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Recent Developments in Three-Way Data

Analysis: A Showcase of Methods and
Examples

P. M. Kroonenberg

Department of Education, Leiden University
Wassenaarseweg 52, 2333 AK Leiden, The Netherlands

Summary: In this paper an compact idiosyncratic overview will be provided of
the areas into which three-way data analysis has expanded. The historical intro-
duction will be followed by a scheme presenting an indication of the techniques
involved. Then four condensed examples will give a feel of the scope of applica-
tions, while the final section is devoted to publicly available programs to perform
the analyses.

1. Historical overview

Three-way analysis of continuous data originated in psychology during the
sirties. Its founder Tucker (e.g. 1966) conceived the basic ideas for three-
mode component and factor analysis models, developed algorithms to es-
timate the parameters, and published several, primarily psychological, ap-
plications. During the seventies three-way analysis expanded into multidi
mensional scaling primarily due to Carroll (e.g. Carroll and Chang (1970)),
while Harshman (e.g. Harshman and Lundy (1984a,b)), working with similar
models, extended the scope of component models. At the same time Bentler
and co-workers (e.g. Bentler and Lee (1979)) developed structural-equation
formulations for the three-mode common factor model. In the eighties, Kroo
nenberg and De Leeuw (1980) developed new algorithms for Tucker's mod-
els, and the former extended interpretational aspects of the technique and
published several applications emphasizing interpretation, primarily within
the social and behavioural sciences (e.g. Kroonenberg (1983a)). Flury's
(1988) book summarises the development of his work on multi-sample com-
mon principal component methods. In France a new approach called STATIS
(Structuration des Tableaux a Trois Indices de la Statistique) was developed
by Escoufier and co-workers (especially, Lavit (1988)). Carroll, Arabie, De-
Sarbo and co-workers (e.g. Carroll and Arabie (1983), DeSarbo and Carroll
(1985)) took three-way analysis to the clustering and unfolding domain, and
Basford and McLachlan (e.g. 1985) introduced three-mode clustering. Car-
roll et al. (1980) also introduced constraints into three-way analysis. In the
mean time the methods gradually filtered into other disciplines, like agri
culture (e.g. Basford et al., 1991), ecology (e.g. Beffy (1992), spectroscopy
(initially independently from the developments in psychology; e.g. Leurgans
and Ross, 1992), and chemistry (e.g. Smilde, 1992). In the first part of this
decade, much effort has gone into developing constrained three-way analy-
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ses especially from Kiers, Ten Berge and co-workers (e.g. Kiers, 1991, 1992;
Krijnen, 1993). Franc (1992) extended French linear vector space thinking
to the three-way area. Another strand is the expansion of the techniques
into the analysis of three-way contingency tables (e.g. Carlier and Kroonen-
berg, 1996) and three-way analysis-of-variance designs (e.g. Van Eeuwijk
and Kroonenberg, submitted).

The names mentioned above are an unfair selection of some of the p

nists, and many other persons have contributed to the developments in this
area. An annotated bibliography upto 1983 is Kroonenberg (1983b) and the
sequel to this ever-expanded bibliography is available from the author which
covers virtually the whole field, both theory and applications, and everyone
is invited to contribute papers, programs, and applications.

2. Three-way data and the method chart

2.1 Three-way data

In their basic form, most data seem to come in one of three broad classes,
i.e. profile data (scores of subjects on variables), similarity data (judge-
ments of similarity between two stimuli), and preference data (rankings of
subjects on variables); here, the terms subjects, variables, and stimuli are
used as generic terms. From these basic forms many other forms can be
derived, such as means, covariances, frequency counts, etc., while data of
one class can be transformed into another class, e.g., indirect similarities
can be derived from profile data. Profile data are the bread-and-butter data
in many substantive areas, similarity ratings are very prominent in several
areas in psychology and marketing, while preference data enjoy limited pop-
ularity, probably becanse they are far more difficult to analyse and carry
relatively less information. A further distinction is that between data with
a dependence structure end those with an interdependence structure. With
the former kind, the (mostly profile) data are split up in two (or more)
groups, one of which is designated as the set of variables to be explained or
predicted from the other set, while in the latter kind there is no such distine-
tion, and the interrelationships between the varables is the object of study.
A final distinction is that between ‘true’ three-mode data (or repeated mea-
sures data), which are fully crossed, barring missing data, and multiple-sets
data. The former type of data are the ‘true’ or ‘ordinary’ three-mode data,
because three different kinds of entities or modes are generally involved, one
of which might be a time mode. When a fime mode is involved, many tech-
niques discussed here do not explicitly include this design feature in their
analysis, but rather use time as an interpretational feature. True multi-
variate time series models within the Box-Jenkins approach (e.g. Chatfield,
1989), while falling essentially within the present framework, are not dealt
with in this paper. Mulliple-sets data are generally two-mode three-way data
derived from raw data, rather than consisting of the raw data themselves.
Typically one may think of cross-product matrices, covariance matrices, and
often (dis)similarity matrices. Such data cannot always be analysed in their



raw form with three-way methods, because they originate, for instance, from
different samples, but after transformation to two-mode three-way data they
can be analysed with such methods.

2.2 Three-way methods

With respect to methods, one may distinguish between those that explicitly
use a stochastic framework, rely heavily on distributional assumptions, and
therefore more or less by default treat subjects as replications. The other
group consists of techniques which are primarily data-analytic in orientation,
can be considered to address populations, and pay attention to individual
differences. A further distinction that is often useful is that between di-
rect modelling and indirect modelling techniques (e.g. Kruskal, 1984). The
former techniques attempt to model the three-way data directly, while the
latter techniques try to fit models to derived three-way matrices, such as co-
variance (correlation) matrices or cross-product matrices, and thus are often
used for multiple-sets data.

2.3 Three-way method chart

In this section a three-part chart of methods is presented. Obviously a thor-
ough discussion of this chart with proper references would require a full
book. The chart is here presented as an appetiser of which topics one might
come across in the three-way field. A more extended discussion of compo-
nent models is contained in Kroonenberg (1992), while the other parts are
still in my portfolio. In a way the Sage booklet by Arabie et al. (1987) can
be seen as a treatment of Part 111 of the Method Chart.

3. Examples

In this section we will present four condensed examples to illustrate some
more recent or less well-known techniques. The examples come from such di-
verse disciplines as agriculture (interactions from three-way ANOVA), demo-
graphics (three-way correspondence analysis), psychology (three-mode co-
variance structure analysis), and sensory perception (individual differences
in orientation scaling).

3.1 Interactions from three-way ANOVA: Dutch maize data

In agriculture, three-way data summaries often take the form of three-way
tables with one way consisting of different varieties of a crop, while the
other two ways contain two environmental factors such as years and loca-
tions. This kind of summary is a direct consequence of the interpretation of
the phenotype as the joint product of genotype and environment, where the
environment encompasses everything that is non-genetic. Such three-way
tables may be modelled with three-way analysis of variance, but due to the
generally moderate to large number of entities in the ways, facilities to model
two-way and three-way interactions mulitiplicatively should be considered.




METHOD CHART

Part I: Profile data

Dependence techniques: General linear model methods
two-block multiple regression, three-mode redundancy analysis;

Interdepend techniq Component methods
three-mode component analysis, parallel factor analysis,
three-mode correspondence analysis, latent class analysis,
spatial evolution analysis;

Dependence and interdependence techniques
multi-set canonical correlation analysis, procrustes analysis,
multi-set discriminant analysis;

Clustering methods 1
three-way mixture method clustering.

Part II: Covariance models for profile data
Stochastic covariance (or structural equations) models
Repeated-measures methods
invariant factor analysis,three-mode common factor analysis,
additive and multiplicative modelling of
multivariable-multioccasion matrices;
('ross-sectional methods
simultaneous factor analysis;
Exploratory covariance model methods
Reprated-measures methods
(quasi-) three-mode component analysis;
Cross-sectional methods
simultaneous component analysis,
indirect fitting with component analysis methods;

Part III: Similarity and preference data

Multidimensional scaling models
individual differences scaling, general euclidean models,
three-way multidimensional scaling;

Clustering methods 11
individual differences clustering, three-way ultrametric trees,
synthesized clustering;

Unfolding models
three-way unfolding

47



3.1.1 Theory

In this section we will concentrate on modelling the three-way interaction
with a three-way decomposition. There are various three-way generaliza-
tions of the two-way singular value decomposition, but the one most satis-
factory for our purposes was that due to Tucker (1966). First we arrange
the three-way ANOVA interaction parameters, a7y, in a three-way array,
and decompose that array according to the Tucker3 model to give

aﬂ%)k - Epzqsralpb"chgm + €ijk

Only the most important multiplicative terms for each of the ways will gen-
erally be retained in the model. For testing multiplicative three-way inter-
action not very much theory has been developed. Boik (1990) presents a
likelihood ratio test for the first term, including a table of critical values for
comparatively small three-way tables. In cases covered by Boik, his test can
be used otherwise we advise to use a procedure similar to one of the proce-
dures for two-way tables, attributing df equal to the number of independent
parameters to terms that stand out in the amount of three-way interaction
described. This usually concerns only the first three-way component for each
way. Occassionally second terms are involved.

For an I x J x K three-way table of raw data, a three-way decompo-
sition with P components for the first way, @ components for the sec
ond way, and R components for the third way, implies the estimation of
I xP+JxQ+ K x R scores plus P x Q x R singular values. Owing to
rotational invariance the number of constraints is equal to P? 4 Q* 4+ R%.
The difference between parameters estimated and constraints imposed then
results in (I x P+ JxQ+ K xR+ P xQ x R)~(P*+Q*+ R?) df for
the fitted model. When considering the three-way interaction instead of the
raw data, I, J, and K should be reduced by one.

9.1.2 Ezample: Dutch maize variety trials

In the Netherlands there is an ongoing programme of testing maize varieties
which aims to select the best varieties for cultivation and use under Dutch
conditions. The present data set consists of 6 varieties (Brutus, Splenda,
Markant, Vivia, Dorina, Irla) planted in four regions of the Netherlands
characterised by the soil and location (Southern Sand, Central Sand, North
ern Sand, and River Clay). Mean values on the attribute Percentage Dry
Matter Content - DMC - for these varieties were available for the years 1980
through 1987 with the exclusion 1983 which was deleted due to missing data
in one location. In other words, the data can be arranged as a 6 (varieties)
by 4 (locations) by 7 (years) three-way table.

Table 1 shows the results of the straightforward three-way ANOVA for per
centage dry matter content of the maize. The variance explained of the
variety-by-year and the three-way interaction are roughly of the size of the
explained variance by the varieties themselves, but they have, of course,
much smaller mean squares due their larger degrees of freedom. One con-




Degrees of Sum of Mean

Source Freedom Squares Square
Variety 5 80 16.04
Site 3 962  320.73
Year 6 1195 199.11
Site x Year 18 851 47.30
Variety x Site 15 17 276"
Variety x Year 30 65 2.16
Var. x Site x Year 90 80 0.89

1 x 1 x l-solution 12 31 2.61

2 x 2 x 2-solution

(given 1 x 1 x 1) 12 18 1.49

Deviations 66 31 0.47
Total 167 3520

Table 1: Analysis of Variance for the Maize Data

clusion is that the first two terms of the decomposition of the three-way
mteraction are significant (for details see Van Eeuwijk and Kroonenberg,
submitted),

With a three-way singular value decomposition of the three-way interaction
effects table using two components for each of the ways, P = Q = R = 2,
it was possible to identify the contrasts as responsible for the whole of the
three-way interaction. The interaction patterns are summarised in Table 2.

['he three-way interaction could be partially interpreted as a kind of correc-
tion on the Location by Year interaction. The three-way interactive pattern
shows that the I.JK-interaction is of a contrast type, i.e. it is caused by
specific varieties reacting in a specific way at specific locations in contrast
with the behaviour of some other varieties.

3.2 Three-way correspondence analysis: French canton data

Most three-way methods require data to be at least interval scaled. In this
section we will analyse the situation where we have three categorical vari-
ables with more than a few categories. Carlier and Kroonenberg (1996)
deseribed in detail both the theory and the interpretation of three-way cor-
respondence analysis (three-way CA). With the technique it is possible to
produce measures and graphical displays of the dependence in a three-way
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Splenda Brutus/Vivia Dorina
South North Central | South North Central | South North Central
Sands Sands Sands | Sands Sands Sands | Sands Sands  Sands
1980 - + +
1981 + . - : +
1985 + - - +
1986 : + + + .

Table 2: Interactive Patterns from Two-Dimensional Multiplicative Solution
of Three-Way Interaction

tables, and as such it shares and extends many properties of ordinary (two-
way ) correspondence analysis.

9.2.1 Theory

The basic starting point is a three-way contingency table with orders [,
J and K relative frequencies, p,;x. To measure the deviations from the
three-way independence model in such a table (thus taking into account all
interactions), Pearson’s mean-square contingency coefficient, ®*, or Inertia
is an appropriate measure.

o £=Z(M,k—P-.P. i) )
n ik PiPyP ok

It can be shown that the total inertia may be partitioned as follows

! = Pp (Pu Pi.. P;) + 3 (P«k P‘Pk)
E:ll-'- T EPP* PPk
Pyk ~ PPk ) (Pui —nPlJ*)
+ * +
E Pip. ( S ')ka. pipa (S
= ‘u+°m+°m+°ukv (2)

where ,, py;i is implicitly defined. This is clearly an additive definition of the
interaction in a three-way array. Equation (2) shows that the global mea-
sure of dependence, ®?, can be split into separate measures of dependence:
there are three measures for the dependence due to each two-way margin
which are identical to those used in two-way correspondence analysis, and
one measure for the three-way interaction. Such a partitioning is the first
step in the analysis of a three-way table.

The three-way analogue of the singular value decomposition, especially the
Tuckerd model, will be used to model the dependence. There is a subtle
difference in the present usage of the Tucker3 model in that, analogous to
two-way correspondence analysis, orthonormality is defined with respect to
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weighted metrics defined by {p;_}, {p,.}, and {p.x}, respectively, moreover,
a weighted least-squares criterion is used.

One of the attractive features of using the additive approach over a multi-
plicative (or loglinear modeling) one, is that one single decomposition of the
global dependence is made, and that the marginal dependence can directly
be modeled and assessed from the global decomposition. The contributions
of the marginal dependences to the global dependence can be evaluated with-
out having to construct special decompositions for lower-order interactions
as was necessary in the previous example. Moreover, such interactions can
be portrayed in the same plot as the global dependence. To portray the
dependence we will again use interactive biplots, in which the markers of
two of the three ways (here: (1,7))are combined and plotted in the same
figure with the markers of the remaining way. Assuming j is an ordered
mode, trajectories can be drawn in the biplot by connecting, for each 1, the
points (1, 7) in their proper order. This will greatly facilitate interpretation,
especially if 7 is a time mode.

3.2.2 Erample: Changes over time in the Languedoc work force

During the census of 1954, 1962, 1968 and 1975, the people of 42 can-
tons in Languedoc-Roussillon (Southern France) were asked to state their
profession. Their occupations could be grouped into seven major occupa-
tional classes: Farmers (AF), Agricultural labourers (AL), Owners of small
and medium-sized businesses ( SB), Professionals and senior managers ( PS),
Middle managers (MM), Employees (white-collar workers - W('), Labourers
(blue-collar workers - B('), Employees in the service sector (SE), Other oc-
cupations (00). Full details as well as the data themselves can be found in a
special issue of Statistique et Analyse des Donndes (1985, 10 (1), especially
p. 11-15).

To evaluate the results of the analysis we will first examine the table with the
partitioning of the y?-variance to evaluate the sizes of the different interac-
tions. Of the total x?-variance, the absolute largest amount is explained by
canton-by-occupation interaction (57%) followed by the occupation-by-time
interaction (22%). If the degrees-of-freedom are taken into account as well,
the occupation-by-time interaction has by far the largest contribution per
df, which indicates that the occupational distributions have undergone con-
siderable changes over time. Also the canton-by-occupation has a sizeable
contribution per df showing that there is considerable diversity among the
cantons. The smaller cantons-by-time interaction contains the differential
increase and decrease of the cantons, primarily a trek from the rural areas
to the towns. The three-way interaction is not large, and it has by far the
smallest contribution per df, and it will not be discussed further.

To describe the patterns in the data set, we have fitted a Tucker3 model
with 5 components for the cantons, 5 components for the occupations and
2 components for the time mode. This model fits very well leaving only
8% unexplained, and Table 3 shows that the canton-by-occupation and the
occupation-by-time interactions are very well explained (96% and 95%), re-
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Results Fitting 3-Way Model

% of X3,/ % of Xh/
Source df Xiu Xty o Xber Xk Xt
Main effects 3 ~0% 3

Cant. x Occup. [ 328 114307 5% 348 ( 4571 29% 96%
Canton x Time 123 16278 8% 132 1793 1% 89%
Occup. x Time 24 43469 22% 1811 2191 14% 95%
CxOxT 084 25249 13% 26 7441 4T% 60%

Total 1459 199303  100% 137 | 16001 100% 92%

Table 3: Cantons: Global and Marginal Quality Indexes: Chi-square Vari-

ances

spectively. The relatively unimportant three-way interaction has the small-
est fit (60%). One of the strong points of the method proposed here is that
it takes into account these two-way interactions within the framework of a
single model which is fitted to the deviations from the three-way indepen-
dence model.

To be able to display the results in interactive biplots we need to select of
a reference mode. As we intend to study the changes in the distributions of
the cantons over time, the occupations have to be chosen as reference mode.
In the interactive biplot, the four canton-occasions points of each canton 1
(or interactive markers, (i,k),k = 1,..,4) are connected by a line ending in
an arrow head for 1975; such lines are called trajectories. Trajectories can
be interpreted in terms of the distributions of occupations in the cantons at
each occasion. Here we will only look at the first two axes of the interac-
tive biplot. The complete example is contained in Carlier and Kroonenberg
(1996). The interactive plot of dimensions one and two (Figure 1) explains
71% of the inertia. In principle the biplot displays the complete global
dependence, but it can also be used to study the three two-way interac-
tions, because these interactions can be derived from the global dependence
by (weighted) averaging of the coordinates. In other words, by computing
weighted means of coordinates over one way, and displaying these means in
the same figure as the global dependence figure, we can at the same time
interpret the two-way interactions and assess what the global dependence
contains over and above the two-way interactions. Here we will only look at
the canton-by-occupation interaction.

In Figure | the centroids of the canton trajectories together with the oc-
cupation points indicate the canton-by-occupation interaction and they are
displayed in the same graph as the global dependence itself by marking them
with the abbreviations of the cantons on the trajectories. Moreover, the
biplot with the canton centroids and the occupations can be interpreted ex-
actly as the comparable two-way biplot from two-way correspondence anal-
ysis. Some of the more extreme features of the interaction as evident from
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Figure 1: Interactive Biplot for Global Dependence of Cantons Data

Figure 1 are the following.

The cantons Fournels (M4) and Chateauneuf de Randon (M3) are very rural
with a marked presence of independent farmers (AF). Similarly Lézignan-
Corbiéres ((8), Narbonne (C9), and Capestang (H7) are very rural but with
a predominance of agricultural labourers (AL) - possibly due to the viticul-
ture in those areas. La Grand’Combe (D8), St Ambroix (E1), Ganges (K3),
and Sumene (G9) are primarily industrial cantons with around 70 - 50%, of
the work force occupied as blue collar workers, especially in the coal mines.
Montpellier (K8), Nimes (F1) and Les Matelles (K5) (a suburb of Mont-
pellier) have a strong tertiary flavour with around 30% of the work force
employed in the tertiary sector.

3.3 Exploratory three-mode covariance structure analysis: Per-
sonality-judgement data

In the literature, information in three-way data sets is often only reported

in terms of covariances or correlations between the variables. A prevalent

case is that of multitrait-multimethod (MTMM) matrices. There exists an



Extr i Impulsivity L.Anxiety L Motivation
Methods Retings | P T S}P T B}P T 8}P T §
Peers 3.
Extraversion Teacher | 6 1
Self 2 & 3
Peers 4 3 Jd]1k
Impulsivity Teacher | 4 6 4|6 1.
Self 3 4 4)]4 5 1
Peers & X F1X ILATL
Lack of Teacher | 3 3 1.1 11 1y 4
Test Anxiety Self o8 <~} HIA RSEiA -8R 1
Peers 3 A1 H-3 3TH & BN
Lack Academic Teacher | 2 -1 -2]|3 1 1|56 6 27 L
Ach Motivation  Self 3 5 Bi1A 1 414 A BB N L

Table 4: Correlations of Four Personality Variables Measured by Peers,
Teachers, and Self Ratings

extensive literature on analyzing MTMM matrices following the stochastic
line of three-way analysis, especially in the field of the analysis of covariance
structures (e.g. Bentler and Lee, 1979; see Browne (1984) for a review). The
procedures proposed are primarily confirmatory and statistical, and gener-
ally based upon specific distributional assumptions.

Kiers et al. (1992) developed a least-squares algorithm for Tucker’s (1966)
Method I11, which allows an exploratory analysis of MTMM matrices by three-
mode component analysis models. Just as in Bentler and Lee’s analysis,
subject component scores can no longer be found, and their role is taken
over by what they call a (structured) loading matrix: the supermatrix con-
taining the correlations between the individual differences components and
the traits for each method.

As a (simplistic) illustration we will re-analyze an MTMM correlation ma
trix, analysed several times by Bentler et al. (e.g. 1979). As formulated
in Bentler and Lee (1979, p. 93), correlations were available among four
personality variables, each measured by Peers, Teachers and Self-ratings in
a sample of 68 fifth-graders from two classrooms of a middle-class public
elementary school (A sample size which is really too small for the stochastic
approach). The traits measured were Extraversion (Extr), test anxiety, Im-
pulsivity (Imp), and academic achievement motivation. For ease of interpre-
tation we will reverse the scores on test anxiety and academic achievement
motivation and label these variables Lack of test Anxiety (L.Anx) and Lack
of Motivation (L.Mot), respectively. As a result, all sizeable correlations are
positive, see Table 4 which contains a rearranged and rounded version of
the original correlation matrix. The rearrangement was based on the results
u:b ll>e presented, and most of the large scale patterns can be seen from this
table.




In an attempt to stay as close as possible to Bentler and Lee’s original anal-
yses, at first a solution was determined with 2 method components, 3 trait
components, and 5 individual differences components (a 2 x 3 x 5-solution).
The solution accounted for 77% of the variability, but the fifth individual
differences component accounted for only 5 percent, with an unclear pattern.
Therefore, a 2 x 3 x 4-solution was also determined. This solution explained
72% and will be presentcd here.

Table 5 contains the orthonormal components for the traits and the methods,
the core matrix, and *he loading matrices. The two method components in-
dicate to what extent Teachers, Peers, and Self-ratings concur, and to what
extent Teachers and Poers differ from the Self-ratings, respectively. The first
method component also shows that the correlations tend to be somewhat
smaller for the Self-ratings. The first two trait components show the classic
pattern for generally correlated traits but divided into two blocks (here: Ex-
traversion/Impulsivity and Lack of Test Anxiety/Lack of Academic Achieve-
ment Motivation) with lower correlations between blocks than within blocks
(see also Table 4). Tle third trait component indicates that the situation
is somewhat more complex, in particular that there is also some correlation
hetween Lack of Test Auxiety and Extraversion, and between Impulsivity
and Lack of Academic Achievement Motivation (again see Table 4).

From the size of the ccre elements, we see that all large core elements (1.93;
1.50; 1.90) refer to what the methods measure in the same way, as they per-
tain to the first method component. In other words, the major variability
is due to traits rather than methods: Peer judgements, Teachers judge-
ments, and subjects’ Self-ratings concur on the general pattern among the
four traits. Finally, the only other largish element (0.72) in the core matrix
pertains to the Self-r: tings versus Peer-and-Teacher contrast. It is rather
diflicult to see what t'h . contrast precisely entails from just looking at the
components, probably hecause the effect itself is rather small. Further infor-
mation about this can be derived from the loading matrices. There we see in
the fourth subject e ‘nt the contrast between especially Peers and the
Self-ratings with the  achers siding largely with the Peers. However, an
interpretation of the observed difference is not very clear, and the difference
is also difficult to trace in the original correlation matrix.

Certain aspects of the interpretation would benefit from rotations, especially
the trait components. The inverse transformations, however, immediately
make the core matrix less interpretable because before rotation there are
only four large elements in the core matrix while after rotation there will be
hardly any large elements, but many medium-sized ones.

Clearly, the above description is a long way from a real substantive inter-
pretation and carries little theoretical content. However, it may serve to
illustrate that an exploratory analysis can be performed with the Tucker
models. Furthermore, it should be noted that the outcomes of the analyses
have a distinctly different flavour from Bentler and Lee’s results. In par-
ticular, the question may be raised whether their consistent split between



A. Components
Trait
Components
Trait T1 T2 T3
Impulsivity A1 .37 0N
Extraversion 52 .47 -.49
L. Ac.Ach. Motivation .50 ~.53 .51
L. Test Anxiety 38 -.601 -.62
Proportion Variability .37 .22 .13
B. Core Matrix
Method Trait
P ts Comp 51
T1 (Common) 1.93
M1 T2 (IXE ve. L.ARL.M) -.39
(Shared) T3 (I&L.M vs. ERL.A) ~.04
T1 (Common) -.24
T2 (IRE vs. L.ARL.X) .10
(PtT ve. S) T3 (I&L.M vs. E&L.A) .32
Proportion Variability Accounted for .33
C. Variable-Component Correlations
Subject Components
Method S$1 82 33 8¢
E 4 =2 -3
S1 1 oF ol Tl i s2
(Peers) L.M .7 -.4 .2 =-.1 (Teacher)
LA T =4 -4 .3
E &3 T -8 3
53 1 iR SR R
(Belf) LN .8 -3 .4 .3
LA 2 =4 -8 =4

Table 5: Three-Mode Principal Component Solution with four Subject Com

Method
Components

Method M1 N2
Teacher .61 - .24
Peers .59 -.51
Self 83 .83

.63 .09

Subject Components

cr-m
> =

52 83 54

.31 01 =02

1.50 49 =16

.26 1.09 ~-.01
.23 -.08 .72
48 -.01 .37
.02 .27 .33

.21 11 .06

Subject Components
81 82 83 sS4

NNan

ponents, three Trait Components, and two Method Components
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Peers and Teacher judgements is adviseable, and our analysis suggests that
a Peers/Teacher factor and a Self-ratings factor might be worth contemplat-
ing.

3.4 Individual differences in orientation scaling: Grigg’s pain data

In the behavioural sciences it is not uncommon that data are collected as
similarities. People are requested to express either directly or indirectly how
similar two stimuli are. In the example, people were requested to indicate
how similar certain sensations related to pain were. The question is whether
the subjects perceived pain in a similar manner, and how the pain sensa-
tions grouped together. The unpublished data were kindly supplied by Dr.
L. Grigg (University of Queensland, Australia).

3.4.1 Theory

In the present case these similarities are converted to dissimilarities. This
makes the values comparable to distances, and in fact we will treat the
dissimilarities as if they were squared distances. As is shown in the MDS-
literature, double centring squared distances gives scalar products which can
in turn analysed by scalar-product models, such as INDSCAL and IDIOSCAL
(see Carroll and Chang (1970)). The INDSCAL model assumes that there
exists a common stimulus configuration, which is shared by all judges (sub-
jects), and that this configuration has the same structure for all judges,
except that they may attach different importance (salience) to each of the
(fixed) axes of the configuration. This results in some judges having config-
urations which are stretched out more along one of the axes. The IDIOSCAL
model is similar except that each judge may put the axes of the common
configuration under a different angle, and thus they may orient the common
space in a different way.

Recently, Ten Berge et al. (1994) showed that the TUCKALS2 algorithm
(see section 4.1.4) is an efficient way to estimate the IDIOSCAL model (see
section 4.1.2). On the other hand, Arabie et al. (1987) indicate that this
model "[..] has empirically yielded disappointing results in general” (p.45).
In this section we will present an application of the IDIOSCAL model, but
at the same time show that also in this data set interpreting the IDIOSCAL
model is not worth the effort compared to interpreting the INDSCAL model.

3.4.2 Erample: Grigg's pain data

From the original 41 subjects, sixteen were chosen for this example on the
basis of the fit of the 1DIOSCAL model to their data during a preliminary
analysis. The analysis reported here is a two-component solution with a fit
of 39.2%, indicating that the data are still very noisy. Figure 2 shows the
stimulus space. Violent pains, such as shooting, burning, cramping, intense
pain are in the same region of the space, less dramatic ones, such are mild,
moderate, and annoying are also located near each other, as are tiring, mis-
erable, and distressing. One identify directions in the space, for instance,
by specifying an axis going from mild to intense and one from more short
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Figure 2: Grigg's Pain Data. IDIOSCAL Stimulus Space

sensations to longer lasting sensations.

The subject weights are shown in the left-hand panel of Table 6. The table
provides the weights allocated to the first dimension and to the second di-
mension as well as the “individual orientation” expressed as a cosine between
the two dimensions as well as the angle this represents. Clearly the subjects
fall in two groups, those that put the dimensions under an acute angle and
those that put them at an obtuse angle. Proof enough for an individual
differences of orientation scaling it seems. However, one problem is that for
identifiability of the model, we had to assume that the stimulus space was
orthogonal. To check whether this was problematic we performed an IND-
SCAL analysis (with our TRILIN program (see section 4.1.4)). This analysis
provided a fit of 38.3%, hardly worse than the previous analysis, and given
that its interpretation is more straightforward it is clearly to be preferred.
The additional complexity of the IDIOSCAL model was only apparent in this
case and the results support Arabie et al.’s conclusion.

In Figure 2 we have drawn the orientation of the two INDSCAL axes, which
have an inner product of -.31 and thus make an angle of 108 degrees. In the
right hand panel of Table 6 we see the subject weights. Of course, they reflect
the two groups found earlier. Staying with the basic INDSCAL interpretation
we see that one group of subjects (1,2,3,10,11,12,13,14) tends to emphasize
the axis of burning, shooting, intense, cramping pain in contrast with mild,
numbing, and tiring. The other group of subjects (5,6,7,8,9,15,16) contrast
mild and moderate pain with intense, tiring, distressing and miserable, and




ID1I0SCAL IDI0SCAL INDSCAL
Type of Subject Weights Cosines || Subject Weights
Subject (1,1) (2,2) (1,2) (1,2) (1,1) (2,2)
Control R ¢ A5 <27 -.82 A5 .03
Chronic Pain b9 20 -22 -.64 38 .05
Chronic Pain | .66 .25 -.18 -.46 37 13
Control 53 22 -15 -44 31 09
Control 66 09 -03 -13 29 19
Chronic Pain 41 23 -4 =79 28 .02
Control .50 14 06 -.22 24 14
RSI Pain A2 3.0 75 07 42
RSI Pain 53 32 19 A5 .16 .38
Chronic Pain 34 A5 A7 A .09 .36
RSI Pain 52 24 15 44 16 33
RSI Pain A5 .29 A2 34 15 B}
Chronic Pain 35 AT .08 19 14 30
Control A5l 30 .08 22 19 30
Control 25 32 .08 32 .08 23
RSI Pain 52 09 01 16 22 19

Table 6: Grigg's Pain Data. ID1oSCAL Subject Weights and Cosines and
INDSCAL Subject Weights (sorted with respect to INDSCAL weights)

place burning and shooting somewhere in the middle.

In the original design the subjects consisted of three groups: chronic pain
sufferers, repetitive-strain-injury sufferers, and a control group. If the in-
formation available is correct then the division into two groups runs right
through the design groups. Unfortunately, we have been unable to contact
the original researcher to confirm the placement of the subjects in the groups
or to request additional information on the subjects, which might shed light
on the relationship between perceived and semantic pain expressions.

4. Software: 3WAYPACK (version 2)

The analyses presented in this paper have been carried out with the au-
thot's program package 3WAYPACK (Kroonenberg, 1994, 1996). This col-
lection of programs has specifically designed for the analysis of three-way
data. It consists of an menu-based interface, called INTERFACES (IF3), a
preprocessing program, PREPROC3, three main analysis programs, TUCK-



ALS2 (Tucker2 model), TUCKALS3 (Tucker3 model), and TRILIN (Parafac
model), and three output processing or postprocessing programs, ROTATE
(rotating components), RESIDUAL (analysing residuals), and JOINTPLT (con-
structing joint (bi)plots).
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A Hybrid Global Optimization Algorithm
for Multidimensional Scaling
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Summary: Local search algorithms in Multidimensional Scaling (MDS), based
on gradients or subgradients, often get stuck at local minima of STRESS, particu-
larly if the underlying dissimilarity matrix is far from being Euclidean. However,
in order to remove ambiguity from the model building process, it is of ,aramount
interest to fit a suggested model best to a given data set. Hence, finding the global
minimum of STRESS is very important for applications of MDS.

In this paper a hybrid iteration scheme is suggested consisting of a local opti-
mization phase and a genetic type global optimization step. Local search is based
on the simple and fast majorization approach. Extensive numerical testing shows
that the presented method has a high success probability and clearly outperforms
simple random multistart.

1. Why Global Optimization is Important

I'he purpose of MDS is to fit Euclidean interpoint distances to given dissim-
ilarities. Depending on the underlying model corresponding benefit criteria
can become quite complicated, for an overview see, e.g., de Leeuw and Heiser
(1980) and Cox and Cox (1994). In its simplest and most intuitive form,
however, the aim of MDS is to

minimize {rr'(X) = Zw.,(&,, - d.,(X))z} over X €R™, (1)

<y

where 4,; are given symmetric dissimilarities between objects O,,...,0,.
X = (X),...,%,) denotes so called configurations, i.e., n points X,,...,X, €
R*, and d,,(X) = ||x; — x,|| is defined as the Euclidean distance between
X, and x;. w,; > 0 are given weights, which by setting w,; = 0 allows for
including the case of missing values §,;. The benefit function of the weighted
least squares scaling problem (1) is usually called STRESS. It is known to
have a lot of stationary points which are not global minimizers. Fitting a
low-dimensional (k = 2 or 3) metric coordinate model X to the dissimilari-
ties allows for a graphical representation of the objects in a Euclidean space,
and hence for visual inspection of conspicuous structures. Moreover, even
positions of objects can be estimated if rotational and trar slational indeter-
minancy can be removed (see example 1 below).

Once having the model and the benefit function fixed, it is of paramount
importance to fit the model to the data as close as possible. For MDS this
means to determine the global minimum of STRESS. A lot of attempts has

e



