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Recent Developments in Three- Way Data

Analysis: A Showcase of Methods and

Examples

l' M KrooMobcr|

I )«-p, ir t ment ol Ldiir at ion, Leiden University

WaASpnaarsfWfR W. A 'U ' tAK I ndm, I hr Net IHM |,md • :

Summary: In th is paper ,ui < o i n p , t < i idio-.vni r.ilic overview will he provided r if

I he .t r f 'its into whir h t lireo w a, v f l . i t a .n < - pa ruled Id c ludion* al in t ru

dm lion wi l l he followed l,\ ,i n hrme presenting a" indir aliori of I hi' lei (nuques

involved I'lien four (ondeti'.ed e\ ,i mples u ill f ive ,t feel ut ihr s« ope < .1 .ipplna

t.KHis, while t he f i r i . i l • . » • < I \,,\\ r - levât er | tu pu t il n 1 v .iv.iil.ihle [»rof^r.»!!!1; t n Jierfci HI

Ihr an. *

1. Historical overview

l li r fr v\ , i> , anuyiîs of continuoua «Ki t - i originated m psychology during t hr
*i.rhf, 1 1. s foimclri Imk 'T (^ V, ! '">*') 'on.f ivrd ihr I..IM. i.lras foi t lmr

inoflr ' oiii|>uTiriit -nid f .n to i iUM.lyms models, developed ,d»',< " it li nr- In <"

t im . i t« ' thr p.ir.iniflri^. iiiul puUislird srvM.i l . |.iiin,uilv ptychologïCIÜ, .i|'

ph f j i l i o r i s During tlir tmnht« f l i r r«- w.u .in.dv'U'i fxp.iti ' lrd uilo miiltidi

mriisiinuL.1 KAÜDg [n IIIMI dy dm- to ( ',n ro l l fr \\ ( 'iirmll and ( 'hang ( 1970)),

while lUrsliuMii (r g lUrsliiiuui ,md l imdv ( l (!,H'1,i,li}), working wi th siimlrii
models, rxlrndrd t lir sr upr < . f .ompoiirtlt inodrN A l t IH' s, mir t mir Hf lit l' l

,1.1 1 d < o workers ( e g Hen 1 1er and Lee ( l ( t7't)) developer l sl riir t m ,il rr|u,it to t i
formulai ion s l- M l hr t Inrr mod'- < on n non l, M toi model In 1 lie t Hjliht •>. K 100

nrnlirig ,uid Dr |,eenw ( I ' tKO) developed new .df.otillnri'. i"t I u< kei •- mod

els, and I he for mei extended mtei pi« t .it ion, d .r,pr( ( • ; ol 1 he technique .md

pulihshrd severa l ,i|>ph( .ilions emplutM/iii)', in te ipref . i t ion pinii.iiiK w i t h i n

• • i.d rtnd bcbftvkmraJ s ( j e n < e s ( e g Kroonenberg i l ' i s { , , i j i l n r v 1 -

( I ' lXS) hook surnti i i ir ises Ihr dcvelopmrnl ol Ins work on multi sample r-om

mon prim Ipw « om ponen) mr t hor K In l i ai n e .1 new ,ippio,t< h r idled s i A l is

(StrUCturattOfl dr -s I ,di|e,tn\ fl | KUS l n d H es de la St ,it r-t i < ]ue l \\ ,r- d' \ r loper l

..n het ,md * o workers (esper i.i 1 1 v, l,.ivil I I ' (SS) ) ( 'a Moll, A I. i I ne. De

S.i l ho all r I eo worker, | r j' ( ',u (oil ,md A t .due ( I '*S:i), DrS.ll ho and ( 'a r roll

( I (>X r»)) took t h ree way an.dv MS l o t hr < Insl enng and unfoldim-, dom.nii. and

Ma', loi d and Mr | ,u h l,i n ( r - g I'IS't) mt rodiK fit t h l er' mode * l H s t einig * 'al

ro l l et al ( I 'ISO) also introduced < ru is t [ .nuts ml o t hier- wav analv-r- In t h'

me, ni t ime lin melliod1; g iad l ta lK f l l l r re r l into other d i ' - r i pi in* • - , Ilk'' agil

Ml It m r ( « - i ' Ha loid et al , 1 ( » ' ) | ). r< nlugy (e g Hef l V ( l <)')?), spe« t HIM op

( i n i t i a l l y independently from i hr dr\ . lopmenti m p - - v ( hol« »g v, e g l em)',air-

Hlid Ko-,- , l ' t ' l . ' l . anr l r luMMIs l rv ( '- g Smilde. l1»')',') In (he f i i - . t p.ul o| Ihr.

(|e< adr, much rllor! h.i1- gone into dr\'r|opin(' ronsl ia inrd th i r - r wav aiialv

\



i IK l r or M K K-I , | ei i Het gr .uni < o Woikris (r g K iris. 1WM.

Kripirn, l'»'H) Kram ( l W.*) extended hem h linear vertor spacr thinking

to the three wav aiea Anothe i strand i4* the expansion of ihr trrhniqnrs
n il o the -i t ui l v M-, ol llnee w.i v t onhngeiK v t .1111rs (r g ('arlirr and Kroonen

hrrg, 1('%) and lh reewa \ .HI.I|\M-. ol \ a n a m e designs (r.g- Van FxMiwijk

.trui Kroonenberg, lubmitted)

The names mentioned ahovr are an unfair s~ele« 1 ion of sou ir of l lir protago-

- I IH ! iii.ui\ oihet persons have contributed to the development! in tin«;
.ne.i \n annota ted hihhogiaphy npto l')S'Ï ^ K i oonrnlxTg ( iyS!U>) .uul thr

•eqtwl to this eVer-eXpUlded Inltlmgraplu P- .i\.ul.il>lr f ion i Ihr author wliu 11
covrr4^ \ i l t i i . i l l \ llir who)'- field. t>o t l i t l iroix ;nnl fcpplÏCtttODS, -uid r\'ri \'onc

r. invited i < » contribute p . i p f i - s . I M O ^ I . U T I - . . , i m l applicationi

2. Three-way data and the method chart

'2 l Tlirc'p way H:it :i

In thru l>,isi ' form, most diil.i srciti to tonic in onr of tlirrr Uroad c las»f«,

i. i»i>plt ilutti ( ' . (OH", of Mili jnts on \-.i it. i l>lcs), "iimlniitu Hatn (jiiclgr

nu-ut1, « ' f MUI 11.11 il v between t wo vl mi u h |. .m«! f>r< fr w u» t il n f 11 ( tank ings ol
M i K | r < t - , on \ .u i.il'lf- K lirtr. ihr Icrms s i i f i | c < t s , \',u i.ihlrs, üiid ^ t inn i l i .uc

n-, «-d ;is JM-IKTK tenus f roi n thcM' I..ISK fo i in^ m.uiv ot l i rr forms ran lie

drrivrd, • m f i M nu-.uis. i ox.u ia iK r-, f icnt i rm \ < oiints, rt t , wlulr dal.i ol
OTIC ( l.i K-; (,ui IK- l i ,nt'.foi mril into anolln't * !.i*-s. e g , imhircl smul. u il ir--
' .m l" < l * - i i\ rrl 11 on i p rol ilc d.it a l'i of i |r d.i! .1 ,ur 11 ir lnr.id and hntlcr dat .1

' . " - *. ^ nlitij'.s .irr \ r i \ pTuniniriil m M - \ i - i a l

l 1 1 oi 1 1 r - , om- o! WnlCfl i s < lesigii.it e<j as ! lie set Ol va na I î les |(l lie explained oi

pied K led from Ihr ol hn s<-1 , \vhde in the Ia1 Irr k l lid thru- is no sut li dislun
l ion, and the ml ei relat lonshi ps hel ween the vatahles is 1 he oh]«-« t of s t u d s

\ f i na l d l ' . t im lion is tha i het ween ' t i ne ' ihrer modi- da ta (ol rtjnuttii nmi

•*un s if ii t u), win« h aie f nil v < lossed, haï i inj'. m i - . - . i n r, dat a . and m il II i pie sel s

d a t a I he loi mei I \ pe of dala ai e t he '11 Me' oi 'old m.u \ ' 1 hire mode dat a,

I.e. ail'-r t h r e e d nièrent kinds of enl il irs oi inodes aie r.eneialK invoke« I. one

of \\ du h in if 'Jt t IM- a I une mode When a him inwft is i n vol \ rd. man\ In h
nirpir'. dis« ir,sed heie do not exp ln i t k t in hide t h i s design featnu ' in then

analv- is , hnl ra th ' t use lime as an mti i pu t .il louai fea ln ie l ine mnlt i

\ a l i a t r t inn sen- s models w i th in the 1 lo\ .Irlikins appioa< h (e g I 'hat held.

I ' t S ' l ) w h i l e f.illmg essenlialh \ \ i thm the piesent f iamewolk, are not dealt

w i th in I his paper Mitllii>lt s r / « * iltiln are grnrralh two mode three wa\ d a t a
denved fiom law d a t a , t a t h r i than lonsist ing of the raw dala tl iems» l \es

l v pM alh one may th ink of c POM prod m f malin es. ( ova nam e ma t ines . ,uid

of ten ( d is KI m i la i il \ mat in es SIK h dala < an nol a lwa \ s he ana l \sed in their
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raw form with three way methods, heranse I h<-v originate, for instance, from
different samples, lm t after transformat ion to t wo mode three way data 1 1 u-s
< an IM- analysed with «mr h methods

2.2 Three-way methods

With respect, to methods, one may distinguish Urtwrrn thosr tha t explu i l lv
-fortiastir frame work, rely heavily on distributional assumpt u>nv and

therefore mot f 01 less l>y defaul t t re.it ' i i i l > |e< Is as replu at ions I lie ot hei
group consists of l,e< liniques which arc primarily data-analyfi< m orient ,i! ion,
• an lie considered to fcddreM p< «pulat ions, and pay a t t e n t i o n lo inatOtattO*
differences, A further distinction t h a t is o f t e n usefu l is ili.it between <h
rrct modrlliiiff and imturrt uxxhlhnq techn iques ( e g Krnskal, I ' )S1) I'lie
former techniques a t tempt to model (he Ihrer way d a t a dnntlv, whi le t in
lat 1er technique! t r y '° fi' models to derived t h ree way mat i n es, sin h
va T i,i IM '• I - orrel.it ion ) mat r K es or cross prod IK t m,il i ices, and thus are often
used for mult iple sel s d,il ,i

2.3 Three-way method chart

In this section • i h i »-e p.n i ( hart of met hods is presented Obviously a t hot
Ollgh discussion ot Ihr. ' ha i l W i t h propel le fe te iues would [équi té a ful l

hook 'I'he < hart is here presented ,is ,ui a p pet iset of wliK h t op u s OIK' m n'h l

( i »me a( toss 111 1 he t h ree way field A n lol e extended d l •< u v-ion of < ompo

nent models is . ou tamed m Ktoonenl.frj', | 1')')'<!), while the ol hei p.iil- UT
sli l l m my portfolio In ,\ way the S.I^M- Kooklet In A i a l m - ' - t al ( I ' )—
I»- ,*• ' • ! ! .r. a t rea tment < > f ['.ut III of the Md hod ('h.ut

3. Examples

In th is srf t ion we wdl present font «uideii'.ed examples to d l u s l i a t « MHIM
mote t eren t or less well known t e c h niques I he examples c ome I'tom MI< h di
vrrsr dr;c ipluic", ,i,s agnciilt me ( nnVi af t ions f torn t h tee w,i\ \ N< )\ 'A ). demo
graphics (three wav Correspondence Mialysi») psy< Imlogv ( three mode < o
variance structure nnalysis). -,\\\t\ sensoty peneplion (individual dlffermcei
in oriental ion s* aling).

3.1 ïntorartions from three-way ANoVA: Dutch mai/e data

In agnciilt ure, t h ree way dal a summai ie, ofl* u Like t lie form of three ^ <u
tah les w i th one way consist ing of di f ferent v.uietie-. ol ,1 < rop, while 1 he
other two ways < out a in two environmental fa< tors SIK h a\ \ • -n ,md lo< ,i
hoir-, | (us kind of summary is a d i t < - < | « on sequent e of 1 he mtei ptet at ion of
the phenol y pe as the |c.mt pio'liK 1 of genotype and environment, whet e the
I'livuoiiment em ompav^e-, everything th.t l r, tion t',''iM'lK SIK h (hree way
la lde- , iii.iv l>e modelled w i th three \\, iy a f ia l \sK <i f vat lam e, hilt due to I he

gerirralh mor In .it e ( , ( large number of entities in t he ways, fac dit tes l o mode 1
two way arid t h ree way int er a« l ion s muit iphcat ively should he considered
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METHOD CHART
Part I: Profile data

Dependence techniques: General linear model methods
two l)l<>< k multiple regression. three mode redundancy analysis;

Interdependence techniques: Component methods

tlircc mode component analysis. pai.illcl f a c t o r analysis,

three mode < orrevpoiidenc <• analysis. latent c lass analysis.

s p a t i a l evolution iin.il,

Dependence and interdependence trcliniques

linilli set i-.uioliii .il lonrl.itiini .ill.il\ vis. procrnvtrs analyiis.

iniilti sel d is« i iinni.inl aiiiiUsis,

( 'liistcriiiK methods I

thin- \v. i \ nnxli i lr ini-tliiid > liislcritlg.

Part II: C'iivariaiicr models for profile; data
SliM-hastic cnvnriance (or structural equations) modrls

HtptCtted IDI il<-lnt •• itnthotl«

I T U . U I . I l l I I. H i t . I ,111, ih ^ I ' - . t h i re l l l D r l r i ( » M i l l i o n f ; i ( loi i U L l K s i s .

. i i l < l i l i v r .uni multiplicative mode l l i ng of

T n i i l t n , i i i , i l i l < - n n i l l i . . . . . (-.ion i n . i l i K i ' v .

.- sr < htninl nir / / j < i ( / s

Bimult&neotu I. H loi .m.iK RÎR;
lOxplorntory covnriance model methods

Hrptttcd n ; f ( / s l / 7 - ( s liuttll>il«

( q n . i ' - i ) I ln*T n i o i l c - ( oin|ioiiml , n i ; i l \

( Vii1^ ••f i I nnitil tin I/toil*

unl iKMl hllinf, \ \ i l h roMi|>onrnl .uial\si

I 'art I I I : S imilari ty and prcfcicm <• data
Mult idilTH'iisioiKil scaling models

indu iilu.il ilitfi'irnrrv sc aling. v,'-ni'l.il rui liili'.in iiimlcls.

I Inrr \v,i\ multidimeniional M .ding,
t'lustering methods II

indi\ idn.il dillcu-m i-s i l i i s t c t in^,. I In re u,i\ nit i.uucl i n l

•-\ nt hcsized < tnsln iii^.

1 Infolding model»

t lirrr \\ ,u niilolilini'
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/ / / f'hfory

in th is scr lion we will romentrate on modelling the three way inter a< I I.M,

with a thrrr way decomposition Ihrre are vaimu:. t hier way generah/a

lions of the two-way singular value decomposition, but 'he "'"' m < * - . i
! . i ' i . , t v for our purposes was t h a t due to 1'mker (l'Mi(i) First wr ,n

the thrrr way ANOVA in t r ra< l ion parameters, o-/*7,,t, in a three way «tu. i \ ,

.nul d*COfl)pOM thai array according to t hr I n< krr'l model t.o give

\ rt}k
Only t he most iinp'>rt..nit. multiplicative t€Tmi toi r,n h »\ t hr ways will gen

rrally IM- rrtamrd in the model I'or trstmg mult ipln ativr thirr way itttei

, t f t ion tiot very mmh theory him been developed Hoik ( I ' W O ) present-, .1

likelihood rat i < > tes t for t lie f us t temi , including a table of t r i t K ,il value', |«> i

( om |>a rat i vel y small I hrer way I -ibles In < ,ises eovrred b\ Itmk. hi1- tes t < ,<n

br used <it het wise we advise to ir;e -i pi • n edm*- umilai 1o one of t he pto< r

dures for two- way 1 ablrs, attributing <// ecjn.il to I he number of m dependen I

p.ir.imetrrs t(j terms that stand out in the amount of three way i n l e i a c t m n

de',< u bed Mns usually «on« erns only the lust th ree w.iy < on t ponen t foi e, H h

way. Orr assionallv set ond trims are involved

I ni ,ili / X ,/ X /\ t h ree way table of raw d a t a , a t h i e e w a y de<ompo

si t ion wi t h / ' < ni n pi »n»- n t '. for t he f i rs t way, Q < on i ponen t s loi t i r

ond way, and If Mimponrnts lot the thud way, implie-, I he rsl imation ol

/ X P f ./ x Q | A x If sroirs plus /' x Q y It singular value-, Owini' to

rotalional invanaiKe the number ol c o n s t r a i n t s is equal to / ' ; I Q* \ If'

I he difference bet wer n paramelei s rst mi.ttrd an c I « oust i ami s unposrd I h«-n

results in ( / x P 4 •/ x Q 4 A x H \ /' x Q x It) (l>2 t Q1 \ l f j ) df loi

t he hl ted model When considering t in- t luce way mtei ,K 1 ion instead of I In

raw data, /, ./, a,nd A should be n-dmed by one

/ / :'! l''.ruwfilt !>titil> imii.-t nun hi I n n l *

In the Nrtherlands thrrr is an on^oinj', pt of,i .immr < > l lr",ting mai/r v a i i c t n 1 -

whi' h aims to sr|e< t I he Ix -s i va i irt jrs foi i nit i va t ion and us*1 under Dutch
cond i t i ons 1 he prrscnl d. i ta M-| «IHIM-.K . i f d \ a n e l i c - s ( H t u t u s , Splnida.

Markant, Viv ia, Donna, h la ) p lanted in four region« of the Net hn land-.

< ha ï at tri isrd l, v t hr '-oil jiîui KM at ion (Sont hem Sand, ( 'ent r a I Sand. Nor t h

ern Sand, and River Clay) Mean values on the a t tn lml r IVm-nla^e | ) i \

M a t t e r Content DMC l,,i llir-.r va lie! n-. \ \ t - t e ava i lab le lor the year. I '(SI I

through I ()H7 with t fie e x* I us ion l 'tS'ï w h n h WHS deleted due to m'iMÎng data

in one |o< a t ion In other words, I he dat a « an be an an i - r« l M ft 6 ( van - - ! ir • , )

by 1 (loi al lons) by 7 (yea is ) three way table

I able | shows the i c«a i | t s of I lie s t r a i g h t f o r w a r d Ihrer was \\m \ foi |" t

r e n t a j M ' div m a t t e r mutent of the mai/e I he \ . u i an -e explained of t i n

va r ie ty by year and Hi«- t hier way mterac t ion are roughly of the si/e of I lie

explained var ian te by (f ir varir l i rs thrmsrhrs, but lhe\ h.l\e, of COUnM

mn<h smaller mean squares due thru l.niv'i degrees of freedom One ion
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Sonn r

\ .H l i 'U

Silr

y««

Sl l r x V. H

\ ,11 u - t V X Slir

\ .11 i r t \ x Yr.il

V, H X Silo X Yrai

I x l x l M i l u t K i n

'2 X 2 x '.' s o l u t i o n

(given I x l x l )

1 )c\ l . l l I O N S

Total

I)rgrr*-s ( . f

l - M ' l ' l l o l l l

B
)
1

I S

II
.tu

'in
12

12

M

187

Sum of
Si|ii.irrs

80
962

1 1 'i.'i

S', 1

17
l, ,

H
.ii

IS
II

J520

Mr. in

Sq l lHK '

16.04
320.73
199.11

17 :w
276
t H.

0 S9
261

1 l ' i
I I I V

l.llilr I \ l l . l lv-ls öl V.UI.mir fol til l- M.ll/r l)nl;i

• !u ion is l li.it 1 1 K- In st t wo In ms öl t lir <lr< i mi posil n »n of I he 1 hire \\ ,\\

mit i .u i ion .n«' nignincanl (loi dHftiu M-r \ ,m l rnwi jk .nul Kfoonenberg,

Nubmitted)

U 11 li ,i t l i t r e - \v.i\ ' -n HM 11,u Vftluc decomposition öl l hr t Incc \v;i\ min .x I ion

r l T c c I s l.iKlr iiMiii ' t \ \ o ( ompOIK'llI s foi r.n h M| ihr w . i \ s , /' (t> /.

M \\.is possil.lr- Iti uli'iilllv ( lu1 i i m t i . t s t s .is irs|x.|iMl'lr lot Ihr wliolr öl 1 lir

'hier \\.iy lui i'i.trt ton l lir ililrr.u l 1011 |>, i t l r in^ ,nc su nilii.il isc.l m 1;il>lr '.'

l In- l hier w,i\ i n t er .u l loi ] t ou h l hr ji.il 1 l.tlly lilt et |n i-U-d ,1?. .1 kliul of < 01 ir<

t mu on t lir l,o< ,it mu l>> V MI i n t c - i . i « t u u t l lu- l h i ei- \v,i\ ml er.K 1 ivr p.ittnn

^•hows th.it t lu- / . / A mtct . ic lion is oT u ...nli. i^t tvpr. ir il i^ (iiusrd hv

^p«'( ih. v,uirhcs UM. hilf, m ;i spr« Hi< \\-.\\- ,i! spnilii lo. .itioiis m contrast

\\ M h 1 In lu>li,i\ lour of sonic o( hn \,ii iet ics

.'l '2 l'liriM* way <-nrr**s|»on<lrnre analysis: FVpiich raiiton data

Mo-,! thirc vv;n incllioils rrtpinr d,it<i lo he- .if Ic.isl mtrrv.il s(,ilcd In th is
1 1 1 we wi l l -i T i.i l > se l hr si t n.) I ion vvl ic i«1 we h.i\ r 11 irre ( . i le iM-i n .il \'.u i

• t l i l t - s \ \n l i more th;in ,i Irw ( .itrj-oi ics ('.ulirt ,ni<] K i oonrnlx'i p. ( l 1 » ' * * » )
1 " •< ! in det -ni (ml h I lu- I heor v ;uul I lu- nitnpiel .tt uut ol t hier \\.iv < oi

"•••poiuleiK e ,m,i I \ MS ( t iner \v.i\ ( ' .\ ) Willi ihr I r< hliu|iir it is' poss||>|c to

i'lodiur inr.isiiirs ,nul ^ inpTiual r | |s|>l ; i \s (>| the (lepeihleiue in ,i (hier w,i \
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I H K I
INI
MM
1986

Spknda
South North ('entrai
Sand« Sand« Sand«

*

H r u t i i M / V i v i a
South North Ontn. l
Sand« Sand« Sand«

* ; "

Donna
South North CM.
Sand« Sand« San.N

*

',' Inters l ive l 'a 1 1 <-n i<. Ir. »u i I wo Dimensional Mul t ip l i ca t ive Solution
nl I hree Way Intera* t um

t -i Kirs, ,Hi<! ,is mi« h 1 1 Mi. 1 1 '-s ;i n d * 'x t cm l s n MM y proper t les of or«hnaty (l wo
way) correspondence analysis

/ ' / l h, n, Ij

Ihr IMSK st. ir lniK point is n ( l i r r rwi iy ( ont MI^CTU y taldr w i t h onlcis /.
./ -nul A relative frequencies, />,,i l < > iiic.isnn' t h«- deviations from tlu*
thtrr way independence model m <;u< h ,\ talilc (Ihns tak ing into a < ( < » i i n t fill
inlcrai t ions ), PrarMon's imnn s f /» f / r r «mintiintry »nt j ] i t t t i ) t , <1>J, <»r hnihn
is an Hppropi l a t e nicasun-

*--r* t* I / ' . , . ;-, l' ,i' ' )'
P...p., l> *

( I )

It r a n In- shown tha i the lolal innll.t ma\ I" pat t H n uu-d a1, fo l low-

; > , ; • >
» *;/> t *

i'. ;',;'*
(2)

(, ̂ , (A i^ 11 n p] K il l v d'-flIM-'l l lus K c l * -a t K a II .uldit ivr dril in t um < > l t hr -

r t ion m a (hier- wa\ a i i a v l <| i iat ion (2) shows th.it t hr ^lohal inca

Of dependence, fy1, r a n l>r spl i t into s*-parat r IIHMMH«-- ol »trprndrn» <•

arr thrcf nirasnrcs for t h e dependence <lu<' to r J-K h two wax i i iai jMi i

whuh ar«' i dcn t i cM to those ns.-d ui t w o w a v Correspondence . i n . iU ' i ' . .uid

one meaMirc for the Hirer way inter.n t nui Sndi a pa r t it mump, r- Hie first

step in the an-dv- i ' "I ,, three way ta l . le

I he three way analogue of Hi«- Mni'.iil.n value decomposition, especially t he
Imker'l utoflel, will he imrd to model the d» penden« e l hete is a suMIe

« l l f fe re rKe in the present ii^a^e of t h e | n < k e i t model m ( h a t , atialoK'"!- ( < l

two way eorrespondence iotJjrsis, orthonormality is detmed wi th ies |>e< t to



51

u'fttjhtttl nii-l iK i defined by {;>, } , { ; » , } , and {;> k } , respectively, mon
a weighted least squares rntenoii is used

Our of the ai Ira« live feat u t es of using III*- addit ive approach over a. innlti

pin at ive (or loglmeai modeling) one, is t i iat one single decomposition of Ihr
c,l»l'.il dependent e is made, and l hat t lie marginal dependent r ca.li duet t l v

IK- modeled and assessed from the global decomposition Ihr contributions

ni I he margin.il dependent es to the global dependent e i an he evaluated w i th
out having to const met spec ia l decompositions for lowei otdei i n t e r a c t i o n s

as was net essai y in the pre\ iou>. example \ loieo\et. SIM h i nierai t ions can

Ke pOrtMkyvd m the same plot a.s the global dependence lo portray the
dependence we will again use tuft ntrtirr hijtlots. m wlm h the markets ot

t w o of the ihiee ways (heie (',,;))are «omlnned and plotted in t in
l i f M i r e wi th the markers of the remaining way Assuming ; is ,m oideied

mode. 11 a |ei t DI les can be d t awn in t he hi plot. b\ t on net I mg. for each i. I lie
points (;, /) HI then pinpei oidei I Ins will gre.il 1\ la« i h t a t e in terpre ta t ion .

' I pei i.dlv i t / is .1 t mie mode

> ' ' / ruinait <'hutiiji * ni-M him i» thi Innijiirdni iroik forer

Dining the t ensus of |T,J. !<H>;\ 1'KiS an.I l!»75, the people of '1.'

tons m I aiigiiedix Koiissillon (Southern haute) weie asked to s ta te then

profession I heir o< Ml pal uni s i ou Id be gtonped into seven ma ]or ot < upa

l H mal i l . i • former* j t / i. VM« nit mal labourers ( 1 / ). Owners of smal!
and medium M/ed businesses (S/i). Profpftsionall and scuioi manageis (/"•>').
Middle m ana i1,» Is ( W M), I mpl«>\ees {whi te collai \ \o t ke ts H (1. I .1 lu »liters

(I »lu«1 t ni la t workeri I f f f\. Employees in t he set \ -M e set loi ( * > / ' ) . Ot het o.
( 11 pa t ions ( f ) ( ) ) lull deta i ls as well as t in d a t a themselves t an be found m a

•.[in lal issue of ^ t i i t i ^ t i f f i t t it \ tmli^t il( •• I )t nu 11 t s ( I 'IS V ! (I ( I ). espet iall\

P n r>)
I " '"• .ili 1 , 1 1 1 I lit t c - M i l l s (l| t lie ana lys is we v\ ill f i r s t examine ! l ic- t able \\ i t h t he

p a î t it ion i il)', o! t h e \' vanan. e t . . é v a l u a I e I he si/es of the til fièrent llilei.K

t MUIS O | t lie t o t a I \ ' va 11,11 K e, t he absolute largest amount is expia met l h v

t ,i ni oi i by o. t u pa I ion int et at t ion (.r>7%) followed by the OM n pa t ion by tune

ml et at t ion (.'.!'/) M t lie dei-jee^. o| tieedom a t e t aken into a« < tu in t as well,

the ot t n pa t it HI by t ime in te ta . lion l ias h\ lat t h e largest ( out ribut ion per
ill. w hit h i ne I ic ales I hat t he ot < u pal louai t l i s t M but ions ha\e undergone i on

M t let able t li.tuiM", o\ c i t une Also I he t an t on b v oc c n pa I ion lias a si /cable

t ont nbiit ion pii «// showing t h a ï t here is t onsiderahl. t l i \ e t s i t \ among thr
' -ml nus l lie smal lei <an1ous by t ime ml ei a< t ion t oui a ins t he differentia]

in« lease an-1 de« ira M o! the t aillons, pr imari ly a t lek dom the mi.d

lo the lowiis I he Ihiee way mleraclioti is not large, and il has h\ fa i the
smallesl contribution per iif, and it wil l not be disi nssed fuithet

l t > i lestnbe the p a t t e r n s m the da ta set. we have lilted a l u t k c i ' î model
wilh r) t om pone ui '. lot t he (al l ions. rt t om ponen 1 s for 1 he oc« u pal ions and

jM.ner iK lot the t ime ' mode I his model f i t s \ e r _ v well leaving onl\

^'/( unex|>laiuet|, a i ic l I able i shows t h a t 1 he t ant on by ot t u pat ion and t lie

o« < u pal ion b\ lime inteiat t nur- aie \ e i \ well expia met l (%'.'ï ant i 'l.r>'
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(iloli.d .nul Marginal Quality Indexes ('In '.uu.ue V'.ili

spe, l ively The rrl.it i vrly un import .1111 three way mter . i« lion has HM Mii.ill

f - s l ht (60%) On«1 of t he si long f un ni '. of t h e me! hod prOpOMd IK te r- 1 li.it

it, trikrs i ni o ;ir « 01 int t hes«1 two wiiv i t i t *M.u t ions wi th in t he framework < > f <i

'-iinjjjr liuxlel wliuh is f i t t e d to the r levt . i t ions from t lie three w.i\ itidepen

dm- •• motif I

In IK- ,ilii'- to <l is |> l , iy t h< [ ' 'M i l t ' , in m tenn t i ve hi|ilol\ we nerd to 'je|e< t < i l

,i [ • • ( * - [ e i n i- mode As we in I «Ml d to si l td \ t he < h,ut£<"-i Hi I he distribution! of

I he < it M ton s over him*. ' he oc r np.it lot i's h;ive to tic < hose 11 ,is lefeieiK e mod*

hi the inteiiu l ive hi plot, t lie four < ;iiiton <M C.ISKMIS points of «MI h < .ml on ;

(or inter.u live m;nkers, ( / . A }, A- I. , 1 ) ,ire «MIIKM led hy .( lui'1 • ndmr m

,iii .trrow f i« .id I« >r I '*'/" <.n< \\ lines .tie < .died (ni/i 111» n •- l i ,i ] ( •< t oi n •• CM1

lic int ei p re t cd Ui tei t t r - o( t hc di*tri but tOfftl o l o( Mlp-tl K'il s II) I lie c ,11 il on '- - i t

e,K h o((,ision Here we will only look .it the f i rs t two ,ivs of the i n t < i . t <
t ive In plot Pbe complete example ii < oni.nned m < '.uhei .uni Kiooii '-ti i.cn-
l l '( 'Mi | 1 he m t ei,n t ivc plot of dimension', one ,uid two (Figure I ) ex pi.uns

71% of the inertia In pnnnple the hiplot displ.ivs the romplde (-Joli.il

dependeiMC. l,nt it -.in ,d--o he used to slndy the three t w o w . i v m1«'i.n

I ions, l>et ,n l'.e I hc-.e m l c r ,n ! ion s < .HI lie del ived fl<illl t lir- jdoli.ll ilepciir|eil< i

l>y (weighted) 'i\ et -uMiif, "f f ' | ( i * ooidm.itc', In othei wotds , Kv computing
weighted rw;ms of »ooidm.i te^ over on« w.iy, iinrl rlmpUiving th '-se me,ms m

the sH,rne figure ^s the glol>,d dependence figure, we < .in .it I he s.mie lime

interpret the two way mter .Ht ions and -tsscss what, the glolial dc|iende?ne

ronta ins over and iifiove the two way miei,n lions Mere we will only look .it

thf « a n t . n i hv o* ( up.it ton mler,M tion

In Figure I the «entroids of the r.mlon 1 1 ,i |c( toi ics tugelhcr w i t l i the o<

( ii[>.il ion [»oiiil s indicate the Canton l»v o< < npnl ion miei .H t ion and t hev .IK

d r; p Lived in 1 he snni«1 gi.iph .is I he f» lol»,d dependen c e il sel l h v marking t liem

with the abbreviation! of the «antons on the 11,1 |ci to i ies Moreover, tbc
l n plot w i th t he < .m t on i ent roids ar id the occupationi < a n l »e interpreted ex
.M 1 1 v as t hè r oniparaUe t wo vv.ty l n plot from t wo w;»\' c <u icspoiiden« c a n.il

'•«öl ne of t hè more ev t icme fe. i t me-; of t hè m t f i ;u t ion -r. c\ ident In ii 1 1



Global dependence PS

" I Iii1n.it h\ r Hi plot f oi ( ;i i>li, i l DepemleiH r ol ( 'an t ons M.ita

c I .HI- t i n - following.

I h*- ( ,nii on', I1011 n ids ( M I ) ,nxl ( '11,11<-.n n K-u I de H ii n doi i ( M't) aie very rural
wit l i a marked pie^eu-r o| independent la imeis (\V) Similarly l r / i ^? t . in
('Ofbièrea ( < 'S). N art »»inc* (('!)), and < 'a pest ,nu> ( 1 1 7 ) ,u c' very n u,11 lint wil tl
.1 predominance oi agricultural Ui l »ou i < - i -, i \ l i possiMy dur io t hè \ il i< -n l
I UT r in t l i . i - ,* ' .n*'.is l -t (ii.ind'('oinl>r (MS). Si Anilnoix (KI ). (Ïiingrs (K 3),
.ind Sntnriir ( ( J ! * ) .tic |>i 1111.11 ily iiidii'-l i i.tl < ,ml 01 r- \\ i t h ai ou TI d 71) ,riU
I1 H' Wol k f o| ( c o« i iij>ird ,is Itllir ( oil,u \\ol ki'l s, ('spcci.ilK' IM 11 M' < t ia l IlillH's

Moulprlli.M ( K S ) . NIIIM-S (1 ;1) aixl i ,«-s Malrllrs (K. r>) (a siil»url> of Moiil
p'- l l ir i) li.nr ,i - . t io i i i«, I r i l i a r x !l.i\ our w i t h around ii()% of t lic work lorr » •
employed in thr tc i tuuy ^ c < t o i .

.'l..'t }-',\ ploc;it i try l hrrr Tiioilc ro\ ;tr innrr s t r i ie t urn nnalysis: l'r r

son ill it y jiidgrniriit < l ; i t ;i

lu t i n - litrrature, information ni ilnrc \\.\\ < l a i a '-CK 'r- often only reported
in terms of » o\ ai ia mes < > i < i n u-lal ions ln-1 VM-CII t he v,u i allies A prevalent

lh.it of inu l t i t ra i t muItimethod ( M I M M ) ma t i nes Mine e x i s t s an
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I atilr 1 CorrelftttOfïJ < > f i our iVrsonaht y V ai labié-, Measmed I>y 1'« * " ••
|e;u IHTS, and Self Uat tngs

extrusive l i tera ture on analy/mi ' M I MM m a t i n e s following ih«1 s t o<ha ' - 1n
line of three way MIM I y si s, espe( ui.ll v in ilu- held of the analysis oi < o\ ,\\ -\.\\\t c
•-.\ m« t in r-, (r K Hen 11er an'l l -'-r, l 'l V), •<(•<• lit ow ne ( 1()H'1 ) for .1 i r vie w ) 1 lu
pro« cdiires piofKise«) ;ue (Himaulv ' onfn ni.iloi y and • • ! at i '.l n a l . and penet
ally based upon spe< \i\< distributional assumption

Kiei . el ,ti ( l ' ) 'KÎ) developed a Irasl squares cilKorillim for liukrr's ( l ' M > ( t |
Method III, which allows ,\\\ exploratory analysm of M i MM matrice*b) thrw
tnodr component anaK' . r . model. . In.t .is in Rentier and ! < •
M i l . | e r t «omponenl s<oi»-s ran no loniv'i l>r found, and then lole c, taken
over hv whal they «all a, (s t rnr t i irr-cl) loading matr ix the siipermal 11\ COTI
tainnii', t i n - ' orrelat KMIS lirtwn-n llie individual ddFeremes «.mpouents an« l
ihr t ra i t s for ea< h tnrlhod

illustration wr wdl re analv/e an M iMM correlation ma
t n x , analysed -,ever,d limes hy Hentlet et al ( e g 1'17't) As formulai* d
in Ment 1er and Tee ( l'17'l, p Tl), < oi rehit unis were avail.il>!«' amoiift four
persOOalit) Variables, e,uh nie.r.iiied hy peers, leaihef; and Sell lat i l i f '^ in

[ î l e i p f (»8 f i f t h graders from two < lav.loom•. uf a (niddlr- » la 1 - - . pid»ln
elementary school ( A sample <>r/e win« h is really t o< i small for t he itochastit
appro,H li ) Mie I rail s m«-a surer l wei c l x l i aversion ( l'',xt r ), tes t a n x t e t v. lm
pu IM vi t v (Imp), Hiul ac ademi» ,\t lnevemenl mot nat ion Km ease of mleipi-
t at ion wr will rrvei 'e l hè •. ( oiev on tes t anx i e t y aiirl ai adem M achicvemenl
mot i va t ion and laliel t hese v a t i,d î les | „\i k of les| Anxirl y (l. A u x ) and l,a< k
• •l Mot i vat ion (l Mot ), res pee t ively As a refill . all s i/.-a 1.1 e corrélations aie
posi t ive, see I ahle -1 windt c o n t a i n - , a iranant'ed ami loimded version of
tb« Orignal Correlation matrix 1 he MM Maniement was Itased on the resiilN
t r ) he presented, and most of t he lai)',e si ale pat lei tr; < an Ite -.een f i or il t h l1 -
tahle
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In .ni a t t e m p t tu s t a y ;i* < lose as possible |(i Unit 1er -nul I,rr's original anal-

.ii f u s t ,t solution was drtrrmmrd with 2 method components, 3 iriut

components, MIK! 5 individual diffrtrn« rs < omponrnls (n 2 x 3 x .r> solution)

Ihr solution a< c omitrr1 for 77iy< ol t h e variabil i ty, bul thr fifth individual

d i f f r t r i i f rs ' om ponen t a< i oimtrd for only r> percent. witli an uni Irar pattern

I hc'frfurf, ,i 7, x il x -1 Solution was also ilrtri mined I Ins solution rxplamrd

72% an«! will br prrsrntH herr

l.iblr B Contain* U» OrOlOQOrmai < omponents for thr t ra i l s and thr methods.

ihr (on- matr ix , and ' he I lading in» tr iers I he i wo method lomponmls in

d irate to what extent !eac hers, IVrrs. ami Self rat ings concur, and to what

'•xirnl 11-HI lin s and IVe- s differ from thr Sri f ml IHR«!, respe« 1ivrty I'he fit st

method Mimponrnl a.N(. shows tha t the lorrelations tend to hr somrwli.it

• in.11 lei foi thr Self' la i - i iR* 1 lie f i rs t two 11 ail < oinponrnts show the class»

\>.\\ Id 11 f t ' i ^fiiri .illv < i 11' ' la te» l 11,111 s l MI t divided into 1 wo blo« k.s ( hete l \

1 1 avers ion /1mpi iU ix ' i t \ and Lark of l'rst Aux iet \ / l .K k of A c .tdeim< A « lnr\r

i in-ui Motivation) w M h low«'r correlation! between blo« ks than wi t l m blo* k s
! . 1 l.tl'lr 1 ) 1 l.r th i rd t t a i t tomponrnt induales tha t the s i t ua t i on

K - W hal innre f omp<r\, m \t.n\\t iil.u ( l ia i t hei e r- also som«' i ourlât ion

het \\ei-n I .n k t » f l est \ nx iet \ and l \11 ave t sum, and bet wrrn l m pil l si v it \

.nul l .n k of \« adrtiu« \< hie\ r'inent Mot t \ a t ion | a^ain see lable 1)

l lom thr s i /eol t in- i ( • « • elements, wr si-r t liai al l huge « ore elements | l 'C t.

l Ml. l '*U i H'h'i tu w h a t Ihr mrlhods iiH'.isnre m thr same way. as t he\ j»ei

lam to thr f u s t method component In ol hrr words, thr m.ijoi \ .n iabdi ty
r- due to lulls rall ier than methods Peri judgement!, Irai het«. •

nu ut '-, and sub 11-i t '- '•-i • ] ( i ,it iiif,s < om ni on the genenl pal tern among t he

It MM l i a i t - , I nialh . I d ' - only ot her larpjsh element (0 71') m the i oie mat i ix

| " l t a i n s to 111*- Sri! i ' . - l y . vrisiis I'eei and leathei c o n t r a s t It is t a t h « ' l

dl MM nil to sre what i < on 1 1 a s t |n n r>« ly en I ails from pisl looking, a I I he

' oinpniients, piol-abh bf< anse t he t - f lei t it sell is rat her small Km I hn in tor

mal ion about 1 his « a p ! •»- i K'l i \ cd f t ' U n t he loading mall ices 1 heir we see m

th^ fourth Subject O lit the < ont i;ist bel M (vu rspr< lalK IVris ami the

• ! i r i i V ; ^'l l i ihr .if l i f ts sidiiif, l.u^e^ \Mth the INvrs IKiwevrr, an

ui (rr pret a t ion of t he obsei \e<| d i (Trient r is nol \ ri \ i Irai , and 1 he difh'iem e

; also <h !h< nil to 11.H r m thr original ( o i t elation mat MX

( Vrtftin anperU of I he mteipielal ion won h I benêt il Irom io ta t tons. rvpr. ia l l \
- i t ( Miiiponrtit s ihr m\'rise 11 aii '- loii i ial ions, hovvevrj. i miiirdial rl\

Itiakf ihr (oie mat r i x less interprétable because brfoie rol at ion there air

"iil\ four large r l einen 1 s m the COre matrix while aft ei iol a I ion 1 herr will be

t i - i t i l K .m\ latge elements, bnl many medium si/rd ones

' li.uK, I he abo\e drs<i lpt lon is a lotij', wav llolli a real snbstanl ivr mtrr

1'irla' on and i.itnrs htt l r theotr lna l (on t rn t However, it ma\ MTV« I"

- t i c lh.it an rxp lo ia lo t \ a i i a k ' - r , < a n be performed wil h the Tucker

niodeU I nillieilliore. it shonld be nolrd thai the oi i t tomes of the a i >

' di-.l UK 11\ ddfrrrnl flavour from Hrntler and l,<v's results In p.u

' " ' l i a i , the f]lirs||oil mas br ta is rd \ \hrll irr then lonsistni t split belWfvn
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A Co«pon«nti
Trait

Componanta
Trait Tl T2 T3

tmpulaivity 81 37 34
Extravara ion . B2 .47 -.49
L Ac Ach Motivation BO - 63 61
L Teat Animr.y 33 - 81 - 82

Proportion Variability 37 22 l.l

B. Cor« Matrix

Method
Components

Method
Teacher
Peers
Self

HI
.81 -
69 -
.63

03

M2
24
61
83

•

Subject Component»
Method Trait

Component« Components SI
Tl (Common) 1 93

Hl T2 (I*E v« L A*L M) - 39
(Shared) T3 (I*L H va Eil, A) - 04

Tl (Common) - 24
N2 T2 (I*E «• I. A*I. K) 10

(P*T va S) T3 (I »I. K va EIL A) 32

Proportion Variability Accounted for 33

C. Variable-Component Correlations

Subject Components
Method SI S2 S3 34

E 7 4 2 - 2
SI I 7 1 4 - 4 S 2

(Peera) L.M 7 - 4 . 2 - 1 (Teacher)
L A 7 -.4 -.4 .1

E 3 .7 -.3 3
S3 I B B 3 B

(Self) L K 8 - 3 .4 .3
L A 2 - 4 - 8 - 1

S2
.31

1 80
- 28 1 .

23
IB
02

.21

Subject

S3
01
19
09

00
01
27

11

mm
SI S2 S3

E .B
1 .8
L.M 7
L A 7 -

8 - . 3
B 2
8 2
4 - 4

54
02
16
01

72
37
33

on

lents
S4

-. 1
i

.0

.1

* Mr ri I l i m - Mn(|r I ' n i H I | M ! ( 'mi l pi mm t So lu t i on w i t h four S i i l i | r < I Coin
n i i r n t s , t h i f f I r . n t Components, -uul I \ M > M r t h u i l Componentfl
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I ' ( • • - ] • . . .n.I l ea« IHM judfeCMOtl i'- ail\ iseaMe. ami oui analysis suggests thai

,i Peers/ Iea< her fac lor and a Self ratings factor might bo worth contemplât

ing.

3.4 Individual difformcrs in orirntation scaling: Grigg'« pain data

hi t in - beh*viourftl s« lemes it is not nmommon thai data are colic« '

'.iinil,ii it ies People .ne requested I t » cv |>i ess rit lin directly or indirect Iy how

smiilai I wo st imul i air in Ihr rxaniplr. people were requested to mdi ta le

how M im l,11 i n t ii in sen sa t ions IT! a led to pain \vn r l hr quest ion is whether

(he s u l ' i e i t s p e r « e i \ e < l p.nn in a snmlai manner, and how the pain sensa

IK.IIS i/iouprd togrtlin I he unpublished da ta were kmdlv supplied hy Dr

I <!ngg I I ' tme rs i l v of Queensland. A u s t r a l i a )

/ 4 I Ih,,»,j

In t he p lesen t t äse I hesr sum l,n M 1rs a ie ( on\ ci t c ' i l to dissmillai it ies l (ns

makes the \a lnes « oiiipai al-Ie to d i s t a n c e s , and in fact we will t reat the

(l issi ini lant i.s ,is il t hev weie »fMmf difltaOCa As is shown in the Mlts

l i t i-i at ure. don Mr ' rnl ring squared d ist am es gi\es s< alar prod IK Is which i an

in turn anal\ sr<l K\ si alar product ITlodHa, tuch as l\pst M ami ll'li ist \i

; . r ( ' a i i o l l and ('l iang (P'TII)) I he IM>s< M model assumes t h a t llinc

PXi«tH a < MUI n ion itimullU Configuration, w h n h is shared h\ all pidges (sn l>

j e < 1 s ) . and t ha i th is i t »nh(!.u rat ion has the same s - t im ln re for .ill pidges.

r \ t r pi l hal I In \ ma\ a 11 ai h dlllet c' i i l l nipoi I am c ( sa hem i' ) I « ' earh of t he

( l i xed I a x » s o! the « i>n(i^ii i a I ion 1 hr- les i i l ts m some pidges ha\ nif. < onlii*.

in at loir u hu d a ie st i e t « hed ont m oie aionj; om- ol I lie axes | h c l l * l t is,( M

model i - , smii lai e\ (cpt t h a ï rai h |ml|'r ma\ put thé axes ,,f t lie < mninon

< onhi',i i iatnin nndei a diH'ririil ani'Ji and I hns thr \ ma\ onent th r to in tuon

H a ihlleielil \\ ' >

| {« . . n lK . !MI H. i c < ' t al ( l ' i ' t 1) show I'd t h a t I h. PUCKALSS .ilr.ontlmi

I • ee ' .» • ( l ion l l 1 ) i< an eil K u n l wa\ l o est iniale 1 he II)|()S< AI model (sei

se« t.on 1 l '.M On l he ol het hand, A i a l . i e e t a! ( I ' I S V ) ind i ra le that t h i s

I1 loi Ii | " [ | has empli H alK \ leldeil disajipoml itlj', result s in genei al' ( p 1"i i

In th is set l um \\e will pirsent an applu at ion of 1 he MHost A l model, Uni

al the same t ime show tha i also ill th is da ta sel interpret ing t h e M M i ' s i \1

model )•: iK.I \ \ < M t h t he ef lor t i i impale« l l o ml erpi et mg t he INl>s< M model

/ fimifili ( it it/i/ '* /umi liiitfi

1 loin t he o t if ' jnal 11 suli]e< I s, s ix teen \\eie t hosen for th is exam] tie on I he

li.isis ol the lii < i l t h e ' mioscAi model to then dat,i dmmg a preliminary
anal \ MS | he aiia I \ MS i r por te i l hei e is a l \ \o < om ponen t solution w i t h a lit
.'I ( ' ) ' . "< indu al iiif, t h a t the . la t a ai. s | il I \ ei \ nois\ I1 ir.m e '.' show s the

si imiilir> - - p a » e \ lolenl pa ins. sin h a-, -hoot i tig, (»liming, i ramping, intense

pain aie in the sann lej'.ion of the spa«e . ies>, d t a m a t n ones, such are mild,

i mu lei a te , and anno\ me a t e a KM loc a ted near eai h o t hei , as are 1 M mr

ei,d)le. and .lisliesMiii-, One ident i fs due. t ions m the spa te , fol instaure.

• • » u n ' , f iom mild lo intense and one from mote shoit
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04 -0.2 0.2 0.4
IOK>K«L1

2: Grigg'i Pain Data [DIO8CAL StimuliM Space

sensations to longer lasting sensat ions

I 111' Slllljel l Weights A«- sllOWt] II) I III' lelt ll.lllll panel c il l aille II l lic l .il lic

pfOvioM the weights alloialed tu Ihr- lirsl dimension and t i > llic sei oud dl

11 ici i M« ui as well as t lic "inillviilii.il or l cl l) .il lull" • '\ [il ess r -r l as ,i < os n ie liet wcell

t lic t wo dimeiuioDI •''- W('ll ,is t hc .iti^lc t lus rcjucscnts < '|c;n l\ l lic MI|I jcc Is

fall in two Ktii i ip'i. l lio'.c lh.il |inl llic iliincnsioiis iin<lcr au .n nlc .ini'Jc .nul

Ihosc Ilinl |int t l ictn fit .in olilir.c angle Proof rnotlgli for ,iti inilnnln.il

difference* of ortentAtion ••< .il int-, it sect n s Ilowcvci. mie [irolilctn ^ t li.it lm
nient ili.iliiht y of tl ic nioilcl, wc h,ui In assume lh.it t l ic sliii inlus sp.uc vv.c-

OTtbogOlul In i l ie<k whell ict t ins was imililetnalli wc |ICI|OMIICI| ,111 INI1

SI 'A I ana lys is (wi l l l om l UM IM prof,! am (sec sei l ion 1 1 I)) I III', .n

provided a 111 of IX !'/ . h.udlv woise than Ilic previous .ui.dvsis. ami i 'uc-n
l haï ils in terpret at ion is mm e straightforward it is < lea 1 1 v i o In- preferred
Che additional complexity of the IDKMCAI nmdel was on K app.ucni m t ins

nul llic r e s u l t s s i ippoTl A r a l i i c e l al 's i oni liiMon

In I'lgnrc '2 we have drawn I he i mentat ion of the two INDSI A l aXCf, w lm h
h a v e an innci pioilni t ol 11 anil thus make an angle of I IIS dc)'i - 111 111'

l ight hand panel of I aille (, we sei t he sidi |C| t weight s ( )f i om se. l he\ 11 lie. I

the i wo groups found call HI Staying with the bui< IN DM AI iTi ic ip ie i . i t M,n
t h a t one group of snli|ci Is ( I .'. 1 ,111 ,1 1 . 1 . 1 , 1 I.M) tends lo cmplia.si/e

t h e a x i s of burning, nhooting, intense, . i am ping pain in < out last w i th mild.
numbing, and Imng I he othei gioiip ol snli|ei Is (.r>,(i,Ï.S,'l. l r>. Mi) i onl iasl
mild and modi l a t e pam vvi lh intense t ir ing, dist icssmg and misci ahlc, and
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l.iMc (> (înt'.i1, '1- I'-HII l);»l.< ÏIHMM \l S u l » | « ' i l Wcit'.hts ,HK) Cosines »ml

I\DS( M Suikert Weights ( so t ted willi rc^pi-i t to INDscM wri^hts)

pi.H i liiitiimi', .nul slio«i1in>', N«> in« \ \ l u i i in ihr inul'llr

III " lu <H1}',1IMl ( l i 'SIJ' ,11 1 1 1 « ' S1|] ) |01 ts ( 01IM--1r<l nt' thnv ^I<)M|>s ( 11 to t l H |».HM

- i i H . iris, n-|irti l ivr s t t i in i l l i ] i i l \ Mil!rn'is. .nul .1 'onlml j',i"ii|t It' 1 lic m

fbrm&tiofl ftvul&ble i^ ronrct tlim t in- i l i\ isHin mto Iwo groups nuis riglil

through t lic (Irsigti f^diips Un fortunately, \\c li;ur lircii uiiitlilc to » oui.H t

1 lic 01 if, i n.i! i r '•• ,n < 11 n to » on f ir m t lic pi,11 ei nciit of the ttlbjcctt ifl I he groups

"i l o t f r j i n '.t .ulilit lon.tl i n foiin.it ion on t In ItlbjeCtl, which mtghl shrd llgllt

* 'ii l in M I,it loiislnp between percei>^d .nul sciti.mt K p.un expression^

1. Softwnrr: . ' l \ \ \ ^ P \ ( K (version 2)

I III ,UI , l i \ 'C ' pK ' .M l t c« ! Il l ' I I I . p. lpt1 l l , l \( I)CC11 l . l l l K ' l Ollt W l t l l t i l l .til

l inn's pto^i.iin p.u k;»gc ,'ÏWAM'M H ( K looiictihcrg. 1'1'M. l'l(l(») I his to]

Ie» t ion » > f pioj',i - t ins IMS spec ill« ,ill\ <lcsi^nc<l foi the ,uiiil\ sis of t luce w ,i\

•l.il.l II ( o l i s i s t s of' ,in tl ictiu Nasril lllti rfil( c. ( illlcd IN I MU A( I 3 (II .'M. .1

picpim css i n g program, l'UI rit» >< .'t. t liter ni.uii .in,il\ si-- pi OJM ;uni I t t K
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A Hybrid Global Optimization Algorithm

for Multidimensional Scaling

Itndotf Math.«

Instit ni hu S ta t i s t i k ,

IWI'H Va. l i en , l> Vtr.li A.uhen, Cermany

S'nmmnry: I.oial scan li algorithms m MiiltidimiMisional Scaling (MI)S), baaed

- •hen ( s ..i siil.i',i,idierits. nit en get sim k at loi al minima of STHKSV pa 11 u n

l.i 1 1 v il i lie under l vi iig dissumlaiit \ m.il 11\ i-, l,n from hei rig |- IK lidean llowrvrr,

in order to leinove anihicjnt v 11 om t lu- model building »rot ess. it is of , ira mon n t

interest to fit ;i suggested model liest to a given d ut a set H «MI re, fin« d ng 1 hr global

minimum of S | H ( S S is vei \ import,ml lot appli< .it ions of \] I )S

In tins paper a hylnid i te ia t ion --theme is suggested lonsistirig of a local opti

tni/al ion pli.i.se and a genet n t vpe j'Jobal opt imi/.i I ion sli'p l o. al se.iii li is ha.sed

on (he simple ari'l f'rf.sl IIK\ |or i/.it ion appro, u tl I \ tens ive numerical testing shows

i liât I In- piesen ted met hod lias ,i lui', h '.in . ess prohalnlit v ;»nd < le.uh out performs

-impie i .in-lom mull r l .u t

1. Why Global Optimisation is Important

I IK- pmposr o| M|)S is to f i t !• m hd«-iin n it n pom t dis t.mi rs to given dissuu

ilaritien Depending on t hr underlying model corresponding benefit t n t n M
• ,ui become quite complicated, foi .m o\ n \ ir\\• srr. r g , dr Leeuw and llnsrt
( l ' I S I ) » and < 'o\ .nul * 'DX ( l'l'U) In i t ' - --implrst and most i n t u i t i v e loi m.

In ' \ \ r \ M.I hr .um ol M I IS is to

orva \ t R""*, (1)

uhfir A,, .nr |',i\rn svil inirt in ilissiuul.il il irs lirtwrrn ol>|r . ts (.">,, ,('">„

\ i x ,, , x„ )' drnotrs so i ii Uni * on/i^nr.if lon-^, i r , u point s x j, . v i

R , rilld f / , , ( X ) | J X , X , j | 1^ (Irfmril .r- t in - l'm llilr;\li ( l ist.vnrc hrl \\rrii

\, .HM! x , n1,, " 11 ,ur )',I\CM wr i^J i ts . wlmli lt\ s r t t tn^ je,, O ;»IKms fi>r

nu hull ni', t l ir . .IM- of lUlssJniT \-,ihi'", \ , l hr Kr i ir lit hun tuu t «f I hr Weighted

'|ii.iirs si.ihlli', ptohlrm ( l ) is tisti.lllv , ;illril S l IU ,SS It is known t o

h,i\r ,i lot o| -. i ,it lon.ii v points win« h ;iir nol p,lol>al iiununi/ris | ittmi', ,\

\»\\ dimensional ( A '.' 01 t) im-lm » oonhii.ilr model X to Ihr dissiniil.u i

tirs ,,l|ows loi ii JVM»'"' -1 ' i '1!1""-''111-'1 '0 '1 'll ' l'«' * ' 1 > | « ' < 1*- m -i Km hdr.ui sp.n r.
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