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Abstract

We consider a system of real-valued spins interacting with each other through a mean-
field Hamiltonian that depends on the empirical magnetisation of the spins. The system
is subjected to a stochastic dynamics where the spins perform independent Brownian
motions. Using large deviation theory we show that there exists an explicitly computable
crossover time t. € [0,00] from Gibbs to non-Gibbs. We give examples of immediate
loss of Gibbsianness (t. = 0), short-time conservation and large-time loss of Gibbsianness
(t. € (0,00)), and preservation of Gibbsianness (f. = o0). Depending on the potential,
the system can be Gibbs or non-Gibbs at the crossover time t = ..
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1 Introduction and main results

1.1 Background

Gibbs states are mathematical tools to describe physical interacting particle systems. In the
lattice context, a Gibbs measure is a probability measure on the configuration space where
the conditional distributions inside a finite subset of the lattice, given that the configuration
outside this set is fixed, are described by a Gibbs specification, i.e., by a Boltzmann factor
depending on an absolutely summable interaction potential (see Georgii [I1], Definition 2.9]).
When such systems evolve over time according to a stochastic dynamics, it may happen that
the time-evolved state no longer is Gibbs. This phenomenon was originally discovered and
described for heating dynamics by van Enter, Fernandez, den Hollander and Redig [6]. In this
paper, a low-temperature Ising model is subjected to a high-temperature Glauber spin-flip
dynamics. The state remains Gibbs for short times, but becomes non-Gibbs after a finite

'Mathematical Institute, Leiden University, P.O. Box 9512, 2300 RA, Leiden, The Netherlands.
2Delft Institute of Applied Mathematics, Delft University of Technology, Mekelweg 4, 2628 CD Delft, The
Netherlands.


http://arxiv.org/abs/1312.3438v2

time. If the magnetic field is zero, then Gibbsianness once lost is never recovered. But if the
magnetic field is non-zero and small enough, then Gibbsianness is recovered at later times.

By now results of this type are available for a variety of interacting particle systems,
both in the lattice setting and in the mean-field setting. Both for heating dynamics and
for cooling dynamics estimates are available on transition times, as well as characterisations
of the so-called bad configurations leading to non-Gibbsianness (i.e., the “points of essential
discontinuity of the conditional probabilities”). It has become clear that Gibbs-non-Gibbs
transitions are the rule rather than the exception. We refer the reader to the recent overview
by van Enter [5].

In many papers non-Gibbsianness is proved by looking at the evolving system at two
times, the initial time and the final time, and applying techniques from equilibrium statisti-
cal mechanics. This is a static approach that does not illuminate the relation between the
Gibbs-non-Gibbs phenomenon and the dynamical effects responsible for its occurrence. This
unsatisfactory situation was addressed in Enter, Ferndndez, den Hollander and Redig [7],
where possible dynamical mechanisms were proposed and a program was put forward to de-
velop a theory of Gibbs-non-Gibbs transitions in terms of large deviations for trajectories of
relevant physical quantities.

Fernandez, den Hollander and Martinez [9], [I0], building on earlier work by Kiilske and Le
Ny [14] and Ermolaev and Kiilske [8], showed that this program can be fully carried out for the
Curie-Weiss model of Ising spins subjected to an infinite-temperature spin-flip dynamics, and
also for a Kac-type version of the Curie-Weiss model. The present paper extends these works
to systems of continuous spins that interact with each other through a general mean-field
interaction potential and perform independent Brownian motions. The fact that we consider
Brownian motions allows us to obtain a complete characterisation of passages from Gibbs to
non-Gibbs. The key notions of interest are good magnetisations and bad magnetisations in the
thermodynamic limit. Gibbsianness corresponds to having only good magnetisations, while
non-Gibbsianness corresponds to having at least one bad magnetisation.

1.2 Outline

The definition of Gibbs for mean-field models differs from that for lattice models because the
interaction depends on the size of the system and does not have a geometric structure. In
Section we introduce the notions of a sequence of finite-volume mean-field Gibbs measures
with a potential, good magnetisations, bad magnetisations and sequentially Gibbs, and show
that a sequence of finite-volume mean-field Gibbs measures with a continuously differentiable
potential is sequentially Gibbs. In Section [[L.4] we define the Brownian motion dynamics. We
show that a magnetisation a € R is bad at time ¢ if and only if the large deviation rate function
for the magnetisation at time 0 conditional on the magnetisation at time ¢ being o has multiple
global minimisers. We further show that the system is sequentially Gibbs at time ¢ if and only
if all magnetisations are good at time t. In Section we show that a magnetisation « is bad
at time t if and only if the large deviation rate function for the trajectory of the magnetisation
conditional on hitting the value « at time ¢ has multiple global minimisers. We further show
that different minimising trajectories are different at time 0. In Section we show that
Gibbsianness can be classified in terms of the second difference quotient of the potential. With
the help of this classification we show that there exists a unique time t. € [0, co] at which the
system changes from Gibbs to non-Gibbs, and give a characterisation of ¢, in terms of the
potential associated with the starting measures. In Section [[L7] we give examples for which



te =0, t. € (0,00) and t. = co. In Section [[.§ we discuss our results and indicate possible
future research. Proofs are given in Sections BHAl Appendix [Al collects a few key formulas
that are needed along the way. Appendix [Bl contains some background on proper weakly
continuous regular conditional probabilities.

1.3 Sequences of finite-volume mean-field Gibbs measures, Potential, Se-
quentially Gibbs

In this section we give the definition of a sequence of finite-volume mean-field Gibbs measures
(Definition [[T]), and of good/bad magnetisations and sequentially Gibbs sequences (Defini-
tion [[2]). We show that a sequentially Gibbs sequence has a weakly continuous specification
kernel (Lemma [[3]). We show that sequences of finite-volume mean-field Gibbs measures with
a continuously differentiable potential are sequentially Gibbs (Theorem [L4]).

In what follows, we write N ={1,2,3,...} and N> = N\ {1}. For n € N, B(R") denotes
the Lebesgue measurable subsets of R", and f1z7(,,4) denotes the normal distribution on B (R™)
with mean vector v € R™ and covariance matrix A € R"*™. We write I, for the identity matrix
in R"". For o € R and € > 0, B(a, €) denotes the open ball of radius e centered at .

Definition 1.1. For n € N, the empirical magnetisation m,: R™ — R is given by

(1.1) mn(xl,...,xn):%in ((x1,...,2n) €R™).
i=1

For n € N, let v, be a probability measure on B(R™). Let V: R — [0,00) be a Borel
measurable function. The sequence (v, )nen is called a sequence of finite-volume mean-field
Gibbs measures with potential V and reference measures (jiar(o,1,,))nen When

1 —-n om T n
12wl =5 [ 1@ dyg g (2) (A€ BR",neN),
where Z,, € (0,00) is the normalizing constant.

Note that v, in (L2)) does not change when V is replaced by V + ¢ for some ¢ € R. Therefore
our assumption that V' > 0 is equivalent to the assumption that V is bounded from below.

The model described in Definition [I11] is an example of a mean-field model, where the
Hamiltonian (Hy(z) = n(V om,)(x)) depends on the magnetisation (m,(z)) only. In general
the Hamiltonian of a mean-field model depends on the empirical mean (i.e., on “% S 027),
but we restrict ourselves to the models in Definition [I1]

Definition 1.2. For n € N, let p,, be a probability measure on B(R™), and let T2m): R" —
R"~! be defined by

(1.3) 77(2:n)(y1a---ayn) = (y2,---+Yn) ((yla---ayn) eRn)'

Suppose that for every n € N>o there exists a weakly continuous proper regular conditional
probability 7, : R*~! x B(R) — [0,1] under p,, of the first spin given the other spins, i.e., v,
is the unique weakly continuous probability kernel for which

(14) pu (A% B) = [ Lnleeomm) (e 0. 4) d om0 gl |30

(A € B(R), B € BR"1)).

See Appendix [B for precise definitions and properties of these objects.



(a) a € R is called a good magnetisation for the sequence (p,,)nen wWhen there exists a prob-
ability measure v, : B(R) — [0, 1] for which the sequence of measures (v, (vn—1,*))neN,
weakly converges to 7, for all sequences (vp—1)nen., With v,_1 € R™ 1 for which the
empirical magnetisation of v, converges to «, i.e., n%n,l(vn,l) — Q.

(b) a € R is called a bad magnetisation when it is not a good magnetisation.

(c) The sequence (p,)nen is called sequentially Gibbs when all a € R are good magnetisa-
tions.

The notion of Gibbs for a mean-field model was introduced by Kiilske and Le Ny [14], Definition
2.1] (see also Kiilske [I3]) and is the same as our definition of sequentially Gibbs (even though
our definition of good magnetisation is slightly different).

The following lemma shows that, in the thermodynamic limit n — oo, the probability
measure of the first spin given the magnetisation of the other spins is a transition kernel that
depends weakly continuously on the magnetisation of the other spins. This lemma will be
proved in Section 2

Lemma 1.3. Let (pn)nen be sequentially Gibbs. With the same notation as in Definition 2],
define v: R x B(R) — [0,1] by letting v(c,-) = vo. Then o — y(«,-) is weakly continuous
and, consequently, v is a transition kernel (called the specification kernel ).

Our first main result, whose proof will be given in Section Bl shows that a sequence of finite-
volume mean-field Gibbs measures with a continuously differentiable potential is sequentially
Gibbs.

Theorem 1.4. Let (Vp)nen be a sequence of finite-volume mean-field Gibbs measures with
potential V: R — [0, 00).

(a) Define7,: R x B(R)— [0,1] by

1 —nV(”T_loz-l—%) —x2/2 d
(15) a4 = 2la@e T T RTe T ds
fR efnv(TaJrg)ef:vQﬁ dz

(a e R, A € B(R)).

Then v,: R x B(R) — [0,1] defined by v (v, A) =7, (mn_1(v), A) for v € R"! and
A € B(R) is the weakly continuous proper conditional probability under v, of the first
spin given the other spins.

(b) IfV is continuously differentiable on a neighbourhood of o € R, then 7, (au,, ) converges
weakly (even strongly) to jiar(—vi(a)1) for all sequences (o )nen that converge to a (in
particular, « is a good magnetisation for (Vp)nen ).

(¢) If V is continuously differentiable, then (vy)nen is sequentially Gibbs.

In Section [[7] we give an example of a non-differentiable potential for which (v,)pen is
a sequence of finite-volume mean-field Gibbs measures but not sequentially Gibbs (Example
[LI7 where we write p, o instead of vy,).



1.4 Brownian motion dynamics

In this section we introduce the Brownian motion dynamics, give the essential tools for iden-
tifying good magnetisations (Lemma [[5)) and global minimisers of a certain tilted form of
the potential (Lemma [[L0), and show that a magnetisation is good if and only if the tilted
potential has a unique global minimiser (Theorem [L7]).

For n € N, py o represents the law of the n spins at time ¢t = 0. We assume that (1, 0)nen
is a sequence of finite-volume mean-field Gibbs measures with potential V. Let pu,; be the
evolved law at time ¢ € (0, 00) when the n spins perform independent Brownian motions, i.e.,

1 —n om z n
(1.6) i t(A) = /npn(t7z7A)e Vornm)G) dppso,r,(2) (A € BR™)
(recall (C2)), where
2
(L7) Pt 2, A) = iz ar, (4) = (2mt) 2 / e T dy  (:€R", A€ BR").

There exists a weakly continuous proper regular conditional probability ~,; under j,; of
the first spin given the other spins for which 7, (u,) = Yn+(v,-) for all u,v € R*~! with
Mp—1(u) = my_1(v) (a proof and an expression for 7, ; are given in Appendix [A]). Therefore
we can determine whether or not (i ¢)nen is sequentially Gibbs by looking at the sequence
(Fn.t)nen of probability kernels R x B(R) — [0, 1], where 7, ,(a, ) = vy ¢(v, ) for all v € R"!
and o € R with m,,_1(v) = a (an expression for 7, ; is given in Appendix [A] and also in
(LI0)). This is formalized in the following lemma.

Lemma 1.5. Lett € (0,00). Then a € R is a good magnetisation for (fint)nen if and only
if there exists a measure 7o : B(R) — [0,1] such that the sequence (7, ;(an;-))nen converges
weakly to v, for all sequences (o, )nen in R that converge to .

The function 7, ;: R x B(R) — [0, 1] defined for n € N and ¢ € (0,00) by

s—a)?
fy 1a(e) e VOrE 5] g

(s—o)?

fRe—n[V(s)ﬁ-%-l— T3 ]ds

(1.8) Mnt(a, A) = (a € R, A € B(R)).

is the weakly continuous proper regular conditional probability of the magnetisation at time
0 given the magnetisation at time ¢ (see Appendix[A]). By den Hollander [12] Theorem II1.17],
the sequence (1 ¢(v, -))nen satisfies the large deviation principle with rate n and rate function

(r—a)3? . 2 (s —a)?
———— —inf [V(S)+E+T .

2t seR
(See Dembo and Zeitouni [2] or den Hollander [12] for background on large deviations.) With
this notation, 7, , can be written as (see Appendix [A])

(1.9) r V(r)+ %2 +

fR KN (s t)(B) 9n t(a7 S) dILLN(O 1)(3)
1.1 5, B) = : : : R, B R
( 0) r)/n,t(aa ) fR gn7t(a7 S) dﬂN(OJ)(S) (O[ € ) € B( ))’

where gy, ¢ R? — R is given by

B fR efn[V(rJr%(sfr))fV(r)] er(r) d[nn—l,t(aa )] (T)
(L) gnl9) = oo 70 diraten ] () (5 €R).

The following lemma will be proved in Section 4]




Lemma 1.6. Let V € C'(R,[0,0)), t € (0,00) and o € R.

(a) If (LI) has a unique global minimiser q¢ € R, then there exists a pp(o1)-integrable
function h: R — [0,00) such that

(1.12) gni(am, s) — eV (@ (s €R),
Gnt(om, s) < h(s) (neN,s € R),

for all sequences (ap)nen that converge to .

(b) Let q1,q2 be the smallest, respectively, the largest global minimiser of (L9). Then there
exists a [in(o,1)-integrable function h: R — [0,00), and sequences (07 )nen and (a2 )nen
both converging to «, for which (LIZ) holds with ¢ = q1, a, = o

n
a, = o2, respectively.

and with ¢ = g3,

In case (C3) has multiple minimisers, Lemma [C6(b) implies that there are sequences (al),en

and (/32),en that in some sense “select” the smallest and the largest global minimiser of (L),

respectively. In the proof of Lemma we will see that this is the case for al = a — - and

Vn
a%:a—}—#.

Our second main result shows that sequentially Gibbs is equivalent to uniqueness of the
global minimiser of (L9]).

Theorem 1.7. Let V € CY(R,[0,00)). Then for every t € (0,00)

(a) a € R is a good magnetisation for (pnt)nen if and only if (LI) has a unique global
mingmaiser.

(b) If a € R is a good magnetisation for (i t)nen, then
(1.13) Vo B) = bn(=vi(g)1+4) (B) (B € B(R)),
where v, s the (limiting) probability measure as in Definition [2fa).

(€) (pnt)nen is sequentially Gibbs if and only if ([(L9) has a unique global minimiser for all
a € R.

The claim in Theorem [[7|(a) follows from Lemma [[6 (LI0) and Lebesgue’s Dominated
Convergence Theorem after we note that if ¢1,q2 € R with ¢; # g2 are global minimisers of

@), then V'(q1) — V'(q2) = (g2 — q1)(1 +t71) # 0. By Lemma [LHl(a),

_ e B)e "D dppoy (s)

1.14 Ya(B 7
(1.14) (B) Jr eV @ dppro1)(s)

(B € B(R)),

from which it is easy to conclude Theorem [[7(b). Theorem[[7|(c) is an immediate consequence
of Theorem [[7)(a).



1.5 Trajectories of the magnetisation (Intermezzo)

In this section we consider the probability measure on the set of trajectories of the magneti-
sation between time 0 and time t. We show the equivalence of uniqueness of the minimising
magnetisation at time 0 and uniqueness of the minimising trajectory of the magnetisation
(Theorem [[8). This characterises good and bad magnetisations in terms of the trajectory of
the magnetisation (Corollary [L.9)).

By considering minimising trajectories instead of minimising initial points of the magneti-
sation, we obtain a better picture of the effects of the evolution. The name two-layer model
has been used for a description of the minimisation problem for the magnetisation at time
0 given the magnetisation at time ¢. As Section 1.6 will confirm, the optimisation problem
for the two-layer model is computationally easier. However, in contrast with obtaining the
function (L), obtaining the large deviation rate function for the two-layer model for more
general dynamics, e.g., independent diffusion processes, might not be so easy and the rate
function might not be given by an explicit formula like (L9). For example, we took advantage
of the fact that the transition kernel for the Brownian motion over time ¢ is given explicitly.
For more general diffusions this is not the case and we expect it to be necessary to consider the
large deviation rate function for the trajectories (with the goal to obtain an implicit formula
for the large deviation rate function for the two-layer model in terms of the more explicit
large deviation rate function for the trajectories, by means of the contraction principle). We
will show that for the case of independent Brownian motions the minimising problem for the
two-layer model and the minimising problem for the trajectories are equivalent by showing
that the minimising paths for the trajectories are fully determined by their initial point and
endpoint.

Let pw, be the law on C([0,00),R™) of the paths of the independent Brownian motions
performed by the n spins with initial distribution p, . Thus, with P(z,-) denoting the law
of the Brownian motion on C([0,00),R) starting at z € R and S¢((o,00),rr) denoting the
Skorohod o-algebra on C([0,00),R™), we have

(1.15) fin(A) = /R ) <® Pz, .)> (A) dpno(1, ..., 2n) (A € S((0.00).2m)-
i=1

Let t € (0,00). Let Qni: R x Sg(oq,r) — [0,1] be the transition kernel where @, 4(s,-) is
the probability measure of a Brownian motion with variance % starting at s. We write m,,
also for the function C([0,t],R™) — C([0,t],R) given by

(1.16) M (61, bn) = %Z¢ ((¢1,...,¢n) e C([O,t],R”)).
=1

Then Q+(s, A) = EX)?:IP(xi,-)](w[glt](m_l(A))) for all A € S¢(or) and all s € R and

x = (x1,...,2,) € R" with m,(x) = s, where o, : C([0,0), R™) — C([0, ], R™) is given by
o, (¢) = @ljo,g- We have

(1.17) o © W[B,lt] (m,'(A)) = /RQn,t(SaA) d[ptn0 0 my ' (s) (A €Bcooyr)

Let m¢: C([0,t],R) — R be the projection on the endpoint of the path, i.e., m (@) = ¢(¢).
Theorem 1.8. Let t € (0,00).



(a) For every n € N there exists a weakly continuous proper reqular conditional probability

pn: R X Sconr) — [0,1] under p, o o, © m, ! given m; (given the endpoint of the

1
0,
tragectory).

(b) Foralla € R, (pn(a,-))nen satisfies the large deviation principle (in C([0,t),R) equipped
with the uniform topology) with rate n and rate function C([0,t),R) — [0,00] given by

(1.18)

. Jo #(5)* ds = Cra,if & € AC(0,),R) and limyy; é(s) = o,
0, otherwise,

where AC([0,t),R) is the set of absolutely continuous functions from [0,t] to R restricted

2 _ 2
to [O7t)7 and Ct,oé = infSOER V(SO) + 870 + @ 2:0) :

=
=N
=
+
DO
=
=
[N}
+
N[

(c) For every a € R, (ILI8)) has a unique global minimiser if and only if (L9) has a unique
global minimiser.

Proof. The proof of (a) and (b) is given in Appendix[Al For (¢) we only prove the ‘if’” impli-
cation. The function

(1.19) El([O,t],]R) — [0, <], g /0 g2(s) ds

is strictly convex (on £2([0,],R)), since 2ab < a? + b* for a,b € R with a # b. Hence, for all

r € R, the path ¢(s) = + =5%s for s € [0,] is the unique path that minimises

t
1.20 inf 1 / $2(s) ds.
( ) $EAC((0]R),6(0)=rd()=a > Jg =)
In particular (L20) equals (r;?)Q. Hence the infimum of (LIR)) over all paths ¢ € C([0,1),R)
with ¢(0) = r is equal to (L9I). O

As a consequence of Theorem [[L8, we can refine the result of Theorem [[.71

Corollary 1.9. Let V € CY(R,[0,00)). Then for every t € (0,00):

(a) For o € R the following are equivalent:
(al) o € R is a good magnetisation for (fin.t)neN,
(a2) ([T3) has a unique global minimiser,
(a3) (LI8) has a unique global minimiser.

(b) The following are equivalent:
(b1) (ptn,t)nen is sequentially Gibbs,
(b2) ([LA) has a unique global minimiser for all o € R,
(b3) (LI8) has a unique global minimiser for all a € R.



1.6 Uniqueness of the minimisers of the rate function

In this section we give a necessary and sufficient condition in terms of the second difference
quotient of V' (Definition [[I0) to have uniqueness of the global minimisers of (L9) (Theo-
rem [[.TT] and Corollary [L.I2]). From this condition it follows that Gibbsianness can never be
recovered once it is lost.

Definition 1.10. Let f: R — R. The second difference quotient of f is the function

(1.21) Bof: {(z,y,2) ER®: z <y <z} =R,
(2,5,2) Zix (f(z;:;”(y) B f(z@:i(@) _

Our third main result, whose proof will be given in Section [, is the following classification
of Gibbsianness.

Theorem 1.11. Let V : R — [0,00) be lower semicontinuous. Fiz t € (0,00). There exists
an o € R for which ([LA) has multiple global minimisers if and only if P2V % —12—?, i.e., if
and only if there exist a,b,c € R with a < b < ¢ for which ®3V (a,b,c) < —%. Consequently,
there exists a crossover time t. € [0,00] such that (fin+)neN is sequentially Gibbs fort € (0,t.)

and not sequentially Gibbs for t € (t.,00).

At t = t;, (fn,t)neny may be sequentially Gibbs or not sequentially Gibbs. Both scenar-
ios are possible (see Example [[14]). Theorem [[7|(c) together with Theorem [[T1] yield the
following.

Corollary 1.12. Let V € CY(R,[0,00)). Fiz t € (0,00). For all o € R, (LA) has a unique

global minimiser if and only if ®V > —1EL Consequently, the following scenarios occur

2
(where M € (3,00)):

(a) (tnt)nen is sequentially Gibbs

al) fort € (0,00) when ®3V > _%,

a2) fort € (0,(M — 3)~') when ®V > —M,

a3) fort € (0, (M — 3)~] when @V > —M.

a
(b) (tn,t)nen is not sequentially Gibbs
bl) fort € (M —1)71 00) when @V # —M,
b2) fort € [((M — 1)71 00) when @V # —M,
b3) for t € (0,00) when P2V is not bounded from below.

(
(
(
(
(
(
(
(

Note that if V' is convex, then (. t)nen is sequentially Gibbs for all ¢ € (0,00). We will
see at the end of Section [l that if V € C%(R,[0,00)), then (al),(a2) and (b1),(b2) hold with
®,V replaced by V.

1.7 Examples

In this section we give examples of continuously differentiable potentials for each of the sce-
narios described in Corollary [LT12] (Examples [LT3HLTA).



Example 1.13. [Polynomial potentials: ¢. € (0, 00|, sequentially Gibbs at ¢t = t]
Let m € N, ag, € (0,00), agm_1,---,a2,a; € R. Let ag € R be such that

(1.22) V:R SR, 7= agmr?™ + agmo17?™ 4+ - -air! + a

satisfies V' > 0. Since V" is a polynomial of even degree, it is bounded from below, say
V" > —M for some M € (0,00). Hence, if V is such a polynomial, then the crossover time ¢,
is strictly positive, i.e., t. € (0,00]. For example, for the potentials V(r) = 0, V(r) = 2
V(r) =r*—2r2+1, (jint)nen is sequentially Gibbs for all ¢ € [0, 00), while for the potentials
V(r) =r* —4r? + 3 and V(r) = (r? — 9)? there exists a t. € (0,00) for which (pn¢)nen is
sequentially Gibbs for ¢ € [0,t.) and not sequentially Gibbs for ¢ € (., 00).

If m =1, then ®3V = a; > 0. Hence t. = oo by Corollary [L12

If m > 2, then V" is a polynomial of even degree at least 2. Hence, if 5§ = —% inf,cr V" (r),
then the set {r € R: V”(r) = —28} is finite. By Lemmas [[.9H5.10, we therefore have that
OV > —f and @9 # —M for all M < 8. Soif 8 € (—o0, %], then t. = oo, while if 3 € (%,oo),
then t. = (8 — %)*1 and (fn ¢ )nen is sequentially Gibbs for ¢ = t. by Corollary

and

Example 1.14. [Other potentials: t. € (0,], sequentially Gibbs at t = t.]

Consider the potential V(r) = 28(1 4 cosr) for some 5 € (0,00). Then V" > —25 and
V" % —M, and hence ®3V > —f and &3V # —M for M < (3 (see Lemma [5.9]). So, for
B € (0,1] we have ¢, = oo, while for 3 € (3,00) we have ¢, = (3 — 2)~! by Corollary [[T2
Moreover, if 8 € (%, 00), then by Lemma G101 it follows that ®2V > —f, and hence (it +)nen
is sequentially Gibbs for t = ..

In the previous two examples the sequence (i, +)nen is sequentially Gibbs at ¢ = ¢.. This
is not always the case, as we show in Example [LT5] below.

Example 1.15. [Other potentials: t. € (0,0], not sequentially Gibbs at t = ¢.]
Let g: R — R be given by

(1 23) g("") = ei‘T‘%lJrMil re (_007 _1) U (17 OO),
' 0 re[-1,1].
Because
d 14y —2\ 14y
(1.24) e = (1+r)e r (r € (0,00)),

by L’Hépital’s rule lim,. o d%e*%Jrr =0 = lim,49 %0. Hence g € CY(R, [0,00)). Furthermore

d2
(1.25) ﬁe_%” =1 —2r +2r% + r4)e_%+7" >0 (r € (0,00)).
So g is a convex function with ®3g > 0 (see Lemma [.4]) and ®2g;_; ;) = 0. Hence ®aog # 0.
Note also that lim,_, r=2e" 31T = o0 by L’Hopital’s rule. Therefore, for all 5 € (0, c0),

(1.26) lim g(r) — 28r? = co.

|r|—o00
Let 8 € (0,00) and consider V € C1(R,[0,00)) given by

(1.27) V(r)=g(r)— pr? — Cs (r e R),
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where C = infser g(s) — Bs? (which exists because of (L26])). By Lemma 53, &2V > —43
and ®2V|_; ] = —f and thus also @V # —3. So, for g € (0, %] we have t. = oo, while
for B € (3,00) we have t. = (8 — 2)7' and (pn¢)nen is not sequentially Gibbs for ¢ = ¢, by

2
Corollary

Example 1.16. [Other potentials: t. = 0]
Consider the potential V(r) = 1 — cos(r?). Then

(1.28) V'(r) = 2rsin(r?) (r e R),
V"(r)y=2 [27“2 cos(rz) — sin(r2)] (r e R),
V" (+V7k) = (—1)F4rk (k € N).

Hence V" % —M for all M € (0,00), and hence (fin ¢)nen is sequentially Gibbs for ¢t = 0 but
not for ¢ € (0,00) (see Corollary [L12).

We end with an example of a sequence of finite-volume mean-field Gibbs measures that is
not sequentially Gibbs.

Example 1.17. [A sequence of finite-volume mean-field Gibbs measures that is not
sequentially Gibbs]

Let V e C(R,[0,00)) be given by V(r) = |r| for r € R. Then (pn0)nen is a sequence of
finite-volume mean-field Gibbs measures, but it is not sequentially Gibbs as we will show.
Indeed, for all sequences (o, )nen,

n— T T2
(1.29) /lA(r)e_"V(Tla"Jrﬁ)e_T dr (A € B(R)).
R
—(n=1)an 2 00 2
= eln—Han / 1a(r)e 21" dr+ e(”l)a"/ 1a(r)e” 2 7" dr.
—o0 —(n—1)an

If o, > 0, then by substitution we get (using fEOO e=2 dr = \/g)

- _1) n 0 i
(1.30) e(n_l)a"/ e e_é"'r dr < / e‘%‘” dr < \/ze_%((n—l)anﬂ
_ - - 2

[e.9] —00

Hence, if ay, = (n — 1)7% for n > 2, then o, | 0, (n — 1)av, — 00 and, for A € B(R),

n—o0 n—oo

—(n—1)an )2
(1.31) 0< lim 62("—”%/ 1a(r)e = dr < lim \/ge("lwn(l%("l)an) =0,

— 00

and hence (7,, as in (L))

r? 00 7ﬁ77’
e2(n—1)an f_*o(:*”a" 1a(r)e 2" dr + f_(n_l)an 1a(r)e”z " dr

(1.32) lim 7, (apn,A) = lim
n—oo

D [T o gy ooy
= pn(—1,1)(A) (A € B(R)).
Similarly, if o, = —(n — 1)7% for n > 2, then a,, 10, (n— 1)y, = —o0 and 7, (v, 4A) —

pa(1,1)(A) for A € B(R). From this we conclude that (u,,0)nen is not sequentially Gibbs.

11



1.8 Discussion

1. If V has a power series expansion V (z) = Y, .y Jk2", z € R, then

n k
(1.33) —n(Vomn)(xl,...,xn):—Z% Z Hxij,

keN i1 yeip=1 j=1

i.e., the system with n spins has a mean-field k-spin interaction of strength .Jj, /n*~! for k € N.
The special case with J; > 0 for all k € N is called the ferromagnetic model.

2. Redig and Wang [I7] analysed our model for a restricted class of potentials. Short-
time Gibbsianness (i.e., the time-evolved state is Gibbs up to a strictly positive time) was
proved under the condition that the second derivative of the potential exists and is bounded
from below. Several scenarios of Gibbs-non-Gibbs transitions were discussed. Our paper
considers a very general class of positive potentials and provides the precise connection between
bifurcation of minimising trajectories and loss of Gibbsianness.

3. Our paper contains the first example of an initial Gibbs state and a stochastic dynamics
for which there is immediate loss of Gibbsianness. For all the models that were considered in
the literature so far, short-time Gibbsianness occurs. See e.g. [3], [6], [9], [15], [16].

4. In case the independent Brownian motions are replaced by independent Ornstein-Uhlenbeck
processes, we get

2 (elr — «

7 2 (els — a)?
(1.34) r V() + o + RS

P v+ S+

21 ser TR T e
instead of (L9) (cf. [I7, Eq. (25)]), and so we obtain completely analogous results (in Corol-
lary the condition ®3V > —1t! is replaced by ®;V > —(e* — 1)7!). In a forthcoming
paper we will investigate what happens when the independent Brownian motions are replaced

by independent diffusions.

5. For n € N and t > 0, we can write p,,; as (compare with (L2]))

1 —-n om x n
(1.35) Pnt(A) = Z_/ La(z) e (Vnromn)(@) dpnro,(14)1,) (%) (A € B(R™))
with
_ 1 —nV(s)
(1.36) Vai(r) = - log [/Re d,U/N(lit,M)(S)] (r eR)
(see (AI1) in Appendix [Al). The sequence
(1.37) (MN(ILH’n(ltth) )>n€N
satisfies the large deviation principle with rate n and rate function s — (s — 1L+t)2 (%)
Therefore, by Varadhan’s Lemma (see den Hollander [12] Theorem II1.13)),
r N\ 1+t
(1.38) nh_)ngo Vpi(r) = ;Ielﬂf% Vi(s)+3 <s 1T t) (T) (r e R)

12



Note that, in the context of Definition [T} we are interested in the behaviour of u,, for large
n only. Therefore, looking back at Definition [T, we may generalise the notion of a sequence
of finite-volume mean-field Gibbs measures with potential V', namely replacing V' in (L2]) by
a sequence of potentials (V},)nen that converges to V' in an appropriate sense. Then (ft, ¢)nen
becomes a “generalised” sequence of finite-volume mean-field Gibbs measures with (limiting)
potential V;(r) = lim,, o0 Vi 1(7) as given in (L38). It is then interesting to investigate how
the regularity of V; is related to the sequentially Gibbs property of the sequence (fin ¢)nen
(compared to Theorem [[4]c)).

2 Proof of Lemma

Lemma 2.1. Let (X,dx) and (Y,dy) be metric spaces. Let fp,: X — Y for n € N and
suppose that there exists an f: X — Y such that, for all x € X and for all sequences (y)nen
in X with x,, — x© we have fy(x,) — f(x). Then f is continuous.

Proof. The proof is elementary. Let (x,)nen be a sequence in X' that converges to an element
x € X. We first prove that fy, (z,) — f(z) for all strictly increasing sequences (k;, )nen in N.
To that end, define the sequence (Y, )men in X by putting y,,, = = for m € N\ {k,,: n € N}

and y, = x, for n € N. Then y,, — =, hence f,(ym) — f(x), in particular, fx, (z,) =

Jr, (g, ) — f(x). Since fr(xy,) LEiN f(zy) for all n € N, we can find a strictly increasing

sequence (ky )nen for which dy(fy, (zn), f(zn)) < L for all n € N. Hence dy(f(z,), f(z)) <
dy (fr, (xn); f(2n)) + dy(fr, (2n), f(2)) = 0. O

Proof of Lemma L3 The proof of weak continuity of the map a — ~(«,-) is an adaptation
of the proof of Lemma 2l Weak continuity of the map « — 7(«, ) implies continuity of the
maps « — [p f(x) d[y(e,-)](x) for f € Cy(R). For open A € B(R) there exists a sequence
(fn)nen in Cp(R) with f, T 14 (point wise). It follows that [, fn(x) d[y(a,-)](z) 1 (e, A)
for all & € R and open A, and so a — v(«, A) is measurable for all A € B(R) (since the open
sets generate the Borel sigma-algebra). O

3 Proof of Theorem [1.4]

Proof of Theorem[1.7} It is not hard to check that -, is a regular conditional probability
under p, of the first coordinate given the magnetisation of the other coordinates. To see that
Yn is proper and weakly continuous, we refer to Appendix[Bl Let (a;,)nen be a sequence that
converges to a.. Let 4 > 0 be such that V is continuously differentiable on B(«,2J). Then, by
the mean value theorem,

(3.1)  lm 1505 (y)La(y)e Vet Vo) = 1 (y)e V(@) (y € R, A € B(R)).
Let N € N be such that a,, € B(a, ) for all n > N. Then, by the mean value theorem,

(3.2) e V(an+3)=Vian)] < SUPsen(a,20) [V (3)IlY] (y € [-nd,nd],n > N).
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Since y — e*WPseba20) V)Yl g par(o,1)-integrable, Lebesgue’s Dominated Convergence The-
orem implies

(3.3)
le 14(y) emnlV(ent)=Vian)lo=v*/2 gy — / 1a(y) e ¥V (@ e V2 qy (A € BR)).
=00 J1—nd,nd) R

Furthermore (because n < €™, n? =n(n —1) +n and V > 0)

(3.4) / eV (en+2)=V(an)] ,—y?/2 dy = n/ e~V (ent2)=V(an)] ,—n?2%/2 4,
[—né,nd)c [—d,0]°

< ’I’L/ 611V(ozn)e—n2z2/2 ds < e—n[”T_l62—(V(om)+1)]/ efnz2/2 dz,
— Ji-sae a (6.6

where the last term converges to 0 as n — co. So, by (B3) — (B.4),
(3.5) /RlA(y) emnlVent)=Vian)] o=v%/2 qy /RIA(y) eV (@ ev?/2 qy (A € B(R)),

and hencea by (m)a limy, 00 Wn(an, A) = HEN(=V'(),1) (A) for all A € B(R)a Le., (Wn(ana '))nGN
converges strongly (and hence weakly) to par(—v(a),1)- O

4 Proof of Lemma

Section E.1] contains two preparatory lemmas (Lemmas LTHL2) that provide estimates on gy, ¢
in (LIT)). These lemmas will be needed in Section to give the proof.

4.1 Two preparatory lemmas
Define I; o: R — [0,00) for t € (0,00) and a € R by

«a )21+t

(4.1) Iio(r)=V(r)+ (r “137) (r € R).

Note that 7 — I} (r) — infser It o (s) is equal to (LY). Hence (see (L))

1 —nlt.a(s) d
(4.2) Nnt(a, A) = Je IA(S):I 4 i (¢ e R, A€ B(R),neN,te(0,00)).
pe Mt ds

Lemma 4.1. For every t € (0,00) there exists an L > 0 such that, for all n € N>g,
(4.3) Gn (e, s) < Le_%S'FiSQGt(n,a) (o, s € R),

where G¢: N x R — R is given by

fR €(¥)2226_"‘/(2)67("71)@71&“)2% dz

(4.4) Gi(n,a) =

(n e N,a € R).

fR e*"‘/(r)e_(n_l)(r_IL-H)2 12_-’? dr

Consequently, if for a bounded sequence (ay,)nen in R the sequence (Gy(n, a))nen s bounded
as well, then there exists a pip(o,1)-integrable function h: R — [0, 00) for which, for alln € N,

(4.5) Gnt(an,s) < h(s) (s € R).
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Proof. After some elementary computations (see (A4)) in Appendix[A]), we may rewrite (LI1))
as

(4.6) gni(a,s) =

A = TRy s U
e t° R o \2 111 (OZ,SGR)
n—1 fR e*”V(T)e_(n_l)(r_l_th) 2t dr
Since —2% + 21552 = —(2 — 1%5)* + (1%3)° and Mgy < 1?4+ (H1)222) we get
1432 2 a \21+t
a \2 o e(T) z ean(z)e—(n—l)(Z—m) 2t dz
(4.7) gnp(a,s) < 2e(%) ¢ %se 1’ Je o \214t (a,s € R),
f]R e—nV(r)ef(nfl)(rfrrt) 2t dr

which yields [@3). The claim in ([@3]) follows from (3] because s Lellsl1s* s HA(0,1)
integrable for all [ € R. O

Lemma 4.2. Let V € C}(R,[0,00)) and t € (0,00). For all q,s,a € R, all sequences (o )nen
with o, — o and all € > 0, there exist 6 >0, N € N and M > 0 such that for alln > N,

In,t(an,s) — e_SV/(Q)‘ v ‘Gt(”, an) — e(¥)2q2

(4.8)

St Q25 (r—an)? = (n= )V ()AV (r4 2 (s-1)) )~ (n=D)(r— 212 OFD

<e+ M

)

fB( 8) eiv(r)ei(nil)[V(T)Jr(r—f‘_ftp (1;)] N
q7

where Gy(n,«) is as in ([E4]).

Proof. Let q,s,a € R, let (ay,)nen be a sequence in R with o, — o, and let € > 0. Let 6 > 0
be such that

’ / t\2 £\2
(4.9) eV _ =V < ¢ () _ ()0 < (r € B(q,20)).

Let N € N be such that ‘SHJ‘\?H(S < 0. By the Mean Value Theorem, we have

(4.10) sup
reB(q,0)

(VL (s=r)~V(r) _ efsv/(q)‘ < (n > N).

Hence

(4.11) /R

+esV’(q)/ e~ (n—1) [V(TH(T*%)Q“;)] dr
B(q,0)°

+ / e~ D[Vt -+ (=) 050 ] g,
B(q,0)°
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and

(4.12) [t

L (e / D) [V (r—gm) G0
B(g,9)¢

*‘j/ S22 (1) [Vt L (s—r)+ (r— )2 0]
B(q,0)°

Because e—m=DV(r) v/ ef(nfl)V(rJr%(sfr)) < 67(”71)[‘/(7')/\‘/(7‘4’%(S*'f‘))], we obtain

gn,t(ana 5) — eisV/(q)‘ v ‘Gt(n,an) — 6(%)2112

“re ,~(n- r L (s—r r— an )2 (1+t)
(4.13) <:e4-z(1;“%6r‘xlrt)’2e (=D VOV (3 (=) +- 127 50,
| B —Vi(r —(n—1) V(r)+(rfa_n)2(ltt)
fB(q,é) e~ Ve [ +e) 2 ] dr
/ 2 i
with K = e*V"(@) + (1) + 1 (see (AIH) in Appendix [A]). Because 72 < 2 (7“ - 1044:5> +

2
2 <f‘—ﬁ> and (o, )nen is bounded, we get (LS.

4.2 Proof of Lemma

In the proof we use the identity

PR A ETR A S YA PRI (S

14t ot

which implies

1 @ (OC - CVn)z
(4.15) It o, (1) = It o(r) + 7 (7“ — —> (a0 — o)+ m

Proof of Lemmal[L8. Let s,q € R be the smallest global minimiser of (L3, i.e.,

(4.16) q = inf {T eR: Lio(r) = inﬂg It@(s)} .
se

(A similar argument works for the largest global minimiser.) By Lemmas .IHA2] it suffices
to show that, for all § > 0,

jﬁ(%érfBZC%F)Q(T‘fgﬁ)Qe‘("‘1>Pfﬁ?AV(r+%xs—rD+«r—f$%Fﬁ%ﬁﬁ] dr

(4.17) —0.

St eV O IO G g,

For Part (b) we need to consider a particular sequence (o, )nen in R converging to a, while
for Part (a) we need to consider all sequences (o, )nen converging to «. In both cases, for

16



d > 0 we provide a sequence (¢ )nen in R for which we check the following three steps, which

together yield (@I7):
Step 1: Find R > 0, C; > 0 and Ny € N for which

(4.18) / eQ(%)Q(rfan)Qef(nfl)[V(r)/\V(rJr%(sfr))Jr(rf%)Q%fcn] dr < Cl (n > Nl)-
B(0,R)°

Step 2: Find C5 > 0 and Ny € N for which

(4.19)
/ 62(¥)2(”*0‘")2ef("71)[V(”)AV(”%(S*T))JF(”*{I_&)Q%*%] dr < Oy (n > Na).

B(q,0)°NB(0,R)
Step 3: Find N3 € N and a sequence (I'},)neny with I'y, — oo for which
(4.20) / V)~ VO ] o (n > Ns).

B(q,9)
Abbreviate
(4.21) c=1Ia(q) = in[EL;a(r) € [0, 00).
re

e Step 1 for (a) and (b). For all bounded sequences (o, )nen (in particular those that
converge to «) there exists an R > 0 such that

2
n 1
(4.22) <r— 1(:_ ) —>c+1 (r € B(0,R)%,n € N).

Therefore, for all sequences (¢, )nen in R with ¢, < c+1 for all n € N,

(4.23) V(?“)/\V<r+%(s—r)>+<r_ an >2ﬂ>cn+<r_ an )21
(r € B(0,R),n € N).

Let N1 € N be such that N; —1 > 4(%)2 + 1. Then

(4.24) / () (= £2)’ D VAV (3 o) (- 285) ] g,
B(0,R)¢
(4(54)° (1) (r— £7,)°4 o )21
< / e T ) 2 qp < / 6_(r_1_-9—t) 2 dr = \/% (TL > Nl)
R R

e Step 2 for (a). Because lim, ;400 It (1) = 00, It  is continuous and I; , attains its global
minimum at ¢, there exists a p € (0, %) for which

(4.25) Iio(r) > c+5p (r € B(g,0)°).

Here, and in Step 3 for (a) below, we pick ¢, = ¢+ 3p for n € N. Note that ¢, < ¢+ 1 for all
n € N. By ([@I4) and the continuity of V' there exists an No € N such that, for all n > No,

o )21—{—t

“13:) o Z Il —p>ctdp

(426) V() AV ( T r>> ; ( -

(r € B(q,6)°N B(0,R)).
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2 on \2
Moreover, there exists an T > 0 such that 62(¥) (r—1%) < 7Y for all n € N and all r €
B(0, R). Hence we obtain ([@I9]) with Cy = 2RY (and ¢, = ¢+ 3p for n € N).

e Step 2 for (b). Here, and in Step 3 for (b) below, we consider a,, = o — ﬁ for n € N, and

(4.27)

) 1 « (o — ap)? 4
= Lo @)+ = Lo 4 1 (4= 157 ) (- o+ G280 2 e

Note that ¢, — ¢, and so there exists an N7 € N for which N7 —1 > 4(%)2 +lande, <c+1
for n > N; (and thus (£24)) holds). For r € B(q,d)° N B(0, R) we write

_cn

o, 21+t
1+1¢ 2t

(4.28) Vi) AV <7° Fo(s- 7")) 4 <7° -
_ (vm AV <7~ Fo(s- 7")) - vm) (T () = ).

For the left part (of the right hand side of () we have

(4.29) Vi) AV <r + %(s - r)) V() > —%@

with © = (sup,ep(o,r+(s)) |V’ (w)])(R+]s|). For the right part first note that, by the definition
of ¢ and the continuity of I; o, there exists a p > 0 such that

(4.30) Lio(r) > I o(q) + p (r € (—o0,q—9)).

Because (o — o) 7 = ﬁ, by ([£I3) we have for the right part, for r € B(0, R),

1 )
(431) T (1) = 0 = Toa(r) = Tea(0) + (= ) < — =
1
> p—(R‘i‘(S)W r<q-—>9,
0 r>q+9.
Let N2 € N be such that (R + 5)# < p for n > Ny. Then, for r € B(q,§)° N B(0, R),
1 an \2 1+t 1
: ~ (s~ - e —e 2 > Ny).
(4.32) V(r)/\V(r—i—n(s r)) + (7" 1—|—t> 5 Cn > n@ (n > Ny)

1+t

2 o \2
Moreover, there exists a T > 0 such that 2() (r= 1) < 7Y foralln € Nandall r € B(0, R).
Therefore we obtain ([EI9) with Cy = 2RYe®.

e Step 3 for (a). For r € A= B(¢q,0) N{r € R: I; o(r) < c+ p} there exists an N3 € N for
which I; o, (1) < ¢+ 2p for all n > N3. Hence

(4.33) / V)~ =D VO 30 g S -1 / eV dr  (n>Ny).
B(q,0) A
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e Step 3 for (b). There exists a K > 0 such that, for all n € N and r € B(q, %),

1 0
(434) It,Oén (T) —Cp = ILO((T) - It7o¢(q) + (7” - q) m — m
< o su (s)| + o0
n seB(Eé) ds " tny/n - /nt
1 0 1 K ¢
il G (el
<% nt n <\/ﬁ t)
Let N3 € N be such that % < %% for n > N3. Then, for r € B(q, %),
2
Qap 1+t 16 1
4. - S <22 > Ny).
(4.35) V(r)+<r 1+t> 57 en < SN (n > N3)
Let & > 0 be such that e~V > g for all 7 € B(g,6). Then
aso) [ Vol ose gl g 2 (st (n> Ny).
B(a,2) n

5 Tools from convex analysis: proof of Theorem [I.17]

In this section we state a definition (Definition [5.1]) and several lemmas (Lemmas[5.2H5.8)) that
are based on convex analysis, and use these to give the proof of Theorem [[LTTl After that we
prove the claim made below Corollary (Lemma [5.9) and make an additional observation
(Lemma[5.T0]) that can be used to determine whether (fi, ¢)nen is sequentially Gibbs at ¢ = ..

Definition 5.1. Let f: R — R. Then a € R is called a supporting point for f if there exists
a linear function /: R — R with I(a) = f(a) and I(z) < f(x), x € R.

Lemma 5.2. Let f: R — R. Then

(a) forx,y,z e R withx <y < z:

q)2f(x’y’ Z) =

(c) forg: R—>R, 6,k € R:

Do(0f + kg) = 0Pof + kPag.

(d) for g(x) = 2%, @39 =1 and Psh = 0 if h(x) = ax + B for a, 3 € R.
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Proof. The proof can be done by hand. See also Schikhof [19, Lemma 29.2]. O

Lemma 5.3. Let f: R— R and y € R. Then the following are equivalent:

(a) y is a supporting point for f,

(b) f(z) =)  fly) = f(z)
] B Yy—x

(x,z€R,z<y<2z),

(C) ¢2f('7y7 ) > 0.
Proof. Straightforward. O

Lemma 5.4. A function f: R — R is convex if and only if ®of > 0. Moreover, f is strictly
convez if and only if ®of > 0.

Proof. See Schikhof and van Rooij [I8 Theorem 2.2]. O

Lemma 5.5. Let f: R — R be lower semicontinuous with lim|$|_>oof(x) = 00. Suppose
that f is bounded from below. Then there exists an a € R for which f(a) = infyer f(x). In
particular, a is a supporting point for f.

Proof. Let ¢ = infyep f(z). Define 4, = {x € R: f(z) <c+ 1}, n € N. Then A, is compact
and A, 41 C A, for all n € N. Therefore there exists an a € R for which a € (1, oy An- O

Lemma 5.6. Let f: R — [0,00) be lower semicontinuous with lim,_, f(z) = co. Then the
following are equivalent:

(a) There exists an o € R for which x — f(x) — ax has multiple global minimisers.
(

b) There ezists a linear I: R — R for which #{z € R: l(z) = f(z)} > 2 and [ < f.

)
)

(¢c) There exist a,b,c € R witha < b < c and ®of(-,a,-) >0, Pof(-,¢,-) >0, Pof(-,b,) # 0.
)

(d) There exist a,z,b,y,c € R witha <x <b<y<cand Pof(-,a,-) >0, Daf(-,c,) >0,

@2f(xab7 y) S 0.

Proof. The equivalence (a) <= (b) and the implication (d) = (c) are trivial.

(c) = (d). Assume (c). Then there exist z,y € R with z < b < y for which ®yf(z,b,y) < 0. If
x < a and/or y > ¢, then ®5f(a,b,y) <0 and/or ®o(z,b,c) <0 by Lemma [.2[(b). Therefore
we may assume that z > a and y < ¢, i.e., we obtain (d).

(b) = (c). Assume (b). Let a,c € {x e R: I(z) = f(x)} with a < ¢. Let b € (a,c). Then

(5.1) f(Ci - i(a) _ l(Ci - i(a) _ l(bg - fz(a) < f(bl); - g(a)’
ie., ®of(a,b,c) <O0.

(d) = (b). Define w,z € R by

(5.2) w = sup{s < b: $of(:,s,-) > 0},

z =inf{s > b: ®of(-,s, ) > 0}.
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Because f is lower semicontinuous, we have liminfge,, f(s) > f(w). Hence, by Lemma [5.2)(a),
we have, for ¢,7 € R with ¢ < w < r,

(5.3) 0 < limsup ®2f (g, s,7)

sTw

_fa S0 Tminf )
(g-w)lg—7r) (r—w)r—q (r—w)(w-q)

So o f (-, w,-) > 0. Similarly ®of(+,2,-) > 0. If w = b, then z = b, and vice versa.

e Assume that w = b = z. Then f is convex and ®of(x,b,y) = 0. With I: R — R,

s f(x) + W(s — z) one then has [ < f and I(s) = f(s) for all s € [z,y], since

fO) = flz) _ fls) = f0) _ fly) = Fb) _ f(b) — flz)

< < =
b—=x - s—b - y—2>b b—=x

< Dy f(q,w, ).

(5.4)

e Assume that w < b < z. Define I: R — R, s — f(w) + W(s —w). Then I < f on
(w,2)¢. Note that f — |, is lower semicontinuous and bounded from below. By Lemma
B0 it attains its infimum at some a € [w, z]. This a is a supporting point of f, and hence
a=w or a =z by Lemma[53l Thus i(s) < f(s) for all s € R. O

Lemma 5.7. Let f: R — [0,00) be lower semicontinuous. Let r € R and f > 0. Then
there exist q,s € R with ¢ < r < s that are supporting points of x +— f(x) + Bx2, i.e.,

q)2f('aQa ) > _B} q)2f('55,') > _/8

Proof. Since z + f(z) + Ba? is lower semicontinuous and im0 [f () + Bz?] = oo, by
Lemma[G.5 there exists an a € R for which a is a global minimum and thus a supporting point
for 2 +— f(x) + Ba?. There exists a (large enough) § > 0 such that

(5.5) {z eR: fla)—1+0(x—r)=pz%}

has two elements, say 1,22 with 1 < x2. By the definition of a, we have x; > r. By
Lemma [B.5] there exists an s € R that is a global minimum and a supporting point of

(5.6) z = f(x) + Bz — (fla) =1+ 0(x —7)).

Hence s is also a supporting point of z — f(z) + B22. Because (B.6)) is strictly negative on
(x1,22) and non-negative on [z1, 2| we have s € [x1, z2]. Therefore s > r. There also exists
a (small enough) 0 < 0 for which (5.5)) has two elements. In the same way we can prove that
there is an ¢ < r that is also a supporting point of z + f(x) + B22. The last part of the
statement is a consequence of Lemma ]

Lemma 5.8. Let f: R — [0,00) be lower semicontinuous and let B € (0,00). Then there
exists an o € R for which x v+ f(x) + Bx? — ax has multiple global minimisers if and only if

o f ¥ .

Proof. This is a consequence of Lemmas (.6H5.71 O
Proof of Theorem[L.11l. The claim in Theorem [[LIT] follows by applying Lemma (.8 with 5 =
I to the lower semicontinuous function r — V(r) + 372, O

The following observation proves the claim made below Corollary
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Lemma 5.9. Let f: R — R be twice differentiable. Then f"” > 2 if and only if ®of > 3 for
all B € R.

Proof. By Lemma[5.4] ®og > 0 if and only if g is convex. Since a twice differentiable function
g is convex if and only if ¢ > 0, this implies the equivalence ®of >0 < [’ >0. Let 8 € R
and let g: R — R be given by g(r) = f(r) — Br?. Then, by Lemma B2 we have f” > 23
= " >0 <= D9 >0 <= Dof > 0. U

In contrast to Lemma [£9] we can have ®3f > 3 but not f” > 23 (take e.g. 3 = 0 and
f(x) = 2*, in which case ®3f > 0 by Lemma [54 but f”(0) = 0). However, according to the
next observation the second derivative of f can be used to determine whether ®of > 3. This
observation can be used to determine whether (1, ¢)nen is sequentially Gibbs at ¢ = ¢..

Lemma 5.10. Let f: R — R. Let a,b,c € R witha < b < ¢, and 5 € R.

(a) If q)Zf’(a,b) > 3, (IDQf‘(a,b} > B, (IDQf‘(b,c) > 0, q)Zf’[b,c) > B and ®2f‘(a,c)('ab7 ) >0, then
(I)2f|(a,c) > B.

(b) If f is upper semicontinuous and Paf|,p) > B, then ®afljqy > 6.

(¢c) If f is twice differentiable on (a,b) and f|(a,b)” > B, then ®af|qp) > B

Proof. Without loss of generality we may assume b = 0.

(a) Let z,y,2 € (a,¢). Ifr <y <0< zoraz<0<y< z then with Lemma [B2(b) we easily
get ®of(w,y,2) > B. If y =0, then x < § < 0 < 2, and hence ®3(x, 5,0) > 0. Again with
Lemma [B2(b), we get ®o(x,0,2) > 0.

(b) If f is upper semicontinuous, then limsupgy, f(s) < f(b) and limsupg, f(s) < f(a).
Together with Lemma [5.2)(a) this proves the second statement.

(c) If f|(a,b)” > 0, then f is strictly convex, and with Lemma [5.4] this implies (¢) in case 5 = 0.
Replacing f by g(r) = f(r) — §r2, we obtain (c¢) for 8 # 0 (see Lemma [5.2)). O

A Key formulas

In this appendix we derive a few formulas that were used in the main body of the paper.

A1l. We derive formulas for 7, and 7,, , described in Section 1.4.
Inserting (7)) into (LG) we get, for A € B(R™),

1 _n _ly—z)? oV oma )z
(A1) png(A) = - / [(2mt) 8 / Lal)e™ 7 dy|e™Vom)E g ) (2)
L2 L2
L N [(277)—%—% / e 5 e B eV omn)(2) dz] dy.
Zn R n

- L —2]12(1
Since lu=2I” | ”32”2 = zl(li/-”:t) + [Fes; ;lfl 0 for y,z € R" we get, for A € B(R"),

1 B Y v = e R C0)

(A.2)  pni(A) = Z_/ 14(y) [(QW)ntg/ e 2D e s e~V omn)(2) dz] dy.

22



Then it is not hard to check that 7, : R*~! x B(R) defined for ys,...,y, € R and B € B(R)
by

(A3) 'Yn,t((y%--- ayn)’B)

22
2r(1 +1)) f]R 15(z) e 20D f ne—N(Vomn)(z) dﬂ/\/—((%w 7777 ) g )(z) dx
_ 1+t P14t
( f e 2(1+t) f n(Vomn)(2) dMN((z’y%;[t"y"),ﬁfn)(Z) dx

is the weakly continuous proper conditional probability under j,; of the first spin given the
other spins. Using the identities

(A4) lUJN<(Zyy21,+~;yn) 7%“171) = MN(IL—HHLt) & MN<(y21+;5yn) 1+tln 1)5
A5 um om_i = (Yo,
( ) MN(“’Q’H’; ),%Hln_l) n—1 MN<m” 1(1y+2t yn)7(n 1;(1+t))7
z17 n—1
(A.6) My (21, -y 2n) = g—l— - Mp—1(22, -+, 2n),

we obtain the expression

(A7)

’Yn,t((y27 e 7yn)7 B) -
1 n—1
fR 13(3:) fR fR B*HV(ZSJFTT) dMN<mn 1(y2,--yn) ¢ )(’I“) dMN(L L)(S) d:U’N(O,l-i-t)(x)

1+t Y(n—1)1+t

+
771 IS 77‘
Jo Ju Jpe VGt )dMN<mn \W2um) 4 )(7“) dMN(L 7)( ) diar(o,144) ()

1+t P(n—1)1+4t

We see that vy, ¢(u, ) = Ynt(v,-) for all u,v € R"! with m,_1(v) = my,_1(u). Hence we can
define %,, ;= R x B( ) — [0,1] by letting ¥, (o, B) = vn (v, B) for a € R and B € B(R),
where v € R"™! is such that m,_1(v) = a, i.e.,

(A'8) in,t(avB)
Je18(2) Jg Jx eVt ) d'uN( t >(T) d'uN(i L)(S) dpepro,144) ()

(n—1)1+¢

Ja i Je Vst ) dMN< : )(7“) (2, 2y (8) (o144 (2)

14+t (n—1)1+t¢t

A2. We show that 7, ; is indeed the weakly continuous proper regular conditional probability
of the magnetisation of the n spins at time 0 given the magnetisation at time t.

Let p, be the law on C([0,00),R"™) of the paths of the independent Brownian motions per-
formed by the n spins with initial distribution fy, o, i.e., iy, is given by (LIH]). The joint law
of the process at time 0 and time ¢ is given by

(A9)  ion(4) = /R /R 14(z,y) d[pa(t,2,)] (v) djimo(@) (A € B((R2)™)).

We write m,, also for the function (R?)" — R? given by

n

1
(A.10) My ((T1,91)5 -+ (Tny Yn)) = - 2(%%’) (1,Y1,. -, %n, Yn € R).
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Let Tip 0,4) = fny0) © My - Since pu(t,,-) o my' = pinear,) © my' = N (11 (), 1) @0

HN(0,I,) © m, = Faro,1), We have

(A11) 71, 0y (A) = / 1a(5.0) ditygs oy (@)e ™ ) dpuyq 1) (s)

1 1 2 (s=a)?
= / 14(s,0) e "VEOTTH 271 4s da (A € B(R?)).
oxt  /orl JRJR

From this it follows that 7, ; given in (L8] is the weakly continuous proper regular conditional
probability under 7z, o, of the first coordinate given the second, i.e., the weakly continuous
proper regular conditional probability of the magnetisation of the n spins at time 0 given the
magnetisation at time .

A3. We verify (LIT]) and (LI0]).

An elementary computation gives that, for a, s € R, t € (0,00) and n € N,

(A.12)
—nV(ls—i—”—_lr) d
/ MN(% (n— lt)1+t>(r)

/( n—l 1—|—t / —nV(Lstnsl ) 7(T7L) (n712)t(1+t) &

_ w ~(n-1) / o[Vt (=) =V ()] o=V () == DV )+ 75+ 520 g
27t R

Hence, for n € N and ¢ € (0,00), we can write

(A.13)

fR 1p(x fR gnt(av, s) d/‘/\/(j 1L_H)(S) dpin 0,144 ()
fR fR gnt(a, s) d#/\/(_ L)(S) d,u/\/(o,1+t)($)

T+¢° 1+t

ﬁn,t(O@B) = (a ER,Be€ B(R))7

where g, ;: R? — R is as in (LII). With Fubini’s Theorem we have
(A19) [ 15() [ gusters) iy, 2)(6) dinoarn@

14+t 14t

z \214+¢t _ .2 1
1 a, s —(s—1h) & e Y20+ dg ds
27{_\/—// B gnt )

= 15(x) €252 =22 dx) a,s)e -2 s
QM (/ b(2) sl )e

/ s 2 ( ) g2 12+t d
R t gt s t ds
\/ﬂ /’LN( t g ,t
- / 1o (B) g, 8) dpinion (5) (B € B(R)).

With this we obtain (LI0).
A4. Let n € N>y and ¢ € (0,00). Note that, with {@1]) and [2), g+ is given by

fa oV L(s—r)] o~ (=1 (r=15)" 5 g,

(A.15) gnt(a, s) = (o, s € R).

fR ean(r)ef(nfl)(r*ﬁt)Q% dr
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The numerator equals

(A.16)
[erlromeo el i g - I [ Ve o0t ) g
R R

n—1

Via the identities

! =1 T+t
2
! (6%
= — _ 1 B o
a \? N 1
2
« ) N ) 1 |
’ )<Z 1+t> o <s+1+t>z A b
we get
(A.18)
gn,t(a,s) —
n ag fR 6[_222+2(8+1L+t)z_ﬁ(z—8)2]12_tt e~V (2) e—(n—l)(Z_IL_HPlQ_tt o ( )
. a,s € R).
n—1 f]R e—nV(r) 6_(71—1)(7"_%)212__’? o

A5. We give the proof of Theorem [[LTI] namely we prove (a), i.e., the existence of p,, men-
tioned in Theorem and prove (b), i.e., that for & € R the large deviation principle holds
for (pn(a,-))nen with rate n and rate function given in (LI8)).

e Proof of (a), existence of py,.

Let § = {(to,t1, - ,ti,t): k € Ng,0 = tg < t1 < -+- < t < t} and let j € J be given by
Jj = (to,t1,...,tg,t). Define w;: C([0,t],R) — RFE+2 by

Similarly as in item [A2] 7, ; = py 0 7T[_01t] o 71']._1 om, ! = (o ﬂ[f)lﬂ om;1)o 71']»_1 is given by
(A.20) Fin,j(A) =
n n(3k+1_3k)2 k n _n(si_si—1)2
1 e e a— 2(t—tg) - 2(t;—ti—1)
/Rk+2 A0 81, 8k S )y [ 5oy € RS ST
1 {V( ) 3}
—n s0)+20
X—ce o dsgy1 dsg -+ dsy dsg (A € B(RF2)).

n
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Then p,j: R x B(R¥1) — [0, 1] defined by

(A21) ppyj(a, A) =

} dsk--- d81 dSo

2
(a Sk)2 (Sz_sz 1) *n|:V(So)+S*O
Jarsr La(80, 815, sp)e 200 e, [ "2t —ti_1) 2

(a—s (Sz_sz 1)2 —n|Vi(s +£
ka+1e 2(t— zltck) H [ 2(t —t; 1)] |: ( 0) 2i| dSk d$1 dso
(A € BRM)),

is the weakly continuous proper regular conditional probability under 7z, ; given the coordinate
at time t. By Kolmogorov’s Theorem (e.g. Bogachev [I, Theorem 7.7.2]), there exists a
measure py ¢+(a,-) on C([0,t),R) (see e.g. [1, Theorem 7.7.4], it is similar to the fact that the
Brownian motion is a process on C([0,t],R), which is stated below [I, Theorem 7.7.4]) for
which py, ¢(cv, -) 077]71 = pnt,j(a, ) for all j € J. Because o +— py 1 j(a, ) is strongly continuous
for all n € N and j € J (see Appendlxlﬁl) the map a — p,¢(a, ) is (strongly and hence)
weakly continuous, i.e., pp is the weakly continuous proper regular conditional probability
of uy o 71[0 ] © m;l under 7.

e Proof of (b), large deviation principle.

Let j € J be given by j = (to,t1,...,tx) and let « € R. By den Hollander [12, Theorem
II1.17], the sequence (pn¢;(c,-))nen satisfies the large deviation principle with rate n and
rate function 7;: R¥*1 — [0, o] given by

L%

+ 3+

(A22) (80,51,..., )l—>V S(]

(s; — s, 1) (a — sp)? ‘
250 ] BT I

where €; is such that (A.22]) has infimum 0, i.e.,

Z (Si — Si_1)2 i (Oé — Sk)2
— 2ty —ti—1) 20t —t) |
We will show that I; is a good rate function, i.e., I; has compact level sets. Let ¢ > 0. Let

2 g
Ko={so € R:V(so) + & <c}, K; ={s; € R:sup,_ cx, , % <c}forie{l,... .k}

and K} = {s, € R: (Ozt Sf)) < ¢}. All these sets are compact and therefore also the set
{(s0,815---,8K) ERFL g € K; fori € {0,...,k—1},s; € K N K} }. Since the level sets of
I; are closed, we conclude by this that I; has compact level sets.

We will show that the constant €;, does not depend on j, by showing

(A.23) ¢ = inf (V(so) +

80,81 50+-,SKER

2 2
. sg  (a—so)
(A.24) ¢ = Q(Oﬂg) = sloléf];& V(so) + o + Tor = Cia-
First, note that % < % + % for a,b,c,d € R with ¢,d > 0, since (da — cb)> > 0. By
this we conclude that [Zle (28(2;32:3?] + (;E;sfk)) > (@ 2;0) for all sg, s1,...,s; € R and thus

that €; > €. By letting s; = (t;) for i € {1,...,k}, where ¥(s) = sg + *7°0s, we get
2

[Z?:l ;@:;:3;] + (202;_5;3) = (a;:o)Q_ Hence we conclude €; = €q ).
By the Dawson-Gértner projective limit theorem [2, Theorem 4.6.1] the sequence (pn, +(c, -) )nen
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satisfies the large deviation principle on RI%), equipped with the product topology (see the
beginning of the proof [2, Theorem 5.1.6] why one can replace the projective limit by this
product space) with rate n and rate function RI%) — [0, 00] given by ¢ — sup;ey Li(m; (),
ie.,

- Ct,a+
k

2
sup{ [Z ORI NS s <tk<t}.

$(0)?
(

(2

(A.25) ¢+ V(p(0)) +
0

Note that if ¢ € AC([0,%),R) and ¢(s) does not converge to « as s 1 ¢, then sup, 5 I;(¢) = oo,

since supge (o ) (a(?%(z))) = o0o. Furthermore, if ¢ € AC([0,t),R) and limg ¢(s) = a, then the

function ¢ : [0,¢] — R given by ¢ = ¢ on [0,%) and ¢(t) = « is an element of AC(]0,¢],R) and
the supremum on the second line in [A.25]) is equal to

k+1 N ] 2
(A.26) sup { Z ((b(;()t (bt(tl_)l)) keEN, 0<ty < <t <tpy = t},
P i —tic1

In [2] Proof of Lemma 5.1.6] (with A*(x) replaced by x?) it is shown that this supremum is
equal to 5 fo ¢*(s) ds. Furthermore, in [2, Proof of Lemma 5.1.6] (last part) it is also shown
that (A.25]) equals oo when ¢ ¢ AC([0,),R). Hence (pp (e, ))nen satisfies the large deviation
principle on RI%Y with rate n and rate function RI%) — [0, 0c] given by (IIZ). This leaves
us to prove that the large deviation principle also holds on C([0,¢),R) equipped with the
topology of uniform convergence. To prove this, by [2, Theorem 4.1.5(b) and Theorem 4.2.6],
it is sufficient to show that (pp (e, -))nen is exponentially tight in C([0,t),R) equipped with
the topology of uniform convergence. The exponential tightness follows in turn by showing
that the large deviation rate function in (LIS]), which we call J here, has compact level sets
in the uniform topology of C([0,t),R), i.e., for b > 0 the set

(A.27) Ky = {9 € AC(0,),R) : limg(s) =, J(#) < b}

is compact. We prove this by using the Arzela-Ascoli theorem (see e.g. [2 Theorem C.8]).
Since K} is closed it is sufficient to show that K, is bounded and equicontinuous (actually the
Arzela-Ascoli theorem can not directly be used since [0,¢) is not compact, however proving
that K, = {¢ € CAC([0,t],R) = 6(t) = a J(¢)} is bounded and equicontinuous in C([0, ], R)
suffices, where J is the canonical extension of J to RI%!. The proof is similar as showing that
K} is bounded and equicontinuous).

Equicontinuity of K. For ¢ € K and u,v € [0,t) with « < v (applying Jensen’s inequality)

As) (20 ¢<v>>

u—"v

2b+Cta
CETR

and since 2m|z| < 22 +m? for all m > 0 we have

20+ Cy o m
A2 — < ——|u— —.
(A.29) B(u) — 90)] < Tt ] 4
This implies equicontinuity.
Boundedness of Kp. Let 11,...,¢ be the global minimisers of the (lower semicontinuous)
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rate function J. By the proof of (c) we know that 1); is the linear function that connects
(0,7(0)) and (t, @), ie., ¥;i(s) = ¥;(0) + O‘*wi(o)s for s € [0,t). Let m > 0 be such that
[i(0)] < m for all i € {1,...,k} and |a] < m and such that V(sp) + SO + (ozso) SO) >Cia+b
for sg € [-m,m]¢. Suppose that ¢ € AC([0,t),R) with limg ¢(s) = « and ||gz§Hoo >m+b+1
(where || - || is the supremum norm). Let u € (0,¢) be such that |¢(u)] > m + b+ 1. Then
the optimal path ) from 0 to ¢ which agrees with ¢ in 0, in « and in ¢ (i.e., limg Y(s) = )
is the linear interpolation between the points (0, ¢(0)), (u, ¢(u)), (t,«) (see the proof of (c)),
Le.,

6(0) + 220 s€[0,u),

A. s)=
(A.30) ¥(s) {¢(u)+at¢(u)(3_“) s € [u,t].

So then we have

(A.31)
2 u) — 2 o — u 2
I0) 2 J0) = () = V(6(0) + 2G5 = 0y 4 L2002 0l 5,

since either ¢(0) € [=m,m] and thus |¢(0) —¢(u)[* > (b+1)? > b or ¢(0) € [-m,m]¢ and thus
2

V(so)+ 2+ % > Ct.q +b. By this we conclude that the set K} bounded in || - ||s-norm

by m + b+ 1.

B Proper weakly continuous regular conditional probabilities

Definition B.1. Let X and ) be topological spaces with Borel sigma-algebras B(X’) and
B(Y). Equip X x ) with the product topology. Then B(X x )) = B(X) @ B(Y) (i.e., the
smallest sigma-algebra containing all sets A x B with A € B(X) and B € B())). Let u be
a probability measure on B(X x )) and let m: X x ) — ) the canonical projection. Then
v: Y x B(X) — [0,1] is called a regular conditional probability under p of the first coordinate
given the second, when v is a transition kernel and

(B.1) p(Ax B) = [ 150w 4) o)) (A€ B(X), B BY)).
7 is called proper when 7(y,-) = 0 for all y € supp(p o 7~ 1)¢, where
(B.2) supp(v) = Y\ U {UcY: Uisopen and v(U) =0}

for measures v on B(Y). ~ is called weakly continuous when the map a — y(«, ) is weakly
continuous.

Lemma B.2. With the notation as in Definition B, if y1,7v2: Y x B(X) — [0,1] are two
proper reqular conditional probabilities under u of the first coordinate given the second, then
(Y, ) = Ya(y,-) for por t-a.e. y € Y. Consequently, if there exists a weakly continuous
proper reqular conditional probability of p under w, then it is unique.

Proof. The first statement can be found in Bogachev [I, Section 10.4]. The second statement
follows from the fact that if «; and 7o are proper regular conditional probabilities, then
w(B) =1 for B ={y € supp(p): 71(y,:) = 12(y,-)}, and hence B is dense in supp(u). So if
~v1 and 9 are weakly continuous, then B = supp(p), i.e., y1 = 2. O
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We will use the following lemma to conclude that regular conditional probabilities with
a continuous bounded density are weakly continuous. This lemma is an easy consequence of
Lebesgue’s Dominated Convergence Theorem.

Lemma B.3. Let X and ) be topological spaces with Borel sigma-algebras B(X) and B(Y).
Let 11 be a probability measure on B(X). Let f € Cp(X x YV,R). If v: Y x B(X) — [0,1] is
given by

(B.3) 1y, A) = L 1}1 (fx()yfgcy) zib(dml;(x)

then v is weakly continuous (even strongly continuous, i.e., y — y(y, A) is continuous for all

A e B(X)).

(ye Y, AeB)),
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