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Incoherent thermal transport from dirty black holes
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We study thermal transport in strongly disordered, strongly interacting quantum field theories without
quasiparticles using gauge-gravity duality. We analyze linear perturbations of black holes with broken
translational symmetry inEinstein-Maxwell-dilaton theories of gravity.Using general geometric arguments in
the bulk,we derive bounds on thermal conductivity for the dual disordered field theories in one and two spatial
dimensions. In the latter case, the thermal conductivity is always nonzero at finite temperature, so long as the
dilaton potential is bounded from below. Hence, generic holographic models make nontrivial predictions
about the thermal conductivity in a strongly disordered, strongly coupled metal in two spatial dimensions.
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I. INTRODUCTION

One of the most dramatic and unique consequences of
quantum mechanics is the localization of electronic wave
functions in disordered systems [1], which leads to expo-
nentially suppressed thermal (and electrical) conductivity
in noninteracting theories at finite temperature [2]. In recent
years, there has been an intense effort to study whether
localization extends to interacting theories [3]. Under many
circumstances, at least in one spatial dimension [4–6], this
has been shown to be the case, and the resulting phase is
coined many-body localization. It is of great interest to
understand whether this phenomenon persists in strongly
interacting quantum systems in higher dimensions.
One of the only analytical techniques to study higher

dimensional strongly coupled systems is gauge-gravity
duality [7–9]. In particular, finite temperature computations
become tractable. In the past few years, numerous holo-
graphic models with heuristic “mean field” approximations
to disorder have conjectured (perhaps inadvertently) that
the simplest holographic models are thermal conductors at
all disorder strengths, in two or more spatial dimensions
[10–13]. Such models correctly approximate weak disorder
[14–16], as the theories are in a hydrodynamic regime.
Numerical work on holographic thermal transport [17–19]
has also been performed by explicitly constructing disor-
dered black holes [20,21]. What remains an open question
is whether mean field results are also sensible when
disorder is strong.
Recently, the tools to analytically address this problem

have been developed. First, the computation of thermal DC
conductivity has been reduced to a hydrodynamics problem
for an “artificial” fluid on the black hole horizon [22,23].
Second, a general hydrodynamic framework has been
developed which can provide nonperturbative bounds on

transport coefficients [24]. Recently, these formalisms have
been combined to prove that the DC electrical conductivity
of Einstein-Maxwell holographic models in two spatial
(boundary) dimensions is strictly finite [25], so long as
the black hole horizon is connected. The goal of this paper
is to obtain similar results for the thermal conductivity of
disordered Einstein-Maxwell-dilaton (EMD) holographic
models.

II. RESULTS

We bound the thermal conductivity κ of a relativistic (at
high energies) theory dual to a disordered black hole in
EMD gravity in dþ 2 spacetime dimensions, for d ¼ 1, 2.
These holographic models are dual to field theories at finite
density and temperature, deformed by a charge-neutral
relevant scalar operator. The dual theory is sourced by
arbitrarily strong disorder, so long as in the bulk, the
horizon remains connected. Assuming isotropy on long
length scales, κ is defined as

κ ≡ −
Qx

∂xT

����
Jx¼0

; ð1Þ

where Qx is the heat current, Jx is the charge current,
and −∂xT is an externally imposed uniform temperature
gradient. Note that κ is positive by the second law of
thermodynamics, has (relativistic) mass dimension
½κ� ¼ ½M�d−1, and that it is defined under the boundary
condition that no average electric current flows. The
boundary theory is at a uniform temperature T.
Analytically computing bounds on κ, in d ¼ 1 we find

κ ≥ 16π3
�

1

1 − 1
2
Vmin

�
T
s
×
k2B
ℏ
ðN2Þ2; ð2Þ

where s is the (spatially averaged) entropy density in the
boundary theory, N2 is a large prefactor due to the many
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degrees of freedom in holographic models, and Vmin
denotes the global minimum of the dilaton potential; note
that Vmin ≤ 0 by construction. In d ¼ 2 we find

κ

T
≥
4π2

3

�
1

1 − 1
6
Vmin

�
×
k2B
ℏ
N2: ð3Þ

Hence, if the dilaton potential is bounded from below,
the (relativistically) dimensionless number κ=T is strictly
finite. Such sharp exact results for κ have never before been
obtained in higher dimensions in a theory where (generic)
disorder and interactions are both treated nonperturbatively
at finite temperature and density. Henceforth, we work in
units where ℏ ¼ kB ¼ c ¼ 1.
Let us briefly compare (3) with our previous result [25]

showing that in d ¼ 2, σ is strictly finite in Einstein-
Maxwell models. The bound on σ derived in [25] relies
entirely on curious properties of holographic “horizon
fluids” governing transport, but not on details of the
near-horizon geometry. Crudely speaking, the horizon fluid
is always a local conductor, and so is necessarily a global
conductor, as is the dual theory. No such local bound exists
for κ; the bulk Einstein’s equations play an essential role in
enforcing the bound (3). For this reason, it is much more
subtle. It is also more powerful: while in general EMD
models σðTÞ ∼ Tp can be either metallic (p < 0) or
insulating (p > 0) [18,26–28], we show that many EMD
models are never better thermal insulators than naive
dimensional analysis predicts. Many models with IR
hyperscaling-violating exponent θ ≥ 0 have Vmin > −∞
[29]; for these models (3) is nontrivial.
Our result (3) in d ¼ 2 is reminiscent of the proposal for

“incoherent” metallic transport presented in [30], whereby
a metal with badly broken translational invariance may
remain a conductor of thermal (and electric) currents. The
incoherent metal was proposed as a conceptual framework
to understand how a strongly interacting system, such as
the strange metal phase of the high-Tc superconductors
[31], remains a conductor even when disorder is strong
enough to destroy the Drude peak. In an incoherent metal,
transport is diffusion-limited, and remains finite even with
strong disorder. This phenomenon is challenging to realize
using traditional condensed matter approaches, as inter-
action strength and disorder strength cannot both be treated
nonperturbatively. Mean field holographic approaches have
recovered incoherent thermal transport before [13]. Our
results demonstrate that generic disordered holographic
models can realize incoherent thermal transport.
Evidence for hydrodynamic electronic flow in a strongly

coupled metal has emerged in experiments on clean
graphene [32,33]. However, this hydrodynamic behavior
is limited by disorder in real systems, and the possibility
for holography to capture transport physics beyond the
hydrodynamic limit of [33] is intriguing. Our qualitative
bound κ=T ≳ constant in d ¼ 2 may therefore be relevant
to “messier” materials. It also is interesting to extend

these ideas to transport at finite frequency and magnetic
field [34–42].
Returning to our opening question of whether holo-

graphic models may realize a many-body localized state,
our work rules this out under a broad set of circumstances:
κ=T is bounded, regardless of disorder strength, and not
vanishing with increasing disorder. Indeed, it appears likely
that the only possible holographic model of localization
contains black holes with horizons of disconnected topol-
ogies. Although some progress has been made in this
direction [43–45], this phenomenon has not been shown to
be generic, nor are the properties of such holographic
models well understood. Hence, further analyses and
constructions of such fragmented black holes remain an
interesting and important direction for future work.

III. DIRTY BLACK HOLES

We now present the details of our derivation of the
bounds (2) and (3) on the thermal conductivity κ. We will
consider a family of theories dual to EMD holographic
models, for which the Lagrangian is

L ¼ R − 2Λ −
1

2
ð∂ΦÞ2 − VðΦÞ

l2
−
ZðΦÞF2

4e2
; ð4Þ

with Λ ¼ −dðdþ 1Þ=2l2 a negative cosmological con-
stant. Here Φ is the scalar dilaton and F is the Maxwell
tensor for a U(1) gauge field. The prefactor N2 defined
previously is N2 ¼ l2=16πGN. We assume ZðΦ ¼ 0Þ ¼ 1
and VðΦ ¼ 0Þ ¼ 0; Vmin as defined previously is
Vmin ¼ minΦðVðΦÞÞ, which is assumed to be finite, i.e.
the dilaton potential is everywhere bounded from below.
We have set 16πGN ¼ 1, and will also set e ¼ l ¼ 1
henceforth [46].
It is most convenient to consider static background black

hole geometries in Gaussian normal coordinates:

ds2 ¼ −fðr;xÞ2dt2 þ dr2 þ Gijðr;xÞdxidxj; ð5Þ

with a connected black hole horizon at r ¼ 0 [47]. The
coordinate r denotes the holographic radial direction (r
increases toward the boundary, which we take to be
asymptotically AdS), and ðt;xÞ are boundary theory
directions. The (uniform) temperature of the black hole
horizon is T, which is also the temperature of the dual field
theory. This follows from the zeroth law of black hole
thermodynamics and is true for any amount of disorder.
Assuming a smooth horizon, we can constrain the near-
horizon expansion of f and G (see e.g. [48]):

fðr;xÞ ¼ 2πTrþ FðxÞ
6

r3 þ � � � ; ð6aÞ

Gijðr;xÞ ¼ γijðxÞ þ
hijðxÞ
2

r2 þ � � � : ð6bÞ
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A d-dimensional diffeomorphism symmetry xi → XiðxjÞ is
still remaining, and we may use this to our advantage. The
dilaton admits the near-horizon expansion

Φðr;xÞ ¼ ϕðxÞ þ � � � ð7Þ

and the Maxwell field

A ¼ ðπTQr2 þ � � �Þdt: ð8Þ

Although our choice of radial coordinate is a bit different
than what is used in [23], since this metric obeys all general
constraints demanded in their paper, we may still use their
results in our new coordinate system. We assume our
boundary theory and black hole horizon have topology Td,
and so we can introduce normalized spatial averaging over
the horizon, which we denote by

E½∘� ¼ 1

Ld

Z
ddx∘: ð9Þ

In the above definition, we have not included a factor of the
induced horizon metric. This convention follows [25]. The
boundary spatial torus has a length L in each direction, and
spatial metric δij, for simplicity.
The requirement that the Ricci scalar curvature of the

induced horizon metric be nonsingular implies that the
extrinsic curvature of the horizon must vanish. As a result,
the horizon is the hypersurface (at constant t) with minimal
area Ahor (see e.g. [49]). In our setup, the black hole horizon
is a d-dimensional hypersurface of topology Td on a fixed
time slice. Let us now consider the hypersurface of points
lying along the curve r ¼ εRðxÞ, with RðxÞ ≥ 0 and ε an
infinitesimally small positive number. This hypersurface
thus lies just outside of the horizon for all x and must as a
consequence of our above discussion obey

Ahor ≤ AR: ð10Þ

When ε is small, the area AR is

AR ≈
Z

ddx

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
det

�
γij þ

ε2

2
hijR2 þ ε2∂iR∂jR

�s
: ð11Þ

Note that Ahor is obtained by setting R ¼ 0. Expanding (11)
to leading order in ε and using (10) gives

0 ≤ E

� ffiffiffi
γ

p �
γij∂iR∂jRþ γijhij

2
R2

��
; ð12Þ

which should hold for all possible choices of RðxÞ ≥ 0. The
inequality in Eq. (12) allows us to place nontrivial con-
straints on the possible hij, and will play a crucial role in
finding bounds on κ.

IV. ONE DIMENSION

We begin by considering boundary theories with one
spatial dimension, where it has recently been shown [23]
that given any EMD theory (4): [50]

κ ¼ 16π2T

E½γ−1=2ð∂xϕÞ2 þ γ1=2ZðϕÞQ2� : ð13Þ

In this case, the Gaussian normal coordinates used in (5),
(6) and (7) prove to be particularly convenient. By using the
leading order coefficients of the tt component of Einstein’s
equations near the horizon, we find the following:

E

�ð∂xϕÞ2ffiffiffi
γ

p þ ffiffiffi
γ

p
ZðϕÞQ2

�
¼ E

�
4

ffiffiffi
γ

p
−
2hxxffiffiffi

γ
p − 2

ffiffiffi
γ

p
VðϕÞ

�
:

ð14Þ

By substituting the ansatz R ¼ 1 into the bound (12), we
find

E

�
hxxffiffiffi
γ

p
�
≥ 0: ð15Þ

Using s ¼ 4πE½ ffiffiffi
γ

p � and V ≥ Vmin directly implies (2).

V. TWO DIMENSIONS

Let us now consider the thermal conductivity of a
disordered black hole in EMD gravity when d ¼ 2. We
assume the black hole geometry is isotropic (in the
boundary spatial directions) on thermodynamically large
length scales. Following [24,25], it is straightforward to
derive a variational bound on the thermal conductivity.
Reference [23] showed that the DC transport coefficients
may be computed as follows: solve the following equations

∇iI i ¼ ∇iJ i ¼ 0; ð16aÞ

I i ¼ ZðϕÞðEi −∇iμÞ þ ð4πTÞ−1ZðϕÞQJ i; ð16bÞ

ZðϕÞQð∇iμ − EiÞ þ 4πð∇iΘ − TζiÞ
¼ ð4πTÞ−1½2∇j∇ðjJ iÞ − J j∇jϕ∇iϕ�; ð16cÞ

where ϕ and Q are the horizon data defined previously,
covariant derivatives are taken with respect to the induced
horizon metric γij, μ and Θ are scalar functions and Ei and
ζi are an applied electric field and thermal “drive” (ζi is
analogous to −∂i logT) in the boundary theory. The
spatially averaged boundary charge and heat currents are

Jicharge ¼ E½ ffiffiffi
γ

p
I i�; Jiheat ¼ E½ ffiffiffi

γ
p

J i�: ð17Þ

The Joule heating in the boundary theory is given by
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P ¼ EiJicharge þ ζiJiheat

¼ 1

16π2T2
E

�
2

ffiffiffi
γ

p ∇ðiJ jÞ∇ðiJ jÞ þ ffiffiffi
γ

p ðJ i∇iϕÞ2

þ ffiffiffi
γ

p
ZðϕÞ

�
QJ i −

4πT
ZðϕÞ I i

��
QJ i −

4πT
ZðϕÞ I

i

��
;

ð18Þ

as is simple to check by integrating each term in the above
expression by parts, and employing (16) and (17).
We now think ofP as a functional of arbitrary currents I i

and J i which are conserved. If I and J are the currents
that solve (16) for fixed Jcharge and Jheat, then writing an

arbitrary current as I ¼ I þ ~I and J ¼ J þ ~J we find
that [using that I and J obey (16)]

P½I ;J � ¼ P½I ;J � þ P½ ~I ; ~J � þ E½2 ffiffiffi
γ

p ðEi
~I i þ ζi ~J

iÞ�:
ð19Þ

The last term vanishes if we fix normalization (17). As (18)
is positive definite, we conclude that P ≥ P½I ;J �.
Furthermore, the power dissipated in the absence of electric
current is J2heat=Tκ. Hence, if I and J are trial currents
which are conserved and normalized to Jheat ¼ 1 and
Jcharge ¼ 0, we may employ (18) to find an upper bound
on 1=κ. A simple guess for I and J is

I i ¼ 0; J i ¼ 1ffiffiffi
γ

p δix: ð20Þ

It is helpful to use the residual diffeomorphism invari-
ance to fix

γij ¼ δijeωðxÞ: ð21Þ

Because of the emergent isotropy of our model, this
diffeomorphism should not change the length of the spatial
torus in either direction in the thermodynamic limit (we
may add a constant to ω to achieve this). Combining our
variational ansatz (20) with the induced horizon metric
choice (21), we obtain the bound

T
κ
≤

1

16π2
E½e−ωðð∂xωÞ2 þ ð∂yωÞ2 þ ð∂xϕÞ2Þ þ ZðϕÞQ2�

¼ 1

16π2
E½−R2 þ e−ωð∂xϕÞ2 þ ZðϕÞQ2�; ð22Þ

where R2 is the induced Ricci scalar on the horizon:

R2 ¼ −e−ωð∂2
xωþ ∂2

yωÞ: ð23Þ

We now derive an upper bound on E½R2�. The four
dimensional Ricci scalar R4 in the bulk is given by

R4 ¼ −12þ 1

2
ð∂ΦÞ2 þ 2VðΦÞ; ð24Þ

for any solution of the Einstein’s equations that follow from
the Lagrangian (4). General arguments [48] about geom-
etries near black hole horizons, independent of the equa-
tions of motion, then allow us to relate R4 to R2. At the
horizon, i.e. at r ¼ 0,

R4 ¼ R2 −
F
πT

− 2e−ωðhxx þ hyyÞ: ð25Þ

Einstein’s equations at leading order in the near-horizon
expansion then force

F
πT

¼ 6þ ZðϕÞQ2

2
− e−ωðhxx þ hyyÞ − VðϕÞ: ð26Þ

Combining (24), (25) and (26) at r ¼ 0, we obtain

R2 ¼ −6þ e−ωðhxx þ hyyÞ

þ ZðϕÞQ2

2
þ ð∂ϕÞ2

2
þ VðϕÞ: ð27Þ

Next, we plug the ansatz RðxÞ ¼ e−ωðxÞ=2 into (12), which
gives us the inequality

0 ≤ E

�
e−ω

�
1

2
ð∂xωÞ2 þ

1

2
ð∂yωÞ2 þ hxx þ hyy

��
: ð28Þ

Recognizing R2 from Eq. (23) after partial integration
inside (28), we find

E½R2� ≤ 2E½e−ωðhxx þ hyyÞ�: ð29Þ

Combining (27) and (29), along with V ≥ Vmin, we obtain

E½e−ωð∂xϕÞ2 þ ZðϕÞQ2 − R2�
≤ E½ð∂ϕÞ2 þ ZðϕÞQ2 − R2� ≤ 12 − 2Vmin; ð30Þ

which can be used in (22) to establish (3). In both d ¼ 1
and d ¼ 2, we may replace Vmin by E½VðϕÞ�, if we are able
to compute this quantity. In particular, even if VðΦ → �∞Þ
is unbounded, κ is finite so long as ϕ is finite everywhere at
finite T. There can be no analogue of many-body locali-
zation if VðϕÞ is finite on the horizon.
A simple extension of the model we have studied so far

in this paper includes n > 1 scalar fields Φa in d ¼ 2,

L ¼ R − 2Λ −
Xn
a¼1

ð∂ΦaÞ2
2

− VðΦaÞ − ZðΦaÞF2

4
: ð31Þ

The bounds for the theory in (31) are still (2) and (3).
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VI. MEAN FIELD MODELS

Let us now compare our exact results with the predic-
tions of “mean field” models of disorder in holography. A
simple model in d ¼ 2 consists of n ¼ 2 copies of the
same scalar field, with Lagrangian (31), but with V ¼ 0 and
Z ¼ 1 [51,52]. Choosing the scalar fields to be Φi ¼ mxi,
one finds [11]

κ ¼ 4πsT
m2 þ μ2

; ð32Þ

where s is the entropy density and μ is the chemical
potential. In order for the temperature of the dual theory to
be non-negative,

2m2 þ μ2 ≤
3

π
s: ð33Þ

As it must, our bound (3) is obeyed, as

κ ≥
4π2T
3

2m2 þ μ2

m2 þ μ2
≥
4π2T
3

: ð34Þ

The fact that mean field models capture the correct
behavior of κ in explicitly disordered models is a pleasing
surprise to us.
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