(1= k)@ + DKGE) - E((+ D 2)
2%k \H ’

where E(X, k) is the Jacobi complete integral of the second kind. Having established the
solutions to the slow variational problem, we calculate the quantities a, b and w:

alk, L) =

72
0 = 52 f0) (Sv2 + 6v3f (o)) (5v2 + 93 f (o) £ (o) = i sin(uo).

_ 2f"(uo)

b=uy(0;k, 1, c,pu), w= .
’ : Fluo)




Chapter 4

Prerequisites for the spectral stability
analysis

In the spectral stability analysis in Chapter 5 we encounter linear ODEs, some of which depend
on a small parameter & > 0 or on a spectral parameter A € C. In this chapter we collect the
necessary techniques to control such systems.

4.1 A Gronwall type estimate for linear systems

In the spectral stability analysis of solutions to singularly perturbed equations one often
needs to compare a linear system with its perturbation. Our analysis requires the following
approximation result for linear systems, which follows from a direct application of Gronwall’s
inequality.

Lemma 4.1. [87, Lemma 1] Let n € Z, a,b € Rwitha < b and A, B € C([a, b], Mat,,(C)).
Suppose there are constants K, u > 0 such that the evolution operator T(x,y) of system,

px =AMy, @eC’, “.1)
satisfies

IT ()l < Ke™™, x,y € [a, b]. (4.2)

Denote by T»(x,y) the evolution operator of system,

¢r = B()p, ¢eC. (4.3)
It holds

b b
1T (x, y) = Ta(x, Yl < Kf lIA(z) — B(z)lldz exp (,u(b —a)+ Kf lIA(z) - B(z)lldz),
for x,y € [a, b].

71
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Remark 4.2. If M > 0 is such that M > sup{||A(x)|| : x € [a, D]}, then (4.2) is satisfied for
u =M and K = 1 by Gronwall’s inequality. ]

4.2 Asymptotically constant systems

The eigenvalue problems arising in our spectral stability analysis are non-autonomous linear
systems of the form,

ox = A(x, Dy, ¢eCh “4.4)

depending analytically on a spectral parameter A. Often we are looking for the eigenvalues
A € C for which (4.4) admits a non-trivial bounded (or exponentially localized) solution.
Therefore, we are interested in the asymptotic behavior of solutions to (4.4).

Linearizing about pulse type solutions leads to eigenvalue problems (4.4) that have an asymp-
totically constant coefficient matrix. In such systems the asymptotics of solutions is dictated
by the behavior of the constant coefficient system at +co — see also Proposition 4.7. The
following result concerns the construction of a unique solution with the highest decay rate to
an asymptotically constant system.

Proposition 4.3. [90, Proposition 1.2] Let n € Z-y,Q2 C C open and A € C([0, c0) X
Q, Mat,x,(C)) such that A(x,-) is analytic on Q for each x > 0. Suppose that there exists
u, K > 0and Ay : Q — Mat,y,(C) analytic such that

IACx, D) — Aw(D)]| < Ke ™, x>0,1€ Q. 4.5)

Furthermore, suppose that the eigenvalue () of Ax(A) of smallest real part is simple for all
A € Q. Denote by v(d) an analytic eigenvector of A corresponding to u(d). For any compact
subset Q, C Q, there exists C > 0, independent of A, and a unique solution y(x, 1) to (4.4)
satisfying

e @5y, ) = v()|| < e, x20,1€ Q.

The solution y(x, ) is analytic on the interior of Q, for each x > 0.

4.3 Exponential dichotomies

Exponential dichotomies enable us to track solutions in linear systems by separating the
solution space in solutions that either decay exponentially in forward time or else in backward
time. Moreover, their associated projections inherit analytic dependence of the problem on a
spectral parameter A. Therefore, they provide a natural framework [98] to capture the linear
dynamics of eigenvalue problems of the form (4.4) arising in our spectral stability analysis.
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Definition 4.4. Letn € Z.(, J C R an interval and A € C(J, Mat,,(C)). Denote by T'(x, y) the
evolution operator of (4.1). Equation (4.1) has an exponential dichotomy on J with constants
K, 1 > 0 and projections P(x): C" — C" if for all x,y € J it holds

* P(X)T(x,y) = T(x,y)P(y);
o IT(x,y)PO)I| < Ke™#™ for x > y;

o |IT(x,y)I — P(y))|| < Ke 0= for y > x.

Let P(x) be the family of projections associated with an exponential dichotomy on J. For each
x,y € J, we denote by T*(x,y) = T(x,y)P(y) and T"(x,y) = T(x,y)(I — P(y)) the stable and
unstable evolution of system (4.1), leaving the projection P(y) implicit.

Below we give a short overview of the properties of exponential dichotomies that we need
for our spectral stability analysis. For an extensive introduction on dichotomies the reader is
referred to [14, 96]. A generalization of the concept of exponential dichotomies is the notion
of exponential separation, which is treated in [85]. In particular, one can define exponential
trichotomies to capture linear systems that exhibit centre behavior in addition to exponential
decay in forward and backward time — see §4.4.

4.3.1 Dichotomy projections

Exponential dichotomies on an interval J C R are in general not unique. If J = [0, o0), then the
range of the dichotomy projection corresponds to the space of solutions decaying in forward
time and is therefore uniquely determined, whereas its kernel can be any complement.

Lemma 4.5. [96, Lemma 1.2(ii)] Let n € Z.g and A € C([0, c0), Mat,x,(C)). Suppose
equation (4.1) admits an exponential dichotomy on [0, co) with projections P(x). If Y c C"
satisfies Y @ P(0)[C"] = C", then (4.1) admits an exponential dichotomy on [0, co) with
projections Q(x), where Q(0) is the projection on P(0)[C"] along Y.

An autonomous linear system ¢, = Agp, where Ag € Mat,x,(C) is hyperbolic, admits an
exponential dichotomy on R. The associated dichotomy projection is given by the spectral
projection onto the stable eigenspace of Ay. If a non-autonomous linear system (4.1), which
admits an exponential dichotomy on [0, co0), converges to a hyperbolic system as x — oo, then
the dichotomy projections converge to the associated spectral projection.

Lemma 4.6. [86, Lemma 3.4] Let n € Zsy and A € C([0, ), Mat,,(C)). Suppose equa-
tion (4.1) admits an exponential dichotomy on [0, 0o) with constants K, u > 0 and projections
P(x). In addition, suppose there exists a hyperbolic matrix Ag € Mat,«,(C) with spectral gap
larger than u such that

ol < K, 1IA(x) — Aoll < Ke™,  x>0.
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Then, there exists a constant C > 0, depending on n,u and K only, such that
[I1P(x) = Poll < Ce™,  x 20,

where Py is the spectral projection onto the stable eigenspace of Ay.

4.3.2 Sufficient criteria for exponential dichotomies

As mentioned before, an autonomous linear system ¢, = Agp, where Ay € Mat,«,(C) is hyper-
bolic, admits an exponential dichotomy on R. This result can be extended to non-autonomous
systems (4.1) in at least two ways. First, if the coefficient matrix A(x) converges to a hyper-
bolic matrix A.. as x — oo, then exponential dichotomies for (4.1) on the half-lines [0, o)
and (—oo, 0] can be constructed from the exponential dichotomies of the asymptotic systems
¥y = Aiep. Second, if A(x) is slowly varying and pointwise hyperbolic, then system (4.1)
admits an exponential dichotomy.

In our spectral stability analysis, we use these two results to obtain exponential dichotomies
for eigenvalue problems of the form (4.4). We emphasize that both constructions respect ana-
Iyticity in the spectral parameter A. We start with the first result that focusses on asymptotically
hyperbolic systems.

Proposition 4.7. [86, Lemma 3.4], [99, Theorem 1] Let n € Z-y, Q C C open and A €
C([0, 00) X Q, Mat,«,,(C)) such that A(x, -) is analytic on Q for each x > 0. Suppose that there
exists constants u, K, @ > 0 and an analytic map A : Q — Mat,«,(C) such that

i. Identity (4.5) is satisfied for each x > 0 and A € Q;
ii. For any A € Q the matrix Ax(Q) is hyperbolic with spectral gap larger than a.

System (4.4) admits for any A € Q an exponential dichotomy on [0, oo) with constants C(1), @ >
0 and projections P(x, A), whose rank equals the dimension of the stable eigenspace of A(A).
The projections P(x,-) are analytic on Q for each x > 0. Moreover, the map A — C(Q) is
continuous.

For hyperbolic, constant coefficient systems ¢, = Ag(1)¢ the dichotomy projections equal the
spectral projections onto the stable eigenspace of Ag(A1). Clearly, this spectral projection inher-
its analyticity from Ag. This can be extended to non-autonomous systems of the form (4.4): if
A(x, A) varies slowly and is pointwise hyperbolic, then (4.1) admits an exponential dichotomy
that has analytic projections close to the spectral projections onto the stable eigenspace of
A(x, A).

The latter result is proved in [10, Proposition 6.5] in the setting of the FitzHugh-Nagumo
system. In addition, in [14, Proposition 6.1] the result is proved for general systems of the
form (4.1). However, the result in [14] lacks the desired closeness estimates on the dichotomy
projections and analytic dependence on parameters is not shown. Therefore, we provide a
proof of these two facts along the lines of [10, Proposition 6.5].
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Proposition 4.8. Letn € Z.o, a,b € Rwithb—a > 2 and Q C C open. Denote X = [a,b] X Q
and let A € C'(X, Mat,x,(C)). Assume that A(x, -) is analytic on Q for each x € [a, b] and that
there exists constants a > 0 and M > 1 such that:

i. For each (x, ) € X the matrix A(x, ) is hyperbolic with spectral gap larger than a;
ii. The matrix function A is bounded by M on X.

There exists 6 > 0, depending only on a« and M, such that, if we have

sup [|0xA(x, DIl < 6,

(xr,)eX

then (4.4) has an exponential dichotomy on [a+ 1,b— 1] for any A € Q with constants C,u > 0
and projections P(x, A) such that P(x, -) is analytic on Q for each x € [a+ 1,b—1]. In addition,
we have u = %a/ and C depends only on M, a and n. Finally, for any (y,1) € [a+ 1,b— 1] X Q
we have the estimate,

1P, D) =Py, DIl < C sup [[0:A(x, D, (4.6)

(x,)eX

where P(x, A) is the spectral projection onto the stable eigenspace of A(x, A).

Proof. In the following, we denote by C > 0 a constant depending only on M, n and «.

Our approach is to extend system (4.4) to the whole real line, such that it varies only on
the finite interval [a, b]. We establish an exponential dichotomy for this extended system
using [14, Proposition 6.1]. The range or kernel of the dichotomy projections must be analytic
for x € R\ [a, b] by analyticity of the spectral projections. These analyticity properties
can be interpolated to the interval [a, b]. Finally, to prove the closeness estimate (4.6), we
approximate the stable evolution operator of system (4.4) by P(x, 1) exp(A(x, 1)(x — y)), using
that the derivative of A(x, A) is small.

We introduce a smooth partition of unity y;: R — [0, 1], i = 1, 2, 3 satisfying

3
D=1, hi<2 xek,
i=1
supp(x1) C (—=00,a + 1), supp(x2) C (a,b), supp(ys) C (b~ 1,00).
The equation,
r = Alx, Dy, ¢eC’, 4.7)
with

Alx, D) = x1(DA(@, 1) + x2(DA(x, D) + x3(0)A(D, ),
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coincides with (4.4) on [a + 1,b — 1]. We calculate

X2(X)0,A(x, 1), xe(@+1,b-1),
X5()A(x, ) — Aa, D) + x2(x)0:A(x, D),  x € [a,a+1],
X5()Ax, ) — A(b, D) + x2(x)0:A(x, 1), x€[b-1,b],

0, otherwise.

0 A(x, ) =

First, we have ||0,A(x, 1)|| < 36 for each (x, 1) € RxQ by the mean value theorem. Second, by
the spectral estimates in [83] the Hausdorff distance between the spectra of A(a, 1) and A(x, 1)
is smaller than C§'/" for each (x,1) € (—oo,a + 1] x Q. Similarly, the Hausdorff distance
between the spectra of A(b, 1) and A(x, A) is smaller than C n for every (x,d) € [b—1, 00)xQ.
Hence, for 6 > 0 sufficiently small, the matrix A(x, 2) is hyperbolic for each (x, 1) € R x Q
with spectral gap larger than %w. Third, A is bounded by M on R X Q. Combining these three
items with [14, Proposition 6.1] implies that system (4.7) admits, provided § > 0 is sufficiently
small, an exponential dichotomy on R with constants C, u > 0 with u = %a and projections
P(x, ).

The next step is to prove that the projections P(x, -) are analytic in Q for each x € R. Any
solution to the constant coefficient system ¢, = A(a, A)y that converges to 0 as x — —oo
must be in the kernel of the spectral projection (a, 1) onto the stable eigenspace of A(a, 1).
Hence, it holds ker(P(a, 1)) = ker(P(a, 1)) by construction of (4.7). Moreover, the spectral
projection P(a, -) is analytic on Q, since A(a,-) is analytic on Q. Thus, ker(P(a, 1)) and
similarly P(b, 4)[C"] must be analytic subspaces — see [42, Chapter 18] —in 4 € Q. Denote by
T(x,y, A) the evolution operator of (4.7), which is by [60, Lemma 2.1.4] analytic in 2 € Q for
each x,y € R. We conclude that both ker(P(a, 1)) and P(a, 1)[C"] = T(a, b, )P(b, 1)[C"] are
analytic subspaces in A € Q. Therefore, the projection P(a, -) (and thus any projection P(x, -),
x € R) is analytic in Q.

Finally, we prove that the projections P(x,A) can be approximated by the spectral pro-
jections P(x, 1) onto the stable eigenspace of A(x, 1) for any (x,4) € R x Q. Define
0. = sup{||0:A(x, D] : (x,4) € X} > 0. Take z € R and v € P(z, )[C"]. Observe that
O(x, ) 1= Px, 1) EOADE=Dy, - (x 1) e R x Q,
satisfies the inhomogeneous equation,
@x = Alx, D + 8(x, D),
with
g(x, A) i= SOV G (P, VAR, D) (x = 2) + 0P(x, V] v,

By uniformity of the bound on the spectral gap of A, there exists a contour I' ¢ C, depending
only on M, @ and n, containing precisely those eigenvalues of A(x, A) of negative real part for
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all (x, 1) € R x Q. Thus, we have
1
P(x, ) = 5 %(w —Alx, D)) dw, (x,) eRxQ. (4.8)
I

By [41, Corollary 1.2.4] the norm of the resolvent (w — A(x, 1))~! can be bounded in terms
of M, n and the distance d(w, o (A(x, 1))). Hence, choosing the contour I" appropriately, we
observe

sup [|P(x, D) < C. 4.9)
(x,)eERXQ

Since P(x, A) is the projection onto the stable eigenspace of A(x, 1) and A is uniformly
bounded by M on R x Q and has a uniform spectral gap larger than y = %a/ on R x Q, we have
by [41, Theorem 1.2.1] the bound,

iug ||ep(x'/l)ﬂ(x’d)(x_1)|| <Ce™ ¥ x>z (4.10)
€

Differentiating identity (4.8) yields
1
0P, ) = 5— SE(W — Ax, D)0 Ax, D(w — Ax, ) dw,
T

for each (x, 1) € R x Q. Since the norm of the resolvent (w — A(x, 1))~' can be bounded
in terms of M, n and d(w, o(A(x, 1))), we observe that sup, jcrxa [10:P(x, V|l < C6.. Thus,
combining the latter with (4.9) and (4.10) yields

sup [lg(x, DIl < Coulpll, x =z 4.11)
AeQ

Take ¢ = z — log(d.)u~" > z. By the variation of constants formula there exists w € C* such
that

X

O(x, ) =T (x, & Dw + f Té(x,y, D)g(y, Ddy + f T"(x,y, Dg(y, )dy, (4.12)
Z (o]
for x > zand 1 € Q. Evaluating (4.12) at x = &, while using (4.9), (4.10) and (4.11),
we derive ||w|| < C6.|v|l. Thus, applying I — P(z, 1) to (4.12) at x = z, yields the bound
(I = P(z, )| < C8,|v|| for every v € P(z, H)[C"] by (4.10) and (4.11). Similarly, one
shows that for every v € ker(P(z, 1)) we have ||P(z, A)v|| < Cd.|[v||. Thus, we obtain for any
(z,) ER X Q

I[P = Pl DI < Il = PYPI(z DIl + [IIPU = P))(z, DIl < C6..

Since (4.7) coincides with (4.4) on [a + 1,b — 1], we have established the desired exponential
dichotomy of (4.1). O
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4.3.3 Extending and pasting exponential dichotomies

Once one puts a linear system in the framework of exponential dichotomies, a great technical
toolbox becomes available. First, there are several constructions available to extend the interval
of the dichotomy. Second, if an equation admits exponential dichotomies on two neighboring
intervals, then these dichotomies can be glued together. Third, exponential dichotomies persist
under small perturbations of the equation.

In our spectral stability analysis we need to establish exponential dichotomies for eigen-
value problems that have a complicated structure. The aforementioned techniques enable us to
built exponential dichotomies for these problems from exponential dichotomies of simpler
subproblems. In this section, we treat extending and pasting of exponential dichotomies.
In the next section, we consider the persistence of exponential dichotomies against small
disturbances.

Every exponential dichotomy can be extended for finite time using Gronwall type estimates.

Lemma 4.9. [14, p. 13] Let n € Z.o, J, C J; C R intervals and A € C(J;, Mat,x,(C)).
Suppose equation (4.1) admits an exponential dichotomy on J, with constants K, u > 0 and
projections P,(x). In addition, suppose the length of J, \ J; is finite. Take M > 0 such that
M = sup{l|A(X)I| : x € Jy \ J2}.

Then, system (4.1) has an exponential dichotomy on J; with constants C,u > 0 and pro-
Jjections Pi(x). The constant C depends on K, u, M and the length of J| \ J, only. Moreover,
we have P1(x) = Py(x) for all x € J,.

In the case that the equation is periodic, an exponential dichotomy on a sufficiently large
interval can be extended to the whole line.

Lemma 4.10. [87, Theorem 1] Let n € Z-o, T > 0 and A € C(R, Mat,x,(C)). Suppose that A
is T-periodic and that equation (4.1) has an exponential dichotomy on an interval J of length
2T with constants K,a > 0. Let M > sup{||A(x)|| : x e R} and h := a‘l(sinh_1(4) + log(K)).

If T > 0 is so large that T > 2h, then equation (4.1) has an exponential dichotomy on
R with constants C, 1 > 0. We have ;1 = h™' log 3 and C depends only on M, K and «.

Exponential dichotomies on two neighboring intervals can be pasted together as long as their
spaces of exponential decaying solutions in forward and backward time are complementary.

Lemma 4.11. Let n € Z.o, J C R an interval and A € C(J,Mat,,(C)). Let Jy,J, be two
intervals such that their union equals J and max J, = b = min J; for some b € R. Suppose
equation (4.1) has exponential dichotomies on both J, and J, with constants K,u > 0 and
projections P1(x), x € J1 and Py(x), x € J,, respectively.
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If E" := ker(P1(b)) and E° := P,(b)[C"] are complementary, then (4.1) has an exponential
dichotomy on J with constants K, u > 0. Here, K| depends only on K and ||P||, where P is the
projection on E* along E".

Proof. Let X(x) be the fundamental matrix of (4.1) satisfying X(b) = I. Define P(x) =
X(x)PX(x)~! for x € J, where P is the projection on E* along E“. Observe that P = P(b) has
the same range as P,(b) and the same kernel as P;(b). Now, the exposition in [14, pp. 16-17]
shows that (4.1) has exponential dichotomies on J; and on J, with constants K, > 0 and
projections P(x) for x € J; and x € J,, respectively. We have K| = K + K?||P|| + K3. To
conclude the proof we need to show that the dichotomy estimates remain true on the union
J =J1 U J,. Indeed, take x € J, and y € J;. We estimate

ITCe, PO < IT(x, DYPLOINIPIIPL(BYT (b, y)| < K2||Plle ™7,

where we use P>(b)P = P and PP,(b) = P. Similarly, one estimates ||7(y, x)({ — P(x))|| <
K?||Plle > for x € J, and y € J;. i

4.3.4 Roughness of exponential dichotomies

Exponential dichotomies are particularly useful to study the spectral properties of perturbed
differential equations, since they are robust against small disturbances. This property is often
referred to as roughness. The following result concerns roughness of exponential dichotomies
on arbitrary intervals.

Proposition 4.12. [14, Proposition 5.1] Let n € Zso. Take an interval J C R and A €
C(J, Mat,x,(C)) such that (4.1) has an exponential dichotomy on J with constants K,a > 0
and projections P(x). Then, for any 0 < € < a, there exists 6 > 0 depending only on K, a and
€ such that if B € C(J, Mat,x,,(C)) satisfies

sup [[A(x) — B0l < 6,

xeJ
then equation (4.3) has an exponential dichotomy on J with constants C,u > 0 and projections
Q(x), where u = a — € and C depends on K only. Moreover, for all x € J we have

Co
IP(x) = QI < —.
a

Proposition 4.12 establishes an exponential dichotomy for any perturbation of an equation
admitting an exponential dichotomy. The constructed dichotomy projections are close to the
dichotomy projections of the unperturbed equation. The next result shows that the reverse is
also true: if two equations that are close to each other admit exponential dichotomies, then the
‘gap’ between the ranges and the kernels of the dichotomy projections can be estimated.

Lemma 4.13. Letn € Z.o, a,b € Rwitha < b and A, B € C([a, b], Mat,x,(C)). Suppose
equations (4.1) and (4.3) have exponential dichotomies on [a, b] with constants K 5,112 > 0
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and projections Py (x). Denote by T »(x,y) the evolution operators of systems (4.1) and (4.3).
Let 6 > 0 such that

IT1(a, b) — T2(a, b)I| < 6.
Then, for every v € E{(a) = P1(a)[C"], there exists w € E3(a) = P2(a)[C"] such that
v = wll < (6 + Kae =) Ky e 1=y, (4.13)

Similarly, for every v € E{(b) = ker(P((D)), there exists w € E%(b) = ker(Py(b)) such
that (4.13) holds true.

Proof. Letv € E{(a) and consider w = T (a, b)P2(b)T1(b, a)v € E(a). We estimate

lw —vll < [lIT2(a, b) = Ti(a, D)l + IT2(a, bYT — Po(O)IN T (b, a)vll

< (6 + Kre O K e CO) v,
The other statement is proven in an analogous way. O

In our spectral stability analysis we are interested in non-trivial bounded solutions to eigenvalue
problems of the form (4.4). If the eigenvalue problem has an exponential dichotomy on R,
then it admits no non-trivial bounded solutions. It is possible to achieve persistence against
perturbations of the latter fact under milder conditions than those stated in Proposition 4.12.

Proposition 4.14. [88, Theorem 1] Let n € Z.o and A, B € C(R, Mat,x,(C)). Suppose A is
bounded on R and system (4.1) has an exponential dichotomy on R with constants K, u > 0.
Denote by T ,(x,y) the evolution operators of systems (4.1) and (4.3), respectively. If there
exists T > ,u‘l(sinh‘1 (4) + log(K)) such that for all x,y € R with |x — y| < 21 we have

1T (x,y) = To(x, )l < 1,

then (4.3) admits no non-trivial bounded solutions.

4.3.5 Inhomogeneous problems

In our spectral stability analysis inhomogeneous problems arise when decomposing compli-
cated eigenvalue problems into a simpler principal part and a remainder. If the associated
homogeneous problem admits an exponential dichotomy on R, then the splitting of exponential
growth and decay induces a splitting of the integrals in the variation of constants formula
leading to a characterisation of the unique bounded solution to the inhomogeneous problem.

This above characterisation allows us to compare bounded solutions to an inhomogeneous
problem and its perturbation on the whole real line, whereas with Gronwall type arguments,
one only obtain sharp estimates on finite intervals. This is the content of the following result.
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Proposition 4.15. Let n € Z., f,g € CR,C") bounded and A, B € C(R, Mat,»,(C)). Sup-
pose equation (4.1) has an exponential dichotomy on R with constants K,u > 0. Then the
inhomogeneous problem,

wy=A)w+ f(x), weC", (4.14)

has a unique bounded solution ¢(x). Furthermore, if A and B are bounded and a,b € R with
a < b, then, for any bounded solution y(x) to the inhomogeneous problem,

wy = B)w + g(x), weC, 4.15)

we estimate for x € [a, D],

K
) =yl < (€77 + e =9) (lylliA = Bl + 11 ~ gll)
(4.16)

2K
+ —(Ilwll sup [|A(z) — B@Il + sup [If(z) — g@Il|-
H z€[a.b] z€la,b]

Proof. Denote by T'(x,y) the evolution operator of system (4.1). By [14, Proposition 8.2]
system (4.14) has a unique bounded solution given by

<P(X)=f TS(X,Z)f(Z)dZ+f T"(x,2)f(z)dz, x€R.

o 00

Now, let A and B be bounded and ¢ a bounded solution to (4.15). Note that w: R — C"
defined by w(x) = ¢(x) — ¢(x) is a bounded solution to the inhomogeneous equation,

wy = A(X)w + h(x),

where the inhomogeneity i: R — C" given by A(x) = (A(x) — B(xX)WW(x) + f(x) — g(x) is
bounded on R. By applying [14, Proposition 8.2] once again we deduce that w(x) is given by

w(x) = f T°(x, Dh(z)dz + f T"(x,2)h(z)dz, x€eR. 4.17)
Now, let a,b € R with a < b. Estimate (4.16) for x € [a, b] is achieved by splitting both
integrals in expression (4.17) into two parts. The first integral is split in integrals over
(—c0,a) and over (a, x). Similarly, the second integral is split in integrals over (x, ) and
over (b, o). This yields four integrals, which can be estimated separately in order to obtain
estimate (4.16). O

4.4 Exponential trichotomies

In Chapter 2 we proved the existence of stationary, spatially periodic pulse solutions to (1.10)
by separating attracting, repelling and slowly evolving dynamics in the existence problem (2.1).
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Naturally, the linearization of system (1.10) about the periodic pulse has a similar structure.
Therefore, we encounter eigenvalue problems in our spectral stability analysis that exhibit fast
exponential decay in forward and backward time as well as slow ‘centre’ behavior. Exponential
trichotomies capture the dynamics in such linear systems. We employ the following definition.

Definition 4.16. Letn € Z.(, J C R an interval and A € C(J, Mat,x,(C)). Denote by T(x, y)
the evolution operator of (4.1). Equation (4.1) has an exponential trichotomy on J with
constants K, u > 0 and projections P*(x), P*(x), P°(x): C*" — C" if for all x,y € J it holds

o P+ P(x)+ P(x) = I

o PE)T(x,y) = T(x, y)P“(y);

o ITCe, PO IT (p, x)P(0)ll < Ke™ ) for x > y;
o ITCx, NPl < K.

We often use the abbreviations 7*“(x,y) = T'(x, y)P**(y) leaving the associated projections
of the exponential trichotomy implicit.

If a linear system has a special structure, then exponential trichotomies can be generated
explicitly from exponential dichotomies of a subsystem. For instance, consider the upper-
triangular block system,

o ( A(x) B(x)

m+n
0 Clx) )(p, peCc™, (4.18)

where A, B, C are bounded matrix functions. If the invariant subsystem ¢, = C(x)y admits an
exponential dichotomy on some interval J C R and all solutions to w, = A(x)w are bounded on
J, then system (4.18) has an exponential trichotomy on J. The latter fact is readily seen using
variation of constants formulas. In the spectral stability analysis we use a similar construction
to generate exponential trichotomies, see §5.3.2 and §5.3.3.

4.5 The minimal opening between subspaces

The minimal opening [42, Section 13.3] is a quantity measuring the ‘gap’ between two
subspaces.

Definition 4.17. Let n € Z.y. The minimal opening between two non-trivial subspaces M
and N of C" is given by

nM,N) = inf{llx —yll : x € M,y € N, max(||xI], lIyll) = 1}.
The minimal opening has the useful property that the norm of the projection on M along N

can be bounded in terms of (M, N). This norm estimate is essential for the application of the
“pasting” Lemma 4.11 in our spectral stability analysis.
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Proposition 4.18. Let n € Z.(. The following assertions hold true.

1. If P is a non-trivial projection on C", then it holds

1
WPl < S P, kerP)

2. For non-trivial subspaces M and N of C" it holds n(M, N) # 0 if and only if MNN =
{0}.

3. Let My, and N\ be non-trivial subspaces of C". Suppose that there exists 0 < 6 < 1
such that for each v € M; there exists a w € N; such that |lv — w|| < 8|V|| fori = 1,2.
Then, we have the estimate

n(N1, N2) < n(My, My) + 46.

4. Let Q c C be open and connected. Suppose M(A) and N(A) are continuous families
of subspaces on Q, i.e. there exist continuous families of projections Pa, Py : Q —
Mat,,,(C) such that P (1)[C"] = M(Q) and Pn(D)[C"] = N(Q) for A € Q. Then, the
map A — n(M(Q), N(Q)) is also continuous on Q.

Proof. The first two assertions are derived in [42, p. 396] and [42, Proposition 13.2.1],
respectively. For the third assertion take € > 0. There exists v € M, and v, € M, with
max(|[vi]l, [[v2]]) = 1 such that ||[v; — v5|| < n(M;, M,) + €. Without loss of generality we may
assume |[vi]| = 1. By hypothesis there exists w; € N such that |[v; — w;|| < 6. Because we
have 6 < 1, we can normalize w; and define z; := ”fﬁ One readily estimates |[v; — z;|| < 20.
wa

Similarly, there exists w, € N, such that |[|[v; — w;|| < 6. In the case ||w|| > 1, take z, := Tl

One easily verifies |[vo — z3|| < 26. In the case |[wy|| < 1, we just take 75 := wy. Finally, we
estimate
nN1, N2) < llz1 = 22ll < v = wall + [vi = z1ll + [Iv2 = 22|l < n(Mi, Ma) +46 + €.

Since € is arbitrarily chosen, the second assertion follows. Finally, for the fourth assertion let
P () and Py(A) be continuous families of projections on Q with ranges M(A) and N(Q),
respectively. With the aid of identities (13.1.4), (13.2.5) and (13.2.7) in [42] we derive for
/10 e Q

M), N() = nM(A0), N(A)] < V2 (IPp(A) = PprAo)ll + 1P (D) = Pr(A0)) -

This shows that 1 — n(M(2), N(2)) is continuous on Q. |

4.6 The Riccati transformation

As mentioned in the introduction in Chapter 1, the eigenvalue problem associated with the
linearization of system (1.10) about the periodic pulse solution can be put in the following
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slow-fast block structure,

@x = €(An(x, )¢ + A (x, )Y),
Yx = An(x, )@ + Ana(x, €)Y,
where 0 < € < 1, ny,ny € Z,o and A;; are bounded and continuous matrix functions. The

Riccati transformation is a tool for diagonalizing linear systems of the form (4.19). This linear
non-autonomous transformation, decouples (4.19) into

(@, ) e C2, (4.19)

Xx = €[A11(x,€) + App(x, ) Uc(0)] x,

wy = [An(x, €) — eU(x)Ap(x, €)] w, (O, w) € CH72, (4.20)

where Uc(x) is a family of matrix functions satisfying a certain matrix Riccati equation as
detailed below. Decoupling the full eigenvalue problem associated with the linearization about
the periodic pulse into lower-dimensional, fast and a slow eigenvalue problems leads to a
reduction of complexity in the spectral stability analysis. Eventually, the decoupling yields the
factorization (1.3) of the Evans function.

Although the construction of the transformation is based on two results of Chang [12, Theorem
1] and [13, Lemma 1], the assumptions on the coefficient matrices in [13] are too restrictive.
Therefore, we need a refinement of his statements. For this reason and the fact that the
Riccati transformation lies at the core of our analytic factorization method, we present the
full construction of the transformation. Moreover, we prove that periodicity of the coefficient
matrix implies periodicity of the Riccati transform, which appears to be a new result — see
Remark 4.20.

Theorem 4.19. Let ny,ny € Z.o, €9 € Ryg and A;; € C(R X (0, &), Mat,,x,,(C)) such that A;;
are bounded by some constant K > 0 on R X (0, ) for i, j = 1,2. Suppose that

d/x = AZZ(X’ 6)',0, lﬁ € an’ (421)

admits an exponential dichotomy on R with constants K, u > 0, independent of €. Then, for
€ > 0 sufficiently small, there exists continuously differentiable matrix functions U(x) and
S ¢(x) satisfying the matrix Riccati equations,

U= A22U - 6UA11 - EUA12U +A21, U e Mat,,zx,,l((C),

4.22)
S =€(An +ApU)S —S(Axn — eUAp) — An, S € Mat,;; x,, (C),

with the following properties:
1. Ucand S ¢ are bounded on R by some constant, which depends on K and u only.

2. The coordinate transform,

¥ _ X R 1 _ESG(X)
(5 )=o) mer= oty r-diiomi ) @

diagonalizes system (4.19) into (4.20).
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3. The unique bounded solution Q. to the inhomogeneous matrix problem,
Q, = An(x, )Q + Axi(x,€), Q € Mat,,«, (R,C), (4.24)
satisfies
[[Ue(x) = Qe(x)|| < Cellog(e)l, x€R, 4.25)
where C > 0 is a constant depending on K and u only.

4. Let a > 0. We have the approximation,

Ul <C| sup  (elUI? +1Au(p.e)ll) + 2|, xeR,  (4.26)

ye[x—a,x+a]
where C > 0 is a constant depending on K and u only.
5. If the matrices A;j(-, €) are L-periodic for 1 < i, j < 2, then the coordinate transform H,

is also L-periodic.

Proof. In the following, we denote by C > 0 a constant, which depends on K and y only.

First, we set up an integral equation for U, and prove global existence via a contraction
argument. Since U, triangulizes the system, an integral equation for S, can be derived from
the variation of constants formula. The first four properties of U, and S, follow readily
from the integral equations they satisfy. Finally, periodicity of the transform is proven by
exponential separation.

Since A is bounded by K on R X (0, &), the evolution T'j ((x,y) of system,
¢r = €An(x, €)p, ¢ eC",
satisfies
IT eI < X921 xyeR. (4.27)

Denote by T, ((x,y) the evolution operator of system (4.21). Take p = 8Ku~"||Az;||. The ball
B(0, p) ¢ Cp(R, Mat,,x,, (C)) is a metric space endowed with the supremum norm. We want to
show that the map A, : B(0,p) — B(0, p) given by

(AU)(x) = f 75 (x,9) [~eUMALG, OU®Q) + A (v, ©)] Ty, x)dy

- f Ty (x5, ) [~eUMARG, UG + A21(y, ©)] T1.£(y, X)dy,
is a well-defined contraction. If € > 0 is sufficiently small, it holds for all U € B(0, p)

AU <

g lepnll + Al <p
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using (4.27) and the exponential dichotomy of (4.21). Therefore, A, is well-defined. Similarly,
provided € > 0 is sufficiently small, we estimate for Uy, U, € B(0, p)

AU, — AU < U1 = Uall < Uy = Uall.

4eKpl|A1s||
u—ekK

Hence, A is a contraction mapping. By the Banach fixed point Theorem the integral equation
AU = U has a unique solution U(x) in B(0, p). It is readily seen by differentiating this
integral equation that U, satisfies the matrix Riccati equation (4.22). Moreover, U, is bounded
on R by p < 8K?u~'. Since (4.21) has an exponential dichotomy on R, (4.24) admits a
unique bounded solution Q. by Proposition 4.15. Since A;; is bounded by K, it holds by
Proposition 4.1 for |x — y| < u~!|1log(é)|

IT1.e(x, y) = Il < Cellog(e)l. (4.28)
Using U(x) = (AU)(x) we write

Uc(x) — Qc(x) = f T3 (%, A2 (v, )(T1.e(x,y) — Ddy
- f T35 (%, ) A0, )(T1e(x,y) — Ddy
- f ET;,E(X’ y) U()’)Alz()” G)U()’)Tl,e(y, x)dy

v f €T (e DUGARG, QUG (v, X)dy,

We split the interval of integration of the first two integrals in the right hand side of the latter
equation. This leads to four integrals over (—oo, x — b¢), (x — b, x), (x, x + be) and (x + be, o),
where b, := u~'|log(e)|. Thus, we obtain six integrals, which we estimate separately us-
ing (4.27), (4.28) and the bound on U,. This yields the third property.

The fourth property follows by splitting the interval of integration of the two integrals in the
right hand side of the identity U¢(x) = (A.U)(x). We obtain four integrals over (—oo, x — a),
(x —a, x), (x,x + a) and (x + a, o), respectively. We estimate each integral separately us-
ing (4.27) and the exponential dichotomy of (4.21). This leads to approximation (4.26).

Since A1, A2 and U, are bounded on R X (0, &), the evolution 73 ((x, y) of system,
Xx = €[An(x,€) + Ap(x, U]y, xeC",
is bounded as
T30, I < P21 x,y e R (4.29)
On the other hand, equation,

Wy = (Axn(x,€) — eU(0)Ap(x, €)w, weC™, (4.30)
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can be seen as a perturbation of (4.21). By Proposition 4.12 it therefore possesses an exponen-
tial dichotomy on R with constants C, ; > 0. Denote by 74 (x,y) the evolution operator of
system (4.30). We define S (x) via the variation of constants formula,

X 00
Se(x) =~ f T3.6(x, A0, T, (v, x)dy + f T3(x, A0, T, (v, x)dy,
Using (4.29) and the exponential dichotomy of (4.30) we derive that S is bounded on R by
some constant depending on u and K only. This proves the first property. It is easily verified
by differentiation that S, satisfies the matrix Riccati equation (4.22). Finally, using S ¢ and U,
satisfy equations (4.22), it is a straightforward calculation to see the change of variables (4.23)
transforms system (4.19) into (4.20). This proves the second property.

Only the fifth property remains to be proven. Our plan is to show that system (4.19) is
exponentially separated in the sense of [85]. Subsequently, we make use of the fact that
exponential separation preserves periodicity. Therefore, denote by P.(x), x € R the projections
corresponding to the exponential dichotomy of system (4.30) on R, established in the latter
paragraph. We define the following projections,

0 o 1o 0 0
P‘se‘(o PE(O))’ stf‘(o 0)’ P“‘(o I—PE(O))'

Denote by V; . c C"*" the range of the projection P;, for i = 1,2, 3. Let m; be the rank of
P.(0). Using (4.29) and the exponential dichotomy of (4.30), we conclude system that (4.20)
is, for € > 0 sufficiently small, (m,, n;, n, — my)-exponentially separated with respect to the de-
composition V; @V, ® V3. As aresult, system (4.19) is also (my, n;, np —my)-exponentially
separated with respect to the decomposition W . ® W, . ® W3, where W, ¢ is the range of the
projection Q; ¢ := H.(0)P; H.(0)™! fori=1,2,3.

Now, suppose A;;(+, €) are L-periodic for 1 < i, j < 2. Let X.(x) be the fundamental ma-
trix of system (4.19) with X.(0) = I. Invoking [9, Corollary 4] gives that X6(~)Q2,EX€(~)’1
is L-periodic. Denote by T(x,y) the evolution operator of the diagonal system (4.20). We
calculate for x e R

Xe()02,Xe(X) ™ = Hl(X)Te(x, 0)P2,c Te(0, ) H(x) ™" = Ho(x)P cHe(x)™

_ I — €S ()Uc(x) €S (x)
T\ Udx) + eUd0)S () U(x) €U (x)S e(x) |

Hence, S¢, USe,ScUe and U, + €US U, are L-periodic. So, U.S  Ue is also L-periodic.
Combining this with the L-periodicity of U, + €US (U, we conclude that U, is L-periodic.
This implies that H, is L-periodic, which concludes the proof of the fifth statement. O

Remark 4.20. The periodicity of the transform in Theorem 4.19 is a new discovery to the
author’s knowledge. It is natural to ask whether there always exists a periodic choice for a
coordinate change, which transforms a periodic system into diagonal form. However, it is
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shown in [84, Chapter 5] that this is not the case. It seems that the periodicity of the coordinate
change H. is due to the special (slow-fast) structure of system (4.19). [ |

Remark 4.21. The (m;, n|, n,—my)-exponential separation of (4.19) obtained in Theorem 4.19
shows that the solution space of systems of the form (4.19) can be decomposed in fast
exponentially decaying solutions in forward and backward time and solutions that vary slowly.
This type of decomposition is very similar to the one induced by an exponential trichotomy —
see §4.4. Yet, in our definition of exponential trichotomies we do not allow for exponential
growth in the centre direction. However, we emphasize that some authors do include this in
their definition of exponential trichotomies — see for instance [106]. [ |

Remark 4.22. The Riccati transform can be employed to diagonalize general linear equations
as pointed out in [4, Remark 4.7]. However, the Riccati solutions can become singular in finite
time. We use both the slow-fast structure of (4.19) and the exponential dichotomy of (4.21) to
achieve global boundedness of the transformation functions U, and S . [ |



Chapter 5

Spectral stability analysis

In this chapter we prove the two main spectral approximation results presented in Chapter 3:
we show that the zeros of the Evans function &, are approximated by the ones of the reduced
Evans function &) and we derive an expansion of the critical spectral curve attached to the
origin. Yet, we start with collecting some properties of the reduced Evans function &y, which
are necessary for the proof of these approximation results.

5.1 The reduced Evans function

In this section we study the reduced Evans function &, which is defined in terms of the
three eigenvalue problems (3.6), (3.8) and (3.9). Thereby, we provide the proofs of Proposi-
tions 3.10, 3.11 and 3.12.

5.1.1 The fast Evans function

The homogeneous fast eigenvalue problem (3.6) arises when linearizing v, = D,v.,—G(u, v, 0)
about the standing pulse solution vy (x, ug) — see assumption (E1). The homoclinic ¢ (x, 1) =
(Wn(x, up), gn(x, up)) to (2.3) at u = uy converges exponentially to the hyperbolic saddle O as
x — *o00. Hence, system (3.6) is asymptotically hyperbolic. Consequently, it has exponential
dichotomies on both half-lines respecting analyticity in A. This leads to the construction of the
analytic fast Evans function &g which detects the values of A equation (3.6) has exponentially
localized solutions. The above is the content of the following lemma and proposition.

Lemma 5.1. Let K C Cibe an open and bounded set containing the orbit segment {us(X) :
X € [0,260]} such that K C U — see (S1) and (E2). There exists Ay > 0 such that for
A € (—=Ay,0) the spectrum of the matrix,

. 0 Dg‘
AWD =\ 5 6u.0.00+1 0 ) G-

89
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is bounded away from the imaginary axis on K % Ch by some constant u, > 0.

Proof. For k € Z.( and a matrix A € Mat;(C) denote by ¥ (A) = {v*'Av : v e CEvl=1)
its field of values. Since d,G(u, 0, 0) has positive definite real part by (S2), the field of values
F(8,G(u,0,0)) is for every u € K contained in the positive half-plane by [48, Property 1.2.5a].
In fact, by compactness of K there exists Ag > 0 such that we have F(9,G(u, 0,0)) C C_x, for
every u € K.LetA e (=Ap,0). Foru € K and 1 € Cp we establish using [48, Property 1.2.3]
and [48, Corollary 1.7.7]

a((0,G(u,0,0) + HD;")  (F(9,G(u,0,0)) + HF (D5")
C {z€C:Re(@) 2 dpiy (Ao + M),

max

where d,, is the largest diagonal value of D,. The eigenvalues of A(u, 1) are given by the
square roots of the eigenvalues of (9,G(u,0,0) + )D; I Therefore, we obtain for u € K and
A € Cy that any eigenvalue z € o(A(u, 1)) satisfies |Re(z)| > cos(n/4) V(Ao + A)/dmax, which
concludes the proof. O

Proposition 5.2. Let A € (—Ay,0) with Ag > 0 as in Lemma 5.1. The homogeneous fast
eigenvalue problem (3.6) admits for every A € Cp exponential dichotomies on [0, o) and
(=00, 0] with constants C(A), 1, > 0 and rank n projections Qy,.(x, A), where u, > 0 is as in
Lemma 5.1. The projections Q. (£x, ) are analytic on Cy for each x > 0. Morover, the map
A C(A) is continuous on Cy.

Let B’;."Y: Ca — Maty,,(C) be analytic bases such that Q. (0, D[C¥] = B;‘((/l)[C"] and
ker(Qy-(0, 1)) = B}(/l)[(C"] for A € Ca. The analytic function Ery: Cn — C given by
Ero(D) = det(B;i(/l), B;;(/l)) has the following properties:

1. &ro(A) = 0 if and only if (3.6) admits a non-trivial, exponentially localized solution;
2. Ero(A) # 0 if and only if (3.6) has an exponential dichotomy on R;
3. The zero set 8;})(0) is discrete and independent of the choice of bases B;'S;

4. The multiplicity of a zero A € Cp of &y coincides with the algebraic multiplicity of A
as an eigenvalue of the operator Ly, defined in (3.7).

Proof. By Lemma 5.1 the asymptotic matrix A(uo, -), defined in (5.1), is hyperbolic on Cp
with spectral gap larger than y,, where uy is as in (E2). The stable and unstable eigenspaces of
A(ugp, ) have dimension n for any A € C5. Moreover, estimate (2.6) implies

[Azz.0(x, o, ) — Aug, D|| < K™, xeR,1€Cy,

where K > 0 is a A-independent constant. Therefore, system (3.6) admits by Proposition 4.7
exponential dichotomies on both half-lines with the desired properties.
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By [86, Proposition 2.1] we have Ero(1) # 0 if and only if (3.6) has an exponential di-
chotomy on R. On the other hand, every exponentially localized solution ¢(x, 2) to (3.6) must
satisfy ¢(0, 1) € B_L;(/l)[C”] n B;(/I)[C”]. This settles the first two properties. The third and
fourth property are the content of [1, Section E]. O

Proposition 5.2 provides the fast Evans function and thereby proves Proposition 3.10.

Definition 5.3. Let A € (=Ay,0) with Ag > 0 as in Lemma 5.1. The map E5: Co — C given
by Ef () = det(B;(/l), B;.(/l)), obtained in Proposition 5.2, is called the fast Evans function.

An important consequence of the exponential dichotomies established in Proposition 5.2 is
that the differential operator associated with (3.6) is Fredholm.

Corollary 5.4. Let A € (—A\g,0) with Ay > 0 as in Lemma 5.1. For each A € Cy the bounded
operator L : C})(R, C?"y = Cp(R, C*) given by
Ly = @x — Axn (-, ug, Do,

is Fredholm of index 0. Moreover, L, is invertible if and only if 1 € Cp \ 8;})(0). The
multiplicity of a zero A, € Cp of Ey coincides with the algebraic multiplicity of the operator
pencil A — Lyat A = A,.

Proof. This follows readily from Proposition 5.2, [86, Lemma 4.2] and [1, Section E]. We
also refer to [6, Section 3.2]. O

5.1.2 The slow Evans function

The slow Evans function & is explictly given by (3.10). The matrix solution X,(x, ug, 1) to
the inhomogeneous fast eigenvalue problem (3.8) at u = iy is one of the key ingredients of
E;0. We prove that X;,(x, ug, ) is meromorphic for each x € R. Singularities of X,(x, uo, -)
only occur at the zeros of the fast Evans function &rp.

Proposition 5.5. Let A € (—Ay,0) with Ao > 0 as in Lemma 5.1. There exists a unique
solution X, : R X Up X [Ca \ 8}})(0)] — Maty,xom(C) to the inhomogeneous fast eigenvalue
problem (3.8) with the following properties:

1. Xi(x,ug, ) is meromorphic on Ca and analytic on Cx \ 8}})(0) forall x e R;

2. If A= X (x,ug, A) has a pole at A = A, then its order is at most the multiplicity of A,
as a root of &z,

3. Xin(-, ug, ) is exponentially localized for each A € Cp \ 8},10(0). In particular, there
exists A-independent constants C, u;, > 0 such that

1Xin(x, o, DI < Ce M, x e R,

for all A € Cx with Re(\2) > C;
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4. Let A, € Cp be a simple zero of Ep. Denote by ¢, (x) and Yy (x) exponentially
localized solutions to (3.6) and its adjoint equation (3.14), respectively, at 1 = A,

satisfying
0 (0 0
f Ya.(2) ( I 0 )9% (9)dz = 1. (5.2)
There exists a neighborhood B,, C Cp of A, and a mapping X, : RXB, — Maty,x2,(C),
such that
‘P/l ( )
Xin(x,up, ) = lﬂﬁ (2)" Az10(z, up)dz + Xj,(x, 1), (x,2) ERX By,.

Here, X, (x,-) is analytic on B, for every x € R. Moreover, X, (-, ) is exponentially
localized for every A € B,,.

Proof. For A € Cy, the operator £, established in Corollary 5.4, is Fredholm of index 0 and
L, is invertible if and only if Ef(4) # 0. The multiplicity of a zero A, € Cp of &y coincides
with the algebraic multiplicity of the operator pencil A — £, at A = A,. Combining the latter
with [74, Theorem 1.3.1] settles the first two properties.

We establish the third property. The homogeneous fast eigenvalue problem (3.6) has by
Proposition 5.2 an exponential dichotomy on R for each 4 € Cp \ &; O(()) Thus, since
Aa o(-, up) is exponentially localized by (S1) and estimate (2.6), the same holds for X; (-, ug, A)
by Proposition 4.15. The coordinate change (v,q) — (v, VIAlw) puts system (3.6) into the
form,

D2Vx = \/mW,

([)VG(uo,vh(x, u),0) A ) (v,w) € C*", (5.3)
Wy = + v,
] Vial

where we denote by +/- the principal square root. By Proposition 4.12 there exists a constant
K > 0 such that for any

AEZK:={A€CA:Re(\//_l)>K}c{/l€C,\:|/l|>K2}, (5.4)

system (5.3) admits an exponential dichotomy on R with constants Kj, (1) > 0, where
1() = Re(V) and Ky, iy > 0 are independent of A. Therefore, system (3.6) has for each
A € Xk an exponential dichotomy on R with constants K>(2), u(1) > 0, where K>(1) = V]AK].
Note that 1 — M is bounded by a A-independent constant on Zx. Combining this fact with
Proposition 4.15 ylelds the third property.

Finally, let A, € Ca be a simple zero of Erg. By Corollary 5.4 the operator pencil A — £,
has algebraic multiplicity 1 at A = A,. Hence, the fourth property follows by an application of
Keldysh formula — see [74, Theorem 1.6.5]. O
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Remark 5.6. If A, is a simple zero of &y, then it is always possible to choose exponentially
localized solutions ¢, (x) and ¢, (x) to (3.6) and its adjoint equation (3.14) satisfying (5.2).
Indeed, the kernels of the operator £,, and its adjoint £ are one-dimensional by Corol-
lary 5.4. In addition, since equation (3.6) has exponential dichotomies on both half-lines by
Proposition 5.2, the same holds for its adjoint (3.14). So, the spaces of exponentially localized
solutions to (3.6) and (3.14) are one-dimensional. Now, take non-trivial, exponentially local-
ized solutions ¢, (x) and ¢, (x) to (3.6) and (3.14), respectively. Since the operator pencil
A +— L, has algebraic multiplicity 1 at A = A, by Corollary 5.4, the generalized eigenvalue
problem,

Lyg =0.L),¢a,,

has no bounded solutions. Hence, [86, Lemma 4.2] implies

0+ [Cweratioi= [ ner( ] § e .

Remark 5.7. Let f € C,(R,C?"). The Fredholm alternative in [86, Lemma 4.2] states that
the inhomogeneous equation,

Avp = A o(x, ug, Vg + f(x), ¢ €C,

has a bounded solution if and only if the solvability condition,

f Y(x)" f(x)dx =0,

is satisfied for all bounded solutions ¥ to the adjoint equation (3.14). This agrees with the fact
that X;,(x, u, -) has a removable singularity at a simple zero A, of & if and only if we have

f W, (2)" A 0(z, uo)dz = 0,
by the fourth assertion in Proposition 5.5. -

Remark 5.8. It is possible to obtain expressions for the singular part of the Laurent series
of X, at a zero of &y of higher multiplicity by looking at a canonical system of generalized
eigenfunctions. However, for simplicity of exposition we restrict ourselves to the (generic)
case of a simple zero of Ey. The interested reader is referred to [74, Chapter 1] for the general
set-up. ]

Using Proposition 5.5, we prove Proposition 3.11.

Proof of Proposition 3.11. Assumption (S1), estimate (2.6) and Proposition 5.5 yield that
0, H(ug, vi(-, up)) and X, (-, up, ) are exponentially localized for each A € Cy \ 8}})(0). Thus,

the integral G(ug, 1) converges for each A € Cy \ 8;})(0) and &, is well-defined.
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It is well-known [60, Lemma 2.1.4] that, when the coefficient matrix depends analytically
on a parameter, then the evolution is analytic in this parameter too. Combining this with
Proposition 5.5 yields the first two properties.

Since the solution y(X) to the slow reduced system (2.4) crosses ker(/ — Ry) at X = £y
by (E2), the slow eigenvalue problem (3.9) is R,-reversible at X = {,, i.e. the evolution
T5(%, ¥, ) of (3.9) satisfies R;7T(2£y, 0, DR; = 7,(0,2¢y, A) for each 2 € C. Moreover, we
have R, Y (1o, 1) = Y(uo, )~' R, and the matrices Y(ug, 1) and T5(2£y, 0, 1) have determinant 1
for any A € Ca \ &4,(0). This yields the third property.

Proving the fourth property is more elaborate. We denote by C > 0 a constant, which is
independent of A and y. Putting ¥ = V|A¥ and p = V||D,r rescales the slow eigenvalue
problem (3.9) into

VD =,
O.H, (us (1471%%), 0,0 (u,r) € C?", 1€ C\{0}). (5.5)
\/D—lry=( l(u <|I/|l| }’) )+%]u,

Denote by 71 (3, Z, 4) the evolution operator of system (5.5). It holds
CA1 T (2414160, 0,2) €7 = T, VT (260,0,D), A€ CA\E(0),  (5.6)

with

cor(3 ) gl
4= Dy )0 T AD) T Gue. ) 1

We regard system (5.5) as a perturbation of

VDius =7
VDiry = S,

|4

(u,r) € C¥ 21 € C\ {0} (5.7

Consider the set X defined in (5.4). Clearly, there exists a K > 0 such that (5.7) has for each
A € Xk an exponential dichotomy on R with A-independent constants and rank m projections,

11 -4y
= Pl
Pi(1) 2( _ﬁl 7 ) (5.8)
Taking K > 0 larger if necessary, Proposition 4.12 implies that (5.5) admits an exponential di-
chotomy on [0, 2 v|1]£y] with A-independent constants and corresponding projections Py (x, 1)

satisfying

C
P2 ) = LI < 7 € [0.241160 ], A € 2 (5.9)
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One readily observes from (5.8) that there exists bases B’f"v(/l) € Matasm(C) of Pi()[CH"] =
B{(D[C™"] and ker(P1(1)) = B{(D[C™] such that for each A € X the quantity det(B{ (1), B{(1))
is bounded away from 0 by a A-independent constant. Define B3(1) = P»(0, ))Bj(4) and
By() = (I - P2(2 \/WKO,/I))BLI‘(A). By estimate (5.9) it holds

C

”BZ’S(/D - Blllys(/l)” s I

A€ Xk. (5.10)

Consider the invertible matrix,
H(A) := (T, (0,212, ) By(2), B5(D)), A€ Zg.

Taking K > 0 larger if necessary, Proposition 5.5 yields that X,(:, up, 4) is for each 4 € Xg
exponentially localized with A-independent decay rates. Thus, by (5.10) we have

C

H(Tl(ﬂ)T (2 V260,0,2) = y) H(A) — (BY(A), —yB;'u))H <

A€ k.

Taking determinants in the previous expression gives

6000, detH(2) ~ (9" det (B Bi)| < —=. ye ' A€,

via
using (5.6). Since A — det(B{(4), B{(4)) is bounded away from zero on X by a A-independent
constant and det(7#{ (1)) is non-zero on X, the slow Evans function &, has no roots in g XS I
provided K > 0 is sufficiently large. This proves the third property, because Ca \ Zg is
bounded. |

Finally, we establish the singular part of the Laurent series of &;o(+,y) at a simple zero of &y
and thereby prove Proposition 3.12.

Corollary 5.9. Let A € (—Ay,0) with Ay > 0 as in Lemma 5.1. Suppose A, is a simple zero of
Ero. Let o, = (@a,,1,00.2):Wa, = Wi, 1,¥a.2), By, and X, as in Proposition 5.5. Define for
de B/{o

Q= f 0yvHa(uo, v(2))pa, 1 (2)dz € C™,

/g f W1,2(2)"0,G(ug, vn(2), 0)dz € Mat;,, (C), (5.11)

Ga(A) = f [0.H2(uo, vi(2)) + 0y Ha (g, vi(2))Va, (2, V)] dz € Mat, (C),

where V,, denotes the upper-left (n X m)-block of the (2n X 2m)-matrix X,,. Moreover, let
(ui(x, ), pi(x, ), i = 1,...,2m be a fundamental set of solutions to the slow eigenvalue
problem (3.9). Finally, let C(A,7y) be the cofactor matrix of

1 0

Halty):= ( G 1

)7}(2&), 0, 1) —yI € Matyom(C).



5.2. APPROXIMATION OF THE ROOTS OF THE EVANS FUNCTION 96

For all y € ', the singular part of the Laurent series of E0(-,y) at A, is given by

2m

Z] W60, 1) (" [Ci]" )

=m+1

A=A

Proof. Assume A, is a simple zero of Ey. Using the Laurent series of Xj, provided in
Proposition 5.5, we can split off the singular part of G(up, 1) at A,. Indeed, we have

Guo, A) =

1
+G,(1), A€B,,.
PR Ga(D) i

Using the multi-linearity of the determinant, we expand
1 0 O
85,0(/17 7) - det (L{a(/l’ 7) + ( 901// O

2
R )ﬂ( 50,0,/1)]

= det(U, (1, 7)) +

2m
— TR (¢ [esttn]” )

A

forle By andyeS!. O

Remark 5.10. In the case m = 1, Propositions 3.25 and 3.28 imply that y appears as a factor
in the singular part of the Laurent expansion of E,(+,y) at a simple zero A, of &E. Therefore,
E,0(+,y) has a pole at A, for some y € S if and only if E;(-,) has a pole at A, forall y € S'.
However, in the general setting of Corollary 5.9, the principal part of the Laurent expansion
of E;(:,7y) is polynomial in y. So, it could happen that E;(:,y) has a pole at A, for all but a
discrete set of ¥ € S'. We expect that such a (non-generic) situation occurs precisely when A,
is a limit point of the zero set Jyeg1{1 € Ca : E50(4,y) = 0} [ |

5.2 Approximation of the roots of the Evans function

5.2.1 Introduction

In this section we prove Theorem 3.15. Our plan is to factorize the Evans function into a fast
and a slow component:

Ee(A,7) = E7.6(4,7)E5.6(4,7), (5.12)

and to approximate the factors by the fast and slow Evans functions & and &E;y. The
factorization (5.12) is induced by diagonalizing the full eigenvalue problem (3.3) via the
Riccati transform, which is established in §4.6. Rescaling the p-coordinate in (3.3) by a factor
/€ yields the equivalent system,

VEA 166, ) VEA I (X) 2(m-+n)
o ’ : . @ =.p.v.q) eCY, 5.13
v ( Aoy (x) Apex, ) |9 ¢ (u, p,v,q) (5.13)
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where Ajp ¢, Azl o and Ay . are as in (3.4) and
A1 o(x, 1) 0 by
& -xs = 2 A
" &(0uH ) (dp.s(x). &) + A) + Oy Ho(dps(x)) O
System (5.13) has the required slow-fast form (4.19) for an application of the Riccati transform.
Moreover, the evolution matrices of systems (3.3) and (5.13) are similar. Therefore, it holds

Ec(,y) = det(T o0, ~Le, ) = ¥T (0, Le, 1)), (5.14)

where 7 ,(x, v, A) is the evolution operator of system (5.13). Yet, an application of the Riccati
transformation to (5.13) is only legitimate when system,

(//x = ﬂZZ,s(-xa /D';b’ lﬂ € CZn, (515)

has an exponential dichotomy on R. If A is not a zero of the fast Evans function, then the
homogeneous fast eigenvalue problem (3.6) admits an exponential dichotomy on R by Propo-
sition 5.2. Using roughness techniques the exponential dichotomy of (3.6) carries over to
the perturbed problem (5.15), whenever A is away from 8;’})(0). In that case, system (5.13)
diagonalizes via the Riccati transform. Consequently, using the periodicity of system (5.13)
and identity (5.14), the Evans function &, factorizes as (5.12) for A away from the roots of & .

The two blocks, in which (5.13) diagonalizes, can be approximated in terms of the three
eigenvalue problems (3.6), (3.8) and (3.9). This corresponds to approximating the factor &y,
by the fast Evans function &y and &, by the slow Evans function E;g. Thus, we obtain
the desired approximation of the roots of &, by the zeros of the reduced Evans function
Eo(A,y) = (=y)'E10(DE;0(4,y) using Rouché’s Theorem.

This section is structured as follows. We start by showing that the spectrum of the lin-
earization L, is contained in an e-independent sector. This provides an important a priori
bound on the magnitude of the roots of the Evans function &.. Subsequently, we establish an
exponential dichotomy for system (5.15) for A away from the zeros of &. Then, the Riccati
transform yields the desired diagonalization of (5.13) and the factorization of &.. Then, we
link the factors & and &E; ; to Eyp and &; . Finally, we apply Rouché’s Theorem to conclude
the proof of Theorem 3.15.

5.2.2 A priori bounds on the spectrum

In §3.2 we established the linearization £, of (1.9) about the periodic pulse solution Jﬁp,g.
By [44, Theorem 1.3.2], the differential operator L, is sectorial as a sum of a sectorial and a
bounded operator. The bounded part involves multiplication with the matrix function B.(x),
defined in (3.1), which has a norm of order O(s™!). Yet, the spectrum of £, is confined to an
e-independent sector.
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Proposition 5.11. For € > O sufficiently small, there exists constants w € Ry and @w €
(/2, ), both independent of €, such that the sectorL := {1 € C: 1 # w, larg(1-w)| < @w}U{w}
is contained in the resolvent set p(Ly).

Proof. In the following, we denote by C > 0 a constant, which is independent of £ and A.

Our approach is to decompose L, in more elementary building blocks in order to control
the £'-terms in B,. First, we show that the operator L) .: Cgb(R, R™ c Cp(R,R™) —
C.»(R,R™) given by

Ll,eu = Diugz + gilauHZ(ép,s('))u,

is sectorial with an e-independent sector. Subsequently, we prove this for L.: Cib(R, R™™M) c
Cip(R,R™™"y — Cyp(R,R™") given by

( u ) s ( Ligu +8_1avH2((5p,s('))V )
v

& Davix
Finally, we regard £, as a perturbation of L. by a bounded operator with O(1)-norm.

Our goal is to show that the spectrum of the periodic differential operator £, . is contained in
an e-independent sector. By [38, Proposition 2.1] it is sufficient to show that the associated
eigenvalue problem,

\/Fluic:‘ap,
JBrps = [V 1 @) (u, p) € C™", (5.16)
1Px = — i,
Vie

has no non-trivial bounded solutions for A in some e-independent sector. Here, +/- is the
principal square root. Denote by 7 .(X, , 1) the evolution operator of system (5.16) and let
T1(%, ¥, 2) be the evolution operator of

VDiuy = Vap,
VD1 ps = Vau,

One readily observes that, whenever 4 € C \ R, system (5.17) has an exponential dichotomy
on R with constants Co,u; > 0 with Cy = 1 and p; := ||D1]|""*Re(¥VA). Since we have
leLs — €o| < Ce by Theorem 2.3, there exists a constant C; > 0, independent of &, such that for
all 1 € Py := {u € C: Re(yr) > C1}itholds hy := p;" sinh™' (4) < ¢, := eL,.

(u, p) € C*". (5.17)

Let A € P;. Using (S1) and Theorem 2.3 we estimate

10, Ha(dp e GOl < Ce™® Hol % € [=£,, £,].
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Letw,Z € R such that 0 < 7 —w < 2h, < 2¢£,. Taking into account the 2£,-periodicity of J)p,g,
we have

“ 110 H2(¢ps(x))”d < C

W Vidle Viar
Thus, by Proposition 4.1, we establish

C .
I77E W, ) = T1EW, DIl £ —,  w,ZeRwith | — 2| <2hy,

\/_

where we use that the evolution operator of (5.17) satisfies

T390, D] < CeReVVE 35 2 e R,

X<

So, there exists an e-independent constant C, > 0 such that, whenever A € Py satisfies [1] > C»,
then it holds

1T1@ W, D) = T1 W, DIl < 1, Ww,Z€Rwith W - 2| < 2h,. (5.18)

Now let X; be an e-independent sector disjoint from B(0, C,) U [C \ P;] — see Figure 5.1.
For all 4 € X, there are no non-trivial, bounded solutions to (5.16) by combining (5.18)
with Proposition 4.14. So, by [38, Proposition 2.1] the resolvent set p(L; ) contains the
&-independent sector X;.

Consider the elliptic operator £ : Cih(R, R" c Cp(R,R") — C,p(R,R") given by Lrv =
Djvyz. Clearly, we have p(L£;) = C\ Ry D Xy. For A € X the operator on C,;,(R, R™*")
defined by

(Lie =V w—e'9,Hay, g( NELr = D)7 (V)
v &L -7

is an inverse of Zg — A. Therefore, the sector X is contained in the resolvent set p(Zs).

Define

B,.(9) = ( 0uH(fpo(X).€)  OvH 1 (ps(¥). ) )
© 0uG(9pe(X), &) 0,G(Ppe(X),€) |

Let Lp.: Cip(R,R™™) — C,p(R, R™™) be the multiplication operator [ Ly, c¢](X) = Bp o (¥)¢.

By Theorem 2.3 the norm of £, . is bounded by an e-independent constant.

Invoking [44, Theorem 1.3.2] and its proof yields the conclusion: the sum £, = .Z.; + L), . with
domain Cib(R, R™*") is sectorial with an g-independent sector £ C p(L,), using that ||-L; c|| is
bounded by an e-independent constant and X; is independent of &. O
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Figure 5.1: Construction of the sector X; in the proof of Proposition 5.11.

Let y € S'. By Propositions 3.7 and 5.11 the roots of the Evans function &,(-,y) in the
half-plane C, are confined to an &- and y-independent bounded region. In addition, by
Propositions 5.2 and 3.11 the same holds for the zeros of the reduced Evans function &y(:, y).
Thus, we have established the following result.

Corollary 5.12. Let A € (—Ay,0) with Ag > 0 as in Lemma 5.1. There exists an open and
bounded set 5 o C Cp such that

| (1€ &y) =0 0r &, ) = 0} € Zpp.
yes!

Thus, when proving Theorem 3.15, we may without loss of generality restrict ourselves to the
set X o by the a priori bounds in Corollary 5.12.

5.2.3 An exponential dichotomy capturing the fast dynamics

We wish to apply the Riccati transformation to the rescaled full eigenvalue problem (5.13)
in order to factorize &, into a fast and a slow part as in (5.12). However, according to
Theorem 4.19 this is only legitimate, when system (5.15) has an exponential dichotomy on
R. By Proposition 5.2 the homogeneous fast eigenvalue problem (3.6) admits an exponential
dichotomy on R, whenever A4 € Cy \ 8 0(0). Using roughness techniques the exponential
dichotomy of (3.6) carries over to the perturbed problem (5.15). Therefore, we establish the
following result.
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Notation 5.13. Let A € (—=A,0) with Ag > 0 as in Lemma 5.1 and Zpp C Ca as in
Corollary 5.12. For ¢ > 0, we denote

Sas =20\ | BLO).
1€E74(0)

Theorem 5.14. Let A € (—Ag,0) with Ay > 0 as in Lemma 5.1. Take 6 > 0. Fore > 0
sufficiently small, systems (3.6) and (5.15) have for all A € Z, s an exponential dichotomy on
R with &- and A-independent constants C,uy > 0.

Proof. In the following, we denote by C > 0 a constant, which is independent of A and €.

Our approach is as follows. First, we establish an exponential dichotomy for (5.15) on
an interval [a, 2L, — a] for some a > 0, using that the coefficient matrix Ay, .(x, A) has slowly
varying coeflicients and is pointwise hyperbolic along the slow manifold. We extend the
exponential dichotomy to [0, 2L.]. Similarly, we obtain an exponential dichotomy for (5.15)
on [-2L,0].

Subsequently, we calculate the minimal opening between the kernels and ranges of the di-
chotomy projections at 0. By approximating system (5.15) by the fast eigenvalue problem (3.6),
we show that, whenever A is contained in X, s, this minimal opening is substantial. Therefore,
Lemma 4.11 provides exponential dichotomies for (5.15) on [-2L,,2L.] and for (3.6) on R.
Finally, we extend the exponential dichotomy of (5.15) to R.

We start by establishing exponential dichotomies for (5.15) on [0,2L.] and on [-2L,,0].
Theorem 2.3 yields the following estimates,

pe(x)l| < Cetomintx2La=s),
) Ol = 105 gp ol < CemintsLa=sl -y ¢ [0,21,],
”I/l;),g(-x)“ = ‘9||D1_1Pp,s(x)“ < Cg’

which imply
(102 A22.5(x, D], [ Ao, A) = Alutp o(x), || < € max fe, e7+o mintr2Le=l} (5.19)

for x € [0,2L,] and A € X4 5, where A(u, A) is defined in (5.1). First, by Theorem 2.3 and
Lemma 5.1, there exists an e-independent constant @ > 0 such that, for £ > 0 sufficiently
small, the matrix A(up (%), 4) is hyperbolic for each x € [0,2L,] and A € X, s with spectral
gap larger than 2a. Thus, by estimate (5.19) there exists xo > 0, independent of &, such
that Ay, . is hyperbolic on [xp, 2L, — x9] X X5 s with spectral gap larger than @. Second,
Az e 1s bounded on [0, 2L,] X ) 5 by an e-independent constant using Theorem 2.3. Thus,
taking xo > O larger if necessary, Proposition 4.8 and (5.19) yield, provided € > 0 is suf-
ficiently small, an exponential dichotomy for system (5.15) on [xg, 2L, — x¢] with &- and
A-independent constants. Using Lemma 4.9 we extend this to an exponential dichotomy
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on [0, 2L,.] with constants independent of &€ and A. Similarly, we obtain an exponential di-
chotomy for (5.15) on [-2L,,0]. We conclude that (5.15) has exponential dichotomies on
both [0, 2L,] and [-2L,, 0] for every A € X s with constants C, ary > 0, independent of € and A.

We compare system (5.15) with the homogeneous fast eigenvalue problem (3.6). First, by
Theorem 2.3 and estimate (2.6), the corresponding coefficient matrices Ay . and A o(:, o, *)
are bounded on R X X 5 by a constant M > 1, which is independent of . Second, Theorem 2.3
yields

[ A2.(x, ) = Ay o(x, o, V|| < Cellog(e)l,  x € [log(e), ~log(e)], A € Zng.  (5.20)

Denote by 7,(x,y, A) and 7 ¢(x, y, 4) the evolution operators of (3.6) and (5.15), respectively.
Using Lemma 4.1 and (5.20) we estimate

I7+(x,y, ) = Tpe(x,y, DIl < 1, x,y € [log(e)/4M, —log()/4M], A € T 5. (5:21)

We recall some facts from Proposition 5.2. First, system (3.6) admits for each 4 € Cx
exponential dichotomies on both half-lines with constants that depend continuously on
A. Second, the corresponding projections Qy.(x, 1) are analytic in A. Third, the sub-
spaces Ej(4) := Qr.+(0, D[C?] and Ej(A) := ker(Qy-(0, 1)) are complementary for each
A€ Cy \8}})(0). Therefore, Proposition 4.18 implies that the continuous map 7,: Cp — [0, 00)
given by the minimal opening 71,(1) = n(Ej(4), Ej(4)) is bounded away from O on the set
2. Hence, the projection on Ej(4) along Efj(1) is well-defined on X s and bounded by
a A-independent constant by Proposition 4.18. Thus, Lemma 4.11 yields for each 1 € Z5 5
an exponential dichotomy of the homogeneous fast eigenvalue problem (3.6) on R with A-
independent constants.

Denote by Q. .(x, A) the projections corresponding to the exponential dichotomies of (5.15)
on [0,2L,] and on [-2L,, 0]. Let A € X4 5. By combining estimate (5.21) with Lemma 4.13,
there exists for each w € E3(1) := Q. (0, )[C*"] an element v € E((2) such that

v =wll < Ce%*M|jw]. (5.22)

Similarly, there exists for each w € E(1) := ker(Q- (0, 1)) a vector v € Efj(1) such that (5.22)
holds true. Therefore, Proposition 4.18 yields the estimate

[7,(D) = (EL), EL)| < Ce**M, A € T (5.23)

Finally, we establish the desired exponential dichotomy for (5.15) on R. Recall that the
map 7, is bounded away from O on X, s. Thus, by estimate (5.23) and Proposition 4.18
one deduces that, for £ > 0 sufficiently small, E}(1) and EZ(1) are complementary on X, s.
So, the projection Q.(1) onto E:(1) along E%(A) is well-defined for A € £, s. In addition,
by Proposition 4.18 and (5.23), the norm of Q. is bounded on X, s by an e-independent
constant. Therefore, Lemma 4.11 implies that (5.15) admits an exponential dichotomy for
each A € Zps on [-2L,,2L,] with A- and e-independent constants. Subsequently, for each



103 CHAPTER 5. SPECTRAL STABILITY ANALYSIS

A € Zp 5, Lemma 4.10 yields an exponential dichotomy for system (5.15) on R with 2- and &-
independent constants, where we use that the coefficient matrix Ay; . is e-uniformly bounded
onR X Xy 5. a

In Theorem 5.14 we established exponential dichotomies on R for the homogeneous fast
eigenvalue problem (3.6) and its perturbation (5.15). This enables us to compare solutions to

the inhomogeneous fast eigenvalue problem (3.8) and its perturbation,

Y, = Ape(x, DY + Azio(x), Y € Maty0,(C). (5.24)

Corollary 5.15. Let A € (—Ag,0) with Ag > 0 as in Lemma 5.1. Take 6 > 0. For each
A € X5, there exists a unique bounded solution ¥.(x, ) to (5.24) satisfying

”‘{JS('X? /1) - Xin(-x’ Up, /l)” < C8| log(8)|’ X € [_Lé‘» LS]’ /l € z:1\,(5’

where C > 0 is a A- and e-independent constant.

Proof. In the following, we denote by C > 0 a constant, which is independent of € and A.
Systems (3.6) and (5.15) have by Theorem 5.14 for each A € X, 5 an exponential dichotomy on
R with constants C, uy > 0, which are independent of € and A. Let yo > 0 be as in Theorem 2.3

and take y := 2/ min{uy, to}. Theorem 2.3 yields

([ Az, A) = Az 0(x, 1o, V)|

|15 (0) = At o(x, uo)| < Cellog(e)l,

for x € [2y log(e), —2x log(e)] and A € X, 5. Now, we apply Proposition 4.15 to the inhomo-
geneous equations (3.8) and (5.24): there exists a unique bounded solution W (x, 1) to (5.24)
satisfying

We(x, ) = Xin(x, up, Dl < Cellog(e)l,  x € [xlog(e), —x log(&)], 4 € Ep g, (5.25)

where we use that Ay ., Az o(-, o, -) and X, (-, up, -) are e-uniformly bounded on R X X4 s
and Ay . and Ay o(:, up) are e-uniformly bounded on R by Theorem 2.3 and Proposition 5.5.
Furthermore, by Theorem 2.3, estimate (2.6) and (S1) we have

A2 (Ol < Ce M, x € [-Le, Le],

Ade ZA,(S-
| A21,0(x, up)l| < Ce™M, xR,
Combing the latter with Proposition 4.15 implies

[P (x, Dl < Cemmintursolldi2 -y e [, L].

. A€ Zpp, 5.26
1in s o, | < Cemnborsnlbii2 - e R, " 2

which proves that (5.25) actually holds for all x € [-L,, L] and 1 € 4 5. |
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5.2.4 Factorization of the Evans function via the Riccati transform

We employ the Riccati transform to diagonalize the rescaled full eigenvalue problem (5.13).
This yields the factorization (5.12) of the Evans function.

Theorem 5.16. Let A € (—Ag,0) with Ay > 0 as in Lemma 5.1. Take 6 > 0. Fore > 0
sufficiently small, there exists a function Ug: R X Zp 5 — Maty,xm(C) such that we have the
factorization,

88(1’ 7) = SS,S(/L Y)Sf,s(/l7 7)7 A€ Z/\,(S’ Y € Ca
with E; ., Efc: Tps X C — C given by

83,8(/la 7) = det(Tsd,s(O, _Lg’ /l) - Wsd,s(o, Ls’ /l)),
af,s(/ls Y) = det(de,s(O’ =L, ) - nyd,s(O’ Lg, 2)).

where T 44 .(x,y, A) is the evolution operator of system,

Xe = V& (T (6, D) + A (DU(x, D) x,  x €C™, (5.27)
and T 74(x,y, A) is the evolution operator of system,
wy = (A e(x, 1) = VeU(x, DApe(¥)) w,  w € C™. (5.28)
In addition, U, enjoys the following properties:
1. U, is bounded by an e-independent constant on its domain R X Zp s;
2. Ug(:, A) is 2Lg-periodic for each A € Zp 5;

3. Take

3 121og(e)
min{gn, po, iy}’

[1]

& =

where uy > 0is as in (2.6), po > 0is as in Theorem 2.3 and s > 0 is as in Theorem 5.14.
It holds,

1Ue(x, D) = Xin(x, g, DI < C Vel log(e)l, x €[0,2L],

_ _ A€Zphs,  (5.29)
IU:(x, DIl < C&*, x € [E, 2L — B,

where C > 0 is a A- and e-independent constant.

Proof. In the following, we denote by C > 0 a constant, which is independent of A and &.

System (5.13) is clearly of the slow-fast form (4.19) with coefficient matrices that are -
uniformly bounded on R X X5 s by Theorem 2.3. Furthermore, by Theorem 5.14, system (5.15)
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admits for every A € X s an exponential dichotomy on R with A- and e-independent constants
C,uyr > 0. Hence, we can apply the Riccati transform to (5.13). Thus, Theorem 4.19 yields
matrix functions Hg(x, 4) € Matygunyx2(m+n)(C) and Ug(x, 1) € Matyuo,(C) such that the
change of variables ¢(x) = H.(x, )y(x) transforms (5.13) into the diagonal system,

( Ve (Ao, D) + A () Us(x, D) 0
0 ﬂZZ,S(-x’ - \/EUE(X, A)ﬂlla(x)

with ¥ € C2™*™_ The evolution T ae(x,y, 2) of system (5.30) is a block-diagonal matrix with
consecutively 75q.(x,y, A) and 7 74 .(x, y, 4) on its diagonal. Furthermore, H,(:, 1) and U,(-, 1)
are 2L.-periodic by Theorem 4.19 for any A € X, s. Finally, since H(x, 1) is a product of
two triangular matrices with only ones on the diagonal by (4.23), the determinant of H.(x, A)
equals 1 for every (x, 1) € R X X, 5. Therefore, we obtain the factorization,

Y = ¥, (5.30)

Ex(A,y) = det (Hs(0, ) [T (0, ~Le, A) = YT 4,60, L, D] Ho(Lo, )™') = E (A, )Eo(1,7),

where we use that the Evans function can be expressed as (5.14).

We establish the above properties of U,. The first two properties follow immediately from
Theorem 4.19. Furthermore, combining (4.25) with Corollary 5.15, settles the first estimate
in (5.29). For the second estimate in (5.29) we use the method of successive approximation.
Theorem 2.3 and (S1) yield

Az c(X)]] < Ce™ M x € [-L, L] (5.31)

Because U, is e-uniformly bounded on R X X, s, estimates (4.26) and (5.31) yield | U.(x, )|| <
C Ve for x € [E./4,2L, — E./4] and A € T, 5. Thus, employing (4.26) and (5.31) again gives
|Us(x, V)| < Cefe for x € [Ey/2,2L, — E./2] and A € T 5. Finally, a third application
of (4.26) and (5.31) leads to the second estimate in (5.29). |

Theorem 5.16 provides a diagonalization of the rescaled full eigenvalue problem (5.13) into
two lower-dimensional problems (5.27) and (5.28). The diagonalization yields a factorization
of the Evans function &, into two factors &, and &y.. By relating (5.27) and (5.28) to the
three eigenvalue problems (3.6), (3.8) and (3.9), we link &; to the slow Evans function &,
and &y, to the fast Evans function Eyp.

First, we consider problem (5.27). Along the pulse, the transformation matrix Ug(x, A1) is
approximated by the solution X, (x, uo, 1) to the inhomogeneous fast eigenvalue problem (3.8).
On the other hand, along the slow manifold, U, is small and system (5.27) is a perturbation
of the slow eigenvalue problem (3.9). Thus, we observe that both (3.8) and (3.9) govern the
leading-order dynamics in system (5.27). This leads to the following approximation result.

Lemma 5.17. Let A € (—Ay,0) with Ay > 0 as in Lemma 5.1. Take 6 > 0. Fore > 0
sufficiently small, the map E;,, defined in Theorem 5.16, is approximated as

|E5.5(4.7) = E0(A,y)| < CVellog(e)’, A€ ZpsyeS', (5.32)

where C > 0 is a constant, which is independent of A and &.
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Proof. In the following, E, is as in Theorem 5.16 and C > 0 is a constant, which is indepen-
dent of € and A.

Our approach is as follows. We introduce a splitting of the coefficient matrix of system (5.27)
that is consistent with the decay behavior along the slow manifold, i.e. we write

ﬂll,a(X, A)+ ﬂlZ,a(X)Ug(X, A) = Bl,a(-x’ )+ Bzvg(x’ A,
with
. 0 Dy
Le(¥, ) = € (&;Hl (upe(x),0,8) + /l) o)

B = % 0 )+ AU,

B g(x) := auHZ(up,a(x)a Vp,s(x)) t+e (6uH1 (”p,s(x)’ Vp,a(x)7 g) —0,H, (”p,s(x)’ 0, ‘9)) .

Theorems 2.3 and 5.16 and assumption (S1) imply that B, . and B, are e-uniformly bounded
on R X X, s and it holds

I1B2,0(x, VIl < C&®,  x € [Es,2Ls — Bl A € Zns. (5.33)
The splitting gives rise to an intermediate system,
Xx = VEBi(x, Dy, xeC™ (5.34)

On the one hand, system (5.34) is a perturbation of (a rescaled version of) the slow eigenvalue
problem (3.9). On the other hand, (5.27) and (5.34) are related via the variation of constants
formula. This leads to the desired approximation of &; . by E;0 on Zp 5.

First, we relate systems (5.27) and (5.34) via the variation of constants formula. Denote
by T sa.e(x,y, ) and T .(x,y, A) the evolution operators of system (5.27) and (5.34), respec-
tively. Lemma 4.1 gives the estimate,

||7—sd,a(x5 Yy, /1) - I”» ||7-is,8(-xa Yy, /1) - I” < C \/El 10g(8)|, X,y € [_E‘Ea EEL }' € ZA,(S' (535)

On the other hand, upon rescaling the p-coordinate in (5.34), one obtains the Gronwall
estimates,

C . '
17 5.6, s DI T 5.6, 3, DI < ﬁewﬁ"‘f“, X,y €R,AE€ Ty, (5.36)

where u; > 0 is a A- and e-independent constant. Thus, combining (5.33) and (5.36) with
Lemma 4.1 gives

”TSd,S(-x’ Yy, /1) - 7-1'5,8(x9 Yy, A)” < C829 X,y € [Esv 2L8 - 38]5 /l € ZA,(S? (537)
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where we use that |eL, —{y| < Ce by Theorem 2.3. We apply the variation of constants formula
and write

Le
Tvd,s(()’ Lm /1) = 771?,8(0’ Ls’ /1) - \/g f 7‘;’3‘,8(07 2, /1)82,8(27 /l)Tvd,g(Z’ LS’ /1)dZ, (538)
0

for A € X 5. Estimates (5.33) and (5.36) yield

Le
H f Tise(0, 2, VB2, VT sz, Lo, Ddz|| < Ce, A€ Ty (5.39)
Applying (5.36), (5.37) and (5.39) to (5.38) gives
[T5.6(0, Ls, ) = Fo e( DT 55,600, L, V|| < CeVellog(e)l, A € Ty, (5.40)

where

¢+,8(ﬁ) =1- \/E 7-1“?,8(0, <, /1)82,8(1’ /l)Tvd,s(Z’ Es’ /l)dﬂ'is,s(asa 0’ /l)
0
Using (5.35), we derive

Fro(d) — I+ Ve f " By.(z, D)d|| < Cellog@)P, A€ Sy, (5.41)
0

Recall that the (2n X 2m)-matrix X;,(x, ug, A) is a composition of four block matrices, where
Vin(x, up, 2) is the upper-left n x m-block. Theorems 2.3 and 5.16 and estimates (2.6), (5.26)
and (5.41) yield

Fre(d) —( ! 0 )H < Cellog(e),

—VE [} [8uHa(uo, va(x)) + 8y Ha (g, vi(1)) Vin(x, g, Dl dx - 1
(5.42)

for any A € Xp 5.

Our next step is to relate systems (3.9) and (5.34). We apply two operations on system (5.34).
First, we perform the coordinate change y = C.¥, where C, := ((1) \OE) € Maty,,52,,(C). Second,
we switch to the spatial scale X = ex. Thus, Lemma 4.1 yields the following estimate,

IC; ' Tise(0, Le, DCs = T(0, €, DI < Cs, A € Tp s, (5.43)

where 7 (X, y, 1) is the evolution operator of the slow eigenvalue problem (3.9).

Finally, we approximate &, by the slow Evans function &;y. Applying (5.40), (5.42)
and (5.43) to (5.38) yields

G5 T340, L, DC. = L (DT (0, by, V|| < C Vellog(e), A€ Zng, (5.44)
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with

1 0
1= ( — [ 10, v()) + B Ha(uto, (o) Vin(t, 0, D] dx - 1 ) '

Similarly, we derive
[C5' Ta.e(0, =Le, )C, = T_(DT (260, £y, V|| < C Vellog(@)P, A€ Zps  (545)

with

1 0
- ::( [°. 18, Halutg, () + 8, H(ato, v Vi e ig, D 1 ]

00

For any 1 € X, 5, we have det(7(0, {5, 1)) = 1 and T T_() = Y(uo, ), where T(u, ) is
defined in (3.11). Combining the latter with estimates (5.44) and (5.45) yields (5.32). |

It remains to link the factor & to the fast Evans function &,.

Lemma 5.18. Let A € (=A,0) with Ag > 0 as in Lemma 5.1. Take 6 > 0. There exists p, > 0
such that, for & > 0 sufficiently small, there is a map h.: x5 — C satisfying

0 < |he(D)] < Cetrte,

Ae€Tps,yeST,
|76 V(D) = (=)' Ero(D)] < Ca,

where Ey is as in Theorem 5.16 and C > 0 is a constant, which is independent of A and &.

Proof. In the following, we denote by C > 0 a constant, which is independent of £ and A.

Our approach is as follows. Using roughness techniques we show that system (5.28) has
for each A € X5 5 an exponential dichotomy on R with projections Py, .(x, 1). Moreover, by
Proposition 5.2, the homogeneous fast eigenvalue problem (3.6) admits for every 4 € X s
exponential dichotomies on [0, c0) and (—oo, 0] with A-independent constants C, 1, > 0 and
projections Qy . (x, 4). Recall that the fast Evans function & is defined in terms of bases B}(/l)

and B?,(/l) of Q. (0, D[C?"] and ker(Qy,-(0, 1)), respectively. By comparing system (5.28)
to (3.6), we construct bases By*(1) of Pra (0, AD[C?"] and ker(P4.(0, 1)), which are close
to B;’;S(/l). By tracking the bases By’(1) either forward or backward, we obtain bases of

Prae(Lg, ) [C?"] and ker(P rd.e(Le, 4)). These bases will form the column vectors of a matrix
H¢(A), which connects E to Er.

We start by establishing an exponential dichotomy on R for system (5.28). System (5.15) has
by Theorem 5.14 an exponential dichotomy on R with &- and A-independent constants. In
addition, by Theorems 2.3 and 5.16, A}, . and U, are e-uniformly bounded on R and R X 24 4,
respectively. Therefore, Proposition 4.12 yields that (5.28) has, provided & > 0 is sufficiently
small, an exponential dichotomy on R with projections P4 .(x, A1) and &- and A-independent
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constants C, g > 0. Since the coefficient matrix of (5.28) is 2L -periodic by Theorem 5.16,
the projections Py (-, A) are also 2L.-periodic — see [14, Proposition 8.4].

Our next step is to compare system (5.28) to the homogeneous fast eigenvalue problem (3.6).
Theorems 2.3 and 5.16 yield

[Az.e(x, ) = VEU(x, DA(x) = Ay o(x, g, V|| < C Ve, x € [log(e), - log()].
(5.46)

By (E1) there exists an M > 1 such that Ay (-, up, -) is bounded by M on R X Z 5. Denote by
T(x,y,4) and T 74 £(x, y, A) the evolution operators of (3.6) and (5.28), respectively. Provided
that € > 0 is sufficiently small, Lemma 4.1 and estimate (5.46) imply

log(e) _xlog(e)
8M SM

I77(x,y, ) = Tpas(x.y, DI < 1, x,y€ [ } A€ Zpg- (5.47)

7]

Since 4 — B?;S(/l) is analytic on Cp by Proposition 5.2, B".® is bounded on X, s. Now,
combine estimate (5.47) and Lemma 4.13: there exists, for £ > 0 sufficiently small, bases
By Zas = Matyn(C) of Prg (0, A)[C?'] = BS[C"] and ker(Ps4:(0, 1)) = BZ[C"], such that

IB* () = B (D]l < Ce/®M  deTps. (5.48)

Since B;’s is bounded on X, 4, the some holds for By by (5.48).

Finally, we link & to the fast Evans function &7. Define
He(A) := (de,g(—La, 0, VB, T fa.e(Le, 0, /l)Bi(/l)), A€ Xps-

Since Pjry(-,d) is 2L -periodic, the first n columns of H,(1) form a basis of the space
ker(Psq,s(Lg, A)) and the last n columns form a basis of Pyg (L, D[C?]. Thus, H(Q) is
invertible. By Hadamard’s inequality we have | det(H,(1))| < Ce ™4l for each A € Ty 5.
Moreover, using that P4 (-, A) is 2L;-periodic, we estimate

174,600, Lo, DT a.o(=Le, 0, DBL(D|| < Ce™ ke, les (5.49)
€ Zhs. .
774600, Lo, VT ja.o(Le, 0, VB < Ce™ ke, e

We combine estimates (5.48) and (5.49) and derive
(77060, ~Los ) = YT 70,000, Lo, D) Held) - (BoD, B3| < Co/ 8,

forieXpsandy e S !. Taking determinants and defining /(1) := det(#,(2)) concludes the
proof. O

Remark 5.19. In the proof of Lemma 5.18, the connection between &y and &y is given by
the matrix H,. This idea is taken from the proof of [99, Theorem 2]. However, the context
in [99] is different: here it is shown that the eigenvalues of a periodic boundary value problem
are exponentially close to the eigenvalues of the corresponding unbounded problem. ]
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5.2.5 Conclusion

In contrast to the approximation of &, by & in Lemma 5.17, we need to rescale &y
in Lemma 5.18 by an exponentially small quantity 4, in order to approximate it by the &-
independent fast Evans function &. This quantity prevents us from directly estimating the
Evans function &, by the reduced Evans function Eg(4, y) = (=7)"E,,0(4, ¥)E5,0(A). Neverthe-
less, it is still possible to compare the zero sets of &, and & using the classical symmetric
version of Rouché’s Theorem due to Estermann. This yields the proof of Theorem 3.15.

Proof of Theorem 3.14. Let A € (—Ag,0) with Ag > 0 as in Lemma 5.1. Let S c S! be
closed. Take a simple closed curve I'in Cx \ [Ns U 8 0(0)], where N is as in (3.16). Since

E:(-,y) and &Ep(:,y) have no roots in Cp \ Xp o for each y € S by Corollary 5.12, we may
assume ' C Zpp \ [Ns UE !0(0)]. Observe that there exists ¢ > 0 such that I' € X5 5 \ N,
since I' avoids the set of roots of &, which is discrete by Proposition 5.2.

By Propositions 3.7 and 3.11, &.(:,y) and Ey(:, y) are analytic on I" and its interior for each
vy € §. Furthermore, & is bounded away from 0 on the compact set I'X S, because I" is disjoint
from Ny and &y is analytic on Cx X C by Proposition 3.11. Hence, for & > 0 sufficiently small,
we have

186(A4,7) = Eo(A, VI < 1E4,6(A, Y)E1,6(A, VIh() = (=)' Es0(A, V)E 0 ()]
+ (1 = he()|E:(4, y) Ael,yes,
<&, V)| + 1Ee(A, Y,

by Theorem 5.16 and Lemmas 5.17 and 5.18. The result follows by an application of the
symmetric version of Rouché’s Theorem. O

Remark 5.20. The technical Lemmas 5.17 and 5.18 seem to provide a rate at which the
spectrum o (L) converges to its singular limit. However, the approximations in these lemmas
are only valid away from the zeros of the fast Evans function E! So, one can only deduce
that spectrum converging to

{1€C: &L y) = 0for some y € S|\ E;4(0),

does this at an algebraic rate of order O(+/g). We expect that this rate is in fact of order O(g)
and that the square root appears due to the rescaling of the full eigenvalue problem (3.3)
in §5.2.1. By making the parameter § appearing in the proof of Lemma 5.18 dependent on
&, it might be possible to derive an overall rate at which the spectrum o(L,) converges to
its singular limit spectrum. However, this is beyond the scope of this thesis. Yet, we derive
in §5.3 that the critical spectral curve, which is attached to the origin, scales with &2. This
suggest that spectrum converging to the roots of &y does this at an algebraic rate of order
O(&?). [
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5.2.6 Discussion

As mentioned in the introduction in Chapter 1, our factorization method via the Riccati trans-
formation of the Evans function offers one unified analytic alternative to both the elephant
trunk procedure developed by Alexander, Gardner and Jones [1, 37] and the NLEP approach
of [21, 22] — that both have a geometric nature. It is worthwhile to compare and discuss the
links between our work and these methods.

Consider a localized pulse solution to a 2-component, singularly perturbed reaction-diffusion
system of the form (1.1). When the associated eigenvalue problem has a slow-fast struc-
ture (1.5), it is a general phenomenon that it decouples outside the pulse region due to
exponential decay of the solution to its asymptotic background state. This yields a decomposi-
tion of the solution space into three subspaces V. & V.. @ V. at both sides (+) of the pulse
region. Here, V. consists of (fast) exponentially decaying solutions, whereas V.. consists of
exponentially increasing solutions. Lastly, V... consists of solutions that evolve slowly. In the
sense of [85], one could say that the eigenvalue problem admits exponential separations with
respect to the decompositions V. @ V.. @ V.. The difficulty is to ‘glue’ the subspaces V...
and V._ for - = u, s, c together, yielding an exponential separation of the eigenvalue problem
on the whole line. Eventually, this induces a factorization of the Evans function into a fast and
slow component.

Gardner and Jones achieved this in [37] by considering the eigenvalue problem in projective
space. When the eigenvalue problem is asymptotically of constant coefficient type, one can
obtain stable and unstable bundles. These bundles are then split into fast and slow (un)stable
subbundles. The elephant trunk lemma is used to track the fast (un)stable bundle through
the pulse region. By the control on the fast subbundle, it is possible to approximate the
dynamics of the slow (un)stable subbundles. Eventually, this yields a (1, 2, 1)-exponential
separation (in the sense of [85]) of the eigenvalue problem on R. Note that the 2-dimensional
center direction corresponds to the slow (un)stable subbundles. In our stability analysis, the
Riccati transformation plays the role of the elephant trunk lemma — see Section 5.2.4. This
transformation yields an (n, 2m, n)-exponential separation on R of the eigenvalue problem as
long as we are not close to the eigenvalues of the operator Ly, defined in (3.7).

Although the proof of the elephant trunk lemma has been worked out in full detail for some
specific 2-component models [22, 32, 37, 95] only, it is widely accepted that the method can
be followed for a larger class of systems. However, there are some limitations. For instance,
the elephant trunk lemma is only suitable for eigenvalue problems that have an asymptotically
constant coefficient matrix. This is neither a restriction for slowly linear systems as the classi-
cal Gray-Scott and Gierer-Meinhardt models nor for homoclinic pulses on R. However, the
eigenvalue problem associated with spatially periodic patterns in slowly nonlinear systems
exhibits non-autonomous behavior in the background state on its domain of periodicity — and
thus does not approach a constant coefficient matrix. This prohibits the application of the
elephant trunk procedure. Moreover, the elephant trunk lemma is only capable of tracking the
‘most unstable’ fast solution, which corresponds to the (simple) eigenvalue of largest real part
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of the asymptotic coefficient matrix. Therefore, it is unclear how to obtain the exponential
separation with the elephant trunk method in the multi-component setting n > 1.

Furthermore, there is a major difference in the mathematical framework used in [1, 37]
and our work. The framework in [1, 37] has a highly geometrical character, whereas our
method is of a more analytical nature. Alexander, Gardner and Jones track solutions via vector
bundles arising from the projectivized eigenvalue problem. This has the advantage that the
generated bundles have a clean and natural characterization as € tends to zero, whereas the
actual solutions of the eigenvalue problem become singular. On the other hand, one could
argue that exponential dichotomies provide a natural framework to capture the dynamics of
the eigenvalue problem being a non-autonomous linear system, which depends analytically
on the spectral parameter 4. The Riccati transformation is naturally formulated in terms of
exponential dichotomies and is explicit in terms of the coefficient matrix of the eigenvalue
problem. Therefore, the exponential separation of the solution space is much more explicit than
in [1, 37], which shortens proofs. Finally, it is interesting to remark that in both the approach
initiated by Alexander, Gardner and Jones and our method we need an a-priori e-independent
estimate on the sector containing the spectrum. Our proof of this fact in Proposition 5.11 forms
an analytical counterpart to the geometrical proof provided in [1, Proposition 2.2] and [37,
Lemma 3.3].

Based on the geometric methods of Alexander, Gardner and Jones [1, 37], the NLEP ap-
proach was developed in the context of the stability of homoclinic (multi-)pulse patterns in the
Gray-Scott equation [22] and Gierer-Meinhardt-type models [21]. This method established
the approximation of the Evans function by the product (1.4) of an analytic fast Evans func-
tion and a meromorphic slow Evans function and provided explicit analytic expressions for
both factors. The NLEP approach was extended to the spectral analysis of spatially periodic
pulse patterns in the generalized Gierer-Meinhardt equations in [114] and to the stability of
heteroclinic and homoclinic multi-front patterns in 2- and 3-component bistable systems of
FitzHugh-Nagumo-type [23, 116]. Moreover, the method has recently been generalized to
the stability of homoclinic pulses in slowly nonlinear systems in [30, 120]. In each of these
works, the fast and slow Evans functions are interpreted geometrically in terms of fast and
slow transmission functions that encode the passage of specially selected fast and slow basis
functions over the fast pulse regions. The expressions for the slow transmission functions
include Melnikov-type components. The meromorphic character of the slow Evans function
generates the zero-pole cancelation mechanism — also called NLEP paradox — in each of these
models. The spectral analysis for periodic pulse solutions developed here shows that these
phenomena occur in a broad class of multi-component singularly perturbed reaction-diffusion
systems.

Although the present work stands in the tradition of [21, 22, 23, 30, 114, 120], the meth-
ods differ fundamentally. Unlike these works, our analysis is based on an intrinsically analytic
reduction method. This has the advantage that our spectral analysis allows for non-autonomous
behavior of the eigenvalue problem outside the pulse region — a crucial extension in the case
of spatially periodic patterns in slowly nonlinear systems. This extended applicability of the
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present method also plays a role in the spectral analysis of homoclinic patterns as outlined in
Remark 1.4. Moreover, in contrast to the present work, the slow and fast eigenvalue problems
appearing in [21, 22, 23, 30, 114, 120] are scalar, which significantly simplifies the analysis of
these problems. In [21, 22, 114] the slow and fast Evans functions can be explicitly computed
in terms of hypergeometric functions, while in [23, 116] the stability of the (multi-)fronts is
determined by spectrum near the origin, so that the relevant reductions can be determined in a
relatively straightforward manner. An extensive analysis of the multi-component slow and fast
eigenvalue problems, as we did in Section 5.1, is thus not necessary in these cases.

5.3 The critical spectral curve

5.3.1 Introduction

In this section we prove Theorem 3.19. Thus, we assume 0 is a simple zero of the fast Evans
function &f. Moreover, we take 6 > 0 and denote

No={veR:E00,eM) =0}, S;=R\ | Jo-6v+0).
veN,

For each v € R\ N, the reduced Evans function &y(-, ¢") has a simple root at 0 by Remark 3.13.
Since & is analytic by Proposition 3.11, there exists ¢ > 0 such that there are no other roots of
&o(+, €”) in the closed ball B(0, ) for any v € Ss. So, provided & > 0 is sufficiently small, there
exists by Theorem 3.15 a unique (simple) root () of E,(-, ™) in B(0, ¢) for each v € Ss. By
Proposition 3.7 A.: Ss — B(0, ¢) is real-valued, 2x-periodic and even. Moreover, since &, is
analytic by Proposition 3.7, A.: Ss — R is also analytic by the implicit function theorem. By
translational invariance, it holds 1.(0) = 0 if we have 0 € S;. Thus, all that remains to prove
Theorem 3.19 is to approximate A.(v) for any v € Ss with an error bound that is v-uniform.

We describe our approach to obtain a leading-order approximation for 1.(v) for each v € Ss.
Fix v € S5. On the one hand, since &.(1.(v),e”) = 0, the full eigenvalue problem (3.3)
admits at 4 = A.(v) a solution @,.(x) = (i, (x), Pye(x), Py £(X), Gve(x)), Which satisfies
Pre(x) = e""c,bv,a(x + 2L,) for each x € R. On the other hand, the derivative ¢1’D,8(x) of the
periodic pulse solution ¢y o(X) = (Up £(X), Pp (%), Vp (%), gp.(x)) to (2.1) is a solution to (3.3)
at A = 0. Therefore,
L Uy e(x) — V;,g(x)
Ve() 1= ( Gre) — @) () )

solves the inhomogeneous problem,

— 0 2n
Ve = Ayop ( B0+ A1) ) et (550
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where A (x) is the coefficient matrix of the fast variational equation (3.15) and B, .(x) is given
by

800 uG(Bpe(x). ) *( e) — ) ()
e o avG((ip,s(x)v &) — 0,G(uo, vn(x, up), 0) ﬁv,a(x) - V;;,g(x) '

By Proposition 5.2 and Corollary 5.4 the fast variational equation (3.15) has exponential
dichotomies on both half-lines and the corresponding differential operator £ is Fredholm of
index 0. Since 0 is a simple root of &y, Lo has a one-dimensional kernel by Corollary 5.4.
So, there exists a non-trivial, exponentially localized solution ¥,q(x) = (Yaq,1(X), Yag2(x)) to
the adjoint problem (3.19), which is unique up to scalar multiples. Applying the solvability
condition in [86, Lemma 4.2] to equation (5.50) leads to the key identity,

A:(v) f Yad2(X) Prp(X)dx = — f Yad2(X)" By s(X)dx. (5.51)

Hence, to obtain a leading-order expression of A.(v), it is sufficient to approximate the two
integrals in (5.51). Thus, we need leading-order expressions of the solution @, .(x) to (3.3), of
the solution éﬁp,a(x) to (1.10) and of the difference @, .(x) —zf)l’ows(x). Clearly, we can approximate
g?ﬁp,g(x) by its singular limit — see Theorem 2.3. To obtain leading-order expressions for the
other quantities in (5.51), we proceed as follows.

Define
D, ={1eC:|Allog(e)l < n}, (5.52)

with 7 > 0 an e-independent constant. Moreover, consider the intervals,

8log(e)

_— (5.53)
min{uo, fr, tn}

If,s = [-Eg, Eel, Is,s =[5 2L, - E], Eg:i=
with pp, > 0 as in (2.6), yp > 0 as in Theorem 2.3 and y, > 0 as in Lemma 5.1. For
any v € S5 and A € D, . we establish a piecewise continuous solution ¢, .(x, 1) to the
full eigenvalue problem (3.3) on Iy, U I, which has a jump only at x = 0 and satisfies
©re(=8e, ) = eivgov,g(2Lg — B, 1) — see Figure 5.2. We explicitly construct ¢, via Lin’s
method [10, 70, 118] using the singular limit structure (2.9) the periodic pulse solution ¢, . as
our framework.

By Theorem 2.3, ¢, .(x) is for x € I, approximated by the pulse solution ¢p(x, up) to the fast
reduced system (2.2). Moreover, ¢, .(x) is for x € I, approximated by the solution (s(£x), 0)
on the slow manifold, where ¥ solves the slow reduced system (2.4). The endpoints of the
intervals I and Iy, correspond to the x-values for which ¢, .(x) converges to one of the two
non-smooth corners (1, £ (1)) of the singular concatenation (2.9) as € — 0.

For x € Iy, we establish a reduced eigenvalue problem by setting ¢ and A to 0 in (3.3),
while approximating ¢, .(x) by the pulse ¢p(x, up). The reduced eigenvalue problem admits
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Figure 5.2: A sketch of the piecewise continuous eigenfunction ¢, (-, 1) on its domain of
definition [-E,, 2L, — E.]. Also depicted are the u- and v-component of the periodic pulse
solution qAbp,g (inthecasen =m = 1).

exponential trichotomies on both half-lines. Hence, one can construct solutions to (3.3) for
A € D, using variation of constants formulas on the intervals,

I, = [-E,0], I;,g = [0, E.]. (5.54)
We can control the perturbation terms in these formulas by taking 7, & > 0 sufficiently small.

For x € I, the lower-left block A (x) in (3.3) is exponentially small by assumption (S1)
and Theorem 2.3. Thus, we obtain a reduced eigenvalue problem by setting A3 .(x) to 0
in (3.3), while approximating ¢, .(x) by (¥s(x), 0). The reduced eigenvalue problem is upper-
triangular and the spectrum of the lower-right block has a consistent splitting into n unstable
and n stable eigenvalues. This splitting yields the existence of an exponential trichotomy
on the interval /; .. Thus, one can construct solutions to (3.3) on /. using the variation of
constants formula again.

In summary, we obtain variation of constants formulas for solutions to (3.3) on the three
intervals ij’g and /.. Matching of these expressions yields forany 4 € D, and v € S; a
piecewise continuous solution ¢, ;(x, A) to (3.3) on Iy, U I, which has a jump at x = 0 and
satisfies ¢, o(—Z, ) = e"V<,0V,g(2L‘8 — B¢, A). We show that for any v € S; the jump of ¢, .(-, 1)
vanishes at a unique A-value A.(v) € D, .. Thus, since (3.3) is 2L.-periodic, there exists a
continuous solution ¢, to (3.3) at A = (v satisfying

¢V,8(x) = Sav,a(xs ;la(y)), X € If,a U Is,gs

. v € S;s. (5.55)
(;bv,s(-x) = elv¢v,£(2Ls + )C), X € R»
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Consequently, A.(v) must be a zero of the Evans function &,(-, ¢”). Since the Evans function
&4(-,€") has a unique root A,(v) in B(0,¢), we must have 1,(v) = A.(v) for each v € Ss.
Since the key identity (5.51) is satisfied for any solution @, to (3.3) at 1 = A.(v) satisfying
Gre(x) = ei"gbv,g(ZLe + x) for any x € R, it holds in particular for @, = @, .

The variation of constants formulas provide leading-order control over ¢, .(x, 1) on the in-
tervals I% . and I; .. Consequently, we obtain approximations for ¢, and ¢, ¢ — ¢p . for each
v e Ss. Substltutmg these into (5.51) yields the desired leading-order expression for A.(v).

This section is structured as follows. First, we establish the aforementioned reduced eigenvalue
problems along the pulse (i.e. for x € /) and along the slow manifold (i.e. for x € I ) and
we generate exponential trichotomies for these problems. Then, we construct solutions to (3.3)
on [, and I— using variation of constants formulas. By matching these solutions at the
endpoints of the intervals Ij? and /. we obtain the desired piecewise continuous solution ¢,
to (3.3) on I, U I, .. We show that there is a unique A-value for which the jump of ¢, (-, 1)
vanishes. Finally, we substitute leading-order approximations of ¢, . and ¢, — ¢}, , into the
key identity (5.51) and obtain the desired leading-order expression for A.(v).

5.3.2 A reduced eigenvalue problem along the pulse

We establish a reduced eigenvalue problem along the pulse by setting € and A to 0 in (3.3),
while approximating ¢, .(x) by the pulse ¢,(x,uo). Thus, the reduced eigenvalue problem
reads

o= Ao, ¢ = (u,p,v.q) € C", (5.56)
with
A(x) | Ax(x)
A =
o) (ﬂs(x) @-(x))
0 0 0 0
| 0uHa(ug, vi(x,up)) 0O O0vHy(ug, va(x,u9)) 0
= 0 0 0 D'
0,G(ug, vn(x,up),0) 0 0,G(up, va(x, u9),0) 0

Note that (5.56) coincides with the variational equation about the pulse solution ¢y, (x, ug) to
the fast reduced system (2.2).

The u-components of any solution to (5.56) are constant, whereas the p-components are
slaved to the other components. Moreover, given the values of the u-components, the dy-
namics in the v- and g-components is determined by (3.15) via the variation of constants
formula. Therefore, the reduced eigenvalue problem (5.56) is governed by the variational
equation (3.15) about the homoclinic ¥y (x, up) to (2.3) at u = uy.
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Thus, before studying problem (5.56), we study the dynamics of the fast variational equa-
tion (3.15). Naturally, the derivative 0,4, (x, up) is a non-trivial, exponentially localized
solution to (3.15). Moreover, since ¥,(0, ug) is contained in the space ker(/ — Ry) by (E1),
system (3.15) is Ry-reversible at x = 0. We establish exponential dichotomies for (3.15) on
both half-lines that respect the reversible symmetry.

Proposition 5.21. Suppose 0 is a simple root of Es. Then, the fast variational equation (3.15)
admits exponential dichotomies on [0, 00) and (—o0, 0] with constants C,u, > 0 and rank n
projections Py, (x) satisfying

1P (£X) — Pyl < Cemminlirmnlx x> 0, (5.57)

where py, > 0 is as in (2.6), yu, > 0 is as in Lemma 5.1 and Py denotes the spectral projection
onto the stable eigenspace of the asymptotic matrix,

. 0 D;!
Afeo ::xli?wﬂf(x):(avc(uo,o,O) o | (5:58)

The space of exponentially localized solutions to (3.15) is spanned by ky(x) = 0¥ (x, up) =
(0xvn(x, ug), Oxqn(x, up)). Similarly, the adjoint (3.19) has a non-trivial, exponentially localized
solution Yaq(x) = (Yad,1(X), Yaa (X)), which is unique up to scalar multiples and satisfies

f Yaa2 () 0vn(x, up)dx # 0, |Wraal < Ce™D, y e R,

Moreover, we have the decomposition,
Cr"=Y'oY'oY ®r (5.59)
with Y¢ = Sp(kn(0)), Y* = Sp(/,a(0)) and

P O[C" =Y @Y, P, (OC"] =Y oY

N ) (5.60)
ker(P; (0) =Y"®Y", ker(P;_(0)) =Y" @ Y".

The spaces Y" @ Y?®, Y+ and Y° are pairwise orthogonal and the decomposition (5.59) respects
the reversible symmetry:

Rikn(0) = —kp(0),  Rppaa(0) = ¥oa(0),  Ry[Y'] =Y (5.61)

Proof. Since (3.15) coincides with the fast eigenvalue problem (3.6) at A = 0, Proposition 5.2
provides exponential dichotomies for (3.15) on [0, c0) and (—oco, 0] with constants C,, u, > 0
and rank n projections Py, (x). By (2.6) it holds

”ﬂf(x) - ﬂf,m” < Ke#M  xeR,

for some K > 0. Hence, Lemma 4.6 yields estimate (5.57). In addition, by Proposition 5.2, the
space of exponentially localized solutions to (3.15) is one-dimensional, because 0 is a simple
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root of E5. Since k(%) is a non-trivial, exponentially localized solution to (3.15) by (E1), we
deduce Y¢ := Sp(x,(0)) = P f,+(0)[(C2"] Nker(Ps-(0)).

Define Y* to be the (n — 1)-dimensional orthogonal complement of Y* in Pf,+(0)[C2”]. Any
solution ¢(x) to (3.15) with initial condition ¢(0) € Y* decays exponentially to 0 as x — oco. In
addition, since system (3.15) is R ¢-reversible at x = 0, the solution R r¢(—x) to (3.15) decays
exponentially to 0 as x — —oco. Therefore, Y* := R/[Y*] is contained in ker(P/,_(0)). Since
Ry is self-adjoint and R¢[«,(0)] = —«y(0), the n-dimensional space ker(P;_(0)) arises as the
orthogonal sum of Y¢ and Y*.

Because the kernel of the operator £y of Fredholm index 0 is one-dimensional by Corol-
lary 5.4, the adjoint £ has a one-dimensional kernel too. In addition, since equation (3.15)
has exponential dichotomies on both half-lines, the same holds for its adjoint (3.19). So, there
exists a non-trivial, exponentially localized solution ,q(x) to (3.19), which is unique up to
scalar multiples. The pointwise inner product of ,q(x) with any solution ¢(x) to (3.15) is
constant in x. Thus, the pointwise inner product of y,q(x) with solutions ¢(x) to (3.15) that are
decaying to 0 as x — +co must equal 0. Hence, the spaces Y* @ Y*, Y and Y* := Sp(1/,4(0))
must be pairwise orthogonal. Since we have the decomposition (5.59), we may without loss
of generality assume by Lemma 4.5 that P;_(0)[C*"] = Y* & Y* and ker(P;.(0)) = Y" & Y*.

Finally, R sif,9(—x) is also an exponentially localized solution to (3.19). This implies R s1/,4(0) =
a),q(0) for some @ € o(Ry) = {+1}. On the other hand, since the operator pencil A — £, has
algebraic multiplicity 1 at 1 = 0 by Corollary 5.4, the generalized eigenvalue problem,

Lop = 0, Lokn,

has no bounded solutions. Hence, the Fredholm alternative in [86, Lemma 4.2] implies

0# f Yad(x)* 01 Lokn(x)dx = f Wad 2(X)" 0 vn(x, uo)dx.

Therefore, /,42(x) cannot be even, because d,v,(x, up) is an odd function of x. Hence, /,42(x)
is odd and we establish R ;1/,4(0) = 1},4(0). a

The reduced eigenvalue problem (5.56) is governed by the fast variational equation (3.15).
More precisely, the evolution operator of (5.56) can be expressed in terms of the evolution
operator of (3.15) via variation of constants formulas. Thus, the solution k,(x) = 0, ¥n(x, up)
to (3.15) yields the non-trivial, exponentially localized solution,

0
| e A@mn@)dz \ _ | Haluo, va(x,u0)) | _
(ph(x) L ( Kh(x) - axVh(x, Mo) - ax¢h(x’ MO), (562)
0.xqn(x, up)

to (5.56). Moreover, since the matrix function %, (x) := (9,4n(x, up) | 0) solves the inhomo-
geneous problem,

Xy = ﬂf(X)X +Az(x), X € Maty0,(C),
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we obtain a family of solutions,

o, () = [ 1+ [Fe@Ku@) + Ar)]dz (5.63)
Kin(x)
to (5.56). By (S1) and (2.6) there exists a constant C > 0 such that
Tico _
'CDi,,(ix) —( 0 ) <Ce™* x>0, (5.64)
with
1 0
rrioo .= ( iauj(l/t()) I ) € MathXZm(C)a

where 7 : U, — R is defined in (2.5).

We show that the exponential dichotomies of (3.15), established in Proposition 5.21, yield
exponential trichotomies for (5.56) with projections converging to the spectral projections of
the asymptotic matrix,

0 Ay

A = lim Ay(x) =( 0 A,

X—*00

0 0
)’ ﬂz’“‘(asz(uo,o,m o) O

where Ay, is defined in (5.58).

Proposition 5.22. Suppose 0 is a simple root of Erp. System (5.56) admits exponential

U, S,C

trichotomies on [0, o) and (—oo, 0] with constants C, u, > 0 and projections P;*(x) satisfying
[[PL(dx) — Pe|| < Cemmimtimmnl2 x> 0, (5.66)

where puy > 0 is as in (2.6), u, > 0 is as in Lemma 5.1 and P*,P* and P¢ are the spectral
projections onto the unstable, stable and neutral eigenspace of the asymptotic matrix A,
respectively. Moreover, it holds

0 u
P0) :( 0 [ A()®_(x,0)dx ) P0) =( - 0 0 )
0

0 1-P;_(0) (I);’ L0, 0A;(x)dx I - Py4(0)
vy [0 [LAMD (x,0)dx ] s _( i 0 0 )
PO ‘( 0 Pr0) PO e 0nmde P )

(5.67)

where (D;’i(x, y) denotes the (un)stable evolution operator of the fast variational equa-
tion (3.15) under the exponential dichotomies, established in Proposition 5.21, with projections
Py . (x). Finally, we have the decompositions,

ker(P%(0)) = P5(0)[C*™™] @ @,,(0)[C*™],

5.68
ker(P:(0)) = P“(0)[C*™™] @ @;,(0)[C*"], 668
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where ®;, is defined in (5.63), and

PL(O)[CH™™M] = PL(0)[Z°] @ Splgn(0)),  Z* :={(0,b): b e Y*}, (5.69)
P*(0)[C*™™] = P“(0)[Z"] ® Sp(en(0)),  Z":={(0,b): b e Y"}. '

where Y"* are as in Proposition 5.21 and ¢y, is defined in (5.62).

Proof. In the following, we denote by C > 0 a constant.

The evolution @y (x, y) of (5.56) can be expressed in terms of the evolution @ 4(x, y) of (3.15)
as follows
I+ [ [%(z) J @rwAz(wydw + Ay (z)] dz [ A()Os(z y)dz

DQo(x,y) = x
okhY fy @ /(x,2)Az(2)dz D (x,y)

(5.70)

By Proposition 5.21 equation (3.15) admits exponential dichotomies on [0, c0) and (—co, 0]
with constants C, 1, > 0 and rank n projections Py . (x) satisfying

(|Pfa(xx) = Py|| < Cemmintirtmdx x> 0, (5.71)

where P is the spectral projection onto the stable eigenspace of Ay, defined in (5.58). We
construct an explicit exponential trichotomy for (5.56) on (—oo, 0] using the matrix functions,

X 0
A(x) := f ﬂg(z)(bjf-,_(z,x)dx, B(x) := f d);’_(x,z)?(g(z)dz,

E(x) = f Fo ()P _(z, x)dx, D(x) := f @} _(x,2)As3(2)dz.
0 X
Clearly, A, B,D and E are bounded on (—c0,0]. We consider their asymptotic behavior.
By (2.6) and (S1), it holds
A Ol 1A (x) = Ao coll, AN A () — Apooll < Ce M. x R, (5.72)

By writing B(x) as a sum of two integrals over the intervals (x, x/2) and (x/2, 0) and estimating
both integrals independently using (5.72) and the exponential dichotomy of (3.15), we deduce
that B(x) converges exponentially to 0 as x — —oco with rate min{u,, py}/2. Since Ay, is
hyperbolic by Lemma 5.1, the matrix A¢(x) is by (5.72) invertible for x < 0 sufficiently small.
Thus, for x <« 0 we may write

A(x) = f A Af(2) ™ 0.0 _(z, x)dz.

Combining the latter with (5.71) and (5.72), leads, via integration by parts, to the approxima-
tions,

B JAG) = Fo 0L (= Pp)| < Cemintemmlx2 -y < 0, 5.73)
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Similarly, we derive
IDOOL|E(x) = Ao o0 AZLPy|| < CeMMbrinl¥2 - x < 0. (5.74)
We define candidate trichotomy projections,

iy . [ AGBW) A(x) seoy .- [ E@ODX)  E(x)
P(x)"( B(x) I—Pf,_(x))’ P(")"( D(x) Pf,_(x)) x=0,

and we calculate using (5.70)

AXDE_(x, »)B() AX)D;_(x,y)

P (x)Dy(x,y) = ( ) = Oy(x, YPL(Y),

o (LyBe) O ()

EG®S (. 0D)  EGDS_(5,9) x=r=0
: _( EG®_0.9D(x) EG®;_(.9) | _ )
P_()’)(DO()’» x) - ( (ch’_(y, )C)D()C) q)}’_(y’ x) ) - (DO(y9 _X)P_(x),

Since A, B, D and E are bounded on (—oo, 0], the above calculations imply
[P CO@o(x, )| [P0 Do(y, 2)|| < Ce™0, x<y<0.
Define P¢(x) := 1 — P*(x) — P“(x) for x < 0. Observe that

P =( F0) B = e o w0

where the matrices,

Ei(x,y) —I+f ﬂl(Z)dZ-Ff ﬂz(z)f @” _(z, w)Az(w)dwdz

f A(2) f _(z, WAz (w)dwdz + f Ar(2) f _(z, WAz (w)dwdz

y

+ f A (2) f D} _(z, W) Az (w)dwdz,
oo 0
Er(x,y) = f ﬂz(z)CD;i,,(z,y)dz+ f ﬂz(z)q)}’_(z,y)dz,
y y

E3(x,y) := f O} _(x,20A;3(2)dz + f D% _(x,2)As(2)dz.
0 —c0
are bounded on (—o0, 0] X (=0, 0] by (5.72). Therefore, the projections P**“(x) define an
exponential trichotomy for equation (5.56) on (—oo, 0]. The spectral projections £**¢ on the
unstable, stable and neutral eigenspace of the asymptotic matrix A, are given by

- :( 0 AooA, L (~Pp) ) . =( 0 ApuA, | Pr ) - :( I —Fo AL, )

0 I-p; 0 P 0 0
(5.75)
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Thus, the approximations (5.71), (5.73) and (5.74) yield ||P**“(x) — P"*¢|| < Ce™iniurtx/2 for
x < 0. Thus, we have obtained the desired exponential trichotomy for (5.56) on (—co, 0]. The
construction of the exponential trichotomy for (5.56) on [0, o) is analogous.

Finally, we establish the decompositions (5.68) and (5.69). The upper (2m X 2m)-block
of @;,(0) is lower-triangular and has determinant 1. Therefore, the columns of ®;,(x) consti-
tute 2m linearly independent solutions to (5.56), which are bounded, but not exponentially
localized by (5.64). On the other hand, P4 *(0) has rank n, since Py (0) is a rank n projection.
This yields the decomposition (5.68). Furthermore, it holds P$(0)[C2"*™] = PS (0)[{(0,b) :
be Pf,+(0)[C2"]}]. Since we have Pf,+(0)[C2”] = Y* @ Y° with Y° = Sp(k,(0)) by Proposi-
tion 5.21, the decomposition of P (0) [C2m+m] in (5.69) follows. Analogously, we obtain the
decomposition of P*(0)[C>"+™] in (5.69). |

As mentioned in §5.3.1, our goal is to construct a piecewise continuous solution ¢, .(x, 1)
to the full eigenvalue problem (3.3), which has a jump at x = 0 only. The solution ¢, c(x, 1)
arises by matching solutions to (3.3), which are defined on the three intervals Iy . and [,
given by (5.53) and (5.54). We match these solutions in such a way that the j ]ump at 0 is
confined to the one-dimensional space spannend by (0, ¥,4(0)), where ,4(x) is the solution
to the adjoint variational equation (3.15), established in Proposition 5.21. Thus, we need the
following lemma.

Lemma 5.23. Suppose 0 is a simple root of Ero. Let Y*,Y*,Y° and Y* be as in Proposi-
tion 5.21. Denote by Q° the projection on Y¢ along Y* @ Y" @ Y*, by Q° the projection on Y*
along Y" & Y ® Y* and by Q" the projection on Y" along Y* ® Y & Y*. The projections,

@ 12( 8 gc ) & :z( (1) — [° A(0D(x, 0)dxQ" — Ofﬁﬂz(x)@f(x, 0)dx(Q* + 0°) )

Q* ._( 0 0 ) Q" '_( 0 ) )
T\ o [T o0 0Mmdx 0 )T T [T o0 0Adx Q" )

(5.76)
are well-defined and it holds
L= ker(@) Nker(@) N ker@) Nker(@),  Z* = (0.6): be V. (577)
Moreover, we have
QD;(0) = 0, choh(O)z( ) ) QC( 0 I R, ) 0, QD,(0) = (é)
(5.78)

& = ( (1) — [7, A () D(x, 0)dx(Q" +OQ") ~ [ A0 (x, 0)dxQ* ] ’

where ¢, and ®;, are defined in (5.62) and (5.63), respectively, and kn(x) = 0 (x, up).
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Proof. The integrals in (5.76) converge by (5.60). Thus, the projections in (5.76) are
well-defined. Furthermore, the homoclinic solution ¥ (x, ug) to (2.3) at u = uq satisfies
Ry (x, ug) = yYn(—x, up) for any x € R by (E1). Taking derivatives yields

Ryxn(0) = —kn(0),  Rykin(0) = kin(0), (5.79)

where k;,(x) = 9,yn(x, up). Consequently, any column of «;,(0) lies in the orthogonal comple-
ment of Y¢ = Sp(ky(0)), which is given by Y* @ Y* @ Y+ by Proposition 5.21. Hence, we have
O;»(0) = 0 and the first two identities in (5.78) follow.

The fast variational equation (3.15) is Ry-reversible at x = 0 by (E1). Thus, by (5.61) it
holds ®;(-x,0)0" = Ry®(x,0)Q°Ry and O ;(—x,0)0° = R;Ds(x,0)Q°Ry for any x > 0.
Combining the latter with (5.79) leads to the other three identities in (5.78), where we use that
Fr ()R = Ar(x) and Az (x) = Ap(—x) holds for any x € R by (E1).

Using (5.60) we immediately establish Z+ € ker(@Q)Nker(Q°) Nker(Q*) Nker(@Q"). Conversely,
assume (a, b) € ker(Q°) N ker(Q°) N ker(@*) N ker(Q") with a € C*" and b € C?". Then, it
holds

0 0
o°b=0, a= f A (x)Ds(x,0)dxQ"b + f A (x)Ds(x, 0)dx(Q° + O°)b,

0°'b=-0° f_m D40, x)Az(x)adx, Q"b= —Q“f D (0, x)Az(x)adx.
0 0

We derive that a is strictly lower-triangular implying As(x)a = O for any x € R. Hence, it
holds 0"*b = 0 yielding b € Y* and a = 0. We conclude (a,b) € Z*. |

5.3.3 A reduced eigenvalue problem along the slow manifold

Along the slow manifold, the v-components of the periodic pulse solution ¢y, -(x) are exponen-
tially small and the u-components are approximated by u;(ex) — see Theorem 2.3. Hence, by
assumption (S1), the lower-left block Ajy; -(x) in the full eigenvalue problem (3.3) is exponen-
tially small, whereas the upper-left block (A -(x, 4) is approximated by eA(ex), where A;
is the coefficient matrix of the slow variational equation (2.7). Thus, along the slow manifold,
we arrive at the reduced eigenvalue problem,

@r = Ae(x, Do, @ = (u, p,v,q) € CHm, (5.80)
with

[ eAlex) App(x)
ﬂ*,s(x, /l) . ( 0 ﬂzz,g(x, A) *

Due to its upper-triangular block structure, the dynamics in system (5.80) is governed by the
blocks on the diagonal via the variation of constants formula. The lower-right block Az (X, A)
has slowly varying coefficients and is pointwise hyperbolic along the slow manifold. Hence,
on the interval I ., defined in (5.53), system (5.15) admits an exponential dichotomy, which
yields an exponential trichotomy for the reduced eigenvalue problem (5.80).
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Proposition 5.24. Provided ¢,& > 0 are sufficiently small, system (5.80) has for every 1 €
B(0, ¢) an exponential trichotomy on I with constants C, jt; > 0, independent of € and A, and
projections Py (x, A). We have p, = 3y, where p, > 0 is as in Lemma 5.1. The projections
P2(x,-) are analytic on B(0, §) for each x € I, and satisfy

| ’ |

where Z; is as in (5.53) and P",P° and P° are the spectral projections onto the unstable,
stable and neutral eigenspace of the asymptotic matrix A, defined in (5.65).

PI:,S,C(ES, /1) _ PM,S,C

,E

PYSQ2L, — B, A) — P|| < C (el log(e)] +14])., (5.81)

Proof. In the following, we denote by C > 0 a constant, which is independent of € and A.

We start by establishing an exponential dichotomy for the subsystem (5.15) of the reduced
eigenvalue problem (5.80). We define

Jos = [Es/a,2L; — E ], a > 0.
First, by Theorem 2.3 it holds
i) Ol = & || D7 ppe)]| < Ce, I (0l = 1D o o)l < C&%, x € Jug,
which implies
[0:A22.0(x, V|| < Ce, x € Ty, A € BO, ).
Second, by Theorem 2.3 we have
[[Bp.6x) = (o), 0)|| < C&%, x € U,

which implies

[[Arzo(x, ) = Aty o(x), V|| < Ce,  x € Jup, A € BO, ), (5.82)

where A(u, A) is defined in (5.1). By Theorem 2.3 and Lemma 5.1, the matrix A(up o(x), A) is,
provided & > 0 is sufficiently small, hyperbolic for each x € J4 and A € B(0, ¢) with spectral
gap larger than u, = 2u;. So, by (5.82), the same holds for Ay o(x, 1), provided & > 0 is
sufficiently small. Third, Ay . is bounded on J4 . X B(0, ¢) by an e-independent constant using
Theorem 2.3. Combining these three items with Proposition 4.8 yields, provided £ > 0 is
sufficiently small, an exponential dichotomy for system (5.15) on J, . with constants C, pt; > 0
and projections Il .(x, A). The projections Il .(x, -) are analytic on B(0, ¢) for each x € J, .
and satisfy

[IT7s(x, D) = Qu(x, V)| < Ce,  x € Jrpd € BO,5), (5.83)

where Q.(x, A) is the spectral projection onto the stable eigenspace of Ay (x, 2). On the other
hand, by Theorem 2.3 and estimate (2.6) we have

[8p.6(Es) — (w0, 0)]| < Cellog(e)l.
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yielding
[Ar.6(Eer ) = Apoo|| < C (ellog@)] + [A), A€ BO,s),

where Ay, is given by (5.58). Thus, the same bound holds true for the spectral projections
associated with Ay ¢(E,, 1) and Ay.. Combining the latter with (5.83) yields

[M15e(Ee, ) = Py < C (ellog(e)] +141), 2 € BO,5), (5.84)
where P is the spectral projection onto the stable eigenspace of A, .

The next step is to express the evolution 7~ o(x, y, 2) of the upper-triangular block system (5.80)
in terms of the evolution 77 4(x, y, 4) of (5.15) and the evolution ®4(%, ¥) of the slow variational
equation (2.7). Thus, via the variation of constants formula we obtain

q)i 9 ’ q)i 9 E E Vs /l d
Toe(x,3, ) = ( sex.ey) [ Dulex, Ao 1oy, Dz | (5.85)
’ 0 Tye(x,3, )
We define candidate trichotomy projections,
P () o= 0 szf%sg Oy(ex, £) AT} (2, X, Ddz ’
- 0 ;e (x, )
P (x,) = 0 ﬁXE Dg(ex, SZ)ﬂIZ,s(Z)TM’S(Z, x, )dz X € Is,s’ A€ B(0,¢),
*,E\TV L 0 = I _ Hf’g(x’ /l) ’

Pi,g(x’ /l) =1- Pi,g()@ /l) - P’:,g(x7 /l),

where T}‘Es (x,y, 4) denotes the (un)stable evolution under the exponential dichotomy of (5.15)

Uu,s,C

on J,.. The projections P..“(x,-) are analytic on B(0,¢) for each x € I, because the
projections Il (x, 1) and the evolution 774(x, y, 4) are analytic in A using [60, Lemma 2.1.4].
On the other hand, lemma 4.1 it yields

lDs(ex, )l < C, X,y € Jog, (5.86)

because it holds [eL, — {y| < Ce by Theorem 2.3. Using (5.85) we calculate for x,y € I, and
1€ B(0,¢)

0 [ 1z Pulex, e AT}, (2,5, Ddz
0 “ T2,(x6,y,)

= *,S(x’ y7 /I)Pi,g()’, A)a
0 [iz ®y(ey, e AT (2, x, Ddz
2=e i

0 T, %, )

= T e, X, P (X, D),

Pi,g(-x7 /1)7;,8()@ y, /1) = [

Pz,g(% /1)7—*80]3 X, /1) = [
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and

P e DT o3, 2) :=( Do) BV 7 ey PL0D. (58Y)

Y
Es(x,y, ) := - f Dy(ex, £9) AT} ,(2.y, Ddz

2L,-1E,

.
- f By(ex, €0 AT 2y, Dz,

2

Using estimate (5.86) and the fact that Aj, ¢ is e-uniformly bounded on J, . by Theorem 2.3,
the above calculations imply for x,y € I; . and A € B(0, )

P} (6, DT oo(x, 3, || [P0 DT, 5, V|| < Ce™OD, x>y,

and

|

Therefore, the projections P.3“(x) define an exponential trichotomy for equation (5.80) on I, .

P, DT, 3, D) < C.

Finally, we establish the approximations (5.81). Define Js = [2_.6, 2_‘6] First, by Lemma 4.1
it holds

|Ds(ex, gy) — I|| < Cellog(e)l, x € J,, (5.88)
Second, by Theorem 2.3 and estimate (2.6) we have
[[8p.6(x) = (0, 0)|| < Cellog(e)l, x.y € Jp,
yielding for x € J, and A € B(0, <)
[A12.000 = Aoo|| < Collog(®)l, [ Arne(x, D) = Ap|| < C(sllog(@)] + 1), (5.89)

where Aj ., is defined in (5.65). Since Ay, is hyperbolic by Lemma 5.1, the matrix A .(x, 1)
is by (5.89) invertible for each x € J, and 1 € B(0, ¢), provided &, ¢ > 0 are sufficiently small.
Thus, for A € B(0, ¢) we may write

f _' Oy(6Es, ) A1,()T } (2, Be, Dz

- f Dy(6Z, 502D R0, A DT 2 B V2 (1 = T 4B D)

Combining the latter with (5.84), (5.88) and (5.89), leads, via integration by parts, to the
approximation,

f Oy (eE,, £2) AL g(z)’/"fg(z, Ee, Ddz — Ay mﬂfio(l P < C (elloge)l + |4]),

2

(5.90)
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for A € B(0, ), where we use y, = 2u,. Similarly, we derive

ﬁ 0,65, £ Ao (T L, (0 B Dz — Py o AP

< C(elloge)l + 1), (5.91)

2

for A € B(0, ). On the other hand, (5.86) yields

3
2

f Dy(eEe, A 4T, (2 B iz

2L,—3E,

<Ce, 1€B0,s). (5.92)

The spectral projections £**¢ on the unstable, stable and neutral eigenspace of the asymptotic
matrix A, are given by (5.75). Thus, the approximations (5.84), (5.90), (5.91) and (5.92)
yield ||[Py ¢ (Be, ) — P < C(ellog(e)| + |A]) for A € B(0, ¢). The other estimate in (5.81)
follows analogously. O

5.3.4 Construction of a piecewise continuous eigenfunction

Let S5, Dy, and E; be as in (3.21), (5.52) and (5.53), respectively. In this section we
establish for any 1 € D, and v € S; a piecewise continuous solution ¢, .(x, A) to the full
eigenvalue problem (3.3) on the interval [-Z,,2L, — E.], which has a jump only at x = 0
and satisfies ¢, (—E;, 1) = e""gom(2L5 — B¢, ). The construction of ¢, is based on Lin’s
method [10, 70, 100].

Theorem 5.25. Suppose 0 is a simple root of Eo. Take 6 > 0. Provided n,& > 0 are
sufficiently small, there exists for every A € D, . and v € S5 a piecewise continuous solution
©ye(x, A) to the full eigenvalue problem (3.3) on [-Z.,2L, — Z.], which has a jump only at
x =0, satisfies

@ro(=Ep, D) = €”,.2L, — E,, ),
and enjoys the estimates,
[[ovex. ) = en(x)|| < Cllog()l (£l log(&)] + 1l) , x € [-E,, 2L, - E,], (5.93)
lvex ) = 8 .(x) + 8P ()B)|| < Cllog(e)l (2llog(e) +1Al),  x€[-F, 5], (5.94)

where B(v), ¢n and Dy, are defined in (3.20), (5.62) and (5.63), respectively, and C > 0 is a
constant independent of €, A and v. In addition, for any v € Ss there exists a unique A-value
() € D, ¢ for which the jump of ¢, (-, A) vanishes.

Proof. In the following, we denote by C > 0 a constant, which is independent of &, 4 and v.

Let Iy, = I U If and I, be as in (5.53) and (5.54). Our approach is to regard the
full elgenvalue problem (3.3) as a perturbation of the reduced eigenvalue problems (5.56)
and (5.80) on the intervals /5 and I, respectively. Propositions 5.22 and 5.24 yield expo-

nential trichotomies for (5.56) and (5.80). For A € D,,, this leads to variation of constants
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formulas for solutions to (3.3) on the three intervals /;, and / ;Z We match these solutions
at the endpoints 0, +=; and 2L, — E; of the intervals /;, and Ifi using the estimates (5.66)
and (5.81) on the trichotomy projections and identity (5.77). Thus, we obtain for any A € D,
and v € S; a piecewise continuous solution ¢, -(x, ) to (3.3) on I, U I, ., which has a jump
only at x = 0 and satisfies ¢, (—E, 1) = e""tpv,s(ZL8 — g, A). Foreach A € D, and v € S;
the jump

Jv,a(/l) = hf{)l ‘Pv,s(xa - h%l ()Dv,s(xv ), (5.95)

is contained in the one-dimensional space Z*, defined in (5.77). Pairing the jump with the
solution ¥,4(x) to the adjoint (3.19), established in Proposition 5.21, leads to an (analytic)
equation in A and v, which has a unique solution () € D,

The variation of constants formulas provide leading-order expressions for ¢, ¢(x, 1) on the three
intervals f and /.. Finally, since the derivative ¢p -(x) is a solution to (3.3) at 4 = 0, we can
write ¢}, .(x) in terms of similar variation of constants formulas on I+ yielding leading-order
approximation for ¢, .(x, A1) — ¢p’s(x)

Thus, we start by establishing expressions for solutions to the full eigenvalue problem (3.3)
along the pulse. We regard (3.3) as the perturbation,

©r = (Ap(x) + Boe(x, ) @, @€ CHmm,

of the reduced eigenvalue problem (5.56). By Theorem 2.3, the perturbation matrix By .(x, 4) :=
A(x, 1) — Ay(x) is bounded by

1Bo,s(x, DIl < C (ellog(e)l +1Al), x€lfe,AeC. (5.96)

By Proposition 5.22, system (5.56) has exponential trichotomies on [0, co) and (—oo, 0] with
constants C,x, > 0 and projections PL*“(x) satisfying (5.66). We denote by ®¢"“(x,y)
the stable, unstable and neutral evolution operator of system (5.56) under the exponen-
tial trichotomies. For convenience, we abbreviate (DY” L(6y) = (I = PL(x))®y(x,y) and

OF, (x,y) = (I = PL(x)Do(x, ).

We apply the variation of constants formula. Thus, by the decompositions (5.68) and (5.69),
any solution go;’a(x, A) to (3.3) must satisfy the following integral equation on Ifg:

G0 D) = B (1. E o) + By, + f ;. (6,180,005, Vg (3, Dy
0

x (5.97)

Fone, + @, (x,0)d, + f .6, ) B0, D, 0 Dy,

for some a, € P(E.)[C*"™*™], b, € C*", ¢, € C and d, € Z*, where Z* is defined in (5.69).
Provided n,& > 0 are sufficiently small, there exists by (5.96) for any A € D, a unique
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solution <p (X, ) t0 (5.97) on I; using the contraction mapping principle. Note that ¢ fg(x )
is linear in (a+, b,,c.,d,) and satisfies the bound,

SHP lgF o Ce DI < C llasll + 10411+ lex| + lldell), A € Dy, (5.98)

xel

by estimate (5.96), taking 7, & > 0 smaller if necessary. Similarly, by (5.68) and (5.69), any
solution go;ys(x, A) to (3.3) must satisfy the following integral equation on Ilzg:

£1, 00 = O (5o + 00+ [ O (3B, 0. i, 0 Dy
. (5.99)
Fne + 0 0+ [ O (080,00 g7, 01 0

for some a_ € P*(—E,)[CH™*™], b_ € C*", ¢_ € Cand d_ € Z*, where Z" is defined in (5.69).
There exists for any A € D, . a unique solution ‘P},g(x’ A) t0 (5.99) on I‘;g, which is linear in
(a_,b_,c_,d_) and satisfies the bound,

sup [loy (x, DIl < C(lla-|l + [Ib-|l + lc-| + [ld-[]), A € Dy, (5.100)

xe( ;_E

taking n, £ > 0 smaller if necessary.

Our next step is to obtain expressions for solutions to the full eigenvalue problem (3.3)
along the slow manifold. We regard (3.3) as the perturbation,

Or = (A6, D) + Boo(x, D)) g, ¢ € CUY,
of the reduced eigenvalue problem (5.80). By Theorem 2.3 it holds
lltp.(x) — us(ex)|| < Ce,  |Vp(OIl < Ce*,  x € I,.
Therefore, by (S1) the perturbation matrix B, .(x, 4) := A(x, 1) — A, £(x, A) is bounded by

|

By Proposition 5.24 system (5.80) admits for every A € D, an exponential trichotomy on /.
with constants C, i, > 0, independent of € and A, and projections P, ;“(x, A) satisfying (5.81).
We denote by 7.5"(x, y, A) the stable, unstable and neutral evolution operator of system (5.80)
under the exponential trichotomy.

B, o(x, V)| < Ce(e+a), xel,,A1€C. (5.101)

We apply the variation of constants formula. Thus, any solution ¢;.(x, 2) to (3.3) must
satisfy the following integral equation on I .:

Pos(6, ) = T2 (0 E D + TS (5 E D + f T2 ey, DBy Dy Dy
| (5.102)
T - E gt [ T B0 g . Uy,

2L.—E,
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for some f € Pi,g(ES)[(Cz(’””')], g€ P’;’S(ZLg—:g)[Cz“"*”)] and h € Pi’g(ES)[CZ(’“”)]. Provided
n,& > 0 are sufficiently small, there exists by (5.101) for any A € D, . a unique solution
@s.6(x, A) to (5.102) on I, using the contraction mapping principle. The solution ¢, .(x, 2) is
linear in (f, g, h) and enjoys the bound,

sup [lgso(x, DIl < C AN + Mgl + 1Al . A € Dy, (5.103)

x€ls,

using estimate (5.101) and the fact that |eL, — {y| < Ce by Theorem 2.3.

Now, we match the solutions <p;8(x, A) and ¢, .(x, ), given by (5.97), (5.99) and (5.102),
at the endpoints x = +=, and x = 2L, — Z; of the intervals I, and I;g. Applying the
projection P; (E,, 4) to the difference 90;8(58, A) — ¢5.£(Eg, A) yields the matching condition,

f = 7_(;’/](61+7 b+’ Ci, d+)9

1 € Dye (5.104)
IH (s, by, cr, d)ll < C (ellog(e)] + A1) (layll + 1154l + lex] + [1ds 1D,

where we use (5.66), (5.68), (5.81), (5.96) and (5.98) to obtain the bound on the linear map
7(81 1+ Similarly, applying Py .(E¢, 4) to go}r’g(Eg, A= (B, A) yields for A € D, . the matching
condition,
a+ = 7-{‘3,/{(“+7 b+’ C+9 d+’ fa g’ h)7
I ((as, by cordss £ 8 WL < C e (e + 1D AIFI+ llgll + 171D (5.105)
+(ellog(@)] + 1A lall + 1Dl + lex | + lld+ DT,
where we use (5.66), (5.68), (5.81), (5.96), (5.98), (5.101), (5.103) and |eL, — {y| < Ce to

obtain the bound on the linear map ‘Hi - Finally, applying P (Z,, 1) to (,o;;’g(Eg, D=¢s(Ee, )
yields the matching condition,

h = ( TD(O)[%— ) + 7’[3,/1(‘1+sb+’c+’d+)’

I 1(@s, by, co, d)Il < (sllog(e)] + ) (lasll + 1]l + les] + Il 1D

A€ D,,, (5.106)

where we use (5.64), (5.66), (5.81), (5.96) and (5.98) to obtain the bound on the linear map
(Hi 1+ Note that 7{81”12’3 are analytic in A, because the perturbations matrices By .(x, 1) and
B. £(x, 2), the projections Py;“(x, 1) and the evolution 7~ .(x, y, A) are analytic in A by Propo-
sition 5.24 and [60, Lemma 2.1.4].

Take v € Ss. We obtain the following matching conditions for any A € D, by applying the
projections Py7“(2L, — 2., A) to the difference ¢, (2L, — E;, 1) — eivgo;’s(—Eg, A):

g="H;(a_,b_,c_,d),

A (5.107)
IH, ;(a-,b_,c_,d )|l < C (ellog(e)l + |A]) (lall + lb_[| + e[ + lld-D),
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a_ =H (a_,b_,c_.d_, f,g.h),

I (a—s b, c_,d_, f, g, DIl < C [(&]log(e)l + [AD)(la- |l + Ib-ll + le-| + lld-I) ~ (5.108)
+ (e + 1A A+ gl + NIRiD]

T 2L, — By, B, D = er( T-gb-

IHS (a—s b, c—.d-, f.g Wl < C[(sllog(@)] + A1) (la-ll + Ib-II + le-| + lld-I)

+ (e + 1D S+ gl + NIAID]

where we use (5.64), (5.66), (5.68), (5.81), (5.96), (5.100), (5.101), (5.103) and |eL.—¢y| < Ce
to obtain the bounds on the linear maps ijﬁ, which are analytic in 4. We introduce the short-
hand notation a = (a,,a_), b = (b;,b_), c= (c4,c-) and d = (d,,d-). Substituting (5.106)
into (5.109) yields a linear map 7-(; ,» which is analytic in 4, satisfying

) - 7—{21(“_’ b—’ c-, d—’ f? g’ h)7
(5.109)

Dy(200,0)Tehs \ o Toob
0 =€ 0

1] (@, b, ¢, d, f, g Wl < C [(ellog(e)] + A1) (lall + 11BIl + llcll + Il
+ (e + 1A AN+ gl + NIRID]

) + W;!A(a’ b’ C7 d,f7g7 h)
A1€D,,, (5.110)

where we use (5.87), |eL, — €| < Ce and the bound,
|Ds(ex, ey) — || < Cellog(e)l, |x -yl < 2E, (5.111)

which follows from Proposition 4.1. The matching conditions (5.104), (5.105), (5.106),
(5.107), (5.108) and (5.110) constitute a system of 6 linear equations in 11 variables. One
readily observes that, provided 7, £ > 0 are sufficiently small, this system can be solved for
as, f, g, h and b_ yielding linear maps Wjj which are analytic in A and satisfy

(f’ g’ a) = 7-(68,,1(b+5 c, d)y
(h, b_) = (Toob+, e_ivToo(Ds(2€09 O)Toob+) + (}-{59,,1(b+7 c, d), A€ DT],E? (51 12)
-3 (b, ¢, )]l < C (ellog(&)] + 1) (Ib- + ] + Il -
Thus, since the projections Py2“(x, A) are complementary, we observe that (f, g, h, a, b_) satis-

fies (5.112) if and only if both ¢,+(E¢, 1) = ¢} (Es, ) and (2L, — E;, ) = eivs@},g(—Eg, )
hold true.

Our next step is to match the solutions ga;—;g(x, A), given by (5.97) and (5.99), at x = 0

such that the jump cp;,g(O, ) — 40;8(0, A) is confined to the one-dimensional space Z*, which is
defined in (5.77). First, we apply the projections Q**, given by (5.76). By (5.60) and (5.67) it
holds

QP 0)=Q°, QP(0)=0, (I-QP(0)[Z°]=0. (5.113)
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Applying the projection Q° to the difference 90;8(0, D=¢; .0, yields the matching condition,

d. =H(a,b,c,d),

10 Dy., (5.114)
[H; 2(a, b, ¢, d)Il < Cllog(e)l (ellog(e)] + A1) (llall + [1BI] + [lcll + Il ,

where we use (5.68), (5.69), (5.96), (5.98), (5.100) and (5.113) to obtain the bound on the
linear map ‘H;’O, which is analytic in A. Similarly, applying Q" to tp;’g(O, D = ¢, (0,0), we

establish a linear map #!!

1> Which is analytic in 4, satisfying

d-=H'(a,b,c,a),

11 Dy, (5.115)
1H 1(a, b, ¢, I < Cllog(e)l (ellog(e)l + |A]) (llall + 11B]l + llcll + lldID) ,

Next, we apply the projections Q° and Q, given by (5.76). By (5.60) and (5.67) it holds
QP (0) = Q = QP0), QP0)=@Q =QPO0). (5.116)
Applying Q° to the difference go}’.)s(O, A) = ¢; (0, 2) yields the matching condition,
cy =C_, (5.117)

where we use (5.78) and (5.116). Finally, applying & to 90;8(0, A) — 40;8(0, A) yields for
A € D, ; the matching condition,

0
(75" )= [ @000 va0eds + Hi @b

- f) Q°Do(0,Y)Bo (v, Dpn(y)c+dy, A€ Dy, (5.118)

:‘2

IH(a, b, ¢, d)l| < Cllog(e)| (el log(e)] + 141) [(lall + 1Bl + lidIl)
+|log(e)l (el log(e)l + [4]) licll] .

where we use (5.78), (5.96), (5.98), (5.100) and (5.116) to obtain the bound on the linear map

H?, which is analytic in A.

We wish to approximate the integral expressions in (5.118). Therefore, we split the per-
turbation By .(y, 1) in an e-dependent and A-dependent patrt, i.e. it holds

B0 ) = Bo (v, 0) - 4B,

<Celdl, yelp,1€C, (5.119)

with

0 O 0 0
B, = ( 0 B, ) € Matgimx2am)(C), By = ( I 0 ) € Matyx2(C).
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First, we approximate the A-dependent part of the integrals in (5.118). Recall that sys-
tem (3.15) is Ry-reversible at x = 0 by (E1). Thus, the evolution ®((x, y) of (3.15) satisfies
Ri®¢(x,y)Rs = Op(—x,—y) for any x,y € R. Hence, using (5.70) we calculate

Do (0, DBupn(x) = ( [ Ao) (3, ) B (xly ) _ ( ~ [ o)y, ~0)B.kn(~0)dy )
B D (0, x)B..kh(x) R;® (0, —X)B.kn(—x)

=( o R )%(0, ~DB.gn(~),

where we use that R¢B, = —B.Ry, Ap(X)Ry = As(x), Rpkn(x) = —kp(—x) and Az (x) = Ar(—x)
holds true for any x € R by (E1). Combining the latter identity with (5.78) yields

0 0
Q [ f _ @00, 9)B.on(y)dy — ﬁ (0, y)B*tph(y)dy] =0. (5.120)

Next, we approximate the e-dependent part of the integrals in (5.118). This can be done by
using that the derivative ¢}, .(x) is a solution to (3.3) at 4 = 0. Thus, ¢;, .(x) satisfies the integral
equation (5.97) on I;,S at A =0, i.e. we have for x € I;’g

800 = O (1. Eo)atp + D (b + f S (5)B0, 0y 0, ()
0

. (5.121)

+n@ps + B, (1. 0y + f (5, ) B0y, 006 )y,

&

for some constants a,, € P‘J‘r(ES)[CZ(’”*”)], by € c2m ¢p+ € Cand d,, € Z*, where we
suppress their e-dependence for notational convenience. Similarly, it holds for x € I,

Gpe(X) = Dy _(x, =Ee)ap - + Oy (0)by - + f OF_(x,9)B0.(y, 0)p,, -(0)dy
. (5.122)
O (6, )B0.(, 0}, 0y,

=

+ n(X)cp- + Df _(x,0)d, - + f

for some a,_ € P*(-E,)[C*"™™], b,_ € C*, ¢,_ € Cand d,_ € Z". By applying suitable
projections, we obtain leading-order approximations for the constants a .+, bp s, ¢p + and d, .
This leads to the desired approximations for the integrals in (5.118).

First, Theorem 2.3 and (S1) yield
+D7 T (uo)
$) (2E) — & H (”%’ 0.00 1 < ce?j10g(e)l, (5.123)
0

where we use that ¢, solves the differential equation (2.1). By applying the projections
P4 (E;) and PS(E,) to (5.121) at x = E;, we derive via (5.68) and (5.69)

tps = PLEIG) o(E)s  PUENDn(Ebps = PLEND, (E,).
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Similarly, we apply P’ (-E,) and P°(—E;) to (5.122) at x = —E, yielding
ap- = PL(=Eo)p}, (-Ep),  PL=Eo)Qin(—Eo)bp- = PL(-E.)¢;, .(—Eo).

Combining the latter two identities with (5.64), (5.66), (5.75) and (5.123) gives

-1
llap Il < Ce,  ||bp — STW,( =Dy J (o) ) < C&*log(e). (5.124)

H(u,0,0)

Recall that we have ¢p(x) = d,@n(x, up). Thus, by Theorem 2.3 it holds

65,000 — en(@)|| < Cellog(e)l,  x € Iy, (5.125)

where we use that ¢, . and ¢y, solve (2.1) and (2.2), respectively. Next, we apply Q° to (5.121)
and (5.122) at x = 0, yielding

0 ’
(0) ) » 9p.(0)
Cp = % —cpes ope—1|<Co, (5.126)

by (5.78), (5.116) and (5.125). Finally, applying Q@ to (5.121) and (5.122) at x = 0, gives the
identity,

bys —by_ sl _ 0 ,
( P O P ) = Q |:CD&),_(07 _:‘E)ap,— + f_ (DO(O’ y)BO,S(Y7 0)¢p,5()’)dy

=

- q)?)’_p (07 Ea)ap,+ - j:Q q)o(()’ y)'go,s(ys 0)¢;,g@)dy] s

by (5.78) and (5.116). Using (5.96), (5.124) and (5.125), we approximate both sides of the
latter identity, yielding

0 0 2] )
@| [ 0n0.080.0:0000s - [ 00.980.0.0000] -2 0
0
< Ce’|log(e)?, (5.127)

which gives together with (5.119) and (5.120) the desired leading-order expressions of the
integrals in (5.118).

Thus, the matching conditions (5.112), (5.114), (5.115), (5.117) and (5.118) constitute a
system of 10 linear equations in 11 variables. Provided 7, & > 0 are sufficiently small, this

system can be solved for a, b, c_, d, f, g, h yielding analytic linear maps H Bv H,* and ?{Bl
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for A € D, satisfying
(a,d, f,g,h) = H(co),

C- =Cy,y

_ -1
by = 26 (I — € " T ®y(260, 0) Y. ‘( b g (o) ) ey + HY (),
L( Dl (5.128)
b_=2¢ (er'r,mcbs(o, 200)Y oo — 1) ( ! 0 (o) )c+ + HD(ch),

IH eIl < Cllog(e)l (el log(e)] + 1) e,
“7_{14 Beoll < Clloge)l (sl log(e)] + (1) e,

where we use (5.119), (5.120), (5.127) and the fact that det(l — e Yo ®s(260, 0) o) =
2 E (0, e™) and det(e™ Y _o®s(0,260) oo — I) = E4(0, €) are bounded away from 0 by a
v-independent constant.

Recall that (f, g, h,a,b_) satisfy (5.112) if and only if both ¢, (E;, 1) = go;p(:g,/l) and
@se2Le — B¢, ) = e”’(p (—E¢, ) hold true. Moreover, by identity (5.77), (a, b, c,d) sat-
isfy (5.114), (5.115), (5. 117) and (5.118) if and only if the jump ¢pf8(() ) — @ (0, 4) lies in
Z*+. Thus, take ¢, := Cp,+ and define quantities a, b, c_, ds, f, g and h through (5 128), where
we suppress their -, A- and v-dependence for notational convenience. Then, (5.97), (5.99)
and (5.102) define for any A € D, and v € Ss a piecewise continuous solution ¢, .(x, 1)
to (3.3) on I, UI, ., which has a jump only at x = 0 in the space Z* and satisfies ¢, (-2, 1) =
eivgov,a(ZLa - Eav /l)

Now, estimate (5.93) follows readily by approximating the coefficients (a, b, ¢, d, f, g, h) in
the variation of constants formulations (5.97), (5.99) and (5.102) of the solution ¢, .(x, 1)
using (5.96), (5.98), (5.100), (5.101), (5.103), (5.126) and (5.128).

Next, we show that for any v € S; the jump J, (1), defined in (5.95), of ¢, (x,) at x =0
vanishes for a unique A-value in D,,. Fix v € Ss. The jump J, (1) can be expressed as
the difference of the two variation of constants formulas (5.97) and (5.99) at x = 0 with
coefficients as, b., c: and d; defined through (5.128) and ¢, = ¢,,. We observe that J,, is
analytic on D, ., because the perturbation B .(x, 1) and the linear maps 7‘181;, JH14 o and 7‘(23
are analytic in A. For any A € D, . the jump is approximated by

0

Jee) —dy +d_— A f B (0. )Bogn(y)dy - A f“

00 —00

D (0,y)B.on(y)d
0.- (0, )B.¢n(y) yH (5.129)

< Cllog(e)l* (& + 1] (el log(e)| + |41)) ,

using (5.93), (5.96), (5.119) and (5.128). By Proposition 5.21 we have ¢,4(0) € ker(Py,(0)")N
P;_(0)*[C?"]. Therefore, it holds

+ C ker(P5(0)*) N ker(P“(0)), (5.130)
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by (5.67). The jump J, .(2) € Z* of ¢, -(x, ) at x = 0 vanishes if and only if

0 —
<( Vaa0) ),Jv,gu)> =0. (5.131)

With the aid of (5.130) we calculate

0 0
<( %Da;)(o) ), f D7, (0, )B.pn(y)dy — f (0, y)B*<Ph(V)dy>

=—f (Wad2(x), Oxvn(x, up)) dx.

Combining the latter with (5.129) yields

H<( mf(o> ) : Jv,g(ﬂ>> +4 f _ (Waa2(0): v (x. o)) dx
< Cllog(e))* (¢ + || (¢ log(e)| + 1)),

A€ D,

since d, € Z* and d_ € Z" are in the orthogonal complement of Z* by Proposition 5.21.
Hence, because the A- and e-independent integral L D:o (Wag2(X), dvi(x, up)) dx is non-zero
by Proposition 5.21 and the jump J, . is analytic on D, ., Rouché’s Theorem implies that
equation (5.131) has, provided 1, & > 0 are sufficiently small, a unique solution A.(v) € D,,...

Our last step is to prove estimate (5.94). Fix v € S;. First, we establish the a priori bound,
[eve(x, D) = ), (|| < C (ellog(e)l + 1),  x € Ife,d € Dy, (5.132)

using (5.93) and (5.125). By subtracting (5.121) from (5.97) and (5.122) from (5.99), we

obtain variation of constants formulas for ¢, -(x, 1) — ¢}, ,(x) on I;,a and I;E, respectively. Our

approach is to obtain leading-order expressions for the coeflicients a. —ap s+, by —bp s+, c+ —Cp s
and d;. — d,, . in these variation of constants formulas. By (5.124), (5.126) and (5.128) it holds

c:—cps =0,
[lax — ap+|| < Cllog(e)l (el log(e)] + 141)., A€ Dy, (5.133)
b= = by« + BO)|| < Cllog(e)P (sl log(e)] + A1),
where B(v) is defined in (3.20). Estimating d.. — dj, » is more elaborate. Note that the jump

Jy(A) € Z* lies in the kernels of @ and Q° by (5.77). Thus, to estimate d,. — dj, .., we apply
the projection Q° to

Tuol) = lim (e (6, ) = 67,(0) = 1im (o0, D) = ¢,(0), A€ Dy,
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yielding

0
&=ty = [ 0000 0600 = 50,0.005,0)]

-@ f ' 0, (0,) | Boe (s Ve, ) = Bo oy, 065,00 dy
FO)_(0.~E,)a_ - ap.).
by (5.68), (5.113) and (5.133). Therefore, (5.93), (5.96), (5.119), (5.132) and (5.133) imply
ld. = dy..|| < Cllog(e)l (7 log(&)P +141), A € Dy (5.134)

Subtracting (5.121) from (5.97) gives for each A € D, ;. a variation of constants formula for
QDV,E(-X:’ A) - ¢;),5('x) on I;’g:

Pre(x, D) = ¢y (%) = OF L (x, Ee)ar = ap) + Pin(x)(by = bpy) + Qg (x,0)(d — dp.+)

[0 B0, D00 = B, 065,

+ f O, (6,3) [Bo.o (. Doy, ) = B (v, 0)},, ()] .
where we use ¢, = cp ;. Applying (5.93), (5.96), (5.119), (5.132), (5.133) and (5.134) to the
latter identity yields the approximation (5.94) on [0, E./2]. The proof of (5.94) on [-E./2,0]
is analogous. O

Remark 5.26. The proof of Theorem 5.25 provides a Lyapunov-Schmidt type reduction pro-
cedure. Finding a bounded solution to the full eigenvalue problem (3.3) amounts to inverting
the operator £, —A defined in §3.2. By constructing the piecewise continuous solution ¢, -(x, A)
to (3.3) via Lin’s method, we invert a certain part of £, — A and we obtain a one-dimensional
reduced equation (5.131) describing the remaining unsolved part.

Thus, solving (5.131) for A yields the desired simple eigenvalue A.(v) of L. about the origin.
A leading-order expression of A.(v) can be obtained by calculating the leading order of the
&- and A-dependent parts of (5.131). Alternatively, we use the key identity (5.51) to derive a
leading-order expression for A,(v) — see §5.3.5. ]

5.3.5 Conclusion

In this section we provide the proof of Theorem 3.19. Let Ss, D,, . and Z, be as in (3.21), (5.52)
and (5.53), respectively. In Theorem 5.25 we constructed for any 4 € D, and v € S5 a
piecewise continuous solution ¢, .(x, 1) to the full eigenvalue problem (3.3) on the interval
[-E¢, 2L, — Z;] which has a jump only at x = 0. In addition, we obtained leading-order
expressions for ¢, .(x, ) and @, £(x, 1) — ¢;, ().
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Moreover, we proved in Theorem 5.25 that for any v € S; there is a unique A-value A.(v) € D,
for which the jump of ¢, .(x, 1) vanishes. As mentioned in §5.3.1 this A-value coincides with
the unique root A,(v) of the Evans function &,(-, ) about the origin. We extend the continuous
solution ¢, .(x, A:(»)) to the whole real line via (5.55). In §5.3.1 we derived an identity (5.51)
for A.(v) in terms of this extended solution ¢, . to (3.3). Plugging the leading-order expressions
for ¢y .(x) and @, £(x) — ¢y, (x) into (5.51) yields the desired approximation (3.17) of A:(v).

Proof of Theorem 3.19. In the following, we denote by C > 0 a constant, which is indepen-
dent of &£ and v.

In §5.3.1 we established a ¢ > 0 such that, provided £ > 0 is sufficiently small, there
exists for any v € Sy a unique (real) root 1,(v) € B(0,¢) of E.(-, ™). We showed that the
function 4, : S5 — R is analytic, even and 2-periodic and satisfies 1.(0) = 0 whenever 0 € S;.

Fix v € Ss. Consider the solution ¢, .(x, 1,(v)) to the full eigenvalue problem (3.3), es-
tablished in Theorem 5.25, and define ¢, . by (5.55). Clearly, ¢, . is a solution to (3.3) on the
whole real line. In §5.3.1 we showed that it holds A,(v) = A,(v) and that the key identity (5.51)
is satisfied for ¢, (x) = (i1, £(X), Pye(xX), Py £(X), Gye(x)). To obtain a leading-order expression
for A.(v) we approximate the integrals in (5.51) using Theorem 5.25.

First, Theorem 2.3 and estimate (5.93) imply that ¢, . and ¢, . are bounded on R by a constant
independent of & and v. On the other hand, the solution ¢,q(x) = (Yaq,1(X), Yaa2(x)) to the
adjoint equation (3.19) satisfies

Wl < Ce M, xeR,
by Proposition 5.21. Thus, using estimate (5.93) we approximate

< Cllog(e)| (el log(e)] +14,(e))
(5.135)

H f Wad 2(X) Py s (x)dx — f Wad 2(X)*Oxvn(x, up)dx

In addition, by estimate (5.94) and Theorem 2.3 we have

I a2 (G @p,€) = 8,6, 1(510,0) () = v 0) |

< Cellog(e)” (£°l log(e) + 11:())

(5.136)

where we use that ,42(x) is odd by Proposition 5.21, qAﬁp,g(x) is even by Theorem 2.3, vy (x, up)
is even by (E1) and the v-components of ®;,(x)B(v) are even by (E1). Integration by parts
gives

f Va1 2(0) 0GBy o(x), &) (it (x) — 1, (1)) dx

=—¢ f f Va120) 0uG(Bp.e(v), £DT (Brs(¥) = Pl (1)) dydlx,
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since Y,q2(x) is odd and (/Aﬁp,g(x) is even. Applying estimate (5.94) and Theorem 2.3 to the
latter yields

H f T Yaap (' 0,y e),8) (o) = ) () dx
(5.137)

-& f f Va2 () 0,G (1o, va(y, tp), 0)dydxB(v)
< Cellog(e)| (7| log(@)l’ + 14,(2)]).

with B(v) defined in (3.20), where we use ,42(x) is odd, vy(x, up) is even and the p-component
of (I — ®;,(x))B(v) is odd by (E1). Finally, since the integral f_ o; Wad 2(X) 0 vn(x, up)dx is
non-zero by Proposition 5.21, the key identity (5.51) in combination with the estimates (5.135),
(5.136) and (5.137) gives

Lo [ ¥aa2(0)0uG (o, vy, o), 0)yd xB(v)

A:(v) + =
o f,m Wad2(X)*0xvn(x, up)dx

< C&’l log(s)ls.

The latter yields the leading-order expression (3.17) of A.(v) by switching the order of integra-
tion in the numerator using that ,q4, is odd and v,(x, up) is even. O

Remark 5.27. In the proof of Theorem 3.19 we have obtained for any v € S; an eigenfunction,

~ 1y
wy,g(%) = ( g:’jgi_l‘;; )elvx/%’g c ngr([o’ 258]’Cm+n)’
corresponding to the eigenvalue A.(v) of the operator L, . defined in §3.2.1. The approxima-
tions in Theorem 5.25 and its proof provide leading-order control over this eigenfunction.
We observe that i, .(¥) is approximated by (0, d,vn(¢™' ¥, ug)) along the pulse. The derivative
0.vh(x, up) corresponds to the translational eigenfunction at 4 = 0 of the linearization of
vy = Dovy — G(ug, v, 0) about the standing pulse solution vy, (x, up). Thus, along the pulse, the
leading-order dynamics of the eigenfunction ¥, . is independent of v. On the other hand, along
the slow manifold, i.e. for eX € I ., ¥, (X) is approximated by the u-components of

. . _ -1
2ee™/2e D%, 0)Fo (I — e Lo ®s(2Lo, 0)To) 1( b { (o) )

by (5.87), (5.101), (5.102), (5.103), (5.111), (5.112) and (5.128), where g is given by (2.5),
@4(%, ) is the evolution (2.7) and Yy is defined in (3.20). Thus, along the slow manifold,
the leading-order dynamics of the eigenfunction ¢, is dictated by the slow variational
equation (2.7) and the value of v. [ |
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5.3.6 Discussion

Our approach to expanding the critical spectral curve relies on Lin’s method. As mentioned
in the introduction in Chapter 1 a similar approach is employed in [10, 100] to determine the
spectral geometry about the origin. In this section we compare the analyses in [10, 100] with
ours.

In [100] one considers 2L-periodic wave trains to general reaction-diffusion systems that
converge to a homoclinic pulse solution in the long-wavelength limit L — co. An expansion
of the critical spectral curve is obtained in terms of the period L. It is assumed that the
translational eigenvalue at the origin corresponding to the limiting homoclinic pulse is simple.
Therefore, the variational equation about the homoclinic pulse has exponential dichotomies
on both half-lines such that the spaces of solutions decaying as x — co and x — —oo have a
one-dimensional intersection. Thus, one obtains a decomposition (5.59) of the solution space
as exhibited by our fast variational equation (3.15).

The variational equation about the limiting homoclinic serves as the backbone for the con-
struction of solutions to the eigenvalue problem associated with the periodic wave train. Using
Lin’s method a piecewise continuous eigenfunction ¢, (x) is constructed on [—L, L] for any
v € R that has a jump at 0 and satisfies ¢(L) = e”¢(—L). The exponential dichotomies of the
variational equation about the homoclinic control the dynamics of the eigenvalue problem on
the growing interval [-L, L]. The jump at 0 depends on the spectral parameter A, the period L
and the Floquet exponent v, because the eigenvalue problem is a (1, L™!)-perturbation of the
homoclinic variational equation. Using Melnikov theory the jump can be equated to 0 yielding
an expansion of the critical spectral curve in terms of e~.

In our work there are two systems that serve as the backbone for the construction of so-
lutions to the full eigenvalue problem (3.3): the reduced eigenvalue problems (5.56) and (5.80)
which describe the leading-order dynamics along the fast pulse and along the slow manifold.
In contrast to [100], the reduced eigenvalue problems admit exponential ¢trichotomies in ac-
cordance with the slow-fast structure of the eigenvalue problem (3.3). Moreover, the full
eigenvalue problem (3.3) is a (4, &)-perturbation of the reduced eigenvalue problems. As a
result, the jump of the obtained piecewise continuous eigenfunction in our work depends on &,
A and v. The center dynamics captured by the exponential trichotomies prevents the critical
curve from being exponentially small in terms of the period as in [100]; instead the curve
scales with &2.

In [10] the location of a critical eigenvalue near the origin is determined in the context
of fast traveling pulses (with oscillatory tails) in the FitzHugh-Nagumo equations. Again,
Lin’s method is employed to obtain a leading-order expression for this critical eigenvalue in
terms of the small parameter €. Similar to our work, the slow-fast structure yields a framework
for the construction of a piecewise continuous eigenfunction to the associated eigenvalue
problem. This framework consists of four (reduced) eigenvalue problems arising along the fast
front and back and along the orbit segments on the slow manifolds which together constitute
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the pulse profile in the limit & — 0. However, in contrast to our work, it is sufficient to
distinguish between center-stable dynamics and unstable dynamics in the eigenvalue problem.
Thus, the introduction of an exponential weight yields exponential dichotomies for the reduced
eigenvalue problems.

Lin’s method then yields a piecewise continuous eigenfunction that has rwo &- and A-dependent
jumps in the middle of the front and the back. Thus, Lyapunov-Schmidt reduction leads to
a quadratic equation in A rather than a linear one as in [100] and our work. One root of the
quadratic corresponds to the translational eigenvalue sitting at the origin. The second root
corresponds to the critical, non-trivial eigenvalue that scales with ¢ in the monotone case,
while the scaling in the oscillatory case is £/3.

In the aforementioned spectral analyses, the fine structure of the spectrum about the ori-
gin is decisive for stability, but not detectable in the relevant asymptotic limit. In these cases
Lin’s method proves to be a powerful tool to determine how the spectrum locally perturbs
from the asymptotic limit. Therefore, we expect that Lin’s method can be applied to a wide
range of spectral perturbation problems — see also Remark 1.3.






Chapter 6

Destabilization mechanisms

6.1 Introduction

In this chapter we focus on instabilities of periodic pulse solutions to (1.9) as system parame-
ters are varied. To describe the spectral geometry as the periodic pulse destabilizes, we need
as much analytical grip as possible. Therefore, we restrict ourselves to the case m =n =1 -
see §3.8. We assume that equation (1.9) depends on a real parameter y. An generic instability
occurs at u = u, if one of the spectral stability criteria in Corollary 3.8 fails at u = u., while
the others are still valid. Depending on which one of these criteria fails, we can identify the
type of instability occurring when u passes through .

Verification of the three spectral stability criteria in Corollary 3.8 requires explicit knowledge
of the Evans function &.(4, y). In Chapter 3 we approximated the roots of the Evans function
&E¢(4,7) by the zeros of the reduced Evans function Ey(4,y) = —yEr0(D)Eo(4,y) which
is defined in terms of three simpler, lower-dimensional eigenvalue problems. This leads to
asymptotic control over the spectrum and simplifies the verification of the first spectral stability
criterium in Corollary 3.8. Moreover, we obtained higher-order control over the spectrum about
the origin: we derived a leading-order expression Ao(v) for the critical spectral curve attached
to the origin, which shrinks to the origin as € — 0. The latter simplifies the verification of the
spectral stability criteria in Corollary 3.8 further, which eventually leads to spectral stability
criteria in terms of simpler, lower-dimensional problems — see Corollaries 3.20 and 3.31.

The zeros of the fast Evans function &y will in general depend on the parameter u. However,
by Proposition 3.24 the relative position of these zeros with respect to the origin is fixed, i.e.
no root of the fast Evans function can pass through the origin as we vary p. Thus, by the
aforementioned spectral approximation results, generic instabilities occur if either the curve
Ao(v) or a curve A,(v) satisfying E;(1.(v), e”) = 0 transits through the imaginary axis as we
vary . By Proposition 3.25 and 3.29 this is precisely the case if one of the following two
scenarios occurs:

143
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1. One of the quantities a, b or w, defined in (3.24) and (3.32), changes sign as we vary yu;

2. For some y € S, there is a complex conjugate pair of roots of E; (-, ) moving through
the imaginary axis iR \ {0} as we vary .

By employing Proposition 3.29, we study the spectral configuration about the origin in detail
in the first scenario. We establish that the instabilities are of sideband or period doubling type
if a or w changes sign and of Hopf type if b changes sign. Moreover, the second destabiliza-
tion scenario above corresponds to a Hopf instability. We conclude that the only possible
primary codimension-one instabilities occurring are of sideband, Hopf or period doubling type.

This second destabilization scenario has been studied in great detail in [27] for the Gierer-
Meinhardt equations (2.26) when periodic pulse solutions approach a homoclinic limit. While
decreasing the wave number k, the character of destabilization alternates between two kinds
of Hopf instabilities. One in which the destabilization is caused by a conjugated pair of
1-eigenvalues crossing the imaginary axis, allowing for perturbations that are exactly in phase
with the periodic solution. The other Hopf instability corresponds to a conjugated pair of —1-
eigenvalues crossing the imaginary axis, allowing for antiphase perturbations. In (k, u)-space
the curves H..; corresponding to +1-Hopf instabilities intersect infinitely often as they oscillate
about each other while both converging to the Hopf destabilization point of the homoclinic
limit solution on the line £ = 0. This phenomenon is called the Hopf dance. In the singular
limit € — 0 the two curves H.; cover the boundary of the region of stable pulse solutions.
The boundary is non-smooth at the (transversal) intersection points of #,; and H_;. This
corresponds to an associated higher order phenomenon: the belly dance. The analysis of these
phenomena in the Gierer-Meinhardt system relies crucially on the specific characteristics of
the equations; in particular, on the fact that the slow dynamics away from the pulses are driven
by linear equations.

We employ our spectral methods to show that both the Hopf and belly dance are persis-
tent mechanisms that occur in the general class (1.9) of slowly nonlinear systems — see §1.3.
Second, we wish is to identify whether the limiting homoclinic pulse is the last ‘periodic’
pulse to become unstable as we vary u. This was conjectured by W.M. Ni in the context of the
Gierer-Meinhardt equations [80]. We establish an explicit sign criterion to determine whether
the homoclinic pulse solution is the last or the first to destabilize.

This chapter is structured as follows. First, we provide a complete overview of the pos-
sible codimension-one instabilities for periodic pulse solutions to (1.9). Then, we study the
spectral geometry in the two generic destabilization scenarios above and identify the type
of instability occurring. Subsequently, we switch to the regime where the periodic pulse
approaches a homoclinic limit. Before we study destabilization mechanisms in the homoclinic
limit, we collect results from the literature concerning the existence and spectral properties of
homoclinic pulse solutions to (1.9). Next, we provide the leading and next order geometry of
the spectral curves crossing the imaginary axis, when periodic pulse solutions undergo a Hopf
destabilization in the homoclinic limit. This key result then yields the existence of the Hopf
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and belly dance destabilization mechanisms and leads to a criterion which determines whether
the homoclinic pulse is the last or the first periodic pulse solution to destabilize.

6.2 Classification of codimension-one instabilities

Let ép,g be a periodic pulse solution to (1.9), established in Theorem 2.3. We assume that
equation (1.9) depends on a real parameter u. The periodic pulse J)p,g is spectrally stable
if the three conditions in Corollary 3.8 are satisfied. A codimension-one instability of (Zﬁp,g
occurs if one of these conditions fails as we vary y, while the others are still valid. Denote
by & (4, y) the associated Evans function (depending on u). Suppose one of the conditions
in Corollary 3.8 is violated by a pair (4., v.) € iR X [-x, 7] at u = u... Consequently, it holds
Ee . (A, e™) = 0. If we have 0 16 4, (A e+) # 0, the implicit function theorem yields a local
expansion of the marginally stable spectral curve A.(v) through A.:

_ @ 2, 4 4 6
L) = A+ = w )+ 0=yt + 0= n)),

with a,, a4 € C. Note that Proposition 3.7 implies that the odd coefficients in the expansion of
A.(v) must be zero. The leading coefficient a, can be computed through implicit differentiation:
ayygs,p* (/1* , eiv* )eZiv*
ap = .
P 08 (L)

In the case a, = 0, we have

~0yyyyEepu, (s €™ )et
8/188,}1* (., e’ )

as =

This gives rise to the following classification of codimension-one instabilities — see [93,
Section 3.3].

e y.-Hopf. The second and third condition in Corollary 3.8 are satisfied and the first
condition is violated by a unique quadruple (+A,,y*!) with A, € iR\ {0} and y, € S
satisfying

0yyEe . (e, yE )y

Eep(£4.,7F) =0, Re .
g 0By (20 VED)

0,6¢, (£, y*!
<0, Re[ ' ,}l*( Vs )}

8/188,}1* (i/l*7 Vfl )

o Spatial period doubling. The first and third condition in Corollary 3.8 are satisfied and
the second condition is violated at y = —1 so that

Eeu,(0,-1) =0, 0,8:,.(0,-1)0,,E,,.(0,-1) <0, 0,E,,0,-1) 0.

o y.-Turing. The first and third condition in Corollary 3.8 are satisfied and the second
condition is violated at a unique pair y* € S! \ {+1} satisfying

Eep (0,7 =0, 0386, (0,7)0, 86, (0,7 )y <0, 0,E.,.(0,yF") #0.
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e Sideband. The first and second condition in Corollary 3.8 are satisfied and the third
condition is violated so that

03y (0, 1) =0, 0,85, (0, 1)dyyyy S0 (0.1) > 0, 8yyuE4,0. (0, 1) % 0,

e Fold/Pitchfork. The first and second condition in Corollary 3.8 are satisfied and the third
condition is violated so that

02864, (0,1) =0, 011864..(0,1),0,784,,(0, 1), 04,E¢,.(0, 1) # 0.

Using the spectral stability results from Chapter 3 one easily verifies that the only possible
primary codimension-one instabilities are of sideband, Hopf or period doubling type.

Proposition 6.1. Suppose m = n = 1. The periodic pulse solution (Ep,g()vc) to (1.9) cannot be
destabilized through a Turing or fold instability.

¥« € S\ {1}. However, this is impossible, since &, (0, ) is a quartic polynomial in y by
Proposition 3.11. In the case of a fold instability, O is a double root of the reduced Evans
function &, (, 1) by Theorem 3.15. Since 0 is a simple root of the fast Evans function
&Erou, by Proposition 3.24, the slow Evans function &g, (-, 1) also has a root 0. Thus,
Proposition 3.25 yields a(u.,)b(u.) = —1. So, by Corollary 3.32 there exists a A in the spectrum
o(L;) with Re(1) > 0. Hence, the first condition in Corollary 3.8 is not satisfied, which
contradicts the occurrence of a fold instability. O

Proof. In the case of a y.-Turing instability, &, (0,-) has double roots vl and 1 with

To identify which one of the three remaining instabilities occurs when the periodic pulse qvbp,g
destabilizes does not require control over the full Evans function &;. In the next section we
show that generically it is sufficient to track the quantities a,b and w and roots of the slow
Evans function &, as we vary .

6.3 Generic destabilization mechanisms

Let (;)p,g be a periodic pulse solution to (1.9), established in Theorem 2.3. We assume that
equation (1.9) depends on a real parameter y. In the introduction in §6.1 we observed that
generically instabilities occur precisely if either one of the quantities a(u), b(u) or w(u), defined
in (3.24) and (3.32), changes sign or, for some y, € S!, there is a complex conjugate pair
of roots of the slow Evans function &, (-, v.) moving through the imaginary axis iR \ {0}
as u passes through some value p,.. Thus, we distinguish between the following generic
destabilization scenarios:

(D1) w(u.) =0, d,w(u.) # 0, a(u.)b(u.) > 0 and E;p,, (4,y) # O forall y € Sland1eC
with Re(1) > 0;

(D2) b(w,) = 0, 8,b(u.) # 0, a)w(,) > 0 and E;g,, (1, y) # O0forally € S' and 1 € C
with Re(1) > 0 and 1 # 0;
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D3) au.) =0, dpau.) # 0, b(u.)w(u,) > 0 and E g, (4,7) # O forall y € Sland 1€ C
with Re(1) > 0 and 4 # 0;

(D4) There is a unique quadruple (+A,,y*') with A, € iR \ {0} and y. € S satisfying

0,,8 +A,,yy? 0.6 +,,yt!
Ss,o,ﬂ*(i/l*,‘yfl)IO, Re vy s,O,y*( Y. )7 ] 0’ Re[ u s,O,,u*( Y )

0,850, (£, yEY) 0,850, (XA yED |

In addition, a(x,), b(u,) and w(u,) have the same non-zero sign and &, (1,y) # 0 for
all (1,y) € S' x C with Re(1) > 0 and (1,y) # (£d,,y*).

In this section we identify the type of instability occurring in these four scenarios. Clearly, the
following result is an immediate consequence of Theorems 3.15 and 3.17 and Proposition 3.29.

Corollary 6.2. Assume m = n = 1 and (D4) holds true. For any § > 0 there exists an gy > 0
such that, provided € € (0, &), the periodic pulse solution qvbp,g to (1.9) destabilizes through a
ve-Hopf instability at pt = pi, with v, € S satisfying |ye — v.| < 6 and |us — pt.] < 6.

The remainder of this section is devoted to the identification of the type of instability occurring
in the three other scenarios, which requires detailed control over the spectral geometry about
the origin.

6.3.1 The first destabilization scenario

Let (D1) hold true and assume without loss of generality a(u.)d, w(u.) > 0. Then, there exists
a neighborhood M C R of u. such that it holds &g ,(4,y) # 0 forany y € S ' u € M and
A € C with Re(1) > 0. Thus, by Corollary 3.16, the critical spectral curve A ,(v) attached to
the origin is an isolated part of the spectrum for any p € M. In addition, A, is real-valued and
analytic and, by Proposition 3.29, we have the leading-order approximation,

cos(v) — 1

1 + cos(v) + 2a(u)b(u)

() = E2a()w(u) +0 (33 |10g(s)|5), 6.1)
for any u € M and v € R. So, given ¢ > 0, there exists gy > 0 such that, provided ¢ € (0, &),
for u € M with |u — w.| > 6 the approximation (6.1) gives the spectral configuration depicted
in Figures 6.1a and 6.1c. Hence, pr,g is spectrally stable for y € M with u < p, — ¢ and
unstable for u > . + 6. For |u — .| < 6 our leading-order approximation (6.1) is insufficient
to determine the precise position of the critical spectral curve with respect to the imaginary
axis. However, since A, is real-valued for any u € M and Turing instabilities do not occur by
Proposition 6.1, we have obtained the following result.

Proposition 6.3. Assume m = n = 1 and (D1) holds true. For any § > 0 there exists an &y > 0
such that, provided € € (0, &), the periodic pulse solution g?ﬁp,g to (1.9) destabilizes through a
sideband instability or spatial period doubling bifurcation at u = u, satisfying |y — p.| < 6.
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Re(X)
v
- 0 T
(@) p < pte — 06, w(u) >0

Re(A) Re(\)

_______________________ v v
- “"“(‘)‘ ................ T =T 0 T

() | — p.] < 6, w(w) ~ 0 (©u>p. +6,w) <0

Figure 6.1: The spectral geometry about the origin is depicted in the first generic destabilization
scenario (D1) with a(u,)d,w(u.) > 0. In the second panel, the dotted curve corresponds to the
case of a spatial period doubling bifurcation and the dashed curve to a sideband instability.

6.3.2 The second destabilization scenario

Let (D2) hold true and assume without loss of generality a(u.)d,b(u.) > 0. Take 6 > O.
There exists a neighborhood M c R of y. such that a(u)w(w) > 0, 1 + a(w)b(w) > 0 and
Es0u(d,7) # 0 for any y € S!', ;€ Mand A € C\ B(0,5) with Re(1) > 0. In addition, it
holds &,,(0,y) # 0 forany y € S! and u € M with u < u, — & by Proposition 3.25. So,
the critical spectral curve A, ,(v) attached to the origin is an isolated part of the spectrum by
Corollary 3.16 for any 4 € M with u < u, — 6. In that situation A ,(v) is by Proposition 3.29
approximated by (6.1) — see Figure 6.2a. Denote

Vo(u) := arccos (max{—1 — 2a(w)b(u), —1}), wue M.

For any u € M with u > p,—d and v € [—m, 1] with [v£v,(u)| > 6 there exists by Theorem 3.19
and Proposition 3.29 a unique root A, ,(v) of &g (-, ™) in B(0, 6) that is approximated by (6.1)
— see Figure 6.2d. Combining this with Proposition 3.25 implies that for any y € M and
v € [-n, rr] there are precisely two e”-eigenvalues of positive real part if [v| > v,(u) + & and no
e"-eigenvalues of positive real part if [v] < v,(u) — 6 — see Figure 6.2c.
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Figure 6.2: The spectral geometry about the origin is depicted in the second destabilization
scenario (D2) with a(u.)d,b(u.) > 0. The area between the horizontal dashed lines correspond

to the regime Re(1) = O(&?).

Therefore, the periodic pulse solution (Zp,g is spectrally stable for u € M with y < y, — 6 and
there is unstable spectrum for u > u, + 6. In particular, we observe that e”-eigenvalues with
|[v £ 7| < ¢ are in the right half-plane strictly before ¢"”-eigenvalue with |v| < § as u increases.

Thus, a sideband instability cannot occur.
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Now suppose a spatial period doubling bifurcation occurs at u = pu.. By the previous
observations there are precisely two —1-eigenvalues in the right half-plane for u € M with
u > p. +0 > u. By definition of a period doubling bifurcation, the most unstable one of
these —1-eigenvalues must have crossed the imaginary axis at the origin. Since the spectrum is
symmetric in the real axis — see Proposition 3.7 — the same holds for the other —1-eigenvalue.
If the —1-eigenvalues cross simultaneously, then &, (0, -) has a root 1 of multiplicity two and
aroot —1 of multiplicity four, which is impossible, since &, (0, -) is a quartic polynomial by
Proposition 3.11. If one —1-eigenvalue crosses first, then, by the implicit function theorem
and symmetry of the spectrum in the real axis, this —1-eigenvalue is attached to a spectral
branch that lies on the real axis. So, if the second —1-eigenvalue crosses at u = fi, > [,
then &, (0, -) has double roots 1 and —1 and simple roots v*! for some y € S \ {1}, which
is again impossible. We conclude that a period doubling bifurcation cannot occur. So, by
Proposition 6.1 a Hopf instability occurs — see Figure 6.2b. Thus, we obtain the following
result.

Proposition 6.4. Assume m = n = 1 and (D2) holds true. For any § > 0 there exists an gy > 0
such that, provided € € (0, gy), the periodic pulse solution Jﬁp,g to (1.9) destabilizes through a
ve-Hopf instability at u = u, with y, € S' satisfying |y, + 1| < 6 and |y, — .| < 6.

6.3.3 The third destabilization scenario

Let (D3) hold true and assume without loss of generality w(u.)d,a(u,) > 0. Take 6 > 0.
There exists a neighborhood M C R of u, such that w(u)b(u) > 0, 1 + a(u)b(u) > 0 and
Esou(d,y) #0forany y € § ',y e Mand A e C\ B(0,6) with Re(1) > 0. As in the second
destabilization scenario (D2), for any u € M with u < u, — 8, the critical spectral curve A, ,(v)
attached to the origin is an isolated part of the spectrum and it is approximated by (6.1) — see
Figure 6.3a. Also similar to scenario (D2), we establish that for any y € M with u > u. — 6
and v € [~n, ] with |[v £ v, (u)| > ¢ there exists a unique root A, ,(v) of &, (-, €") in B(0, 6)
that is approximated by (6.1) — see Figure 6.3d. Combining this with Proposition 3.25 implies
that for any y € M with u > p. + 6 and v € [—n, ] with |v £ v, (u)| > ¢ there is precisely one
e"-eigenvalue of positive real part. This excludes the possibility of a Hopf destabilization. So,
by Proposition 6.1 either a sideband instability or period doubling bifurcation occurs — see
Figure 6.3. Thus, we obtain the following result.

Proposition 6.5. Assume m = n = 1 and (D3) holds true. For any 6 > 0 there exists an &y > 0
such that, provided € € (0, &), the periodic pulse solution (;VSP,E to (1.9) destabilizes through a
sideband instability or spatial period doubling bifurcation at u = u. satisfying |u. — p.| < 6.
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———— e ~

(a) < pt, — 6, a(u) > 0 (b) i — 1] < 68, a(u) ~ 0 and a(u)b(u) > —1

Re()\)

(d) Graph of Ao, (v) for u > p, +6, a(u) < 0
©) > p. + 96, a(w) < 0and a(u)b(u) > -1 and a(u)b(u) > —1 with singularities v, (u)

Figure 6.3: The spectral geometry about the origin is depicted in the third destabilization
scenario (D3). The area between the horizontal dashed lines correspond to the regime Re(1) =
O(£?). In the second panel, the dotted curve corresponds to the case of a spatial period doubling
bifurcation and the dashed curve to a sideband instability.

6.4 Destabilization mechanisms in the homoclinic limit

In this section we are interested in the destabilization mechanisms of periodic pulse solutions
to (1.9) approaching a homoclinic limit. We assume that (1.9) depends on a real parameter u.
It is well-known [39, 99] that the spectral curves corresponding to the periodic pulse shrink to
the eigenvalues associated with the limiting homoclinic as the wavelength tends to infinity.
This process is of particular interest, when it occurs in the vicinity of a destabilization of the
homoclinic pattern.

Generic instabilities of symmetric homoclinic pulse solutions are either of Hopf, saddle-
node or pitchfork type [30]. A saddle-node or pitchfork bifurcation occurs if a (simple) real
eigenvalue passes through the origin as we vary u. At a Hopf destabilization a pair of complex
conjugate eigenvalues transits through the imaginary axis as we vary u.
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Suppose the homoclinic pulse destabilizes at u = u.. Since the spectral curves corresponding
to a long-wavelength periodic pulse lie close to the eigenvalues associated with the homoclinic,
the periodic pulse is also unstable for certain u-values close to w.. However, whether the
periodic pulse solution also destabilizes at some u-value close to w. depends on the position of
the critical spectral curve attached to 0 — see §3.6. We establish that the relative position of the
critical curve with respect to the imaginary axis does not change in the homoclinic limit.

If the critical spectral curve is confined to the left half-plane and the homoclinic pulse un-
dergoes a Hopf instability at 4 = ., then the long-wavelength periodic pulse solution also
destabilizes at some p-value close to u.. The character of destabilization alternates between
two kinds of Hopf instabilities as the wavelength tends to infinity. As explained in the intro-
duction §6.1 the latter is called the ‘Hopf dance’ and the associated higher order phenomenon
the ‘belly dance’.

In general it is quite challenging to determine the spectral structure, when a periodic pulse
solution approaches a homoclinic limit. However, the spectral reduction mechanisms in Chap-
ter 3 for periodic pulses and in [30] for homoclinic pulses allow us to describe this process
in great detail in the singular limit & — 0. In this limit it is therefore possible to prove the
occurrence of the Hopf and belly dance destabilization mechanisms.

This section is structured as follows. We start by collecting results from the literature concern-
ing the existence and spectral properties of homoclinic pulse solutions to (1.9). Second, we
construct a family of periodic pulse solutions to (2.1) that converges to a homoclinic pulse.
Third, we study the geometry of the spectral curves associated with the periodic pulses in the
long-wavelength limit. Then, using these spectral results, we prove the occurrence of the Hopf
and belly dance destabilization mechanisms. In addition, we establish an explicit sign criterion
to determine whether the limiting homoclinic pulse solution is the last (or the first) ‘periodic’
pattern to destabilize in the case of a Hopf destabilization.

6.4.1 Existence of homoclinic pulse solutions

In Chapter 2 we constructed a singular periodic orbit by concatenating a pulse solution to the
fast reduced systems (2.2) and an orbit segment on the slow manifold M, satisfying the slow
reduced system (2.4), in such a way that they form a closed loop. Then, we proved that an
actual periodic pulse solution to (2.1) lies in the vicinity of the singular one, provided & > 0 is
sufficiently small. Similarly, one can construct a singular homoclinic orbit by gluing a pulse
solution to the fast reduced system (2.2) to a solution to the slow reduced system (2.4) that
converges to a fixed point on M. In the case m = n = 1 one proves in [30] the existence of an
actual homoclinic solution close to the singular one:

Theorem 6.6. [30, Theorem 2.1] Let m = n = 1 and assume (S1), (S2) and (E1) hold true.
Suppose there exists a solution Y (X) = (Ue(X), poo(X)) to (2.4), which intersects the touch
down curve T, transversally at X = 0 and satisfies limz_,o poo(X) = 0.
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Then, for any § > O there exists gy > 0 such that for each € € (0, &) there exists a homoclinic
solution ¢« (x) to (2.1) satisfying the following assertions:

1. Reversibility
We have ¢oo (X) = Rpoo o(—x) for x € R, where R: R* = R* is the reflection in the space
p=q=0.

2. Singular limit
The Hausdorff distance between the orbit of e . in R* and the singular concatenation

{(Uoo(X), £Pso(X),0,0) : X > 0} U {n(x, uss(0)) : x € R}, 6.2)

is smaller than 6.

6.4.2 Spectral properties of homoclinic pulse solutions

Suppose ¢ (x) is a homoclinic pulse solution established in Theorem 6.6 with singular
limit (6.2). Let ¢o(¥) be the corresponding solution to (1.9). To study destabilization
mechanisms as periodic pulse solutions to (1.9) approach a homoclinic limit, we need analytical
grip on the spectrum of the linearization about ¢, .. We linearize system (1.9) about ¢ .
and obtain a differential operator L . on the space C,(R, R?). By [72, Theorem 3.1.9.ii]
and [44, Theorem 1.3.2] L is a closed, densely defined and sectorial operator with domain
Cib(R, R?). The eigenvalue problem L, ¢ = A can be written as a first order system,

Or = Awe(x, Do, @ € R (6.3)

As in Chapter 3, we define an analytic Evans function in terms of (6.3) that locates the (critical)
spectrum of L, .. Since $oo.s(x) is homoclinic, the limits lim,_, . Ao e(x, ) = A, £(A) exist.
Write u,. = limy_ Us(X). Because (u., 0) is a hyperbolic saddle in system (2.4), there exists
A < 0 such that

—min {0,G(u,0,0),d,H;(u.,0,0)} < A <O0.

One readily observes that the matrix A, (1) is hyperbolic on the half-plane C,. Hence,
by Proposition 4.7, system (6.3) admits for 4 € C, exponential dichotomies on both half-
lines [0, o) and (—c0, 0] such that the associated projections are analytic in A. Note that the
dichotomy constants depend on & and A. Denote by ¢} ’E(x, A) and <p§’£(x, A) two solutions that
span the space of exponentially decaying solutions to (6.3) as x — co. Similarly, let ¢} (x, 1)
and ¢ (x, 1) span the space of exponentially decaying solutions as x — —co. By [98] the
spectrum in Cj is located by the analytic Evans function Es,.: Co — C given by

Beos() = det (],(0,) | 3,0, | @4, (0.) | ¢5,(0,.)).

More precisely, a point A € Cy is in the spectrum 0(L ) if and only if we have E, (1) = 0.
‘We emphasize that the spectrum of L. in C consists of point spectrum only — see [98].
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Similarly to the case of periodic pulse solutions — see Chapter 3 — we can define an explicit
reduced Evans function E,,0: Cao — C, whose zeros approximate those of & ., provided that
£ > 0 is sufficiently small. Again, the reduced Evans function reflects the slow-fast structure
of the eigenvalue problem (6.3). Thus, the analytic map E ¢ is given by the product,

E00,0(A) = Eo f(DE o 5(A). 6.4)

Here, the analytic fast Evans function & s: Cao — C locates the eigenvalues A € C of the
homogeneous fast eigenvalue problem,

@r = A o(x, 1e(0), D, ¢ € C2 (6.5)

The slow Evans function Ee 51 Ca \ 8;1 f(O) — C is defined in terms of the inhomogeneous
fast eigenvalue problem (3.8) and the slow eigenvalue problem,

L= ¥ 2 v oL 0 1
i = Ax(X, Do, @eC, Ao(X, ) = ( 0, H, (1n(.0.0)+ 1 0 | (6.6)

Note that the coefficient matrix of (6.6) converges as X — oo to the asymptotic matrix,

_ 0 1
AW "( 0,H)(1.,0,0)+ 1 0 ) ©67)

which is hyperbolic on C, with eigenvalues + V0,H (u., 0,0) + A. An application of Proposi-
tion 4.3 yields a unique analytic solution ¢ (¥, 1) = (e (X, 1), Peo(X, ) to (6.6) that satisfies

im G0 (¥, )e* Vo005 = 1 = ) e ¢, (6.8)
X—00

Thus, the slow Evans function is explicitly given by
Eoo,s(A) = det (9o (0, 1) | T(1eo(0), DR, (0, 1)),

where the term Y'(u, A) is defined in (3.11). We emphasize that the slow Evans function E s
is meromorphic on C, such that the product E given in (6.4) is analytic on C5. Having
defined the reduced Evans function &, we state the approximation result.

Theorem 6.7. [30, Section 4] Let I be a simple closed curve, contained in Cx \ 8;{0(0). For
& > 0 sufficiently small, the number of zeros of Ex ¢ interior to I" equals the number of zeros of
Ewop interior to I including multiplicity.
By [30, Lemma 5.9] the slow Evans function at O can be expressed as
800,5(0) = _ZDooaoo, (69)
with
Do 1= —J (U(0), 00 := T (oo (0)T (U(0)) = Hi(u(0), 0, 0), (6.10)

where 7 : Uy, — R is defined in (2.5). This leads to the following result, whose proof is along
the lines of the proof of Proposition 3.32.
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Proposition 6.8. [30, Section 5] There exists a positive root of Ex s if it holds axde < 0 or
(U (0) — Us)do < 0, where dy, and a, are defined in (6.10).

As in Proposition 3.24 one establishes in [30, Section 4] that the roots of the fast Evans
function &  are real and simple. In particular, 0 is a root of E. y and there is precisely one
positive zero Ade; > 0. Let (Voo 1(X), goo,1(X)) be an eigenfunction of (6.5) corresponding to
Aeo,1- By [30, Lemma 5.1] the slow Evans function & s has a pole at A if and only if the
generic condition i, # 0 is satisfied, where

00

oG
Vool (X)E(M*, vh(x, uy), 0)dx,
(6.11)

. N “ O0H
loo 1= MOO(O’ /loo,l) f vOO,l(-x)a_vz(u*’ Vh(x’ u*))dxf

—00

where u, = Us(0) and i (X, 1) denotes the u-coordinate of the solution (X, 1) to (6.6).
Thus, due to zero-pole cancelation, the reduced Evans function E. has a zero at A, if and
only if i, = 0.

6.4.3 Destabilization mechanisms for homoclinic pulse solutions

We study codimension-one instabilities of the homoclinic pulse solution ¢ . to (1.9), which
is established in Theorem 6.6. Since the critical spectrum of L . is given by 8;,1,8(0), an
instability occurs precisely if a root of the Evans function &, . moves through the imaginary
axis as we vary a real parameter y. By Theorem 6.7 the roots of & . are approximated by
the roots of the reduced Evans function e (1) = Ew f(A)Ew,s(4). One establishes in [30,
Section 4] that the roots of the fast Evans function &, s are real and simple and that their
relative location with respect to the origin is fixed as we vary p. In addition, O is always a
root of Ex . Thus, generic instabilities occur precisely if roots of the slow Evans function
Ewo s transit through the imaginary axis as we vary p. Thus, by identity (6.9) we distinguish
between the following generic destabilization scenarios:

1. One of the quantities a., or de, defined in (6.10), changes sign as we vary y;

2. There is a complex conjugate pair of roots of Es ; moving through the imaginary axis
iR\ {0} as we vary .

In [30] one establishes that the homoclinic pulse undergoes a Hopf destabilization in the
second scenario. Moreover, a saddle-node or pitchfork bifurcation occurs if a,, changes sign.

6.4.4 Existence of a family of periodic pulse solutions approaching a
homoclinic limit

In this section we establish with the aid of Theorems 2.3 and 6.6 a family of periodic pulse
solutions to (2.1) approaching a homoclinic pulse solution in the long-wavelength limit. Key to
the construction of such a family is the existence of a saddle in the slow reduced system (2.4).
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(E3) Existence of saddle in the slow reduced system
There exists u. € U such that ¢, := (u,,0) is a hyperbolic saddle in (2.4). In addition,
the touch-down curve 7 = {(u, T (u)) : u € Uy} intersects the stable manifold W*(y..)
transversally in some point .

Theorem 6.9. Let m = n = 1 and assume (S1), (S2), (E1) and (E3) hold true. Let Yo, (X) be
the solution to (2.4) in W*(..) with initial condition Y« (0) = . There exists €y, gy > 0 such
that the following assertions hold true:

1. Saddle dynamics in slow reduced system
For € € (£y, ) there exists a solution Y(X) = (up(X), pe(X)) to (2.4) that intersects T,
transversally at X = 0 and crosses the line p = 0 at X = €. In addition, y(X) converges
as £ — o0 to Y (X) for each X € [0, £].

2. Existence of family of periodic pulse solutions
For (¢, &) € (Lo, 00) X (0, &) there exists a reversibly symmetric, 2L;c-periodic pulse
solution ¢ to (2.1), whose orbit converges in the Hausdorff distance to the singular
concatenation,

{(ue(%), pe(X),0,0) = X € (0,20} U {¢n(x, ue(0)) : x € R}, (6.12)
as € = 0 and whose period satisfies eL;, — { as & — 0.

3. Long wavelength limit
For every € € (0, g9) the family of solutions ¢, converges pointwise on [0, L] to a
reversibly symmetric, homoclinic pulse solution ¢ ¢ to (2.1) as £ — co. Moreover, ¢o, ¢
converges in Hausdorf{f distance to the singular concatenation,

{(Ueo(X), £Pos(X),0,0) : X € (0, 00)} U {Pn(x, u(0)) : x € R}, (6.13)

ase— 0.

Proof. The first assertion is immediate by Hamiltonian nature of the planar system (2.4). For
any fixed ¢ > £, the existence of a periodic pulse solution ¢, (x) for 0 < £ <« 1 follows
from Theorem 2.3. Following the proof of Theorem 2.3, one observes that the e-bound is
in fact {-uniform. This establishes the second assertion. The existence of the homoclinic
pulse solution ¢, -(x) for 0 < & < 1 follows from Theorem 6.6. Now fix € € (0, &y). From
the proof of Theorem 2.3 we deduce that the pointwise limits lim;_,« ¢¢(x) exist for each
x € R and must lie on the stable manifold W*(¢. ) in (2.1), where ¢.. € M is a saddle
converging to (¥.,0) as e — 0. Moreover, the limiting orbit {lim/_,. ¢rc(x) : x € R} is
reversibly symmetric. On the other hand, the proof of Theorem 6.6 — see [30, Theorem 2.1]
— shows that the 2-dimensional manifold W*(¢. ) intersects the reversible symmetry plane
p = q = 0 transversely in ¢ -(0). This intersection point is locally unique in a small &- and
¢-independent neighborhood of ¢, -(0). Thus, we conclude that for x € [0, L -] the pointwise
limits limy_, ¢p¢(x) are given by the homoclinic ¢, £(X). |
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Figure 6.4: Depicted are the orthogonal projections of the singular periodic orbit (6.12) and the
singular homoclinic orbit (6.13) onto the slow manifold M and the take-off and touch-down
curves 7.

Remark 6.10. Theorem 6.9 proves that for fixed & € (0, &) the orbit of the periodic pulse
¢¢ converges to the orbit of the homoclinic ¢o, . as £ — oo. If we subsequently take the
limit € — 0, we obtain the singular concatenation (6.13). On the other hand, the orbit of
¢¢. converges to (6.12) in the limit € — 0. Taking subsequently the long-wavelength limit
{ — oo yields again (6.13). Thus, we may conclude that the limits lim,_,¢ lim;_,., ¢, and
lim/_e limg—,0 ¢p¢ . With respect to Hausdorff metric on R* are equal. [ ]

6.4.5 Spectral geometry of long-wavelength periodic pulse solutions

Let n = m = 1 and assume (S1), (S2), (E1) and (E3) hold true. For fixed £ € (0, &),
Theorem 6.9 provides a family of periodic pulse solutions ¢, .(¥) to (1.9) converging pointwise
to a homoclinic pulse solution &m,g(fc) as { — oo. For any ¢ € ({y, o) we denote by & the
Evans function associated with the spectrum of the linearization of (1.9) about ¢, and by

Eeo(A,y) = —¥E f(DE (A, y),
the corresponding reduced Evans function — see §3.4 and §3.5.1.

We are interested in Hopf destabilization of long-wavelength periodic pulses ¢y, £ > 0. Such
a destabilization is caused by two complex conjugate curves of spectrum moving through the
imaginary axis away from the origin — see §6.2. Since these spectral curves converge [39, 99]
to the eigenvalues associated with the homoclinic limit as £ — oo, Hopf destabilizations of
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$¢. occur in the vicinity of a Hopf instability of ¢ . as long as the critical spectral curve
is confined to the left half-plane. Hopf instabilities of the homoclinic pulse occur when a
conjugate pair of roots Ae . of Ec s moves through the imaginary axis.

Thus, to understand the character of the Hopf destabilization of long-wavelength periodic
pulses, we need to control three spectral curves. First, we are interested in the position of the
critical spectral curve attached to the origin for £ > 0. Second, we need to understand the ge-
ometry of the spectral curves that shrink to A . as £ — oco. The first curve is by Theorem 3.17
and Proposition 3.29 to leading order approximated by the quantity A ((v), defined in (3.31).
The other two curves will be embedded in the set {1 € C: &E;,(1,y) =0,y € S Yase — 0 by
Theorem 3.14 and Proposition 3.24.

Regarding the first spectral curve, we have the following result.

Theorem 6.11. Suppose that the quantities a., and d, defined in (6.10), are non-zero. Let
Wy = VO,H (u,,0,0) and take g, € (0, w,). Then, for 0 < £ < oo, the analytic curve Ay ¢(v),
given by (3.31), can be expanded in terms of e=>*** as

2wewse 2 (cos(v) — 1)

- < CemCwtell (6.14)

Ao, e(v) —

where C > 0 is independent of € and v and

L (e (0), (. 6o (0)), 000,94 (. oo (0))xdx
B [ @ (x, uee(0))) dx :

Weo * (6.15)

Remark 6.12. In [100] one studies the critical spectral curve associated with long-wavelength
periodic solutions to reaction-diffusion systems without assuming the presence of a small
parameter €. Thus, the above result could also have been obtained by taking the singular limit
& — 0 of the expansion in [100, Theorem 5.5]. However, we stress that one should check
whether the error estimates in [100] are in fact e-uniform. [ |

The second key result reveals the leading and next order geometry of the other two spectral
curves converging to the eigenvalues A .+ as £ — .

Theorem 6.13. Let Ao, € Cp \ 8;{ f(O) be a simple zero of Ec 5 satisfying

—4Re(Ao)w? < Im(1s)?, (6.16)

where w, = V0,H,(u,,0,0). Define ws := VO0,H,(i..,0,0) + Aw. Take g, and g, such that
0 <6 <ws <G <Re(We).

For 0 < € < oo there exists an analytic curve Ay [—1,1] — C satisfying the following
assertions:
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1. Foreachy € S' the point A,(Re(y)) is the unique zero of E; (-, y) converging to o as

£ — ooy
2. The curve A; can be expanded in terms of e >“* as

2(yr) = Ao + L1e7 2+ Ro (),

A2
2 (a)* lim (oo (%) — ) ew)

— ~ 2
Ly:= () ([uoo(O, Ae)]” 0uG (1o (0), Aeo) (6.17)

+2 f i BOuH (1100(%), 0, 0)itco (¥) [lo (¥, Ao0)]? d)?),
0

where ay, is defined in (6.10) and the remainder Ry ((y,) is bounded as |Ra(y,)| <
C max {6_3§*[, e—nge} with C > 0 independent of € and y,. Moreover, ii(X, 1) denotes
the u-coordinate of the unique solution ¢ (X, 1) to (6.6) satisfying (6.8) and ii.(X) is
the solution to the initial value problem,

itzx = 0, H1 (1o (%), 0, 0)i, a0)=1, @' (0)=J" (ux(0));

3. The derivatives of A; at vy, € [—1, 1] are approximated by

dwo,e 2wt
X(y,) — —=2 <C —(2§m+§«)l”
[(7 ) e ’S (1) e
)2 " (6.18)
A (yy) - dogeef\ (220 1 B} s
‘ &6 5(Aeo) Wo  wWh  Eos(d))| T ’

with C > 0 independent of € and vy,.

The quantities +w, in Theorems 6.11 and 6.13 correspond to the eigenvalues of the lineariza-
tion about the fixed point (i, 0) in the slow reduced system (2.4). Moreover, tw., are the
spatial eigenvalues of the asymptotic system obtained by taking the limit ¥ — =+oco in the
slow eigenvalue problem (6.6) at 1 = A. Furthermore, the condition (6.16) is equivalent to
w. < Re(ws). In particular, any A, € iR \ {0} satisfies (6.16).

The proofs of Theorems 6.11 and 6.13 are provided in §6.4.8.

6.4.6 Spectral stability of long-wavelength periodic pulse solutions

Consider the family of periodic pulse solutions qng,g()vc), established in Theorem 6.9, converging
pointwise to the homoclinic limit Jﬁm,s(fc) as { — oo. The fact that the spectral curves
corresponding to ¢ shrink to the eigenvalues associated with the homoclinic ¢, as £ — oo,
does not imply that spectral stability properties of the homoclinic are inherited by the periodic
pulses — see [100]. This depends on the location of critical spectral curve attached to the
origin.
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By Theorem 6.11 the relative location of the critical curve with respect to the imaginary
axis does not alter as £ — oo under the generic assumption that the quantities a, de and
We, defined in (6.10) and (6.15), are non-zero. Depending on the sign of these quantities,
long-wavelength periodic pulses inherit the (spectral) stability properties of the limiting
homoclinic.

Corollary 6.14. Suppose the slow Evans function Ex s has no roots 1 € C with Re(1) > 0
and the quantities i, Do and W, defined in (6.10), (6.11) and (6.15), are non-zero. Then,
there exists €y > 0 such that for each € € (£y, o) the following holds true.

1. If b and w., have the same sign, then the periodic pulse solution $;, to (1.9) is
spectrally stable, provided & > 0 is sufficiently small.

2. If b and w., have different signs, then ¢, is spectrally unstable, provided & > 0 is
sufficiently small.

Proof. Observe that the quantity i,, defined in (3.36), converges to i, as £ — co by Theo-
rem 6.9. Thus, by Propositions 3.24 and 3.28, &, (-, y) has precisely one pole in the right
half-plane for any y € S' and ¢ > 0 sufficiently large. In addition, all roots of E(:,y) in
the right half-plane converge to roots of Ex 5 as £ — co by Theorem 6.13. Therefore, using
Proposition 3.24, we conclude that E;(:,y) has no roots 4 € C \ {0} with Re(1) > O for any
v € S!and ¢ > 0 sufficiently large. In addition, 0 is a simple root of Eer and E4(0,7y) # 0 for
eachy € S! and ¢ > 0 sufficiently large.

Hence, spectral stability is determined by the position of the critical spectral curve A /(v)
attached to the origin by Proposition 3.16, which is approximated by the curve Ao (v), defined
in (3.31), by Proposition 3.29. By Theorem 6.11 the sign of Ay ((v) and its derivatives is
determined by the signs of b, and w.,, provided £ > 0 is sufficiently large. This proves the
result. O

We stress that the conditions in Corollary 6.14 comprise some form of nonlinear stability for
the homoclinic qvﬁoo,g to (1.9). Indeed, these conditions imply that Es o has no zeros A € C \ {0}
with Re(1) > 0 and 0 is a simple root of &0 — see §6.4.2. Hence, the same holds for &,
provided € > 0 is sufficiently small, by Theorem 6.7. So, there exists 8 > 0 such that all
A € 0(Lwg) \ {0} satisfy Re(1) < = and 4 = 0 is a simple eigenvalue of L .. The latter
implies by [44, Section 5.1] nonlinear stability with asymptotic phase. On the other hand,
spectral (in)stability implies nonlinear (in)stability for the periodic pulse solution ¢, by the
analysis in §3.3. Thus, Corollary 6.14 can be employed to test whether or not nonlinear
stability of the homoclinic ¢.. . implies nonlinear stability of the nearby periodics ¢y, £ > 0.
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6.4.7 Hopf destabilization in the homoclinic limit

Consider the family of periodic pulse solutions ¢, .(¥), established in Theorem 6.9, converging
pointwise to the homoclinic limit éwyg(fc) as { — oo. In this section we study the character of
destabilization of ¢, when the homoclinic ¢.. . undergoes a Hopf destabilization. In §6.4.5
we reasoned that the character of destabilization of ¢, is determined by the geometry of
three spectral curves: the critical spectral curve attached to the origin and the two spectral
curves converging to the critical eigenvalues associated with the homoclinic. We employ
Theorems 6.11 and 6.13 to control these spectral curves.

Thus, let 1, € Cx be a simple zero of E ; in the vicinity of the imaginary axis iR \ {0}
such that A, ¢ 6;1 f(O) and the condition (6.16) is satisfied. We infer from Theorem 6.13
that there is a uni(iue curve As: [-1,1] — C of zeros of & shrinking to A, as { — o
exponentially with rate —2w..£. By (6.18) the curve A, is to leading order a straight line that
rotates with frequency Im(w. )/ and whose length decays exponentially with rate —2Re(we )¢
as { — oo. Therefore, the point on the curve with largest real part will generically be one of
the endpoints A,(x1). The following result shows that this is actually always the case — see
Figure 6.5.

~ Im(}) ) +1 Im()\) Im(\)
' +1 -1
-1 -1 \‘
Re()) Re(\) Re(\)
Im(\) Im(\) -1 Im(\)
+1 -1
. /
T1
Re(X) Re(X)

Figure 6.5: Depicted is a series of snapshots of the spectral curve A, as ¢ increases. The
pictures are corrected for exponential shrinking of the curve. Note that the spectral curve is to
leading order a straight line that rotates and its ‘belly’ always points to the left. The point on
the curve with largest real part is always one of the endpoints A,(+1).
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Corollary 6.15. Let 1, € Cp \ 8;)5,(0) be a simple zero of E s satisfying (6.16). For
0 < € < oo the point of largest real part on A,([—1, 1]), where A;: [-1,1] — C is established
in Theorem 6.13, is always one of the endpoints A¢(x1). In particular, consider the quantity

4 e 2wt

= 6.19
Xe &) (6.19)

With wWe := VO,H1(u.,0,0) + Ae. If Re(xs) # 0, then A,(sgn(Re(y,))) is the point of largest
real part on A,([-1, 1]).

Proof. By (6.18) the curve A/(y,) is to leading order a straight line. Its orientation is de-
termined by the argument of the quantity y,. Thus, in the case y, ¢ iR, it is clear that
Ae(sgn(Re(y,))) must be the endpoint of largest real part. Now suppose y; € iR. Since A
is a simple zero of & 5, x¢ is non-zero. Thus, we have X% < 0. By (6.18) the quadratic
deformation of the curve A, is to leading order determined by the quantity —2/\/?&0;,1 , which
has strictly positive real part. Hence, we derive Re(4,(+1)) > Re(4.,(y,)) for all y, € [-1, 1].
This concludes the proof. O

Now suppose equation (1.9) depends on a real parameter u. We make the following assump-
tion:

(HO) There is u. € R and a unique pair 4, with Ao, € iR \ {0} satisfying Eco sy, (£4e0) = 0
and

0,Ec0 s, (Ao
N[LSE B
a/laoo,s,u* (/loo)

In addition, we have teo(t:) # 0, Doo(t)Weo(tt) > 0 and Eo sy (A1) # 0 for all A €
C\ {4} with Re(1) > 0.

The condition (HO) implies that the homoclinic ¢, . undergoes a Hopf destabilization at
a u-value close to u, — see §6.4.2 and §6.4.3. The assumption Do, (i)W (it) > 0 in (HO)
yields that the critical spectral curve associated with ¢, is confined to the left half-plane
by Corollary 6.14 for £ > 0 sufficiently large. Hence, the long-wavelength periodic pulse
$¢ .. also undergoes a Hopf destabilization at a u-value close to ., since two spectral curves
corresponding to ¢, converge to the critical eigenvalues of the homoclinic ¢, by Theo-
rems 3.15, 6.7 and 6.13 as £ — oco. The (leading-order) geometry of these spectral curves
given in Theorem 6.13 and Corollary 6.15 determines the type of Hopf instability and whether
the homoclinic pulse solution is the last (or first) periodic pulse to destabilize — see Figure 6.6.
Thus, Theorems 3.15, 6.7, 6.11 and 6.13 and Corollary 6.15 yield the following result.

Corollary 6.16. Assume (HO) and fix 6 > 0. Then, there exists £y > 0 such that for each
€ € (£y, ) the following holds true for € > 0 sufficiently small:

1. The homoclinic pulse solution e . to (1.9) undergoes a Hopf destabilization at jt = f
with |ﬂm,£ - ,U*l <0,



163 CHAPTER 6. DESTABILIZATION MECHANISMS

2. The periodic pulse solution éf,g to (1.9) undergoes a yp-Hopf destabilization at u = iy e
with |ue e — p.| < 8. It holds either |y, — 1| < 6 or lye + 1| < 6;

3. If the real part of x¢ = x(i.), defined in (6.19), is non-zero, then we have |y, —
sgn(Re(xo))l < 6;

4. Ifthe quantity L, = L (u..), defined in (6.17), is non-zero, then it holds sgn(lico s — e e) =
sgn(Ly), i.e. the homoclinic pulse solution is the last to destabilize if L; > 0.

Im(\) Im(\)
1’\/\&#(%) re () )
+1 L,u\Vr
r
Re()\) oo Re()\) Ao

Figure 6.6: The homoclinic pulse solution undergoes a Hopf destabilization at y = .. We
denote by A, the unique spectral curve converging to one of the critical eigenvalues Ao, as
{ — oo. The left panel shows the spectral configuration in the case L;(u,) > 0 for pt < fleo gt
any (long-wavelength) periodic pulse solution destabilizes at some u-value y, . smaller than
MU The right panel shows the spectral configuration in the case L;(w.) < 0 for u > pie ¢ the
homoclinic pulse is unstable, while there are still long-wavelength periodic pulse solutions
that are spectrally stable.

Corollary 6.16 implies that, as the wave number k = £~! decreases, the character of destabiliza-
tion of ¢, alternates between +1-Hopf instabilities in the limit & — 0. This has the following
implications for the region of stable pulse solutions in (k, 1)-space, which is also known as
the Busse balloon [8, 27, 115]. By Corollary 6.16 the boundary {(f‘l,,u[,g) 1 L € (€y, )} of
the Busse balloon is in the limit € — 0 covered by two curves H.; corresponding to +1-Hopf
instabilities of ¢;,.. The curves H. ; intersect infinitely often as they oscillate about each
other while both converging to the point lim,_,0(0, tteo ¢) = (0, 1£,) on the line k = 0. Moreover,
Corollary 6.15 implies that in the limit € — 0 the boundary of the Busse balloon is non-smooth
at the intersection points of H,; and H_;. Thus, we have established the occurrence of the
Hopf and belly dance destabilization mechanisms — see §6.1 — for the general class (1.10) of
slowly nonlinear systems.

It was conjectured by W.M. Ni in the context of the Gierer-Meinhardt equations [80] that
the homoclinic pulse solution is the last ‘periodic’ pulse to become unstable as we vary u
— see also [27, Remark 5.4]. Preliminary numerical simulations in the slowly nonlinear toy



6.4. DESTABILIZATION MECHANISMS IN THE HOMOCLINIC LIMIT 164

model (2.27) indicate that there exists parameter regimes, where the quantity L;, defined
in (6.17), has negative sign upon destabilization. This suggests that Ni’s conjecture does not
hold beyond the slowly linear Gierer-Meinhardt equations. We stress that a structural differ-
ence can be readily observed between both cases: the derivative 9y, H; (4« (%),0,0) in (6.17)
vanishes in the slowly linear case.

6.4.8 Proofs of key results

In this section we prove Theorems 6.11 and 6.13. Our approach is as follows. Let A be a
simple root of & ¢ satisfying (6.16). We want to understand the geometry of the critical curve
Ao,¢(v), defined in (3.31), and of the unique solution curve A.(y), satisfying &, (1¢(y),y) =0
for each y € S, which converges to Ao, as £ — co. By Propositions 3.25 and 3.29 we have

cos(v) — 1

N e o~ 2
2e7E; 5(0, ™) (6.20)

Ao,e(v) = aewy,

where

a = T weO)T (ue(0)) — Hy (ug(0), 0,0),
L% ug(0), i, g (0)), 000, v (x, 1 (0))xdx
o [ 196, e O)F dx '

One readily observes a; — a, and w; — Wy as £ — oo by Theorem 6.9. Thus, to prove
Theorems 6.11 and 6.13, we need to relate the periodic slow Evans function &, to the
homoclinic slow Evans function &, ;. The homoclinic slow Evans function & s is defined
in terms of the unique solution ¢ (X, 1) to the homoclinic slow eigenvalue problem (6.6)
that satisfies (6.8). Our approach is to find an analytic solution ¢;(X, 1) to the periodic slow
eigenvalue problem,

Wy :

0 1

v = X 2 X =
ez = A(X, Do, ¢ eC, AX, ) : ( 0uH) (1e(%),0,00 + 2 0 )’

(6.21)
which is (pointwise) close to ¢« (X, 4) and decays exponentially on [0, 2£]. Recall from §3.8.1
that system (6.21) is R;-reversible at X = ¢, i.e. the evolution 7,(X, ¥, 1) of (6.21) satisfies
RT (%, 9, DRy = T¢(2€—X,2¢—73, A) for X,y € [0, 2€]. In particular, 90;(56, A) = Rypp(26—X, )
is also a solution to (6.21). Now, to relate the periodic slow Evans function &5 to Ex 5, We
multiply & (4, y) with the (¥-independent) Wronskian W,(1) := det(pg(X, 1) | @p(X, D).
Using the 2-linearity of the determinant and det(Y'(u, 1)), det(7,(X,y, 1)) = 1 for all X,y €
[0,2£], A € CA and u € Uy, we derive the key identity,

Y 805, V)W) := 2Re(y) We(A) — Ki(A), (6.22)
where K;: Cp — Cis defined by

Ke(2) = det (@e(0, 1) | T(ue(0), DR (0, 1))

(6.23)
+det (T(ue(0), De(2€, A) | Rype(2, 1)) .
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Since (X, ) decays exponentially as ¥ — oo, one observes that the right hand side of (6.22)
converges to the homoclinic slow Evans function & (1) as £ — oo. This leads to the desired
approximation (6.14) of 1y (v) in Theorem 6.11.

To prove Theorem 6.13, we apply the implicit function theorem on (6.22). This yields
the existence of a curve A;: [—1,1] — C such that for each y € S! the point A,(Re(y)) is
the unique zero of & (-, y) converging to A, as £ — oo. To calculate the leading-order
difference A,(Re(y)) — A in order to prove (6.17), we need the leading order of the differences
@e(X, ) — P (X, A) and Yp(X) — Yoo (X) of the solutions to the slow eigenvalue problems and the
slow reduced system, respectively. Finally, identity (6.18) is proved by implicit differentiation
of identity (6.22).

Thus, the set-up of this section is as follows. First, we will establish a leading-order ex-
pression for the difference ,(X) — ¥ (X) of the solutions to the slow reduced system (2.4).
This allows us to approximate u,(0) by u«(0) in (6.23). Second, we construct the desired
solution ¢ (X, 1) to (6.21) that is close to the solution ¢ (¥, 1) to (6.6) and decays exponen-
tially on [0, 2£]. At the same time, we establish a leading-order expression for the difference
we(X, 1) — poo(X, 1). Finally, we provide the proofs of Theorems 6.11 and 6.13 using the
approach described above.

Approximations in the slow reduced subsystem

We start by collecting some basic facts for the situation described in §6.4.4. Recall the
definition of ¢, and w, provided in Theorems 6.11 and 6.13. Since ¥ = (u,, 0) is a hyperbolic
saddle in (2.4) by (E3), we have

Yoo () = grull < Ce™¥, %20, (6.24)

where C > 0 is a constant. The eigenvectors of the linearization of (2.4) about ¢, are given by
wz = (1, tw,). We obtain by the stable manifold theorem:

[le“F Weo(®) = ¥.) = @sw_|| [|e” W) + arww_| < Ce™F, % >0, (6.25)
where a. € R\ {0} is given by

@, = lim (oo (¥) — u.).
X—00

It is well-known that in a neighborhood of the point ¢, one can give growth and decay rates
of solutions to the (un)stable manifolds, see for example [56, Proposition 3.1]. Using these
bounds one can estimate the distance between i, and ¥, in terms of the ‘time of flight’ ¢.
Indeed, it holds for 0 < £ < oo

Ie(%) = Yoo (D) < Ce 30 3 € 0,24, (6.26)

with C > 0 a constant independent of ¢.

We need a leading-order expression for the difference ,(X) — ¥ (X). Identity (6.26) gives an
a priori estimate for this quantity, which is used in the proof of the next proposition.
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Proposition 6.17. For 0 < £ < oo we have the following expansion,

2.2, 2wl
2wiaze

Ye(X) = Yoo(X) = —

00

1

P(£:0) ( T we(0))

) + Ry (X), x€[0,4], (6.27)

where a, is defined in (6.10) and the remainder R;: [0,€] — C? is bounded by ||R,(¥)|| <
Ce™s*C9 with C > 0 independent of £, and ®o(¥%,¥) denotes the evolution operator of the
variational equation of (2.4) about ¥,

o . 2 o 0 1
0y = An(X)8, 6eR", Aco(X) 1= ( 0uH) (1e(1).0.0) 0 ) (6.28)

Proof. In the following, we denote by C > 0 a constant independent of ¢.

Define 0/(X) = (X)) — Yoo(X) for X € [0,£]. Our approach is to obtain a leading-order
expression for 6,(X) using Lin’s method [70, 118]. Note that 6, solves the boundary value
problem,

Ox = Au(X)0 + go(8, %),
0(0) + Yeo(0) € T, (6.29)
0(0) + Yoo () € ker(I — Ry), (6.30)

where go: R? — R? is defined by
80(6, %) 1= f(Yeo(X) + 6) = f(Yoo (X)) = Ao (X)6.
Our plan is to study the inhomogeneous equation,
Oy = An(0)0 + g(¥), 0eR2 (6.31)

with g € C([0, £],R?) first. Using the exponential dichotomy of the variational equation,
we construct a solution operator to (6.31). Subsequently, we substitute go(6, X) for g(¥) and
formulate an integral formulation for 6,(%) that is of fixed point type. This enables us to obtain
a leading-order expression for d,(X).

We establish an exponential dichotomy for the variational equation (6.28). First, the ma-
trix function A, (X) converges as X — oo to the asymptotic matrix A,. More precisely,
by (6.24) it holds for X > 0

| Ao (¥) — Al < Ce™.

Second, the derivative ¥/ (X) is a solution to (6.28), which is bounded as ¥ — co. Combining
these items with Proposition 4.7 yields an exponential dichotomy of (6.28) on [0, co) with
constants C, ¢, > 0 and projections P, (¥). By Lemma 4.5 we may without loss of generality
assume that P, (0) is the projection on Sp(¥/,(0)) along Sp(1, 9" (u«(0))), since the stable
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manifold W*(y..) intersects the touch-down curve 77, transversally in ¥.,(0) by (E3). In
addition, Lemma 4.6 yields the estimate,

IPoo(X) = Pill < Ce™, %20, (6.32)
where P, denotes the spectral projection of A, on Sp(w-) along Sp(w.).

We proceed by constructing a solution operator to the boundary value problem (6.29)-(6.30).
Denote by @°(X,y) the (un)stable evolution operator of (6.28) under the exponential di-
chotomy. The bounded, linear solution operator W, : ker(P,) x P.(0)[R?] x C([0, £],R?) —
C([0, £],R?) given by

X 4
Wi(a, b, g)[] = D(E, Oa + DL(X, 0)b + f 3, (%, g (2)dz - f O (X, 2)8(2)dz,
0 X

solves (6.31). Since G is C? on its domain by (S1), the homoclinic solution y(x,u) =
(vn(x, 1), gn(x, w)) to (2.3) is C* on its domain R x Uy,. Therefore, J is C3 on Uy,. We expand
J (v) in the neighborhood Uy, of u.,(0) with Taylor’s Theorem as

T W) = T U(0)) + T (oo (0)(u = ue(0)) + h(u — us(0)),  u € Un,

where h(u — 1,(0)) < Clu — ue(0)*. Since Yoo (0) equals (e(0), T (e(0))) € Ty, 6(X) =
We(a, b, )[X] satisfies condition (6.29) if and only if there exists p € Uy, — u(0) such that

; C o _ 1 0
@ (0,6)a+ b — j(; D:.(0,2)g(2)dz = p( T (1a(0)) ) + ( h(p) ) (6.33)

For a vector w := (w1, ws) € R? we denote by w* the vector (—wy, wy), which is perpendicular
to w. Taking the inner product on both sides of (6.33) with ¢/, (0)* yields

4
<<Df§o(0, Oa - f (0, 2)g(2)dz, l/f;,(O)l> = pleo + h(p)uc, (0). (6.34)
0

Since 7, intersects the stable manifold W*(y.) transversally by (E3), the quantity as, is
non-zero. Therefore, the right hand side of (6.34) defines an invertible function in p on a
neighborhood of 0. Hence, there exists an £-independent neighborhood Aq of 0 € ker(Py) X
C([0, £],R?) and a Lipschitz continuous map p: Ay — R such that p(a, g) satisfies (6.34) and
is bounded by

loa, &) < C(e™|lall + liglD). (6.35)

Now substitute p(a, g) in (6.33) and apply P (0) on both sides. This gives rise to Lipschitz
continuous map b: Ay — P.(0)[R?] satisfying

_ _h(p(a’ g))
B a

00

b(a, g) U(0),  lIb(a, g)ll < Cle™“llall +1iglh?, (6.36)
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using that P.,(0) projects on Sp(¥.,(0)) along Sp(1, 9" (u~(0))). By construction 6[X] =
We(a, b(a, g), g)[X] satisfies (6.33) and thus (6.29). Similarly, 6[X] = W¢(a, b(a, g), g)[X]
satisfies condition (6.30) if there exists 8 € R such that

L

(I = Po(0))a + DL (L, 0)b(a, g) + f D (4, 2)8()dz + Yoo () — s = ,8( (]) ) (6.37)
0

By estimate (6.32) it holds
I = Poo(D)wy = wll < Ce™, (6.38)

Estimate (6.38) shows that the inner product (( (1)) , [ = Po(©))wy 1) is to leading order given
by the non-zero quantity —w.. Thus, taking the inner product on both sides of (6.37) with
[(I = Po(£))w,]* yields a Lipschitz continuous map B: Ay — R given by

<<Dzo(f, 0)b(a,g) + [ ®L(E.2)g(@)dz + ool O) = o [(1 - me))m]i)

Bla,g) = ((5).1a - Poto)w.1+)

s

satisfying for (a, g), (a1, 8) € Ao
Ba, 9l < Cle™" + gl + e Nlall), 1B(a,8) - Blar, &)l < Ce*lla—ail,  (6.39)

by estimate (6.24). Now substitute B(a, g) in (6.37) and apply I — P (£) on both sides. This
yields

a = (Po(0) = P)a — (I = Po(0) [ee() = 9. = Bla. ) (})] (6.40)

One readily verifies that the right hand side of (6.40) defines a contraction mapping in a
for ¢ > O sufficiently large, using estimates (6.32) and (6.39). Therefore, there exists by the
Banach fixed point theorem an £-independent neighborhood A, of 0 € C([0, ], R?) and a
Lipschitz continuous map a: A, — ker(P.) such that a(g) satisfies equation (6.40) for each
g € Ap. The map a enjoys the bound

la(@ll < Ce™* + ligl) (6.41)

We conclude that the Lipschitz continuous map W, ,: A, — C([0, ], R?) given by W ,(g) =
We(a(g), b(a(g), g), g) satisfies (6.29)-(6.31). Therefore, 6, is the unique solution to the fixed
point problem

0 = Wi (800, ). (6.42)

By shrinking A, if necessary, it is not difficult to verify that the right hand side of (6.42)
defines indeed a contraction mapping in 8 € C([0, £], R?).

Finally, the above fixed point arguments provide a mechanism to expand 6, in terms of
£ > 0. The first observation is that a priori the norm of 6,(¥) is bounded by Ce 5?9 by
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estimate (6.26). Thus, the map g: [0, £] — R? defined by g(¥) = go(6,(¥), ¥) is bounded by
Ce™25-C=9_ We invoke the bounds (6.35), (6.36), (6.39) and (6.41) on the maps p, b, 8 and a
to obtain the estimates

lla(@Il < Ce™s+, lo(a(®), ®)| < Ce 2,
lb(a(@), &Il < Ce ¢, |Ba(®), )| < Ce™.
Combining the latter estimates with (6.25), (6.32) and (6.38) results in the expansions

a, (w_,wtye !t

((6)w)
a@) = I - P)|B@®@.)(})] +0(e) = aww,em + O (7).
Substituting these expansions in 8, = We(a(2), b(a(g), g), &) yields

ﬁ(d(g’), g) = + O(e_zc*[) = Za*e_‘“*f + 0(6—25‘*[) ,

Ye(®) = Yool ®) + @, DL (E O e + 0 (e75C9), %€ 0,41, (6.43)

Note that P, (X) is the projection on Sp(¥. (%)) along Sp (fl)oo()vc, 0)( j’(uL(O)) )) Thus, we
estimate with the aid of (6.25)

<W+’ lﬁéo(f)J'>
a

. I (u(0)) (6.44)
—Za)fa*e_“’*f . 1 (2% '
T el 0)( T (ue(0)) ) +0(e07),
for X € [0, £]. Combining (6.43) and (6.44) yields (6.27). |

Remark 6.18. The proof of Proposition 6.17 is based on [118, Theorem 6]. The fundamental
difference with [118] is that it is not the existence of 6, that is of our interest, but the leading-
order behavior. Moreover, we have nonlinear boundary conditions in contrast to [118]. [ ]

Approximation in slow eigenvalue problems

We proceed by constructing an analytic solution ¢,(X, 1) to (6.21) that is close to the solution
Yoo(X, 1) to (6.6) and decays exponentially on [0, 2£]. At the same time, we establish a leading-
order expression for the difference ¢/(X, 1) — ¢ (X, 1). We start by collecting some facts about
the solution ¢ (¥, 1) to (6.6). Recall that the coeflicient matrix of (6.6) converges as X — co
to the asymptotic matrix A, (1), defined in (6.7), which is hyperbolic on Cx. The eigenvalues
of A.(1) are given by +w(A) and corresponding eigenvectors are v, (1) := (1, xw(1)), where

w(Ad) == \O,Hi(u.,0,0) + 4,

denotes the principal square root. Note that both w(A1) and v, (1) are analytic on C. Choose
an open and bounded subset C, o C Ca. An application of Proposition 4.3 yields the following
estimate,

e P po (¥, ) = v_(D)|| < Ce™F, ¥ 20,4 € Cpa, (6.45)
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where C > 0 is a constant independent of A.

We are now ready to prove the existence of the desired solution ¢, (¥, 1) to (6.21). To state the
result, we take ¢ > O such that we have

u() = Re(w()) — 6 > 0,

for all A in the bounded set Cj 4.

Proposition 6.19. For 0 < £ < oo, there exists a solution ¢;: [0,20] X Cpp — C? to the
periodic slow eigenvalue problem (6.21), satisfying the bounds

llpe(X, DIl < Ce ™ VT, e 10,201
1 -x E ) b
llpe(0, A) = eo(0, A)|| < Ce2mintswHDIL Leo (6.46)
€ CpA,
llpe(€, D) = @oo (£, D| < Ce™ DL

where C > 0 is a constant independent of { and A. Moreover, ¢i(X, ) is analytic on Cy 5 for
each X € [0,2(]. Finally, we have the expansion for A € Cp 5

‘105(05 /l) - QOOO(O’ /l) =

(6.47)
fl Qoo (DT (0,3, D) [Ae(X, ) = Ao (X, D] oo (3, DY + R1,e(A),
0

where T (%, , 1) denotes the evolution operator of system (6.6), Qu(Q) is an analytic pro-
jection along Sp(p«(0, 1)) and the remainder Ry ;: Cpn — C? is bounded as ||Ry ()| <
C max {6‘35‘*", 8_2“(/1)[}.

Proof. In the following, we denote by C > 0 a constant independent of £ and A.

Our approach is to regard the periodic slow eigenvalue problem (6.21) as the perturbation,
¢r = (Ac(X )+ H(D) @, @ eC?
of system (6.6) on [0, £] and as the perturbation,
pr = (Ac(=X, ) + He(¥) ¢, ¢ €C?,
of system,
0r = Ac(-X, Do, e C?, (6.48)
on [—¢,0), where H,: [-(, {] — Mat,(C) is given by,

A(x, ) — A (X, D), X e[0,£]

He(X) := { AL+ X, ) — Au(=%, 1), Xe[-£,0)]
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By estimate (6.26) the norm of H, satisfies
[Hl| < Ce™s". (6.49)

Let X, be the space of bounded functions [—¢,£] — C? that are continuous, except for a
possible discontinuity at 0. Our plan is to obtain exponential dichotomies for equations (6.6)
and (6.48) first. The exponential dichotomies yield a solution operator to the inhomogeneous
problem,

@5 = Ax(¥, Do + G(¥), ¢ eC? (6.50)

with G € X, using the variation of constants formula. Then, using Lin’s method [70, 100], we
construct a solution operator to (6.50) that satisfies a matching condition at the endpoints X = £
and X = —¢. Finally, we substitute H;(¥)¢ for G(X) in (6.50) and obtain a solution operator
to (6.21). We apply the latter solution operator to the initial condition ¢ (0, 2) to establish the
existence of the desired solution ¢,(X, A).

We establish exponential dichotomies for the homoclinic slow eigenvalue problems (6.6)
and (6.48). By Proposition 4.7 and estimate (6.26), system (6.6) has for 4 € Cj o an exponen-
tial dichotomy on [0, co) with constants C, u(1) > 0. The corresponding projections P (X, 1)
can be chosen analytic on Cp ». Moreover, since A.(1) is hyperbolic with spectral gap larger
than y(4) > ¢, and A, is bounded on Cjp 5, Lemma 4.6 and (6.26) yield

[Pe(¥, D) = Pu(DI| < Ce™F,  ¥>0,1€Cha, (6.51)

where #, (1) denotes the analytic spectral projection of A, (1) on Sp(v_(1)) along Sp(v(1)).
Moreover, since we have R;v_(4) = v, (1), the identity,

RP.(VDR; =1—-P.(D), (6.52)

holds for each 4 € C,. Denote by 7, (X, ¥, 4) the evolution operator of system (6.6). By [60,
Lemma 2.1.4] 7 (X, 9, -) is analytic on Cy, since A (X, -) is analytic on Cx.

Using the reversible symmetry R;, system (6.48) can be fully described in terms of sys-
tem (6.6). Indeed, for the evolution 7 ,(X,¥, 1) of system (6.48) it holds T (¥, y,4) =
RT (=X, =¥, )R;. Consequently, system (6.48) has for any 1 € Cp, o an exponential di-
chotomy on (—oo, 0] with constants C, u(1) > 0. The corresponding projections P, (¥, 1)
satisfy P (X, 1) = I = RP (=X, DR for X < 0. Moreover, by (6.52) it holds

[P (X, ) = Pu(D]| < CeSF,  ¥<0,1€Cpa, (6.53)

We proceed by constructing a solution operator to the periodic slow eigenvalue problem (6.21).
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Consider Wy(1): C? x C? x X}, — X, to (6.50) given by

We()(a,b,G)[X] = TE(X, €, Da + T2 (%0, )b + f TE(x, 9, GGy
0 .
X €[0,?],

- f TH(E 5, VGG,

X
We(D)(a,b,G)[X] = =T, (¥, ~C, Da — fQTg,r(f,y, DG)dy
. ¥ xe[-(,0),
+ f T oo (X, 3, DGy,

-t

where 7.5 (X, ¥, 4) and 7.57,(X, ¥, 1) denote the (un)stable evolution operator of systems (6.6)
and (6.48) under the exponential dichotomies established above. Note that W, is an analytic

operator on Cj A, since the evolutions 7 (X, ¥, ) and the projections P (X, -) are analytic.
By (6.51) and (6.53) it holds

[Poc(€, 2) = Poo (=L, DIl < Ce', A€ Cpa. (6.54)

We conclude that the analytic linear operator A ¢(A) := [ — Poo(£, ) + Poor(—£, ) is invertible
for £ > 0 sufficiently large. Now define the analytic linear operator A, (1): C* x X;, — C? by

Az ()b, G) = A1 (D)™ (W ()0, b, G)[=E] = We()(0, b, G)[£]) .

One readily verifies that the analytic linear operator W, /(1): C? x X, — X, defined by
Wa. ()b, G) = We(D)(Az()(b,G), b, G) is linear and satisfies

Wae(D)(b, G)[—€] = Wa e (D)(b,G)[L], beC?G e Xy, A€Cpa. (6.55)
Moreover, we have the estimates

142,6(D)(b, Gl < Ce* Y Ibl| + |G,

Ce™ O bll + IGID, xe[0,4], » (6.56)

Wo (D) (b, G)[X]]| < .
W2 e O {C(eﬂ“><2"”>||b||+||G||), x € [~,0),

for b € C2,G € Xp,A € Cpa. Denote by W3 ,(1): X, — X, the analytic linear map
Wi p(D)(w) = Wa ()0, H, - w), where - denotes pointwise multiplication, i.e. (H - w)[X] =
Hp(X)w(X). By (6.49) we have the estimate,

W3 (DIl < Ce™, A€ Cpa.

Hence for ¢ > O sufficiently large, the map I — W3 ¢(1) is invertible. Finally, consider the
analytic linear map Wy ((4): C? > X, given by Wy ()(b) = (I - W3,g(/l))’1(W2,g(/l)(b, 0)).
One readily checks that

Wi e(A)(b) = Wa r(A)(b, Hy - Wa (D)D), beC*A€ECha, (6.57)
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is satisfied. Define the map ¢: [0,2£) — [-¢, (] by

5(56)={

By identities (6.55) and (6.57) we have Wy ((1)(b)[€] = W4 (2)(b)[-{]. We conclude for every
A€ Cpn,b € C2and £>0 sufficiently large, that Wy ((2)(b)[£(%)] is a solution to (6.21) on
[0, 2¢) that can be extended to [0, 2¢].

<

, X e[0,f]
20, Xe (6,20

&<

Next, we apply the solution operator Wy, to initial condition b; := ¢.(0,1) € C* and
consider the solution

@e(X, A) = Wy o(D)(B)L ()],

to (6.21). Note that ¢(X, -) is analytic on Cj A, since both W4, and ¢, (0, A) are analytic on
Cp.a. Using (6.49), (6.56) and identity (6.57) we estimate

lle(E, DI < [[W2,6(D) (D, OO + IW2,e(D(O, He - Wa (DGO

20
e HOX e—§*é’f (e—ﬂ(/l)\f—i’l + e—#(/l)(lf—i‘l+lf—5'|)) llge (3, /DHd)V,} , (6.58)
0

<C

for X € [0,2€], A € CpA. Applying [15, Lemma III.2.1] on the integral inequality (6.58) yields
lpe(E DIl < Ce™ V%, X € [0,20], A € Cpa, (6.59)
provided £ > 0 is sufficiently large. Moreover, we approximate with the aid of (6.54)

1A2,6(D)(ba, 0) = TS (€, 0, DI

6.60
= [[(Poa(ly A) = Poo (=€, DA o(D) ' TE(L, 0, )byl| < Ce DS, (060
for A € CpA. On the other hand, using (6.49) and (6.59) we estimate
20 §
W20, H - Wa l(D(B)ILN < Ce f e Mge(3, Dlldy 6.60)
0 .

< Cem et

for A € Cp a. Using identity (6.57) and estimates (6.60) and (6.61) we expand ¢,(X, ) at X =
as follows

@e(€, ) = W (D) (ba, 0)[€] + Wa (D)0, Hy - Wa (D) (D2))[€]
=T5(6,0,0b,+ 0O (e‘(l‘(/i)ﬂ‘*)l’)
= P, ) + O (e—(ﬂ(d)m)f) ’
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for A € Cp a. Similarly, using identity (6.57) and estimates (6.26), (6.49) and (6.60) we expand
(X, ) at X = 0 as follows for A € Cpa

(0, ) = Wa o (A)(ba, He - Wa e (A)(b,,0))[0]
+ Wo o (D)0, Hy - Wa (D)0, He - Wa (D) (B2))]0]

{
= Peo(0, Dba = f TE0. 5, AYH()TEG, 0, Dbady + O (¢7¢ &MY
0

= 9e(0, ) - fo 0,5 DH )5 15 + O, )

= ¢u(0,1) + O (7)),
where we used that u(1) > .. |
Since system (6.21) is Ry-reversible at X = £, ¢}(X, 1) = Rype(2f — %, 1) is a also solution

to (6.21). The next proposition shows that ¢,(X, 1) and ¢}(X, ) are linearly independent and
approximates their Wronskian W,(A4).

Corollary 6.20. For 0 < { < oo the (¥-independent) Wronskian W (1) = det(gy(%, 1) |
@,(X, ) is approximated by

[We(d) — EfD)|| < Ce™ D+ 4 e Oy a, (6.62)

where C > 0 is a constant independent of € and A and E;: Cypx — C is the non-zero analytic
map given by E¢(1) = 2w(A)e WL,

Proof. Combining estimates (6.45) and (6.46) yields
|det (@c(€, 1) | Rype(€, 1)) — €2V det (v-(2) | Ryv_(A))| < Cem )
which concludes the proof. O

Conclusion

With the preparatory work done in the previous sections, we are able to prove Theorems 6.11
and 6.13 using the aforementioned approach.

Proof of Theorem 6.11. In the following, we denote by C > 0 a constant independent of £.
First, using (6.26) and (6.46) we approximate

|K(0) = Eaa s(0)] < Ce™,
where K;(Q) is defined in (6.23). Combining the latter with (6.22) and (6.62) yields

|7 E4.,(0. " YWH(0) ~ Ewo(0)] < Ce ™, veR. (6.63)
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On the other hand, by (6.26) it holds
g — (oo, W — Woo| < Ce 2. (6.64)

Finally, applying (6.9), (6.62), (6.63) and (6.64) on identity (6.20) establishes the desired
approximation (6.14). O

Proof of Theorem 6.13. In the following, we denote by C > 0 a constant independent of £
and 1. Let A, € Ca be a simple zero of & ¢ satisfying (6.16). Then, we take Cp, o C Cx
an open and bounded neighborhood of A, of & such that it holds Re(w(1)) > w, for all
A € Cpa. We chose 6 > 0 such that

26 <6y p(A) :=Re(w(D) = 6 > wy,
forall 1in Cpa.

We are looking for zeros of E(-,) close to A, for 0 < £ < oo and y € S'. In other
words, we are looking for solutions A € Cp, 4 in a neighborhood of A to the equation
0 = Ey(4,). (6.65)

By multiplying (6.65) with the non-zero (see Corollary 6.20) quantity y~!W,(2) on both sides,
we obtain the equivalent equation,

0 = 2Re(y) W) = Ki(1), A€Cpa, vES', (6.66)
see also (6.22). Using (6.26) and (6.46) we approximate
|Ke(D) = Eos(D] < Ce™, A€ Cpa. (6.67)

Note that both ‘W, and K, are analytic on C 4, since ¢¢(X, -) and Y(u, -) are. By shrinking
Cp A if necessary, the approximations (6.62) and (6.67) provide bounds for the derivatives of
the analytic maps ‘W, and %, via the estimates,

% (7((’(/1) - 800,5(/1)) < Ceizg*[’
5 i=0,1,2, A€Cpa. (6.68)
EYT (We(d) = E¢()| < Cem T

Consider the analytic function 77,: Cp o X C — C given by n¢(4,y,) = 2y, W(1) — K¢ (). Let
P c C be open and bounded such that it contains the closed unit circle. Provided £ > 0 is
sufficiently large, we have by (6.62) and (6.67)

|77(’(/l, Yr) + Soo,s(ﬂ)| < |800,s(/1)|7

for each y, € D and A on the boundary of some sufficiently small disk 8 c Cj 5 around Ac.
Thus, by Rouché’s Theorem there exists for each y, € D a unique zero A,(y,) € B of n.(-, y,),
which satisfies

1Ae(y,) = Al < Ce™5. (6.69)
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By estimate (6.68) it holds
|0ame(A,y,) = E, (D] < Ce>, A€ B,y, €D.

Hence, using the (analytic) Implicit Function Theorem and the fact that &, (1) # 0, we
conclude that the map A,: D — C is analytic. Implicit differentiation of identity (6.66) yields
the derivatives

2We(Ae(y,))
K, (Ayn) = 27, W, (Ayr)
AW, (Ae(y) = [ K A = 21 W Ay | )
K, (A0yp) = 27, W (Ay) ’

Approximating these derivatives with (6.69) and (6.68) leads to (6.18). Next, we expand K,
in an £-independent neighborhood V, of A, with Taylor’s Theorem as

/12(7r) =

vr € D.
A7 (v = (yy)

Ke(D) = Ke(Aeo) + (A= 2K (o) + Ke(A = As), A € Vi, (6.70)

with IITAQ(/I — o)l £ C)A — A *. By (6.69) and the ¢-independence of V,, we can substitute
A¢(y,) for Ain (6.70) for £ > O sufficiently large. Thus, using estimates (6.62), (6.69) and (6.68)
we arrive at

0 =2y, We(Ac(y,) — Ke(Ae(yr))

, 6.71
= ~ Ky (o) — (Aey) = Al (Aeo) + O (7457, 72040, ©®.71)

Hence, we obtain the desired leading-order expression for A;(y,) — A by calculating the
leading order of Ky (Aw). First, since G is C? on its domain by (S1), the solutions «y(x, #) and
Xin(x,u, 1) to (2.3) and to (3.8) are C? on their domains R x Uy, and R X Uy, x Cp, . Therefore,
Y is C? on Uy X Cpa. Thus, by shrinking the {— and A-independent neighborhood U., of
1 (0) if necessary, we expand

Y1, A) = L(too(0), 1) + 0, Y (Ueo(0), Dt — 1eo(0)) + T(u, ), u € Uso, (6.72)
where || T(u, D)|| < Clu— ue(0)[>. With the aid of identities (6.27), (6.46) and (6.72) we expand

Ke(2) = det (9e(0, 1) = 00 (0, 2) | T(1teo(0), DR (0, 1))
+det (oo (0, ) | Y(ueo(0), DR, (¢0(0, D) = ¢00(0, 1))
+ ((0) = 1eo(0)) det (oo (0, A) | 0T (10 (0), DR (0, )

+ Euas() + O (e74) (6.73)

= 2det (¢e(0, 1) = 0o (0, ) | T(too (0), DR0(0, D)) + Eco, ()

2(1)2(1’26720)*5

_ *a— det (¢s(0, ) | 3, (0 (0), VR0, 2)) + O ( e*35'*€>,
where we used [Y(ue(0), )] = T(1eo(0), DRy, det(Y(ueo(0), 1) = 1, det(R;) = —1 and the
2-linearity of the determinant. Our aim is to approximate ¢;(0, Ade) — @0 (0, Ao) in (6.73). First,
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recall that H; is C? on its domain. Fix ¥ € [0, £] Using Taylor’s Theorem and estimate (6.26)
we approximate

10, H1 (14(3),0, 0) — 0, H1 (t1eo(3), 0, 0) = 8 Hy (1o (%), 0, 0) (1t (¥) — thoo (¥))] < Ce™ 2@,
(6.74)

By estimate (6.27) and (6.74) we obtain

ﬂf()\év /l) - ‘7{00(569 /1)

20%a%e™ 203 H (oo (X), 0, 0)iico (¥) ( 0 0
1 0

(6.75)

) +0 (e—c*(%—fc)) )

(oo

for X € [0, £]. Subsequently, we combine (6.47) and (6.75) to obtain a leading-order approxi-
mation of ¢,(0, 1) — ¢ (0, ) for 1 € Cp

4
©e(0, ) = (0, ) = — fo Qoo (DT (0,3, ) (Ap(X, D) = Aco(X, D) @, DY

+ O( ¢35, e—zuu)f) (6.76)
2 2.2 2wl 00
- Zonae f QDT (0,5, VZE, Ay + O (735, &4V
0 0
where we denote
BN G (1 (9, 0, 0t (Do, 1) [ E

Since the determinant Eq s(Ae) = det (9oo(0, A) | T(U0(0), VR (0, 1)) equals 0, the vectors
T (U(0), Aeo)R00(0, Aso) and (0, A are scalar multiples of each other. As the u-coordinate
of both vectors are equal, we have in fact ¢ (0, As) = T(40(0), Ao )R ¢ (0, A). Moreover,
Q. () is a projection along Sp(¢,(0, 2)). Therefore, the determinant det(Q..(D)w | ¢/(0, 1))
equals det(w | ¢,(0, 1)) for any vector w € C? and A € C, o. Using the latter two observations
and det(7 (0, ¥, 1)) = 1, we simplify the determinant

det (Qoo (/loo)TOO(O’ 5)’ Aoc)Z(jl)’ /]-oo) | T(I/lg(o), AM)RA'QO{’(O’ /100))
= det (7-00(0’ 5]’ /lco)Z(y’ /loo) | ‘10{’(0; /loo)) = det (Z(j}’ Aoo) | ‘Pf(j” ﬂoo)) .

Finally, using (6.73), (6.76) and (6.77), we rewrite (6.71) as

6.77)

7(6(/100) —4¢. b

A(yy) = Ao = =2 4 5
() T O(e™)
2(1)2&26‘72“)*[

T 008l (A)

_Zf det (Z(, Ao) | 0¢(F, 1)) d)v,) + 0(6—35‘*5’ e—2u(ﬂw)€)
0

(det (900(0, Aoo) | 94V (110 (0), Aeo )R 00 (0, Aco))
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2(,4)2@26‘72‘”*[
«

= m (2f0 AuH 1 (oo (%), 0, 0)iio (¥) [fleo (¥, Aoo)]* dX

+ [860(0, 2))* 3,G (1o (0), Am)) +0 (e, e,

which concludes the proof of identity (6.17). O



Chapter 7

Outlook

In this chapter we outline possible future research topics.

7.1 Breaking the symmetry

This thesis focusses on stationary, spatially symmetric, periodic pulse solutions in the singu-
larly perturbed reaction-diffusion system (1.9). Such solutions arise naturally, because the
existence problem (2.1) is R-reversible. Therefore, the associated eigenvalue problem (3.3) is
also R-reversible. These symmetries can be broken by adding advection terms to system (1.9)
or by studying traveling-wave solutions to (1.9) instead of stationary ones. We emphasize that
in some applications advection terms occur naturally, leading to reaction-advection-diffusion
models [2, 63]. It is therefore an interesting and relevant question how symmetry breaking
affects our analysis.

Our existence analysis in Chapter 2 relies heavily on the R-reversibility of system (2.1):
we exploit that any orbit that crosses ker(I — R) twice must be periodic. In the absence of
such a symmetry, additional transversality arguments are required to construct a periodic orbit
using geometric singular perturbation theory. If the singular periodic orbit consists of fast
heteroclinic connections and orbit segments on slow invariant manifolds, then the required
transverse intersections (of the stable and unstable foliations of the slow manifolds) are often
already present in the fast reduced systems arising in the limit £ — 0 — see for instance [110,
Section 7]. On the other hand, if the singular periodic orbit is a concatenation of a homoclinic
connection with an orbit segment on the slow manifold — as is the case in our work — then these
transversal intersections exists only for £ > 0 and tools like Melnikov theory for slowly varying
systems [94] can be employed to find them — see for instance [26, 108] for constructions of
periodic traveling waves in the two-component (Klausmeier-)Gray-Scott model. Moreover,
controlling the periodic orbits close to the transverse intersections might be subtile [108]. It
remains an open problem whether the techniques in [26, 108] can be extended to the general
class of multi-component systems (1.9) with additional advection terms.

179
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In general, the spectrum associated with periodic wave trains to reaction-advection-diffusion
systems consists of continuous images of the unit circle S' [38]. The presence of symmetry
yields degenerate spectrum: the image of S! covers each curve of spectrum twice so that
any y-eigenvalue is also a y-eigenvalue — see Proposition 3.7. Thus, breaking the symmetry
changes the structure of the spectrum fundamentally. Yet, we expect that the present spectral
techniques extend to the non-symmetric case without any problems. Let us elaborate on this
claim. Recall that our spectral analysis is based on two reduction results: the approximation of
the roots of the Evans function by the ones of the reduced Evans function and the expansion of
the critical spectral curve attached to the origin. First, our Evans-function analysis is based on
the results in [17], where we do not assume that the periodic pulse solutions are symmetric. We
observe that R-reversibility of the eigenvalue problem is not essential for the decomposition of
the Evans function and its reduction. This makes an extension to models with advection terms
straightforward — see also [108].

Second, our expansion method of the critical spectral curve is based on the analyses in [10, 100]
using Lin’s method — see §5.3.6. Both in [10] and in [100] the eigenvalue problem does not
admit a (reversible) symmetry, since one considers traveling waves. Therefore, we expect
that the present expansion method remains valid in the non-symmetric case. Yet, we foresee
that the outcome of the analysis will be different: we conjecture that the critical curve is
not confined to the real axis and scales with ¢ instead of £2. Indeed, the essential spectrum
is no longer degenerate and the O(e)-terms in the expansion of the critical curve will no
longer vanish due to parity arguments. Our hypothesis is further strengthened by the fact that
the critical spectral curve associated with periodic traveling waves in the FitzHugh-Nagumo
equations scales with & and is non-real — see [32].

The non-degeneracy of the spectrum in the non-symmetric case affects the destabilization
mechanisms discussed in Chapter 6. Numerical investigations in the Klausmeier-Gray-Scott
system indicate that the Hopf and belly dance destabilization mechanisms break down in the
presence of O(1) advection: the boundary of the Busse ballon consists no longer of curves of
+1-Hopf instabilities in the limit £ — 0 and the codimension-two points disappear. Instead, the
boundary is smooth in the limit € — 0 and consists of oscillating curves of y-Hopf instabilities,
where y can be any Floquet multiplier in S!. It remains an open problem to confirm this
analytically.

In the non-symmetric case there are three types of robust instabilities: Hopf, sideband or
spatial-temporal period doubling — see [93]. As far as the author knows, there is no numerical
evidence that periodic pulse solutions can destabilize through a fold or Turing instability in
the absence of symmetry (provided & > 0 is sufficiently small). This suggests that, as in the
symmetric case, fold and Turing instabilities cannot occur. However, analytical grip on the
spectrum in the non-symmetric case is needed to confirm this hypothesis.
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7.2 Dynamics of periodic pulses upon destabilization

The explicit insights in the spectral geometry in Chapters 3 and 6 is a key to understanding
the weakly nonlinear dynamics of periodic pulse solutions to (1.9) as they become spectrally
unstable. A first step in this direction has been taken in [119], in which a normal form approach
associated with a Hopf destabilization of homoclinic pulses in 2-component, slowly nonlinear
models of the form (1.9) is developed. Unlike known classical slowly linear examples such as
the Gray-Scott and Gierer-Meinhardt models, the Hopf bifurcation for homoclinic pulses can
be supercritical. It can even be the first step in a sequence of further bifurcations that leads to
complex (amplitude) dynamics of a standing solitary pulse — as observed in the simulations
of [120]. We expect that the weakly nonlinear dynamics of periodic pulse solutions to (1.9)
beyond their destabilization is also very rich — and thus an interesting direction of future
research — as indicated by the Hopf and belly dance destabilization mechanisms described in
Chapter 6 and the fact that the pulses that together form the periodic pattern are in semi-strong
interaction [24, 92]. We stress that it is still unknown whether the Hopf and belly dance
destabilization mechanisms generalize to systems (1.9) with multiple components (the regime
n>1lorm>1).

7.3 Multiple spatial dimensions

In this thesis we focus on solutions to singularly perturbed reaction-diffusion systems on the
line. However, in some applications [46, 73, 89, 109], the associated reaction-diffusion models
are naturally formulated on the plane or an unbounded cylinder. This give rise to the following
class,

u; = D1Au— H(u,v, ¢),

) u(¥, ) e R" v(x,n eR", XeRXxQ, (7.1)

v = &"DyAv — G(u, v, &),
of reaction-diffusion systems, where 0 < & < 1 and Q c R* can be a bounded or unbounded
domain. Spatially multi-dimensional systems of the form (7.1) are far less well understood
than their one-dimensional counterparts (1.1). Obviously, solutions to (1.1) give rise to striped
solutions to (7.1) by trivially extending them into a transverse spatial direction. Similarly, by
switching to polar coordinates one can construct spots, which are constant along concentric
circles. Using singular perturbation techniques, one can construct more elaborate solutions
to (7.1) like spiral waves and target patterns — see [113] and references therein.

In the stability analysis of stripes and spots one proceeds by applying the Fourier trans-
form in the transverse or radial direction — see for instance [36, 77, 105, 111]. Consequently,
the associated eigenvalue problem depends on one additional parameter, but is still a singularly
perturbed ordinary differential equation. Therefore, we expect that many of the spectral
reduction techniques presented in this thesis can be employed to determine the stability of spot
and stripe solutions to (7.1). Pioneering work in that direction can be found in [29, 109, 117]
in the context spots and stripes in FitzHugh-Nagumo and Gray-Scott type models.
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If a solution to (7.1) has a more elaborate structure, then such a reduction via the Fourier
transform is impossible and the associated eigenvalue problem is a partial differential equation.
In some specific cases, the eigenvalue problem can be reduced to a scalar, non-local PDE.
Via this non-local problem one can prove spectral stability of the underlying pattern — see for
instance [124, 125], where spectral stability is established for (asymmetric) spotty patterns in
the Gray-Scott and Gierer-Meinhardt models on the plane.

However, it is still an open problem whether the spectral reduction results presented in
this thesis have infinite-dimensional counterparts. We emphasize that many of the employed
ODE-techniques carry over to the PDEs: exponential dichotomies [44], Lin’s method [96] and
the Evans function [18, 69] can be utilized by rewriting the eigenvalue problem as an evolution
equation in the spatial variables corresponding to the unbounded directions. This so-called
spatial dynamics approach was introduced in [62] — see also [16, 91, 103] and references
therein. All in all, this could provide the desired framework that facilitates a reduction induced
by the small parameter € in (7.1), possibly through a factorization of the Evans function.
Eventually, this might lead to a systematic approach for studying the (spectral) stability of
patterns in singularly perturbed systems of the form (7.1) that allow for multiple components,
multiple spatial dimensions and slow nonlinearities.



Bibliography

[1] J. Alexander, R. Gardner, and C. K. R. T. Jones. A topological invariant arising in the
stability analysis of travelling waves. J. Reine Angew. Math., 410:167-212, 1990.

[2] M. Beck, A. Doelman, and T. J. Kaper. A geometric construction of traveling waves in
a bioremediation model. J. Nonlinear Sci., 16(4):329-349, 2006.

[3] M. Beck, C. K. R. T. Jones, D. Schaeffer, and M. Wechselberger. Electrical waves in a
one-dimensional model of cardiac tissue. SIAM J. Appl. Dyn. Syst., 7(4):1558-1581,
2008.

[4] M. Beck and S. J. A. Malham. Computing the Maslov index for large systems. Proc.
Amer. Math. Soc., 143(5):2159-2173, 2015.

[5] S. Benzoni-Gavage, D. Serre, and K. Zumbrun. Alternate Evans functions and viscous
shock waves. SIAM J. Math. Anal., 32(5):929-962, 2001.

[6] W. Beyn, Y. Latushkin, and J. Rottmann-Matthes. Finding eigenvalues of holomor-
phic Fredholm operator pencils using boundary value problems and contour integrals.
Integral Equations Operator Theory, 78(2):155-211, 2014.

[7] B. M. Brown, M. S. P. Eastham, and K. M. Schmidt. Periodic differential operators,
volume 230 of Operator Theory: Advances and Applications. Birkhduser/Springer
Basel AG, Basel, 2013.

[8] F. H. Busse. Non-linear properties of thermal convection. Rep. Prog. Phys., 41(12),
1978.

[9] B. E Bylov and R. E. Vinograd. Separation and e-splitting of almost periodic systems.
Differencial’nye Uravnenija, 13(8):1366-1374, 1977.

[10] P. Carter, B. de Rijk, and B. Sandstede. Stability of traveling pulses with oscillatory
tails in the fitzhugh—-nagumo system. J. Nonlinear Sci., 2016.

[11] P. Carter and B. Sandstede. Fast pulses with oscillatory tails in the FitzHugh-Nagumo
system. SIAM J. Math. Anal., 47(5):3393-3441, 2015.

183



BIBLIOGRAPHY 184

[12] K. W. Chang. Remarks on a certain hypothesis in singular perturbations. Proc. Amer.
Math. Soc., 23:41-45, 1969.

[13] K. W. Chang. Singular perturbations of a general boundary value problem. SIAM J.
Math. Anal., 3:520-526, 1972.

[14] W. A. Coppel. Dichotomies in stability theory. Lecture Notes in Mathematics, Vol. 629.
Springer-Verlag, Berlin-New York, 1978.

[15] Ju. L. Dalec’kii and M. G. Krein. Stability of solutions of differential equations in
Banach space. American Mathematical Society, Providence, R.1., 1974. Translated
from the Russian by S. Smith, Translations of Mathematical Monographs, Vol. 43.

[16] G. Dangelmayr, B. Fiedler, K. Kirchgissner, and A. Mielke. Dynamics of nonlinear
waves in dissipative systems: reduction, bifurcation and stability, volume 352 of Pitman
Research Notes in Mathematics Series. Longman, Harlow, 1996.

[17] B. de Rijk, A. Doelman, and J. D. M. Rademacher. Spectra and stability of spatially
periodic pulse patterns: Evans function factorization via Riccati transformation. SIAM
J. Math. Anal., 48(1):61-121, 2016.

[18] J. Deng and S. Nii. Infinite-dimensional Evans function theory for elliptic eigenvalue
problems in a channel. J. Differential Equations, 225(1):57-89, 2006.

[19] M. Desroches, J. Guckenheimer, B. Krauskopf, C. Kuehn, H. M. Osinga, and M. Wech-
selberger. Mixed-mode oscillations with multiple time scales. SIAM Rev., 54(2):211—
288, 2012.

[20] F. Diener and M. Diener. Nonstandard analysis in practice. Universitext. Springer-
Verlag, Berlin, 1995.

[21] A. Doelman, R. A. Gardner, and T. J. Kaper. Large stable pulse solutions in reaction-
diffusion equations. Indiana Univ. Math. J., 50(1):443-507, 2001.

[22] A. Doelman, R. A. Gardner, and T. J. Kaper. A stability index analysis of 1-D patterns
of the Gray-Scott model. Mem. Amer. Math. Soc., 155(737):xii+64, 2002.

[23] A. Doelman, D. Iron, and Y. Nishiura. Destabilization of fronts in a class of bistable
systems. SIAM J. Math. Anal., 35(6):1420-1450 (electronic), 2004.

[24] A. Doelman and T. J. Kaper. Semistrong pulse interactions in a class of coupled
reaction-diffusion equations. SIAM J. Appl. Dyn. Syst., 2(1):53-96 (electronic), 2003.

[25] A. Doelman, T. J. Kaper, and H. van der Ploeg. Spatially periodic and aperiodic multi-
pulse patterns in the one-dimensional Gierer-Meinhardt equation. Methods Appl. Anal.,
8(3):387-414, 2001.

[26] A. Doelman, T.J. Kaper, and P. A. Zegeling. Pattern formation in the one-dimensional
Gray-Scott model. Nonlinearity, 10(2):523-563, 1997.



185 BIBLIOGRAPHY

[27] A. Doelman, J. D. M. Rademacher, and S. van der Stelt. Hopf dances near the tips of
Busse balloons. Discrete Contin. Dyn. Syst. Ser. S, 5(1):61-92, 2012.

[28] A. Doelman, B. Sandstede, A. Scheel, and G. Schneider. The dynamics of modulated
wave trains. Mem. Amer. Math. Soc., 199(934):viii+105, 2009.

[29] A. Doelman and H. van der Ploeg. Homoclinic stripe patterns. SIAM J. Appl. Dyn.
Syst., 1(1):65-104 (electronic), 2002.

[30] A.Doelman and F. Veerman. An explicit theory for pulses in two component, singularly
perturbed, reaction-diffusion equations. J. Dynam. Differential Equations, 27(3-4):555—
595, 2015.

[31] W. Eckhaus. Relaxation oscillations including a standard chase on French ducks. In
Asymptotic analysis, 11, volume 985 of Lecture Notes in Math., pages 449-494. Springer,
Berlin, 1983.

[32] E. G. Eszter. An Evans function analysis of the stability of periodic travelling wave
solutions of the FitzHugh-Nagumo system. PhD thesis, University of Massachusetts,
1999.

[33] J. W. Evans. Nerve axon equations. III. Stability of the nerve impulse. Indiana Univ.
Math. J., 22:577-593, 1972/73.

[34] N. Fenichel. Geometric singular perturbation theory for ordinary differential equations.
J. Differential Equations, 31(1):53-98, 1979.

[35] R.FitzHugh. Impulses and physiological states in theoretical models of nerve membrane.
Biophys. J., 1(6), 1961.

[36] H. Freistiihler and P. Szmolyan. Spectral stability of small-amplitude viscous shock
waves in several space dimensions. Arch. Ration. Mech. Anal., 195(2):353-373, 2010.

[37] R. Gardner and C. K. R. T. Jones. Stability of travelling wave solutions of diffusive
predator-prey systems. Trans. Amer. Math. Soc., 327(2):465-524, 1991.

[38] R. A. Gardner. On the structure of the spectra of periodic travelling waves. J. Math.
Pures Appl. (9), 72(5):415-439, 1993.

[39] R. A. Gardner. Spectral analysis of long wavelength periodic waves and applications. J.
Reine Angew. Math., 491:149-181, 1997.

[40] A. Gierer and H. Meinhardt. A theory of biological pattern formation. Kybernetik,
12(1):30-39, 1972.

[41] M. 1. Gil’. Norm estimations for operator-valued functions and applications, volume
192 of Monographs and Textbooks in Pure and Applied Mathematics. Marcel Dekker,
Inc., New York, 1995.



BIBLIOGRAPHY 186

[42] 1. Gohberg, P. Lancaster, and L. Rodman. Invariant subspaces of matrices with ap-
plications, volume 51 of Classics in Applied Mathematics. Society for Industrial and
Applied Mathematics (SIAM), Philadelphia, PA, 2006. Reprint of the 1986 original.

[43] P. Gray and S.L. Scott. Autocatalytic reactions in the isothermal, continuous stirred
tank reactor. Chem. Eng. Sci., 38(1):29-43, 1983.

[44] D. Henry. Geometric theory of semilinear parabolic equations, volume 840 of Lecture
Notes in Mathematics. Springer-Verlag, Berlin-New York, 1981.

[45] A.L.Hodgkin and A.F. Huxley. A quantitative description of membrane current and its
application to conduction and excitation in nerve. J. Physiol., 117(4):500-544, 1952.

[46] D. M. Holloway. Reaction-Diffusion Theory of Localized Structures with Application
to Vertebrate Organogenesis. PhD thesis, University of Britisch Colombia, 1995.

[47] M. Holzer, A. Doelman, and T. J. Kaper. Existence and stability of traveling pulses in a
reaction—diffusion-mechanics system. J. Nonlinear Sci., 23(1):129-177, 2013.

[48] R. A. Horn and C. R. Johnson. Topics in matrix analysis. Cambridge University Press,
Cambridge, 1991.

[49] H.Ikeda, Y. Nishiura, and H. Suzuki. Stability of traveling waves and a relation between
the Evans function and the SLEP equation. J. Reine Angew. Math., 475:1-37, 1996.

[50] D. Iron, M. J. Ward, and J. Wei. The stability of spike solutions to the one-dimensional
Gierer-Meinhardt model. Phys. D, 150(1-2):25-62, 2001.

[51] M. A. Johnson, K. Zumbrun, and J. C. Bronski. On the modulation equations and
stability of periodic generalized Korteweg-de Vries waves via Bloch decompositions.
Phys. D, 239(23-24):2057-2065, 2010.

[52] C. Jones, N. Kopell, and R. Langer. Construction of the FitzHugh-Nagumo pulse using
differential forms. In Patterns and dynamics in reactive media (Minneapolis, MN,
1989), volume 37 of IMA Vol. Math. Appl., pages 101-115. Springer, New York, 1991.

[53] C. K. R. T. Jones. Stability of the travelling wave solution of the FitzHugh-Nagumo
system. Trans. Amer. Math. Soc., 286(2):431-469, 1984.

[54] C. K. R. T. Jones. Geometric singular perturbation theory. In Dynamical systems
(Montecatini Terme, 1994), volume 1609 of Lecture Notes in Math., pages 44—118.
Springer, Berlin, 1995.

[55] C. K. R. T. Jones, T. J. Kaper, and N. Kopell. Tracking invariant manifolds up to
exponentially small errors. SIAM J. Math. Anal., 27(2):558-577, 1996.

[56] C. K. R. T.Jones and N. Kopell. Tracking invariant manifolds with differential forms
in singularly perturbed systems. J. Differential Equations, 108(1):64—88, 1994.



187 BIBLIOGRAPHY

[57] C. K. R.T. Jones and S. Tin. Generalized exchange lemmas and orbits heteroclinic to
invariant manifolds. Discrete Contin. Dyn. Syst. Ser. S, 2(4):967-1023, 2009.

[58] S.Jung. Pointwise asymptotic behavior of modulated periodic reaction-diffusion waves.
J. Differential Equations, 253(6):1807-1861, 2012.

[59] T.J. Kaper and C. K. R. T. Jones. A primer on the exchange lemma for fast-slow
systems. In Multiple-time-scale dynamical systems (Minneapolis, MN, 1997), volume
122 of IMA Vol. Math. Appl., pages 65-87. Springer, New York, 2001.

[60] T. Kapitula and K. Promislow. Spectral and dynamical stability of nonlinear waves,
volume 185 of Applied Mathematical Sciences. Springer, New York, 2013.

[61] J. P. Keener. Activators and inhibitors in pattern formation. Stud. Appl. Math., 59(1):1-
23, 1978.

[62] K. Kirchgissner. Wave-solutions of reversible systems and applications. J. Differential
Equations, 45(1):113-127, 1982.

[63] C. A. Klausmeier. Regular and irregular patterns in semiarid vegetation. Science,
284(5421):1826-1828, 1999.

[64] T. Kolokolnikov, M. J. Ward, and J. Wei. The existence and stability of spike equilibria
in the one-dimensional Gray-Scott model: the pulse-splitting regime. Phys. D, 202(3-
4):258-293, 2005.

[65] J. J. Kovacic. An algorithm for solving second order linear homogeneous differential
equations. J. Symbolic Comput., 2(1):3-43, 1986.

[66] M. Krupa and P. Szmolyan. Extending geometric singular perturbation theory to
nonhyperbolic points—fold and canard points in two dimensions. SIAM J. Math. Anal.,
33(2):286-314 (electronic), 2001.

[67] M. Krupa and P. Szmolyan. Relaxation oscillation and canard explosion. J. Differential
Equations, 174(2):312-368, 2001.

[68] P. A. Lagerstrom. Matched asymptotic expansions, volume 76 of Applied Mathematical
Sciences. Springer-Verlag, New York, 1988.

[69] Y. Latushkin and A. Pogan. The infinite dimensional Evans function. J. Funct. Anal.,
268(6):1509-1586, 2015.

[70] X. B. Lin. Using Mel’nikov’s method to solve Silnikov’s problems. Proc. Roy. Soc.
Edinburgh Sect. A, 116(3-4):295-325, 1990.

[71] X. B. Lin. Construction and asymptotic stability of structurally stable internal layer
solutions. Trans. Amer. Math. Soc., 353(8):2983-3043 (electronic), 2001.



BIBLIOGRAPHY 188

[72] A.Lunardi. Analytic semigroups and optimal regularity in parabolic problems. Progress
in Nonlinear Differential Equations and their Applications, 16. Birkhduser Verlag, Basel,
1995.

[73] H. Meinhardt. Models of biological pattern formation. Academic Press London, 1982.

[74] R. Mennicken and M. Moller. Non-self-adjoint boundary eigenvalue problems, volume
192 of North-Holland Mathematics Studies. North-Holland Publishing Co., Amsterdam,
2003.

[75] M. Meyries, J. D. M. Rademacher, and E. Siero. Quasi-linear parabolic reaction-
diffusion systems: a user’s guide to well-posedness, spectra, and stability of travelling
waves. SIAM J. Appl. Dyn. Syst., 13(1):249-275, 2014.

[76] D. S. Morgan, A. Doelman, and T. J. Kaper. Stationary periodic patterns in the 1D
Gray-Scott model. Methods Appl. Anal., 7(1):105-149, 2000.

[77] C. B. Muratov and V. V. Osipov. Stability of the static spike autosolitons in the
Gray-Scott model. SIAM J. Appl. Math., 62(5):1463-1487, 2002.

[78] J. D. Murray. Mathematical biology. I, volume 18 of Interdisciplinary Applied Mathe-
matics. Springer-Verlag, New York, third edition, 2003.

[79] J. Nagumo, S. Arimoto, and S. Yoshizawa. An active pulse transmission line simulating
nerve axon. Proc. IEEE, 50(10):2061-2070, 1962.

[80] W. M. Ni. Diffusion, cross-diffusion, and their spike-layer steady states. Notices Amer.
Math. Soc., 45(1):9-18, 1998.

[81] Y. Nishiura and H. Fujii. Stability of singularly perturbed solutions to systems of
reaction-diffusion equations. SIAM J. Math. Anal., 18(6):1726-1770, 1987.

[82] Y. Nishiura, M. Mimura, H. Ikeda, and H. Fujii. Singular limit analysis of stability of
traveling wave solutions in bistable reaction-diffusion systems. SIAM J. Math. Anal.,
21(1):85-122, 1990.

[83] A. Ostrowski. Uber die Stetigkeit von charakteristischen Wurzeln in Abhzingigkeit von
den Matrizenelementen. Jber. Deutsch. Math. Verein., 60(1):40-42, 1957.

[84] K. J. Palmer. On the reducibility of almost periodic systems of linear differential
equations. J. Differential Equations, 36(3):374-390, 1980.

[85] K. J. Palmer. Exponential separation, exponential dichotomy and spectral theory for
linear systems of ordinary differential equations. J. Differential Equations, 46(3):324—
345, 1982.

[86] K.J.Palmer. Exponential dichotomies and transversal homoclinic points. J. Differential
Equations, 55(2):225-256, 1984.



189 BIBLIOGRAPHY

[87] K.J. Palmer. Exponential dichotomies for almost periodic equations. Proc. Amer. Math.
Soc., 101(2):293-298, 1987.

[88] K. J. Palmer. A perturbation theorem for exponential dichotomies. Proc. Roy. Soc.
Edinburgh Sect. A, 106(1-2):25-37, 1987.

[89] J. E. Pearson. Complex patterns in a simple system. Science, 261(5118):189-192,
1993.

[90] R. L. Pego and M. I. Weinstein. Eigenvalues, and instabilities of solitary waves. Philos.
Trans. Roy. Soc. London Ser. A, 340(1656):47-94, 1992.

[91] D. Peterhof, B. Sandstede, and A. Scheel. Exponential dichotomies for solitary-wave
solutions of semilinear elliptic equations on infinite cylinders. J. Differential Equations,
140(2):266-308, 1997.

[92] J. D. M. Rademacher. First and second order semistrong interaction in reaction-diffusion
systems. SIAM J. Appl. Dyn. Syst., 12(1):175-203, 2013.

[93] J. D. M. Rademacher and A. Scheel. Instabilities of wave trains and Turing patterns in
large domains. Internat. J. Bifur. Chaos Appl. Sci. Engrg., 17(8):2679-2691, 2007.

[94] C. Robinson. Sustained resonance for a nonlinear system with slowly varying coeffi-
cients. SIAM J. Math. Anal., 14(5):847-860, 1983.

[95] J. E. Rubin. Stability, bifurcations and edge oscillations in standing pulse solutions
to an inhomogeneous reaction-diffusion system. Proc. Roy. Soc. Edinburgh Sect. A,
129(5):1033-1079, 1999.

[96] B. Sandstede. Verzweigungstheorie homokliner Verdopplungen. PhD thesis, University
of Stuttgart, 1993.

[97] B. Sandstede. Stability of multiple-pulse solutions. Trans. Amer. Math. Soc., 350(2):429-
472, 1998.

[98] B. Sandstede. Stability of travelling waves. In Handbook of dynamical systems, Vol. 2,
pages 983—-1055. North-Holland, Amsterdam, 2002.

[99] B. Sandstede and A. Scheel. Absolute and convective instabilities of waves on un-
bounded and large bounded domains. Phys. D, 145(3-4):233-277, 2000.

[100] B. Sandstede and A. Scheel. On the stability of periodic travelling waves with large
spatial period. J. Differential Equations, 172(1):134—-188, 2001.

[101] B. Sandstede, A. Scheel, G. Schneider, and H. Uecker. Diffusive mixing of periodic
wave trains in reaction-diffusion systems. J. Differential Equations, 252(5):3541-3574,
2012.



BIBLIOGRAPHY 190

[102] S. Schecter. Exchange lemmas. II. General exchange lemma. J. Differential Equations,
245(2):411-441, 2008.

[103] A. Scheel. Bifurcation to spiral waves in reaction-diffusion systems. SIAM J. Math.
Anal., 29(6):1399-1418 (electronic), 1998.

[104] G. Schneider. Nonlinear diffusive stability of spatially periodic solutions—abstract
theorem and higher space dimensions. In Proceedings of the International Conference
on Asymptotics in Nonlinear Diffusive Systems (Sendai, 1997), volume 8 of Tohoku
Math. Publ., pages 159-167. Tohoku Univ., Sendai, 1998.

[105] P. Schiitz, M. Bode, and V. V. Gafiichuk. Transition from stationary to traveling
localized patterns in a two-dimensional reaction-diffusion system. Phys. Rev. E (3),
52(4, part B):4465-4473, 1995.

[106] G. R. Sell and Y. You. Dynamics of evolutionary equations, volume 143 of Applied
Mathematical Sciences. Springer-Verlag, New York, 2002.

[107] D. Serre. Spectral stability of periodic solutions of viscous conservation laws: large
wavelength analysis. Comm. Partial Differential Equations, 30(1-3):259-282, 2005.

[108] L. Sewalt. Patterns in natural systems. PhD thesis, Leiden University, 2016.

[109] E. Siero, A. Doelman, M. B. Eppinga, J. D. M. Rademacher, M. Rietkerk, and K. Siteur.
Striped pattern selection by advective reaction-diffusion systems: resilience of banded
vegetation on slopes. Chaos, 25(3), 2015.

[110] C. Soto-Trevifio. A geometric method for periodic orbits in singularly-perturbed
systems. In Multiple-time-scale dynamical systems (Minneapolis, MN, 1997), volume
122 of IMA Vol. Math. Appl., pages 141-202. Springer, New York, 2001.

[111] M. Taniguchi and Y. Nishiura. Instability of planar interfaces in reaction-diffusion
systems. SIAM J. Math. Anal., 25(1):99-134, 1994.

[112] A.M. Turing. The chemical basis of morphogenesis. Phil. Trans. R. Soc. B, 237(641):37-
72,1952.

[113] J.J. Tyson and J. P. Keener. Singular perturbation theory of traveling waves in excitable
media (a review). Phys. D, 32(3):327-361, 1988.

[114] H. van der Ploeg and A. Doelman. Stability of spatially periodic pulse patterns in
a class of singularly perturbed reaction-diffusion equations. Indiana Univ. Math. J.,
54(5):1219-1301, 2005.

[115] S. van der Stelt, A. Doelman, G. Hek, and J. D. M. Rademacher. Rise and fall of
periodic patterns for a generalized Klausmeier-Gray-Scott model. J. Nonlinear Sci.,
23(1):39-95, 2013.



191 BIBLIOGRAPHY

[116] P. van Heijster, A. Doelman, and T. J. Kaper. Pulse dynamics in a three-component
system: stability and bifurcations. Phys. D, 237(24):3335-3368, 2008.

[117] P. van Heijster and B. Sandstede. Planar radial spots in a three-component FitzHugh-
Nagumo system. J. Nonlinear Sci., 21(5):705-745, 2011.

[118] A. Vanderbauwhede and B. Fiedler. Homoclinic period blow-up in reversible and
conservative systems. Z. Angew. Math. Phys., 43(2):292-318, 1992.

[119] F. Veerman. Breathing pulses in singularly perturbed reaction-diffusion systems. Non-
linearity, 28(7):2211-2246, 2015.

[120] F. Veerman and A. Doelman. Pulses in a Gierer-Meinhardt equation with a slow
nonlinearity. SIAM J. Appl. Dyn. Syst., 12(1):28-60, 2013.

[121] Y. H. Wan. On the uniqueness of invariant manifolds. J. Differential Equations,
24(2):268-273, 1977.

[122] M.J. Ward and J. Wei. The existence and stability of asymmetric spike patterns for the
Schnakenberg model. Stud. Appl. Math., 109(3):229-264, 2002.

[123] M.J. Ward and J. Wei. Hopf bifurcations and oscillatory instabilities of spike solutions
for the one-dimensional Gierer-Meinhardt model. J. Nonlinear Sci., 13(2):209-264,
2003.

[124] J. Wei and M. Winter. Spikes for the Gierer-Meinhardt system in two dimensions: the
strong coupling case. J. Differential Equations, 178(2):478-518, 2002.

[125] J. Wei and M. Winter. Asymmetric spotty patterns for the Gray-Scott model in R?. Stud.
Appl. Math., 110(1):63-102, 2003.

[126] E. Yanagida. Stability of fast travelling pulse solutions of the FitzHugh-Nagumo
equations. J. Math. Biol., 22(1):81-104, 1985.

[127] Ya. B. Zel’dovich, G. I. Barenblatt, V. B. Librovich, and G. M. Makhviladze. The math-
ematical theory of combustion and explosions. Plenum, New York, 1985. Translated
from the Russian by Donald H. McNeill.

[128] A.Zettl. Sturm-Liouville theory, volume 121 of Mathematical Surveys and Monographs.
American Mathematical Society, Providence, RI, 2005.






Nederlandse samenvatting

Periodieke pulsoplossingen in langzaam-niet-lineaire reactie-
diffusiesystemen

In velerlei dynamische processen vindt patroonvorming plaats — denk aan de geleiding van
zenuwimpulsen door een axon, het ontstaan van vlekken en strepen op dierenvacht of de ont-
wikkeling van vegetatiepatronen aan de rand van een woestijn. Reactie-diffusiesystemen zijn
wellicht de simpelste parti€le differentiaalvergelijkingen die zulke patroonvormende processen
beschrijven. Alan Turing was de eerste die in 1952 liet zien dat patronen uit een uniforme toe-
stand kunnen ontstaan in lineaire reactie-diffusiesystemen met twee componenten. Eén van de
componenten, de activator, bevordert de groei van beide componenten, terwijl de ander, de in-
hibitor, zorgt voor afremming. Turing toonde aan dat wanneer de inhibitor veel gemakkelijker
diffundeert dan de activator er een terugkoppelingsmechanisme ontstaat wat patroonvorming
stimuleert. In 1972 generaliseerde Gierer en Meinhardt dit resultaat naar niet-lineaire reactie-
diffusiesystemen. Tegenwoordig worden niet-lineaire reactie-diffusiesystemen met meerdere
componenten gebruikt als een paradigmatische klasse voor de bestudering van patroonvorming.

Het bovengenoemde verschil in diffusiesnelheden kan worden gemodelleerd door een (asymp-
totisch) kleine parameter ¢ in het systeem te introduceren. Over het algemeen is het uitermate
lastig patronen in reactie-diffusievergelijkingen analytisch te beschrijven — helemaal wan-
neer de vergelijking meerdere componenten heeft. Echter, de kleine parameter induceert
een tweedeling tussen langzaam en snel gedrag in het systeem. Door deze tweedeling uit te
buiten, kunnen we de wiskundige analyse vergemakkelijken. Immers, door de limiet € — 0
in verschillende schalingen van het systeem te nemen ontstaan zogenaamde gereduceerde,
langzame en snelle systemen. Deze gereduceerde systemen zijn lager-dimensionaal en daarom
beter geschikt voor wiskundige analyse. Vaak is het voldoende deze gereduceerde systemen
te begrijpen om het gedrag van patronen in het volledige reactie-diffusiesysteem te beschrijven.

Via reductiemethodes is er de afgelopen decennia veel vooruitgang geboekt in de analyse van
patroonoplossingen in reactie-diffusiesystemen met een kleine parameter — en dan met name de
stationaire en uniform-lopende patronen. Zo kan een dergelijk patroon geconstrueerd worden
uit simpelere bouwstenen op de volgende manier. Eerst plakken we simpelweg oplossingen
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van gereduceerde, langzame en snelle systemen aan elkaar zodat er een gesloten baan ontstaat —
zie Figuur 1.2. Hoewel deze baan geen oplossing is van het oorspronkelijke systeem, kan men
via geometrische singuliere-storingsrekening aantonen dat er een echte oplossing bestaat in een
omgeving van deze baan, onder de voorwaarde dat de parameter € voldoende klein is. Gezien
de oplossing ontstaat uit een samenvoeging van snelle en langzame onderdelen, bestaat zij uit
sterk gelokaliseerde, spitse stukken en vlakke segmenten tussen de gelokaliseerde gedeeltes —
zie bijvoorbeeld Figuur 1.

Vaak is men niet alleen geinteresseerd in de gevonden patroonoplossing, maar tevens in
het gedrag van dichtbij zijnde oplossingen van het reactie-diffusiesysteem. Immers, als op-
lossingen in de omgeving van het patroon divergeren met het verstrijken van de tijd, dan
is het patroon instabiel onder kleine verstoringen. Zo’n patroon zal dus niet in de praktijk
waargenomen worden, ook al is zijn existentie wiskundig bewezen. Om de stabiliteit van
een patroonplossing te bepalen zijn we geinteresseerd in de leidende orde dynamica in een
omgeving van de oplossing, welke wordt verkregen door het reactie-diffusiesysteem rondom de
oplossing te lineariseren — het lineaire gedrag zal namelijk voor kleine verstoringen dominant
zijn. De gelineariseerde vergelijking is een evolutievergelijking van de vorm u, = Lu, waarbij
L een onbegrensde differentiaaloperator is, gedefinieerd op een geschikte functieruimte. Het
spectrum van de verworven differentiaaloperator £ is vaak bepalend voor stabiliteit, maar het
is meestal zeer lastig de benodigde spectrale informatie te verkrijgen. Immers, het spectrum
van L bestaat uit alle A € C waarvoor het eigenwaardeprobleem Lu = Au inverteerbaar is. Dit
eigenwaardeprobleem is weliswaar een lineaire, gewone differentiaalvergelijking, maar — zeker
in het geval van meerdere componenten — is het nog steeds erg lastig zo’n niet-autonoom
systeem op te lossen.

Desalniettemin kunnen we ook hier gebruik maken van de tweedeling tussen langzaam
en snel gedrag in het systeem. Voor patroonoplossingen van verschillende specifieke reactie-
diffusiesystemen is er via geometrische methodes aangetoond dat het eigenwaardeprobleem
versimpelt in gereduceerde, langzame en snelle eigenwaardeproblemen. Deze versimpeling
manifesteert zich via een complex-analytische, determinantfunctie: de Evansfunctie, wiens
nulpunten overeenkomen met het spectrum van de differentiaaloperator £. De kleine parameter
induceert een expliciete factorisatie van de Evansfunctie in langzame en snelle componenten,
die corresponderen met gereduceerde, langzame en snelle eigenwaardeproblemen. Deze
factorisatie geeft in de limiet & — 0 aanleiding tot een decompositie van het spectrum in
snelle en langzame segmenten, die bepaald kunnen worden aan de hand van de gereduceerde
eigenwaardeproblemen, welke lager-dimensionaal en daarom beter behapbaar zijn. Dit leidt
tot asymptotische controle over het spectrum.

Echter, asymptotische controle over het spectrum is dikwijls onvoldoende om stabiliteit
van de patroonoplossing aan te tonen: door translatie-invariantie — elke ruimtelijke translatie
van het patroon is namelijk weer een oplossing van het reactie-diffusiesysteem — bevindt
er zich spectrum nabij de oorsprong in het complexe vlak. In de limiet & — 0 convergeert
dit spectrum naar de oorsprong toe en dus is asymptotische controle onvoldoende om de
fijnstructuur van de spectrum nabij de oorsprong te bepalen. Echter, de precieze locatie van
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spectrum ten opzichte van de imaginaire as is doorslaggevend voor stabiliteit. Daarom dient in
veel gevallen de Evansfunctieanalyse gecomplementeerd te worden met een lokale analyse
van het spectrum nabij de oorsprong.

De geometrische factorisatiemethode van de Evansfunctie is ontwikkeld in de context van
patroonoplossingen in langzaam-lineaire prototypesystemen — zoals de FitzHugh-Nagumo-,
Gray-Scott- en Gierer-Meinhardtvergelijkingen. In zulke systemen is de gereduceerde lang-
zame dynamica lineair van aard. Recentelijk is de geometrische factorisatiemethode gege-
neraliseerd voor de stabiliteitsanalyse van stationaire, homocliene pulsoplossingen in een
klasse van langzaam-niet-lineaire reactie-diffusiesystemen met twee componenten. Het is
aangetoond dat de dynamica in zulke systemen fundamenteel anders — en rijker — is dan in
langzaam-lineaire systemen.

In dit proefschrift bestuderen we stationaire, ruimtelijk periodieke pulsoplossingen in langzaam-
niet-lineaire reactie-diffusievergelijkingen met een willekeurig aantal componenten. Hoewel er
op het eerste oog weinig verschil lijkt te zijn met de situatie van homocliene pulsoplossingen,
is de geometrische factorisatiemethode in ons geval niet toepasbaar. Bovendien raakt er
een spectrale kromme aan de oorsprong, die in de limiet £ — 0 ineenkrimpt tot een punt.
Hierdoor is een additionele analyse van het spectrum nabij de oorsprong noodzakelijk, terwijl
in het homocliene geval er zich slechts een simpele, geisoleerde eigenwaarde op de oorsprong
bevindt.

Voor de stabiliteitsanalyse van periodieke pulsoplossingen zijn dus nieuwe reductiemethodes
nodig. In dit proefschrift presenteren we een alternatieve, analytische factorisatiemethode
voor de Evansfunctie. Deze analytische methode werkt, in tegenstelling tot zijn geometrische
tegenhanger, voor periodieke patronen in langzaam-niet-lineaire systemen. Bovendien kan de
methode onathankelijk van specifieke systemen of patroonoplossingen worden geformuleerd
en werkt zij voor een willekeurig aantal componenten. Daarmee bewijst onze analytische
methode ook haar nut buiten de context van periodieke pulsoplossingen. Ten tweede ontrafelen
we in dit proefschrift de fijnstructuur van het spectrum nabij de oorsprong door lokaal het
inverteren van het oneindigdimensionale eigenwaardenprobleem te reduceren tot het oplossen
van een eendimensionale vergelijking. Door de termen in de laatstgenoemde vergelijking uit
te rekenen in de limiet € — 0 verkrijgen we een expansie van de kritieke spectrale kromme
die aan de oorsprong raakt.

De twee reductiemechanismen uit de vorige alinea geven voldoende controle over het spectrum
om expliciete stabiliteitscriteria op te stellen in termen van gereduceerde, lager-dimensionale
eigenwaardeproblemen. Zo kan men stabiliteit van stationaire, periodieke pulsoplossingen in
een tweecomponentensysteem bewijzen door een aantal voorwaarden te checken in scalaire
Sturm-Liouvilleproblemen. Bovendien vinden we instabiliteitscriteria in termen van het teken
van een aantal expliciete uitdrukkingen die uitgerekend kunnen worden met slechts de asymp-
totische benadering van het pulsprofiel als input. Tot slot leidt de controle over het spectrum
tot inzichten in destabilisatiemechanismen van periodieke pulsoplossingen. Het is mogelijk de
verschillende soorten instabiliteiten te karakteriseren aan de hand van de voorgenoemde stabi-
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liteitscriteria. In het bijzonder kunnen we de destabilisatiemechanismen van een periodieke
pulsoplossing die convergeert naar een homocliene puls zeer gedetailleerd beschrijven.

De opzet van dit proefschrift is als volgt. In Hoofdstuk 1 geven we een literatuuroverzicht
van de huidige reductiemethodes voor de existentie- en stabiliteitsanalyse van patroonoplos-
singen in reactie-diffusiesystemen met een kleine parameter. We leggen uit waarom deze
reductiemethodes niet geschikt zijn voor de stabiliteitsanalyse van periodieke pulsoplossingen
in langzaam-niet-lineaire systemen. Tevens introduceren we de algemene klasse van langzaam-
niet-lineaire reactie-diffusiesystemen met een willekeurig aantal componenten die we beschou-
wen in dit proefschrift. In Hoofdstuk 2 construeren we periodieke pulsoplossingen in deze
klasse van reactie-diffusiesystemen met behulp van geometrische singuliere-storingsrekening.
In Hoofdstuk 3 presenteren we het hoofdresultaat van dit proefschrift: expliciete stabiliteits-
en instabiliteitscriteria in termen van lager-dimensionale eigenwaardeproblemen. De vol-
gende twee hoofdstukken zijn gewijd aan het bewijs van ons hoofdresultaat. In Hoofdstuk 4
behandelen we de voorkennis noodzakelijk voor de stabiliteitsanalyse. Hoofdstuk 5 bevat
dan de werkelijke stabiliteitsanalyse: we factoriseren de Evansfunctie via onze alternatieve,
analytische reductiemethode en we expanderen de kritieke spectrale kromme. In Hoofdstuk 6
concentreren we ons op destabilisatiemechanismen van periodieke pulsoplossingen. Tot slot
bevat Hoofdstuk 7 een overzicht van toekomstige onderzoeksmogelijkheden.



Dankwoord

Allereerst wil ik mijn promotores Arjen en Jens bedanken. Het was voor mij een stap in het
ongewisse toen ik aan dit promotietraject begon. Niet alleen was ik grotendeels onbekend met
het onderwerp, maar ook had ik nog niet eerder met jullie samengewerkt. Ik wilde graag mijn
functionaalanalytische technieken gebruiken in de meer toegepaste wiskunde. Ik ben jullie
dankbaar voor het vertrouwen en de vrijheid die jullie mij hebben gegeven in dit proces. Arjen,
juist door je kwetsbaar en open op te stellen, ben je krachtig als wetenschapper en als mens.
Als wiskundigen zijn wij verschillend, maar dat maakt onze samenwerking juist sterk. Terwijl
ik soms verzonken was in details en technieken, heb je mij geleerd naar het totaalplaatje te
kijken en meer resultaatgericht te werken. Jens, I admire your honesty, perseverance and
thoroughness both when doing mathematics but also in daily life. I enjoyed our blackboard ses-
sions, but also the free time we had in Bremen, Leiden, Cambridge, Snowbird and Philadelphia.

Secondly, I want to thank Bjorn for his hospitality during my time in Providence. Besides
from being an excellent researcher, you are a great advisor and group leader. It was very
inspirational to be part of your group and I certainly benefitted from our collaboration. Paul,
I definitely enjoyed working together on the FitzHugh-Nagumo project and I think we can
conclude it is not a lattice thing.

My colleagues and friends at the mathematics departments of Leiden and Brown Univer-
sity also deserve my thanks. Lotte, vanaf de dag dat de salon du thé werd opgericht, was het
een feest om samen een kantoor te delen. Maja, having you in the office certainly helped me
through the last bits of my thesis. Corine, ik wil je graag bedanken voor je luisterend oor. Eric,
je was geweldig gezelschap tijdens onze vele reizen. Frits, bedankt dat ik gebruik heb kunnen
maken van je senioriteit tijdens je uitstekende introductie in het vakgebied. Stéphanie, jij hebt
me vanaf de eerste dag van mijn studie enorm geinspireerd en gestimuleerd en dat doe je nog
steeds. Ik wil je graag bedanken voor je vriendschap.

Tot slot wil ik al mijn vrienden en familie bedanken voor hun support en interesse gedurende
mijn promotietraject. Anneloes, Britt, Chris, Franka, Gaby, Jonathan, Michiel, Monique,
Rosha, Sander bedankt voor jullie jarenlange, speciale vriendschap. Pap, Mam, Thom jullie
hebben mij altijd vrij gelaten om te worden wie ik wil en daar wil ik jullie voor bedanken.
Lars, als geen ander heb jij meegeholpen aan dit proefschrift, zonder er ook maar iets van te
begrijpen. Ik hoop dat ons verhaal nog lang niet afgelopen is.

197






Curriculum vitae

Bjorn de Rijk was born on the 9th of October, 1988 in Rijswijk, the Netherlands. In 2007 he
obtained his gymnasium diploma at the Interconfessioneel Makeblijde College in Rijswijk. In
the same year he enrolled at Leiden University and in 2010 he received a bachelor’s degree in
mathematics (cum laude). During his bachelor studies he worked as an exam trainer teaching
classes of high school students in preparation for their final exams. Moreover, as a student
ambassador he provided information to and organized activities for prospective mathematics
students. In 2009 he was elected as a member of student party BeP to the faculty council of
the faculty of science. In 2012 he obtained his master’s degree in mathematics (cum laude)
taking courses with an emphasis on functional analysis. His master’s thesis is titled The Order
Bicommutant and was written under the supervision of dr. M. de Jeu. It was awarded the GQT
student prize for best master’s thesis in a field related to geometry and quantum theory. During
his master’s studies Bjorn became student member of the examination appeals board.

In 2012 he commenced his Ph.D. research at the Mathematical Institute of Leiden Uni-
versity under the guidance of prof. dr. A. Doelman and prof. dr. J.D.M. Rademacher, which
culminated in this thesis. His research project was partly funded by the Dutch science founda-
tion (NWO) through the NDNS+-cluster. During his Ph.D. studies Bjorn attended, organized
and spoke at various seminars and colloquia in Leiden, Delft, Bremen, Stuttgart, Berlin, Provi-
dence, Boston, Troy and Lunteren. He was one of the organizers of the Ph.D. colloquium at
the Leiden Mathematical Institute, which aims to connect Ph.D. students from different fields.
He gave contributed talks and poster presentations at international conferences in Cambridge,
Snowbird, Lyon and Philadelphia. At the SIAM NW 14 Conference in Cambridge he won
the poster prize. In 2014 he earned a travel grant for a four month research visit to Brown
University in Providence. This resulted in a successful research project under the supervision
of prof. dr. B. Sandstede leading to a journal publication [10] that is not included in this thesis.

Bjorn also assisted in the teaching of many bachelor and master courses, including the
national Mastermath functional analysis course. He was an instructor of the numeracy course
at Leiden University College in The Hague in 2013. Moreover, he lectured ordinary differential
equations several times in the absence of the senior lecturer. After obtaining his doctor’s
degree, Bjorn will proceed with post-doctoral research at Stuttgart University in the group of
prof. dr. G. Schneider.

199






Propositions

1.

Periodic pulse solutions exists in a large class of multi-component, slowly nonlinear
reaction-diffusion systems. They arise as perturbations from a singular periodic orbit
consisting of a pulse satisfying a fast reduced system and an orbit segment on an
invariant manifold satisfying a slow reduced system. (This thesis, chapter 2.)

Propositions 2.-8. concern periodic pulse solutions in multi-component, slowly nonlinear
reaction-diffusion systems as described in Proposition 1.

2.

10.
11.

In order to establish nonlinear diffusive stability of periodic pulse solutions one needs
both asymptotic control over the spectrum of the linearization about the pulse solution
as well as leading-order control over the critical spectral curve attached to the origin,
which shrinks to the origin in the asymptotic limit. (This thesis, chapter 3.)

. Explicit asymptotic control over the spectrum can be obtained by factorizing the Evans

function via the Riccati transform. (This thesis, chapter 5.)

. Explicit leading-order control over the critical spectral curve can be obtained by a

Lyapunov-Schmidt reduction procedure using Lin’s method. (This thesis, chapter 5.)

. Verifying nonlinear diffusive stability of a periodic pulse solution with m slow and n

fast components requires explicit knowledge of the dynamics in m- and n-dimensional
eigenvalue problems only. (This thesis, chapter 3.)

. A two-component periodic pulse solution cannot be destabilized through a Turing or

fold instability, whereas these instabilities are robust for symmetric, spatially periodic
patterns in reaction-diffusion systems. (This thesis, chapter 6.)

. The Hopf and belly dance destabilization mechanisms occur in every two-component,

slowly nonlinear reaction-diffusion systems. (This thesis, chapter 6.)

. Whether the homoclinic limit is the last ‘periodic’ pulse solution to destabilize depends

on the slow nonlinearity. (This thesis, chapter 6.)

. Techniques for partial differential equations are often developed in the context of specific

prototype equations, which facilitates the readability of papers. The drawback is that
wider applicability of these techniques is often claimed, but not checked in detail.

In mathematics, just like in sports, natural ability alone is not enough to excel.

The work of a mathematician can rarely be applied to a real life problem directly. Yet,
many solutions to real life problems have their roots in mathematics.

. There is no clear distinction between fundamental and applied research. It is all a matter

of perspective.



Stellingen

1.

Periodieke pulsoplossingen bestaan in een grote klasse van langzaam-niet-lineaire
reactie-diffusiesystemen met meerdere componenten. Deze oplossingen komen tot stand
als verstoringen van een singuliere periodieke baan bestaande uit een puls die voldoet
aan een gereduceerd snel systeem en een baansegment op een invariante variéteit die
voldoet aan een gereduceerd langzaam systeem. (Dit proefschrift, hoofdstuk 2.)

Stellingen 2.-8. hebben betrekking op periodieke pulsoplossingen in langzaam-niet-lineaire
reactie-diffusie-systemen met meerdere componenten zoals beschreven in Stelling 1.

2.

10.
11.

12.

Om niet-lineaire diffusieve stabiliteit van periodieke pulsoplossingen te bewijzen is
zowel asymptotische controle over het spectrum van de linearisatie rondom de pulsop-
lossing vereist als leidende orde controle over de kritieke spectrale kromme die raakt aan
de oorsprong en in de asymptotische limiet ineenkrimpt tot een punt. (Dit proefschrift,
hoofdstuk 3.)

. Expliciete asymptotische controle over het spectrum kan worden verkregen door de

Evansfunctie te factoriseren via de Riccatitransformatie. (Dit proefschrift, hoofdstuk 5.)

. Expliciete leidende orde controle over de kritieke spectrale kromme kan worden ver-

kregen via een Lyapunov-Schmidtreductieprocedure door gebruik te maken van Lins
methode. (Dit proefschrift, hoofdstuk 5.)

. Expliciete kennis van de dynamica in zekere m- and n-dimensionale eigenwaardeproble-

men is voldoende om te verifiéren of een periodieke pulsoplossing met m langzame en
n snelle componenten niet-lineair diffusief stabiel is. (Dit proefschrift, hoofdstuk 3.)

. Een periodieke pulsoplossing met twee componenten kan niet destabiliseren via een

Turing- of foldinstabiliteit, terwijl deze instabiliteiten robuust zijn voor symmetrische,
ruimtelijk periodieke oplossingen in reactie-diffusiesystemen. (Dit proefschrift, hoofd-
stuk 6.)

. De Hopf en belly dance destabilisatiemechanismen vinden in elk langzaam-niet-lineair

reactie-diffusiesysteem met twee componenten plaats. (Dit proefschrift, hoofdstuk 6.)

. Het hangt van de langzaam-niet-lineaire termen af of de homocliene limiet de laatste

‘periodieke’ pulsoplossing is die haar stabiliteit verliest. (Dit proefschrift, hoofdstuk 6.)

. Technieken voor partiéle differentiaalvergelijkingen worden vaak ontwikkeld in de

context van specifieke prototypesystemen, wat de leesbaarheid van artikelen ten goede
komt. De schaduwzijde hiervan is dat er vaak geclaimd wordt dat deze technieken
breder toepasbaar zijn, maar dit niet wordt geverifieerd.

In de wiskunde is, net zoals bij sport, aanleg alleen onvoldoende om de top te bereiken.

Het werk van een wiskundige kan bijna nooit direct in de praktijk toegepast worden.
Toch vinden veel oplossingen voor problemen uit de praktijk hun oorsprong in de
wiskunde.

Er is geen duidelijk onderscheid te maken tussen fundamenteel en toegepast onderzoek.
Het is een kwestie van perspectief.
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