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Introduction

The title of this thesis is ‘Groups and fields in arithmetic’. This title has been
chosen in such a way that every chapter has to do with at least two of the nouns in the
title. This thesis consists of 8 chapters in which we discuss various topics and every
chapter has its own introduction. In this introduction we will discuss each chapter
very briefly and give only the highlights of this thesis.

Chapter 1 and 2 are preliminary chapters. In Chapter 1 we discuss algebraic
extensions of valued fields. This chapter has been written to fill a gap in the literature.
It does contain some new results. In Chapter 2 we discuss normal projective curves,
especially over finite fields. This chapter does not contain any significant new results.

Chapter 3 and 4 concern polynomial maps between fields. In Chapter 3 we study
the following. A field k is called large if every irreducible k-curve C' with a k-rational
smooth point has infinitely many smooth k-points. We prove the following theorem
(Corollary 1.3 from Chapter 3).

Theorem 0.1. Let k be a perfect large field. Let f € k[x]. Consider the induced
evaluation map fi: k — k. Assume that k\ f(k) is not empty. Then k\ f(k) has the
same cardinality as k.

In the case that k is an infinite algebraic extension of a finite field, we prove
density statements about the image (Theorem 1.4 from Chapter 3).
In Chapter 4 we prove the following theorem (Theorem 1.2 from Chapter 4).

Theorem 0.2. Let k be a finite field and put g = #k. Letn be in Z>;. Let f1,..., fn €

klx1, ..., 2] not all constant and consider the evaluation map f = (f1,..., fn): K™ —
k™. Set deg(f) = max; deg(f;). Assume that k™ \ f(k™) is not empty. Then we have
(¢—1)

7 f)) =

In Chapter 5 we give an algebraic proof of the following identity (Theorem 1.1
from Chapter 5).

Theorem 0.3. Let G be an abelian group of sizen and let g € G, i € Z with0 < i < n.
Then the number of subsets of G of cardinality i which sum up to g is equal to

. 1 iviss (1V]8 s
NGig=r X () u(y)wo,
5| ged(exp(G),i) d| ged(e(g),s)

where exp(G) is the exponent of G, e(g) = max{d : d|exp(G), g € dG}, p is the
Moébius function, and G|d] = {g € G : dg = 0}.

vii



viii Introduction

Chapter 6 is a preliminary chapter for Chapter 7. In Chapter 6 we introduce the
concept of the shape parameter of a non-empty subset of a finite abelian group. We
use this in Chapter 7 to prove the following (Theorem 1.1 from chapter 7).

Theorem 0.4. For any € > 0 there is a deterministic algorithm which on input a
hyperelliptic curve C' of genus g over a finite field k of cardinality q outputs a set of
generators of Pic’(C) in time O(g*>Teq"/?+¢).

In Chapter 8 we study automorphism groups of extensions which are not algebraic.
One of our results is the following (Theorem 5.8 from Chapter 8).

Theorem 0.5. Let Q be an algebraically closed field and let k be a subfield such
that the transcendence degree of € over k is finite but not zero. Endow Q0 with the
discrete topology, QS with the product topology and Auty(Q) C QF with the induced
topology. Then there is a surjective continuous group morphism from Autg(S2), the
field automorphisms of QU fixing k, to a non finitely generated free abelian group with
the discrete topology.



Chapter 1

The algebraic theory of valued fields

1. Introduction

General valuation theory plays an important role in many areas in mathematics.
Also in this thesis, we will quite often need valuation theory, although for our applica-
tions the theory of discrete valuations suffices. There exist many books on valuation
theory, such as [End72], [EP05], [Kuh] and [Efr06]. They do not treat the case of
algebraic extensions of valuations theory completely. Furthermore, definitions of certain
concepts are not uniform. This chapter is written to fill this gap in the literature and
provide a useful reference, even when restricting to the case of discrete valuations. Our
definitions are motivated by our Galois theoretic approach. No previous knowledge
on the theory of valuations is needed and only a slight proficiency in commutative
algebra suffices (see for example [AM69] and [Lan02]).

With this in mind, this chapter starts with definitions and the main statements.
In the second part of this chapter we will provide complete proofs. In the last part of
this chapter we give examples of extensions with a defect and we discuss the theory of
Frobenius elements.

Our treatment of valuation theory starts with normal extensions of valued fields.
Later, by looking at group actions on fundamental sets, we prove statements for
algebraic extensions of valued fields. The beginning of our Galois-theoretic approach
follows parts of [End72] and [EPO05], although we prove that certain actions are
transtive in a different way. The upcoming book [Kuh] uses at certain points a very
similar approach.

Even though most of the statements in this chapter are known, there are a couple
of new contributions.

e We define when algebraic extensions of valued fields are immediate, unramified,
tame, local, totally ramified or totally wild (Definition 3.2). The definitions are
motivated by practicality coming from Galois theory. We also study maximal
respectively minimal extensions with these properties (Theorem 3.15).

e We compute several quantities, such as separable residue field degree ex-
tension, tame ramification index and more in finite algebraic extensions of
valued fields in terms of automorphism groups (Proposition 3.7). We will
give necessary and sufficient conditions for algebraic extensions of valued
fields to be immediate, unramified, ...in terms of automorphism groups and
fundamental sets (Theorem 3.10). Current literature only seems to handle
the Galois case.
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For a field K we denote by K an algebraic closure. For a domain R we denote by
Q(R) its field of fractions.

2. Definition of valuations
Let K be a field.

Definition 2.1. A waluation ring on K is a subring O C K such that for all x € K*
we have 2 € O or 271 € O.

Lemma 2.2. There is a bijection between the set of valuation rings of K and the set
of relations < on K* which satisfy for x,y,z € K*

Lrx<yory<z

. x<y,y<z = =<z

ii. x <y = xz < yz;

iv. ife+y#0, thenx<x+yory<az+y.
This bijection maps a valuation ring O to the relation which for x,y € K* is defined
by: x <y iff y/x € O. The inverse maps < to {xr € K*: 1 <z} U{0}.

PROOF. Let O be a valuation ring and consider the obtained relation <. Then i
is, y/x € O. Then we have 1 + y/x = (z + y)/x € O. Hence z < x + y as required.

Given <, we claim that O = {& € K* : 1 < z} U {0} is a valuation ring. Let
xz € K*. We have 1 < 1 (i) and hence 1 € O. Furthermore, —1 € O. Indeed, by i
we have 1 < —1 or —1 < 1. In the first case we are done, in the second case we can
multiply by —1 to obtain 1 < —1 (iii). Take x,y € O\ {0}. Then if we multiply = > 1
by y we obtain xy >y > 1 (iii), and hence we have zy € O (ii). If  + y # 0, we find
r+y>x>1lorx+y >y > 1 From ii we conclude that z +y > 1. Take z € K*.
Then we have Finally, we have 1 < z or z <1 (i). In the first case, we have z € O. In
the second case, we multiply by z~! and iv gives 1 < z~1. Hence z~! € O. This shows
that O is a valuation ring. O

Let O be a valuation on K. Consider the relation < on K* induced from O as in
the lemma above. One easily sees that O* = { € K* : 1 <z and = < 1}. Furthermore,
if x,y € O\ O*, we deduce from property iv and ii that « + y is not a unit. Hence O
is a local ring. The induced relation < on K* makes K*/O* into an ordered abelian
group. An ordered abelian group is an abelian group P, written additively, together
with a relation < such that for a,b,c € P we have:

hLa<bb<a — a=¥b;
ii. a<bb<c = a<cg
iii. a<borb<a;
iv.a<b = a+c<b+ec
The group morphism v: K* — K*/O* is called the valuation map and it satisfies
for x,y € K* with  +y # 0: v(z +y) > min(v(z), v(y)). The ordered abelian group
K*/O* is called the value group.

To shorten notation we just write v for a valuation. We denote by O, the valuation

ring with maximal ideal m,. The residue field is denoted by k, = O,,/m,. The value
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group is denoted by A, = K*/O*, for which we use additive notation. We use the
notation v: K* — A,. We set

_ Jchar(k,) if char(k,) #0
Pr=11 if char(k,) = 0.

A pair (K, v) as above is called a valued field. Note that a valuation v gives rise to the
valued field (Q(O,), v) where Q(Q,) is the fraction field of O,. If K’ is a subfield, then
we denote by v|gs the valuation on K’ corresponding to the valuation ring O, N K.

3. Main results

In this section we will provide statements of the main results. Proofs of the
statements follow in Sections 4, 5, 6 and 7 and will occupy most of this chapter.

3.1. Properties of extensions of valuations. Let M O N be an extension of
field. When we say that M/N is separable we mean that it is algebraic and separable.
Similarly, normal means normal and algebraic (but not necessarily separable). Assume
that M/N is finite. We set [M : N for the separability degree of the extension and
[M : NJ; for the inseparability degree. Note that [M : N] = [M : Nls- [M : N]s.

Let (K, v) be a valued field and let L be an extension of K. An extension of v to
L is a valuation w on L satisfying O,, N K = O,, equivalently, m,, N K = m,,. Such
extensions do exist (Proposition 5.6). We denote such an extension by (L,w) 2 (K, v)
or w/v. Sometimes we write w|v if w extends v. The number of extensions of v to L is
denoted by g, ,,, which is finite if L/K is finite (Proposition 5.6). Such an extension
(L,w) 2 (K,v) is called finite if L/K is finite. In a similar way we define such an
extension to be normal, separable, .... An extension induces inclusions A, — A,
and k, — k. The following proposition defines a lot of quantities relating to a finite
extension of valued fields and gives some properties of these quantities (see Proposition
7.1).

Proposition 3.1. Let (L,w) 2 (K,v) be a finite extension of valued fields. Then one
has:
e(w/v) = (Ay : Ay) € Z>; (ramification index);
e ¢;(w/v) = lem{m € Z>; : m|e(w/v), ged(m,p,) = 1} € Z>; (tame
ramification index ); - -
o ey (w/v) = ee((?v/;;)) € p22° (wild ramification index);
f(w/v) := [ky : ky] € Z>1 (residue field degree);
fs(w/v) := [ke : kols € Z>1 (separable residue field degree);
fi(w/v) = [ky : ki € paz ’ (inseparable residue field degree);
e Let M/K be a finite normal extension containing L. We define the local
degree by n(w/v) := 822 . [[ : K] € Z>1 and this does not depend on the

8M,v
choice of M ;
o d(w/v) = % € paz ? (defect);
o dy(w/v) :=d(w/v) ew(w/v) f;(w/v) € py Zzo (wildness index);

The quantities e, e, ey, f, fs, fi, n, d and d, are multiplicative in towers.
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Definition 3.2. Let (L,w) 2 (K,v) be a finite extension of valued fields. Then we
have the following properties which (L, w) 2 (K,v) can satisfy:

immediate: dy (w/v) = et(w/v) = fs(w/v) = 1, equivalently, n(w/v) = 1;
unramified: dy(w/v) = eg(w/v) = 1;

tame: dy (w/v) = 1;

local: g, = 1;

totally ramified: fs(w/v) =g, , = 1;

totally wild: ey(w/v) = f5(w/v) = 8ro =1

We say that v is totally split in L if g1, = [L : K].

As the various degrees are multiplicative, we can extend this definition in the
following way. Let (L, w) 2 (K, v) be an algebraic extension of valued fields. Then w/v
is immediate (respectively unramified, tame, local, totally ramified, totally wild) if all
intermediate extensions (L', w’) of (L,w) 2 (K,v) where L'/K is finite are immediate
(respectively unramified, tame, local, totally ramified, totally wild). We say that v is
totally split in L if all intermediate extensions (L', w’) of (L,w) 2 (K,v) with L'/K
finite are totally split.

3.2. Normal extensions.

Definition 3.3. Let (M, z) O (K,v) be a normal algebraic extension of valued fields
and let G = Autg (M). Note that G acts on the set of valuations on M extending v
by Oyy = 9(Our). Let Dy = {g € G : g = x} be the decomposition group of x
over K. We define the inertia group I, x C Dy i of x over K to be the kernel of the
natural group morphism D, x — Auty, (k,). Furthermore, there is a natural group
morphism

I, k = Hom(A, /A, k})

C
c

(see Lemma 6.3). We define the ramification group of x over K to be its kernel. We

denote it by V, .

Let Iy, = im (Auty, (k) = Autys (k). Let Autgerp,  (M*/(1+ m;)) be the
subgroup of Aut(M*/(1 + m,)) consisting of those automorphisms such that the
restriction to k¥ lies in I'; , and which are the identity on K*/(1 4+ m,). We have a
natural map Dy ¢ — Autg-p, ,(M*/(1+m,)) (see the discussion after Lemma 6.3).

We endow G with the profinite topology. This means that we view G as a subset of
MM . We endow M with the discrete topology, M™ with the product topology and G
with the induced topology. Similarly we define profinite topologies on Auty, (k,) C kke
and Hom(A,/A,, k%) C (k;)Am/A” where k, and k} have the discrete topology.
Furthermore, let S be the set of valuations extending v to M. For 2’ € S and a
finite extension L of K in M we set Uy = {2” € S : 2|y = 2/|p}. This is a
basis for a topology on S. We give Autg-r, , (M*/(1+m;)) the following topology.
We give C = M*/(1 + m,) the discrete topology, C¢ the product topology and
Autg-r, , (M*/(1+m;)) the induced topology.
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Definition 3.4. Let L/K be a field extension. We set Lk scp for the field extension
of K consisting of the elements in L which are separable and algebraic over K.

Definition 3.5. Let (M,z) 2 (K,v) be a normal algebraic extension of valued
fields. We define Ky, , = MI]?;T’S’E’; (decomposition field, h stands for Henselization),
Ki, = ;;'*Sip (inertia field) and K, , = M]\éze'; (ramification field). Note that all
these extensions are separable over K and that we have K C Ky, , C K; , C K, , C M.

Recall that for a prime p and a profinite group H a pro-p-Sylow subgroup H’ is a
maximal subgroup of H such that H’ is a projective limit of finite groups of p-power
order.

We define the Steinitz monoid as the following set. Let P C Z be the set of primes.
Steinitz numbers are of the form [[ pp"» with n; € Z>o U {oo}. This set has an
obvious monoid structure and there is an obvious way for defining ged and lem for
arbitrary sets of Steinitz numbers. Furthermore, there is an obvious notion of divibility.

Let H be a profinite group. Then we define its order to be

ord(H) = lem{[H : N]: N open normal subgroup of H},
and we define its ezponent to be
exp(H) = lem{exp(H/N) : N open normal subgroup of H}.

Both are Steinitz numbers. Furthermore, if H = @z‘e s H,; where the H; are finite,
then one has ord(H) = lem(ord(H;) : i € I) and exp(H) = lem(exp(H;) : i € I).

The proof of the following theorem can be found on Page 21.
Theorem 3.6. Let (M,z) 2 (K,v) be a normal algebraic extension of valued fields
and let G = Autg(M). Then G acts continuously on the set S consisting of the
valuations of M extending v and induces an isomorphism of topological G-sets

G/ Drc,K — S
gr— gzx.

For g € G one has Dyyx = gDuk gt Liw,k = 9k g~ " and V@), =
g Ve gt One also has Ky g(z) = 90z, Kig) = 9Kiz and Ky go) = 9Ky 2

Furthermore, we have exact sequences of profinite groups

0— I, x = Dy g — Auty, (k;) — 0,

0— Vyx — Ik » Hom(A, /A, kL) — 0
and
0— Vz,K — Dz,K — AutK*’pz,v(M*/(l —i—mz)) — 0.

The extension ky/k, is normal and Vg x is the unique pro-p,-Sylow subgroup of
I;.x. Then for any integer r € Z>y dividing exp(Iy x / Vs i) the field k, contains a
primitive r-th root of unity.

Let (L,w) be an intermediate extension of (M, x) 2 (K,v) and let H = Auty(M).
Then one has:

i. D%L = D%K NH, Ix,L e Ix,K NH and vaL = V;c,K NH;
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ii. Lh,m = KhymL, Li,x = Ki,a:L and LV,z = Kvny.
If in addition we assume that L/K is normal, then we have exact sequences

0— Dy — Dy — Dyx — 0,

0—=L,r =1,k =L,k —0,
and
0 —)V%L — Va:,K — Vw,K — 0.

Under the normality assumption we have Ky, 5, = Knx N L, K4, = Kiz N L and
K, q, =Ky zNL.

If the extension M/K is finite, the previous theorem implies the following (proof

on Page 25).

Proposition 3.7. Let (M, z) O (K,v) be a finite normal extension of valued fields.
Then one has

[Kh-’l?:K =8Mmw

’ )

]
] K. /%, )
Ky Kig] = ei(z/v) = e(2|k, , /7|K, )
Ky o] = dw(z/v) = dw(z/7|k, ,)-
Let (L,w) be an intermediate extension of (M,z) D (K,v). Then one has
[Lh gt Kn o) = dw(w/v) eg(w/v) fs(w/v)
[Lig @ Kig] = dw(w/v) e (w/v)
[Ly o Ky g = dw(w/v).

The proof of the following theorem can be found on Page 23.

Theorem 3.8. Let (M, x) 2 (K,v) be a normal extension of valued fields. Then the
following hold.

i. Assume that k., has no cyclic extensions of prime order dividing the order of
Lok / Vo k. Then the exact sequence

0— I%K/V%K — Da:,K/Vx,K — Dx,K/Iz,K —0

is right split.
ii. Assume that k., has no cyclic extensions of prime order dividing p,, or that
Py tord(I; k). Then the exact sequence

0— Vm,K — Da:,K — Da:,K/Vx,K —0

is right split.
iii. Assume that ky, has no cyclic extensions of prime order dividing ord(I; k).
Then the exact sequence

0— IIJ( — Da:,K — Dm,K/Im,K —0

is right split.
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3.3. Algebraic extensions. A well-known result in the following (proof on Page
25).

Theorem 3.9 (Fundamental equality). Let (K,v) be a valued field and let L/ K be a
finite field extension. Then we have

[L:K]= Z n(w/v) = Z d(w/v) e(w/v) f(w/v)

wl|v on L wlv on L
> Y e(w/v)f(w/v),
wlv on L

Two algebraic field extensions L, L’ of a field K are called linearly disjoint over
Kif L @k L' is a field.

If L, L’ are subfields of a field €, then we set the compositum LL' = im(L®z L' —
Q). This is the smallest ring containing both L and L’ in Q. This is a field if the
elements of L are algebraic over L’ or if the elements of L’ are algebraic over L.

The following proposition studies extensions of valuations using fundamental sets
(Proofon 25). If L O K and M 2 K are extensions of fields, we denote by Homg (L, M)
the set of field homomorphisms from L to M which are the identity on K.

Theorem 3.10. Let (K,v) be a valued field and let L/K be an algebraic extension.
Let (M,z) 2O (K,v) be a normal extension with group G = Auty (M) such that the
G-set X = Homg (L, M) is not empty. Then the natural map

m: X — {w on L extending v}
o w st Op =0 (0, No(L))

is surjective. Let 0 € X and set w = 7(0) and let G, be the stabilizer in G of o. Then
we have:
i. w/v is immediate <= o(L) C Ky, <= D, x CG,;
ii. w/v is unramified <= o(L) C K;, <= I, x C G,;
ili. w/v is tame <= o(L) C Ky, <= V,r CGs;
iv. w/v is local <= o(L) and Ky, 5 are linearly disjoint over K <= D, g0 =
X;
v. w/v is totally ramified < o(L) and K, are linearly disjoint over K
< Ia:,K g = X,‘
vi. w/v is totally wild <= o(L) and K, 5 are linearly disjoint over K <=
Verko=2X.
Furthermore we have:
vil. z/w is immediate <= M = o(L)Kyn, <= M/o(L) is separable and

G, N Dx,K =0;
vill. x/w is unramified <= M = o(L)K;,, <= M/o(L) is separable and
G, N Ix,K =0,
ix. z/w is tame <= M = o(L)K,, <= M/o(L) is separable and G, N
Vaz,K = 0,‘

x. x/w is local <= o(L) D Ky, <= G, C Dy k;
xi. z/w is totally ramified <= o(L) D K, <= G, CI, k;
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xii. z/w is totally wild <= o(L) D K., <= G, CV, k.
Finally we have:
xiii. v is totally split in L <= for all 0 € X we have 0(L) C Ky, <= D,k
acts trivially on X;

xiv. w is totally split in M <= M /o (L) is separable and only the trivial element
of G, is conjugate to an element of Dy k.

The above proposition has a lot of corollaries. The proof of the first corollary can
be found on Page 26.

Corollary 3.11. Let (K,v) be a valued field and let L and L' be two algebraic
extensions of K in some algebraic closure of K. Let x be a valuation on LL' extending
v and let w = x|, and w' = x|r,. Then the following statements hold:
i. if w/v is immediate, then x/w' is immediate;
il. if w/v is unramified, then x/w' is unramified;
iil. if w/v is tame, then z/w’ is tame;
iv. if v is totally split in L, then w' is totally split in LL'.

The proof of the following corollary can be found on Page 26.

Corollary 3.12. Let (L,w) 2 (K,v) be an algebraic extension of valued fields and let
(K',w") be an intermediate extension. Then w/v is immediate (respectively unramified,
tame, local, totally ramified, totally wild) iff w/w' and w' /v are immediate (respectively
unramified, tame, local, totally ramified, totally wild).

The proof of the following proposition can be found on Page 11.

Proposition 3.13. Let Q be a field and let L, L' C Q) be subfields. Then there is a
subfield M of L such that for all subfields F of L the natural map L @ (L'F) — LL'
1s an isomorphism iff M C F. Furthermore, M can be described in the following two
ways, where F is the prime of field of 2.

i. Let B C L' be a basis of LL' over L. For b € B and v € L' write v =
> pem Copb with ¢y € L almost all zero. Then one has M = F(cgp : v €
L', beB).

ii. Set

S = {c € L:3I C L finite, ind. over L and (c;)icr € L'

s.t.F el st c;=cand Zcﬂ € L'}.
icl
Then one has M = F(S).

Definition 3.14. The field M in the above theorem is called the field of definition of
L’ over L and is denoted by L \ L'.

The proof of the following theorem can be found on Page 27.

Theorem 3.15. Let (L,w) 2 (K,v) be an algebraic extension of valued fields. Then
then following statements hold:
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i. There is a unique mazimal subextension Ly of L/K such that w|p, /v is
immediate (respectively Lo for unramified and Lz for tame).

il. There is a unique minimal subextension Ly of L/K such that w/w|r, is local
(respectively Ls for totally ramified and Lg for totally wild).

We have the following diagram of inclusions:

L
7
L¢
N
Ly Ls
/ AN /
Ly Ly
N~

Ly
~
K

For any (M, z) 2 (L,w) 2 (K,v) extension of valued fields where M /K is normal,
we have Ly = Ky, NL, Ly = K;;, NL and Ly = Ky, NL, Ly = Lgsep \ Kn s
L5 = Lk sep ,\Ki,x and Lg = L sep ,\Kv,x~

If there is a normal extension M/K containing L such that gy, = 1, then
L1 = L4, L2 = L5 and L3 = L6.

The proof of the following corollary can be found on Page 27.

Corollary 3.16. Let (K,v) be a valued field and let L and L' be two algebraic
extensions contained in an algebraic extension L of K. Let x be a valuation on L”
extending v and let w = x|, and w' = x|r,. Assume that K = LN L' and there exists
a normal extension M/K containing LL" such that gy, ,, = 1. Then the following
statements hold:

i if x/w' is local, then w/v is local;

il. if x/w’ is totally ramified, then w/v is totally ramified;

iil. if z/w' is totally wild, then w/v is totally wild.

The proof of the following proposition can be found on Page 29.

Proposition 3.17. Let (K,v) be a valued field and let L be a finite separable algebraic
extension of K. Let (M, x) 2 (K,v) be a finite normal extension of valued fields with
group G = Autg (M) such that the G-set X = Homg (L, M) is not empty. Then the
map

¢: Dy k \X — {w of L extending v}
D, rsw st Op =0 YO0, No(L))

is a bijection of sets. If o(Dy k) = w we have:
i #Dy ks =dw(w/v) e (w/v) fs(w/v) = n(w/v);
ii. the number of orbits under I, i of Dy i s is equal to fs(w/v) and each orbit
has length dy(w/v) ex(w/v);
ili. the number of orbits under V, x of Dy k s is equal to ej(w/v)fs(w/v) and
each orbit has length d(w/v).
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The proof of the following corollary can be found on Page 29.

Corollary 3.18. Let (K,v) be a valued field and let L be a finite algebraic extension
of K. Let (M,z) 2 (K,v) be a finite normal extension of valued fields with group
G = Autg (M) such that the G-set X = Hompg (L, M) is not empty. Then the cardi-
nality of the set of valuations w on L extending v such that fs(w/v) =1 is equal to

4 (Iz,K \X)Dm,K /e K ]

4. Preliminaries

4.1. Field theory.

4.1.1. Linearly disjoint extensions. Let Q be a field and let L, L' C Q. We set
LL' =im (L ®z L' — Q), that is, the smallest ring containing both L and L’. This is
a field if the elements of L are algebraic over L’ or if the elements of L’ are algebraic
over L.

Two algebraic field extensions L, L’ of a field K are called linearly disjoint over
K if L®g L' is a field. This holds if and only if all pairs of finite subextensions of
L/K respectively L' /K are linearly disjoint over K.

Let M/K is a normal field extension with group G = Autx (M). Then the latter
group is a topological group with the topology coming from viewing G C M™ where
M has the discrete topology and M™ the product topology.

Lemma 4.1. Let M/K be a normal extension of fields with group G = Autgx (M)
and let L, L' be two intermediate extensions. Put H = Auty (M) and H' = Autr, (M).

Then one has: (H,H') = G iff LN L' over K is purely inseparable.

PROOF. Set p = char(K) if char(K) is positive and 1 otherwise. It is very easy
to see that My ins N M/ ins = Mrnr ins. Note that H = Auty, (M), H =
AutML,,m (M) and G = Autpy,,, (M) and that M is Galois over MKinS, M7, ins
and My ins (Proposition 4.9). From Galois theory it follows that (H, H') corresponds
to My ins N Mp/ ins = Mpnr .ins and that G corresponds to M ins. Hence one has:
(H,H") = G iff Mpap ins = Mk ins iff LN L'/K is purely inseparable. O

For a field K we denote by K, its separable closure.

Proposition 4.2. Let M/K be a normal extension of fields with group G = Aut g (M)
and let L, L' be two intermediate extensions. Put H = Auty (M) and H' = Autr, (M).
Assume that L/K is separable. Then the following statements are equivalent:

i. L and L' are linearly disjoint over K;
ii. L L' is a domain;
iii. the natural map L @ L' — LL' is an isomorphism;
wv. G=H-H';
v. H' acts transitively on G/H ;
vi. the natural map Homyp, (LL', Keep) — Homg (L, Keep) s a bijection.

If L/K or L' /K is normal, then the above statements are equivalent to LN L' = K.

PROOF. i <= ii: One implication is obvious. Suppose that L ® L’ is a domain.
To show that every element has an inverse, we may reduce to the case where both
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L/K and L'/K are finite. The result follows since a domain which is finite over a field
is a field.

i <= iii: Obvious.

iv <= v: Obvious.

v <= vi: The map in vi is the natural injective map H'/(H N H') - G/H. It is
surjective iff H' acts transitively on G/H.

i = vi: The natural map Homy, (LL', Ksep) — Homp (L, Kep) is injective. Let
v € Homg (L, K;) be given. Let L” be a finite extension of K contained in L. Since
L and L’ are disjoint over K, we find [LL' : L'] = [L : K]. This shows, since L/K is
separable, that the natural injective map Homyp/ (L"L’, K¢ep) — Homp (L, Kep) is a
bijection. Hence there is a unique morphism in Homp.(L”L’, K;) mapping to ¢|r..
By uniqueness we can glue these morphisms to a unique morphism mapping to ¢.

iv = 1: If G=H - H', then for any finite subextension of L/K the same holds.
Hence all finite extensions of L/K are linearly disjoint from L’. But then it easily
follows that L and L’ are linearly disjoint over K.

We will now prove the last part. If L @ L’ is a field, then obviously we have
LNL’' = K. For the other implication, assume first that L/K is normal. This means that
H = ker(Autgx (M) — Autg (L)) is a normal subgroup of G. But then one easily sees
that H - H' = (H, H'). A similar statement holds if L'/K is normal. Furthermore, as
H and H' are compact groups, one sees that H - H' is closed. Hence (H,H') = H - H'.
From 4.1, as L/K is separable, it follows that H - H' = (H,H') = G. The result
follows. 0

PRrROOF OF PROPOSITION 3.13. Let £ be the set of subfields F' of L such that
the natural map L @ L'F — LL' is an isomorphism. Consider the notation from i.
Directly from the definitions it follows that for a subfield F' of L we have F € £ iff B
spans L'F as F-vector space. But L'F is generated as an F-vector space by L’ and
each z € I/ can be written in a unique way as x = Zbe% cz,pb where ¢, € L and
almost all ¢, 3 are 0. Let F be the primefield of L. Hence we conclude that F' € £ iff
for all z € L and b € B we have ¢, € F iff F' contains M = F(cyp: x € L,b € B).
Description ii follows directly from description one since we can extend an independent
set to a basis. O

Definition 4.3. The field M in the above theorem is called the field of definition of
L’ over L and is denoted by L \ L'.

We deduce some properties of L |\ L’.

Lemma 4.4. Let  be a field and let L, L' C Q be subfields. Then the following hold:
i. LNL' CL\L;
. LNL'=LNL sff LN =L \NL ¢f LNL =L"\ L.

PROOF. i: Suppose © € LN L'\ L \ L'. Then the nonzero element z® 1 —1®@ x
maps to zero under L ®p,) - (L \ L')L" — LL', contradiction.

ii: By symmetry, it suffices to show that the first and last statement are equivalent.
Suppose that LNL' = L\ L'. Then one has an isomorphism L &pnr (LNL)L' — LL’
and from i one deduces that L'\ L =L'NL =L\ L’. Suppose L\ L' = L' \ L. Then
one has L\ L' C LN L’ and the result follows from i. O
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Lemma 4.5. Let G be a group and let H,H' C G be subgroups. Let J' be a subgroup
of HH' containing H. Then H acts transitively on J'/J N H' if and only if J' is
contained in the group {g € G : gHH' = HH'}.

PROOF. First notice J'/J'NH' = J'(H'/H') C G/H’ (as J'-sets). Put « = H'/H'.
Hence we need to find the largest J’ such that H acts transitively on J'z, that is
Hzx = J'z. Notice that J ={g € G: gHH' = HH'} ={g€ G:gHx = Hx}. If H
acts transitively on J'x, we have for j' € J':

jHy = §'J'v = J'v = Hzx,

hence j° € J. Conversely, J is a subgroup containing H with the property that
Jr=JHz = Hzx. O

Proposition 4.6. Let L, L' be subfields of a field Q. Assume that L/LNL' is separable.
Let M be a normal extension of LN L' containing LL' with groups G = Autpnp (M),
H = Aut (M) and H = Auty/ (M). Let J ={g € G: gHH' = HH'}. Then one has:

L\NL =(LL) NnL.

PROOF. Proposition 4.2 shows that we need to find a maximal subgroup J' C HH'
containing H such that H acts transitively on J’/J'NH’. The unique maximal subgroup
with this property is J (Lemma 4.5). It remains to show that J is a closed subgroup.
Notice that H and H' are compact, and hence that HH' is compact (because it is the
image of H x H' under the map G X G — G) and since we are in a Hausdorff space,
it is closed. Similarly, H'H is compact and hence closed. Note that the translation
maps are continous. One then has

J= () (tHHNHH'T™").
TeHH'

Hence J is an intersection of closed subgroups, and hence closed. (|

4.1.2. Separably disjoint extensions. Let L/K be an algebraic extension of fields
and let p be the characteristic of K if this is nonzero, and 1 otherwise. Then we put

Lims={x€L:3j€Zso:2" € K},

the maximal purely inseparable field extension of K in L. Notice that L ins N Lk sep =
K.

Definition 4.7. An algebraic field extension L/K is called separably disjoint if
L= LK,sepLK,ins'

Lemma 4.8. Let L/K be an algebraic extension of valued fields. Then L/K is
separably disjoint if and only if L/ Lk ins is separable.

PrROOF. = : Follows directly from the definitions.
<=: Note that L /L sep is purely inseparable and hence L/Lg sep LK ins is purely
inseparable and separable. It follows that L = Lk sep L ins- O

Proposition 4.9. Let L/K be a normal extension of fields. Then L/K is separably
disjoint.
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PROOF. See [Lan02, Chapter V, Proposition 6.11].

Here is a similar proof. Take © € L \ Lg ins. As x is not purely inseparable over
Lk ins and as L/K is normal, there is an element of Autg (L) which does not fix =
(use Zorn to find such a morphism). Hence LAuwk (L) = T, K,ins and from Galois theory
it follows that L/Lk ins is separable. Apply Lemma 4.8. O

Notice that any algebraic field extension L/K has a unique maximal separably
disjoint subextension, namely L g sepL K ins-

Proposition 4.10. Let L/K be an algebraic extension of fields. Then
p:{E:KCECL}—{(D,F): KCDCLggp CFCL, F/D sep. disj.}
B (EK seps ELK sep)
s a bijection with inverse
(D,F) — Fp ins.

ProoF. First we show that ¢ is well-defined. Notice that E/FEk s is purely
inseparable and that Lk sep/EK sep is separable. Hence we find that EL gk sep/Fk sep
is separably disjoint.

Let 9 be the proposed inverse as above. We have ¢)(¢(E)) = (ELk sep) Ex vop,ins:
and this is equal to E since it obviously contains E and ELk sp/F is separable.
Conversely we have (¢ ((D, F))) = ((Fp,ins) K seps FD,insL K sep). One directly finds
(Fp,ins)K,sep = D. As F/D is separably disjoint, we find Fp insLi sep) = F. This
shows that both maps are inverse to each other. O

4.2. Tate’s lemma. Let G be a compact topological group which acts contin-
uously on a commutative ring A which is endowed with the discrete topology. This
means that the map G x A — A is continuous. For a € A the map G x {a} — A is
continuous and the image is compact and hence finite. This shows that all orbits are
finite.

Proposition 4.11 (Tate). Let (G, A) be as above. Let R be a domain and let o,7: A —
R be ring morphisms. Suppose that o| e = 7| ac. Then there exists g € G such that
T =00 g

PROOF. Let E C A be a finite set. Let fg € A[Y] be a polynomial such that all
elements of E occur as coefficients of fg. Extend the action of G to A[Y][X] by letting
G act on the coefficients. We extend o,7: A[Y][X] — R[Y][X] by X —» X, Y — Y.
Then consider the polynomial hg =[]} cqs, (X — 1) € AC[Y][X]. We have

[[ X—ot)=0lhe)=rhe)= [] (X7

h'eGfE heGfE

As R[Y] is a domain, we can compare the roots and conclude that there is g € G such
that 7(hg) = o(g(hg)) € R[Y][X]. Hence for this g we have 7|g = o o g|g.

For any E C Aput Gg = {9 € G: 7|g = 0o g|g}. Notice that Gy, B = N, GE,
for any collection of subsets E; C A. For finite I/ we have shown Gg # (). We claim
that for finite E the set G is closed in G. One easily shows that for e € E the map
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Ye: G — R given by v.(g) = o(e) — 7(g(e)) is continuous. Hence ¢ 1(0) = Gy is
closed. As Gg = (\.cp G{e}, the set G is closed.

By compactness of G we have G4 = (\gca. g finite GE 7 0. This means that there
isge Gsuchthat T=00g. o g

Corollary 4.12. Suppose that (G, A) is as above. Let p C A% be prime. Then G acts
transitively on the set of primes of A lying above p.

PROOF. Let q,q' C A be primes lying above p. We will now construct two maps
from A to Q(AC /p), the algebraic closure of Q(AY/p). Since the orbits of the actions
are finite, the extension Q(A/q) 2 Q(AY/p) is algebraic. Hence there is a morphism

o: A — Alq — Q(A/q) — Q(AC /p) which is the identity on A% /p. Similarly one
defines another map 7: A — A/q’ — Q(A/q") — Q(AC/p). Both maps agree on A%,
Proposition 4.11 says that there is g € G such that 7 = og. Taking kernels gives
q = kert = ker(og) = g !(kero) = g 1q. We get gq’ = q and this finishes the
proof. O

Corollary 4.13. Let (G, A) be as above. Let q C A be a prime lying above a prime
p C AC. Let Gy = {9 € G:g(q) = q}. Let L = Q(A/q) and let k = Q(A%/p). Then
the natural map Gq,, — Auty(l) is surjective and l/k is normal algebraic.

PROOF. It is easy to see that [/k is algebraic. Let k be an algebraic closure of k
containing [. We have a natural map Gy, — Auty,(l) € Homg(l, k). Let ¢ € Homy (1, k).
Consider the natural map o: A — Q(A/q) = [ C k, which restricts to the natural map
A% — Q(A%/p) = k. Let 7 = o. Apply Proposition 4.11 to see that there is g € G
with po = ogg. But then for a« € A we have

go(o(a)) = a(g(a)) = po(a).

This means that g maps to o. It follows that Auty(l) = Homyg(l, k) and hence I/k is
normal. g

4.3. Ordered abelian groups.

Lemma 4.14. Let (P, <) be an ordered abelian group. Let n € Z>1 and z,y € P. If
nx = ny, then one has x = y. The group P has no non-trivial torsion and P ®z Q is
an ordered abelian group where we put x < y if for all n € Z>,1 such that nx,ny € P
we have nx < ny.

PROOF. Suppose that z < y. Then x+x < r+y < y+y, and in a similar fashion,
nx < ny, which is a contradiction.

If « is torsion, apply the first part to = and 0 to obtain the second result.

The last part is an easy calculation which is left to the reader. O

Let (P, <) and (@, <) be ordered abelian groups. A morphism p: P — @Q is a
group homomorphism respecting the ordering. One easily sees that respecting the
order is equivalent to p > 0 = ¢(p) > 0. Indeed, let p,p’ € P with p > p’. Then we

have p — p’ > 0, which gives ¢(p) — o(p’) = (p — p’) > 0. This gives p(p) > ©(p').

Lemma 4.15. Let (P, <) be an ordered abelian group and let ¢ € Aut(P) such that
all orbits are finite. Then  is the identity.
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PROOF. Let p € P and assume that ¢™(p) = p. Then one has p = ¢"™(p) > ... >
©(p) > p. Hence we obtain ¢(p) = p. O

5. Extending valuations

Lemma 5.1. Let (K,v) be a valued field. Then O, is integrally closed.

PROOF. Suppose = € O, nonzero is integral over O,. Then there is a relation
T+ ap_ 12"+ ...+ ag = 0 with a; € O, and this shows that z € O,[z] N O,[z~1].
By the definition of a valuation ring we have O,[z] N O,[z~!] = O, and the result
follows. O

Proposition 5.2. Let K be a field. Let R C K be a subring and let p € Spec(R). Let
S={(A,I):RCACK, Avring, I CA ideal, INR =y}, ordered by (A, I) < (B,J)
if AC B and I C J. Then a pair (O,m) is mazimal if and only if O is a valuation
ring of K and m is its mazimal ideal.

PROOF. Let (O,m) be a maximal element of S. Notice that m, C O, satisfies
m, N R, =pR, and my N R = p. Hence by maximality we have O = Oy and m = m,. A
maximal ideal of O containing m still lies above the maximal ideal of R,. We conclude
that m is maximal.

We claim that O is a valuation ring. Suppose that there is * € K* with z,2~' € O.
From the maximality and the fact that m lies above pR,, one obtains mO[z] = O[z] and
mO[z~!] = Oz~ ). Take n,m minimal such that 1 =" ja;z’, 1 =3 " bz~ with
a;, b; € m. Without loss of generality, assume m < n. Multiply the second equation by
z", and notice that 1 — by € O*, to obtain 2" = ﬁ S, bzt Use this relation
together with the first relation to see that n is not minimal, contradiction.

Conversely, suppose that O is a valuation ring of K with maximal ideal m,
containing R and satisfying m N R = p. Suppose that (O,m) < (A,n). Let z € A
nonzero. Then z2~! =1 ¢ n and hence 2= € m. As O is a valuation ring, we obtain
x € O. Hence (O, m) is maximal. O

Since we assume the Axiom of Choice, maximal elements as in Proposition 5.2
exist.

Corollary 5.3. Let R C L be a subring where L is a field. Then the intersection of
all valuation rings of L containing R in L is the integral closure of R in L.

PROOF. As a valuation ring is integrally closed (Lemma 5.1), the right hand side
is contained in the left hand side. Suppose = € L is not integral over R. Consider the
ring R[z~!], which does not contain x as z is not integral. Hence z~! is contained
in a maximal ideal m C R[z~!]. Proposition 5.2 gives us a valuation v with 27! €
m, N R[z~!] = m. This is equivalent to z ¢ O, O

Proposition 5.4. Let (K,v) be a valued field and let L/K be an algebraic extension
of fields. Let R be the integral closure of O, in L. Then there is a bijection between
the set of mazimal ideals of R and the set of valuations extending v to L, given by
m+— Ry,. The inverse maps a valuation O with maximal ideal m to m N R.
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PROOF. Let p € MaxSpec(R). Then by Proposition 5.2 there exists a valuation
ring O, of L with O, 2 R, and m,, N R = p. We will show R, = O,.

Let a € O, nonzero. As L/K is algebraic, there exists is a polynomial f =
St gairt € Oyfz] with f(a) = 0 and a coefficient which is not in the maximal
ideal. Let k£ minimal such that ag11,...,a, € my. Put fo=a9+ ...+ ap_12" 1 and
—f1 = ag+...+a,2" . Note that fi(a) € OF. Then from 0 = f(a) = fo(a)—a* fi(a)
we obtain for b = fo(a)a=**! € Oyla™], ¢ = fi(a) € Oyla] \ {0} that a = 2. We
claim: b, c € R. It is enough to show that b and ¢ are contained in any valuation ring
extending R (Corollary 5.3). Let O be such a valuation ring. If a € O, then one has
c € O and hence b = ac € O. If a € O, then one has a=! € O. Hence b € O and
¢ =ba"! € O. This finishes the proof of the claim. Furthermore, by construction we
have ¢ € m,,. Hence ¢ ¢ m,, N R = p. We see that a = % € Ry. This gives R, = O,
and this shows that the proposed map is well-defined.

Suppose w extends v to L. We want to show that m,, N R is a maximal ideal of R.
But m,, N O, is maximal, and O, — R is integral. Hence by [AMG69, Corollary 5.8]
m,, N R is a maximal ideal of R. This shows that the proposed inverse is well-defined.

Note that for p € MaxSpec(R) we have p = pR, N R. Furthermore, we have already
seen Ry, nr = O,. This shows that both maps are inverse to each other. 0

We will now prove a weak approximation theorem.

Corollary 5.5. Let (K,v) be a field and let L/K be an algebraic field extension. Let
wi, ..., wy, be different extensions of v to L. Let (a;)"y € []'—) Ow, and r1,...,ry, €
Z>, be given. Then there exists a € L with a —a; € myi, fori=1,...,n.

PRrROOF. Let R be the integral closure of O, in L. Proposition 5.4 gives us maximal
ideals m; € MaxSpec(R) with Ry, = O,,. Using the Chinese remainder theorem, one
obtains a surjective map R — [];"_; R/m* =[], Oy, /m}; and the result follows. [

Proposition 5.6. Let (K,v) be a valued field and let L/K be a field extension. Then
one has 1 < g, and g, = 1 if L/K is purely inseparable. If (L,x) a finite extension
of (K,v), then one has e(z/v)f(x/v) < [L: K] and g, , is finite. If the extension is
normal with group G = Autgi (L), then G acts transitively on the set of valuations
extending v to L, and e(xz/v) and {(x/v) do not depend on the choice of x.

PRrOOF. The fact that g; , > 1 follows from Proposition 5.2.

Assume that L/K is purely inseparable. Let = be an extension of v to L. Then one
directly sees m, = {r € L : 3i : rP» € m, }. A valuation is determined by its maximal
ideal.

Assume that L/K is finite. Take a preimage S C L of a basis of k, /k, and take
T C L* elements which map bijectively to A,/A,. The one easily sees that ST of
cardinality e(x/v) f(z/v) is linearly independent over K and e(z/v)f(z/v) < [L: K]
follows.

Assume that L/K is normal. The transitivity follows from Corollary 4.12 and
Proposition 5.4, and the statements about e(z/v) and f(z/v) are obvious. In particular,
if L/K is finite normal, the quantity g; , is finite. It follows from Proposition 5.2 that
g1, is finite when L/K is finite. O
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Lemma 5.7. Let (K,v) be a valued field and let L be a finite normal extension of K
of degree n. Assume that x is the unique extension of v to L. Then for all a € L one
has x(a) = v(Np,k(a)). Furthermore, we have nA, C A,.

PROOF. Let G = Aut(L/K). Then it is well-known that for a € L one has

[L:K];
Np/k(a) = (ngc g(a)) . We have, keeping in mind Lemma 4.14,

L: K i 1 1
z(a) = % Z z(g(a)) = Ex(NL/K(a)) = EU(NL/K(G))'
geG
The last result follows directly. O

Lemma 5.8. Let (L,w) 2 (K,v) be a finite purely inseparable extension of valued
fields. Then ky, [k, is purely inseparable and we have e(w/v) = ey (w/v).

PRrOOF. It is obvious that k, /k, is purely inseparable. Proposition 5.6 together
with Lemma 5.7 imply e(w/v) = ey (w/v). O

6. Normal extensions
We will first consider finite extensions of valued fields, and then take a limit.

6.1. Finite normal extensions. In this subsection we let (M,z) D (K, v) be a
finite normal extension of valued fields with G = Autg(M). For simplicity, we put
T = |k, s Th = Tk, ., Ty = |k, , and Ts = T|ng -

Proposition 6.1. One has [Ky, ;. : K] = gy, ,,- Furthermore x is the unique extension
of xn to M and one has e(xy /v) = f(zy/v) = 1.

PROOF. Since the action of G on the set of valuations of M extending v is
transitive (Proposition 5.6), we have [K}, ;. : K| = g;,,,- The second statement also
follows from the transitivity of the action.

We will show f(zy/v) = 1. Let a € Oy, , and pick o, € Ky, satisfying o, —a € my,
and ¢, in the maximal ideal of any other valuation extending v to K , (Corollary
5.5). This means that for g € G/ D, g with g # D, x we have g(a) € my, . Then, by
looking in M, one obtains

tTKM/K(CYa) = Z gla) € a+my,.
9€G/Dg

Notice that trKh,m/K(aa) e KNQO,, = O,. Hence the natural map k, — k,, is
surjective. This gives f(xy/v) = 1.

Next we will prove e(zn/v) = 1. Let b € Ky .. Take m € Z such that for all
g € G\ Dy i, we have zp(a*b) # xn(g(a*b)). To do this, one needs to make sure
that for all g € G \ D, x one has m(z(a1) — z(g(aq))) # z(g(b)) — x(b), which can
easily be achieved since x(ay) # x(g(a1)), the group A, is torsion-free and G is
finite. Put § = of"b and [ = [[;eq/p, (X —79(8)) = S a; Xt € K[X] with
ap, = 1. Let S = {g(B) : § € G/Dy k st. zn(G(B)) < zn(B)} and set r = #S.
Then one sees zn(an—r) = 2n([[.cg¢) and zp(an—r—1) = 2u(B]].cqc). This gives
2nh(b) = zn(B) = zn(an—r-1/an—r) € A, and we are done. O
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Proposition 6.2. We have a short exact sequence
0— I,k = Dy g — Auty, (k) = 0

and ky is normal over k,,. Furthermore we have [K; , : Ky ] = f(zi/xn) = fs(xi/an) =
fs(z/v) and e(z;i/xn) = 1.

PROOF. The exactness of the sequence and the normality of k, over k, follow
from Corollary 4.13 and Proposition 5.4. We will now prove the last two statements.
Look at the normal extension M/K; , with group I, . From the exact sequence for
the extension M/K; , just obtained we see that the zero map I, x — Au‘ckmi (k) is
surjective. We find Auty, (k;) = 0. As k;/k;, is normal, this gives that k; /ks, is
purely inseparable. Consider the Galois extension K /Ky , with group D, x /1, k.
We obtain an exact sequence Dy g /I, xk — Auty, (kz,) = Auty, (k) — 0 (note
that k, = k,, by Proposition 6.1). The first map is injective and hence we have an
isomorphism. Using Proposition 5.6 we obtain:

e(xi/xh) . f(xl/;vh) < [Ki,z : Kh,x] = #Autkzh (kz,)
= # Auty, (k) < [ky, : ke ] = f(2i/2n).
Hence we find [K 5 : K1 2] = f(zi/2n) = fs(xi/2n) = {s(z/v) and e(z;/zn) = 1. O

Lemma 6.3. Let 0 — A — B 5 € — 0 be an ezact sequence of abelian groups. Let
H be the group of automorphisms of this sequence consisting of automorphisms which
are the identity on C. Let H' C H C Aut(B) the set of automorphisms which are the
identity on A. Then the map
w: H— Hom(C, A) x Aut(A)
hi= (f(b) = h(b) — b, h|a)
s an injective morphism of groups. One has:
i. @|g: H — Hom(C, A) is an isomorphism;
ii. if0 > A— B — C — 0 is split, then ¢ is an isomorphism.

PROOF. One easily shows that ¢ is well-defined and that it is a morphism of
groups.
i: Consider the following map:

¢: Hom(C,A) — H'
o (be B b+oa(f(b))

One then easily checks that this is the inverse of ¢|gs. This also shows that ¢ is
injective.
ii: Consider the exact sequence 0 - A - A ® C — C — 0. Consider the map
x: Hom(C, A) x Aut(A) - H
(0,7) = ((a,¢) = (o(c) + 7(a),c)).

One easily checks that both maps are inverse to each other. 0
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We have an exact sequence 1 — O /(1 +m,) =kl - M*/(1+m;) - A, = 1.
Note that D, x acts on such sequences and it acts on this sequence trivially on
A, (Lemma 4.15), it fixes K*/(1 + m,) and the action on k¥ comes from a field
automorphism. Set I'; , = im (Auty, (k) — Auty (k})). Let Autgepr, ,(M*/(14+m,))
be the group of automorphisms of the sequence, seen as subgroup of Aut(M*/(1+m,)),
which are the identity on K*/(1 + m,) and which induce an element of I'; ,, on k¥
(note that the two conditions already imply that they act as the identity on A, ). We
get a morphism D, x — Autg-p, ,(M*/(1 4+ my)).

Note that the group I, x acts trivially on k* and K*/(1+m,) and A,. The auto-
morphisms of the exact sequence with these properties correspond to Hom(A, /A, k%)
by Lemma 6.3 and this gives a morphism

I, k = Hom(A, /Ay, k})
g (e 9le)/e).

By definition V g is the kernel of the last morphism.

Lemma 6.4. Let (L', u') 2 (L,u) be a finite normal extension of valued fields with
group H. Assume that for all a € L'* and h € H we have

M S 1+mu/
a

Then H is a p,-group.

PRrROOF. We can directly reduce to the case where L'/L is Galois and [L’ : L] > 1.
Let a € L™ satisfy trz.,;(a) = 0, which exists by looking at dimensions. Then we have

try, a
AR [L': L] +m,.
a
This shows #H = [L' : L] = 0 € k,, and hence H is a p,-group. O

Proposition 6.5. The subgroup V, i is the unique p,-Sylow subgroup of I, i. The
sequences

0— Vux — I k > Hom(A, /A, kL) — 0
and
0—Vyx =Dy = Autg-p, (M*/(1+my)) =0

are exact. One has [K, , : K ;] = e(av/x;) = ey(y/zi) and f(zy/x;) = 1. We also
have [M : K, ;] € paz® and e(z/xy) =ew(x/zy). Set s =ord(ly ik / Va,x). Then kg
has an s-th primitive root of unity.

PROOF. Let ¢: I, x — Hom(A,/A,, k%) be the morphism with kernel V, k.
Since k¥ has no non-trivial elements of p,-power order, all elements of order a power
of p, of I  are in V, k. Consider the normal extension M/K, , with automorphism
group Vg k. One obtains that V, i is a p,-group by Lemma 6.4. Hence V i is the
unique p,,-Sylow subgroup of I, k.
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Consider the Galois extension Ky ,/K;, with group I, x / V, k. As the order
of Ipx / Va i is Coprime with p,, we have an exact sequence 0 — I x / Vo x —
Hom(A,, /A, k; ). Using Proposition 5.6 we obtain

f(zy /i) - e(zy/m;) < [Kys : Kiz) < #Hom(A,, /Ay K ) < ep(av/mi) < e(wy/zi).

We obtain f(zy/z;) = 1 and [K,, : Ki,] = e(zy/xi) = ey(zy/x:). We also obtain
#Hom(A,, /A K, ) = # (Ie,x / Ve k). Finally we obtain that k., has an s-th
primitive root of unity.

One easily obtains [M : K ;] € pa2° . Furthermore, e(z/xy) = ew(x/zy) follows
from Lemma 5.7.

The extension k; /k, is purely inseparable (Proposition 6.2). This shows that the
torsion of k is equal to the torsion of kj . Note that A, = A, by Proposition 6.1 and
Proposmon 6.2. Hence we have a natural map Hom(A,/A,, x) — Hom(A,, /Az, k5 ).
Because A, /A,, is a p,-group, this map is injective. We find

# (Lo, / Va,x) < # Hom(Ay /Ay, k) < # Hom(Ag, /Asy kg ) = # (Lo / Va i) -

This shows that the sequence 0 — V, x — I, k — Hom(A, /A, k%) — 0 is exact.

We will show that the second sequence is exact. Recall that this sequence comes
from the action of Dy on 0 — k¥ — M*/(1+m,) - A, — 0. If 0 € D, g acts
trivially on the exact sequence, then it acts trivially on k, and hence lies in I, x and
hence in V, x. We will count Autg-r, ,(M*/(1 + m,)). Note that the restriction
map to Autg-r, ,(M*/(1 +m;)) — I'z,, a group of cardinality # D, x /#1. K,
is surjective (Proposition 6.2). Let h € T’y ,. The set of automorphisms inducing
h is in bijection with Hom(A,/A,, k%) (Lemma 6.3), and this set is of cardinality
#Iz,K /#Vm,K We find:

# AutK*,l"m,v (M*/(l + mac)) = #Dx,K /# I;c,K '#Iac,K /# Vx,K = # Dx,K /# V;c,K .
Hence the last sequence is exact. O

We later use the following lemma, which summarizes part of the situation. In
Proposition 3.7 we will give a more readable form.

Lemma 6.6. Let (M,x) 2 (K,v) be a finite normal extension of valued fields. Then
the following statements hold:

i [Kng: K] =gy e(zn/v) = f(zn/v) = 1;

i, [Kiy: Kh o) =fs(zi/zn) = f(zi/zn) = fs(x/v), e(xi/zn) = 1;
iii. [Ky,: Ki,] = et( v/m) = e(wy /xi) = ez /v), f(ay /i) = 1;
iv. : K, z] € pv2 ,e(z/zy) = ew(z/zy) = ew(x/v), {(x/2y) = fi(x/xy) =

(M
fl(x/v)

PRrOOF. This follows from combining Proposition 6.1, Proposition 6.2, Proposition
6.5 and Proposition 5.6. O

6.2. Normal extensions.

Remark 6.7. Let (M,z) 2 (K,v) be a normal extension of valued fields and let
G = Autg (M). Let T be the set of finite normal extensions of K in M. By definition
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one has
DQJ,K = @1 Da:|M/,K;
M'eT

Im,K = l(lm I:E|M/,K;
M'e%

Vz,K = I&H VI|M/,K‘
M'e%

All maps in the projective limits come from the natural restriction maps.

Lemma 6.8. Let K C L C M be algebraic extensions of fields. Then we have
ML,sep = MK,sepL-

PROOF. Assume p = char(K) # 0. One obviously has My sep 2 Mg sepL. For
x € M\ Mg sepL there is i € Z>¢ such that P e M sep, and hence M /M sepL is
purely inseparable and we are done. O

We need the following technical lemma.

Lemma 6.9. Let M O L D K be algebraic extensions of fields where M /K is normal.
Let G = Autg (M) and H = Aut, (M) C G. Let G' C G be a subgroup. Then one has

(ML,sep)G = (MK,sep)G L.

PROOF. By Proposition 4.10 it is enough to show that both fields have the same
compositum and intersection with Mg sp. We start with the intersection, where we use

Galois theory (for the first equality, note that (MKSGP)G/ L/ (MK7sep)G/ (LN Mk sep)
is purely inseparable):
((MK,sep)G L) N MKysep = (MK,sep)G (L n MK,sep)
el H G'NnH

= (MK,sep) (MK,sep) = (MK,sep)

= (ML,sep)G nH N MK,sep-
For the compositum, we have:

((MK,scp)G L) MK,scp = MK,sch
and by Lemma 6.8 we have
LMK,sep g (ML,sep)HmG MK,sep g ML,sepMKﬁep = LMK,sep~

The result follows. O

PROOF OF THEOREM 3.6. We will first prove that the map G x S — S is con-
tinuous. Take 2’ € S, L a finite extension of K and suppose that g -z” € U, 1. Let
N/K be a finite normal extension containing L in M. Then one has {¢’' € G : g|n =
J'|n} - Upr n C Uy 1. This shows that the action is continuous. By definition the
stabilizer of x is D, i and this gives us the isomorphism G/D, x — S.

One easily obtains for g € G the equalities Dy,) k = gDz x ¢~ ! and Ky g(z) =
9Ky, ;. The other cases are similar.
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We want to show that the sequences are exact. The idea is that the result is a
limit of the statements for finite normal extensions. This is the reason why the maps
are morphisms of profinite groups. Let 0 = A; — B; — C; — 0 (¢ is some indexed
set) be exact sequences of groups such that we can take a projective limit. Then the
remaining sequence is left-exact. It is exact if all the maps A; — A; in the system
are surjective (in this case, the so-called Mittag-Leffler condition is satisfied). See for
example [AMG69, Proposition 10.2] for a statement which is sufficient. Hence we take
the limit of the sequences from Proposition 6.2 and Proposition 6.5.

Let M’, M" be finite normal over K with K C M’ C M"” C M. We claim that
the natural maps I, , k — Iy, xk and Vg, k — Vg, Kk are surjective. Take
g € Ly, x with lift ¢’ € Autg(M"). We have an exact sequence 0 — I, ,, a0 —
Dy — Autkle/ (kz),,») — 0 from Proposition 6.2. This shows that there is a
9" €Dy, C Autpy (M") such that ¢'g” € L),k and ¢'g” = g € Autg (M'). A
similar proof, using Proposition 6.5 and the result just obtained, shows the surjectivity
of VI|M,,’K — Vlef,K-

This shows that all sequences in the limit remain exact (for the first one, we could
have also used Corollary 4.13). Since k has enough roots of unity (Proposition 6.5)
we find

x| ppr

x| ppr

Hom(A,/A,,k*) = Hom (thﬂM,/AU,kj;) = lim Hom(Al,,,, /Ay K5, ).
M’ M’

For the limit of the third sequence, we need to prove

AUtK*,rI,v(M*/(l +my)) = @AutK*,r
MI

(M"™ /(1 +my,,))

TE\]\/I/ sV

It is easy to see that the right group is contained in the left group. The other implication
follows since such an automorphism of

1=kl - M /(14+my) > Ay =1
induces an automorphism of

1=kl —>M*/1+my ,)—A -1

5y x| ppr x| pps

because k|, , /k, is normal (Proposition 6.2).

The statement about the pro-p,-Sylow statement follow from Proposition 6.5.
The normality of k, /k, follows from Proposition 6.2. Proposition 6.5 also gives the
statement about the roots of unity.

Statement i directly follows from the definition. Statement ii follows from statement
i and Lemma 6.9.

We will prove the exactness of the last three sequences. The only non-trivial part
is the surjectivity of the last maps. The exactness for the last two sequences is as
before, and the exactness of the first sequence follows from the transitivity of the
action of G on S. The last statements then follow directly. O
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Lemma 6.10. Suppose we have the following commutative diagram of groups with
exact rows:

0 A B—rsC 0
[T
00— A/ B o 0.

Assume that s: C — B is a splitting of the first exact sequence and assume that
Hom(ker(g), A’) = 0. Then the map
s:C' - B
d=g(c)— fos(c)
1s well-defined and it is a splitting of the second exact sequence.

PRrOOF. Consider the morphism f o s|ier(g): ker(y) — B’. Note that the image
actually lands in A’ and hence this is the 0 map. Hence s’ is a well-defined map. Take
¢y, ¢y € C') say with preimage c¢; respectively ¢z in C. Then ¢; + ¢ is a preimage of
¢y + ¢4 and hence have

s'(ch +¢3) = fos(er+ez) = fos(er) + fos(e) =5'(c)) +5'(c3).
This shows that s’ is a morphism. For ¢’ € C’ with preimage ¢ € C we find
W($(¢)) = W o fos(c) = gohos(c) = glc) = .
O

PROOF OF THEOREM 3.8. We may assume that K = Kj, .. Set I' = Auty, (k).

i: Let M be an algebraic closure of M with valuation 2’ extending x. Let S be the
set of intermediate fields L of K .+ /K with the property that (L,z'|r) D (K, v) is
totally ramified and tame. Order this set by inclusion. This set is not empty. Note that
a chain has an upper bound, namely the union. By Zorn there is a maximal element,
say L'. Notice that A,/ /A, , is a p,-group. Indeed, if not, we could find a totally
and tamely ramified extension of L’ in M by taking a root of an element of L’. Using
the exact sequences (Theorem 3.6) it is not hard to see that Gal(K, /L") =T (the
extension K ,/ /L’ has trivial V and hence trivial I). This shows that the sequence 0 —
Itk /Var.k = Do ik / V. xk = T' — 0 is split. We have the following commutative
diagram:

0—— I:L”,K /Vx’,K I Dz’,K/Vz/,K T 0

J J l

0—— IJ;,K /Vl,K I Dw,K /VJ,,K — AUtkv (kz) —0.

Lemma 6.10 gives us a splitting of the second sequence provided that we can show
Hom(Auty, (ky), Iz 1c / Vaic) = 0. Note that I, ;¢ / Vi x = Hom(A,/A,, k%) (Theo-
rem 3.6). Suppose we have such a non-trivial morphism. Then as A, /A, is torsion,
we can find an element of prime order ! coprime to p, in A,/A, not mapping to zero
(note that the order of [ divids ord(Is x / Vs x)). This gives us a surjective morphism

Auty, (k;) — Z/IZ. By assumption such a morphism does not exist.
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ii: Note that V, i is the unique pro-p,-Sylow subgroup of I, ¢ (Theorem 3.6)
and hence the statement trivially follows when p,, = 1 or when p, { ord(I, k). Assume
p, # 1 and p, |ord(I, k). It is enough to show that the cohomological p,-dimension
of Dyic / Va,i, edp, (Da,x / Va k), is at most 1 [Ser02, Chapter I, Proposition 16].
We have an exact sequence 0 = 1, k¥ / Vo xk = Dok / Vo xk = Dok /1o, xk — 0. From
Theorem 3.6 it follows that Dy g /I, k is isomorphic to Auty, (k;). This group has
cohomological dimension at most 1 (see the proof of [Ser02, Chapter II, Proposition
3] or [Efr06, Theorem 22.2.1], in combination with Artin-Schreier theory). We have
an isomorphism I, r / V, k = Hom(A,/A,, k%) and its order is coprime to p,,. Hence
we have cdp, (Iz,x / Vz,x) = 0 ([Ser02, Chapter I, Corollary 2 on Page 19]). Using
[Ser02, Chapter I, Proposition 15] we see that cd, (Dg x / Ve k) < 1 and the result
follows.

iii: This follows after combining i and ii and the fact that V, x is a p,-group
(Theorem 3.6). O

7. Algebraic extensions

7.1. Proofs.

Proposition 7.1. Let (L,w) 2 (K,v) be a finite extension of valued fields. Let (M, x)
be a finite normal extension of (K,v) containing (L,w). Then the following hold:

i. the quantity n(w/v) is well-defined and one has n(w/v) = iﬁ—’” -[L: K] =
[Lh,w : Kh,w];
ii. d(w/v) is well-defined and has values in p%zo.

Furthermore, the quantities d, dy, e, ey ey, f, fs, f; and n are multiplicative in towers.

PROOF. i. We will show that n(w/v) is well-defined, i.e. does not depend on
the choice of M. Let M’ be another normal extension of K containing L with G =
Aut i (M"). Without loss of generality, we may assume M’ D M. Put H = Auty (M’).
Let X (respectively X’) be the set of primes of M (respectively M') extending v.
Note that G acts transitively on X', and G/H acts transitively on X (Proposition
5.6). Then one easily shows that the map X’ — X has equally sized fibers. Hence
gy = # X' = #X - #(fiber above ) = g/, - gpp . as required. Similarly, if one
replaces K by L, one obtains gy ., = &ar,., * & .- Hence the required ratio does not
depend on the choice of M.

From Lemma 6.6 and Theorem 3.6ii one obtains [K}, . : K] = gy, and [LK}, ,
L] = [Ly : L] = gpr,,- Hence we have

[LEyo: L] L:K]= EMuw [L:K]=n(w/v).

Ly,  Khnel=LKh,: Khl = —2—=
o+ Bl = B+ e = o Bt

We will now prove the last statement. It is obvious that e, e; ey, f, fs, f; are
multiplicative. If we show that n is multiplicative, it directly follows that d and d,
are multiplicative. Hence it is enough to show that n is multiplicative. Let (L', w’) be
a finite extension of (L, w). Let M be a finite normal extension of K containing L'.
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Then one has

n(w Jw) n(w/fv) = X2 [ p) . S g

gM,w gM,v
= EM I K] = n(w! o).
gM,v
ii. It is now obvious that d(w/v) is well-defined. One has d(w/v) = % €

Z>, by Proposition 5.6, Proposition 6.1 and the multiplicativity of e and f.

If L/K is normal, one has
B [L: Ky w) _ [L: Ky 7
d(w/v) = e(w/v) F(w/v)  ew(w/o) fo(w/o) = P?

(Lemma 6.6). Together with the multiplicativity of d, this shows d(w/v) € po2° in
general. 0

PrROOF OF PROPOSITION 3.7. This follows directly from Lemma 6.6 and the
definitions. O

PRrOOF OF THEOREM 3.9. The first equality is easily from the definition, the
second follows by definition and the third follows from Proposition 7.1ii. O

Remark 7.2. Let (L,w) D (K, v) be an algebraic extension of valued fields. Note that
immediate implies unramified, unramified implies tame, totally wild implies totally
ramified and totally ramified implies local.
Suppose that one of the following hold:
i. w/v is immediate and local;
ii. w/v is unramified and totally ramified;
iii. w/v is tame and totally wild.

Then from Theorem 3.9 it follows that L = K.

Remark 7.3. Let (L,w) D (K, v) be an algebraic extension of valued fields which is
purely inseparable. Then one easily sees that it is totally wild (Lemma 5.8).

PRrOOF OF THEOREM 3.10. The surjectivity of 7 follows directly from the tran-
sitivity as in Proposition 5.6 and the extension property as in Proposition 5.2.

Let 0 € X. This gives us embeddings (K,v) C (L,w) C (M,x). Write H =
Gal(M/L). Then X corresponds to G/H. Let ¥ be the set of finite normal subextensions
of M/K. We first consider w/v:

i, ii, iii: w/v is immediate <= for all M’ € ¥ the extension w|yrnr/v is
immediate <= for all M' € T we have # Dy, , k = # DgJ,,,.zram (Proposition 3.7,
look at degrees such as [K : Ky, 4,,] = #Dy,,, . k) <= forall M’ € T we have
Dw\M/,K = Da:|M/,Lﬂ]V[’ = Dw|M,)KﬁAuthM/(M’) (Theorem 3.6) <= forall M' € ¥
we have Dy, k € Autzny (M) <= Dy x € H (Theorem 3.6) <= L C K.
The other cases are similar.

iv, v, vi: w/v is local <= for all M’ € ¥ the extension w|yrnr/v is lo-
cal <= for all M’ € ¥ we have [L N M’ : K][Ky 4, : K] = (LM )y, :
Kn )y, (K, @ K] = [(LNM')Ky ), : K] (Proposition 3.7 and Theorem 3.6)
<= forall M' € T we have Autg (M’) = Dy, , k Autran (M') (as Ky, . is separable,
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one can apply Proposition 4.2) <= for all M’ € ¥ the group Dy, x acts transitively
on Autg (M')/ Autpane (M),

We prove that the last statement is equivalent with D, g acting transitively on
G/H. If D, i acts transitively on G/H, then one easily sees from the surjectivity
G/H — Autg(M')/ Autpane (M') for M" € T and Theorem 3.6, that D, , x acts
transitively on Autg (M’)/ Autpnn (M'). Conversely, given u,v € G/H, consider the
projective system of non-empty finite sets which at level M’ consists of those elements
mapping u|p to v|pr. One can easily show that this set is non-empty and deduce the
result. The other cases are similar.

Now consider z/w:

vii, viii, ix: 2/w is immediate <= M C Ly, = LK}, (using i and Theorem
3.6) <= M = LKy ,. The latter is equivalent to [¢(L) : K|; = [M : KJ; and
G- NDy x = 0 by Galois theory. The proofs of viii and ix are similar.

x, xi, xii: z/w is local <= M and Ly, = LK}, are linearly disjoint over L
(using ii and Theorem 3.6) <= Ky, C L iff G, C D, k. The proofs of xi and xii
are similar.

Consider the last statements.

xiii: This follows from i and the surjectivity of 7.

xiv: w is totally split in M <= M/o(L) is separable and for all g € G we have
Go N Dy(yy,x = 0 (vii and Theorem 3.6) iff M/L is separable and only the trivial
element of G, is conjugate to D, x (Theorem 3.6). O

PROOF OF COROLLARY 3.11. Let (E, ') be a normal extension of (K, v) extend-
ing (LL,x).

i, ii, iii, iv: Assume that w/v is immediate. Theorem 3.10 gives us that L C K}, ;.
But then we have LL' C L' Ky, = Lj, ., (Theorem 3.6). Hence Theorem 3.10 shows

that z/w’ is immediate. The proofs for the other cases are similar. O

Remark 7.4. Statements as in Corollary 3.11 are false for local, totally ramified
or totally wild extensions. Here is an example from algebraic number theory. Let
K =Q,L = Q7 and L' = Q(v/—1) and look at the primes above 2. In this
case L/K and L'/K is totally wild (and hence local and totally ramified). In the
extension L” = Q(v/—7) of Q the prime 2 splits. Hence in the extension LL'/K =
Q(V7,v/=1)/Q(v/—1) the prime above 2 splits. The extension LL'/K is not local.

PROOF OF COROLLARY 3.12. Let (M, z) be a normal extension of (K,v) con-
taining (L, w).

For the immediate case, we have the following: L C Ky, <= K' C Ky,
and L C K}’I’I = K'Ky,  (Theorem 3.6). The result follows from Theorem 3.10. The
unramified and tame cases are similar.

Now consider the local case. One has: L ® g K}, , is a domain <= L Q@ K}’w
and K' @ g Ky, . are domains. Assume first that K’ ® g Ky, , is a domain. Observe that

Lok Ky, =Lk (K'Ky,)
=Lk K' QK Kn
=L®K Kng
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(Theorem 3.6). This directly proves <. The implication = follows from K’ ®
Ky € L ®k Ky, and the above observation observation.

The result follows from Theorem 3.10. The totally ramified and totally wild cases
are similar.

O

PROOF OF COROLLARY 3.15. Pick an extension (M,z) DO (L,w) 2 (K,v) such
that M/K is normal. Using Theorem 3.10 we see Ly = Ky, , N L, Ly = K; ; N L and
Ly =K, NL.

We will now construct a minimal local subextension. Assume that L’ is a field
such that w/w|r/ is local. Then w/w|r; ., 1s also local (Lemma 5.8). Hence we can
replace L by L sep. Using Theorem 3.10 and Theorem 3.6, we see that we need to find
the smallest intermediate field L’ of Lk gep/K such that Li ¢p and L;l’m =LKy,
are linearly disjoint over L’. Such a field exists by Theorem 3.13 and it is denoted
by Lk sep \ Knz. The proofs of the other cases are similar when D is replaced by I
respectively V.

We will now prove that Ly C Ly. As wl|z, /v is immediate, it follows that the
extension wl|r,,/w|r, is immediate (Corollary 3.11). Hence Ly L4/L4 is immediate
and local. From Remark 7.2 it follows that Ly L4 = L4, that is, L; C L4. The inclusions
Lo C Ls and L3 C Lg follow in a similar manner.

Assume that g, ,, = 1 for some normal extension M/K containing L. Note that
8arw = 1 is equivalent to H = Autz (M) C D, i (Theorem 3.10x). From Theorem
3.10 it follows that we need to show that D, x — (H, D, k)/H, Ik — (H,1; k)/H
and V, k — (H,V, k)/H are surjective. The surjectivity of the first map is obvious,
and the surjectivity of the second and third map is implied by the normality of I, x
respectively Vg i in D, g (Theorem 3.6). O

PRrROOF OF COROLLARY 3.16. We will prove ii. The other proofs are similar.

Assume that g,, , = 1. Assume that w/v is not totally ramified. Then one has
Lo = Ly in Corollary 3.15. And hence there is a non-trivial unramified extension in
L/K. But then LsL’/L’' is unramified and non-trivial (Corollary 3.11 respectively
LN L = K). Contradiction. O

Example 7.5. In Corollary 3.16 it is not enough to require that L N L' = K. Here
is an example where all three statements are false. Consider the extension L = Q(«)
of Q where « is a root of z(z — 1) + 2. Well-known techniques show that there are
two primes above (2), namely p = (2,a) and q = (2,a — 1). One has (2) = pq?. It
follows that Q(«)/Q is not Galois. Hence the Galois closure M of this extension has
group S3. Let @ be another root in this Galois closure and let L' = Q(@). Then the
prime (2) has the same splitting behavior in L'/Q as in L/Q, say (2) = p’q”%. Note
that LL' = M, LN L' = Q. Furthermore, we know the splitting behavior of (2) in M:
(2) = p3p3p3 where there is just one prime above p respectively p’, which is totally
wild, and there are two primes above q respectively ¢'. Say that p; lies above p’. Then
p1/p’ is totally wild, but p1|z/2Z is not even local. Hence statements i, ii and iii of
Corollary 3.16 do not hold in this case.
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The same example shows that in Corollary 3.15 it is not necessarily true that
Ly = L4, Ly = Ly or Ly = Lg. Indeed, for the extension (Q(«),q)/(Q,2Z) we have
Ll:L2:ngQandL4:L5=L6:Q(Oé).

Example 7.6. Let K be a field with field extensions L, L’ inside a field M. Assume
that LN L' = K and that M /L’ is purely inseparable. Then L/K is purely inseparable.
Indeed, if char(k) = p > 0, then for « € L there is n € Z>; with " e LNl =K.

This statement also follows from our general theory. Consider the trivial valuation
on K, that is, K is the valuation ring. This valuation has a unique valuation to any
algebraic field extension of K. Furthermore, M /L’ is totally wild. Hence from Corollary
3.16 it follows that L/K is totally wild and the result follows.

Actually, one can make the diagram a bit bigger. For ¢ = 1,2, 3 we define L} to
be the intersection of the L; while varying over the extensions of v to L. Similarly,
for i = 4,5,6 we define L} to be the compositum of the L; while varying over the
extensions of v to L. For example, L] is the maximal extension such that v is totally
split. If we put L7, = Lk gep, we get the following diagram,

L
o
I
/ N
L Lg
/ NN
L Ly Ls
N N /N
Ly Ly L
NN s
L, L
AN /
r
\
K.

Proposition 7.7. Let (K,v) be a valued field and let L be an algebraic extension of
K. Let (M, x) 2 (K,v) be a normal extension of valued fields with group G = Autg (L)
such that the G-set X1, = Hompg (L, M) is not empty. Then for any intermediate
extension L' of L/ K we have the following commutative diagram, where the maps are
the natural maps:

Gx X, — X,

L]

Gx X —— Xy,
The map
¢: Dy k \X1 — {w of L extending v}
D, o~ w st Op=0 10, No(L))
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is a bijection of sets. Furthermore, for o € X we have the following bijections:
Dx,K g — HOmKhJ (0’([1)}1,3C7 M)

to — t|0(L)h,mv

L.k 0 — Homg, , (0(L)i o, M)
to = to(r); .
and
Vo k0 — Homg, , (0(L)y,e, M)
to — t‘J(L)V)I.

PrOOF. The commutativity of the diagram is obvious.

Define ¢': X1 — {w of L extending v} by putting o — w s.t. Oy = 07O, N
o(L)). One should think of ¢’ as mapping an embedding L C M to the restriction of
x to L. The surjectivity is part of Theorem 3.10. Suppose ¢’(s) = ¢’(t). There exists
h € G such that ht = s. But then by Proposition 5.6 there exists g € Autyz)(M) with
gh(z) = x, that is, gh € Dy 41y € Dy k. We have ght = ht = s. It is obvious that
¢’ (Dy k 8) = ¢'(s). This shows that the map is a bijection.

We will show that the map D, x s — Homg, , (s(L)n,q, M) is a bijection. The
other cases are similar. Suppose we have 7 € Homg, , (s(L)n,z, M). Then we can
extend it to a morphism 7’ € Autg, , (M) =D, x and 7/ — 7. O

PROOF OF PROPOSITION 3.17. The first statement directly follows from Propo-

sition 7.7. The last statements follows from Proposition 7.7 and Proposition 3.7 and
the separability of L/K. O

PROOF OF COROLLARY 3.18. From Proposition 3.17 one sees that the set of
valuations with the given properties is in bijection with the set of orbits of X under
D, k such that the length of such an orbit is equal to the length of the orbit under
Iz, k. And this easily translates to the required statement. O

7.2. Finding extensions explicitly.

Proposition 7.8. Let (K,v) be a valued field and let L/K be a finite extension. Pick
a € L which is integral over O, with minimal polynomial f € O,[z]. Suppose that
F=TI"~, £ € ky[z] where the f; are monic irreducible and pairwise distinct. Then
the following hold:

i. fori=1,...,m there are pairwise distinct valuations w; on L with f(w;/v) >

deg(fi);
ii. if f is separable, then the w; are all valuations extending v to L and one has

f(wi/v) = deg(fi), e(wi/v) = d(wi/v) = 1.

PROOF. Notice that fK[z] N R[z] = fR[x] as f is monic. Statement i follows
directly from Proposition 5.2 and Proposition 5.4. Statement ii follows from i and
Theorem 3.9. g

If the valuation in the above statement is discrete, one can say a bit more. See for
example [Sti09, Theorem 3.3.7].
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8. Defects in the discrete case

In this section we will give examples of defects and show that under certain
circumstances, defects do not occur. This section is quite different from the other
sections in this article, but we felt it was needed to show the reader that defects are
not necessarily a defect of our theory.

We start with an example where there is a defect.

Example 8.1. Let (L,w) 2 (K,v) be a finite purely inseparable extension of valued
fields where v is discrete, that is, A, = Z. Then one can have d(w/v) > 1. Let p be
a prime number. Consider F,(¢) C F,((¢)) with the valuation wy on F,((¢)) with
wo(t) = 1. Let vg be its restriction to F,(t). Then we have A, = Ay, and ky, = ke, -
Let s € Fy,((¢)) be transcendental over F,(t) (such s exist, because F(¢) is countable,
and F,((t)) is uncountable) and consider K = F, (¢, s?) C F,(t,s) = L, with restricted
valuations v respectively w. This is a purely inseparable extension of degree p with
the property that g; , = e(w/v) = f(w/v) = 1. From Proposition 5.6 and Theorem
3.9 we conclude d(w/v) = p.

We will show that in certain cases, there is no defect. We use the following lemma.

Lemma 8.2. Let k be a field and let A be a localization at a multiplicative set of a
finitely generated k-algebra which is a domain. Put K = Q(A) and let L/K be a finite
extension of fields. Then the integral closure A of A in L is finite as A-module.

PROOF. Assume first that A is finitely generated as k-algebra.

Notice that it is enough to prove the statement for a finite extension of L. Indeed,
a finitely generated module over a noetherian ring is a noetherian module ([AM69,
Proposition 6.5]), and hence all submodules are finitely generated.

Noether normalization, [Liu02, Proposition 2.1.9], tells us that A is finite over a
polynomial ring A’ = k[xy,...,x,] with quotient field K’. We show that the integral
closure of A’ in L, which is A, is a finite A’-module and hence a finite A-module. This
reduces to the case where A = k[xq,...,x,].

We will start enlarging L. First enlarge it such that L/K is normal. We can split
L/K into a tower L O L' O K where L' /K is purely inseparable and L/L’ is separable.
Hence we are reduced to proving the following two cases:

i. L/K separable;
ii. L/K purely inseparable and A = k[z1,...,2,].

Assume that L/K is separable. Let 41, ...,y be a basis of L/K with y; € A.
Let yi,...,y,, be a dual basis of L/K with respect to the trace. Then it follows that
Ay @ ... 0 Ay, C A C Ay, @ ... ® Ay/,. Note that Ay @ ... ® Ay, is a finitely
generated module over a noetherian ring, and hence a finite A-module. It follows that
A is a finite A-module.

Assume that L/K is purely inseparable and A = k[x1,...,z,]. Since L/K is
d
finite, we see that L is contained in L' = [(x? ,...,x;pd) for some d € Z> large

enough and [ a finite (purely inseparable) extension of k. Replace L by L’. Notice that

d
A =lz? ... ,x;pd] is integral over A and it is integrally closed. Hence the integral
closure of A in L is A’, and it is finite over A.
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We will now treat the general case. Write A = S~™!B where B is a finitely
generated k-algebra and S a multiplicative set. From [AM69, Proposition 5.12] we
obtain A = S~!B. We have shown that B is a finite A-module and hence A is a finite
A-module. O

Proposition 8.3. Let (L,w) D (K,v) be a finite extension of valued fields. Suppose
one of the following hold:

i. L/K is separable and A, = Z;
ii. O, contains a field k, O, # K, K finitely generated over k, and trdeg,, (K) =
1.

Then we have A, 2 Z and d(w/v) = 1.

PROOF. First we prove that in the second case we also have A, = Z. Let z € O,
transcendental over k. Then p = k[z] N m, is a prime ideal. If it is zero, then O, 2
k(z) and since K is finite over k(x), it follows that O, = K, contradiction. Hence
O, Nk(z) = k[z], (this follows since we know all valuations on k(z) which are trivial
on k). Notice that k[z], is a discrete valuation ring, and hence the same follows for
O, (as e is finite). Replace O, by k[z], and K by k(z) in this case. We will show the
statement about d(w/v) for the bigger extension, and the result about d(w/v) follows
from multiplicativity.

Now we will consider both cases at once. Let O be the integral closure of O, in L.
Assume first that O is a finitely generated O,-module. Then one easily sees that O
is a free O,-module of rank [L : K], since O, is a discrete valuation ring. Consider
O/m, O, which is isomorphic to [, Ow/myOy (Proposition 5.4, in combination with
theorems on artinian rings from [AMG69]). Notice that O,,/m,O,, is a vector space
over k,, of dimension e(w/v) f(w/v) and the result follows.

Hence we are finished if we can show that O is finite over O,. In the first case,
this follows directly from the trace pairing. In the second case, use Lemma 8.2. [

We will finish this section by giving an example of a separable extension of valued
fields which has a defect. We start with the following lemma, which goes back to
[Sch77]. We follow a proof from [Ste88].

Lemma 8.4. Let K be a field and n € Z>; be an integer coprime with char K. Let w
be the number of n-th roots of unity in K. Let L be the splitting field of 2™ — a € K|[x].
Then one has: L/K is abelian iff a* € K™.

PROOF. We may assume a # 0.
— : Fix a € L with " = a and let (,, be an n-th root of unity. Let 0 € G =
Gal(L/K). Write 0(Ca) = (). For 7 € G one has

ol _orle) _, (rla)) _ (m))’“‘” _ 7"

ola)  o(a) « a ak(@)

Hence a*(?) /g (a) is fixed by 7 and hence lies in K. Its n-th power is a*(®)~1 € K™.
Let r be the greatest common divisor of n and k(o) — 1 for ¢ € G. Then we have

a” € K™. As (C'") is the set of G-invariant n-th roots of unity, one has r = w.



32 Chapter 1. The algebraic theory of valued fields

<=: Suppose a* = b" for some b € K. One has K C L C L' = K(b"/%, ().
Notice that L'/K is abelian and hence L/K is abelian. O

Remark 8.5. Next we will give an example of a separable extension which has a
defect. Let p be a prime and consider the field Q, with its standard p-adic valuation.
It is well-known that this valuation has a unique extension to each algebraic extension
(Qp is henselian). Let L be the maximal tamely ramified extension of Q,. Put
L' = L({pi : i € Z>1). We claim that for any finite extension L"” /L’ we have d(L" /L") =
[L” : L'] (we do not specify the valuations, since they are unique). Indeed, from the
construction one easily sees that e = f = 1 (the residue field of L is already algebraically
closed, and the value group of L’ is Q) and as the extension is unique, the degree is
equal to the defect. We will now find a non-trivial extension L”/L’. We claim that
n/p & L'. Suppose »/p € L', then L( »/p)/L is an abelian Galois extension. Note that
#{xeL: 2P’ = 1} = p, as Qp((p2)/Qp is wild. Lemma 8.4 gives us pP € LP". But
this means that L/Q, is not tame, contradiction. Hence we can take L = L'( #/p).

9. Frobenius formalism

Let G be a profinite group. Then we define
ZxG— G
(u,g) = g“
as follows. Write G = @i G; with G; finite and for g = (g;); set
gu _ (g? (mod ord(gi)))i'

If G is abelian, this makes G a topological Z-module.

9.1. Definitions. Let & be a perfect field such that Gal(ksep/k) = (F') is procyclic
with generator F. Such a field k together with a procyclic generator of its absolute
Galois group, is called a quasi-cyclic field. Remark that a quasi-cyclic field with
absolute Galois group isomorphic to Z is called a quasi-finite field ([Ser79, Section 2
of Chapter XXIII)).

Lemma 9.1. Let H be a subgroup of 7. Then the following are equivalent:

i. H is closed; A
ii. H is a principal ideal of Z.

PROOF. i = ii: Let N be an open subgroup of Z. Then [Z : N] is finite, say
[Z : N] = n and hence nZ C N. Note that [Z : nZ] = n, and hence we obtain N = nZ.

A closed subgroup of a profinite group is an intersection of open subgroups ([RV99,
Theorem 1.18]). Hence there are integers n; such that

Consider the Steinitz number r = lem(n; : i € I) = [[,p™». Let s = (p™»), € Z. One
then easily finds H = (s).
ii = i: This follows easily. O
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From the lemma above one deduces that a closed subgroup of Gal(ksep/k) is of the

FsZ
sep °

form F*Z with s € Z. The corresponding field extension of k is denoted by ks = k
In this case Gal(ksep/ks) = F*% and hence is topologically generated by the element
F*. One obtains all separable extensions of k in this way by Lemma 9.1 and Galois
theory. Note that for such a field ks, there is at most one extension of a given finite
degree n, corresponding to F™¥%. Such an extension is automatically Galois and it
exists iff nf ord(Gal(ksep/ks)) = [1,,. ord ()00 D™

Let (K, v) be a valued field. Assume that we are given an embedding ks C k, such
k, /ks is finite. Let (M, x) D (K,v) be a normal extension of valued fields with group
G = Autg(M). Then one has an exact sequence (Theorem 3.6)

0= Lo.x — Do x> Gal(k,/k,) — 0.

We will construct a canonical topological generator of Gal(k,/k,). Note that the
group Gal(ksep/k,) has a canonical generator Flkv*sls. Tet t € Homy, (ky, ksep)-
Note that t is injective and let t~': im(t) — k, be its inverse. This gives us a
map 7: Gal(ksep/ky) — Gal(ky/ky). We claim that this map does not depend on
t. Suppose t' € Homy, (ky, ksep). Then ¢ = ¢t for some t” € Gal(ksep/ky). Con-
sider the corresponding map 7’. Using that Gal(ksep/k,) is abelian, one finds for
o € Gal(ksep/ky)

7_/(0) :t/—l OO'Ot,:tilotﬂil OUOt”Ot:tfl OUOt:T(O’).
This allows us to define the Frobenius class as
(x, M/K,s) = ¢ (T(F[k,vzkg]s)) .

Note that it is a coset modulo I, x. The notation (z, M/K, s) implicitly implies that
we have a given map k, C k|, and that k, g /k; is finite. If s = 1 we usually write
(x, M/K,s) = (z, M/K).

As G acts transitively on the set of primes above v, one can show that for g € G
we have (gr, M/K,s) = g(x, M/K,s)g~!. Hence we define (v, M/K, s) to be the orbit
of (z, M/K,s) under conjugation in G. This is an element of G if G is abelian and
x /v is unramified.

Let k be a finite field. Then Gal(ksp/k) = Z. We have a natural generator
F a2tk

ZE‘K

9.2. Properties.

Proposition 9.2. Let s,t € 7 with t|s. Let L, M be algebraic extensions of a field K
in a fized algebraic closure of K and assume that M /K is normal. Let x be a valuation
on LM . Assume that x|y /x| i is unramified and that we have a commutative diagram
as follows:

ks —— kg,

I

kt Hkxh(
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Then one has:
kg, thsls

(2, LM/ L, 8) ar = (xlar, M/ K, )%™

Proor. Take t € HomkmlL (kg ksep). This induces the following commutative
diagram (the isomorphisms are obtained from Theorem 3.6):

Dy 1 —— Gal(ky/ky),, ) «——— Gal(kgep /Ky, ) D Frlkeyp thsls

| | |

DElM,K — Gal(kwlM /kl\K) A — Gal(kscp/k ) > F[kw|K:kt]t~

x‘}(
From this diagram we deduce the result directly. O

If s =t in the above Lemma, then the exponent in the above expression becomes
[kCElL : kZ|K] = f(w‘L/x‘K)

We introduce some notation to simplify part of the statement of the above lemma.
Let K be a field. Let M/K be a finite normal extension such that G = Autx (M)
is abelian. Let V' be a set of discrete valuations of K which are unramified in M
and assume that we have natural maps ks C k, for every v € V such that k,/ks
is finite (for some fixed s). Let D = Y7 ., Dyv € @, Zv = div(V). We set
(D,M/K,s) =[],y (v, M/K,s)P* € G (this requires that G is abelian). Let L/K be
a finite extension of K in some algebraic closure of K containing M and let V' be the
set of valuations of L extending a valuation of V. We have a natural map of groups

Normy, /x: div(V') — div(V)
v eV = (0 V)V | k-
Corollary 9.3. Under the assumptions above one has for D' € div(V’):
(D',LM/L)|n = (Normyp, i (D), M/K).

PRrROOF. Note that D’ only consists of unramified primes (Corollary 3.11). The
statement follows directly from Proposition 9.2. O

Lemma 9.4. Let L, M be algebraic extensions of a field K in a fixed algebraic closure
and assume that L/K and M/K are normal and let x be a valuation on LM such
that x|r /x| k is unramified. Then in

Autg (LM) = Autk (L) X put g (Lnary Autr (M)
one has
(¢, LM/K) = (x|, L/K) x (z|p, M/K).
Furthermore, one has a natural injective map Dy 1, / 1p 1, — Dy i /Ix\M,K-

PrOOF. We have a natural injective map D, 1, — Dgj,, k. Note that x/x|y is
unramified. Hence we have I, ,; = 0 and I, g = 0. Theorem 3.6 gives I, 1 = I, x =
L;|,,,x- This shows that the above map is injective. Furthermore, one deduces the first
statement from this directly. O
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Remark 9.5. For ramified extensions such a statement does not hold. Here is an
example which shows that things can go wrong. Consider the extension L = k(/x) over
K = k(z) where k is a finite field and char(k) # 2. Consider the prime co of k(z). Let &’
be the unique quadratic extension of k and let M’ = k/(x). The extension LM'/K has
Galois group Vj. Let M be the third quadratic extension of K inside LM’. Notice that
M/K is ramified, because there is a unique maximal unramified extension. Let coy, be
the unique prime of L above oo and similarly oops for M. The extension LM/L is not
ramified and there is a unique prime ooy ); above ooy, in LM: the residue field gets
enlarged. Consider the natural map Deo, oy / Toor s, = Doopar.t = Doonr i / Toons K-
The first group is a C5, the second one is trivial. Hence the map is not injective. This
phenomenon plays a crucial role in Chapter 7.

Suppose a group G acts on a set X. For g € G we set X9 = {z € X : gz = z}.
We have the following generalization of the Burnside’s lemma.

Lemma 9.6. Let G be a finite group acting on a finite set X. Let N be a normal
subgroup and let o € G. Then we have

1
#(N\X)*N = ZN Z #X.

neN

PrOOF. Consider the Q[G]-modules Q¥ D (QX)N =~ QV\X.| Let
1
€ = #7N Z n.

Then we have €2 = e. Hence Q¥ = QX @ (1 — €)Q¥. Notice that eQX = (CX)N.
Using this decomposition, we will calculate the trace of a. We have:

D #X =D trgx qan) = #N - trgx q(ac)

nenN neN

=#N -tr.qx qae) + #N - tr1_oqx /q ()

= #N . tI'QN\X/Q(Oé) —+ 0

= #N - #(N\X)*N.

O

Proposition 9.7. Let (K,v) be a valued field and let L be an algebraic extension of K.
Let (M, z) 2 (K,v) be a normal extension of valued fields with group G = Autx (M)
such that the G-set X = Hompg (L, M) is not empty. Assume that we have a finite

embedding ks C k,. Then the cardinality of the set of valuations w on L extending v
such that f(w/v) =1 is equal to

1
> #xh
#Im,K he

(z,M/K,s)

ProOOF. Combine Corollary 3.18 with Lemma 9.6. 0

Information about the Galois group can be obtained from looking at Frobenius
elements.
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Proposition 9.8. Let (K,v) be a valued field and let L/K be a finite separable
extension. Assume that we have an embedding ks C k,, with [k, : ks] < oo. Let M /K
be a normal closure of L. Let X1, = Homg (L, M) and consider G = Autg (L) C
Sym(Xp). Let wy, ..., w, be the different primes of L extending v. Then the following
hold:

i. assume that the w;/v are unramified, then G contains a disjoint product of

cycles of length (w1 /v), ..., {s(wm/v).

ii. of [T/%, n(w;/v) =1 prime, then G contains an l-cycle.

PROOF. Let x be a prime of M extending v.

i. The extension /v is unramified (Corollary 3.15). It follows that D, k is a cyclic
group generated by (x, M/K, s). Proposition 3.17 says that the action of D, x on X,
has orbits of size f5(w1/v),...,fs(wmy/v). The Frobenius element has this cycle type.

ii. Proposition 3.17 implies that the orbits of the action of D, g on X have length
[,1,1,...,1. Notice that a subgroup of S; acting transitively on {1,...,1} contains an
l-cycle as [ is prime. Hence D, i contains an [-cycle. O



Chapter 2

Normal projective curves

1. Introduction

This chapter is meant to introduce the well-known theory of normal projective
curves over finite fields. We discuss for example the genus and the Picard group of
such a curve. We also discuss class field theory and show how one can use this to
estimate character sums. There are three results which we would like to mention, some
of which are well-known.

The first result is Corollary 3.15 and it will play an important role in Chapter 7.

Corollary 1.1. Let k be a finite field and let k' be a finite extension of k. Let K be a
function field over k. Then the map Normp g : Picy, (Kk') — Pich(K) is surjective.

Secondly, we give models for hyperelliptic curves over perfect fields (Theorem 4.4).
The difference with most literature is that we give necessary and sufficient conditions
for equations to give a hyperelliptic curve of a certain genus. For example, the curve
in characteristic 2 given by 32 4 y + 22949120 = () has genus 42.

Finally, we calculate the 2-torsion of the Picard group of a hyperelliptic curve in
Theorem 4.9.

Theorem 1.2. Let k be a perfect field. Let K be a function field over k with Picg(K) =
0. Let L be a Galois extension of degree 2 with Gal(L/K) = (o). Suppose that oo is a
rational prime of K with the property that there is a unique prime oo’ above it in L
with e(oo’ /oo) = 2. Let S = {w € Pr i, : e(w/w|k) =2} \ {o0'}. Then for any w € S
one has [w — degy,(w)oo'] € Picy(L)[2]. We have a surjective map
¥: F5 — Pic)(L)[2]
ew = [w — degy, (w)oo']

with

ker(q/;) = Fo- (Zwes ew) Zf Char(k) 7é 2

0 if char(k) = 2.

In this chapter, let k be a field and let k be an algebraic closure of k.

2. Normal projective curves
2.1. Properties of schemes. We follow [Liu02].

Definition 2.1. Let (X,Ox) be a scheme. Then X is called reduced (respectively
integral) if for all x € X the stalk Ox , is reduced (respectively integral). The scheme
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is called normal if X is irreducible and if for all € X the stalk Ox , is integral an
normal. The scheme X is reduced (respectively integral, respectively normal) if for all
U C X open non-empty the ring Ox (U) is reduced (respectively integral, respectively
normal) ([Liu02, Proposition 2.4.2, Proposition 2.4.17, Proposition 4.1.5]).

If X is integral, with generic point &, we define the function field of X as K(X) =
Ox . If X is a scheme over k, we will write k(X) instead of K (X).

A scheme X/k is called projective over k if X is isomorphic to a closed subscheme
of P} for some n € Zx.

2.2. Algebraic varieties.

Definition 2.2. Let k be a field. An affine algebraic variety over k is a scheme
isomorphic to Spec(A) where A is a finitely generated k-algebra. An algebraic variety
is a scheme which has an open cover by finitely many affine algebraic varieties. The
algebraic varieties form a category Lary for which morphisms are morphisms of k-
schemes. We let RUary, be the full subcategory of the category of algebraic varieties
which are reduced.

Lemma 2.3. Let k be a field and let R, S be k-algebras. Assume that S is finitely
generated as k-algebra and reduced. Let a,3: R — S be morphisms over k which
induce the same map @ = : Homy (S, k) — Homy (R, k). Then o = (.

PROOF. The nilradical of S is equal to the Jacobson radical of S ([Liu02, Lemma
2.1.18]). Let m € MaxSpec(S). Then S/m is a finite field extension of k ([Liu02,
Corollary 2.1.12]). Pick a morphism s € Homg(S, k) with kernel m. Then the two
induced maps give the same map R — S — S/m. Hence © = {a(r)—3(r) : r € R} Cm.
Hence, ® is contained in the nilradical of S, which is 0 since S is reduced. Hence
a=f. O

Let Gets be the category of sets.
Proposition 2.4. The functor
RVar, — Sets
X = X (k) = Homgpec(r) (Spec(k), X)
1s faithful.
PROOF. One can reduce to the affine case and then apply Lemma 2.3. O

Remark 2.5. The above statement is no longer true if one removes the word reduced.
For example, let X = Spec(k[e]/(¢?)). Consider the identity id: X — X and the
k-morphism ¢: X — X coming from € — 0. One has X (k) = Homy (k[e]/(€?),k) =
{(k[€]/(€*) = k,e — 0)}. Hence both morphisms will induce the same map on X (k).

2.3. Normal projective curves.

Definition 2.6. An algebraic variety over k whose irreducible components are of
dimension 1 is called an algebraic curve over k. We will often just say that it is a
curve.
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We are interested in normal projective varieties because they can be studied by
looking at their function fields. A morphism between irreducible schemes is called
dominant if it maps the generic point to the other generic point.

Definition 2.7. A function field K over k is a finitely generated field extension of k
of transcendence degree 1.

Theorem 2.8. Let k be a field. Then there is an anti-equivalence of categories between
the category of normal projective curves over k with finite morphisms and the category
of function fields over k with finite k-morphisms of fields. This equivalence maps a
curve C to its function field k(C) and a finite morphism C — D to the inclusion
k(D) C k(C) induced by C — D.

PROOF. See [Liu02, Proposition 7.3.13]. O

The book of Stichtenoth, [Sti09], focuses on this function field approach to normal
projective curves. We will mostly follows this approach. A finite morphism between
normal projective curves is called separable if the corresponding inclusion of function
fields is separable.

For a normal projective curve there is a relation between the set of k-points and
the set of valuations which are trivial on k.

Definition 2.9. Let K be a function field over k. Let Pg ;. be the set of valuation
rings of K which contain k but are not equal to K. We use the notation Py Jk for the
valuations which residue field is k. Assume that k' C K is integral over k. Then one
has PK/k = PK/k’~

Remark 2.10. Assume that K = k(z), where x is transcendental over k. Then
there is a bijection between {f € k[z] : f monic irreducible} U {oc} and Pk ;. An
irreducible monic f € k[z] corresponds to the valuation ring k[z] () and oo corresponds
to k‘[l‘_l](mfg.

Proposition 2.11. Let k be a field and let C be a normal projective_curve over k with
function field k(C). Then we have a natural action Aut(k/k) on C(k) and a bijection
©: Aut(%/k) \ C(E) — Pk(C)/k
Aut(k/k)T — OC,T(spec(E))-

The length of an orbit of an element of C (k) is equal to the separability degree of the
residue field extension over k of the corresponding valuation.

PROOF. One easily obtains the action. An element of C(k) is nothing more than
the choice of a point P € C and a k-morphism O¢ p — k. Let 1) be the generic point
of C. Notice that O¢, has transcendence degree 1 over k and cannot be embedded in
k.

We claim that we have a bijection

C\{n} = Prcyk
P — OC,P-
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Let # € k(C) be transcendental over k. Then we have an inclusion k[z] — k(C).
Valuations where x has a non-negative valuations correspond to (non-zero) primes of
the integral closure of k[z] in k(C') (Theorem 5.4 from Chapter 1). This corresponds
to the (non-generic) points of an affine chart of C' ([Liu02, Proposition 3.13]).

This shows that ¢ is a bijection. The statement about the length of an orbit
follows easily. O

Let K be a function field over k. We sometimes refer to elements of P ;. as places
or points. Notice that all elements of Pk /;, are discrete valuations (see Proposition 8.3
from Chapter 1). For all v € Pk ;, we assume from now on that A, = Z. This is not
really a restriction, since there is a unique order preserving isomorphism A, = Z.

We define the divisor group of K/k as divi(K) = @vepmk A, = ZPx/8) | the
free abelian group on the elements of Pk . Elements of divy (K) are called divisors
and are denoted by D = ZvePK/k ¢yv where ¢, € Z almost always zero (often we will

use P instead of v in such a sum). For v € Pr i we set Dy, = ¢,. The support of D is
supp(D) = {v € Pxyi, : Dy # 0}.
For D, D’ € divy(K), we define the ged and lem

ged(D, D) = Z min(D,, D))v
vEPK /K

lem(D,D") = Z max(D,, D.)v,
UGPK/)C

and similarly for any finite set of divisors. For D € divy(K) we put
Dy = Z Dyv
VEPK 5Dy >0
and

DOO = E 7DU'U.
VEPK /Dy <0

One has D = Dy — D For D € divy(K) one defines its degree
degy(D)= Y Dylk,:kl€Z
VEPK K
(note that this definition depends on k). This gives a group morphism
degy,: divi(K) — Z.

Its kernel is denoted by div)(K). We have a natural map K* — divi(K), which

satisfies a — (a) = ZvePK/k v(a)v. This can be seen from the following lemma.

Lemma 2.12. Let K be a function field over k and let x € K be transcendental over
k. Then one has

[K = k(x)] = degy ((7)o0) = degy, (()o) -
ProOOF. The proof will be given in the proof of Lemma 2.16. O
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Sometimes we put (a)x to clarify which function field we use. We define Picy (K)
by means of the exact sequence

K* — divg(K) — Picg(K) = 0
and we define the Picard group Pich(K) of K over k by the exactness of
K* = div)(K) — Pic)(K) — 0.

The full constant field of K/k is defined to be the field extension of k which consists
of the set of elements in K which are algebraic over k. If k is the full constant field in
K, we say that K is geometrically irreducible (see [Liu02, Corollary 3.2.14]). A finite
field extension L/K is called geometric if the full constant fields are the same. It is
called geometric over k if k is the full constant field of L. Let k" be the full constant
field of K. We say that L/K is unramified if the extension L/K is unramified at all
v e PK/k

The kernel of the map K* — divy(K) and K* — div)(K) is equal to k"*. The
image of a divisor D = " D,v under the map to Picg(K) or Pic)(K) is written as
[D] = 3", Dy[v]. Note that Picy,(K) = Picj(K) x Z, but not in a canonical way. If & is
finite, the group Pic)(K) is finite ([Sti09, Proposition 5.1.3]) and its order is denoted
by hK.

For D, D' € divy(K) we say D > D' if for all v € P/, one has D, > D,. For
D e divi(K) we define its Riemann-Roch space, a k-vector space, by

Lr(D)={a€ K*:(a)+D >0} U{0}
and
(D) = dimy (D).
One has the following important theorem.

Theorem 2.13 (Riemann-Roch). Assume that k is the full constant field of K. Then
there exists g = g(K) € Zx¢ such that for all D € divy(K) of degree > 2g — 2 one has

(D) = degy (D) +1—g.
If W e divg(K) satisfies deg(W) = 2g — 2, (W) > g, one has for all D € divi(K):
lg(D) = deg,(D)+1—g+ (W — D).
Furthermore, such W exists.

Proor. This follows from [Sti09, Theorem 1.4.17, Theorem 1.5.15, Proposition
1.6.2] O

The quantity g(K) in the above theorem is called the genus of K. If k is not the
full constant field, we set g(K) to be the genus of K with respect to its full constant
field. If we want to stress that k is the full constant field, we sometimes write g (K).

Proposition 2.14. Assume that k is a perfect field. Set p = char(k) is char(k) # 0
and p = 1 otherwise. Then the following hold:

i. for an algebraic extension k' /k we have g(K) = g(Kk');
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ii. if L/K is a finite purely inseparable extension, then there is n € Zso such
that L*" = K and g(L) = g(K).

PROOF. See [Sti09, Theorem 3.6.3 and Proposition 3.10.2]. O

Let k be a finite field. Then Gal(k/k) is a procyclic group generated by Froby :
x o7 Let L/K be a finite Galois extension of function fields over k with group
G. We can use the Frobenius formalism from Section 9 to define Frobenius elements
for primes P of K which are unramified in L. This is a conjugacy class of G and we
denote it by (P,L/K) C G. If G is abelian, we view (P, L/K) as an element of G. If
G is abelian and if D = )", D,v is a divisor with support in unramified primes, then

we define (D, L/K) = Hq)Esupp(D)(v’ L/K)P e G.

Proposition 2.15. Let K be a geometrically irreducible function field over a finite
field k. Let n € Z>; and let k,, be the unique field extension of k of degree n in an
algebraic closure of K. Let F be the canonical generator (z — x7*) of Gal(k,/k) =
Gal(Kk,/K). Then first of all Kk,/K is unramfied. For D € diviy(K) one has
(D, Kk,/K) = Fi&(D) ¢ Gal(Kk,/K).

PrROOF. This follows from [Sti09, Theorem 3.6.3]. O

Let K be a function field over k and let L be a finite extension of K. If v" € Pr;,
we set v’ N K or v'|x for the valuation of K corresponding to the valuation ring
O, N K. We have two maps on divisor groups, the norm and the conorm:

NormL/K: lek(L) — lek(K)
D= ZDU/UI — ZDU/ f(U//U/|K)1)/|K

and

Conormy, / : divg(K) — divg (L)
D= ZDUU — ZDU/‘K e(v' /v | )V | k.
v v’

Lemma 2.16. Set n = [L: K]. Then the following diagram commutes:

‘n

—_— T
divy (K) — divg (L)ﬁ divy (K)

Conormyp, /i

ormp, /i
J/degk Jdegk J/degk

V/ — V/ - V/

Furthermore, Conormy, i induces the following commutative diagram of groups:

K* —— div)(K) —— Pic)(K) —— 0

| 1]

L* — div(L) — Pic2(L) — 0.
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Similarly, Normy, /i induces the following commutative diagram of groups:

L* —— div} (L) — Pic2(L) —— 0

-]

K* —— div)(K) — Pic) (K) —— 0.

PrROOF OF LEMMA 2.16 AND LEMMA 2.12. The commutativity of the first dia-
gram follows easily from the Fundamental inequality (Corollary 3.9 from Chapter 1)
and the fact that there is no defect (Proposition 8.3 from Chapter 1).

The commutativity of the second diagram follows directly, except for the fact that
we land in the 0 degree parts. We will prove Lemma 2.12. For x € K transcendental
over k one considers the extension K/k(x) and one obtains:

deg,.((z) x,0) = degy, Conormyei(z) ((%)k(),0)
= [K : k(z)] - degy, (%) k(x),0)
= [K : k(x)].
The other equality is similar.
To prove that the third diagram is commutative, is a bit harder. We prove the
statement in several steps. One easily sees that it is enough to prove the case where
L/K is separable and the case where L/K is purely inseparable. Assume that L/K is

purely inseparable and let x € L*. As divg (K) is torsion-free, we may assume that
x € K*. We then have

(Normyp, /i (2))k = (") k = n(x)x = nZv(aﬁ)v

=S5 1@ o) e(@! o))k —Zf ol )V ()|

vov|v
= Normp g ((z)L).
Now assume that L/K is Galois with group G. For x € L* one has
Normyp,/k ((x Zf "I )V ()0 | K¢

For g € G and v/ € Py, one has v (g(x)) = (97'') (z). For v € Pgy;, we set

e(v) = e(v'/v) where v' extends v to L. This does not depend on v’ (Theorem 3.6
from Chapter 1). Using this transitive action and the fundamental equality (Corollary
3.9 from Chapter 1) one has

(Normy, /() H g(z = Z’U(H g(z))v

geG v geqG

AL S o
—Zf "I | k) )’U|K—N0rmL/K(( r)r)

elv
v’ |v geG gU’L ( v’
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as required. Assume that L/K is separable. Let M /K be a Galois extension containing
L. Then one has for x € L*, using the first diagram and the Galois case,

Norm /g o Conorm (7))

Normy /k ((z)) = ﬁ

1
[M: L]

j Normg s ((z)ar) = (Normyy g (%))

_ 1
ML

= [MI: T (NormL/K(x)[M:L])K = (Normp, /i (2)) k-

O

Let L/K be a finite separable extension of a function field K/k. Let v € Pk,
and let v" € Pr;, extend v. Let L, respectively K, be the completion of L at v’
respectively K at v with valuations v/, respectively v.. Set

6(v'fv) = —min{v'(z) : & € Ly, trp ,/x, (2O0y) € Oy } € Zxo,

where the valuation is the valuation on the fractional ideals (recall that O, is a
discrete valuation ring). We define the different

diff(L/K) = Z (v /o) € divg(L).

v'E€PL /K
We define the discriminant of L/K to be
disc(L/K) = Normy,/k (diff (L/K)).
We define the quasi-different as
qdiff(L/K) = Z (e(v'/v'|k) — 1) v € divg(L).
VEPL i

Remark 2.17. One can avoid the use of completions in the definition of the different.
See [Ser79, Section 3 and 4 in Chapter III].

Let k be a perfect field. Let L/K be a finite extension of a function field K/k.
Note that Normp,, . is a bijection in this case (Proposition 5.6 from Chapter 1 and
Lemma 5.8 from Chapter 1). We put

z'L/K = Norrnz/lLKdep o ConormLK‘sep/K .
We set
diff (L/K) = ip 15 .., (Aiff (Lk sep/K)) € divy (L),
where diff (L sep/K) is the usual different. Similarly, we set
qdiff (L/K) =i 1 .., (Qdiff (L sep/K)) € divi (L),

where qdiff (L g sep/K) is the usual quasi-different.
Lemma 2.18. Let M O L O K be extensions of function fields over a perfect field k.
Then one has inr i = ipm/L LK -

PROOF. One has iy = [

1
MK],,
expression, multiplicativity is obvious. O

Conorm /g (Proposition 2.14), and from this
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Lemma 2.19. Let My/Ky be a finite extension of function fields over a perfect field
k. Let Lo, Ly be intermediate extensions of My/Ky such that Lo/ Ky and My/Ly are
separable and My/Lo and L1/Ky are purely inseparable. Then one has:

i. iMo/Lo (dlff(L()/Ko)) = dlﬁ(Mo/Ll),
PROOF. Let ¢ = [My : Kol;. From Proposition 2.14 it follows that Lo = Mg, and
Ky = L1. The statement then follows easily. O

Proposition 2.20. Let K C L C M be a tower of function fields over a field k. If
M/K is separable, or k is perfect, one has

i. diff(M/K) = diff(M/L) + ip/p (diff (L/K));

ii. qdiff(M/K) = qdiff(M/L) + iy, (qdiff(L/K)) .

PROOF. Assume first that M /K is separable. The case for the different follows
from [Ser79, Proposition 8, Chapter III]. For the case of the quasi-different, let
w € Ppy/k- Then one has, as e is multiplicative:

e(w/wlk) =1 =e(w/w|r) =1+ e(w/w[L) (e(w|r/w[x) = 1).
And this proves the result.
Let us assume that k is perfect. Then one has, using Lemma 2.18 and Lemma
2.19 and the separable case:
diff (M/K) = ing/nse ey (A (M sep/ )
=AM /My sep © UMy ep /M sep
o (diﬂ(MKsep/LK,SEP) + /L.MK,scp/LK,scp (diﬁ(LK,sep/K)))
= diff(M/L) + ipr/ (diff (L) K)).
The proof for the quasi-different is very similar. O

Proposition 2.21. Let L/K be a finite separable extension and assume that k is
perfect. Then for w € Prj, one has (diff(L/K)),, > e(w/w|x) — 1 with equality iff
w/w|g is tame.

PROOF. See [Sti09, Corollary 3.5.5]. O
Hence, if L/K is tame (this implies that L/K is separable), one has diff (L/K) =
qdiff (L/K).

One important tool to calculate the genus is the Riemann-Hurwitz theorem.

Theorem 2.22 (Riemann-Hurwitz). Let K be a function field with full constant field
k and let L/ K be a finite extension. Assume that k is perfect. Let k' be the full constant
field of L. Then one has

(K" k)29 (L) = 2) = [L : K]s(29x(K) — 2) + deg,, diff (L/K).

PROOF. The case that L/K is separable, follows from [Sti09, Theorem 3.4.13].

From Proposition 2.14 it follows that we have a tower K C L sop = L C L

where p = char(k) if nonzero and p = 1 otherwise and r € Z>(. Notice that g(L) =

g(L?"). Hence by the previous part, it is enough to show that deg, diff(L/K)
degy, diff (L sep/K). It follows from Lemma 2.16 that this is the case.

Ol
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Notice that deg,, diff(L/K) = deg,, disc(L/K).

2.3.1. Topology on Pr . We will endow P, with the cofinite topology. This
makes Py into a connected topological space. We consider the following sheaves on
Pr k- First we consider the constant sheaf K*, which associates to every non-empty
open set the group K*. Consider the following presheaf /', which for an open U C Py
satisfies

]:'(U) — ﬂveU Ov lf U 7é (Z) C K*.
0 ifU=0
Lemma 2.23. The presheaf F is a sheaf and for any v € Pk, one has F, = O;.

PRrROOF. It is obvious that F is a sheaf. For an open set U containing v, we have
a natural map F(U) — Oj. This induces a map F,, — O}, which is injective. Take

v

x € O}. Let S be the support of (z) and let V = Py, \ S. Then one has z € F(V)
and the surjectivity follows. O

Lemma 2.24. Let K be a function field over a field k. Let D € divy(K) with D > 0.
Then there exists © € K with ()ss > D and supp((z)so) = supp(D).

Proor. If D =0, take z = 1. Assume D > 0.
Let v € supp(D). For n € Z>p, large enough there exists z, € K with z, €
Li(nv) \ Lx((n — 1)v) (Riemann-Roch, Theorem 2.13). Put = 3_ ,npy To- U

Corollary 2.25. Let K be a function field over a field k. Let S C Pg . be finite and
non-empty. Then the following hold:

i. mvePK/k\S O, is a Dedekind domain.
ii. N,cgOv is a Dedekind domain.
PROOF. Take a function z € K with supp(z)e = S (Lemma 2.24).
i. The ring muePK/k\S O, is the integral closure of k[x] C k(z) in K. As it is

integral over k[z], its dimension is 1. It is noetherian as well (Lemma 8.2 from Chapter
1, and for example Hilbert’s Basis Theorem ([AMG69, Theorem 7.5])). Hence this
integral closure is a Dedekind domain.

ii. The ring (,¢\ g Ov is the integral closure of k[1/z](1/,) in K. The rest of the
proof is the same as in i. O

Consider the exact sequence of sheaves
0—-F—>K"—K"/F—D0.
Let 0i,(K) = F/K*. Notice that for v € P/, one has 0iy(K), = K*/O; = A,.
Lemma 2.26. Let U C Py, be open. Then one has

Ay, g
dix(K)(U) = {(E)BUEU Z;g i g

PROOF. Let G be the sheaf defined as in the statement. We have a natural sequence
0 — F — K* = G — 0. On the stalks it is obviously an exact sequence, and hence
the sequence is exact. O

Note that iy (K)(Pg /i) = dive(K).
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3. Curves over finite fields

In this section we will focus on curves over finite fields.

3.1. Surjectivity of the degree.

Proposition 3.1. Let K be a geometrically irreducible function field over a finite
field k. Then the degree map degy,: divi(K) — Z is surjective.

PROOF. See [Sti09, Corollary 5.1.11]. O

3.2. Class field theory. Class field theory gives a connection between the
abelian extensions of a global field and some intrinsic object corresponding to the
field. The reason we include class field theory is that we will use it later to estimate
character sums.

3.2.1. Main statements. We will provide a short idelic treatment of global class
field theory for function fields over a finite field. We will give an idelic description of
the theory. For our results, we use statements from [CAS67], [AT09], [Ser79] and
[Ros02].

Let K be a function field over a finite field k. Let v € Pk, and let K, be
the completion of K at v with valuation which we conveniently call v as well. Let
U, = UI(,O) be the group of elements in K, of valuation 0. For i € Z>; we set
Ui = {re K, :v(x—1)>1i}.

We define [, the idéle group of K, as the subgroup of HUGPK/k
of which almost all coordinates lie in the corresponding U,. We put a topology on I
as follows: a base for the topology consists of the sets of the form [, gV, X Hues U,
where S C Pk, is finite and V,, is open in K7} (with the topology coming from the
valuation). We have a natural map K* — Ik, * = ()yepy,, and we have a map
K} — Ik, which maps « to the element which has x at coordinate w and 1 otherwise.
We set the idéle class group as Cx = I /K* with its induced topology.

If L/K is a finite extension, then we have a natural norm map Normy, /x: Cp —
Ck. This map comes from the natural norm map lev L, =2 L® K, - K, for
v € Pg/k- The main theorem of class field theory can be stated as follows.

K of elements

Theorem 3.2 (Main theorem of class field theory). For any function field K over
a finite field k there is a unique inclusion reversing bijection between the set of its
finite abelian extensions contained in some fixed algebraic closure and the set of open
subgroups of Ck of finite index such that for an extension L/K corresponding to
D C Ck we have:

i. D= NormL/K CL,'

ii. there is a canonical isomorphism

wL/K: CK/D :> Gal(L/K)
such that for any v € Py, with extension x to L we have
(a) Yk (K (mod D)) =Dy k;

(b) wL/K(Uv (mod D)) = Im,K;
(©) vr/x({y € KJ :o(y) = 1}) = (2, L/K).
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Furthermore, let L1/K be a finite abelian extension, let E/K be a finite extension
and let Ly/E be a finite abelian extension containing Li. Then we have the following
commutative diagram:

Cg/Normyp,g/p(CrL,r) — Gal(L.E/E)

lNormE/K lres

CK/NOI‘HILI/K(CLl) BN Gal(Ll/K)

The above statement consists of two parts. Statement i and the first part of ii
provide a global reciprocity map. Statements iia, ib, iic are more of a local nature.
They provide local class field theory.

Statements i and ii and the last statements follow from [CAS67, Chapter VII,
Theorem 5.1], although for the function fields one also needs proofs from [AT09].
In [CAS67, Chapter VII, Section 6] by construction one sees that the restriction of
K to ¢k gives local class field theory. Statements iia and iib follow from [Ser79,
Chapter XV, Corollary 3 on page 228]. Statement iic for unramified extensions follows
from [Ser79, Chapter XIII, Proposition 13]. The general case follows from this case by
splitting up an extension in an unramified and totally ramified part and a functorial
property ([Ser79, Chapter XIII, Proposition 12]).

Remark 3.3. Explicit class field theory for function fields over finite fields is provided
by the theory of Drinfeld modules. See [R0s02, Chapter 13] for an introduction.

3.2.2. Conductors. In the previous subsubsection we have stated that abelian
extensions of K correspond to open subgroups of C of finite index. For all f € divy(K)
with § > 0 we define the open subgroup D; = (K* IL, va)) /K* C Ck.Let D C Ck

be an open subgroup. Then it contains a subgroup of the form D;. One easily sees
that there is a unique smallest f with this property.

Definition 3.4. Let L/K be a finite abelian extension corresponding to D C Ck.
Then we define the conductor f(L/K) € divi(K) to be the smallest divisor such that
DsC D.

Suppose L/K is a finite abelian extension such that L is the compositum of
Ly,...,L,. Then one has f(L/K) = lem({f(L;/K) : i =1,...,r}). Indeed, for z € Ck
we have z € ker(i k) iff for i = 1,...,r we have € ker(¢, k). Notice that L is
the compositum of its subextensions which are cyclic over K of prime power order.

Furthermore, this conductor is something local.

Proposition 3.5. If w is an extension of v to L, then one has
1. K:; N (NormL/K CL) = NOI‘IIle/Kv (qu),
it. f(L/K), = min {n € Zzo: U € Normy, i, (Ua) }-
PROOF. i: Follows from the construction of global class field theory out of local

class field theory as in [CASG7].
ii: This follows from i. O
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Corollary 3.6. Suppose L/K be a finite abelian extension and let v € Pk . Then
the following hold:

i. v is unramified in L iff f(L/K), = 0;

ii. v is tamely ramified in L iff f(L/K), < 1.

PROOF. i. One has: v is unramified iff I, x = 0 iff ¢,k (U, (mod D)) = 0
(Theorem 3.2) iff f(L/K), = 0 (Proposition 3.5).
ii. Put V' = Normy, /xk, (Uy). We have an exact sequence

0—-UNV/vnuY) - U,V U, /UY =0,

Note that p,, 1 #Uv/Uﬁl) and that Uél)/(V N Uv(l)) is a p,-group ([Ser79, Chapter
IV, Proposition 6]). Hence we have: p, t # 1, x = #U,/V (Theorem 3.2) iff p, ¢t
#UM /(v Uiy it vnui = ol it USY C V. The result follows from Proposition
3.5. O

Let § € div(K). Then one defines the ray class field K to be the compositum
of all finite abelian extensions L of K with f(L/K) < f. Later in this thesis, we will
construct some ray class fields.

There is another concept of conductors. We follow [Ser79, Chapter VI] and we
assume some familiarity with character theory. Let L/K be a Galois extension of
function fields over k with group G. Let v € Pk ;. One can associate to this extension
a C-character a, on G called the Artin representation. This character is defined by
looking at higher ramification groups. This character, after quite some work, turns
out to be the character of a representation of GG. Recall that there is a standard
inner product between characters on G, for which the characters from irreducible
representations form an orthonormal basis. Let x be a character on G. We define the
conductor of x to be f(x) = ZUE’PK/k(X’ ay)v € divg(K). If v is unramified in L/ K,
then one has a, = 0, and hence this sum is finite.

Theorem 3.7 (Fiihrerdiskriminantenproduktformel). Let L/K be an extension of
function fields over k with group G. Then one has

disc(L/K) = > x(1)f(x)

where the sum is over the irreducible characters of G.

Note that x(1) is nothing more than the degree of the character x. If G is abelian,
all these degrees are 1 and one finds disc(L/K) = }_ cpom(a,c-) F(X)-
One has the following comparison theorem.

Proposition 3.8. Let L/K be a finite Galois extension of function fields over k. Let
X € Hom(G,C*). Then one has

F(LET )/ K) = §(x).

PRrROOF. This follows from [Ser79, Page 103 and page 228] . O
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3.2.3. Maximal unramified abelian extension and surjectivity of the norm.

Proposition 3.9. Let L/K and L'/K be finite Galois extensions of functions fields
over a finite field k. Suppose that the set of primes of K which totally split in L differs
from the corresponding set of L' by only a finite number of primes. Then L = L.

PROOF. See [Ros02, Proposition 9.13]. O

Proposition 3.10. Let K be a function field over a finite field k and let D € divy(K)
be of degree 1. Then the mazimal abelian unramified extension of K is the compositum
of the following two linearly disjoint extensions: k- K and a unique finite subextension
K|p) with Galois group isomorphic to Picy(K) such that (D,Kp)/K) = 0. For
D' € divy,(K) we have (D', K(p)/K) = [D'] — deg,(D’')[D] € Picp(K).

PrROOF. We use global class field theory as in Theorem 3.2. Suppose L/K is
finite abelian unramified. Then we have Normy,  x Cr 2 (K*[], Uy) /K* = U. Note
that Cx /U = (@, K;/U}) /K* = Pici(K). The finite extensions we are looking
for correspond to subgroups of finite index in Picy(K). We have an exact sequence
0 — Pic}(K) — Picg(K) — Z — 0. This sequence splits by sending 1 € Z to
D, and this gives an isomorphism Picy(K) = Pic)(K) x Z, which maps [D’] to
([D'] — deg,,(D)[D’],deg(D’)). A subgroup of finite index n of Pich(K) x Z contains
nPic)(K) x nZ. Tt follows that the maximal abelian unramified extension is the
compositum of the extension corresponding to {0} x Z and the various extensions
corresponding to Pich(K) x nZ. The first extension, K|p), has group Pic)(K) and
the Frobenius of a divisor [D'] is [D’] — deg,,(D’)[D] € Pic{(K). The extension K,
corresponding to Pic} (K)xnZ has group Z/nZ and has the property that the Frobenius
of D is equal to deg, (D) (mod n) € Z/nZ. If we let k,, be the unique extension of
degree n of k, then the Frobenius elements are exactly the same (Proposition 2.15)
and from Proposition 3.9 it follows that K, = k, K.

Notice that the compositum of two extensions where the Frobenius of D is trivial,
has trivial Frobenius at D (Lemma 9.4 from Chapter 1). One easily sees from the
descriptions above that K[p) is unique. The statement about the linear disjointness
also follows directly. O

Remark 3.11. Let K be a function field over a finite field k. Suppose that D, D’ €
divi(K) are of degree 1. Then we have K|p] = K|p, iff [D — D'] = 0 € Picp(K).
Indeed, one has (D', K(p)/K) = [D' — D] € Pic)(K).

Remark 3.12. Divisors of degree 1 as in Proposition 3.10 always exist due to
Proposition 3.1 if one considers K to be a curve over the full constant field of K.

Remark 3.13. Note that for an elliptic curve over a finite field k¥ we have E(k) &
Pic) (k(E)), P+ [P] — [oc] (see [Sil09, Proposition 3.4]) and hence we have realized
E(k) as a Galois group with specific Frobenius elements.

Remark 3.14. One can explicitly find the extension in Proposition 3.10 in the case
that K = k(E) where E is an elliptic curve over a finite field k. It corresponds to the
map on function fields coming from Frob —1: E — E. We will not need this more
explicit description in the rest of this thesis.
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Even though the norm map for constant field extensions as a map on div" is not
surjective, it is surjective on the level of Pic?.

Corollary 3.15. Let k be a finite field and let k' be a finite extension of k. Let K be
a function field over k. Then the map Norm g : Pic), (Kk') — Pic}(K) (Lemma
2.16) is surjective.

PROOF. Remark that Pich(K) = Picgo(K) where kg is the full constant field of
K. Also, the norm does not depend on k in that sense. Hence we may assume that
K is geometrically irreducible. Put n = [k’ : k]. Let D € divi(K) be of degree 1
(Proposition 3.1). Let D’ = Conormp /i (D). Note that degy, (D") = 1 (Lemma 2.16).
Consider the fields K[p) and (Kk');p, from Proposition 3.10. The calculation

(D', Kpk' /KK i,y = [Norme i (D') = ndegy, (D')D] = [nD = nD] = 0.

shows that Kipjk’ C (Kk')p. Theorem 3.2 give us the following commutative
diagram:

Picy, (KK') 2 Crepr / Normygepry /i (Clicury ) —— Gal((KK) o /KK

lNorka//K l

Pic) (K) = Cx/Normg, , /k(Cr ) ————— Gal(K|p)/K)

From the definitions it easily follows that the induced surjective map Picy, (Kk') —
Pic)(K) agrees with the norm map. O

3.3. L-functions. Let L/K be a Galois extension of function fields over a finite
field k. Let p be the character of a representation G — Autc (V) where V is a finite-
dimensional vector space over C (we often do not distinguish between the character
and the corresponding representation). For a divisor D € divy(K) we define its absolute
norm as N(D) = (#k)& )

Let v € Pk, and assume x € Pr,, satisfies z|x = v. Then we have an induced
representation p,: Dy i /Ly k — Autc(Vex). One sets

Ly(s,p) = det (1,1, « — po((w, L/K))N(v)™*) ",
which is a meromorphic function on C. One easily shows that this definition does not
depend on the choice of x (Theorem 3.6 from Chapter 1). We then define the L-series

of p as follows:
H L,(s,p).
UEPK/k

We define Cx(s) = L(s,1), where 1 is the trivial representation (this does not depend
on L). More explicitly,

()= [[ (1-N@™)"".
vEPK /k

From the definition one easily finds L(s, p x p') = L(s,p) - L(s, p’). Hence from
now on we focus on irreducible characters.
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One can easily show that the L-function defines a holomorphic function on some
right half plane of C ([Ros02, Proposition 9.15]). It is much harder to show the
following result.

Theorem 3.16. Let L/K be a Galois extension of function fields over a finite field k
of cardinality q such that k is the full constant field of L. Let p: Gal(L/K) — Autc(V)
be an irreducible representation. Then the following hold, where u = q~*:

i. Assume that p is trivial. Then one has

L (u)
(I —u)(1—qu)’

where Lg(u) = H?i’“l(K)(l —mu) € Zlu] (m; € C) satisfies
(a) |7Tz| = \/(} (7, = 1, . ,2gk(K));
(b) Lr(0) =1, Lx(1) = hx, Lk (0) = #{v € Pg : N(v) =q} =1 —¢q;
(c) for €x(s) = qW=V5Ck(s) one has Ex(1 —s) = Ex(s).
ii. Assume that p is not trivial. Then one has

Cr(s) = L(s,p) =

L(s,p) = H(l — mu)
i=1

(m; € C) which satisfies:

(a) |7T1| = \/a (7’ = 17'~~am);

(b) m = dimg(V) - (2gx(K) — 2) + degy.(7())-
PROOF. The first part follows directly from [Ros02, Theorem 5.9] and [Sti09,

Theorem 5.1.15].

The second part follows from [Ros02, Theorem 9.16B] and its fifth remark. O

Corollary 3.17 (Hasse-Weil). Let C' be a normal projective geometrically irreducible
curve over a finite field k of cardinality q. Then one has |#C(k) —q—1| < 2g-/q.

PRrOOF. Follows from Theorem 3.16 and Proposition 2.11. O

3.4. Character estimates and the calculation of the conductor. Let L/K
be an extension of function fields over a field k and let d € Z>;. We put unr(L/K) C
Pr /i for the set of primes of K which are unramified in L. We put unr?(L/K) C Pg s,
for the set of unramified primes of degree dividing d.

Theorem 3.18. Let L/K be a Galois extension of function fields over a finite field
k with group G such that the full constant field of L is k. Assume that we have
x € Hom(G, C*) injective. Let d € Z>1. Then we have

Y degy (P)x((P, L/EK))Y 48 (D)) < mg?/?,
Pecunr4(L/K)

where m = 2g(K) — 2 + degy, (f(x)). It is an equality if m = 1.

PROOF. Let ¢ = #k, v = ¢~° and m = 2g(K) — 2 + deg;, (f(x)). Since our
character is one-dimensional and  is injective, L(s, x) depends only on the factors for
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the unramified primes in L/K. By Theorem 3.16 we have
1 m
I1 (1 —X((P, L/K))udegk(P)) = L(s,x) = [[(1 = m(x)w),
Peunr(L/K) i=1

where |7;(x)| = ¢'/2.
The statement then follows from the following manipulation of series. We apply
dlog {4 hoth expressions for L(s, x) and we obtain:

du
SN mowi = >0 degp(P) Y x((P LK)l D)

i=1 j=1 Peunr(L/K) Jj=1

—Uu

Looking at the coefficient at u gives us

Zﬂ'i(@d = Z deg, (P)x((P, L/K))d/degk(P).
i=1 Peunrd(L/K)
Using that |m;(x)| = ¢'/?, the result follows by taking absolute values. O

The above theorem is mostly interesting for d = 1.
We will now show how to calculate the conductor in specific cases.

Lemma 3.19. Let K/k be a function field where k is a finite field. Let K, be a
separable closure of K. Let L, M be finite abelian Galois extensions of K inside Ky of
prime degree p respectively prime degree | with LN M = K. Let v € P, and suppose
that r = §(L/K), € Z>1 and s = f(M/K), € Z>1. Let w be the unique extension of v
to L. Assume that LM /L is ramified at w if both p =1 and r = s. Then the following
hold:

i. LM/K is totally ramified at v;
. if p£lorr#s, we have f(LM/L), = (p — 1) max(0,s — 1) + s;
iii. if p=1andr =s, we have r > f(LM/L),, > t where t = 2 if p is the residue

field characteristic of v and 1 otherwise.

PROOF. If p # [, the ramification indices are coprime, and hence LM /K is totally
ramified. If p = [, » # s then both extensions have different conductors. An easy
calculation shows that LM /K is totally ramified at v (here we use that [ and p are
prime). Hence in all cases LM/K is totally ramified at v.

We use a well-known identity for towers of fields ([Ser79, Proposition 8 of Chapter
I11]):

disc(LM/K) = Normy, g (disc(LM /L)) + 1 - disc(L/K).

Using the Fithrerdiskriminantenproduktformel (Theorem 3.7) we will calculate the
discriminants disc(L/K) and disc(LM/K) at the prime v. This gives us disc(L/K), =
(p—1)r.

Assume first that I # p. Then then LM /K has one cyclic subextension of degree
1 with conductor 0 (at infinity), 1 of degree p with conductor r, 1 of degree [ with
conductor s and one of degree p - [ of conductor max(r, s). Assume next that r # s
but p =I. Then LM /K has one cyclic subextension of degree 1 with conductor 0, 1 of
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degree p with conductor s, one of degree p with conductor r, and p — 1 of degree p
with conductor max(r,s). We find if [ £p or r # s

disc(LM/K), = (p—1)r+ (1 —1)s+ (p— 1)(I — 1) max(r, s).

If | = p and r = s, then we cannot determine the conductor at v exactly. We have
p + 1 nontrivial cyclic extensions of degree p with conductor at most r. For a lower
bound, notice that only one extension can have conductor strictly smaller than r, but
that the conductor is still at least ¢ where ¢ = 2 if p is the residue field characteristic
of v (wild ramification) and ¢ = 1 otherwise (Corollary 3.6). We have

(p—1)(rp+7) > disc(LM/K), > (p—1)(rp + ).
We then find, if | # p or r # s:

(Normp, g (disc(LM/L))),  disc(LM/K), — ldisc(L/K),
-1 N -1
= (p—1)max(0,s — ) + s.

For [ = p and r = s we find

N disc(LM /L
. ( OrmL/Kl( 18;:( /L)), > ¢

Again using the Fiihrerdiskriminantenproduktformel (Theorem 3.7) we deduce the
result. g

One particular case of the above statement is when p =1, 2 =r = s and p is the
characteristic of the residue field at v. We then obtain f(LM/L),, = 2.

Lemma 3.20. Let K/k be a function field where k is a finite field. Let L/K be a
finite abelian Galois extension with group G. Let x,x" € GV. Then we have f(x - X') <
lem(f(x), f(x')), with equality at P € Py, if we have f(x)p # f(x')p or if the orders
of x and X' are coprime.

PROOF. Let P € Pk, and assume that f(x')p < f(x)p. For calculating the

conductor, we may assume L = L¥r0) Lker(X) | that is ker(x)Nker(x’) = 0 (Proposition
3.8). Hence we have

(1) Lrer(ex’) prer(x’) _ pker(x-x)nker(x) _

The first result follows.
If the orders of y and ' are coprime, then by looking at dimensions one obtains
LrerOex’) = pker(x) pker(X) and both extensions are actually linearly disjoint.
Assume that f(x')p < f(x)p. From Equation 1 we obtain f(L**x)/K)p =
f(L**™) /K)p and the result follows from Proposition 3.8. O
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4. Hyperelliptic curves
4.1. Definition and models. Let k be a perfect field.

Definition 4.1. A function field K/k is called hyperelliptic if it has full constant field
k, the genus satisfies g(K) > 1, and there exists © € K with [K : k(z)] = 2.

Remark 4.2. In [Liu02, Definition 7.4.7] a hyperelliptic curve is defined as follows.
Let C be a smooth projective geometrically connected curve over k, of genus g > 1.
Then C is called hyperelliptic if there exists a finite morphism X — P}, of degree 2.

Both definitions coincide. Indeed, normal is equivalent to smooth ([Liu02, Corol-
lary 4.3.33 and Lemma 8.2.21]). We may assume that & is algebraically closed and we
need to show that regular irreducible is equivalent to regular connected. Irreducible
implies connected. Conversely, suppose that X has more than one irreducible com-
ponent. There must exist components which meet, since otherwise our space is not
connected. But the local ring of a point in the intersection of more than one irreducible
component is not a domain ([Liu02, Proposition 2.4.7 and Proposition 2.4.12 ]). This
contradicts the regularity.

Remark 4.3. More generally, a function field K/k is called hyperelliptic if it has full
constant field k, if the genus satisfies g(k) > 1 and if there is a subfield K’ of K with
[K : K'] =2 such that g(K’) = 0. If k is finite, then from Hasse-Weil (Corollary 3.17)
it follows that K’ has a rational point and hence is isomorphic to k(x). In the rest of
this thesis we will not use this more general definition.

We want to have explicit models for hyperelliptic curves. By lack of a good
reference, especially for the case of characteristic 2, we will prove such a theorem. For
a polynomial f =Y. ¢;z* € k[z] we put fi = ¢;.

We use the following lemma for Artin-Schreier extensions.

Proposition 4.4. Let k be a perfect field of characteristic p and let K be a function
field over k. Let (f,h) € k(x)? with h # 0 such that f/hP is not in the image of K — K,
s+ s? —s. Then the extension Ky, = Kly|/(y? — h?~ty — f) is a field extension of
degree p of K. Furthermore, the following hold for P € Py, with uniformizer m at P.
Put r =disc(Ky/K)p. Set vp(f/hP) = —m.
iifm<0:r=0;

ii. fm>0, m#0 (mod p):r=(p—1)(m+1);

iil. f m >0, m=0 (mod p), vp(f) # 0: r=disc(K,—vpr) f r-vp/iop)P;

iv. if m >0, m=0 (mod p), v,(f) =0:let s € Op with s* = —f € kp (k is

perfect). Then one has: v = disc(K 4 go_pr-154)P-

PrOOF. We will prove the correctness of the four statements.
i, ii: Put ¢ = y/h. Then y? —y' = f/hP. Apply [Sti09, Proposition 3.7.8].
iii: Set ¢/ = 7~ v2(1)/Py Then one has:
ylp _ (ﬂ_—UP(f)/Ph)p—ly/ _ 71——1’P(f)f — qpvr(f) . (y* —hy—f) =0,
and hence this step is correct.
iv: Notice that if we set ¢y’ = y + s we obtain

yP? — Ry =P — Ry 4 P — Rl = f 5P — WP s,
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and hence the transformation is allowed.
O

Remark 4.5. The above proposition gives an algorithm to find the discriminant of
K¢ /K. Indeed, by step i, one has only to look at primes such that vp(f/h?) < 0. For
these primes, one applies the appropriate steps sequentially until one finds 7. One can
easily show that the procedure terminates. In step iv, one has vp(f + sP + sh) > v,(f)
and hence the value of decreases after such a step. One applies at most one step iii
after a step iv, and hence the procedure terminates.

Theorem 4.6. Let k be a perfect field. Let g € Z>,. Consider the following properties
for (f,h) € k[z]?:
i. deg(f) € {29+1,29+2}
ii. y? + hy — f is separable and irreducible in k(z)[y];
iil. if char(k) # 2 the following hold:
(a) h=0;
(b) f is separable in k[z];
iv. if char(k) = 2, then the following hold:
(a) deg(h) <g+1;
(b) (h,R2f + f) = k[a];
(c) (hgt1,h3 fagya + f5,11) = k.
Set Ky, = k(z)[y]/(y* + hy — f) with natural inclusion k(z) C Ky . If 4, iiia and
iva hold, then set U’ = Spec(k[z,y]/(y* + h(z)y — f(x)), V' = Spec(k[z’,y']/(y'* +
hoo ()Y — foo(2")) where hoo(x') = h(1/2")2'97L and foo(2') = f(1/2")2"?9%2. Let
X =U"UV’ glued together by D(z) = D(z') with relations x = 1/2’ and y = z9+1y’.
Then for a pair (f,h) € k[z)? satisfying i, ii, iiia and iva the extension Ky /k(z)
1 a hyperelliptic function field of genus g iff iii and i hold. If i, i, 71 and iv are
satisfied, one has

oo+ (f) if char(k) # 2, deg(f) =29 +1
dise(K 1 /b(z)) = ) if char(k) 2, des(f) = 29 +2
(29 4+ 2)oo +2(h) if char(k) =2,

and a smooth model for the normal projective geometrically irreducible curve Ch, ¢
corresponding to Ky, 5 is given by X.

Furthermore, any hyperelliptic function field of genus g is isomorphic to Ky for
certain (f,h) € k[z]? satisfying i, ii, iii and .

PROOF. Suppose that F' is hyperelliptic of genus g. Then there exists an inclusion
k(x) C F of degree 2. Notice that this extension is separable (Proposition 2.14)
and not a constant field extension. Let D = Conorm(co), of degree 2. Consider the
Riemann-Roch space £5((g + 1)D) of dimension g + 3 (Theorem 2.13). It contains

a linearly independent set {1, x,...,29%!} and another independent element y € F,
not in k(z). The space £x(2(¢g + 1)D) has dimension 3g 4+ 5 and it contains 3g + 6
functions 1,z,..., 9%y, 2912 xy, ... 220+D) 2941y 2 Asy & k(x), it follows that

y? + hy — f = 0 for some h, f € k[z] with deg(h) < g+ 1 and deg(f) < 2g + 2 and
that F = k(z,y). If y?> + hy — f is inseparable, then F has genus 0 (Proposition 2.14),
contradiction. If char(k) # 2 we may complete the square and assume h = 0.
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K = Ky, is a hyperelliptic curve of genus g if and only if iii and iv are satisfied. To
achieve this, we will calculate the genus g(K) of K.

Assume first that char(k) # 2. Changing y if necessary, we may assume that f
is square-free. If f is constant, our extension is not geometric. Assume that f is not
constant. We see that our extension is ramified exactly at the primes dividing f and
possibly at oo (Proposition 7.8 from Chapter 1). After a transformation, one easily
sees that K/k(x) ramifies at oo iff deg(f) is odd. Using Riemann-Hurwitz (Theorem
2.22, in the squarefree case, we have 2g(K) — 2 = 2(—2) +deg(f) + laeg(f) odd)- Hence

we find g(K) = -1+ fdegT(f)]. Hence the genus is exactly g iff f is squarefree and of

degree 2g + 1 or 2g + 2. Furthermore, we have

. | oo+ (f) if char(k) #2, deg(f)=2g+1
dise(K/k(z)) = { (1) i char(k) 2, des(F) = 2.

(Proposition 2.21).

Assume char(k) = 2. We determine the genus by using Proposition 4.4 and Remark
4.5.

Let P be a prime of k[x] and assume that vp(h) > 0. Notice that disc(K/k(x))p <
2vp(h) with equality if and only if vp(f) < 1 and if vp(f + s> — hs) = 1 in step
iv. In general we claim that disc(K/k(x))p = 2vp(h) iff vp((h, K f + f?)) = 0. If
vp(h) = 0, this is obvious. Assume vp(h) > 0. Then we have: vp((h, K2 f+ f'?)) > 0 iff
vp(R2f+ ) > 0iff vp(f?+h2s%) > 0iff vp(f +h's) > 0iff vp(f' +h's+5'h) >0
iff vp(f + s2 + hs) > 1 (because the latter is > 1). Furthermore, vp(f) > 2 implies
vp((h, W2 f + f'?)) > 0.

Let P = oco. If deg(f) = 2g + 1, then the discriminant is disc(K/k(z))e =
29+ 2 — 2deg(h). If deg(f) = 2g + 2, then in step iii one replaces (f, h) by the pair
((1/2)?972f (1/2)9%1h) and then one has disc(K/k(z))oo < 2(g + 1 — deg(h) +1) =
2g + 2 — 2deg(h). We have equality precisely in the following cases:

i. deg(h) =g+1
ii. deg(h) < g+1 and h2 fogys + f3,11 #0.
This is precisely assumption ivc.
We apply Riemann-Hurwitz (Theorem 2.22) and obtain:

29(K) =2 < —4+ (29 +2 — 2deg(h)) + > _ 2vp(h) deg,,(P)
Plh
= (29 — 2 —2deg(h)) + 2deg(h) =29 — 2.

Hence we have equality precisely if ivb and ivc hold.

The only remaining part is to show that X is in fact normal, which is equivalent
to smooth since k is perfect ([Liu02, Corollary 4.3.33 and Lemma 8.2.21]).

Suppose first that char(k) # 2. On U’ the point (g, yo) is smooth if not both 2y
and f'(zo) = 0 (Jacobi criterion as in [Liu02, Theorem 2.19], and [Liu02, Corollary
2.17]). This is equivalent to iiib. For smoothness on V', we only need to check (0, y{)
and then (2yg, fag+1) should not be zero. If y, = 0, then fa4412 = 0 and hence fa441 is
not zero by degree condition i.
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Assume that char(k) = 2. For this affine chart (over the algebraic closure), a
point (zg,yo) is non-singular iff h(zg) # 0 or ' (x0)?f(w0) + f'(20)? # 0, which is
precisely ivb. For the other chart, we need to check that for (0,y)) we do not have
(hgt1, hgyh + f2g+1) # 0. But if (0,() is on the curve, one has yi + hg119) + f2g+2)-
If hgt1 # 0 this gives us yi# = fagro. Hence if we square the second equation, we see
that in this case hg fog+2 + f229 41 should not be zero, which is exactly ivc. O

Remark 4.7. The above theorem (Theorem 4.6) is very similar to [CFAT06, Theorem
4.122]. Their statement contains an error: in characteristic 2 the point at infinity should
not be singular. Let d € Z>;. Let k be a perfect field of characteristic 2 and consider
the extension L = k(x)[y]/(y® +y + 2?) of k(z). Write d = 2ir with ged(r,2) = 1
(i,7 > 0). Put 2’ = 22" and consider the extension K = k(z)[y]/(y> +y + 2'") of k(z)
inside L. Theorem 4.6 tells us that g(K) = "5 (do a separate calculation for r = 1).
Note that L/K is purely inseparable and hence g(L) = g(K) = 5 (see Proposition
2.14).

4.2. 2-torsion of the Picard group.

Lemma 4.8. Let L/K be a finite Galois extension with group G of function fields
over a field k. Let D € divy(L). Then one has

Conormy, /i o Normp, /i (D) = Z gD.
g€G

PROOF. One can check this statement for each prime of K. The result then follows
from the transitivity in Theorem 3.6 from Chapter 1 and the fundamental equality
(Theorem 3.9 from Chapter 1) O

Theorem 4.9. Let k be a perfect field. Let K be a function field over k with Picg(K) =
0. Let L be a Galois extension of degree 2 with Gal(L/K) = (o). Suppose that oo is a
rational prime of K with the property that there is a unique prime oo’ above it in L
with e(oo’ foo) = 2. Let S = {w € Pri, : e(w/w|k) =2} \ {oo}. Then for any w € S
one has [w — deg, (w)oo'] € Picy(L)[2]. We have a surjective map
¢: FS — PicR(L)[2]
e =+ 10 — deg, (w)o0]
with
_f For (X esew) if char(k) #2
ker(v) = { 0 if char(k) = 2.

PrOOF. We first claim that o acts as —1 on Pic}(L). Let [D] € Pic}(L). Then
one has (Lemma 4.8):

D+o(D) = Conormy, /o NOYmL/K(D)-

As Pic) (K) = 0, there is a € k(x) with (a) = Normyp, /i (D). Hence [D] 4 o[D] =0
and the result follows. Hence a divisor [D] € Pich(L) is killed by 2 iff ¢[D] = [D].

Let w € S. We will prove that [w — deg;(w)oo'] C Pich(L)[2]. Indeed, [w —
degy, (w)oo'] = o[w — degy (w)oo’] = —[w — degy (w)oo'].
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We will now show that 1 is surjective with Hilbert 90.

Let D € div{(L) such that Dy = 0. Assume o[D] = [D]. We claim that there
exists D’ € div}(L) with [D] = [D’] and oD’ = D'. As o[D] = [D], there is h € L*
with 0D — D = (h). This function is unique up to k* (because we have ramification)
and it has no zero or pole at oo’. We make h unique by requiring h(co’) = 1. If we
apply o to our relation, we obtain (h~!) = D — oD = o((h)) = (o(h)). It follows by
uniqueness that o(h) = h~!. Hilbert 90 ([Lan02, Theorem 6.1, Chapter VI]) tells us
that h = %};,) for some h' € L*. Put D' = D + (h'). Then we have

o(D") = D' =0o(D) + (o(h) = D = (1) = (h) + (h~1) =0,

and this proves the first claim.

Since oo’ is fixed under o, any D € divi (L) with o[D] = [D] can be represented
by D' € div}(L) with [D'] = [D] and 0D’ = D'. Let P € Pk . If P splits into Py, P,
then one easily sees that [P; + Py — 2deg,(P)oo’] = 0. If P is inert, with prime P
above it, then [P} — 2deg, (P)oc’] = 0. It then easily follows that v is surjective.

We will now show that v is injective. Suppose f € L* satisfies (f) = (¢(f)). Then
o(f)/f € k* and one obtains o(f) = +f. If char(k) = 2, one gets f € K* and hence
there is no kernel. If char(k) # 2, then it follows f2 € K*. There exists fo € K* with
L = Ky]/(y*— fo). Using Kummer-Theory, one sees that the only relation comes from
[(v/Fo)r] = 0. Since Picl (K) = 0, we may assume that (fo)x = v1+. ..+, —r00 where
V1, ..., Um, 00 are different primes. Hence one sees that L is ramified at vq,...,v,, and
at 0o. Furthermore, these are all the ramified primes by Proposition 7.8 from Chapter
1. Finally, Riemann-Hurwitz (Theorem 2.22) and Proposition 2.21 and the fact that
the divisor of a function has degree 0 show that r is odd. Hence we get the required
relation. O

Remark 4.10. The above theorem, in case char(k) # 2 is finite and K = k(z), has
been obtained in [Cor01]. In this article, one finds the torsion over k and looks at
Galois invariant orbits. In [Bir09] a similar statement is obtained for genus 2 curves.

Remark 4.11. The above statement applies when L is a hyperelliptic function field
and where K = k(z) such that [L : k(z)] = 2.

There are also other function fields with trivial Picard group. For example, the
function field of an elliptic curve with precisely one rational point has trivial Picard

group.






Chapter 3

Images of maps between curves

1. Introduction
1.1. Part 1. A natural question is the following.

Problem 1. Let k be an infinite field and let f € k[z]. Then f induces an evaluation
map fi: k — k. Can it be the case that k\ fx(k) is finite and non-empty?

This question was asked by Philipp Lampe on mathoverflow as Question 6820 in
2009 (see also Question 120175), and it still remains open.
In the first part we solve the problem for certain fields k.

Definition 1.1. A field k is called large if every irreducible k-curve C' with a k-rational
smooth point has infinitely many k-points.

Note that large fields are infinite. For more information on large fields see the
survey [Pop13]. Some examples of large fields are R, Q,, (p prime), [((t)) (where [ is
a field), infinite algebraic extensions of finite fields and any finite extension of such
fields.

Theorem 1.2. Let k be a perfect large field. Let C, D be normal projective curves over
k. Let f: C — D be a finite morphism. Suppose that the induced map fi: C(k) — D(k)
is not surjective. Then one has |D(k) \ fx(C(k))| = |k|.

Corollary 1.3. Let k be a perfect large field. Then the following hold.

i. Let f € k(z) such that the induced map fi: Pr(k) — P (k) is not surjective.
Then one has |P}(k)\ fr(PL(k))| = |k]|.

ii. Let f € k[z] such that the induced map fi: k — k is not surjective. Then
one has |k \ fr(k)| = |k|.

1.2. Part 2. Note that we can apply the above statement when & is an infinite
algebraic extension of a finite field. This case was already conjectured in a talk ‘How
many values a polynomial map misses?’ on the February 8th 2013 by D. Wan at the
University of California Irvine. The conjecture was motivated by the study of the finite
field case (see Chapter 4). In the second part of this chapter we study this specific
case. We can say more about the ‘size’ of k \ f(k) and one can view Theorem 1.2 as
a special case of the following. Let C' be a normal projective curve over an infinite
algebraic extension k of a finite field. We will define the notion of the density of a
subset S C C(k) in Section 4.1. Finite subsets have density 0. Then we have the
following theorem.

61
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Theorem 1.4. Let k be an infinite algebraic extension of a finite field. Let C, D
be normal projective curves over k with D(k) not empty. Let f: C — D be a finite
morphism of such that the corresponding inclusion of function fields has separability
degree ng and let fr: C(k) — D(k) be the induced map. Let i € Z>1 and set

X;={PeD(k): #f,'(P) =i}
and
Xs; ={P e D(k):#f " (P)>i}.
Then X; and X>; have rational densities. Furthermore, the following hold:
i. i>n57:> Xi=X>,=0;

i, d(Xo) =0 = X, =0;
iii. d(XZZ) =0 = XZi = 0.

The idea of the proof of Theorem 1.4 is the following. Our Galois theoretic
approach to valuation theory as in Chapter 1 relates membership of X; to having
certain Frobenius element in a given Galois extension. Finally, one uses a new version
of the Chebotarev density theorem together with the Hasse-Weil theorem to calculate
how many points have a given Frobenius. The proof of Theorem 1.2 follows similar
strategies.

1.3. Part 3. Let us discuss this new Chebotarev density theorem. Let K be a
geometrically irreducible function field over a perfect field £ with procyclic absolute
Galois group with F' € Gal(ksep/k) as a topological generator (see Section 9 from
Chapter 1, also for the definition of symbols like (Q, M/K)). Assume that k is the full
constant field of K. Let M/K be a finite normal extension with automorphism group
G. To an element P € P/, with prime @ above it in M we associate a probability
measure (P, M) on G which for v € G, with conjugacy class T, is defined by

# (@, M/K)NT)
(AN = S QTR
This is indeed well-defined since for a different choice @)’ of a prime above P the
elements (Q, M/K) and (Q', M/K) are conjugate. It is then easy to see that (P, M)
is a probability measure on G. If Ig x = 0, then the distribution is evenly divided over
the whole Frobenius conjugacy class and zero outside.

Let k' be the full constant field of M. Let N = Aut(M/KE'), which is the
geometric Galois group. Note that G/N = Gal(Kk'/K) = Gal(k'/k) = (F), where
F is the image of F under Gal(ksp/k) — Gal(k'/k). If Q| is rational, one has
(Q,M/K) C F C G (Lemma 3.2). We have the following theorem.

Theorem 1.5. Assume that we are in the situation as described in this subsection. Let
v € F and assume that m = ord(v)| ord(Gal(ksep/k)). Let kp, be the unique extension
of degree m of k in some algebraic closure of K containing M. Let F' be the image
of F under the maps Gal(ksep/k) — Gal(kn,/k) = Gal(k,, K/K). Then the following
hold:

i, Aut(ky M/K) = Gal(kn K/K) Xair /1) At (M) 5 (F',7);
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ii. M, = (k:m]w)«F/"Y)> is geometrically irreducible over k and satisfies ky, M., =
kM.

Furthermore, we have a natural map
¢: ,PJIV[W/I@ - Pll{/k
Q— Qlk
with image {P € P}(/k :y € (P,M/K)} such that for P € P}(/k we have #¢~1(P) =
#N - (P, M)(7).

When £k is an infinite algebraic extension of a finite field, one can calculate the
density of {P € P}(/k :v € (P,L/K)}. See Theorem 4.7 for the calculation.

2. Proof of the first theorem
Definition 2.1. Let K be a geometrically irreducible function field over a field £ and
let P € Pj i Let K be an algebraic closure of K. Let M /K be a normal extension

of K inside K with group G = Autg(M). Let k be the algebraic closure of k inside
K. Set ' = Autg (k). Let Q be an extension of P to M. A Frobenius for Q/P is a
continuous morphism I' — G such that that the diagram, where v is the natural map,

-1

Aut(k N M/k) = Aut((M N (RK))/K) = G/N

commutes and such that im(¢)Ig x = Dg, x. The set of all such Frobenius maps is
denoted by Frob(Q/P).

For the next proposition and lemma let assume that M/K is a normal extension
of function fields over a perfect field k inside K. Let G = Autx (M). Let P € P}(/k
with @ above it in M.

Suppose ¢ € Frob(Q/P). We use the notation as in the definition of a Frobenius.
Consider Graph(p) C I'x ¢y G = Gal(kM/K), which is a closed subgroup. Set M? =
(EM)GraPh(#) Note that M¥ /K is a finite extension if M/K is finite. Furthermore,
M¥ is geometrically irreducible over k since k is perfect. Finally, we have kM¥ = kM.

Proposition 2.2. There is ¢ € Frob(Q/P) such that PJ{M/,C is not empty.

PROOF. Let Q be an extension of Q to kM. We have the following exact sequence
(Theorem 3.6 from Chapter 1):

O%IQK%DQKHF%O.

This sequence is split (Theorem 3.8 from Chapter 1). Let ¢o: I' = Dz €T xg/n G
be such a splitting. Note that im(pg) is the graph of a function ¢: I' = Dg k. One
has im(po) I5 , = Dg jc- This gives im(¢) g,k = D,k as required (Theorem 3.6).
The commutativity of the diagram follows since Graph(y) = im(pg) CT' xg/n G.
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We will show Q' = Q|+ € Piw/k‘ By construction we have Dg 5 2 Graph(yp).
Hence we obtain Dg 5/, = Dg , NGal(M/M*?) = Gal(M/M?¥) (Theorem 4.9 from

Chapter 1). Hence Q is the unique prime above Q' in kM (Theorem 3.6 from Chapter
1) and @’ is rational (here we use that k is perfect, see [Sti09, Theorem 3.6.3]). O

Lemma 2.3. Let ¢ € Frob(Q/P). Consider the natural map : levw/k — P}(/k.
Let P € im(y) Nunr(Mg sep/K). Then there is a prime Q of M above P with
DQJ( = 1m(g0)

PROOF. Let Q" be a valuation on kM extending P such that Q' = Q"|y~ €
lew,/k (Proposition 5.2 from Chapter 1). Note that Ig» x = 0. Set Q = Q”|» and
P = Q%K. As @' is rational, the natural injective map

Dgr.x N Graph((p) = Dgqr pme = Aut(k‘Qu/le) — Dor.x = Aut(k)Qn/k)

is surjective (Theorem 3.6 from Chapter 1). Hence we find Dgr x C Graph(yp).
The map Do x — Dpr g =T is surjective (Theorem 3.6 from Chapter 1, [Sti09,
Theorem 3.6.3]). As Graph(yp) is a graph, this shows that Do~ g = Graph(y). We
deduce Dg, x = im(¢) (Theorem 3.6 from Chapter 1). O

PrOOF OF THEOREM 1.2. With the help of Theorem 2.8 from Chapter 2 we see
that equivalently we need to prove the following. Let L/K be a finite extension of
function fields over k. Assume that the induced map fy: Pi /e 73[1( Jk is not surjective.
Show that \P}(/k \ im(fz)| = |k|.

Let M be a finite normal extension of K such that X = Homg (L, M) # (. Assume
pPe ’P]l(/k, P ¢ im(fi). Let @ be an extension of P to M. Let ¢ € Frob(Q/P) with
P}ww/k # ) (Proposition 2.2). Since k is a large field, one has |’P]1VN/,€\ = |k| ([Jarl1l,
Proposition 5.4.3]). Note that we have im(¢) I x = Dg k. As P ¢ im(fi) we conclude
from Corollary 3.18 from Chapter 1 that (Ig x \X)Pex/1ex — ¢ This implies
Xm(¥) = (). Consider the map v: le\w/k — P}(/k. The set im()) Nunr(Mxg sep/K)
has cardinality |k| as well. For P’ € im(¢) N unr(Mg sep/K) there is a prime Q'
of M above P’ with im(¢) = Dgr x (Lemma 2.3). We find XPe'.x = Xm(¥) = ¢,
From Corollary 3.18 from Chapter 1 we conclude that P’ & im(f;). This finishes the
proof. O

PROOF OF COROLLARY 1.3. i: The statement is true if f is constant ([Jarll,
Proposition 5.4.3]). Assume f = % € k(x) is not constant with f1, fo € k[x] coprime.
Without loss of generality we may assume that f; is monic and that deg(f;) >
deg(f2). Let y = f(x) and consider the extension k(x)/k(y). Consider the induced
map Pé(x)/k — Pé(y)/k. Notice first that the minimal polynomial of x over k(y) is

f1(t) — f2(t)y € k(y)[t] of degree n. For a € k we find
Normy, () /k(y) (z — @) = (=1)"(f1(a) — f2(a)y)

Looking at divisors, we see that x — a lies above y — f(a). A similar statement holds
for the point at infinity. We see that the map exactly agrees with fr. Hence the result
follows from Theorem 1.2.
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ii: This follows from i, since the map sends the point at infinity to the point at
infinity. O

3. Chebotarev density theorem

In literature, one often finds the following version of the Chebotarev density
theorem.

Theorem 3.1 (Chebotarev density theorem). Let M/K be a Galois extension of
function fields over a finite field k, of cardinality q, with group G. Assume that the
constant field of M is k. Let C C G be a conjugacy class. Then for each positive
integer n one has

n n/2
4P € unr(M/K) : deg, (P) = n, (P,M/K) = ¢} = 22 | ¢ (q ) .

#G n n
PROOF. See [Ros02, Theorem 9.13B] O

The goal of this section is to prove Theorem 1.5. This is a generalization of the above
theorem for n = 1. Our version does allow non-geometric extensions. Furthermore, in
our statement k is quasi-cyclic field. See Section 9 from Chapter 1 for the definition of
quasi-cyclic fields and the Frobenius formalism. A similar approach can be found in
[FJO05, Section 6.4], but there only a density statement is deduced.

3.1. Proof of our Chebotarev density theorem. Let M/K be a finite normal
extension of function fields over a quasi-cyclic field with (F) = Gal(ksp/k) and
Autg (M) = G. Let r be the order of Gal(ksep/k) (which is a Steinitz number).
Assume that K is geometrically irreducible over k (otherwise enlarge k). Let &' be
the full constant field of M and set h = [k’ : k]. Let N = Gal(M/KFk’), which is the
geometric Galois group. Note that G/N = Gal(Kk'/K) = Gal(k'/k) = (F), where
F is the image of F under Gal(ksep/k) — Gal(k'/k). We call F the global Frobenius
class.

Lemma 3.2. Let Q € Pyr/i- Then the following hold:
i. assume deg,(Q|x) = 1, then (Q,M/K) C F;
ii. consider (Q, M/K) in Dg i /1g Kk, then ord((Q, M/K))|r.

PRrROOF. i. This follows easily from the definitions.
ii. We have Dg i /I, x = Gal(kqg/kq|,) and the result follows. O

Remark 3.3. The above phenomenon is not as weird as it looks. For example, if K
is algebraically closed, the Frobenius element for an unramified prime is always the
trivial element.

Hence in general not all elements of G will be realized as Frobenius elements.

Lemma 3.4. Let v € F with m = ord(y)|r. Let k,, be the unique extension of degree
m of k in some algebraic closure of K containing M. Let F’ be the image of F under
the maps Gal(ksep/k) = Gal(kn/k) =2 Gal(k,,, K/K). Then the following hold:

i AutK(k;mM) = Gal(ka/K) XGal(k'K/K) AutK(M) = (F/,’}/),'

ii. M, = (kmM)«F/”Y» is geometrically irreducible and satisfies ky, My = Kk M.
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Furthermore, there is a map
¢: Par, e = S ={Q € Paryi : degy,(Qlx) = 1, v € (Q, M/K)}
Qs = Q'|

where Q" € Py, m/k, such that for Q € S we have #o Q) = de%@).

PROOF. Note first of all that m =0 (mod #G/N), by looking in the group G/N.
This shows that k,, K " M = k' K. We have the following diagram:

km K / kmM\ M
~_

KK =k, KNM

T

K.

Statement i follows directly. Note that M, Nk,, K = K and hence ii follows. Notice
that [k, M : M,] = m, and hence that k,,M, = k,, M. The natural restriction map
Gal(k,, M/M,) — Gal(k,, K/K) is a bijection.

We claim that the following three statements are equivalent for P' € Py sk

i. v € (P'|\y, M/K) and P’|k is rational;
ii. (F',7) € (P, knzM/K) and P'|k is rational;
iii. P’[pz, is rational.
i <= ii: Notice that (P, k,, M/K) = (P'|x, K, kmK/K) X (P'|pr, M/K) (Lemma 9.4
from Chapter 1, as k,, K/K is unramified). From the rationality of P’|x one obtains
(P, g kmK/K) = F' and the result follows.

Note that we have (P’, k,, M /M) |x,.x = (P'|i,. i, fep K/ K )T P10, /P'11) - (Corol-
lary 9.3 from Chapter 1).

ili = ii: If P'|, is rational, then one has

(P, kM /M) |k, 6 = (P'li i, ki K/ K) = F.

As v and F’ have the same order, we obtain (F',v) € (P, kn,M/M.,). We have a
natural inclusion (P’, k,,, M/M,) C (P', kM /K) since P’|pr, is rational. The result
follows.

i = iii: We have F/ = (P'|.,. i, km M/M.,)3&-(""1112) Note that ii implies that
degy, (P")|m. Hence this can only happen if (F’,~) = (P'|x,, k, kmM/M,). This shows
that P'[y, is rational.

The above equivalences show that we have the map as described. We will calculate
the sizes of the fibers.

For a rational prime P € Py /i there is a unique prime above it in k,, M (since
it is just a constant field extension). Take a prime P’ € Py, such that P’'|x is
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rational with v € (P’|p, M/K). Notice that [k, M : M] = m/h. In the extension

[kmM : M], the residue field grows with a degree m/ deg, (P’) and hence there are

m/ ggg/g(p/) = dcg’fh(P/) primes above it. 0

Lemma 3.5. Let v € F and let T be its conjugacy class in G. Consider the natural
surjective map, where S = {Q € Pk : degp(Qlrx) =1, v € (Q, M/K)},

Y: S =T ={P € Pgy:deg,(P)=1,v€ (P,M/K)}.
Then for P € T with prime Q € S above it we have

___#G
- #D - #Dgx

PROOF. Let @ € S lie above P. Then we have (Q,M/K) = vIg k. For g € G
we have (9Q, M/K) = g(Q,M/K)g~'. So v € (9Q,M/K) iff v € g(Q, M/K)g~*
iff g7'vg € (Q, M/K). Let G, be the stabilizer of v under the conjugation action
of G on itself. Then the number of g € G such that v € (¢Q, M/K) is equal to
#Gy - #((Q M/K)NT) = Z€ . #((Q, M/K)NT).

Furthermore, suppose that for g, ¢’ € G we have gQ = ¢'Q. Then ¢'~'g € Dg k.

This shows that #¢ ' (P) = x5 - # (Q, M/K)NT). O

#U~H(P) -#((Q, M/K)NT).

We can finally prove the new version of the Chebotarev density theorem.

ProOOF OF THEOREM 1.5. The first part directly follows from Lemma 3.4. The
rest of the proof will follow from combining Lemma 3.4 and Lemma 3.5. We follow
the notation from these lemmas. Note that ¢ = o . Let P € T and let Q € ¢~ 1(P).
Note that deg; (@) does not depend on the choice of Q). One has:

#oH(P) =#p oy I(P)

_ deg,(Q) #G .
= AT #Dgx # (@, M/K)NT)

_ #N  degy(Q) - #((Q, M/K)NT)
#I #Do x
_ #N  degy(Q) - #((Q,M/K)NT) #(Q, M/K)
#I #Do,x #(Q, M/K)
=#N - (P,M)(7) - deg,(Q) - #(Q, M/K)

#Dg,x
= #N - (P, M)(7).

Note that for P € P[l(/k \ T we have (P, M)(7) = 0= #¢~'(P).
O

3.2. Finite fields. In case k is finite we have control over the number of rational
points of M, in Theorem 1.5 by Hasse-Weil. This gives us Theorem 3.1 when n = 1.
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Corollary 3.6. Assume that k is finite of cardinality q. Let v € F. Then we have
1

B <P,M><v>—#—N<q+1>|g#iNngMm.
PEPKk/k

PROOF. We apply Theorem 1.5. By Hasse-Weil (Theorem 3.17 from Chapter 2)
we have

{P € Par, i+ degy(P) = 1} — (q + 1)} < 291(M,) /g = 291 (M)/q.
This gives the required result. O

Remark 3.7. Let n € Z>; be given. Using inclusion-exclusion one can prove a formula
for 3" peyr, (P, M)(T') where U,, = {P € Pgy, : degy,(P) =n,y € (P, M/K)} by using
constant field extensions. The reason we do not provide this statement is that the
formula becomes quite messy and that we only need the formula for the case n = 1.

4. Density theorem: infinite algebraic over a finite field

4.1. Density. Let f is a map between curves over a field k. We denote by fi the
map on the k-points.

Let C be a curve over k. Let k' be a subfield of k. A curve C’ over k' together
with an isomorphism C’ Xgpec(xr) Spec(k) — C over Spec(k) is called a form of C' over
k’. We have a natural bijection 7: C(k) — C’(k) coming from

O(k) = HomSpeC(k:) (Spec(k:), c’ XSpec(k’) Spec(k)) = HomSpec(k’)(SpeC(k)a O/)

Let S C C(k). Then we view S as a subset of C’(k) by identifying S with 7(S). Note
that for an intermediate field I of k/k" one has C’(I) C C'(k).

Definition 4.1. Let k be an algebraic extension of a finite field and let C' be a normal
projective curve over k with C(k) # 0. Let S C C(k) and let r € R. Then we say that
the density of S is equal to r if the following hold: for all € > 0 there exists k' C k
with &’ finite and a form C’ of C over k’ with the following property: for all finite
extensions [ D k' with | C k& we have

[#(SNC'(1) —r#C' ()] < e #C'(1).
If S has a density and this density is equal to r, we write d(S) = r.

Lemma 4.2. Let k be an infinite algebraic field extension of a finite field and let C
be a normal projective geometrically irreducible curve over k. Then C(k) is not finite.

ProoOF. This follows directly from Hasse-Weil (Corollary 3.17 from Chapter
2). O

Proposition 4.3. Let k be an algebraic extension of a finite field and let C be a
normal projective curve over k such that C(k) # 0. Let S, T C C(k). Then the following
properties hold:

i. If S has a density, then its value is unique and 0 < d(S) < 1.
il. If S is finite and k is infinite, then d(S) = 0.
iii. If (S\T)U (T \ S) is finite, k is infinite and S has a density, then T has a
density and d(S) = d(T).
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iv. If S and T have densities and S C T, then d(S) < d(T) and T\ S has density
A(T) — d(S).

v. If S and T have densities and SNT =, then d(SUT) = d(S) + d(T).

vi. If S has a density, then so does S¢ = C(k)\ S and d(S¢) =1 —d(S5).

PROOF. i. If C',C" are forms of C over a finite field k’. Then there is a finite
extension [ of " in k one has C” Xgpec(rr) Spec(l) = C” Xgpec(rry Spec(l) over Spec(l)
(use for example Proposition 2.4 from Chapter 2). Hence for the determination of the
density, the choice of a form does not play a role. Fix a form C’ over a finite field &'
Suppose that the density of S is r and r’ and that the inequality holds for a given ¢
and all finite fields containing a field k’. Then there are two cases. If k is finite, one
directly sees that r = /. If k is infinite and if C’(1) # () where [ D £’ is finite, then if
€ < 1/2(r —r")#C"(l) we have a contradiction.

One obviously sees that the density is between 0 and 1.

ii: Note that C(k) is an infinite set (Lemma 4.2). Then obviously the density of S
is 0.

iii: This follows directly since C(k) is an infinite set (Lemma 4.2).

iv, v, vi: Obvious. O

Remark 4.4. Let k be an algebraic field extension of a field k’. Let C be a normal
projective geometrically irreducible curve over k. Let [ be an intermediate extension
of k/k'. Put C; = C Xgpecr) Spec(l). Put K = k(C) and IK = k(Cj). Note that
Ci(I) = C(I) and Ci(l) can be identified with P, (Proposition 2.11 from Chapter 2).
Set A = {I finite over k' : k' C 1 C k}. We have

Ck) = hﬂc(l) = higlpll{l/l-

leA leA

Hence we often study C(k) by looking at the valuations.

4.2. Density theorem. Using limit arguments, we can deduce a density state-
ment for infinite algebraic extensions of finite fields.

Let k be a finite field with Gal(ksep/k) = (F). Note that this group is isomorphic
to Z. Let s € Z such that k s/k is an infinite field extension (see Section 9 from Chapter

1 for the definitions). Then one has Gal(keep/ks) = sZ. Observe that SZ [l,es.Z

where S, = {p : ord,(s) # oo} with ord, is the composition Z — Z, oy Zso U {oo}

Let M/K be a finite normal extension of function fields over ks with group
G = Autg (M). Assume that K is geometrically irreducible over ky. Let k. be the full
constant field of M. Let N = Gal(M/KE.), which is the geometric Galois group. Note
that G/N = Gal(Kk,/K) = Gal(k/ks) = (F®|.).

Lemma 4.5. Let H be a torsion group and let S be a set of primes. Define the
Steinitz numbers ro = Hpes P> andry = Hpgs p>°. Let h € H. Then there are unique
ho,h1 € H with hohy = h = hihg such that ord(ho)|ro and ord(hy)|r1. The map

$H,S: H — Hg = {h € H: ord(h)\ro}
h— hg

is surjective and satisfies x5 © VH,5 = PH,S-
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PRrROOF. First we prove that such a decomposition exists. Write ord(h) = s¢ - 51
with sg|rg and sq|r1. Then there exists integers a, b with asg 4+ bs; = 1. Hence we find

h = hl — haso+bsl _ hb51 . haso.

Then a decomposition of h is given by hg = h’** and h; = h®%°.
We will prove uniqueness. If h = hohy = hihg, then there exists integers a, b such
that aord(hg) + bord(hy) = 1. Hence we obtain

hl—bord(hl) _ hgord(ho) . hi—bord(hﬂ = hy.

It follows that hg, hy € (h). In the cyclic group (h) the result follows easily from the
Chinese remainder theorem.
The properties of ¢p,s follow directly. 0

We will approximate M /K with extensions of function field over a finite fields.

Definition 4.6. A finite approximation of M/K is a triple (m, M,,, K,,) where
m € Z>1, m|s, with K,,, M,,, function fields over k,,, with K,, C M,,, K,, C K and
M,,, C M such that the following hold.

i. If a prime p satisfies p|#G and p € S5, one has ord,(s) = ord,(m).

ii. One has kK, = K and k,M,, = M.

iii. The extension M,,/K,, is Galois and the natural restriction map G =
Gal(M/K) — G' = Gal(M,,,/ K,»,) is an isomorphism;

iv. Let k. respectively k;, be the full constant field of M respectively M,,.
Then the natural map N = Gal(M/Kk) - N’ = Gal(M,,/KE],) is an
isomorphism.

v. The set ’P}{m ko is not empty.

It is not hard to see that such finite approximations exist.
Recall that

F*lp € Gal(k;/ks) = G/N
and we can view F**[;/, the global Frobenius class, as a subset of G.

Theorem 4.7. Let M/K be a finite normal extension with group G of function fields
over ks. Assume that K is geometrically irreducible. Write ord(G) = so - s1 where
sol [[pes, P =1 and s1|[[,gs, p>°. Let a,b € Z with aso + bsy = 1.

Then the map

vas,: G—=Gg, = {g € G :ord(g)] H pw}
PESs

x = b

gives a map

©: Fs|ki - G.
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with image F*|y, N Gg,. Let v € G with conjugacy class T and let T = {P ¢ ”P]l(/k :
v e (P,M/K,s)}. Then d(T) exists and is equal to
#o~ ()
d(T) = ———.
-5

Furthermore, if d(T) is 0, then S is finite.

ProOOF. The description of ¢¢ s, follows from the uniqueness in Lemma 4.5. We
claim that ¢g s, (F®|r) C F*|x,. Take h € F®|, and write it as h = hohy = hihg as
in Lemma 4.5 with S = S,. We reduce modulo N to obtain F5|ké = hoh,. We claim
h1 = 1. Indeed, the order of h; divides #G/N| Hpess p°° and is also coprime to it and
the result follows. We see that hg lies in F5|kg. As pa.s, 0 va.s, = ¥a,s,, it follows
that the image is ["*[rx N G, .

Fix a finite approximation (m, My,, K,,,) of M/K. Let m' € Z>, with mm/|s. We
have an approximation (mm’', My = My kmm:, Kmmy = Kmk;m/). Let k..., be
the full constant field of M,,,, . We have natural isomorphisms G = Gal(M/K) —
Gal(Mpm/ /K pnme) and similarly N = Gal(M/Kk,) — Gal(Mym: / Kmm' ki ). Note
that G/N = Gal(k/,, . /kmm:) > F™ |;, . Let F™ |, C G be its lift to G.
Consider the map mm "

Pm’ - me/ ‘Ic’

mm

g gmn.

—)Fslk;

’

We claim that there is x,,, € Z* with
s

=y -bs1 (mod #G).

mm/
Using the Chinese remainder theorem, it is enough to prove this statement primewise.
Let p be a prime dividing #G. And suppose p ¢ Ss. Then we have > € Zj
(assumption i of finite approximation) and furthermore bs; =1 — asg € Zj, and we
can solve the problem at this prime. If p € S, we have to solve 0 = z - 0 and any unit
will do the job. This gives us an injective map
Yy mellk/ — G.

g— g
We claim that its image lies in /"*[;,, and by counting this will show that 1,,,» induces a
bijection between 1), : Fmm/ |k, — F®|j;. To see that this is true, it suffices to show
that z,» = —2— (mod #G/N). This follows since bs; =1 —aso =1 (mod #G/N).
By construction we have the following commutative diagram:

o, I sy,

|

Fs‘ké.
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As 1, is bijection, this shows that the fibers of ¢,,, and ¢ have the same cardinality.
This shows in particular that

#o (D) _ #op (D)
#N #N
Let us explain the importance of ¢,,,. Put W,,,, = 7711( T Let P € W,,, and

d:

let P’ be the unique prime of P}{/ks above it. Let Q' be a prime above P’ in M and
let @ be its restriction to M,,,, . Assume that P is unramified in M,,,, . Then we
have the equality (Lemma 9.2 from Chapter 1)

Q' M/K,$)|m,,., = em (Q Myt / Ky, rim”))
Since ¢,y maps a conjugacy class to a conjugacy class, we obtain
(P, M/K,$)|um,,,., = ¢m: (P, M [ Ky, M) .
As 73]1\4 K= = lim W (Remark 4.4), this allows us to calculate the Frobe-

—m': mm/|s
nius of primes of Pj, K by working over finite fields.

mm/

Let w be the number of rational prime of K which are ramified in M /K. Notice
that w is at least the number of rational primes of K., which are ramified in
Mt | Ky - We will calculate the density of 7" = T N unr(M/K). This does not
affect the density (Proposition 4.3 iii). Put T, = T' N W,,,. We have

#Tyln/ = #{P S unrl(K’an’/kan/) : (Pa Mmm’/Kan’) g SO;L} (F)}

= Z Z (P, Mim)(9)-

g€ /(F) Peunr! (Knlm’/k'mm’)

Note that gx (M) = grr  (Myme) and gy, (K) = gy,

from Chapter 2). Set

, (K mm) (Proposition 2.14

m! mm/

C+ m/ = #kmm’ +1+£ 2916’g (M) #kmm’

and

et mt = Fkmm' + 1 £ 205, (K)/ #kmm -
Corollary 3.6 gives us:
d o —w<#T), <d-cym.
Note that e_ ,,y < #W, < eq s by Hasse-Weil (Corollary 3.17 from Chapter 2).
Hence we obtain

/
Com —W #T, “d. C—hm’.

d-
€+ m! - #Wm’ - €_ m/

As m/ goes to infinity, c‘e:” jw and + =~ go to 1. We obtain that d(T) = d(T") = d.
Suppose that d(T') = 0. Then it follows that v € im(py,) = {g € F*|, : ord(g)|r}.
Lemma 3.2 shows that all elements of T" are ramified in M /K. This shows that T is

finite.

O
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5. Proof of second theorem

Lemma 5.1. Let H, H' be finite abelian groups and let ¢: H — H' be a morphism
of groups. Then there exists n € Z>1 such that for all h € H we have ¢(h™) = @(h)
and such that ord(h™) consists only of primes occurring in #H’.

PROOF. Write #H = ny - no where ny consists of primes dividing #H’ and
ny consists of other primes. As (n1#H’,n2) = 1, there are integers a,b € Z with
ani1#H' + bny = 1. Choose n = bny. For h € H we have

p(h") = p(h)""2 = p(h)' —om#H = o(h)
and
(k™)™ = hPmm2 = 1.
O

Theorem 5.2. Let k be an infinite algebraic extension of a finite field. Define the set
of primes S by Gal(ksep/k) = [[,c5 Zp- Let L 2 K be a finite extension of function
fields over k with separability degree ns. Let fy, Pi/k — P}(/k be the natural restriction
map. Assume that Pll(/k is not empty. Let M be a finite normal extension of K with
group G = Autg (M) such that the G-set X = Homg (L, M) is not empty. Let k' be
the full constant field of M and let N = Gal(M/KFE').

Write ord(G) = s - s1 where so| [[,e5p> =1 and s1[[[,g5p> = 1. Let a,b € Z
with asg + bsy = 1.

Pick a generator F C G of G/N and consider the map

p: F—{geF:ord(g)r} CG
g g
Leti € Z>1 and set
Xi ={P € Pl : #f; ' (P) = i}.
Set T, ={g € G: #X9 =1i}. Then X; has a density and it is equal to
#eo '(T3)
d(X;) = N
Furthermore, the following hold:
i.i>ng = Xi:XZiZQ;
ii. d(Xp)=0 = X, =10;
iii. d(XZi) =0 = XZi = (Z)

PrOOF. Make k into a quasi-cyclic field such that it maps the generator under
Gal(ksep/k) — Gal(G/N) to F (we suppress the choice of the generator later). Note
that 7T; is a union of conjugacy classes. Proposition 9.7 from Chapter 1 and Theorem
4.7 give us the values of d(X;).

i: Follows from Theorem 3.9 from Chapter 1 and Theorem 5.6 from Chapter 1.

ii. Let P € Xy. Let P” be a prime of M above P. It follows that (P”, M/K) C T
(Proposition 9.7 from Chapter 1). Lemma 5.1 show that there is h € (P, M/K)
with Ord(h)|’l” (1001{ at the map Dp//7K — DP”,K /IP”,K and note #DP”,K/IP”,K |T)
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Then the set of unramified rational primes with A in the Frobenius has a positive
density (Theorem 4.7). Proposition 9.7 from Chapter 1 implies that X, has a positive
density.

iii. Let P € X>;. Let P” be a prime above P in M. From Proposition 9.7 from
Chapter 1 it follows that there is g € (P”, M/K) with #X9 > i. From Lemma 5.1 it
follows that there is a power of g, say h, with h € (P”, M/K) with ord(h)|r. Notice
that #X" > #X9 > i. Theorem 4.7 give the result. (|

Proor oF THEOREM 1.4. This follows from Theorem 5.2 in combination with
Proposition 4.3v and the link between function fields and curves (Theorem 2.8 from
Chapter 2). O

6. Examples of density calculations and lower bounds
6.1. Lower bounds for densities.

Lemma 6.1. Let G be a finite group acting on a finite non-empty set X of cardinality
d. Let N be a normal subgroup of G such that N acts transitively on X. Assume that
G/N s cyclic with generator ¢. Then we have:

L{oep: X7=0}=0 < Voep: #X7 =1;

i. {o€ep: X =0}#0 < #{ocp: X7 =0} > %L

PRrROOF. Consider the polynomial ¢ = (z — 1)(x — d) € R[z]. Then we have
g(0) = d and g(z) <0 for z € [1,d]. Put x(0) = #X°. Lemma 9.6 from Chapter 1
gives

d-#{oc€p: X7 =0} > ZQ(X(U))

[ S1%)
=Y X(0)? = (d+1) Y x(0) + d#e

= #@#(N\(X X X))G/N Th ((d+ 1)#(N\X)G/N - d)

= o #(N\(X x X))V — #o
= #@ - #(N\ (X x X)\A(X)))9/N > 0.

From Lemma 9.6 from Chapter 1 we obtain

H(N\ (X x X)NA(X)) SN = #LN DOH X X XNAX))?
oy

If there is 7 € ¢ with x(7) > 2, say with fixed points z,y € X, we see that (z,y) €
(X x X)\A(X))" and we obtain #(N\ ((X x X)\A(X))E/N >0

i: The implication from right to left is trivial. Consider the other implication. If
{oc € p: X7 =0} =0, then from the above we see that for all & € ¢ we have x(o) < 2.
We conclude that x (o) =1 for all o € .

ii: The implications from right to left is trivial. Consider the other implication. If
there is 7 € ¢ with x(7) > 2, then by the above we find

d-#{o€p: X7 =0} > #op.
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Suppose that for all o € ¢ we have x(0) < 1. We then have (Lemma 9.6 from Chapter
1)
1

1=#(N\X)/N = N "4x7 <1,
W)Y = e S
since there are elements without a fixed point. Contradiction. g

Proposition 6.2. Let k be an infinite algebraic extension of a finite field. Let S be the
set of primes such that Gal(ksep/k) = [],cq Zp. Let L/K be an extension of function
fields over k. Assume that K is geometrically irreducible. Assume that #G)| Hpespoo.
Define Xo and X1 as in Theorem 5.2. Then we have:

i if d(Xo) > 0, then d(Xo) > gy

PRroOF. If L/K is not geometric, then d(Xy) = 1 and the results follow.

Assume that L/K is geometric. Take the notation from Theorem 5.2. The map ¢
is a bijection. Note that IV acts transitively on X since L is geometrically irreducible.
The result follows from Lemma 6.1. 0

6.2. Examples. Let k£ be an infinite algebraic extension of a finite field and
define S by Gal(ksep/k) = [[,c5 Zp- Let L/K be a separable extension of function
fields over a finite field k of degree n. Assume that P}(/k # (). Let M be the Galois
closure of L/K and assume that G = Gal(M/K) 2 S,, of order n!. Let k' be the full
constant field of M and let N = Gal(M/KFk'). We calculate the densities of the X;
using Theorem 5.2.

Assume that n = 3. Assume first that G = N.

SN{2,3} | t st pa,s = (9 g") | d(Xo) | d(X1) | d(X2) | d(X3)
0 0 0 0 0 1
{2} 3 0 i 0 é
{3} —2 i 0 0 z
{2,3} 1 % 3 0 g

The only non-trivial normal subgroup of S5 with cyclic quotient is Az. Assume
that G = S3, N = A3. Then we have 2 € S and we obtain the following
SN{2,3} | tst. pas=(g—g¢") | d(Xo) | d(X1) | d(X2) | d(X3)
{2} 3 0 0 0 1
{2,3} 1 2 0 0 3.
Assume that n = 4. Assume first that G = N. We have the following table:
SN{2,3} | tst. a5 = (9 g¢") | dXo) | d(X1) | d(X2) | d(X3) | d(Xa)

0 0 0 0 0 0 1
{2} 9 3 0 1 0 %
{3} 4 0 % 0 0 2

{2,3} 1 3 3 i 0 2

The only non-trivial normal subgroup of S; with cyclic quotient is A4. Assume that
G =854, N = A4 Then we have 2 € S and we obtain the following table:
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{2,3} 1 0 0

Remark 6.3. One can approximate densities of the various X; and obtain information
about the Galois group.

SN{2:3) | tstpas = (g o) | d(X0) | d(X) | d(X) | d(X) | d(Xs)
i 0.

23 9 : o |0

I NI

Remark 6.4. Proposition 6.2 is false if #G ¢t Hpes p>°. That ii is not true already
follows from the above example calculations. Let k£ be an infinite extension of a finite
field and define S by Gal(ksep/k) = ¢ 5 Zp- Assume furthermore that 2,3 € S and
that 5 ¢ S. Let L/K be a separable extension of function fields over k of degree 5. Let
M be a Galois closure of L/K. Assume that [L : K| =5, Gal(M/K) = S5 and that
M is geometric over k. As —1-24+5-5 = 1, we conclude that we have to consider the
map S5 — S5, x — 22° in Theorem 5.2. Note that T, consists of the conjugacy classes
of (12)(345) and (12345). It is not hard to see that the preimage of T} is precisely the

conjugacy class (12)(345) of cardinality 20. Hence we find d(Xo) = 2% = ¢ < 1.
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Polynomial maps on vectors spaces over a finite field

1. Introduction

The main result of [MWW12] is the following theorem.

Theorem 1.1. Let | be a finite field of cardinality q and let n be in Z>,. Let
fis-ooy fn €l[z1, ..., 2,] not all constant and consider the map f = (f1,..., fn): 1" —
™. Set deg(f) = max; deg(f;). Assume that 1™\ f(I"™) is not empty. Then we have

|1\ f£(I")| > min {m,q}.

We refer to MW W12] for a nice introduction to this problem including references
and historical remarks. The proof in [MWW12] relies on p-adic liftings of such
polynomial maps. We give a proof of a stronger statement using different techniques.

Theorem 1.2. Under the assumptions of Theorem 1.1 we have

sz B

We deduce the result from the case n = 1 by putting a field structure k on {"™ and
relate the k-degree and the [-degree. We prove the result n = 1 in a similar way as in
[Tur95].

2. Degrees

Let [ be a finite field of cardinality ¢ and let V' be a finite dimensional [-vector
space. By V¥ = Hom(V,[) we denote the dual of V. Let vy,...,vs be a basis of V.
By z1,...,xz5 we denote its dual basis in V'V, that is, a; is the map which sends
vj to d;;. Denote by Sym;(V") the symmetric algebra of V' over [. We have an
isomorphism [[z1, ..., 2] — Sym,(V") mapping z; to x;. Note that Map(V,1) =1V
is a commutative ring under the coordinate wise addition and multiplication and it
is a [-algebra. The linear map V'V — Map(V, 1) induces by the universal property of
Sym; (V") a ring morphism ¢: Sym;(V") — Map(V,l). When choosing a basis, we
have the following commutative diagram, where the second horizontal map is the
evaluation map and the vertical maps are the natural isomorphisms:

Sym(VV) LN Map(V, 1)

T T

lz, ..., x5 —— Map(I™,1).

(s
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Lemma 2.1. The map ¢ is surjective. After a choice of a basis as above the kernel is
equal to (x —x; :i=1,...,f) and every f € Map(V,l) has a unique representative
Zm:(mlw’mn): 0<m;<q1 Cmx]t e with ¢, € 1.
PROOF. After choosing a basis, we just consider the map
lzy,...,z¢] = Map(I",1).

For ¢ = (c1,...,cp) € 1/ set

fo=T]0 = (@i =)
For ¢/ € I/ we have f.(¢') = 6.. With these building blocks one easily shows that ¢
is surjective.

For i € {1,2,..., f} the element x! — z; is in the kernel of ¢. This shows that
modulo the kernel any g € l[z1,...,2¢] has a representative

f= E eyt

m=(mi,...;m): 0<m;<g—1

The set of such elements has cardinality ¢? . As # Map(V,1) = ¢?", we see that the
kernel is (] —x; : i = 1,...,r). Furthermore, any element has a unique representative
as described above. g

Note that Sym,;(VV) is a graded I-algebra where we say that 0 has degree —oo.

For f € Map(V,1) we set
deg;(f) = min (deg(g) : ¥(g) = f) .

Note that deg;(f1 + f2) < max(deg;(f1),deg;(f2)), with equality if the degrees are
different. In practice, if f € {[x1,...,2z,], then deg;(f) is calculated as follows: for
all ¢ replace ! by z; until deg, (f) < g. Then the degree is the total degree of the
remaining polynomial.

Let W be a finite dimensional I-vector space. Then we have Map(V, W) = W ®,
Map(V,1). For f € Map(V, W) we set

deg;(f) = max (deg,(go f) : g € WY).

If g1,...,9n is a basis of WV, then deg;(f) = max (deg;(g; o f):¢=1,...,n). This
follows from the identity deg; (", c;g;) < max(deg;(g;)) for ¢; € I. Note that the degree
is bounded above by (¢ — 1) - dim; (V).

For i € Z>o and a subset S of Sym; (V") we set

Si = Spany(s1 -...-5;:8; € S) € Sym, (V).
Lemma 2.2. Let f € Map(V,W). For i € Z>o one has: degy < i <= f €
W, (I+VV)L.

PROOF. Suppose first that W = [. The proof comes down to showing the following
identity for ¢ € Z>:

I+ VY4 4+ (V) =1+ V)

The general case follows easily. 0
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3. Relations between degrees

Let k be a finite field and let [ be a subfield of cardinality ¢q. Set h = [k : I]. Let
V and W be finite dimension k-vector spaces. Let f € Map(V, W). In this section we
will describe the relation between the k-degree and the [-degree.

Let us first assume that W = k. Let vy,...,v, be a basis of V over k. Let
R = k[zq,... ,xr]/(zgh —T1,... ,a:ﬂh — z,). We have the following diagram where
all morphisms are ring morphisms. Here v is the map discussed before, 7 is the
natural isomorphism, @ is the isomorphism discussed before, and o is the isomorphism,
depending on the basis, discussed above.

k @, Map(V, 1) 4 Map(V; k)
«4 }D
k @ Sym, (Hom, (V, 1)) Symy,(Homg (V, k))/ ker(p) — R.

Consider the ring morphism p = oo ! o7 o04: k ®; Sym;(Hom;(V,1)) — R. Lemma
2.2 suggest that to compare degrees, we need to find

plk @1 (1 + Homy(V,1)).
The following lemma says that it is enough to find k + k& ®; Hom,;(V, ).
Lemma 3.1. For i € Z>, we have the following equality in k ®; Sym,(V):
k @y (I + Homy(V, )i = (k + k ®; Homy(V, 1)L .

PROOF. Both are k-vector spaces and the inclusions are not hard to see. O

The following lemma identifies k 4+ k ®; Hom, (V).
Lemma 3.2. One has

p(k + k ®; Hom;(V,1)) = Span, ({:c?s 1<j<r, 0<s<h}U {1}) .

PRrOOF. Note that 7o¢(k+k®; Hom;(V,1)) = k ®Hom,(V, k) C Map(V, k). Note
that

o1 (Spank ({x;l 1<j<r 0<s< h})) C Homy (V, k).
As both sets have dimension dim; (V') = r - h over k, the result follows. O

For m,n € Z>1 we set sp,(n) to be the sum of the digits of n in base m.

Lemma 3.3. Let m € Z>y and n,n’ € Z>q. Then the following hold:

i smn+n) <spm(n)+ sm(n');
ii. Supposen=7>", e;m?, ¢; > 0. Then we have Y € > sm(n) with equality iff
for all i we have ¢; < m.

PROOF. i. This is well-known and left to the reader.
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ii. We give a proof by induction on n. For n = 0 the result is correct. Suppose first
that n = c¢sm® and assume that ¢ > m. Then we have n = (¢s — m)m® + m*tl. By
induction and i we have

Ce > Cs —m+ 12> s,((cs —m)m®) + sy (m* ) > 5, (csm®).

In general, using i, we find
Zci > Zsm(cimi) > $m(n).

Also, one easily sees that one has equality iff all ¢; are smaller than m. 0

Proposition 3.4. Let f € k[z1,...,x,] nonzero with the degree in all x; of all the
monomials less than q". Write f = Zs:(sl.... s0) csxit -, Then the l-degree of

771 oB(f) € k@ Map(V,1) is equal to
max{sq(s1) + ...+ 54(s87) : s =(51,...,87) s.t. cs #0}.

PROOF. Put g =7"'op oo !(f). From Lemma 2.2, Lemma 3.1 and Lemma 3.2
we obtain the following. Let ¢ € Z>¢. Then deg;(g) < 7 iff

g € plk @y (I + Homy(V,1));) = p((k + k @ Homy(V,1));,)

s i
:(Spank({x;? :1§j§r,0§s<h}l_l{1}>)k.
The result follows from Lemma 3.3. O

The case for a general W just follows by decomposing W into a direct sum of
copies of k£ and then taking the maximum of the corresponding degrees.

4. Proof of main theorem

Lemma 4.1. Let m,q,h € Z~o and suppose that ¢" — 1|m. Then we have: sy(m) >
hig—1).

PrOOF. We do a proof by induction on m.

Suppose that m < ¢". Then m = ¢" — 1 and we have s,(m) = h(q — 1).

Suppose m > ¢". Write m = moq™ +m with 0 < m; < ¢" and my > 1. We claim
that ¢" — 1|mg + m1. Note that mg +m; = meq" +m; =0 (mod ¢" — 1). Then by
induction we find

sq(m) = sq(mo) + sq(m1) = sq(mo +m1) > h(g —1).
O

Lemma 4.2. Let k be a finite field of cardinality ¢'. Let R = k[X, : a € k] and
consider the action of k* on R given by

k™ — Autk_alg(R)
e (X Xea)-

Let F € R fized by the action of k* with F(0,...,0) =0 and such that the degree of
no monomial of F is a multiple of ¢ — 1. Then for w = (a)q € k* we have F(w) = 0.
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PrOOF. We may assume that F is homogeneous with d = deg(F") which is not a
multiple of ¢’ — 1. Take A € k* a generator of the cyclic group. As F is fixed by k* we
find:

F(w) = F(Ow) = X F(w).
As A #£ 1, we have F(w) = 0 and the result follows. O

Finally we can state and prove a stronger version of Theorem 1.2.

Theorem 4.3. Let k be a finite field. Let | C k be a subfield with [k : 1] = h and let
V' be a finite dimensional k-vector space. Let f € Map(V, V) be a non-constant and
non-surjective map. Then f misses at least

dimg(V) -h- (#1—1)
deg;(f)

values.

PROOF. Set #l = q. Put a k-linear multiplication on V such that it becomes a
field. This allows us reduce to the case where V = k. Assume V = k. After shifting we
may assume f(0) = 0. Put an ordering < on k. In k[T we have

[Ta- s _1—Zf )T+ fla) —...:ZaiTi.

ack a<b

For 1 <i < Zég;(}% we claim that a; = 0. Put fy € k[z] a polynomial of degree

at most ¢ — 1 inducing f: k — k. Consider ¢g; = [l <. <a, fo(Xay) -+ fo(Xq,) in
k[X, : a € k], which is fixed by k*. We have a map

©: k[X, : a € k] — Map(k*, k).

Proposition 3.4 gives us that deg;(p(g;)) = ideg;(f) < h(g — 1). We claim that there
is no monomial in g; with degree a multiple of ¢" — 1. Indeed, suppose that there is a
monomial cX!--- X7 (¢ # 0) in g; (note that not all 7; are zero) and suppose that
" —1] >; 7i- Then by Lemma 4.1 and Proposition 3.4 we have

hla—1) < 5y(3o75) €D s4(ry) < i+ degy(f) < h(g = 1),
J J
contradiction. Hence we can apply Lemma 4.2 to conclude that a; = 0.
Hence we conclude

[[0-f@1) =1 (mod TT#71),

ack

Similarly, for the identity function of I-degree 1, we conclude

h(g—1)
H(l —al)=1 (mod T(dcg,(fﬂ).
ack
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Combining this gives:

Haek(l - GT)
1—aT)= =2 -~
aeg(k)( ) [Toepx) (1 = 0T)

H ek(l — aT) [h,(q—l)‘l
== " | |(1-f(c)T) (mod T &)
[Toe (1 —0T) H

cek
H (l_bT)#fil(b)*l (mod Tr% )
bef(k)

Note that the polynomials [T, s\ pe)(1 — ') and []pc (1 — bT)#/ (=1 have

degree bounded by s = k\ f(k) and are different since s > 1. But this implies that
h(g—1) O
= deg,(f)"

Remark 4.4. Different [ in Theorem 4.3 may give different lower bounds.

5. Examples
In this section we will give examples which meet the bound from Theorem 1.2.

Example 5.1 (n = deg(f)). Let I be a finite field of cardinality ¢. In this example
we will show that for n,d € Z>o there are functions fi,..., f, € l[z1,...,2,] such
that the maximum of the degrees is equal to d such that the induced map f: " — ™
satisfies |I™\ f(I")] = % =q—1.Fori=1,...,n—1set f; = x;. Let I,,_1 be the
unique extension of [ of degree n — 1. Let v1,...,v,—1 be a basis of [,,_; over [. Then
g = Norm;,_ /i(1v1 + ...+ 2y _10,_1) is a homogeneous polynomial of degree n — 1
in zy,...,2,_1. Put f, =z, - g. As the norm of a nonzero element is nonzero, one
easily sees that {™ \ f(I") = {0} x ...{0} x {* has cardinality ¢ — 1.

Example 5.2 (n = %({)). Let [ be a finite field and let n € Z>;. Let fi,..., fn €
l[z1,...,2y,] such that the combined map f: "™ — " satisfies [I" \ f(I")| =1 (Lemma
2.1). From Theorem 1.2 and the upper bound n(g — 1) for the degree we deduce that
deg(f) = nl(g = 1).



Chapter 5

Subset sum problem

In this chapter we will give an application of character theory of finite abelian
groups. This chapter has been published ([Kos13]). We have kept the article in its
original form. This should make it readable without having read any other part of this
thesis.

1. Introduction

In this article we fix an additively written finite abelian group G of size n. For a subset
D CG,geGandi€Z>p we put

N(Dig) = #{SCD:#S =i, Y s =g},

seS

the number of subsets of D of size ¢ which sum up to g. Calculating these N(D, i, g)
in general is a hard problem, which comes up in coding theory and cryptography (see
[LWO08] and [LW12] for references).

In the case that D has more structure, one can sometimes find explicit formulas
for the numbers N (D, i,g). In this article, we will first prove and slightly improve an
explicit formula for N(G, 1, g), due to Li and Wan in [LWO08| and [LW12]. Before we
can state the theorem, we need a bit of notation.

We let exp(G) be the exponent of G. For g € G we define

e(g) = max{d : d|exp(G), g € dG}.

For an integer d let G[d] = {h € G : dh = 0}, the d-torsion of G. We let u be the
Mobius function.

Theorem 1.1. Let G be an abelian group of sizen andletg € G, 1 € Z with0 <1 < n.
Then we have:

N(G,i,g):% 3 (1)””/8(?//88) S u(3)#ala),

s| ged(exp(G),i) d| ged(e(g),s)

The above theorem slightly improves [LW12, Theorem 1.1]. The main difference
between this article and [LW12] is the way one proves this formula. In [LW12], the
authors use a sieving technique, whereas our proof is based on the use of character
theory of finite abelian groups.

From the above formula it is not obvious to see if N(G,i,g) > 0. We have the
following theorem.

83
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Theorem 1.2. Let G be an abelian group of size n and let i € Z with 0 < i < n.
Then N(G,i,g) = 0 if and only if one of the following holds:
i. =0 and g #0;
ii. i=2, exp(G) =2 and g = 0;
iii. i=n—22>2, exp(G) =2 and g = 0;
iv.i=nand g# 3 cap -

We will also prove a formula for N(G \ {0}, 4, ¢). This simplifies to the formula in
[LWO08, Theorem 1.2] if the exponent of G is prime.

Theorem 1.3. Let G be an abelian group of size n and let g € G, i € Z with
0<i<n-—1. Then we have:

NG\ O =2 3 o (M) ST (e

5] exp(G) Li/5) ] 4 geiimeton

2. Proofs of the theorems

Let G be a finite abelian group of size n. We put G = Hom(G, C*), the group of
characters of G, and we denote its unit element by 1. This is a finite abelian group
which is isomorphic to G. A good reference for character theory of finite abelian
groups is [Ser73, Chapter 6.1]. We can extend a character x to a C-algebra morphism
x: C[G] — C on the group ring C[G]. For a character x we put Y for the conjugate
character, which for all g € G satisfies X(g) = x(g9) = x(—9)-

Lemma 2.1. Let a =3 ;g9 € C[G]. Then we have ag = %eré X(9)x ().
Proor. This follows from [Ser73, Chapter 6, corollary to Proposition 4]. g

Lemma 2.2. Let m € Z>1 and g € G. Then the following holds:

_J#G[m] ifgemG
xeG‘:XX:Mﬂ = {O if g € mG.

PROOF. If x™ = 1, we know that the character factors through G/mG. A character
on G/mG induces such a character on G. The rest follows from [Ser73, Chapter 6,
Proposition 4]. O

Lemma 2.3. Let x € G be a character and m its order. Then we have

[[ @—x)y)=a-ymm

oelG

PROOF. For an m-th root of unity ¢,, € C the identity [[/" (1—¢.,Y) =1-Y™
holds. We consider n/m of such products. O

Lemma 2.4. Let g € G. The number e(g) is equal to lem{d : d|exp(G), g € dG}.
For d| exp(G) we have g € dG if and only if dle(g).
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PRrROOF. For the first statement, notice that if g = d1g1 = dago with g1, 92 € G and
dy,dy € Z with ged(dy, d2) = 1, then there are integers ny,ny with 1 = nid; + nads.
Hence we have

g = (n1dy + nadz)g = dida(n192 + n2g1)-
The second statement then follows directly. (|

We will now prove the main theorem.

PROOF OF THEOREM 1.1. We make the following observation:

Y Y N(Gig)gX' = [[ (1 +0X) € C[GI[X].

i=0 geG oceG
Fix g € G. Lemma 2.1 and the substitution ¥ = —X give
- . il
Y NG g)(=Y) == x(9) [T 0 —x(@)Y).
i=0 el oceG
Define f: Z>¢o — C by
foy = > Xo=> > X
x€G: x°=1 d|s xe@: ord(x)=d

By Lemma 2.2 we have f(s) = dges¢#G]s]. Using the M6bius inversion formula we
find for s € Z>q

Z X(9) = ZH(S/d)5gedG#G[d]~
x€G: ord(x)=s dls
Assume that s|exp(G). As g € sG if and only if s|e(g) by Lemma 2.4, we find
Yoo o xl9= D> uls/d#Gd].
X€G: ord(x)=s d| ged(s,e(g))

Using Lemma 2.3 and the previous calculation, we obtain

@ Y NG =2 Y Y @ [[0-xey)

slexp(G) xeG:ord(x)=s oeG
LY ussamclan - vy,
5| exp(G) d| ged(s,e(9))
We single out N(G,1i,g) and get:
; ) 1 i/ [T/
CONGig =1 Y S el (1))

s| ged(exp(G),i) d| ged(s,e(g))

3=

Hence we find
1 L
NGig =t S Com (M) usdcl,
i
5| ged(exp(G),i) d| ged(s,e(g))
This finishes the proof of Theorem 1.1.
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O

PRrROOF OF THEOREM 1.3. We have the following identity:

n—1
DD NG {0} 99X = [[ (1+0X)eCG]X].
i=0 geG ceG,0#£0
As all characters have value 1 on 0, we deduce the next result from Equation (2) by
dividing by 1 — Y
n—1

Y NG\ {0}ig)(-Y) =

=0

1 s ,
- > S u(s/D#FGUE(L YT Y 4 Y,
sl exp(G) d| ged(s,e(9))

Comparing the coefficients gives the result. O
We will now independently prove Theorem 1.2.

PROOF OF THEOREM 1.2. Let g € G and 0 < i < n.If i € {0,1}, then the result
is obvious. If ¢ = 2, then any nonzero element g can be written as g = g + 0, and 0
cannot be written as the sum of two distinct elements if and only if exp(G) = 2.

By considering complements we obtain

N(G,i,g) =N(Gn—i,Y h—g)=N(Gmn—i, Y h—g)
heaq heG[2)
Note that if exp(G) = 2 and #G > 4, that >, _,h = 0. This handles the case
i =mn— 2> 4. From now on assume that ¢ < %

Assume that i > 3. Take a subset S’ C G of size i —3 and set r = >, _ g h. If n is
even, take s € G\ S’ such that g — r — s ¢ 2G; such an s exists because [G : 2G] > 2
and #(G\S') > 5 +3 > 5. If nis odd, take s € G\ . Let T = G\ (S’ U {s}).
There are at least 4 elements in (g —r — s —T) NT and hence there are ¢,t' € T with
t=g—r—s—t.Ift=1t"and n is even, then g — r — s € 2G, a contradiction. If n is
odd, then there is at most one ¢t with 2t = g — r — s. Hence we can write g as a sum of
1 distinct elements. O



Chapter 6

Shape parameter and some applications

1. Introduction

This chapter contains some prerequisites for the next chapter. Throughout this
chapter let G be a finite abelian group, written multiplicatively.

Let C[G| be the group ring of G over C. For x € G¥Y = Hom(G,C*) and
f=24ec ¢ € C[G] where ¢; € C we set

Fo=coxlg™):

g€eG

For a subset S C G we set C[S] = {}_ ,.gcs5 : ¢ € C} C C[G], which is a
C-vector space. Let xo be the identity element of GV. We define the shape parameter
of S, which we denote by shg(5), as follows:

#S . ZXGGV |fX‘
he(S) = 7722 f EXEGT X
sha () #G fEC[é'I]ltfxﬁfO | Fxol

In the first part of this chapter, we discuss some algebraic and analytic properties
of the shape parameter. For example, #S > shg(S) > 1 with shg(S) =1 if and only
if S is a coset of a subgroup (Proposition 3.3). We also give a large class of subsets
with shape bounded by 2 (Lemma 3.6). These subsets are called ‘intervals’ and will be
used in the next chapter to obtain generators of a certain Picard group. Intuitively
a subset should have a small parameter if and only if it has a lot of structure with
respect to the group structure.

In the last part, we discuss two applications of the shape parameter, which
introduce the techniques used in the next chapter (Proposition 4.2 and Proposition
4.9).

Theorem 1.1. Let k be a finite field of cardinality q. Let S C k be nonempty with
VG- shy+ (S) < #S. Then SNE* generates k* multiplicatively.

Theorem 1.2. Let k be a finite field of cardinality q. Let D = {l prime:l|q —1}. Let
S C k be a subset such that

#S > /q-2%P shy+ (S).

Then S contains a primitive root of k*.
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2. Fourier transform

Let G¥ = Hom(G, C*) be the character group of G. We denote its unit element
by xo. For x € GV we denote by ¥ € G the character which for all g € G satisfies

X(g) =x(g7") = x(g)~"
Let C|G] denote the group ring of G over C. This ring has an involution ~defined
by

= C[G] — C[G]
Z Cgg Z @g_l.
geG geG

As C[G] is a finite C-algebra, we have a natural trace map trciq)/c: C[G] — C. More
explicitly, we have

trC[G]/C(Z cgg) = #G - ;.
geG
Fora =3 ;ce9 € C[G] we set
la]* = treqe/c(a@) = #G - |eg|*.
geG

Endow C¢ with the structure of a C-algebra where the multiplication and
oy . . . . — v Vv
addition are componentwise. We have a ring involution > C%" — C%" (¢y)yeqv —
(ex)xecv. The trace map trgev o C%" — C satisfies

trCGV/C( CX XGGV Z Cyx
XEGY
Similarly, for b = (¢, )yeqv we set
bI* = trgev o (8B) = D lexl”
XEGY
We have an identification of sets GV = Homc_,1¢(C[G], C) given by

X= | D= Y cex(g)

geG geG
For f € C[G] and x € G we define
fxzzy(f)
Lemma 2.1. For x € GV and h € G one has
L if X # Xo
DX =9y e
QEG # ZfX - XO

and

L o ifn#
2 X(h)_{#a ifh=1.
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PROOF. For the first statement, the case x = xo is obvious. If x # xg, then
take g € G with x(g) # 1. For the sum S on the left one has x(g)S = S. Hence

S = 0. The second statement follows from the first one from the canonical isomorphism
(GV) =G. O

With these conventions and definitions we can state the following Fourier transform
statement.

Proposition 2.2 (Fourier transform). The map
Fg: C[G] — €
[ (Fxeav
s an isomorphism of C-algebras. Its inverse is given by

(ex)xeav) = # S Y coxo)s

geG xeGY
One has:

i. For a morphism s: G — H of finite abelian groups we have a natural com-
mutative diagram of C-algebras

Clq] — o

C[H] % i

where

S ( > ng) =Y cqs(g)

eG geG

Q

and
S ((CX)XEGV) = (CTOS)TEHV .

Furthermore, we have the following commutative diagram of C-vector

spaces

C[H] _Fr | cHY

[ ]

ClG] —— ¢¢

where
s*( Z chh) = Z Cs(g)9d

heH geG

and

s*((cr)remv) = %( Z CT)XeGV'

TEHY: Tos=x
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ii. If G =Gy x Ga, then we have a commutative diagram of C-algebras where
all maps are isomorphisms as follows:

C[G] —== C[G4] ®c C[G1]

J{FG JFcl ®Fa,

iii. We have a commutative diagram of rings

iv. For f € C[G] we have |f|*> = |Fa(f)|*.

PrOOF. We will use Lemma 2.1 without referring to it.

The map Fg is a C-algebra morphism, because its projections are C-algebra
morphisms. The well-known independence of characters theorem of Artin and Dedekind
shows that the map is injective, and as #G = #G" we have an isomorphism of C-
algebras. That our formula T for the inverse is correct, follows from the following
identity for g € G:

ToFg(g) = . Y xlg b =g.

#G heG xeGY

i. For the first diagram, the maps are as follows for g € G:
i—> (X(9))xeav

s(9) —— ((s(9)))ren-

For the second diagram, it is easy to see that all morphisms are morphisms of
C[G]-modules.

We split up the proof in two cases, namely one where we assume that s is surjective,
and one where s is assumed to be injective. As a morphism is a composition of a
surjective one and an injective one, this will prove the claim. Assume that s is surjective
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and let h € H and assume that s(go) = h. Then we have

Feos')=( > X)) _,

geG: s(g)=h

#G _
= — 5X‘kch:XO . X(gO))Xerv

(
=§—f1( > x) .
(

TEHY: Tos=x

3 7(h))XEGv

TEHY: Tos=x

= s"((T(h))renv)
= 5% o Fg(h).
Assume that G — H is injective, view G as a subgroup of H. Let x € GV and h € H.

Then we have exact sequence 0 — (H/G)Y — HY — GV — 0. Take 71 € H"Y which
maps to x. Then one has

Yoo Fw=m(h) > 7F(h)
TEHY :Tos=x TE(H/G)V
0 ithea
#(H/G)-x(h) ifheG.

Hence we obtain:
Fgos*(h)=( Z X(9))xeav
geG: s(g)=h
= dnea(X(h))xeav
_#G _
— #7H( Z T(h)>XeGV

TEHY: Tos=x

= s"((X(h)xen)
=50 FH(h)

ii. We have natural inclusions G; — G and Gy — G. This induces maps C[G;] —
C|[G] and by the definition of the tensor product we have a morphism C[G1]®cC[G2] —
C[G] which is an isomorphism since it is surjective and since the dimensions agree.
Similarly, we obtain an isomorphism C% ®c C% — CC". As all maps are C-linear,
it is enough to check that a given g maps to the right element. One then checks easily
that the maps go as follows for g = (¢1,¢92) € G:

g=1(91,92)!1 91 ® ga

| |

(X(9))xeav —— (F(91))recy ® (T'(92))recy-
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iii. The maps are as follows for ¢, € C and g € G-

ng ———(cgX(9))xecv
Cgg " > (Ggx(9))xea -
iv. One has for f € C[G]

[fI? = traiayc(ff) = treev jo(Fa(fF)) = trgev /o (Fa(f) Fa(f))
= traev ,o(Fa(f)Fa(f)) = [Fa(f)*.

Remark 2.3. Notice that G acts on C¢ as follows. For 7 € GV we set
7((ex)xecv) = (erx)xeav-

By transport of structure using F_ the group GV acts on C[G]. For 7 € G¥ and f =
>_geq €99 € C[G] we have 7f = quG T(g)cqg (this follows easily from Proposition
2.2). From this action, we see in particular that G acts on C[S] = {>  gcs5: ¢ €
C} C C[G] where S C G is a subset. Note that by definition we have (7f), = fry.

Conversely, G acts naturally on C[G]. This induces an action on ce’ given by
9((ex)xeav) = (X(9)ex)xeav-

With these conventions all morphisms in the diagram for s* in Theorem 2.2 become
C[G]-module maps.

3. Shape parameter

3.1. Definition. For a subset S C G we set C[S] = { Y, gcss:¢s € C} C
CI[G], which is a C-vector space. For f € C[G] we define fy by f=3" ¢ fy9.

Definition 3.1. Let f € C[G] such that f,, # 0. We define the complexity of f as
Ex€GV ‘fX|
| Fxol

Note that for ¢ € C* we have Cq(f) = Ca(cf).
Let S C G be non-empty. We define the shape parameter of S to be

#o #5 Teeldd
HG eCiS)isy, £0 #G reclSlifo#0  |fol

We will usually write sh(S) instead of shg(S) and C(f) instead of Cg(f), unless
confusion arises.

Ca(f) =

shg(S) = Ca(f) =
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Remark 3.2. First remark that this infimum in the above definition is in fact a
minimum. For ¢ € C* and h € C[G] we have C(ch) = C(h). Hence we only need to
consider functions h with h,, = 1. Take a function f € C[S] with f,, = 1. We have

{h € C[S]: hy, =1,C(h) < C(f)} S{h € C[G] : hy, = 1,C(h) < C(f)}
g{(cx)xer S (]Gv Cxo = 1, Z |CX| < C(f)}

xXeEGY

The first inclusion is as a closed set, and the isomorphism is as topological spaces
(Proposition 2.2). The last set is obviously compact, and hence the first set is compact
as well. It then easily follows that the infimum is obtained. In the rest of this chapter,
we will often use this implicitly.

3.2. Properties of the shape parameter.

Proposition 3.3. Let S C G be non-empty. Then the following hold:
i. For a € Aut(G) and b € G we have sh(b - «(S)) = sh(S).
ii. We have 1 < sh(S) < #S. Furthermore we have sh(S) =1 if and only if S
is a coset of a subgroup of G. We have sh(S) = #5S if and only if #5 = 1.
iii. For S C S” we have sh(S’) < #—S/ sh(5).
Let G' be a finite abelian group and let S’ C G’ be non-empty. Then the following hold:
iv. Let i: G — G’ be an injective group morphism. Then one has shg(S) =
sha(i(9)).
v. Let m: G — G’ be a surjective morphism of groups. Then the equality
shg(m=1(S")) = sha (S') holds.
vi. We have shgxa (S x S") <shg(S) x sha/(5").

PROOF. iii: Follows easily from the definition.
iv: We identify G with the subgroup of i(G) of G'. For f € C[G] C C[G’] we have

CG/(f) _ ZfoCi’V| ‘fx'

because the map GV — GV is [G' : G]-to-one. The result then follows from the
definition.

v: Let f' € C[S'] with f/ = 1. Then for 7*f" € C[x~!(S")] we obtain from
Proposition 2.2ii

=[¢":G]- Calf),

Co(r* ") = Car (f').
If we take f’ such that shg/(S') = #—SCGI(f’) we find

—1/q /
sha(r1(5") < 7T # e = ) = shar (5.

Conversely, let f € Clr~1(S")] with f,, = 1. Note that ker(r) acts on C[r~1(5")] (see
Remark 2.3). Consider

f/l —

1

Fer(m) Z g9(f") € Clx~ ().

g€ker(m)
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By construction there exists an f’ € C[S’] such that 7*f" = f”. From Remark 2.3
and the previous calculation one easily obtains Ce (f') = Ca(f”) < Ca(f). If we
minimize over all possible f we obtain shg(771(S")) < shg/(97).

vi: Let f € C[S] € C[G] and f' € C[S’] C C[G']. Then we have f ® f' €
C[G] ®c C[G'] = C[G x G']. For (x,X') € G x G’V we have by Proposition 2.2 ii the
equality

(f 02y f/)(x,x/) = fx . f;(’
This gives
#(5 x 5
#(G x G")
and the result follows.
i. That it is invariant under automorphisms follows from iv. Hence we assume that
a = idg. We have a bijection ¢: C[S] — C[3S5] defined by f — 8- f. For f € C[9]
one has (¢(f))x = x(B) fx- As x(5) is a root of unity, we see that C(f) = C(¢(f))-
ii. Let f € C[S]. We need to show that |fy,| < i—g >y |fx|- We have, using the
inverse formula from Proposition 2.2,

1 #S
| fxol = |Zfs| = ‘%ZZ]&X(S” < %%Ux‘

ses s€S X

_#S

=3¢

i
#a

Coxa (f® f) Cal(f) Car(f")

Assume that we have an equality. By the translation property, i, we may assume
that 1 € S and we may assume that f,, = 1. We have f,,x0(1) = 1. Hence we see
that we have an equality if and only if f, x(s) € R>¢ for all x € GV and s € S. Using
the case s = 0, one obtains f,, > 0. We see that if f,, > 0, then for any s € S we have
x(s) = 1. We obtain that for any ¢,¢’ € (S) and x with f, > 0 we see that x(t) =1
and hence f; = ﬁ > Fxx(@) = ﬁ >\ [xx(t') = fu. Hence our function is constant
on (S), and as it is nonzero (f,, = 1), it is non-negative. As f has support on S, we
see that S = (S). Actually, we obtain f = #15 - 1g. For the converse, assume that
S = (S). With the help of the function f = # - 1g it is easy to see that sh(S) = 1.

The upper bound directly follows from iii and the fact that sh({s}) = 1, which
we have just shown. Assume that we reach the upper bound and that #5 > 2. After
translation, we may assume that #S5 O {e, g} with g # e. Using iii and iv we can reduce
to the case where G = (g) is of order n and S = {e, g}. Consider f = (e + g) € C[S].
Then Cq(f) = 4 Z?:_Ol |1+¢¢ . This is strictly less than n. This shows that shg(S) < 2
and the result follows. O

3.3. Bounds on the shape parameter. In this subsection we give an upper
bound for the shape parameter of a specific type of set, the intervals. The usefulness of
these sets comes from the fact that given a group there are intervals of many different
cardinalities. If S C G is non-empty, we set

SS1 = {st_l ;s t€ S}.
Lemma 3.4. We have
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PROOF. Let f =15 =3 _ss € C[S]. Note that f - f has support in SS~'. By
Proposition 2.2 iii we have (f - f), = fxfx = |fx|?. From Proposition 2.2iv we obtain

_ #(SS™H) =
h(§57) < A0 )
CH#(SSTH X AP
C#G el
L H(SSTYHE Y, ISl
#G ol
_ #(SSTH #G - #S
#G #52
_ #(8s7H
#S

O

Definition 3.5. An interval of Z is a non-empty set S C Z such that are n,m € R
with S = [n,m] N Z.

Let G = Z/nZ. A standard interval of G is defined to be the image of an interval
of Z under the natural map Z — Z/nZ.

Let G be a finite abelian group. A subset S C G is called a full interval if there
exist n € Z>1, a surjective morphism 7: G — Z/nZ and a standard interval T of
Z/nZ such that 7=1(T) = S. A full interval of a subgroup of G is called an interval
of G.

Lemma 3.6. For an interval S C G we have sh(S) < 2.

ProOF. Using Proposition 3.3iv and v, we reduce to the case where G = Z/nZ,
for which we use additive notation, and where S is a standard interval. First of all
assume that the size of S is odd, then we may assume (after shifting) S = {—-m, —m +
1,...,0,...,m—1,m} for some m € Z>( with m < % Let T ={0,1,...,m}. Then
T — T = S and hence we find by Lemma 3.4

#S 2m+1
shS) < S = 1

If #5S is even of cardinality 2m + 2, we may assume that

< 2.

S ={-m,-m+1,...,0,...,m—1,m} CS.
Hence from Proposition 3.3 and the previous result we deduce
2m +2

h(S) < h(S’
h(S) < St sh(S)
< 2m+22m+1 _
“2m+1m+1
O
Lemma 3.7. Let V' be a vector space over F), of dimension n. Let c € {1,...,p—1}

and 0 < i < n or (c,i) = (1,n). Then there is an interval S in V with #S = cp'.
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Proor. If (¢,i) = (1,n), the statement is obviously true. Assume ¢ # 0 and let
W be a subspace of dimension i + 1 of V' and consider a nonzero map f € WV =
Hom (W, F,). Pick an interval Sy of F,, of length ¢ and set S = f~1(Sp). O

3.4. Shape and intersections.
Lemma 3.8. Let G be a finite abelian group and let S C G (respectively S" C G ) be
a coset of a subgroup H (respectively H'). Assume that SNS" # 0. Then we have
1 Shg(s n Sl) < ShG(S)
[G:H'] #(SnS") — #S
PROOF. One easily sees that SN S’ is a coset of HN H'. Hence we have shg(S) =

shg(SNS’) =1 (Proposition 3.3ii). The exact sequence 0 - H/(HNH') - G/H' —
G/(HH') — 0 gives us

1 1
[G: H'] #H = G : H'] 5.
The result follows. O

#(SNS) =#HNH') >

3.5. Questions concerning the shape parameter. We have the following
open problems concerning the shape parameter.

Problem 2. Do we have equality in Proposition 3.3 statement vi?

Problem 3. What is the average shape parameter of a subset of a group? More
precisely, what is (a good lower bound for)

1
a7 O 97

SCa, S#0
What is the asymptotic behavior when #G — oo? Given a group G, what is the

maximum shape parameter of a subset? How does this grow with #G? For a non-empty
subset S of G we have sh(S) < #5. Can we find a better upper bound?

4. Applications of the shape parameter to finite fields
Let k be a finite field of characteristic p and let g be its cardinality.

4.1. Multiplicative versus additive group. For a subset U of k* we denote
by (U). the multiplicative subgroup of k* generated by U. For a subset V of k we
denote by (V) the additive subgroup of k™ generated by V.

We will give on a subset S C k such that S N k* generates k* in a multiplicative
way. Furthermore, we give conditions for 7' C k* such that T generates k as an additive
group.

Lemma 4.1. Let A € (kT)Y, x € (k*)V. Set
co = Y Ma)x(a).
ac€k*
Then one has:

i A # X0, X 7& Xo- |C()\,X)‘ = \/a;
il A 7é Xo- C(>\7X0) = —1,’
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i.ii. X 7 X0° C(xo,x) = 0;
V. Cxoxo) =~ 1.
PROOF. If A # xo, then we have c(y y,) = —A(0) = —1. If x # xo, then we have

Clxo.x) = 0. We have c(y, v,) = ¢ — 1. Finally, for A # xo, X # X0, we have |ex | = /7.
Indeed, one has

Y Ma)x(@P = > Ma)x(a)- > A=b)x(1/b) = > Aa—b)x(a/d)
ack* ack* bek* a,bek*
= > AM(a/b—1b)x(a/b) = Y A x(Y)
a,bek* ~,bEk*
= > x() D My =1b) = (%)
yEk* bek*

Note that » ;.. A((y —1)b) is ¢ — 1 if y =1 and —1 if v # 1 (here we use that the
character A is not trivial). Hence we have

() ==Y x(M)+ax(1) = ¢,
yek*

where we use that x is not trivial. The result follows. O

Proposition 4.2. The following hold:
i. Let S C k be nonempty with \/q-shy+ (S) < #S. Then we have (SNk*). = k*
ii. Let T C k* be nonempty with (\/q — 1) - shp«(T) < #T. Then we have
(1) =
PROOF. i: Suppose that S has a shape given by the function f € C[S] C CJ[k],
that is, shy+(S) = #5/q - Cp+ (f) From Theorem 2.2 we have for a € k the equality
fa = zp ) (a). Suppose that (S Nk*). C k*. Then there exists a subgroup H G k* of
prime index [ such that SN k* C H. Let x € (k*)" be a character with kernel H.
By construction we have

0= fulx—1)(a) # Y > AA@(x - 1)(a)

aek* a€k* A€k

#k‘ Z f>‘ C(AX _C(Al))

AEkY

Hence we have

filg—1) = f1(cany —can) = Z Ia(co —co)) -

AEkY A£L

We take absolute values and we use the estimates (Lemma 4.1) to find:

Allg-1D)<(Va+1) D Al

AEEV A£L
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This gives

Doer Il g
Va < A #SShk‘*'(S)’
and this finishes the first case.

ii: Suppose that T has a shape given by the function f € C[T] C C[k*], that
is, shp(T) = #T/(q — 1) - Cp=(f). For a € k* we have f, = ﬁzxe(k*)v frx(a)
(Theorem 2.2). Suppose that (T)+ C k. Then there exists a subgroup H C k of index
p = char(k) such that TNk C H. Let A € kY be a character with kernel H.

By construction we have

0= Y A= D@k = 2 > 3 AG- D@
agk” a€k* xe(k*)v
1
= Hhe Z Ix (C(A’x) - C(l,x)) :

XE(k*)V

Hence we have
fa=filcan—com) = D fleow —can)
X€(k*)V,x#1
Putting absolute values and the other estimates (Lemma 4.1), we find:
|f1|q < \/5 Z |fx|
x€(k*)V,x#1
This gives
Doty A g—1
Vit1< A€ (k) _ 4
| f1] #T

and this finishes the proof. O

Remark 4.3. The character estimates above also follow from class field theory. In
the next chapter we will use class field theory to estimate similar sums.

Remark 4.4. The statements in Proposition 4.2 are often sharp. Assume that ¢ is a
square and let &’ be the subfield of k with [k : k'] = 2. Set S =k’ and T = k’*. One
has /g - shy+(S) = #S and (/g — 1) - shy- (T') = #T. Note that (SNEk*). = k™ C k*
and that (T, =k’ C k.

Corollary 4.5. Let S C k be an F), vector space of size > \/q. Then k* = (S NEk*)..
PROOF. Use Proposition 4.2 and the fact that sh(S) =1 (Proposition 3.3). O

Remark 4.6. For the subspace F), C F: = k we have Fy = (F; Nk*). C k*. Hence
the result in Corollary 4.5 is sharp.

Corollary 4.7. Let S be an interval of k of size > 2,/q. Then (SNEk*). = k*.
PrOOF. From Lemma 3.6 we know that sh(S) < 2. Now apply Proposition 4.2. O

One can use Proposition 4.2 for many other subsets, for example of product of
subsets, of which one knows something about the shape.
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Remark 4.8. Assume that ¢ is odd. Let S = k*2U{0}. As (SNk*). = k*2, we deduce
from Proposition 4.2:

Vi 2

Hence S has quite a large shape and we see that sets can have arbitrarily large shape.

shye (9) > WUFD/2 VE

4.2. Primitive roots.

Proposition 4.9. Let k be a finite field of cardinality q. Let D = {l prime: l|q — 1}.
Let S C k be a subset such that one of the following holds:

L#S (Va+2%P —1) > ¢1/2 (¢1/2(2#P — 1) + 1) shy+ (5);

i, #S > ¢*/?2#P sh; . (S).
Then S contains a primitive root of k*.

PROOF. For every [ € D let x; € (k*)Y be a character of order [. For T C D put
xr = [Lier xi and put pu(T) = (=1)#T. As k* is cyclic, it follows that a € k is a
primitive root iff [[,. ,(1 — x1)(a) # 0. Suppose that S contains no primitive root. Let
f € C[S] € C[k] with Ci(f) = 4l shy+(S5). Then we have (Theorem 2.2)

0= fu [T -x)(a)

a€k* leD

- # S A A [0 -w@

AERY ack* leD

= # STAD o).

XekV  TCD

This gives, using our character estimates as in Lemma 4.1,

Ala+a 2@ = 1) < (2P = 1)+ 1) > |f
AE(kT)V
The first result then follows, and the second one implies the first one after some
estimates. 0

Remark 4.10. One can show that #D = O(log(q)/log(log(q))) ((HW'T9, page 355]),
and hence the above theorem gives us a deterministic algorithm to find a generator
of k* which on average runs in time O(g/?*€) (by using for example an interval).
One can actually do this in time O(g'/**€) as in [Shp96] by using special types of
intervals.

5. Computing the shape parameter

In this section we discuss certain tricks for calculating the shape parameter in
certain cases. We use the ideas in this section to calculate the shape parameter of all
non-empty subsets of a cyclic group of order 6. This section is not needed in the rest
of this thesis.

Let S C G be non-empty. First note that the function Cq: C[S] — R is convex.
Hence a local minimum is a global minimum.
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Lemma 5.1. There is f € R[S] with fy, =1 and sh(S) = #S =Ca(f).

PROOF. Suppose h = ) hyg € C[S] with h,, = 1 satisfies sh(S) = #—gCg(h).

Note that b/ = 3" h,g € C[S] satisfies Cg(h) = Cg(h'). Set f = h+h € R[S] and the
result follows from convexity. O

Consider the hyperplane D = {h € R[S] : h,, = 1} of R[S].

Lemma 5.2. Let ¢ = Cg|lp: D — R. Let f € D such that the tangent map
do(f): TDy — R is 0 and such that for all x € GV we have f, # 0. Then we

have

#S

#G
PROOF. By convexity a local optimum is a global optimum. The assumption that

for all x € G¥ we have f, # 0 implies that ¢ is smooth at f. The function ¢ has a

local minimum at the smooth point f if the gradient, do(f), is zero. Apply Lemma
5.1. O

sh(S) = 7=Ca(f)-

Remark 5.3. To find the approximate value of the shape parameter of S it might be
useful to make Cg|p from the previous lemma smooth. This can be done as follows.

Pick € > 0 and for f € D set
CG,e(f) :Z|fx|ev
X

where |a + bi|. = va? + b% + e. We will not discuss this strategy any further.

Note that the group G’ = G x Aut(G) acts on X = {T' C G : T # 0}. From
Proposition 3.3i we deduce that the shape is constant on G’ orbits of X. Denote by
G’s the stabilizer of S under this action.

Lemma 5.4. There is f € D which is constant on the orbits of the action of G’y on
S such that

#S
sh(S) = —C
sh($) = £2.Calf)
PROOF. The group G’ acts on C[G] as well. For ' € D set
1
fll:#G/ Zg/(f/)eD
S 9'€Gy
Note that Ca(f') = Ca(g'(f')). By convexity we have Ca(f”") < Ca(f’). The result
follows since f” is constant on the orbits of the action of G’ on S. g

Remark 5.5. One can use Lemma 5.4 to calculate the shape parameter when G’y acts
transitively on S. In particular, when #S = 2, say S = {z,y} the element g — zg~ 'y
of G’y shows that

sh(S) = %CG(% ).
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5.1. Example. Consider the cyclic group Cgs = (o) of order 6. This group has
63 non-empty subsets. In this table we give an upper bound for the shape of their
subsets. We look at the sets up to translation and up to isomorphism. Notice that
Aut(Cs) = {£1}. The group G x Aut(G) acts on the set of non-empty subsets of G
and the shape parameter is constant on such a subset. For a set T' C G we denote by
T°¢ = G\ T. The orbits of this action are the following:

{{e}. {0} {o*}. {o"} {o"}, {o"}},
{{e; o}, {0, 0%}, {0?, 0%}, {0®, 0"}, {0, 0%}, {e,0°}},
{{e; 0%} {0,0°}, {0®, 0"}, {0, 0"}, {e, 0"}, {0, 0"} },
{{e;0°} {o,0"},{0®,0°}},
{{e,0,0%},{0,0% 0%}, {02 0% 0%}, {03, 0% 0%}, {e, 0%, 0%}, {e,0,0°}},
{{e,0* 0"}, {0,0% °}},
({e,0%1¢, {0,054}, {02, 05},
{{e,02)°, {0,0%)°, {02, 0%}¢, {03, 05}, {e, 0%}°, {0, 07}°),
({e,0)¢, {0,062}, {02, 0%)°, {03, 04}, {0, 07}¢, {e, 07}¢),
{{e}*, {0} {0}, {o®}, {o"}, {o"}°},
{G}

and
{{e,0,0%},{0,0%, 0%}, {02,063 0}, {e,03, 0%}, {o,0%, 0%}, {e, 0%, 07},
{e,03,6°},{0? 0%, 6°}, {0,0% 0}, {e, 02, 0%}, {0,0%, 0%}, {e, 0,0} }.

We take a representative of each class and calculate the shape parameter. Remark
5.5 directly gives the answer for 7 out of 12 orbits:

S function sh(S)

{e} e 1
{e,0} i(e+o) 1.244 ...

{e,0?} i (e+0?) 4/3
{e,03} % (e+0?%) 1
{e,0? 0%} i (e+o?+0?) 1

{o,0% o% 0%} 1(oc+o?+0*+0%) 4/3
G %(e+0+02+03+04+05) 1.

In most remaining cases we find the following upper bounds:

S | function | sh(S5)
{e,0,0%} i (e+o+07) <4/3
{e,0,0%} i (e+0%) <3/2
{o,03,0% 0} t(c+0*+0°) <4/3

{0%,03, 0%, 0%} % (02 + 05) + % (03 + 04) < 1.438.
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3

Finally, consider the set S = {o,02,0%, 0%, 05}. Consider the function

1
f=5 (0+0*+0°+0"+0%).
Lemma 5.2 gives sh(S) = 5/3.



Chapter 7

Deterministically generating Picard groups of
hyperelliptic curves over finite fields

1. Introduction

1.1. Results. An algorithmic problem in arithmetic geometry is to explicitly
find the group structure of the Picard group of a curve of genus g over a finite field of
size ¢ = p™. A related problem is to find a generating set of this Picard group. In this
chapter we describe a deterministic way of finding a generating set, when the curve is
hyperelliptic, in time O(g?*¢¢'/2*<) for any € > 0.

Let C be a hyperelliptic curve of genus g over a finite field & of cardinality ¢ and
characteristic p given by an equation y? + h(z)y = f(x), satisfying the assumptions of
Theorem 4.6 from Chapter 2 such that the natural projection map to the projective
line by taking the z-coordinate is ramified at co. Call oo’ the point above co. Let
pc: O(k) — Picl(C) be the map given by P+ [P] — [00]. Our main theorem is the
following.

Theorem 1.1. For any € > 0 there is a deterministic algorithm which on input a
hyperelliptic curve C' of genus g over a finite field k of cardinality q outputs a set of
generators of Picy(C) in time O(g2+€q1/2+5) .

Such a generating set can then be used in other algorithms to deterministically
determine the group structure of Picy(C).

The above result is obtained from the following theorem. For a subset S of k put
Cs ={P € C(k) : x(P) € S}. The following is a less precise version of Theorem 4.1
and Remark 4.2. An interval I of k is a subset of the form B+ afs,...,s+r] where B
is an additive subgroup of k, a € k and s,r € Z>( (or more precisely, see Definition
3.5 from Chapter 3).

Kohel and Shparlinksi ([KS00, Corollary 2]) have shown the following for g = 1.
For S an interval of k of cardinality greater than 15(1 + log(p))q"/? they deduce that
(pc(Cs)) = Pic)(C). We generalize and improve their result in the following ways.

Theorem 1.2. Assume that #C(k) > (29 —2),/q. Let S C k be a coset of a subgroup
or an interval. Put s =2 ifp=2 and s =3 if p#2. Putt =1 if S is a coset of a
subgroup and t = 2 if S is an interval which is not a coset of a subgroup. Assume that

#S > 2t(29 — 2 + 5)\/q.
Assume that either p # 2 or p = 2 and deg(h) < g. Then we have (pc(Cs)) = Picy(C).
The above theorem improves the results of [KS00] in the following ways.

103
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We generalize by looking at hyperelliptic curves instead of only elliptic curves.
We obtain similar theorems for subsets of I C k or I C k* which have a small
additive respectively multiplicative ‘shape’ (Theorem 4.6).
Our constants tend to be a bit better. This improvement is already partially
suggested in [KS00].
e We do not have a (1 + logp) factor. This improvement is also suggested in
[KS00].
e We do look at the hard primes, such as p = 2 in the above theorem. These
cases require more work and there are exceptional cases. In [KS00], this case
is avoided by finding a similar theorem for the y-coordinate. In the end our
estimates are better when p = 2, but there are exceptional sets coming from
certain morphisms. Here is an example. Assume that FE is an elliptic curve over
a finite field k of characteristic 2 given by y?+a12y+as = 23 +asx? +asx+ag
with a; # 0. Then the map

Vg: E(k) — F2
P tI‘k/F2 ((l‘(P) + a?)/a%)
oo —0

is a surjective morphism of groups with kernel 2E(k) (Proposition 5.4). Hence
if we take S = {s € k : try/p, ((s + az)/a?) = 0}, a coset of a subgroup of k
of cardinality ¢/2, then (P € E(k) : (P) € S) = 2E(k).

In the multiplicative case, one has similar exceptional cases. Assume
that E is an elliptic curve over a finite field k of odd characteristic given by
y2 = 2% + a92? + a4x. Then we have a surjective morphism

bc: E(k) — k*/E*?

P z(P)
oo 1
(0,0) — az.
(see Proposition 6.3).

In [KS00] the authors use the aforementioned corollary ([KS00, Corollary 2]) to
give a deterministic algorithm to find the group structure of the set of rational points
of an elliptic curve over a finite field of size ¢ in O(g'/?*¢). By lack of good pairings,
we use Theorem 1.2 just to find a generating set of the Picard group.

In [KSO00] the authors give a deterministic algorithm to find the group structure
of the set of rational points of an elliptic curve over a finite field of size ¢ in O(¢g/?**).
In the end of their article, they discuss the possibility to generalize to hyperelliptic
curves. We carry out this generalization and improve in the following ways.

Remark 1.3. Floris Hess has done similar calculations but he never published them.
He remarked me that some of the tricks we use actually go back to Jean-Pierre Serre.

1.2. Strategy of the proofs. The strategy of the proof of Theorem 1.2 is the
following. First we translate our problem to the calculation of certain character sums on
the finite abelian group &+ x Pic)(C). We then construct, using class field theory, a finite
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geometric abelian extension of function fields M of k(C) with group G = k+ x Picy(C),
which for a point P € C(k) \ {0’} satisfies (P, M/k(C)) = (x(P),[P] — [o0]) € G.
Then using theorems from class field theory, we can estimate the character sums
after we have calculated conductors of certain subextensions of M/k(C). In certain
exceptional cases, our proof does not work. The extension M/k(C) we obtain either
has Galois group which is smaller than k+ x Pic{(C) or M/k(C') is not geometric. With
a bit more work, one can still work out these cases. The strategy for the multiplicative
subset is similar.

2. Realizing Galois groups together with Frobenius elements

Let k be a finite field of cardinality ¢ = p™ of characteristic p. We want to realize
kT and k* as Galois groups of an extension of K = k(z), the rational function field,
with prescribed Frobenius elements.

There are two ways of approaching this problem. One is by means of non-explicit
class field theory. The other approach is explicit class field theory. We use a mixture
of both.

Let P # oo be a prime of k(x), the function field of the projective line over
k, corresponding to f = > I a;x’ with a, = 1. We put N(P) = (=1)"ao € k.
Furthermore, we put T(P) = —a,_1 € k.

Remark 2.1. We can interpret the definition above in the following way. Consider the
points of P!(k). Then Gal(k/k) acts on P!(k) and its orbits correspond to the primes
of k(z), the length of the orbit being the degree of the corresponding prime (Proposition
2.11 from Chapter 2). More precisely, an irreducible polynomial f € k[z] corresponding
to a prime P corresponds to the set Z(f) = {a € k: f(a) = 0} C Al(k) C P(k).
Then one has for any 8 € Z(f) the equalities T(P) = >_ ¢ 75y @ = tri(s)/x(B)- A
similar statement holds for N(P).

We will first realize k™ as a Galois group.

Proposition 2.2. Let K, = K[Y]/(Y?—Y —x) and let y=Y € K,. Then K, /K
is a Galois extension of fields for which the following hold:

i. the map ¢: k — Gal(K;/K), c— (y = y+ c) is an isomorphism of groups;
ii. the extension is totally ramified at co, and is unramified at all other primes;
iii. the extension is geometric;

iv. for P € Pk, \ {00} we have (P, K /K) = ¢(T(P)) € Gal(K, /K);

v. f(K4+/K) = 200, disc(K1 /K) = 2(q — 1)oo; the conductor of any nontrivial
subextension of K1 /K is 200;

vi. g(K4)=0.

PrROOF. We will first show that f =Y?—Y — x € k[z][Y] is irreducible. Let
be a zero of this polynomial (in some algebraic closure) and consider K’ = K(y'). Let
oo’ be a prime of K’ extending the prime oco. It is easy to see that vo./(y) < 0 and
hence we have —e(00'/00) = Voo () = Voo (Y1 — YY) = Voo (¥'?) = qUoor (') Tt follows
that the ramification index is divisible by ¢ and hence is equal to g. This proves that
K’ = K is a field, that K /K is totally ramified at co and statement iii.

One can easily prove statement i.
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Consider a prime corresponding to a monic irreducible f € k[z] of degree n. Using
Proposition 7.8 from Chapter 1 we see that the extension is unramified at this prime,
and that the Frobenius can be found by looking at the action on (k[z]/(f)) [a] where
a € kisaroot of Y9 —Y —z (mod f). Note that a?" = a+x+ 29+ ... + 27
(mod f) = a + tryy)/(s)/k(w). This gives (P, Ky/K) = o(T(P)) € Gal(K,/K) and
finishes the proof of ii and iv.

Note that Ky = k(y), and hence K has genus 0 (statement vi). Using Riemann-
Hurwitz (Theorem 2.22 from Chapter 2) we see that the degree of the discriminant is
2(¢ — 1), and hence that the discriminant is 2(¢ — 1)oo (Proposition 2.21 from Chapter
2). Note that all nontrivial subextensions are wildly ramified and hence have conductor
at least 200 (Corollary 3.6). Using the Fithrerdiskriminantenproduktformel (Theorem
3.7 from Chapter 2) we see that all non-trivial extensions have conductor 200.

O

Proposition 2.3. Let K| be as in the previous proposition (Proposition 2.2). For
c e k* put z. = (cy) + (cy)? + (cy)p2 +...+ (cy)pmfl. For ¢ € k*/F}, set Kz = K(z.).
Let 7.1 k — Fy, be defined by a v try,p, (ca). Then the following hold:
i. 2. is a zero of the irreducible polynomial f. = XP — X — cx € k(z)[X];
ii. Kz/K is Galois, the map p.: F, = Gal(Kz/K), a = (2. = z. +a) is an
isomorphism and the following diagram is commutative:

Gal(K,/K) ——k

Gal(Kz/K) —— Fy;
iii. for P € Py \ {o0} we have

(P, Kz/K) = ¢c(trir, (¢ T(P))) € Gal(Kz/K);
iv. the map
K /P, - {L: K CLCKy, [L:K]=p}
c— Kz
is a bijection.

PROOF. For a € k we have p(a)(z.) = 2. + try/r, (ca). As try g, is surjective, it
follows that [Kz : F] = p. As z. is a zero of f. = X? — X — cz, it follows that f. the
minimal polynomial of z. over K. Hence statement i follows. Statement ii now follows
easily. Statement iii follows directly from the definition of Frobenius elements, ii and
Proposition 2.2 iv.

We will now prove statement iv. Both sets have the same size, hence it is enough
to show that the map is injective. Using ii it is equivalent to show that for ¢, ¢’ € k*

we have ker(7.) = ker(7.) iff ¢/c’ € F}. But this follows easily from the fact that the
trace form is non-degenerate. g

We will now realize k* as a Galois group with specific Frobenius elements.
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Proposition 2.4. Let K, = K[Y]/(Y9 ! — 2) and let y be the image of Y in K.,.
Then K./K is a Galois extension of fields for which the following hold:

i. the map p: k* — Gal(K,/K), c— (y — cy) is an isomorphism;
ii. the extension is totally ramified at (z) and co and is unramified at all other
primes;
iii. the extension is geometric;
iv. for P € Pp(K)\ {(z), 00} we have (P,K./K) = p(N(P)) € Gal(K,/K).
v. the conductor of K./K and any nontrivial subextension is co + (z) and
disc(K./K) = (q — 2)(00 + (x));
vi. for d|(¢ — 1), the unique subextension of degree d of K./K is given by
K(y1/4);
vil. g(K,)=0.

PROOF. The polynomial f = Y9! — z is Eisenstein at . This shows that K, /K
is a field extension which is totally ramified at (z). In a similar way, one can show
that K,/K is totally ramified at co. This proves the first part of ii and it proves iii.

One can easily prove i.

Let f € k[z], f # «, be an irreducible monic polynomial of degree n. Using
Proposition 7.8 from Chapter 1, we see that this prime is unramified and that the
Frobenius can be found by looking at the action of (k[x]/(f)) [a] where a € k is a root
of Y9=1 — 2 (mod f). Note that a?" = a - Normyy)(s)/x(z). This proves iv and the
rest of ii.

Notice that our extension is tamely ramified and hence the conductor is just the
sum of the ramifying primes (Corollary 3.6 from Chapter 2). Since the extension is
tamely ramified, the discriminant is (¢ — 2)(co + (z)) (Proposition 2.21 from Chapter
2).

Statement vi follows easily and statement vii follows since K, = k(y). O

3. A generic algorithm

Proposition 3.1. Let C be a normal projective curve of genus g > 1 over a finite
field k and let D € div(k(C)) satisfy deg), (D) = 1. Let pp: div(C) — Pic(C) given
by P — [P] — deg,(P)[D]. Let d € Z>( such that one of the following holds:

i #C(k7) > (29 - 2)q"/?;

ii. ¢ > (49 —2)%.
Then the images under pp of the primes of degree dividing d generate Pic(lz(C').

PRrOOF. Essentially this is done in [MST99, Theorem 2|: they prove more than
what they claim.

The proof is the following. Put L = k(C). Use Proposition 3.10 from Chapter
2 and consider the unramified extension Lp/L with group Pich(C). If the required
group is not equal to Pich(C), then there is a non-trivial character x € Pich(C)Y
which is trivial on the primes of degree dividing d. It follows that

0= > degi(P) (X((P,Lp/L)y 4 F) — 1((P, Lp /L))" de5x(P))
Peunrd(Lp/L)
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By Proposition 2.11 from Chapter 2 we have
> degy(P) = #C(kY).

Peunrd(Lp/L)
Theorem 3.18 from Chapter 2 then gives us
#C (k%) < (29 — 2)¢¥2.

Hasse-Weil (Corollary 3.17 from Chapter 2) gives us ¢¢ — 29¢%/? < #C (k%) and the
result follows after some rewriting. O

Remark 3.2. If g = 1, one has C(k) # 0. Hence we can apply the above corollary
(Proposition 3.1). This especially holds when C is an elliptic curve.

The above proposition provides a generic algorithm for finding generators of a
Picard group of a normal projective curve of genus g > 1 over a finite field. First find
d € Z>1 such that ¢? > (4g — 2)%. Let k' be a field of cardinality ¢¢ and consider the
curve C" = Cy corresponding to the function field k(C)k’. By Hasse-Weil (Corollary
3.17 from Chapter 2) there is a rational point D € C’(k’), which we view as a divisor of
degree 1. Then the image of ¢p: div(C’) — Picy, (C’) of the points of C’(k’) generate
Picy, (C") (Proposition 3.1). Then use the surjective norm map Picy, (C’) — Picy(C)
(Corollary 3.15 from Chapter 2) to find generators of Picy(C). If one can do all the
steps efficiently, this should give an algorithm which runs in time O(g2*¢¢**¢) for any
e > 0.

In this chapter we will reduce the running time to O(gz+6q1/2+€) in case C'is a
hyperelliptic curve (in a special form). The reason why we can do it faster in these
cases is that we do not have to find the whole of C’(k’), but we can restrict to a
smaller subset.

4. Hyperelliptic curves: statements of the results

Let k be a finite field of cardinality ¢ and characteristic p. Let C' be a hyperelliptic
curve over k of genus g given by an equation y? + h(z)y = f(z) where (f, h) satisfies i,
C(k). We have an embedding k(x) C k(C) and we assume that this map is ramified
at 0o. Call oo’ the point of C above co. By Theorem 4.6 from Chapter 2 this happens
exactly if the following holds:

e char(k) # 2: deg(f) =29+ 1;
e char(k) =2: 1 <deg(h) <g.

We define f; and h; by f =3, fiz" and h = > hjxd.

Using this point oo, there is a map ¢¢: C(k) — Pich(C), P+ [P] — [00']. Notice
that @c is injective. Indeed, otherwise we would have [P] — [Q] = 0 € Picy(C), which
implies that C' would be a projective line of genus 0, contradiction ([Sti09, Theorem
1.4.11]).

First let S be a subset of k. Then we can associate to S a shape parameter with
respect to k. Let Cs = {P € C(k) : (P) € S}. Can one give conditions on #S and
shy+ (S) such that Pic)(C) = (pc(Cs))? We can ask a similar question if S C k* and
the shape parameter is taken with respect to k*. We will study both cases separately.
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4.1. Additive z-coordinate.
Theorem 4.1. Let C over k be a hyperelliptic curve of genus g given according to our

assumptions as above such that #C(k) > (29 — 2)\/q. Put s =2 if p =2 and s = 3 if
p#2. Let S C k™ such that

¢*? - 2(29 — 2+ ) - shy+ (S) < (#C(k) + (29 — 2 + 25)\/q) - #8S.
Then the following hold:
i. Assume that either p # 2 or p = 2 and deg(h) < g. Then we have (pc(Cs)) =
Pic} (C).
ii. Assume that p =2 and deg(h) = g. Define the following:
di = fagri +\/fagr2hg—11i € k (for i € {0,1})
€c = (_1)trk/F2(do/h§) cC
A2 € Hom(kt, C*), ¢ s (—1)tre/ra(edi/hY)
He = {(E ck: )\2((1}') = —Ec} Ck,
Yo € Hom(Picl(C), Fa) \ {0} as in Proposition 5.4.

Then we have:
(2) {pc(Cs)) € {Picp(C), ker(yc)};
(b) if SN He =0, then (pc(Cs)) = ker(¢c);
(¢) if SNHe #0 and if S is a coset of a subgroup of k, then (pc(Cs)) =
Picl (C);
(d) if SNHe # 0 and if
¢*/*(2g — 2+ s)shy (SN He) < (#C(k) + (29 — 2+ 25)\/q) - #(S N He),
then (pc(Cs)) = Pich(C).
Remark 4.2. Theorem 4.1 depends on C because of the dependence on #C(k).
One can get rid of this dependence by using the Hasse-Weil bound (Corollary 3.17
from Chapter 2). This theorem gives #C(k) > ¢ + 1 — 2¢,/q. For example, #C (k) >
(29 — 2),/q follows when ¢ > (4g — 2)2.
ProoF oF THEOREM 1.2. This follows from Theorem 4.1, Hasse-Weil (Corollary
3.17 from Chapter 2) and bounds on the shape (Proposition 3.3ii from Chapter 3 and
Lemma 3.6 from Chapter 3). O

Example 4.3. Assume that ¢ = 1 in Theorem 4.1. Then using some crude estimates,
one sees that we can apply the theorem if 2s - shy+(S) < #S. Furthermore, the
exceptional case corresponds to ordinary elliptic curves in characteristic 2. In this case,
there is a unique subgroup of Pic}(F) = E(k) of index 2, namely 2E(k), which must
be equal to ker(yg).

Remark 4.4. If one puts S = k in Theorem 4.1, one obtains a special case of

Proposition 3.1.

Remark 4.5. Give a subset S of kT, an upper bound on its shape can be obtained
from picking a function f € C[S] C C[k] with f,, # 0. On the other hand, one can
use Theorem 4.1 to give lower bounds for the shape of S.
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4.2. Multiplicative z-coordinate.

Theorem 4.6. Let C' over k be a hyperelliptic curve of genus g given according to
our assumptions as above. Put

ifp#2, foek™

ifp=2, ho#0, tr/m, (f3) =0
ifp#2, fo=0

ifp=2, hp=0

else

r=#{P cCk)\{oo}: x(P) =0} =

S = = NN

and
2 ifp=2,hg=0
s=32 ifp#2fo=0
3 else.

Assume that #C(k) > (29 — 2)\/q + 2r. Let S C k* such that

(¢ —1)\/q-2(29g — 2+ s) - shy=(S) < (#C(k) + (29 — 2+ 25)\/q — 2r) - #5S.
Then the following hold:
i. Assume that either p = 2 or p # 2 and x 1 f. Then we have {pc(Cg)) =
Pic)(C).
ii. Assume that p # 2 and x|fy. Define the following:
Nyt k* — k¥ /k*? =2 {+1} C C*
dc = Ay(fag+1)
Hi ={z €k:\y(z) = —dc}
bc € Hom(Pich(C), k*/k*) \ {0} (as in Proposition 6.3).
Then we have:
(a) (pc(Cs)) € {Picp(C), ker(dc)}:
(b) if SN Hg =0, then (pc(Cs)) = ker(dc);
(c) if SNHE # 0 and if S is a coset of a subgroup of k*, then (pc(Cs)) =
Picy(C);
(d) if SNH{ # 0 and if
(¢ —1)v/q(29 — 2+ s) - shp= (SN H) < (#C(k) + (29 — 2 + 2s)y/q — 2r) #(S N HL),
then (¢c(Cs)) = Pich(C).

Corollary 4.7. Let C over k be a hyperelliptic curve of genus g given according to our

assumptions as above. Define r as in Theorem 4.6. Assume that one of the following
hold:

i #C(k) > \/q- (29 —2) +2r;
i g+1—2r> (49— 2)\/3.
Then we have (oo (k*)) = Pich (k).
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ProoOF. Note that ii follows from i by Hasse-Weil (Corollary 3.17 from Chapter 2).
Consider statement i. Put S = k* in Theorem 4.6. Note that shg-(S) = 1 (Proposition
3.3 from Chapter 3). The result follows from Theorem 4.1.

The second statement implies the first one if one puts #C'(k) > ¢+ 1 — 2g,/q by
the Hasse-Weil bound (Corollary 3.17 from Chapter 2). O

Remark 4.8. Corollary 4.7 is already interesting if g = 1. Then we need #C'(k) > 2r
to obtain the result. We will give three examples where #C'(k) = 2r, but with
(po(k") € Pic)(C)
Consider the curve y? + zy = 2% + 22 + 1 over Fy with C(k) = {0, (0,1)}.
Consider the curve y? = 23 + 222 4 2z over F3 with C(k) = {o0/, (0,0)}.
Consider the curve y? = z3 +z+ 1 over F3, with C(k) = {o/, (0,1), (0, —1),(1,0)}
which is isomorphic to Cj.

5. Additive z-coordinate

Let C be a hyperelliptic curve of genus g > 1 over a finite field k of cardinality ¢
and characteristic p given by an equation as in Section 4 with oo’ the point at infinity.

5.1. The diagram. Proposition 3.10 from Chapter 2 gives us an extension
k(C)(o0)/k(C) which is unramified with Galois group Pic)(C) and the Frobenius at a
rational point is [P] — [co’]. Furthermore, we have an extension K of K = k(z) which
has been studied in Proposition 2.2. Consider the following diagram of function fields:

k‘(C)+ [OO’} — k Oo/]

\

C)4 = K4 k(C) oo']

\

\

2

\/

().

The extension k(C')/K has been studied in Theorem 4.6 from Chapter 2. It is geometric,
Galois with group C5 and totally ramified at co and at some more points. The extension
K, /K is geometric and Galois with group k% and totally ramified at co. Consider
the extension k(C), /K. As K and k(C) are linearly disjoint by genus considerations
(Riemann-Hurwitz, Theorem 2.22 from Chapter 2), k(C), /K is Galois with group
kT x Cy. Also k(C)4/k(C) is Galois with group k7. We claim that k(C); /K is
geometric. If char(k) # 2, then as (#k,2) = 1, the extension k(C);/K is totally
ramified at co. Assume that char(k) = 2 and that deg(h) < g. The conductor at oo
of kK(C)/K is 2(g + 1 — deg(h))oo, which is more than the conductor of K, /K at
00, which is 200. Hence k(C)4 /K is totally ramified at co and k(C) /k(C) is totally
ramified at oo’. Assume that char(k) = 2 and that deg(h) = ¢. In this case, take a
prime of K, not oo, dividing h. Then k(C)/K is ramified at this prime, but K /K is
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not. Hence k(C)4 /K, is ramified at a prime above such a prime, and it cannot be a
constant field extension. We conclude that k(C), /K is always geometric.

The only possible ramification in k(C)1/k(C) is at oo’ (Corollary 3.11 from
Chapter 1). We have already shown that it is totally ramified at oo’ if char(k) # 2
or char(k) = 2 and deg(h) = g. One knows that the maximal abelian extension of
K, the completion of K at oo, which is totally ramified of conductor 200 has degree
q. Hence if char(k) = 2 and deg(h) = g, we see that k(C), /K cannot be totally
ramified at co. Hence in this case k(C)/k(C) cannot be totally ramified. There is a
unique field L with k(C) C L C k(C)4 with [L : k£(C)] = 2 which is unramified at oo’
(Corollary 3.15 from Chapter 1), and hence unramified.

Lemma 5.1. Let k be a finite field of characteristic p and let a € k. Then f, =
2P —x — a € klx] is irreducible if and only if tryw, (a) # 0.

PRrROOF. We claim that f, is irreducible iff it has no roots. Indeed, if one adds
a root of f, to k, then the polynomial splits completely. Hence the degree of an
irreducible factor does not depend on the factor, and since p is prime, the result
follows.
= : If a € kis a root of f,, then try g (a) = try/p, (aP) — try/r, (@) = 0,
because o and o are conjugates.
<—=: Consider the map ¢: k — k, x — aP — z. Then f, is irreducible if and only if
a is not in the image of . The kernel of this map is F;, and hence the image is exactly
the kernel of the trace map. O

The following lemma explicitly describes L.

Lemma 5.2. Assume that p = 2 and that deg(h) = g. For i = 0,1 put d; =
fog+i + \/ fag+2hg—1+i. Then the unique unramified subextension L of k(C)y/k(C)

comes from the subextension of Ky /K given by 22—z — cx with ¢ = Z—;. This extension
g

L/k(C) is totally split at oo’ if and only if tryr, (23) = 0.

PROOF. Let v be the normalized valuation at oo’ of k(C). Then v(z) = —2 as
k(C)/K is ramified. We have deg(f) € {2g+1,29+2}. Put v/ = y++/fagr229™t € k(C).
Then we have y'? + hy' = foew Where foew = f + fog+222972 + \/ fagroha9Tt. Note
that frew,24+1 = d1 is nonzero, as its square is nonzero by Theorem 4.6 iv(c) from
Chapter 2. Hence fpew is of degree 2g + 1. From the equation which ' satisfies, one
easily obtains v(y') = —(29 + 1).

Let z be an element of K, satisfying 2% — z — dlx/hf] = 0 (Proposition 2.2 for the
existence). Notice that y” = y'/(hyx?) satisfies
Joew () + (h(z) — hez?)y’

h2x29
dix | do | (frew — 12?9t — doa?9) + (h(x) — hgat)y'

2 2 2,29
hg hg hex

y//2 + yll —

Hence we have

d new (T) — 2297 — fo,2%9) + (h(z) — hyx?)y'
(y/+z)2+(y/+z):h%+ (fnew () — fag+1 hzig ) + (h(z) — hya%)y"
9 9
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The valuation of the right hand side at infinity is non-negative and the part in the
fraction has a positive valuation. We use Proposition 7.8 from Chapter 1 to see that
the extension L/k(C) is unramified at infinity, and that the extension splits completely

at infinity if and only if the polynomial 22 + z + Z—S is not irreducible in k[z]. This
g

happens if and only if trj, /g, (g—g) =0 by Lemma 5.1. O
g

The following lemma gives us the conductor of subextensions of k(C) /k(C).

Lemma 5.3. Let L' be a subextension of degree p of k(C)+/k(C) which is totally
ramified at oo’. Then one has

200" ifp=2
f(L'/K(C)) = ,
300" ifp#£2.
PROOF. This follows from Lemma 3.19 from Chapter 2, Theorem 4.6 from Chapter
2, and Proposition 2.2. O

The next step is to study the extension k(C) (o0/E(C). If eiher p # 2 or p = 2
and deg(h) < g, then we have seen above that k(C)4/k(C) is totally ramified at oo’.
As k(C)[)/k(C) is unramified, it shows that k(C) and k(C)[. are disjoint over
k(C). In this case we have Gal(k(C) 4 (s0/k(C)) = kT X Pic)(C).

Assume that p = 2 and that deg(h) = g. We want to understand the Galois
extension k(C') 1 [or1/k(C). Using Lemma 5.2 and Proposition 3.10 from Chapter 2, we
see that two things can happen: If trk/F2(;‘f—3) = 0, then one has L C k(C)[« (there
is a unique maximal extension where oo’ slglits, see Corollary 3.15 from Chapter 1).
This means that there is a surjective homomorphism Pic} (C) — Gal(L/k(C)). One
has Gal(k(C) 4 (001/k(C)) = k¥ XGair k(o) Pich(C). If try /Fz(%) =1, then k(C),
and k(C)[w are disjoint, and Gal(k(C) [o0)/k(C)) = kT x Pic} (C). Unfortunately,
the extension is not geometric. There is a degree 2 extension of k inside k(C) oo
(Proposition 3.10 from Chapter 2). Also in this case one can produce a surjective
homomorphism Pich(C) — Gal(L/k(C)).

Recall the definition of T from Page 105.

Proposition 5.4. Assume that p = 2 and that deg(h) = g. Then we have a surjective
morphism of groups

Yo Pich(C) — Fy
defined as follows: Let P # oo’ be a prime of k(C). Then we have:

(P/P|k) T(P|x)d1 + degk(P)do> cF
h2 >

be([P] — degi(P)[oo']) = try e, (f

PROOF. Assume first trk/FQ(,‘f—g) = 0. Then L C k(C)[o and this gives a sur-
g9

jective map ¢ on the Galois groups. To see what it does, we look at the Frobenius
elements. Let P be a prime of degree n in k(C). One has (P, k(C)oo/k(C)) =
[P] — n[od’] € Pich(C) (Proposition 3.10 from Chapter 2). This Frobenius maps to
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(P7 L/k(C)) — trk/F2(f(P/P|KQM) — trk/F2(f(P/PlK)T(P|}I;§)d1+degk(P)dO) (COIOI—

lary 9.3 from Chapter 1, Proposition 2.3 and Lemma 5.2).
Assume tr, /g, (2—3) = 1. Let L’ be the third degree 2 extension in the V; extension

LK over k(C) where k’ is the unique degree 2 extension of k. Then we have a natural
map Pic)(C) — Gal(L'/k(C)) = Fy (Proposition 3.10 from Chapter 2). Let P be a
prime of k(C') of degree n. Note that there is a unique maximal extension in Lk'/k(C')
where P is totally split (Corollary 3.15 from Chapter 1). Assume that n is even. Then
P splits in L'/E(C) iff it splits in L/k(C) (Proposition 2.15 from Chapter 2). If n is
odd, then P splits in L'/k(C) iff it does not split in L/k(C). This gives the required
map. O

Remark 5.5. Assume that F is an elliptic curve over a finite field & of characteristic
2 given by y? + ayxy + a3 = 2% + ax? + ayx + ag with a; # 0. Then the above map
simplifies to

Yg: E(k) = Fa

P~ tI’k/F2((-’L'(P) + a2)/a§>
oo — 0.

As E(k) has a unique subgroup of index 2, namely 2F(k), this is also the kernel

of the map. It is actually quite easy to see that the map is a morphism in this

case. Suppose that the points (z;,y;) (1 = 1,2,3) lie on a line y = Az + p. This

gives the equation A2 4+ a1\ + a2 = x1 + z2 + 3. If we divide by a% we obtain
2 2

Tty gates 4 mates (A) + a—’\l Notice that trk/F2(<%> ) = trk/F2(%) and

ai 1 1 a1

hence this relation is preserved. One then checks that it is also correct if some of the
points are the point at infinity, and one concludes that the map is a morphism.

5.2. Character sum estimates. Put
C(k)* = C(k) \ {o0'} = unr! (k(C) 4 001 /(C)).

Let A € kY and y € Pic)(C)Y. Since we have a natural map Gal(k(C) 4 [0 /F(C)) —
kT x Pich(C), we can view (), x) as a character of Gal(k(C) 4+ (00 /k(C)) by taking
the product. We put

o = D MNP E(C) 40 /k(C) = > Aa(P)x(pc(P))

PeC(k)* PeC(k)*

(see Lemma 9.4 from Chapter 1, we avoid the only ramification at co’). Our goal is to
estimate these c(y ). Put s =2 if p=2and s =3 if p # 2.
5.2.1. Case 1. Assume that either p # 2 or p = 2 and deg(h) < g.

Lemma 5.6. The following hold for A\ € k¥ and x € Pici(C)V.

iif A # xo, then |cox | < (29 — 2+ 5)/q;
. oo = #C(k) —1;
iii. if x # X0, then |c(yo,v) + 1] < (29 —2)1/4.
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PROOF. i: The degree of the conductor of the corresponding extension is s (see
Lemma 5.3 and Lemma 3.20 from Chapter 2). Hence the result follows from Theorem
3.18 from Chapter 2.

ii: Obvious.

iii: The degree of the conductor of the corresponding extension is 0 (Lemma
5.3, Lemma 3.20 from Chapter 2). Hence the result follows from Theorem 3.18 from
Chapter 2. O

5.2.2. Case 2. Assume that p = 2 and deg(h) = g. Let Ay be the special character
of kT corresponding to the unramified subextension of L/k(C) of degree 2. More
explicitly, we define Ay € kY, ¢ — (—1)”’“/"2(°d1/h§) € C* (Lemma 5.2 and Proposition
2.3). Put e¢ = (—1)"’€/F2(d°/h§) (it is —1 if there is a constant field extension). Let
X2 = (=1)¥ € Picg(C)".

Lemma 5.7. The following hold for A\ € k¥ and x € Pic(C)V.

L €0 Oae) = €0CON)

ii. if X # xo0, A2, then |C(>\,x)| < (29 -2+ s)\/q;
. o) = #CO (k) —
iv. ¢ Cxa,x2) — €C (#C( ) 1),‘

V. if X # Xo, then [c(y, ) + 1| < (29 —2)/q;
vi. if x # x2, then |cx, ) +€cl < (29 —2)1/q.

PROOF. i: Let P € C(k)*. We have \y(z(P))x2(¢c(P)) = ec by construction.
Indeed, if e¢ = 1, A2(x(P)) and x2(pc(P)) are equal. If ¢ = —1, then a rational
point splits in one extension iff it does not split in the other one, and hence they differ
by a sign. The result follows.

ii: The degree of the conductor of the corresponding extension is s (Lemma 5.3,
Lemma 3.20 from Chapter 2). Hence the result follows from Theorem 3.18 from
Chapter 2.

iii: Obvious.

iv: Follows from ii and i.

v: The degree of the conductor of the corresponding extension is 0 (Lemma 5.3,
Lemma 3.20 from Chapter 2). Hence the result follows from Theorem 3.18 from
Chapter 2.

vi: Follows from v and i. 0

5.3. Proof of theorem.

PROOF OF THEOREM 4.1. Suppose (pc(Cs)) C Picp(C). Then there exists a
subgroup H C Pic} (k) of prime index I such that @C(CS) C H. Let x € Pic)(C)Y
be a character with kernel H. Let f € C[S] C C[k]. Then for a € k we have
fo= %ZAekV far(a) (Proposition 2.2 from Chapter 3).
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By construction we have

0= fla@)x-lpcP) = é Yo D AA@P)(x - 1)(P)

PeC(k)* PEC(k)* AekY
1

==Y o —con)-

q AEEY

Assume that x # x2 if p = 2 and deg(h) = g. Choose f such that shy(S) =
#S/q - Cr(f). Rewrite our equation in the following way:

Nleany —cax) = > frlcow —can)-
kY AL
We will now put in the estimates of Lemma 5.7. Notice first
ley — el = [(cany +1) = (e + DI = [#C(k) — () + 1)
> #O(k) — (29— 2)v/q > 0.
Taking absolute values gives
|l (#C (k) + (29 — 2+ 25)/2) <229 —2+5)v/7 Y |/l-

AekV

Pick f such that C(f) = q/#S - shi(S). Then we obtain

S #C(k) + (29 — 2+ 25)/q

I s (S) = C(f) = 2(29 — 24 5)\/q

#S
and this gives us the required result.
Assume that p = 2, deg(h) = g and that x = x2. Then one has

0= Z Ir(cine) — couny) = Z (fx—€cfrrs) (Coe) — Cr1)) -

AEEY A (mod (A2))

Hence we have
(fi —echr) (can — caxs) = 1/2 Z (fx —€cfrn) (Coox) — ) -
AEEY A#L Az
The estimates of Lemma 5.7 give
|f1 = e/ [(#C(k) + (29 — 24 25)/q) < (29 — 2+ 5)V/q Z |fx = €cfans |-
ek

Notice that fx —ecfar, = (f —ecAaf)a = ((1—€ecA2)f)a by Remark 2.3 from Chapter
3 (and because Ay has order 2). Notice that the image of the map C[S] — CI[9],
f= (0 —ech)fis Cl[HeNS] where Ho = {x € k: Ao(z) = —ec}. f Ho NS =0,

2
then we have Cs C ker(yc) C Pic)(C) (Proposition 5.4). We can interpret our
equation as a shape of Ho NS and by choosing the function which obtains the shape
of Ho NS we obtain:

#CO(k) + (29 —2+25)\/q _ q
(29 —2+s)\/q ~ #(SNHp)
The final result follows after applying Lemma 3.8 from Chapter 3.

. Shk(s N Hc).
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6. Multiplicative z-coordinate

Let C be a hyperelliptic curve of genus g > 1 over a finite field &k of cardinality ¢
and characteristic p given by an equation as in Section 4.

6.1. The diagram. Consider the following diagram (see Proposition 3.10 from
Chapter 2 and Proposition 2.4)

\
>./

The extension k(C)4 /K has Galois group k* x Cs and is geometric by genus consider-
ations.

If p = 2, then k(C)1/k(C) is totally ramified at co and at the the points of k(C)
above (x) of K, because (2,q — 1) = 1. Hence k(C). jo/1/k(C) is Galois with group
k* x Picl(C) and geometric.

Assume p # 2. Assume that k(C)/K is not ramified at (z), equivalently, x 1 f
(Theorem 4.6 from Chapter 2). Then k(C)./k(C) is totally ramified at the primes
above () of k(C). This shows that k(C). [«/k(C) is Galois with group &* x Pic)(C)
and geometric

k(C). = K.
K* /
\

K =k(z

Lemma 6.1. Let M’ be a subextension of k(C)./k(C) with M’ # k(C). Let M be the
unique degree 2 subextension of k(C)./k(C) if p # 2. Let R ={P € Pycy/i : Plx =
(z)}. Then we have:

f(M'/K(C)) | deg,(F(M'/E(C)))
p=2 zth o'+ per P 3
p=2, x|h o'+ per P 2
p#2ax'ffa M/#M OOI+ZPERP 3
p#27 I|f, M/#M OO/+ZPERP 2
p#2, xff, M'=M >prer P 2
p#£2 z|f, M =M 0 0

PROOF. Note that the ramification in M'/k(C) is always tame, and hence the
conductor is the sum of the ramifying primes.

Assume that p = 2. As (¢ — 1,2) = 1, we see that M’ /k(C) is totally ramified
above oo’ and the primes in R.
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Assume that p # 2. It follows from local class field theory that a maximal abelian
totally ramified extension of conductor oo or (z) of K has degree ¢ — 1. Hence we see
that all extensions except M/k(C) are ramified at oo’. If () is ramified in k(C)/K,
then all extensions M’ /k(C), except M/k(C), are ramified at the primes of R. If ()
is unramified in k(C)/K, then all M/k(C) are totally ramified at the primes of R.

Apply Theorem 4.6 from Chapter 2 and Theorem 3.7 to fill in the second column
of the table. If (x) is not ramified at k(C)/K, then } , pdeg,(P) = 2. If (z) is
ramified, then ), deg; (P) = 1. The third column now follows from the second
one. O

Lemma 6.2. Consider the extension k(C)/K. Assume p # 2. Then we have:
o () is ramified < fo =0;
o (1) is split < fo € k*?;
o () isinert <= fo€k*\ k*2 .
Assume p = 2. Then we have:
o (x) is ramified <= ho = 0;
(x) is split <= ho #0 and trk/Fz(}{—%) =0
x)

)
o (z) is inert <= ho # 0 and trk/FQ(%) #0
0
PROOF. Assume p # 2. The first case we know by Theorem 4.6 from Chapter 2.
The other two parts follow from Proposition 7.8 from Chapter 1.
Assume p = 2. The first case follows from Theorem 4.6 from Chapter 2. The other
two parts follow from from Proposition 7.8 from Chapter 1 and Lemma 5.1. O

Assume p # 2 and z|f. Then the extension M/k(C) is unramified. Notice that
M = k(C)k(y/z) (Proposition 2.4). We want to determine when oo’ splits in this
extension. The prime oo’ splits completely in M/k(C) iff oo splits completely in the
extension k(z)[y]/(y* — f(z?)) over k(z), where z = /z. Put ¢/ = —¥%~. Then y/
satisfies 32 — sz(giﬁ) The right hand side is integral at oo, and reducing modulo this
prime gives the equation y'? — fo 1. We see that it splits at co iff fag11 is a square
(Proposition 7.8 from Chapter 1). Hence M C k(C)( iff f2g41 is a square. Recall
the notation N from Page 105. We obtain an analogue of Proposition 5.4:

Proposition 6.3. Assume that p # 2 and that x|f. Let 2’ be the unique prime above
(z) in k(C). We have a surjective morphism of groups

bc: Picd(C) — k* /k*?
defined as follows. Let P be a prime of k(C) with P # oo’ 2’. Then we have ¢ ([P] —
deg,, (P)[od']) = N(P|K)f(P/P|K)f§;§’j(P). Furthermore, we have ¢c([z'] — [00']) =
J1f2g+1-

PrOOF. We use Proposition 2.4. Most parts are similar to the proof of Proposition
5.4. We just need to calculate when P splits completely in M/k(C). From Corollary
9.3 from Chapter 1 and Proposition 2.4 we deduce the formula. For the prime z’ we
need to do a special calculation. But 2’ splits in M/k(C) iff it splits completely in
k(2)[y]/(y* — f(2%)). Put y”” = L. Then after the reduction at 0 it satisfies y"* — fi.
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Note that fi; # 0 by our assumptions, and the extension is totally split by Proposition
7.8 from Chapter 1 iff f; is a square. The result follows. O

Remark 6.4. The map ¢¢ has been studied in [BPS12], where one takes n = 2,
A = Spec(k) and 8 = ([P] — [o0'], Spec(k)) where P is the unique point with z = 0 of
C (k). This point [P] — [00'] is 2-torsion, as (z) = 2P — 200'.
Remark 6.5. Assume that F is an elliptic curve over a finite field k& of odd charac-
teristic given by y? = 23 + a222 + asx. Then the above morphism becomes
bc: E(k) — k*/E*?
P z(P)
oo —1
(0,0) — ag.

As a matter of fact, it is not hard to see the following: Suppose points Py, Ps, P3 € E(k)
lie on the line y = Az + p. The constant term gives x(Py)x(Ps)x(P3) =

6.2. Character sum estimates. Let R = {P € Py : Plxk = ()}. Put
C(k)** = C(k)\(RU{c0'}) = unr! (k(C). (o) /k(C)). Let A € (k*) and yx € Pic)(C)V.
Since we have a natural map Gal(k(C), [o0/k(C)) — k* X Picy(C), we can view (), x),
using the product, as a character of Gal(k(C), «/)/k(C)). We put

o= D, AXPE(O). oo [K(C)) = Z Alx pc(P))

PeC(k)*= PeC(k
(see Lemma 9.4 from Chapter 1, we avoid the possible ramification here). Put s = 2 if
(z) is ramified in k(C)/K and s = 3 if not.

Ifp 2, put \y: k* — k*/k*? = {£1} C C*. If p # 2, and z|f, put ¢ = N5 (fag+1)
and put x4 for the compositum of ¢¢ with the isomorphism k*/k*2 = {£1} C C*.
Lemma 6.6. Let A\ € kY, x € Pic)(C)V. Then the following hold.

i cyovo =#C(k) —#R—1;

i, if A # xo0, and if X # Xy, x # x5 if p =2 and x|f, then |cx | < (29—245)/q;
i if X # Xo, then ¢, x) + 1+ 2 per X(PR(C)/K(C)))] < (29 = 2)/4;
iv. if p=2 and z|f, then CAX)-(Ayxh) = 600()\_)().

PROOF. i: Obvious.

from Chapter 2. We still need to do the case when A = \,. We obtain dlrectly
[c0g0 T 1 Lsm2 - (X pe g A2y X) (P R(O)s oo /R(C)))] < (29—2+2(8—2))\/§- The
result then follows since

1 ifs=3

2 ifs=2.

(4—s>fz{

iv: Let P € C(k)**. We claim: A, (z(P))x5(P) = d¢c. Indeed, if 6c = 1, then
Ay (2(P)) = x4(P) by construction. If ¢ = —1, then a rational point splits in one
extension iff it does not split in the other one. This gives a sign. The result follows. [
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6.3. Proof of theorem.

PRrROOF OF THEOREM 4.6. Notice that #R = r by Lemma 6.2.

Suppose (¢c(Cs)) € Pich. Then there exists a subgroup H C Pic) of index I
(prime) such that ¢ (Cs) C H. Let x € Pic’(k)Y be a character with kernel H. Let
f € C[S] C Clk*]. Write f = 23 305y A

By construction we have

0= ¥ e NP = 3 3 NP 1)

PeC(k PeC(k)** Xe(k
oY hile i) -
Ae(k*

Assume that x # x4 if p # 2 and | f2. Choose f such that shy«(S) = #S5/(q—1)-C(f).
Rewrite our equation in the following way:

filean —cax) = Z I (o —coun) -
A€(k*)V A#1
Putting in the estimates of Lemma 6.6, we obtain first
le,ny = canl = ey +1) = (e + )| = [#C(k) — (ca,y) + 1)
> #C(k) — (29 — 2)y/q —2r > 0.

q

This gives us
[FHC(K) + (29 —2+28)y/a —2r) <2029 =2+ 5)v/a Y |fl-
Ae(k*)V

Hence we have
q—1
#S

and this gives us the required result.
Assume that p # 2, z|f and that xy = x5. Then one has

0= Z I (o) —conn) = Z (fx = dcfans) (cony) — conn) -

Ae(k*)V A (mod (A3))

#C (k) + (29 — 2+ 2s)\/q — 2r
229 —2+5s)\/q

shy-(S) = C(f) >

Hence we have
(fr = dcfxy) (e — cangy) = 1/2 Z (fx = dchany) (o) — o)) -
AE(E*)V A#LN,
The estimates of Lemma 6.6 give
|f1 = 0c fa, [(#C(k) + (29 — 2+ 2s)\/q — 2r) < (29 — 2+ 5)\/q Z |fx = dc foxg |-
Ae(k*)V

Notice that fx — dcfaxn, = (f —dcAaf)x = ((1 — dcAy)f)x by Remark 2.3 from
Chapter 3 (and because A has order 2). Notice that the image of the map C[S] — C[S5],
f = (1—ec2)fis C[HLNS] where Hj, = {z € k : Ny(z) = —0c}. If HLNS = 0, then

2
we have Cs C ker(¢c) C Picy(C) (Proposition 5.4). We can interpret our equation as
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a shape of Hi, N S and by choosing the function which obtains the shape of H, NS
we obtain:

#C(k)+(2g—2+28)\/(j—27“< qg—1
(29 —2+s)/q T #(SNH)
The result follows after using Lemma 3.8 from Chapter 3. 0

- shy« (S n Hé:«)

7. The algorithm

In this section we will describe how to find generators for Pich(C), that is, we give
the proof of Theorem 1.1. We make a few assumptions:

i. We can do operations in k, a finite field of cardinality ¢, as addition and
multiplication in time polynomial in log(q).

ii. Our hyperelliptic curve C' is given as in Theorem 4.6 from Chapter 2 such
that k(C)/k(x) is totally ramified at oco.

iii. Divisors on Picj(C) are represented as Galois-invariant divisors of div%(CE),

where divisors on div%(CE) are represented in Z(C®).

PROOF OF THEOREM 1.1. Put ¢t = (2*(2g+1) + 22)2. Deterministically con-
struct k', a finite field extension of k of cardinality ¢* where tqg > ¢’ > t. This can be
done in time O(g"/?i*) ([Sho90]), which is in O(¢'/?¢?). Addition and multiplication
can then be done in &’ in time polynomial in log(g) and log(q).

Construct an interval S of k' with the following properties:

i #8 > [4(29 +1)g'/?] =1

ii. #5=0(g°¢""?);

iii. if p =2 and deg(h) = g, then S C He¢.
This can be done for the following reason. We claim that there are intervals of length
between r and 2r. Indeed, write 7 in basis p = char(k), say with main term a,p®. We
claim that there is an interval of cardinality ' = 2a,p®. Note that r < r’ < 2r. We
want to apply Lemma 3.7 from Chapter 3 (for H¢ in the special case), and for this it
is enough to show that 47 < ¢*. Indeed, we have

q' > ¢t = g% (28 (29 + 1) + 22) > 4(4(29 + 1)g"? + 1) > 4r-

We claim that #S = O(g%¢'/?). Indeed, gq'/? < gt'/?q"/?, which is of order O(g?q'/?)
and the result follows.

We will apply Theorem 4.1 with our interval S. We have shy+(S) < 2 (Lemma
3.6 from Chapter 3) and ¢* > (4g — 2)? and hence #S > 2shy (S)(2g — 2 + 5)q*/>.
Theorem 4.1 (see Remark 4.2) gives (¢c,, (Crr,s)) = Pic}, (Cp).

We will construct Cys g. For all x € S we look at the equation y* + h(z)y = f(x)
and we have to solve this in y (Theorem 4.6 from Chapter 2 tells us that this is a
smooth model).

Assume that p = 2. Note that h # 0. If x is fixed, we need to find y with

(i) it = (h)
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This is an Artin-Schreier equation and solutions can easily be obtained by linear
algebra. Each step here can be done in polynomial time in log(¢?), hence polynomial
time in log(g) and log(q). Hence the total cost of this is O(g>*¢q'/?*c).

Assume that p # 2. Then for x € S we need to solve y? = f(z). First calculate
a quadratic non-residue in time O(q"/4*?), that is, in time O(log(g)'/?¢"/*t%) (see
[Shp96]). Then we apply Tonelli-Shanks to solve the equation for a fixed z in time
polynomial in log(q) ([vdWO06, Lemma 3.4]). Hence in total the cost of this step is
again O(g>Teq/?te).

Hence we have calculated Cys g. Let 0o’ be the point at infinity of Cjs. The image
of Cys s under @¢,, (K'): Cpr — Pic) (Cys) generates the group Pich(Cy). It maps P to
[P] — [00""]. Since the norm map Normy k() /k(cy: Picq(Cr) — Pich(C) is surjective
(Corollary 3.15 from Chapter 2), a generating set of Pic)(C) is given by

Normy k(e /x(e) (90, (Cw,s)) -
More explicitly, for P € Cj/ s we have
Normys oy k(o) (o, (P)) = —[K : k][od] + [g(P)].
geGal(k’ /k)
O

Remark 7.1. In the proof above, we made some bad estimates, especially for ¢. We
chose for these bad estimates because it allows for a shorter and more uniform proof.
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Automorphism groups of fields

1. Introduction

In this chapter we study automorphism groups of fields. Let Q2 be an algebraically
closed field and let k£ be a subfield such that the transcendence degree of 2 over k
is finite but not zero. Our goal is to study Autg(2), the automorphisms of Q which
are the identity on k, and Aut(k — ), the automorphism of Q which induce an
automorphism on k. All these groups are topological groups where we view them as
subsets of Q% where Q has the discrete topology and Q¢ the product topology. These
groups are quite mysterious and our goal is to gain an understanding for them. In this
introduction we will discuss the three main theorems of this chapter. Let us drop any
of the assumptions above.

The first theorem gives a splitting of an exact sequence (see Subsection 3.4).

Theorem 1.1. Let Q be an algebraically closed field with subfield k. Then we have an
exact sequence of topological groups

1 — Autp(Q) — Aut(k — Q) — Aut(k) — 1.

If k is algebraically closed, there is a continuous morphism Aut(k) — Aut(k — Q)
which splits the sequence.

The second theorem main theorem is as follows (see Subsection 5.4).

Theorem 1.2. Let Q) be an algebraically closed field and let k be a subfield such that
the transcendence degree of Q0 over k is finite but not zero. Then there are surjective
continuous group morphisms from Auty(Q2) and Aut(k — Q) to a not finitely generated
free abelian group with the discrete topology.

Finally, we have the following theorem (see Section 6).

Theorem 1.3. Let Q be an algebraically closed field and let k be an algebraically
closed field such that the transcendence degree of 2 over k is one. Then the action of
Aut(k — Q) on Pqy, the set of valuations of 2 which are trivial on k but not trivial,
is transitive and the kernel of this action is (x — zP) if p > 0 and trivial if p = 0.

2. Prerequisites

2.1. Category of arrows. Let C be a category. Then we define the category of
arrows of C to be the following category. The objects in this category are morphisms
s: A — B in the category C. A morphism between s: A — B and s': A’ — B’ is a
pair (¢,t') with t: A — A" and ¢’ : B — B’ which satisfies s't = t's. We denote the set
of homomorphisms between s and s’ by Hom(s, s’).

123
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2.2. Topology. Let Q be a field. We will endow ) with the discrete topology.
We give Qf the product topology. This means that a subset A C Q% is open iff for
every f € A there exists a finite S C Q such that Us ; = {g € Q9 : g|s = f|s} C A.
Notice that Q¢ is a Hausdorff space.

Lemma 2.1. Let H be a subgroup of Sym(Q) C Q. Then H is compact <= H is
closed in Sym(QY) and for all a € Q the set Ha = {h(a) : h € H} is finite.

PROOF. = : For a € Q, the map H — Q, f — f(a), where  has the discrete
topology, is continuous. By compactness it follows that Ha is finite. As Q is a
Hausdorff space, it follows that H is closed in Q. Hence it is closed in Sym(2).

<=: We can view Sym(Q) as a closed subset of Q2 x Q% by sending o to (o,071).
The induced topology on Sym(f2) agrees with its topology from Q. Using this
embedding we have H C [[,cq Ha X [[,cq Ha = T. The latter is a compact space by
Tychonov. As Sym(f2) is closed in Q% x QO and H is closed in Sym(f2), it follows that
H is closed in T. It follows that H is compact. O

Automorphism groups will be specific subgroups of Qf? and they are endowed
with the induced topology. Let k& C € be a subfield. We will put Autg(£2) to be the
set of automorphism of Q which are the identity on k. Consider Aut(k — ), that is,
the set of automorphisms 2 — 2 which induce an automorphism k& — k. Note that
Aut(k — Q) is a subset Q% which contains Auty (). We will also consider Aut(€2).
These three groups become topological groups with their induced topology.

Note that Autg(2) C Aut(k — Q) C Aut(Q). If ¥’ is an intermediate field of
Q/k, then we have natural morphism Auty (2) C Aut(£2). We also have a natural
morphism Aut(k — Q) — Aut(k).

Remark 2.2. Assume that 2/k is algebraic. Let S be the set of finite Galois extensions
of k in Q. Then one has Autg(92) = im, Auty(1). This is a subset of [],.g Autg(l).
We endow the finite sets Auty (/) with the discrete topology and [],. ¢ Auty (1) with
the product topology. Let ¥ be the subspace topology on Autg(2). One can easily
show that ¥ agrees with the other topology on Autg().

2.3. Transcendence degree. Here are some basic facts about the transcendence
degree of an extension of fields. See [Lan02, Chapter VIII] for some details. Let L/K
be a field extension. Then a set S C L is algebraically independent if the K-algebra
morphism K[zs : s € S| — L sending z; to s is injective. A maximal S is called a
transcendence basis of L/K. If S is a transcendence basis, then L/K(S) is algebraic.
Note that any algebraically independent set can be extended to a transcendental
basis. We define the transcendence degree of L/K, which is a cardinal number, by
trdeg g (L) = |S|. This degree does not depend on the choice of a transcendence basis.
Notice that for a morphism o: L — L' we have trdegy (L) = trdeg, k(o (L)). If M is
an extension of L, then we have the identity trdeg (M) = trdeg; (M) + trdegy (L)
(as cardinal numbers). In fact, the union of transcendence bases of M/L and L/K is a
transcendence basis of M/K.
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3. Properties of the automorphism groups

3.1. Extension of morphisms. We begin with a theorem which shows that
automorphism groups are ‘big’ if the top field is algebraically closed.

Proposition 3.1. Let Q be an algebraically closed field and let k be a subfield. Let
E be an intermediate field of Q/k. Suppose o € Hom(k — E,k — Q). Then there is
o' € Aut(k — Q) with o'|p = 0 <= trdegg(Q) = trdeg, g (). The latter condition
holds if trdeg;, (F) < trdeg,(Q) or trdeg,(Q) < oo.

PROOF. = : We have trdegp(f2) = trdeg, g (0'(2)) = trdeg, (g)(€2).

<=: Let S be a transcendence basis of QQ/E and S’ be one for Q/c(E). Let
7: 5 = 5’ be a bijection. Define the isomorphism ¢”: E(S) — ¢'(E)(S’) to be ¢’ on
E and 7 on S. As Q is algebraically closed and 2 is algebraic over E(S) and o’ (E)(S’),
we can extend this to an element o’ € Aut(k — Q) as required.

We have the identity

trdegy () + trdegg(€2) = trdeg,, () = trdeg, (o (E)) + trdeg, g ()
= trdegy,(E) + trdeg, g)(92).

If trdeg;, (©2) < oo, the statement follows easily. Otherwise, it follows from the fact
that for infinite cardinal numbers A and B we have A + B = max (A4, B). O

Remark 3.2. From the above proposition, a very similar statement follows for
Autk(Q).

Remark 3.3. Let Q be an algebraically closed field and let k be a subfield. Let k be
the algebraic closure of k in Q2. Then we have a commutative diagram of topological
groups with exact rows (Proposition 3.1) and where all vertical maps are injective as
follows:

1— AutE(Q) EE— Autk(Q) — Autk(E) —1

J | |

1 —— Aut(Q) —— Aut(k — Q) —— Aut(k — k) —— 1.

3.2. Topological statements.

Lemma 3.4. Let Q/k be a field extension with trdeg(Q2/k) > 1. Let T be the set of
elements in Q0 which are transcendental over k. Then one has Q = k(T).

PROOF. The set of algebraic elements in /k is a subgroup of Q*. If H C G are
groups, then (G\ H) = G. Indeed, for h € H and g € G\ H we have h = g='-(gh). O

We say that an extension L/K of fields is purely inseparable if it is algebraic and
for all intermediate fields M of L/K with [M : K| < co we have [M : K] = [M : K];.
Hence if char(K) = 0, then the only purely inseparable extension is K itself. We
say that an extension fields L/K is almost finitely generated if there exists a finitely
generated extension K’ of K in L such that L/K’ is purely inseparable.
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Proposition 3.5. Let Q be a field and let E C E' and E” be intermediate fields.
Let (P) be the property that ) is algebraically closed and trdegy(2) < co. Then the
following statements hold:

i Autg(Q) C Aut(E — Q), Autg (Q) C Autg(Q) and Autg () C Aut(E —
Q) are closed;

(P
ii. Autg(Q) is compact = Q/E is algebraic;
<—
(P
iil. Autg(Q) C Autg/(Q) EE"/E is purely inseparable;
P—

(P
iv. Aut(F — Q) C Aut(E' — Q) = E'=Q or E'/E is normal;
P

(P
v. Autg/ (Q) C Autg(Q) is open = E'/E is almost finitely generated in Q;
<—

vi. Autp(Q) C Autg(QY) is normal <= E'/E is normal algebraic or Q/E’ is
purely inseparable.

PROOF. i. All statements follow easily.

ii. = : Suppose that 2/FE is not algebraic and let ¢t € Q be transcendental over
E. Then for each i € Z>; we have a morphism o; € Hompg(FE(t), ) mapping ¢ to t'.
Using Proposition 3.1 we can extend this to an element of Autg(£2). Hence the orbit
of t under Autg(2) is not finite. Hence Autg(2) is not compact.

<=: One easily shows that Autg(f2) is closed in Sym(€2). The result then follows
from Lemma 2.1.

iii. = : Suppose that EE"”/E is not purely inseparable. Assume first that
t € E" is transcendental over E. Then we can consider the E-linear map E(t) — E(t?)
mapping t to t2. Using Proposition 3.1 we can extend this to an element of Autg ().
This shows that Autg(Q) ¢ Autg-(Q). Suppose that there exists e € E” \ E which
is separable over E. As 2 is algebraically closed, we can extend idg to an element
of Hompg(E(e), ) which does not fix e. This map can be extended to an element of
Autg(Q) by Proposition 3.1. This shows that Autg(Q2) ¢ Autg. ().

<: Put p = char(k). If p = 0, then we have E” C E and the statement obviously
follows. If p # 0, then for every e € E”, there is ¢ € Z>o with e’ € E. Hence if an
automorphism is the identity on E, it also the identity on E”.

iv. = : Assume E’ # . Assume that E’/E is not algebraic. Say that t € E’ is
transcendental over E. Let ¢’ be an element in Q2 \ E’ which is transcendental over
E (Lemma 3.4). Then by Proposition 3.1 and Lemma 3.4 there is a morphism in
Hom(E — Q) which maps ¢ to ¢. Hence Hom(E — Q) ¢ Hom(E’ — Q). Assume that
E'/FE is algebraic, but not normal. Then take ¢/ € E’ such that one of its conjugates
e’ over F does not lie in E’. There is an element of Hom(E — Q) which maps €’ to
€’ which is the identity on E (Theorem 3.1).

< If E' = Q, the statement is obvious. If E'/FE is normal, then any element of
Aut(E — Q) maps E’ into E'.
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v. By iil one has: E'/F is almost finitely generated <= there is a finite subset

S C E' such that E'/E(S) is purely inseparable <::> 35 C FE’ finite such that
(P)
Autg(Q)N Usiaq = AutE(S) (Q) = AutEr(Q).

vi. If Q/F’ is purely inseparable, then Autg/ (Q2) = Autq(Q2) by i, and hence the
subgroup is normal. Suppose that E’/FE is normal algebraic. Let 7 € Autg/ () and
o € Autp(9). For a € E' we have o(a) € E'. Hence we have 0170 (a) = o and hence
o770 € Autp () as required. O

Remark 3.6. We cannot drop the assumption that €2 is algebraically closed and that
trdeg(Q2/E) < oo in the implications where we put a (P). Here are examples.

Autr(R) = 1.
We have Autq(R) is compact, but R/Q is not algebraic (ii).
We have Autg (R) C Autq(R), but R/Q is not purely inseparable (iii).
Furthermore, Autg(R) C Autq(R) is open, but R/Q is not almost finitely
generated (v).
iv: Put Q=R, E' = Q(¥/2) and E = Q
Note that Aut(Q — R) = Aut(Q(+/2) — R) = 1. But Q(¥/2) # R and Q(v/2)/Q

is not normal (iv).

Problem 4. We have the following problems.

e When is Aut(E — Q) compact or finite?
e When is Autg(Q) finite?

3.3. Galois theory. Let us recall the classical theorem of Galois theory. We say
that 2/k is Galois if it is algebraic, normal and separable.

Theorem 3.7. Let Q/k be an extension of fields. Set
S={FE:kCECQ:Q/FE Galois}.
Then we have a bijection
w: {H C Auty () compact subgroups} — S
H e Q.
with inverse given by E — Autg(Q).
PROOF. See for example [Mor96, Theorem 17.8]. O

Proposition 3.8. Let ) be an algebraically closed field and let k be a subfield such
that trdeg(Q2/k) < co. Set

S'"={FE:kCECQ:Q/E Galois, E/k almost f.g.}.
Then we have a bijection
o: {H C Aut(Q) open compact subgroups} — S’
H Q.
with inverse given by E — Autg(Q).
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ProoF. This follows from Theorem 3.7 and Proposition 3.5 v. g
3.4. A short exact sequence.

Definition 3.9. Let G be an ordered abelian group and let k be a field. We use
multiplicative notation for G. Then we set k((G)) to be the set of formal sums
@ =} cqag9, where ag € k such that supp(a) = {g : a4 # 0} is well-ordered. For

B =23 yecbgg we set
a+p= Z(ag +bg)g

geG

a-f= Z Z ahlﬂhz g.

g€G \ hi1,h2€G: hi-ha=g

One can show that these operations are well-defined and that these operations make
k((@)) into a field ([Poo93, Corollary 2]), which is algebraically closed if k is alge-
braically closed and G is divisible ([Po093, Corollary 4]). Furthermore, it is a valued
field where we put v(«) = min(supp(«)) with value group G and residue field k. Such
ordered fields are called Malcev fields.

PrROOF OF THEOREM 1.1. It is easy to see that all maps are continuous. The
only non-trivial part is the surjectivity of the last map, and Proposition 3.1 takes care
of this.

Assume that k is algebraically closed. Let (z;);c; be a transcendence basis of
Q/k. Put a total ordering < on I using the axiom of choice. Consider the ordered
abelian group G = @,.; Q which is ordered by saying a = (a;)icr < b = (bi)icr
if min(supp(a)) < min(supp(b)), or ¢ = min(supp(a)) = min(supp(db)) and a; < b;.
Consider the field k((G)).

It is quite obvious from the definition that the elements (d;;); € k((G)) for i € I
are algebraically independent. Hence we have an induced map k(z; : i € I) = k((G))
which sends x; to (d;5);. As k((GQ)) is algebraically closed, we can take an inclusion
Q C k((G)) making the following diagram commute:

| 7

k(l’ZZGI)

|

k.
This gives us a splitting Aut(k) — Aut(k — Q) defined as follows:
p: Aut(k) = Aut(k — Q)

o Zagg€QHZa(ag)g

geG geG



4. Degree map of categories 129

We will show that this map is continuous. Take 7 € Aut(k — ), a € Q and consider
the set U = {h € H : h(a) = 7(a)}. It suffices to show that ¢~*(U) is open. Take
7' € 71 (U). Consider the minimal polynomial f = Si@iien € k(wi o i € I)[x] of
x over k(z; : i € I). Let a; = a,as,...,a, be the different zeros of f in k((Q)).
Write a; = quc Cigg. For i = 2,...,n, as a1 # a;, there exist g; € G such that
Clg; # Cigi- Let S = {cig, 1 i = 2,...,n}. Let §' C k be the finite set of elements
of k which occur in the expressions of f. Let T = S U S’ and consider the open set
V ={W € Aut(k) :Vt € T : h'(t) = 7'(t)}. We claim: ¢(V) C U. For h € (V) we
have h(f) = f (where h acts only on the coefficients). This means that h maps a to
one of the a;. By construction it maps a to a and the result follows. O

Remark 3.10. If £ is not algebraically closed, then the sequence is not necessarily
split. Assume that Aut(k) has an element o of finite order n > 2 and let Q be
any algebraically closed field containing k. It follows from the famous Artin-Schreier
theorem ([Lan02, Corollary 9.3, Chapter VI)]) that Aut(£2) has no element of order
n. Hence the sequence does not split.

For example, take kg a field and let k& = ko(x). Let 2 be an algebraic closure of k.

Let o € Auty, (k) be the automorphism which sends z to ljr—lw of order 3.

4. Degree map of categories
4.1. General categorical notions.

Definition 4.1. Let C be a category. Then C is called filtered if the following conditions
are satisfied:
i. C is not empty;
ii. for every A, B € Ob(C) there exists C € Ob(C) such that Hom¢ (A, C),
HOIIlc(B7 C) # @;
iii. for every A,B € Ob(C) and f,g € Hom¢(A, B) there is C € Ob(C) and
h € Home(B, C) such that ho f =hog.

Let G be a group. Then we define the category C'(G) to be the following. The
object set is {pt} and Hom(pt, pt) = G, with composition coming from the composition
law of G. Notice that any o € Aut(G) induces an automorphism of C(G) which maps
the arrow g to o(g). We denote this automorphism by o as well. If H is a group as
well, then one easily gets C(G x H) =2 C(G) x C(H).

Let C be any category. We set Simp(C) to be the following category. The set of
objects is the same as that of C and between any two objects there is a unique arrow.
There is a functor Fe: C — Simp(C) which sends an object to the object itself, and
maps a morphism to the unique morphism connecting the source and the target. Note
that an automorphism of C induces an automorphism of Simp(C).

4.2. Degree.

Definition 4.2. Let C be a category, let G — Aut(C) be a morphism of groups and
let H be a G-group, that is, we have a morphism G — Aut(H). For o € G, h € H we
write Zh for this action. A G-pre-degree d to H is a functor

d: C — C(H)
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which respects the G-actions (for any o € G we have 0 od = do o). A G-degree d to
H is a functor

d: Simp(C) — C(H)

which respects the G-actions.
If G is trivial, we will call such functors a pre-degree respectively degree.

Remark 4.3. More concretely, in the above definition, a G-pre-degree is an association
d: Hom(C) — H satisfying the following for all A, B,C € Ob(C), f € Hom(A, B),
g € Hom(B,(C) and o € G:

i d(go ) = d(g) - d(/):

ii. d(o(f)) =“d(f).
Furthermore, a G-degree is a rule d: Ob(C) x Ob(C) — H, denoted by d((4, B)) =
d(B/A), satistying for all A, B,C' € Ob(C) and ¢ € G:

i. d(C/A)=d(C/B)-d(B/A);

ii. d(o(B)/o(A)) =7d(B/A).
Instead of working with a functor, we will often just check that the above relations
hold.

Remark 4.4. We can generalize the definition of a pre-degree or degree by allowing
monoids instead of groups for H.

Proposition 4.5. Let C be a category. Then the following hold.
i. Let d: Simp(C) — C(H) be a G-degree. Then d o F¢ is a G-pre-degree.
il. Assume C is filtered and let d': C — C(H) be a G-pre-degree. Then there is
a unique degree d: Simp(C) — C(H) such that d' = d o Fg.

PROOF. i. Follows easily from the definitions.
ii. Let A, B € Ob(C). Take C' € Ob(C) with f € Hom(A,C) and g € Hom(B, C).
We put

d(B/A) =d'(g)~" - d'(f).

We need to show that this definition does not depend on the choice of C' and f and g.
Let C' € Ob(C) with f € Hom(A, C") and g € Hom(B, C"). Without loss of generality
we may assume that there is a map h € Hom(C, C") (property ii of a filtered category).
After extending (property iii of a filtered category), we may assume that ho f = f’
and ho g = ¢’. But then we have

d(g) 7 d () = d () d (W) (B (f) = d(g) ()
as required.

We will show that d' = d o F¢. For an identity map idg € Hom(B, B) we have
d'(idp) = 1. Furthermore, if f € Hom(A, B) we have

d(B/A) = d'(idp)~'d'(f) = d'(f)

as required.
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We will show that i and ii hold for d. Let A, B,C € Ob(C) and let D € Ob(C)
with f € Hom(A, D), g € Hom(B, D) and h € Hom(C, D). Then we have

d(C/A) =d () d(f) = (d'(h)~d'(9)) - (d'(9)"'d'(f)) = d(C/B) - c(B/A).

Furthermore, we have for o € G
d(o(B)/a(A)) = d'(o(g)) " d'(o(f)) = 7d'(9)~" - 7d'(f) = "d(B/A).

Finally, we will prove uniqueness. Let A, B € Ob(C) and let C € Ob(C) with
f € Hom(A,C) and g € Hom(B,C). Then for any other possible extension d” we
would have

d"(C/B)d" (B/A) = d"(C/A)

and d”(C/B) = d(g) and d"(C/A) = d(f). Hence d"(B/A) = d(g)~d(f) as required.
O

Remark 4.6. If a degree corresponds to a pre-degree, we will often use the same
notation for both functors.

Lemma 4.7. Let C be a category, let G C Aut(C) be a subgroup and let H be a
G-group. Let S C Hom(C) be a collection which satisfies for all A, B,C,C" € Ob(C)
and f,t,t" € Hom(C):

i. there exists g € Hom(C) such that go f € S;
ii. if gof € S and g’ o f € S, then there there exists h,h' € Ob(C) with
hogofeSandhog=h'og’;
ili. ifs€ S and o € G, then o(s) € S;
iv. iftot' €8, thent € S.
Furthermore, assume we have a map d: S — H satisfying
v. if s,t € S and st € S we have d(st) = d(s)d(t);
vi. ifs€ S and o € G, then d(o(s)) = %d(s).

Then there is a unique G-pre-degree d' on C to H extending d defined as follows. Let
f €Hom(C) and g € S such that go f € S (property i). Then g € S (property iv). Set

d'(f)=d(g)~"-d(go f).

PROOF. If such an extension exists, then one directly sees that it is equal to d’
(uniqueness). We first show that the extension is well-defined. Let ¢’ € S such that
g o f € S. Then there are h,h’ € Hom(C) such that hogo f € Sand hog=h og
(property ii). By property iv we have hog,h' o g’, h,h' € S. We find, using property v,

d(g)~td(go f) =d(g)~ d(h)"'d(hogo f) = d(hog) d(h' o g o f)
=d(h og)td(h o g' o f) = d(g") " d(h)"Hd(R o g o f)
=d(g")'d(g" o f).

We will show that d’ satisfies the two required properties.
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Consider f o f’. Then there is a g € S such that go f o f' € S (property i). Hence
we have g,go f € S (property iv) and this gives:
d'(fof)=d(g) " d(go fof)=(dlg)"td(gof)) (dlgof) td(go fof))
=d'(f)od(f).
Furthermore, we have (property iii and vi)

d'(a(f)) = d(a(g9) ™" -d(o(go f)) ="d(g)™" -“d(g o f) = 7d'(f).
O

4.3. Functorial properties. Here are some functorial properties of pre-degrees
and degrees.

Lemma 4.8. Let C be a category. Let G C Aut(C) and let H be a G-group. Let
f: H— H' be a G-morphism. Then the following hold:
i. Let d: C — C(H) be a G-pre-degree. Then the map f od: Hom(C) — H’

given by (fod)(g) = f (d(g)) gives a G-pre-degree.
ii. Let d: Simp(C) — C(H) be a G-pre-degree. Then the map f od: Ob(C) x
OD(C) — H' given by (f o d) (A, B)) = f (d((A, B))) is a G-degree.

PROOF. i. We have:

(fod)lgod)=f(dlgog))
= f(d(g) - d(g"))
= f(d(g)) - f(d(g"))
= (fod)(g)- (fod)g)
and
(fod)(a(g)) = fld(a(g))) = F(“d(g)) = °(f o d)(g).
ii. The proof is very similar to the proof of i. O

Remark 4.9. Let d be a G-(pre-)degree to H. Let G’ C G be a subgroup. Then d is
a G'-(pre-)degree.

Remark 4.10. Let d and d’ be G-pre-degrees (respectively G-degrees) to H respec-
tively H'. Then d x d’ is also a G-pre-degree (respectively G-degree) to H x H'.

If d is a G-degree (respectively G-pre-degree) on C and C’ is a G-stable subcategory
of C, then d is automatically a G-degree (respectively G-pre-degree). But it might give
a degree (respectively pre-degree) with respect to a larger or different group than G.

4.4. Cohomology associated to a degree map. We will very briefly discuss
cohomology (see [Ser79, Appendix Non-abelian Cohomology]). Let G be a group
acting on a group H on the left. A cocycle is a map ¢: G — H which satisfies for
all g, g’ € G the identity ¢(gg’) = ¢(g9)g(c(g’)). We define an equivalence relation on
the set of cocycles by ¢ ~ ¢’ iff there exists h € H with ¢/(s) = h™tc(s)s(h). The set
HY(G, H) of equivalence classes forms a pointed set with as chosen point the class of
the zero cocycle. If the action of G on H is trivial, then H'(G, H) = Hom(G, H).
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Lemma 4.11. Let C be a category, let G be a group and H be a G-group. Let d be a
G-degree to H. Let A € Ob(C). Then we can associate an element cq € H' (G, H) to
d defined by

Cq: G—H
o d(A/o(A)),

which does not depend on the choice of A.
PROOF. We will first show that cq € H(G, H). Indeed, for o, 7 € G we have
ca(or) = d(A/oT(A)) = d(A/o(A)) - d(o(A)/oT(A)) = ca(0) - “ca(T).
For A, B € Ob(C) we have
d(B/o(B)) = d(B/A)d(A/o(A))d(o(A)/o(B)) = d(A/B)~'d(A/o(A))d(A/B).

which shows that ¢4 does not depend on A. O

Let G be a group acting on a group H, let ¢ € H'(G, H) represented by a cocycle
c and let N <1 G contained in ker(G — Aut(H)). Then we have a map

env: G— H x (G/N)
o (¢(o),oN).
This is a group morphism. Indeed, we have
en(o7) = (c(o7),07N) = (¢(0) - 7¢(1),0N - TN)
= (c(o),oN)(c(1),TN) = en(0)en(T).

This morphism depends on the choice of ¢, but different choices give isomorphic images.
Indeed, for a € H we have an isomorphism

¢o: Hx (G/N)— H x (G/N)
(h,g) = (a™ hg(a),9)-

This shows that ¢ ~ ¢’ implies that the images of ¢y and ¢/ are isomorphic.

Remark 4.12. Let us explain why degrees can be useful. Suppose we want to
understand a group G. Then we hope to get a map G — H x (G/N) for which we
understand H and G/N. This gives us information about G.

5. Examples of degrees and an application

In this section we will give some examples of degrees we will use. Later we will
deduce properties of the various degrees.
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5.1. Pre-degrees on C,. Let p be a prime number or 0 and let C, be the
category of fields of characteristic p with finite morphisms. That is, ¢: K — L where
[L: o(K)] < co. As morphisms on fields are injective, we will usually identify K with
P(K).

The Grothendieck group $ of finite groups is the free abelian group on the collection
of finite groups (written multiplicatively), where we quotient out by the relations
coming from [G] = [G'] - [G"] where 0 = G’ = G — G — 0 is an exact sequence
of finite groups. In fact, it is a free abelian group on the isomorphy classes of finite
simple groups. Hence it is not finitely generated.

For convenience we put we put pZ = {1} if p = 0.

Proposition 5.1. Consider the category C,. We have the following pre-degrees, defined
as follows on a morphism ¢: K — L:

i da(yp) = [L w(K)] € Qso (standard pre-degree)

ii. di(¢) =[L ( )i € p% (inseparability pre-degree)

ili. ds(p) = [L: o(K)]s € Qso (separability pre-degree)

iv. dg(p) = [[‘:‘;ttfz((ﬁ)]] €9 (if M/K is finite normal containing L; group pre-
degree).

v. di(p) = dg(p) x di(p) € H x pZ (total pre-degree).

PRroor. It is obvious that dq, d;, ds are pre-degrees. Once we show that dg is a
pre-degree, then d; is automatically a pre-degree.

Let S be the collection of normal morphisms. For a normal extension ¢: K — L
we set dg () = [Autg(L)] € $. We will check that the assumptions of Lemma 4.7 are
satisfied. Trivially iii and vi are satisfied. Assumption i follows from taking a normal
closure, ii follows from the fact that a compositum of normal fields is again normal.
Assumption iv is a standard property of normal morphisms. Finally, if K C L C M
with L/K and M/L normal in C,, then we have a well-known short exact sequence

0 — Aut (M) — Autg (M) — Autg (L) — 0.
This shows that v holds. O

Remark 5.2. Note that we have a morphism of groups f:  — Qso, [H]| — #H.
Then we have ds = f o d.

5.2. Degrees on Sub(f2, [K]). We want to turn the pre-degrees of the previous
section into degrees by restricting to a filtered category.

Let 2 be a field of characteristic p > 0. We define the category Sub(€2) which has
as objects the set of subfields of 2. The set of homorphisms between two subfields K
and K’ is the empty set unless K C K’, and in that case, it consists of this inclusion
only. The composition of morphisms is the natural one.

Definition 5.3. Two fields K, L C € are called commensurable if there is a field
M C Q which is finite over K and L.

Lemma 5.4. Commensurability is an equivalence relation on Sub(€).

PROOF. The only part which needs proof is the transitivity, and this is an easy
exercise. 0
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The commensurability class of K is denoted by [K].

For any subfield K of 2 we set Sub(2, [K]) to be the full subcategory of Sub(2)
which has as objects the fields which are commensurable with K. Note that this
category is filtered.

Note that Aut(€2) acts on Sub(2), and an automorphism o € Aut(£2) induces a
functor Sub(€2, [K]) — Sub(£, [o(K)]). We put Aut[x](2) € Aut(2) to be the set of
morphisms such that [K] = [0(K)]. Note that Aut[x)(©2) acts on Sub(Q, [K]).

Let G be a group and let G — Aut(g)(£2) be a morphism. Let H be a group
with trivial G-action. Let d be a pre-degree on C, to H. Then d induces a pre-degree
on Sub(, [K]) and in certain cases a G-pre-degree. As Sub(f, [K]) is filtered, this
induces a G-degree (Proposition 4.5).

It is very easy to see that we have the following G-degrees (where the action on
the image groups is trivial): dq, d, ds, dg and d.

Such a degree induces an element ¢, € H(G, H) (Lemma 4.11). The kernel of ¢4
is defined to be the set of elements mapping to the special element.

Lemma 5.5. Let the situation be as above. Then one has Autg (Q) C Aut(K — Q) C
Aut(x)(2) Nker(cq).

Proor. This follows directly. U

5.3. Finite transcendence degree.

5.3.1. Finite transcendence degree. We will shrink our category even more. Let Q)
be a field of characteristic p > 0 and let & C Q be a subfield such that trdeg, () < oco.

Put ¢, ={E:kC ECQ, E/kfg, Q/FE algebraic}, which is non-empty. We
claim that € is an equivalence class under commensurability.

Proposition 5.6. Let K C L C M be a tower of fields where M 1is finitely generated
over K. Then L is finitely generated over K.

PROOF. Let x1,...,25 be a transcendence basis of L/K and extend it to a
transcendence basis z1, ..., 2, of M/K. Consider the following diagram
K L M
T [ }m
K—— K =K(z1,...,25) —— FE = K(x1,...,2.),

Consider the natural map L @ x £ — LE with image N. We claim that this map is
injective. Indeed, one easily sees that it is injective if and only if it is injective when
restricted to L @ x K[zs41,-..,2]. But &s41,...,2, remain transcendental over the
algebraic extension L of K. Hence dimg/ (L) = dimg(N) < dimg(M) < oo. O

Remark 5.7. A statement as in Proposition 5.6 is false for rings. For any field k, the
chain k[z,y] D k[zy" : i € Z>¢] D k gives a counterexample.

We can now show that € is an equivalence class. Indeed, if E, E’ € €, then EE’
is finite over both F an E’ and hence E and E’ are commensurable. Suppose that
E € € is commensurable with E’. Then we have [EE’ : E] < co. It follows that EE’ is
finitely generated over k, and by Proposition 5.6 it follows that E’ is finitely generated
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over k. If trdeg(E’/k) # trdeg(E/k) = trdeg(Q/k), then EE’/E’ is not algebraic and
hence not finite.

The category we will be working in is Sub(Q, €;). Put G = Aut(k — Q) C
Aute, (2). On this category we have the natural degrees G-degrees dq, d;, ds, dg and
dy, for which the action on the target group is trivial. Put p equal to char(k) if nonzero
and 1 otherwise. The degree d; gives a cocyle

¢ Aut(k — Q) — b x p?
with restriction
cr: Autp(Q) — b x pZ.

5.4. Main theorem. Let k be a field of characteristic p and let €2 be a field
extension of k of finite transcendence degree r € Z>; which is algebraically closed.
We can finally state the main theorem of this section.

Theorem 5.8. Let ) be an algebraically closed field and let k be a subfield such that
1 < trdeg;(Q) < co. Define ¢, and ¢}, as in the previous subsection. Then one has:

i. ¢ and ¢, are surjective;
ii. ¢, and ¢}, are continuous if b x p?Z is endowed with the discrete topology;
iii. the kernels of ¢, and ¢}, contain all morphisms which induce an automorphism
on an element of C;
iv. ker(cy) and ker(c},) are open and not compact.

Most of the statements in the theorem above follow quite easily. The hardest
statement is the surjectivity of ¢ and ¢j.. For the proof of the surjectivity we need a
couple of lemmas which reduce to the case of transcendence degree 1 and k algebraically
closed.

PROOF OF THEOREM 1.2. Follows directly from Theorem 5.8. (|

Lemma 5.9 (Approximation lemma). Let Q) be a field and let K, L, M C Q be subfields.
Assume that L and K are commensurable. Then there is a finite set B C M such that
for all B C M with B C B’ we have d;(L(B')/K(B’)) = d,(LM/KM).

PrOOF. Using the multiplicativity of d;, we see that it is enough to prove the
case for an inclusion K C L.

Let N be a finite normal extension of K containing L. Let S = {b,...,bs} be a
basis of N/K and let T C S be a basis of NM/KM. For s € S\ T we have a relation
5 = Y e bsit where byy € KM. Let B = {bsy : s € S\T,t € T}. Let B C M
satisfy B C B’. Then we have have #T > [N(B’) : K(B")] > [NM : KM] = #T
and hence [N(B') : K(B')] = [NM : KM]. As the usual degree is multiplicative,
a similar statement holds for all subextensions. As a separable extension of K (B’)
remains separable over KM, we deduce [N(B') : K(B')]; = [NM : KM]; and
[N(B') : K(B")]s = [NM : KM],. After possibly enlarging B, we may assume that
similar statements hold for K replaced by L. Consider the natural injective map
Autgpy (NM) — Autg gy (N(B')), which is surjective since both have size [N(B’) :
K(B')]s = [NM : LM],. Similarly, the map Autga(LM) — Autyp)(N(B')) is an
isomorphism. Hence d;(L(B')/K(B')) = di(LM/KM). O
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Lemma 5.10. Let k' be a subextension of Q/k where Q/k’ is not algebraic. Then the
diagram

Auty () —=— § x p?

T (W]

Autk/ (Q)
15 commutative.

PROOF. Let 0 € Auty/ (Q). Let L € €. Let B’ C &k’ be a finite set such that
di(L(B")/o(L)(B")) = di(k'L/k' o(L)) (Lemma 5.9). Note that L(B’) € €, and Lk’ €
€. Hence we find, as o fixes &/,

cr(0) = di(L(B")/o(L)(B')) = di(K' L/k'0(L)) = cx:(0).
O

Lemma 5.11. Let K be a function field over an algebraically closed field k. Let D > 0
be an effective divisor of K with deg, (D) > 2g(K). Then there exists x € K with
(¥)oo = D.

PROOF. For all v € Pk, with v < D we have £(D —v) C £(D) (Riemann-Roch,
Theorem 2.13 from Chapter 2). As k is infinite, it follows that UUEPK/k: vep E(D—P) C

£(D) and the result follows. O
Let n € Z>; be an integer. By S, we denote the symmetric group on n elements.

Lemma 5.12. Let | € Zx>3 be prime and let K be a function field over an algebraically
closed field k. Suppose that x € K* satisfies (z)0 = 2P, + Zi;; P; for primes P; of
K which are pairwise different. Then K/k(x) is separable of degree l. If M is a Galois
closure of K/k(x), then Gal(M/k(z)) =2 S; and Gal(M/K) =2 .5;_;.

PROOF. One has [K : k(x)] = deg((x)oo) according to Lemma 2.12 from Chapter
2. The prime oo of k(zx) splits into [ — 2 unramified prime and one prime which has
ramification index 2. If the extension is inseparable, then it is purely inseparable as [
is prime and hence every prime has a unique extension (Theorem 5.6 from Chapter 1).
Hence our extension is separable (here we need [ > 3). From Proposition 9.8ii from
Chapter 1 (and from Proposition 8.3 from Chapter 1) follows that Gal(M/k(t)) C S;
contains a 2-cycle. Notice that Gal(M/k(t)) has an element of order [ as [ is prime,
which is necessarily an [-cycle. One can easily see that a 2-cycle and an I-cycle generate
Sy as [ is prime (as [ is prime, one can assume that these cycles are (12) and (12...1)
in S; and then use [Lan02, Chapter 1, Exercise 38]). Note that [M : K| = (I —1)! and
hence we have Gal(M/K) = S;_;. O

PrOOF OF THEOREM 5.8. i. It is enough to show that ¢ is surjective. We may
assume k = k and Q/k has transcendence degree 1 (Lemma 5.10), say with t a
transcendent. As ¢y is a morphism, it is enough to show that the image of ¢; contains
([G],1) for any finite group G and ([0], p) if p = char(k) > 0.

If p > 0, we have a morphism k(t) — k(t?), t — tP. Extend it to o € Autg ()
with Proposition 3.1. We then have ¢ (o) = ([0], p).
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Let G be a finite group. We will show that ([G],1) € im(c). Take a prime | € Z>3
big enough such that we have an embedding G C S;. Use Lemma 5.12 and Lemma
5.11 with k() to obtain the following diagram for a certain field M and an element
t' e k(t):

Hence this gives us a field extension M/MY with group G. Pick I’ prime with
I' > max(3,29(M),2g(M%)) and again using Lemma 5.12 and Lemma 5.11 con-
struct subfields k(tz) and k(t;) of M respectively M which satisfy d, (M /k(t3)) =
di(M/k(t1)) = (%, 1). Pick an isomorphism o: k(t1) — k(t2) and extend it to an

element o € Autg(92) (Proposition 3.1). We have the following diagram:

MG ——M

]

k‘(tg) <T k(t1)
Then using the multiplicativity of d; we have

cx(0) = di(k(t1)/o(k(tr))) = di(k(t1)/k(t2))
_ dy(M/M)dy(MC [K(t2))
a dy(M/k(t1))

This finishes the first part of the proof.

ii. Let T be a transcendence basis of Q/k and f € Aut(k — Q). Note that ¢ is
constant on Ur ¢ N Aut(k — Q).

iii. This follows from the construction.

iv. Suppose the kernel of ¢ is compact. Then so is the kernel of ¢}, as Auty(Q2) C
Aut(k — ) is closed (Proposition 3.5i). Hence we look at the kernel of cj.

The kernel is an normal open (by continuity) subgroup. Assume that it is compact.
Then from Proposition 3.8 we see that ker(c;) = Autg(Q2) for some subextension
E of Q/k such that Q/F is algebraic. Let o € Auti(2). Then one has Autg(2) =
o Autg(Q)o~! = Auty(g)(Q). From Proposition 3.1 and Lemma 3.4 it follows that for
T = U, eaut, (o) o (E) we have that k(T") = 2. Hence we obtain Autg(§2) = Autq(2) =
{idq}. This contradicts iii. O

— d(M/MO) = (G, 1).

Remark 5.13. We do not know exactly what the kernel is of ¢ or ¢j,. We do not
know if it is generated by the subgroups of Auty(€2) which are both open and compact.
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6. Faithful actions on the set of valuations

Let Q/k be a field extension where Q is algebraically closed and trdeg, () = 1.
Consider the set Pq/y of valuation rings of {2 which contain k. Let € be the subfields
of Q/k which are finitely generated and of transcendence 1 over k with their natural
inclusions. This set is equal to @Ke ¢ Pr k- The sets P, are endowed with the
co-finite topology and this limit is a subset of [ xcs Px/k, which is endowed with the

product topology. For K € € and S C P/, finite and we put
U(S,K) ={v &Py :vlx &S}
These U(S, K) form a basis for the topology.
Lemma 6.1. The actions of G = Aut(k — Q) and Autg(S2) on Pq; are continuous.

PROOF. As the inclusion Auty(€2) C G is continuous, it is enough to prove the
statement for G.

For o0 € G, the map o: Pq/, — Pqyi is a homeomorphism. Indeed, it sends
U(S,K) to U(c(5),0(K)).

Consider the map Aut(k — Q) x P, — Pgqi. Pick a basis element U(S, K) C
Pq,i and suppose o € Aut(k — Q) and = € P, satisfy o(x) € U(S, K). We have
the following commutative diagram, where the horizontal map is a homeomorphism of
topological spaces and the other maps are the multiplication maps:

(1,x)—=(ro " o(x))

Aut(k — Q) x PQ/k; Aut(k — Q) x PQ/k

Payi

Hence we may assume that ¢ = idg. For every s € S take x5, € K with the property
that s is the only pole of s (Lemma 2.24 from Chapter 2). Put T'= {zs : s € S} and
let V' = Uriq, N Aut(k — ). But then we have V - U(S, K) C U(S, K). This shows
that the action is continuous. 0

Lemma 6.2. Let k be a field and let k(x) be the rational function field. Put p = char(k)
if positive and 1 otherwise. Let m € Z>1, n € p%z0. Then one has:
i. there is y € k(x) such that [k(x) : k(y)]s = m, [k(z) : k(y)]; = n, such that if
v € Pr(ay/k satisfies v(x) >0, then v(y) =m-n-v(x) > 0;
ii. there is z € k(x) such that k(2) D k(x), [k(2) : k(2)]s = m, [k(2) : k(z)]; = n,
such that if v € Py(.y /i satisfies v(z) > 0, then v(x) =m-n-v(z) > 0.

PRrROOF. We only prove i. The proof of ii is similar.

Since the various degrees are multiplicative, it is enough to prove the cases
(n,m) = (p,1),(,1),(1,p) where I is a prime different from p.

The case (,1): take y = x'. The properties obviously hold.

The case (p,1): take y = —Z—. We first claim that k(z)/k(y) has the right
degrees. Consider this extension. Let v be a valuation with v(z) > 0. Then one has
v(y) = pv(z) —v(l —2P~1) = pv(x). As x is a zero of f = XP + XP~ly —y € k(y)[X],
it follows that k(x)/k(y) is a degree p extension. We still need to prove that this
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extension is separable. We differentiate f and obtain —XP?~2y. This has zero only
0, and this is not a zero of f. Hence the polynomial is separable and k(z)/k(y) is
separable.

The case (1,p): take y = xP. The properties obviously hold. O

Proposition 6.3. Let Q/k be a field extension where ) is algebraically closed and
trdegy, () = 1. Then ker(cq,xa,: Autp(2) — Q* x Q*) acts transitively on Pg .

PROOF. Let vg,v1 € Pyg. Let x € Q be transcendental over k and put K = k(z).
Let z; € K with v;(x;) > 0. Now find 2/ € k(x;) using Lemma 6.2 with the property
that [k(z;) : k()] = [K : k(x1-4)]i, [k(x;) : k(x})]s = [K : k(z1-:)]s and v;(x}) > 0.
Notice that the restriction of v; to k;(z;) corresponds to the valuation from the
polynomial z} (with valuation ring k[z}](,/)). Let o € Auty(Q2) such that o(zg) = 2}
(Propsition 3.1). We have

Similarly, we obtain ¢g, x4, () = (1,1).

Consider the valuation o(vg) and vy, which both restrict to the same valuation
on k(z}). Hence by Theorem 3.6 from Chapter 1 there is a 7 € Auty(,)(€) such that
To(vg) = v1. Notice that ¢g xq4,(7) = (1,1) (since it fixes a transcendental). Hence
Cd.xd;(T0) = (1,1) as required. O

Lemma 6.4. Let L O K be a separable extension of function fields over a field k.
Then there is a valuation of K which totally splits in L.

PRrROOF. We may assume that L/K is Galois. Let z € K be transcendental over
k and let R = k[z], the integral closure of k[z] in K. Take f € R[z] monic such that
L = K[z]/(f) (here we use that L/K is separable). Consider the integral extension
R[z]/(f) 2 R. Consider the finite set S C Pk consisting of
e primes which ramify in L/K;
e primes above oo of k(z);
e primes dividing the discriminant of f (here we use separability).

Take an element h € K which has poles in S such that f(h) € K has poles precisely
at S (Lemma 2.24 from Chapter 2). Since the divisor of f(h) has degree 0, there must
exist a valuation v € Pk, v € S, such that v(f(h)) > 0. Notice that v(h) > 0 by
construction. Furthermore f € k,[z] is separable and has a simple zero h. We conclude
from Proposition 7.8 from Chapter 1 that v extends to a valuation w on L such that
kyw = ky. As e(w/v) = f(w/v) =1, and the extension is Galois, the prime v totally
splits (Theorem 3.6 from Chapter 1). O

Proposition 6.5. Let K/k be a function field. Then the action of Auty(K) on Pk,
18 faithful.
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PROOF. Suppose 0 € Auty(K) acts trivially on Pg/y. Let & be the integral
closure of k in K.

Assume first that o has finite order n. Suppose n > 1. Consider the finite Galois
extension K /K, which has a prime which totally splits according to Lemma 6.4. As
(o) acts transitively on the set of primes above this prime (Theorem 3.6 from Chapter
1), we conclude that o does not act as the identity on Pk, contradiction. Hence
n =1 and o is the identity.

Assume that o has infinite order and is the identity on k’. Then we may replace k
by its integral closure and hence we may assume that K is geometrically irreducible.
This implies that we have an injective map Auty(K) — Autg(kK). It is enough to
show that any 7 € Aut-(kK) of infinite order has an infinite orbit under the action on
C(k) where C'is the normal projective curve over k corresponding to kK (Proposition
2.11 from Chapter 2).

Assume that g(C) = 0. Then C = P! with automorphism group PGLy (k). Take

an element M € PGLy(k) of infinite order. If M is diagonalizable, after scaling, we

may assume that M = diag(1,r) where r € %" is not a root of unity. It is obvious that
there are infinite orbits in this case. Otherwise, M is of the form

(o 1)

for some r € k. This has finite order, unless char(k) = 0, and if char(k) = 0, there are
orbits of infinite length.

Assume that g(C) = 1. Then after the choice of a base point C' is an elliptic
curve. The automorphism group of the curve is C(k) x T' where T is a finite group
([Sil09, Theorem 10.1]). Since we want to show that a morphism has infinite orbits,
this reduces to the case where the morphism is a translation by a point. If this point
has finite order, then the automorphism would have finite order. If the point has
infinite order, then all orbits have infinite length.

Assume that g(C) > 2. Then the automorphism group is finite ([Sin74]), and
hence no elements of infinite order exist.

We will now do the general case. As k' is finite over k, there is an n € Z>q such
that o™ is the identity on k’. From the above discussions, we conclude ¢” = id|k.
Hence o has finite order and the first part shows that o is the identity. O

Proposition 6.6. Let Cy, Cy,Cs be normal projective curves over a field k. Suppose
we have dominant morphisms ¢1: Cy — C1 and 3 C’Oi% Cy @ere Co — Cy is
separable. Assume that we have a unique map of sets C1(k) — Ca(k) such that

Co(k)

7N

C1(k) Cy(k)
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commutes. Then there is a unique dominant morphism of curves C; — Cs such that

the diagram
Co

C———C

commutes.

PROOF. We may assume that Cy — C; is Galois with group G. Then by assump-
tions for any o € Aute, (Cp) the morphism @5 0 0: Cy — Cs induces the same map
Co(k) — C3(k). From Proposition 2.4 from Chapter 2 we conclude that 3 0 0 = ¢
for any o € Autc, (Cp). If we look at function field (Theorem 2.8 from Chapter 2),
we conclude that k(Cy) C k(Cp)Autken (B(Co)) — k(). This gives us the required
morphism Cy — Cs. Il

Remark 6.7. The assumption that ¢, is separable, is needed. For example for £ = F,,,

the diagram
k()
mp)/ \k(a:)

where x is transcendental over k and all the arrows are the natural inclusions, gives a
counterexample.

Theorem 6.8. Let Q) be an algebraically closed field of characteristic p > 0. Let k be
an algebraically closed subfield of Q0 with trdeg; (Q) = 1. Then the kernel of the action
of Aut(k — Q) on Pqy, is (x — xP) if p > 0 and trivial if p = 0.

PRrROOF. For simplicity, if p = 0, replace p by 1. It is obvious that Aut(k — Q)
acts on Pq/;, and that (x — xP) is in the kernel.

Suppose o € Aut(k — Q) acts trivially. We will show that o € (z — zP). Let d be
the inseparability degree. Then there exists a power 7 of 2 — P such that d(toc) = 1.
Hence we assume that d(c) = 1. Let « € € be transcendental over k. Consider the
following diagram of fields:

R

We first claim that there is a unique Py (z)/k — Pr(o(x))/k making the following diagram
commute:

Pr(z,0(2))/k

T

Pre(z)/ Pr(o(@))/k
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Indeed, take f € k[z] irreducible or f = 1/ € k[1/z]. Then for a valuation v € Pq
we have v(f) > 0 iff v(o(f)) > 0. This shows that there is a unique map making the
diagram commute.

By construction, the inseparability degree of k(z,o(z))/k(z) and the one of
k(z,0(x))/k(o(x)) are the same, say that this degree is r. From Proposition 2.14 from
Chapter 1, where we use that k is perfect, we conclude that we have a diagram

M

!
N
k() k(o(z)).

We apply Proposition 2.11 from Chapter 2 and Propostion 6.6 to obtain unique
inclusions k(x) C k(o(z)) and k(o(x)) C k(z). But this shows that o(x) = % for
some a, b, ¢,d € k with ad—bc # 0. But if o(x) # x, then ¢ does not act as the identity
on Py(z)/k, and by Theorem 5.2 from Chapter 1 it does not act as the identity on
Payk- O

ProOOF OF THEOREM 1.3. Follows directly from Proposition 6.3 and Theorem
6.8. O
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Samenvatting

De Nederlandse vertaling van de titel van dit proefschrift is Groepen en lichamen
in de aritmetiek. Bij het maken van een samenvatting van dit proefschrift heb ik
de volgende keuze gemaakt. Om de samenvatting dicht bij de werkelijke inhoud van
dit proefschrift te houden, heb ik besloten slechts een samenvatting te geven van
Hoofdstuk 3, Hoofdstuk 4 en Hoofdstuk 7. Ik hoop hiermee toch een goede afspiegeling
te kunnen geven van de inhoud van dit proefschrift zonder dat het te technisch wordst.

Hoofdstuk 3 en Hoofdstuk 4

6.1. Polynomen over R. De reéle getallen, R, zijn alle getallen op de getal-
lenlijn waarbij alle gaten zijn opgevuld (de precieze definitie zal ik achterwege
laten). Zo zijn 2,0, —1/3,1/2 en 7 allemaal reéle getallen. Zij f een polynoom met
coéfficiénten in de reéle getallen. Dit betekent dat we f kunnen schrijven als f =
anx™ + ap_12" 1 4 ...+ a1z + ap voor een zekere n waarbij alle a; reéle getallen
zijn. De graad van zo’n polynoom is de grootste ¢ zodat a; niet nul is. Een voorbeeld
van een polynoom van graad 3 is f = 3% + 22 — v/2. Stel dat we zo’n polynoom f
hebben. Dan kunnen we een reéel getal r invullen in f en dan krijgen we weer een reéel
getal, en dit noteren we met f(r). Als f = 32° 4+ 22 — /2, dan vinden we bijvoorbeeld
f(\/ﬁ) = 3\@3 + \@2 — /2 = 52+ 2. Dit geeft ons een afbeelding van R naar R: aan
een getal r uit R kennen we f(r) toe. Het beeld van deze afbeelding zijn alle waardes
f(r) waarbij r loopt over R.

In hoofdstuk 4 heb ik het volgende bewezen: als het beeld van zo’n afbeelding
niet heel R is, dan zijn er oneindig veel reéle getallen die niet in het beeld zitten. Het
kan dus niet zo zijn dat het beeld slechts één punt mist. In het bovenstaande geval is
het bewijs niet heel moeilijk. In mijn proefschrift heb ik een sterkere stelling bewezen
die een dergelijke uitspraak geeft over polynomiale afbeeldingen over “perfecte grote
lichamen”. In het volgende stukje zal ik kort uitleggen wat een lichaam is.

6.2. Lichamen. Een lichaam is een verzameling K met twee bewerkingen K x

K — K, die we voor =,y € K noteren met x + y respectievelijk = - y, en die voldoen
aan de volgende eigenschappen:

i. er is een element 0 in K zodat voor alle z in K geldt 0 4+ z = z;

ii. voor alle z,y in K geldt z +y =y + x;

iii. voor alle x in K bestaat er een y in K met z +y = 0;

iv. voor alle z,y,z in K geldt (z+y) +z=2+ (y+ 2);

v. er is een element 1 in K zodat voor alle z in K geldt 1-z = z;

vi. voor alle z,y in K geldt v -y =y - x;
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vii. voor alle z in K behalve 0 bestaat er een y in K met z -y = 1;

viii. voor alle z,y,z in K geldt z(y+z2) =z -y+x - 2.
Ik hoop dat ik de lezer nu niet heb afgeschrikt. Het komt er op neer dat een lichaam een
verzameling (een collectie dingen) is waar je kan optellen, aftrekken, vermenigvuldigen
en door een niet nul-element kan delen. Zo vormen de reéle getallen R een lichaam.

6.3. Polynomen over eindige lichamen. Er zijn oneindig veel reéle getallen.
Een lichaam waarvan de onderliggende verzameling eindig is, wordt een eindig lichaam
genoemd. De reéle getallen zijn dus geen eindig lichaam. Een voorbeeld van een eindig
lichaam is F5, de verzameling die bestaat uit 0 en 1, met de volgende bewerkingen:
0+0=14+1=0,140=0+1=1,1-1=1en1-0=0-1=0-0=0.

Zij F een eindig lichaam. Dan kunnen we polynomen bekijken met coéfficiénten
in F. Zo’n polynoom geeft een afbeelding van F naar F. In Hoofdstuk 4 heb ik het
volgende bewezen: als het beeld onder zo’n polynomiale afbeelding niet heel F is en
maar weinig punten mist, dan is de graad van het polynoom groot.

Hoofdstuk 7

Bekijk de vergelijking Y2 = X3 — 2X. We zoeken oplossingen in het platte vlak
van deze vergelijking, dat wil zeggen, we zoeken reéle getallen x,y die voldoen aan
y? = 23 — 2z. Bijvoorbeeld = y = 0 is een oplossing, en dit punt noteren we als
(0,0). Ook (z,) = (v/2,0) is een oplossing. Er zijn oneindig veel oplossingen voor
deze vergelijking en je krijgt het volgende plaatje als je de oplossingen in het platte
vlak tekent.

y\ Y?2=X3-2X

\_/

De kromme, de oplossing van de vergelijking in het vlak samen met een extra punt
O, wordt een elliptische kromme genoemd. We noteren de kromme met E. De theorie
van de elliptische krommen valt onder de arithmetische meetkunde. Het bijzondere is
dat de elliptische kromme een abelse groep is als we een bepaalde bewerking beschouwen.
Dat wil zeggen, aan elk tweetal punten P, van E kennen we een derde punt P + )
op de kromme toe, en deze bewerking voldoet aan een aantal regels. Laat mij eerst
de bewerking uitleggen. Stel dat we twee verschillende punten P en @ op de kromme
hebben in het vlak. Dan moeten we P + @, een derde punt op de kromme, definiéren.
Het plaatje hieronder legt uit hoe dat werkt. Trek een lijn door P en ). Neem aan
dat de lijn de kromme in een derde punt in het vlak snijdt. Dan is P 4 @ gedefinieerd
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als de spiegeling van dit derde punt in de x-as. Als er niet zo'n derde punt is, dan
zeggen we dat P 4+ @ = O. Als we een punt P bij zichzelf optellen, dan trekken we de
raaklijn aan P in plaats van de lijn door P en @ als hierboven en volgen we verder
bovenstaande constructie. Verder definiéren we P + O = O + P = P voor een punt P
op de kromme.

Y

~
/

Deze optelling voldoet aan de volgende regels voor P,Q, R in E:

i. P+Q=Q+F;

ii. (P+Q)+R=P+(Q+R);

iii. P+O=0+P = P;

iv. er bestaat een punt —P op FE met P+ (—P) = O.

Het is niet moeilijk om in te zien dat aan i, iii en iv voldaan zijn. Inderdaad, i volgt
uit de constructie. De lijn tussen P en @ is hetzelfde als de lijn tussen @ en P. Aan de
derde eigenschap is per definitie voldaan. We gaan nu de vierde eigenschap bewijzen.
Neem een punt P uit het vlak op de kromme, en spiegel dit punt in de z-as. Dan is het
gevonden punt —P en aan eigenschap iv is voldaan. Het is overigens niet eenvoudig
om te laten zien dat aan eigenschap ii voldaan is (er is een andere aanpak die dat vrij
direct geeft).

De regels hierboven zeggen precies dat E een abelse groep is met de bewerking die
we hebben gedefinieerd. We schrijven overigens P + (—Q) als P — Q) en we zeggen dat
we @ van P aftrekken.

Beschouw de natuurlijke projectie van E zonder O op de z-as. Een punt (z,y) op
de kromme in het vlak wordt naar het punt x gestuurd. Het probleem dat ik bestudeerd
heb, in een net iets andere context, is het volgende. Neem een stuk (deelverzameling)
van de z-as en bekijk alle punten op F waarvoor de z-codrdinaat in deze verzameling
valt. Is het zo dat we met behulp van optellen en aftrekken alle punten van E uit deze
punten kunnen krijgen?

Ik geef twee voorbeelden. Bekijk eerst alle punten met x-coordinaat tussen 0 en
V2, dat wil zeggen, in het gesloten interval [0,v/2]. Het is niet heel moeilijk om in te
zien dat we slechts twee punten vinden: Py = (0,0) en P; = (1/2,0). In een plaatje
ziet dit er als volgt uit.
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@PO ] B

We gaan nu kijken welke punten we allemaal kunnen maken. Merk op dat P, + P, =
Py+ Py = O, omdat zowel de raaklijn door Py als de raaklijn door P; verticaal is en geen
derde snijpunt heeft met de kromme in het vlak. We vinden verder Py + P, = (—+/2,0),
het derde punt met y-coordinaat 0. We noemen dit punt P,. Om eenzelfde reden
is Pp+ P, = Py en P; + P, = Fy. Verder volgt uit bovenstaandat dat —FPy = P,
—P = P en —P, = P,. We concluderen dat we alleen de punten O, Py, Py, P> krijgen
(voor de wiskundigen: dit is de 2-torsie van de elliptische kromme).

Stel nu dat we beginnen met alle punten met z-coordinaat kleiner dan of gelijk aan
0. Dan beginnen we dus met de gesloten contour aan de linkerkant van onze plaatjes.
We gaan nu bewijzen dat we elk punt van de kromme kunnen krijgen door optellen en
aftrekken uit deze verzameling. Net als hierboven kunnen we O = Py + Py maken (een
wiskundige zou zeggen dat we O al kunnen maken door de lege som te nemen). Neem
nu een punt uit het vlak op de kromme buiten de contour, zeg (). Spiegel dit punt in
de z-as en krijg —Q. Trek dan de lijn door P, en —Q. We krijgen een derde snijpunt
met de contour, zeg Q'. Maar dan geldt P, + Q' = Q. In een plaatje ziet dit er als
volgt uit.

y
I Q

P,

[
o

Kortom, we kunnen alle punten op de elliptische kromme maken op deze manier.

In dit proefschrift heb ik naar eenzelfde probleem gekeken voor elliptische krommes
over eindige lichamen (ze worden ook gedefinieerd als de oplossingsverzameling van
een vergelijking). Het grote verschil met het bovenstaande stuk is dat je eigenlijk

-Q
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geen plaatjes meer kunt tekenen. Nog steeds vormen de punten van de kromme een
abelse groep en hebben we een projectie op een x-as. Neem nu een stuk van de
z-as. Dan kunnen we ons nog steeds afvragen of de punten met z-coérdinaat in deze
deelverzameling alle punten voortbrengen. Dit laatste is precies wat ik heb bestudeerd
in Hoofdstuk 7.
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